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Abstract

In this paper, the linear sigma model is studied using a method for finding analytical
solutions based on Padé approximants. Using the solutions of two and three traveling
waves in 143 dimensions we found, we are able to show a solution that is valid for an
arbitrary number of bosons and traveling waves.
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1. Introduction

Field theory is a well established way to describe interactions among particles, but
usually it is very challenging to find analytical classical solutions in 1+3 dimensions. In
this paper, we will study the bosonic interaction of the linear sigma model, which was
proposed in [1] as an model to describe the pion-nucleon interaction. The model we are
considering possess N, bosonic fields whose Lagrangian is given by

1 2 1 2 2 2\2
L= 50,8 - Sm(®) = 2 (@)

where (®)> = ® - ® and ® = (¢1,¢2,...,¢n,). The Euler-Lagrange equation for this
Lagrangian yields the system of equations

Ny—1
G — Vit mioi+ A(o] +0, 30 63,) =0, i=1..,N, (1)
j=1
where we use the notation ¢; = ¢;yy, and the metric (+ — ——). The purpose of this

paper is to seek classical solutions for this system in the form of traveling waves. In order
to achieve that, we will employ the algorithm based on Padé approximants presented in
[19, 20]. This method has the advantage of needing less undetermined constants than
other methods in the literature [2, B, 4, 5l 6l [7, &, O 10 11, 12, 13, 14, 15 [16] 17, 18],
such that we can earn efficiency in the processing of data.

We briefly recall the algorithm from [20] in section and we apply it to the linear
sigma model in section (3)). Using the solutions for two and three traveling waves we
found, we are able to show a solution for an arbitrary number of traveling waves and
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bosons in section (3.3]). Section (4] is devoted to show a graphical illustration of the
analytical solution we found. Finally, in section [5, we compare the Padé approximant
approach with the multiple exp-method in order to see the benefits of each method.

2. Review of the algorithm

Consider a system of N, equation in D dimensions

Ek(x“,@,augzﬁi, ,80) = 0, k= 1, ey Ne. (2)

where Sy is the set of all parameters of the model. Now suppose there is at least one
solution of this system which can be written in terms of N, functions we know the first
derivative, i.e.

¢i(2") = Gi(p1, ..., p, ), i=1,..,N,
(%Pk = J?#,k(pl, ...,/)Np;31), w=1..D k=1, _,_7Np

where F, x(p1, ..., pn,; S1) is determined by the functions we choose for p;, and S; is the
set of constants introduced by these functions. This ansatz transforms the system as

( gZSl, “gzﬁz, s ) Ek(pk,qbz,akgbz, ...;Sg X 81) = O, k= 1, ...,Ne. (3)

Suppose there is a solution that is regular when p, — 0 such that we can calculate
the multivariate Taylor expansion at p = 0, i. e.

Np
ZZ Z sz, JNpHled7 i=1,..,Ne (4)
=1

J1=0372=0  jn,=0

In the expansion (4)), we may also impose a set of constraints ¢;(Sy x &) = 0 on the
undetermined constants such that the Serles does not truncate in the vacuum case. We
will call S; the set of all undetermined cj1 it and § = Sy X &1 X Sy the set of all
constants that remains undetermined. Let us do the scaling transformation p — £p such

that we can rearrange the Taylor expansion as

L;+M;
GilEp) = Y ain(p)E" + OEHTHY), =1 N,
n=0
n n—j ivp12j’ (@) Np—1 Np—1 .
7 e ]7‘
(lzn Z Z Z CJ1,]2, N1 ZNP 1. (H )pr 1
J1=0 j2=0 INp—1=0 -

The coefficients of the expansion (4)) need be calculated until we determine all a;,,(p) up
to order L; + M;. Now, for a chosen L; and M;, we can calculate the Padé approximant
for the field using ¢ as variable, i.e.

: Fp1,(6:8)
6i(Ep) =~
)

2

+ O, (5)



The Padé approximants consist in an approximation of a function as a ratio of two poly-
nomials given by

, PY (&8 Li J
L) = LpbES) _ Xony (S
Qp,Mi (57 S) 1 + Z =1 q] ( P; )5‘7
whose coefficient are calculated by the system of equations

> ai(p)d?(p:S) = (5 8) =0, G=0,1,.. L + M,

r4+s=j

Now we would like to find the subset S C S which makes the approximation become
an exact solution for the system when £ =1, i.e.

. P(i) (6 S‘)
, _ pLi'>
#(e) QU (6:8) =1 (6)

Substituting @ in , we can rewrite the system as

A

N . . I 5‘
Ek(pka¢iaak¢ia . SO X 81) M —

Di(8)
N 2 .
n n—ji rpl Jr N,—1 Nyt
E S E E E E ) ]d) n_ r=1 ]r. 7
kn kij1.g2,edn,—1,m— ZT 1 Yin ll Pa PN, ( )
71=0 j2=0 ]Nﬂ_l =0 d=1

The coefficients for all powers of p; yield the set of algebraic equations

Erijrorin, () =0,  k=1,.,Noy n=0,,A j=0..n-> j (3)

Dp(S)#0, k=1,..,N. : (8b)

whose solution will determine the subset of constants S. After determine S , we substitute
its elements back into @ Solutions of which simplify @ to a vacuum solution will
be omitted through the paper.

3. Application to the linear sigma model

In this paper, let us consider a ansatz with N, traveling waves that obey a structure
of exponential functions, i.e.

¢1<I“) - Q;i(pla ”'7pr)7 a,up] - kjﬂpﬁ 1= 17 EE) N¢7 j - ]-7 "'7Np’ (9)

Substituting the ansatz @D into system (1)), we map the original system in 1+3 di-
mensions to a system in N, dimensions with the form

N, Ny—1
Z k:p'ukqu <pppq§bi7Pqu + 5pqpp¢i7pp> + m2¢i + A<¢? + ¢z Z ¢?+j> = O, = 1, ceey N¢
pg=1 Jj=1

(10)



In the subsections below, we will consider the cases with N, = N, = 2 and Ny =
N, = 3. With these solution, we are able to show a solution for a general case with an
arbitrary number of fields and traveling waves in subsection In both cases, we will
employ Padé approximants with L; = M; = 2 for all 1.

3.1. Case with Ny =2 and N, = 2

In order to calculate a nonzero Taylor expansion, we will impose the constraints
ki kY +m? =0, Kokl +m® = 0.

With these constraints, we can eliminate k¢ and koy. However, for simplify the calculation,
we will eliminate only the quadratic terms of ki and koo at this point. Let us consider
the Taylor expansions for the fields (51 = Zl =0 Cij o' p5 and ¢22 =5 dijp' ph, such that
after the rescaling p — £p we have

1,7=0

) _ s co(cho +dig) v} (Bcorcy + 2ciodiodor + co1diy) \pipe
$1(&p) = &(crop1 + corp2) + € < Sm? 2Forokan — Farkar — Fnakas — Fuskas — m?)
___(3ciew + 2co1diodor + crodgy)Arpy | conley +dg)Aes Y 0(€9)
4(k1okao — k11ko1 — k12kao — ki13kag — m?) 8m?
N dlg(C%O + d%o))\p‘;’ (Sdmd%O + 2d10c10c01 + dolc%O))\p%pg
= &(dipp1 + d + 3< —
P2(&p) §(diop1 + dorp2) +§ S? 2Forokan — Furkar — Fnakas — Fushas — m?)
__ (3dgydio + 2dorcrocor + drocg)Aorpy | dor(egy +di) Aoy O(E%)
4(k1oka0 — k11ko1 — k12kag — kizkog — m?) 8m?

Considering the expansion until order 4 for the auxiliary parameter , we can calculate
the Padé approximants [2/2]5(&; S) as
P (6S)
?12)—‘ = 8m*(—kiokao + ki1kar + ki2kas + kizkaz + m®)(cropn + 001;02)2/
Q,2(§S) 161

[Clo(lﬁokzo — ki1kor — kiokao — kiskoz — m2)(—8m2 + (C%O + d%g))\P%)m

+ 2m?(4deor (—krokao + kirkar + Ki1okoo 4 kiskos +m?) — (2c10do1dig
-+ Co1 (30%0 + d%o)))\p%)pz — 2(3031610 + 0100%1 + 2001d01d10)m2)\p1p3

— cor(cfy + diy) (—kiokao + k1rkar + kiokas + kiskos + mQ))\pg]

= 8m2(—k10k20 + k11ko1 + ki2kag + Eigkas + mz)(dlopl + d01/)2>2/

|:d10(k10k20 — k11kor — k12koo — k13k’23 - m2)(—8m2 + (Cfo + di)))\p%)ﬂl

+ 2m2(4d01(—k10k20 + ki1kor + kiokoo + kiskas + m2) — (2d1pco1¢10
-+ dOl (3d%0 + Ci]))/\p%)pg — 2<3d31d10 + dlocgl + 2d01001610)m2)\p1p§

— doy(cfy + df))(—kiokao + kiikar + Kiska 4 kiskas +m?)Apj



where S = {m, )\, ]{710, kll, klg, k’lg, k?go, ]{3217 k?gg, ]{723, C105 €01, le; d()l}. FOHOWiIlg step @ of
the algorithm, we substitute these Padé approximants into the system with Ny =
N, = 2 and it yields a set of 66 algebraic equations that need be solved in order to
determine the subset S € S. We will not write the 66 algebraic equations, but its non-
trivial solutions together with the constraints imposed on the Taylor expansion can be
summarized by the following conditions on the constants k;,:

ki kY +m? =0, ko, kb +m? =0, ki kS +m? =0 (11)

Finally, substituting this relations on the ansatz

. PRES) . PRES)
& M. &Y le=1 %2 = S o ey
Qp,2 (67 S) Qp,2 (§’ S) &=
we have the solution
3y = 8m?(c10p1 + Co1p2)
8m? — [(ciy + dip)pi + 2(crocor + diodor) prpz + (g, + dgy)p3)
gg _ 8m?(diopr + do1p2)
y =
8m? — [(¢ip + dip)pi + 2(ciocor + diodor) prpa + (c§y + dgy)p3)

3.2. Case with Ny = 3 and N, = 3

In this section, we will exploit the linear sigma model with N, = N, = 3. As we are
dealing with a system of 3 field in 143 dimensions, the processing of the algebraic data
increases considerably. So we will extend the information we found for Ny, = N, = 2 in
order to simplify the calculation and consider the constraints

k1, kY +m? =0, ko, kb +m? =0, ks, kY +m? =0, (12)
k1K +m?* =0, ki, kly +m® =0, ko kly +m?* =0 (13)

on the Taylor pransions o1 = Zi,j,k:g Cz‘jkpziﬂéplgf, 2 = Zi,j,k:(] dz‘jk/)lipépl?f and ¢3 =

> i k=0 €ijkP1 pop%. Although we only need constraint to avoid the vacuum solution,

the constraint (13| simplify considerably the calculation as we will see. The expansions
pity y p

are

£
#1(6p) = &(cr00p1 + cor0p2 + coo1p3) + SmZ (c100p1 + cor0p2 + coo1p3) ((ctoo + digo + €100) 07
(10 + doro + €510)P5 + (Go1 + dor + €b01)p3 + 2(c100c010 + dioodoro + €100€010) 12

2(c100c001 + d100doo1 + €100€001) P13 + 2(co10c001 + do1odoor + 60106001)/)2,03} +0(&%)
3\
$2(&p) = &(dioopr + dorop2 + doo1p3) + % [(dloopl + do1opz2 + doo1ps) ((cToo + dioo + €100) 01

(cB10 + di10 + €510)P3 + (o1 + do1 + €601)P3 + 2(c100c010 + d1oodoto + €100€010)P1P2

2(c100c001 + d100door + e100€o01)p1p3 + 2(cot0co01 + dorodoor + 60106001)0203} +0(&)
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. 3\
#3(6p) = &(eroopr + eotop2 + €oo1p3) + 32 (e100p1 + €010p2 + €00193) (€00 + digo + €00) T

+  (cBro + dGio + €510)03 + (cGo1 + dior + €801)P3 + 2(c100c010 + dioodoro + €100€010) P12

+ 2(c100c001 + droodoor + €100€001) 103 + 2(cor0co01 + dotodoor + €o10€001)p2p3| + O(£°)

Considering the expansion until order 4 for the auxiliary parameter £, we can calculate
the ansatz ¢; = [2/2%(¢;S) as

~

o1 = 8m2(61oopl + co10p2 + Comps)/ [8m2 - )\[(C%oo + d%oo + 6%00):0%
+(cG1o + di10 + €810)P5 + (cBor + dior + €501)P3 + 2(cr00co10 + dioodoto + €100€010)p102

+2(c100c001 + di0odoo1 + €100€001) P13 + 2(co10c001 + dotodoor + 60106001)0203}

b2 = 8m*(dioop1 + dorop2 + d001p3)/ [8”12 — A(ctoo + dioo + €100) 07
+(ch10 + diro + €810)P5 + (chor + dior + €do1)p3 + 2(cr00c010 + dioodoto + €100€010)P1p2

+2(c100c001 + d100doo1 + €100€001) 103 + 2(co10c001 + do1odoor + 60106001)P2P3}

¢3 = 8m*(eio0p1 + €or0p2 + 6001,03)/ [sz — Al(cioo + oo + €l00) Pt
+(ch10 + di1o + €810)P5 + (chor + dior + €do1)P3 + 2(cr00c010 + dioodoto + €100€010)p1p2

+2(c100c001 + dioodootr + €100€001)p1p3 + 2(co10co01 + dotodoor + 60106001),0203}

Substituting the above expressions into the system (10)) with N, = N, = 3, we can
check that these ansatz already are a exact solution for the linear sigma model.

3.3. General case

With the information we gathered in the previous sections, we can seek a solution for
the general case with N, and N, arbitrary. Let us consider for a moment the following
expressions:

2\ WV ()
R 0 T i=1,..N, (14)
T T N N ( ) I AR
8m? — A Zpi1(2j:[)1 C(sfj,dzj,...,(szjpj)Q
k’wk;-‘—i—m2:0, iu.jzlr"?Np (15)

On the one hand, if we substitute these expressions in the kinematic part of the model
(110)), we have

N, 8m2 Np C(l) i
. . 3=1C51;,....6n ;Pi
E , kpuk (pppq¢i,pppq + 5pqpp¢i,pp> - _m2< 2 Ny N, : (p) - 2
p,q=1 8m - >\ Zp:l(Zj:l 061]'7521' ,,,,, 5ijpj)

..........

N, N,
[8m2 = Ay (S0 ) oy PV

.....

N, (i N, N
8>\(8m2)2(2j=p1 C((Sl)j 6N,ﬂpj) 21 (254 Cé@ ON,j pj)Q)
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On the other, if we substitute on the potential part, we have

Ny—1 (1)

5 . R - 5 8m2 ;‘Vpl 051] .Pj
m¢i+)‘(¢i+¢i Z ¢i+j) = m ( () 2
j=1 )‘Z (Zg 1 (51] 020N, Jp])

N, 7 N, N
BABm2)A (X, ¢ f;l)ﬁ oy, P1) o (e s pjpj)2>
Bm2 — A (S ) s s u PP

Therefore, we can easily check that with condition is a solution for the general
case. Observe that we have %N »(N,+ 1) algebraic equations in and DN, constantes
k;, if we are in a D-dimensional space. Hence, for the system ((15) be solvable, we need
have N, < 2D — 1 different p;.

_l’_

4. Graphical Illustration

In order to illustrate the analytical solution , let us consider the case Ny = 2 and
N, = 4 with

(kloa klla klZa k13) (2 1 2 O)
(2o, ka1, k22, ka3) (=2,-1,-2,0)
(k307k317k327k33) = (1/2 1 1/2 0)
( ) (—

k407k417k427k43 1/2 1/270)

?

Substituting these parameters in and rewriting the expression in the x* coordinates
using the structure of exponential functions, we have

T 2/ .(1) 2t—a+2y (1) —2t—z—2y (1) Llig4ly (1) Ll g1y
1 = 8m7(cigpo + Co100€ + Cop10€2 27 4 coome 2 2¥)

1 ) e 1) 14 g4l 1 o1
[8m2—>\[(cgo) o2t m+2y+cél)ooe 2—a 2y+c(()0)1062t x+2y+céo)01€ T 302

(2) 2t—z+2y (2) —2t—z—2y 2 _Li—z4+ly (2) —Lii—z—1y\2
+ (cignoe + Co100€ + Coo10€2 27+ coome 2 2¥) (16)
i o 2/ (2)  2t—z+2y (2) —2t—z—2y (2) Li—zt+ly (2) —ii—a—1y
P2 = 8m(cippee + Co100€ + Cop10€2 27+ Coome 2 2Y)

[87”2 - )‘[(C%) eH It 4 C(()ll)ooe_zt_x_zy + C(()%))me%t_ﬁéy + C(()%))(ne_%t_x_%y)2
+ (oo™ T + clihoe T et T + cfgpe” %F%%y)ﬂ (17)

Observe that these solutions will present singularities if \ is positive and the chosen
values for k;, are real, therefore, we will consider only the case A < 0. For illustration
purpose, let us consider m = 1 and A = —1. As we have chosen k;3 = 0, we will display
the solution as a sequence of three bi-dimensional graphics at different times. In figure
we show the graphic for the following combination of the arbitrary constants:

1 1
(Cgo)omc(()ll)omc(()o)lmC(()o)(n) = \/5(0,0,1,0) (18)
(ciob0> Ctbor Chros Cooo) = V8(1,—1,1,-1). (19)

C1000> €01005 €00105 Co001
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Figure 1: In these figures, we illustrate the solutions (16]) and for the linear sigma model with two
fields, four traveling-wave and the parameters and (|19)) in a succession of three graphics at different
time for each field. The z-coordinate is omitted because we chose null components for k;s.

This is one of the many combinations we can obtain from the analytical solution, but
it is interesting to notice a very localized pattern for ¢; produced by the combination of
four traveling-waves that resembles a particle. A phenomenological study of this solution
will be considered in a future work.

5. Efficiency in the processing of data

In this section, we will compare the algorithm used in this paper with the multiple
exp-function method [14] in order to see the benefit of each method. The method in [14]
was the first method to seek multi-wave solutions using a direct approach. On one hand,
if we would like to use the multiple exp-method in the case of subsection [3.1] we would
use the ansatz

S o PinaPl Pl

m,n=0t,m,niM”1 2 ..

SN ey =k =12 (20)
m,n=0 4t,m,nF1 F2

and the solution would be found for M = 1 and N = 2. Substituting this ansats in
equation with N, = N, = 2 and forming a system of algebraic equations with the
coefficients of all powers of p;, we have a system with 34 variables (4 p; ., and 9 Gimn
for each field and 4 k;,, for each wave). If we consider the case of subsection without
any previous assumption, the number of variables jump to 117 (8 p; ., and 27 g; ., for
each field and 4 k;,, for each wave). Such systems can be quite complicated depending of
the model.

On the other hand, the algorithm based on Padé approximants we have used splits
the process of find the undetermined coefficients in two stages. Let us dig the calculation

0 =



of the Taylor expansion in the case of subsection |3.1. The algebraic equation used to
determine the firsts elements of the expansion are:

Evoo = coo(m?+ Mg+ dgy)) =0
Eypo = doo(m?+ Acgy + dig)) =0
Erio = 2Xcoodoodio + cio(kikl +m® + A
Esio = 2Acoodoocio + dio(kiuky +m® + A

(K 3630 + dgo
(k1

. (Kbl 4+ m? + A
(ko

0(2)0 + 3d(2)0
30(2)0 + d(2)0
030 + 3d§0

Eioi = 2Acoodoodor + cot
Eg-gl = 2)\000d00001 + d01 k Hkg + TTL2 + A

— O~~~
~— ~— ~— ~—

In these system, we impose cog = dypg = 0 because we would like that the fields be null at
infinite (similarly, this physical constraint could be imposed on ansats for simplify
the solution of the algebraic system). So, the above system yields

coo = doo = 0, ki ki +m? =0, Kokl +m* = 0, €10, Co1, d1o, o1 arbitrary.

For calculate the Padé approximants [2/ 2]5,2') (&;S), we still need to find ¢, and d,, for
m + n <= 4; however, the equations that yield these coefficients are linear and ease to
solve. After we have calculated the Taylor expansion until the order we need, we stay
with only 10 variables to be determined in the second stage of the algorithm (cy¢, co1, dio,
do and 3 k;, for each wave).

Therefore, we can see that the algorithm based on Padé approximants can organize
and simplify the processing of data by transforming part of procedure in a linear system.
However, this algorithm has a disadvantage. If we deal with a model that has a singularity
at the origin in the p; variable, the multiple exp-method may perform better. The solution
for such problem in the Padé approach is redefine the variables pj. as

-
kjpx

pj = e k:jﬂmu

— pj=e —a, Oup; = kjup; — Oup; = kju(p; +a), «a = constant

in order to avoid the singularity, but this could complicate the equation to be solved.

6. Conclusion

In this paper, it was applied a method based on the Padé approximants in order to
obtain traveling wave solutions for the linear sigma model. With the solutions found for
two and three bosonic fields, we were able to write a solution for an arbitrary number
of bosons and traveling waves. The results of the current work show that the method
developed in [20] is robust and can be used to find explicit solutions in specific problems
in classical field theory.
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