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Abstract

We present the inverse scattering transform for the TD equation, which is
related to the Heisenberg spin equation. We note that the TD equation is an
integrable model with high nonlinearity, and has singularity at zero. Thus a
nonzero boundary condition is introduced in the direct scattering problem. We
obtain the N-solitonic solution of the TD equation, and give the Kuznetsov-Ma

type solution, rational solution and Akhmediev type breather.

1 Introduction

The nonlinear integrable equations with nonzero boundary conditions have recently
attracted significant interest in the field of physics and mathematics. The reason is
that the localization dynamics of their solitonic solutions are closely related to the
freak (or rogue, extreme) waves in ocean and optic fibres. Nonlinear Schrodinger
(NLS) equation (with nonzero boundary condition) is a central model of nonlinear
science [IH6]. Nowadays several integrable models on the nonzero background have
been developed [7HIT7], and the work of finding another such models is still going on.
The inverse scattering transform method is one of the most important tools in the
study of the nonlinear integrable theory. It is also an efficient way to find the freak
waves. In general, the spectral analysis of the integrable model with nonzero boundary

conditions is much more complicated and difficult than that of the vanishing boundary



conditions problem. One reason may be that it is a result of the modulation instability,
also known as the Benjamin-Feir instability [18] [19]. While, it is a point of common
agreement that the modulation instability is a possible mechanism for the generation
of freak waves.

In the paper, we present an inverse scattering approach to obtain the Kuznetsov-Ma
solution [20, 21] and Akhmediev breather [22] for the TD (or Tu-Meng) equation with

high nonlinearity [23]
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w+ | —+u —— ] =0,
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1wy + U + 2uv, = 0.

We consider the TD equation with the following non-zero boundary conditions
u—0, v—py==Lip, x— Fo0, (1.2)

where u = u(x,t),v = v(z,t) and p is a positive constant.
Equation (|1.1)) is the compatibility condition of the following linear system

wz = Uw, U= i)\O’g + Q, Q = uos + voy, (13)

and

Uy =V, V =iXos+ (\v+iuv)o; + %O’Q +1 (u2 + %) o3, (1.4)
v

where A is a spectral parameter, o;, j = 1,2,3 are the classical Pauli matrices. It is
noted that TD equation (|1.1]) implies the following conservation laws

1 1 2
i + (v + =(Inv?), + — ((In UQ)I)2 ~1) = 0,
8 16 ; (1.5)

1
5@'(7)2 + )i + (uv?), = 0.

We note that there is a Miura transformation between the TD equation and the
Heisenberg spin equation [24]. The Hamiltonian structure of the TD hierarchy was
discussed by the method of trace identity [23]. The algebro-geometric solution to a
new (241)-dimensional integrable equation associated the TD spectral problem was
obtained in [25]. The algebro-geometric solution to the TD hierarchy is given in [26].

The paper is organized as follows. In section 2, we consider the spectral analysis

involving the transformation of spectral parameter, the symmetry condition and the



asymptotic behaviors. In section 3, we construct the associated Riemann-Hilbert prob-
lem about the meromorphic function, and establish the relation between the potential
and the scattering data. by introducing the projection of meromorphic function. In sec-
tion 4, we consider the case of reflectionless potential and obtain the explicit solutions

of the TD equation including Kuznetsov-Ma solution and Akhmediev breather.

2 Spectral analysis

In this section, we give the spectral analysis of the spectral problem ([1.3)) with boundary
conditons ([1.2)), that is

A pr

U—=Us=
- (Pi —iA

) , x — *oo. (2.1)

Since the eigenvalues of U, are doubly branched, we introduce an affine parameter k

defined by ) )
p
A==|k—— 2.2

and an invertible matrix M as following

Up =iCMeosMY, My =1— %02, (2.3)
where the function
e i (2.4)
2 k)’ '

is a single-valued function of k. It is noted that the eigenvalues of the matrix U,, are
doubly branched (the branch points at A\ = +ip), and the Joukowsky transform (2.2))
map the A-plane with a cut as i[—p, p| into the the k-plane. The branch cut on either
sheet is mapped into the circle C, = {k € C : |k| = p} [12, 27]. In the following, we
discuss the spectral analysis of the eigenfunctions on the k plane.

In (L.4), by the condition (1.2)), we have V' — V., = AU, |z| = oo, which means

that V,, and U, share the same eigenvectors. We introduce the matrix solutions

o (z,t, k) of the system (1.3) and (1.4]), such that

VYi(z,t k) — By, x — Foo, (2.5)



where E = E(x,t, k) is defined as
By = Moe®@thos g(p t k) = C(k)(x + Mk)t). (2.6)

There exists the scattering matrix S(k) such that

(2.7)

i (.t k) = Y (x, 1, k) S(k), S““):(Z((g jﬁ?)

where S(k) is independent of x,¢t. We note that the different column vectors of the
eigenfunctions 14 (x,t, k) are sectionally holomorphic in the complex k plane. So,
equation (2.7) can be regarded as a jump condition of a Riemann-Hilbert problem.
For the linear spectral problem , the matrix trace of U is zero, which implies that
det 11 (x, k) is independent of x. Thus, we have

2

det (2,8, k) =det My =1+ 2 det S(k) = 1, (2.8)

k2’
in terms of (2.5 and ([2.7)).

We now discuss the symmetry condition. According to the definitions and
(2.4), we find that A(—p*/k) = AM(k),((—p*/k) = —((k) and U (—p? /k) = U(k),V(=p*/k) =
V(k), and then

P+ p?
Vi (k) = % +(— E)@- (2.9)
Furthermore, for the scattering matrix, we have the following symmetry condition
2
S( — ?) = _U2S(k)02’ (210)

~ P 7 P
a(k) = —a(——), b(k) = —(——). (2.11)
k k
Here, the relation p, = —p_ = ip is used.

For the sake of convenience, we introduce the Jost functions Ji (z, k) as
Vi (z, k) = Je(x, k)e®, 0 =0(x,k). (2.12)

Here and after, we omit the dependence of the time variable . Then the Jost functions
Ji(x, k) satisfy

To(w, k) +iC (k)T (x, K)oy = iA(k)os T (x, k) + QJ(x, k), (2.13)
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and

Ji(z, k) + (k)N (k)] (x, k)os = VI (x, k). (2.14)
Equation (2.13)) can be rewritten as

M s (2, k) — C(k)[os, Mi Ty (2, k)] = M AQL J o (w0, k),

(2.15)
AQ+ = uos + (v — pi)oy,
and the asymptotic condition
Ji(z, k) — My =1 — %02, 7z — +00. (2.16)
Then we have the following integral equations
Jo(x, k) = My + ' M@= NI AQ L Ty (€, k) dE, (2.17)

+oo

where e®?3 B = ¢*°3 Be~*?3. We denote J[ij] as the j-th column of the eigenfunction J,
and assume that for all ¢ > 0, u_ € L'(—o00,a) and u, € L'(b,00), for all a,b € R,
where uy = (u,v — p+) [12, 13, 27]. Tt is shown that JJ[FI] and J can be analytically
extended in the region DT, JM and JE] can be analytically extended in the region D™,

where the regions D* are defined as following
Dt ={keC: (|k]* - p)Imk >0}, D ={kecC: (|k]* - p*)Imk < 0}. (2.18)

Their boundary curve is denoted by dD = {k € C : (|k]* — p*)Imk = 0}. In fact, for
example, if we take w(x, k) = (M~'J_)(z, k), then equation (2.17) reduces to

w(z, k) = < (1) ) + /_x C_(x,y, k)w(y, k)dy, (2.19)

where C_(z,y, k) = diag(1,e " ?@OM-TAQ_M_. By virtue of the L' vector norm
||lw| = |wi| + |ws| and the corresponding subordinate norm ||M_|| = 1+ p/|k| and
IV = (14 pfIR)/IL + 92K, one finds [C_(z,y, B)]| < 2p.(lul + o — p_|), b €
D= := D=\ B(=%ip). Here p. = Max{||M_||||M-"||},k € D, with B.(%ip) = {k €

C: |k Fip| < ep}. Hence, it is shown, by induction, that w(z, k) can be expanded as

the following neumann series as

w(e.k) = 3w, k), (o™ (k) < L,
n=1

bt



where p(x) = 2p [*_(Ju| + |v — p—|)dy and

w® = ( (1) ) w2, k) = /ﬂﬁ C_(z,y, k)w™ (y, k)dy.
Thus, for all € > 0, if u_ € L'(—o00,a), for all a € R, the Neumann series converges
absolutely and uniformly with respect to = € (—o0,a) and k € D™, which means that
JH s analytic in the region D~.

Since ((+ip) = 0, the exponentials e*(*=8)¢ in reduce to the identity, and
the matrix M. are degenerate. So M '(+ip) do not exist. However, we note that the
term M. (k)e!@=9S M1 (k) appearing in remains finite as & — %ip. Thus both

columns of Ji(x, k) remain well-defined at the points k = +ip.

Figure 1: Domain D", D~ and their boundary curve 9D

In addition, from (2.7)) and (2.8)), as well as (2.12), one find that

1 1
a(k) = —w (g, g2y, a(k) = —w (", %),

Al/l ) | M (2.20)
bk) = e WL I, Bk = e W (IR, SR,

where M = det My =1+ Z—i, and W(-,-) denotes the Wronski determinant. So a(k)
is analytic in DT, and a(k) is analytic in D~. Suppose that a(k) has N simple zeros
{k;j},Imk; > 0,7 =1,--- ,ny;Imk; <0,j =ny+1,--- ,ny+ne = N. Then, the points
l%j = —p?/kj,j=1,--- , N are the zeroes of a(k) by the symmetry .

Since a(k;) = 0 and a(k;) = 0, equation implies that

T (ky) = 0,05 (), T2 (Ry) = ;7Y (Ry), (2.21)
where the proportional coefficients b; and Bj are the functions of variables x and ¢, that
is

bj = bjo@iQe(kj), Ej = bj()e%e(l;j). (222)
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Here, bjo and Bjo are constants, and (k) is defined in 1} From the symmetry
condition (2.9) and the transformation (2.12)), one finds that Ji(k) also satisfy the
symmetry condition ({2.9)), which implies that

2 2
J[l](x,k;):—i%JE(x,—%), T2, k)—zp]:Jm( 2y,

Thus, we have
bj = b;. (2.23)

It is remarked that a(k) and a(k) also have simple poles at k = £ip on the boundary
curve 9D in view of M = 1+p?/k?. Since det J.(x, +ip) = 0, by virtue of the condition
(2.9), we have

T ip) =i (w,ip), Tz, —ip) = —iJ(x, —ip).

Furthermore, we have

k) = —=_ 1 0(1), (k) = - o),

k kTi
ijw ;)sz (2.24)
b(k * O(1), b(k) = —= O(1
(k) = (1), b(k) FT i (1),
where )
as = i%W(JP(iz’p), T2 (ip)) = Fibs,
(2.25)

iy = j:%W(J[}](j:ip), T2 (ip)) = Fiby.
Moreover, the symmetry condition a(k) = a(—p?/k) implies that hm a( k) a(k) =
1. So a4 = ay. Note that k = 0 is not the zero of a(k) and a(k), Wthh will be shown

in the end of the section.
we next discuss the asymptotic behaviors of the Jost functions. It is noted that the
limit A — oo corresponds to & — oo in one sheet and to k& — 0 in another sheet. As

k — oo, we let
1
T, k) = O @)+ 210 (@) + g I @)+ koo, (2.26)

and
Jo(z, k) =k U (@) + J@) + kJP @)+, k=0 (2.27)



By substituting them into (2.13)), and using the boundary condition (2.16]), we obtain

IO@) = e, ID(2) = (00, + irso5)e™, (2.28)
and
af_ O ipien:l: N ie_ni ﬁeni
1 0
SV = c I @y = e L (2:29)
_ijze n+ 0 p_ie n+ p_ien:l:
where

= [ roue = [ ulae

+oo0 +oco

Hence, from ({2.20)), we find

"Z”j (2.30)
a(k) = —e(1+ k:p—Z), k — 0,
and .
a(k)%e"(l—%), k — oo,
Z, (2.31)
(k) — —e (1 — kp—Z), k0,
where
n=n—n = / wr)de, y=7" -7t = / (p* +v*(x))da. (2.32)

From (|1.5)), one finds that n and v are constants.
It is remarked that, since AQ+ is not an off-diagonal matrix, the asymptotic be-
haviors of the Jost functions can not be derived from the integral equation (2.17)) by

constructing the iterative series.

3 Riemann-Hilbert problem
From ([2.7) and ([2.12]), one finds that

Ji(x, k) = J_(z,k)e3S(k)e ™3 ke oD. (3.1)



Introducing the sectionally meromorphic matrices
k) = (220D ) e = (M, D) )
Y a(k) ) — Y ) ) — Y Y &(k:) ) *
equation (3.1f) gives rises to the following jump condition

O (2, k) — ®F (2, k) = ®F(2,k)G(x, k), k€D, (3.3)

where the matrix G(z, k) is
0 —o(k)e?? (k) b(k
Gy = (O TE gy = R g = B
—o(k)e o(k)a(k)
By virtue of the asymptotic properties (4.20)-(2.31)), it is readily verified that the

sectionally meromorphic functions ®*(z, k) admit the following normalization condi-

tion
O (2, k) = o1 + o(%), b — 0o, (3.4)
as well as
O*(x, k) = %@1 +0(1), k—o. (3.5)
Here
o, = (_pg_n p ?) . (3.6)

To establish the relation between the potential and the scattering data from the
Riemann-Hilbert problem (3.3))-(3.5]), we introduce the Cauchy projectors Py over the

oriented contour dD shown in figure 1,

Pl = o | e

where the notation k£ + ¢0 indicates that when & € 0D, the limit is taken from the
left /right of it. For the sectionally meromorphic functions f*(k), with poles zj»[ € D*,
if f£(k) — 0 as k — oo, then

(3.7)



Note that &+ (x, k) — e — d_; / k are sectionally meromorphic functions, with poles

P € and k; € (7= , and tend to zero as k — 0. us
kj € Dt and k; € D~ 1,- d d k Th
— o q)—l + o O_ 1 +
PO (e, k) = €7 = = = P[0 (a, k) — -7 — 2] = P[0% (@, k)G, B,
implies that
3 Res[®~, kj] (o ) 1 E] Res[®F, k)]
k— k. ’ k k—E;
]:1 J ]21

N > N
Res[®™, k] Res[®, k] o,
[ i B S i Sl E ot _ -0 _ "%

j=1 J (3-8)

which implies that

OE (2, k) = -7 + Z (Res (DT, k;] + Res[®~ ,l@])
= (3.9)

1
k
1
2—/ [®F (2, k)G(x, k)|dk, k — oo.

?vl»—

We note that the residues Res[®7, k;] and Res[®, k;] take the following form

RGS[(I)+, kf] = (gj(]m@ kj)70)7 (3 10)
Res[CI)’,/;:] (0, QJJ[1]< >/;5j))=
where ~
bjo  —sioky) - bio s
_ Doy bio i) 3.11
T alky) 5k, .



Here the dot denotes the derivative with respect to k, and 0(k) is defined in ([2.6)). It

is readily verified that
2

S P
3 = —159 (3.12)
J

by virtue of the symmetry condition (2.11) and the identities A\(—p?/k) = A(k),
C(=p*/k) = =((k).
On the other hand, from (2.27)-(2.31)), one finds

1 [—wy- w 1
OF(x, k) = ™% 4 — e~ +0(-—=), k— oo 3.13
(@, - (_ w) () (3.13)
Thus, from the O(1/k) term of equations (3.9) and (3.13]), we find the relation
between the potential and the scattering data as following
. . N
—ty_e’  qve - 0 pe'- ( 2] -,
= + i {E,k‘ 70 + 07 Jo x’k‘ >
( _iven- i’y_e"—> (—pe”— 0 > ;1 (955 (2, k), 0) + (0, ;I (2, kj))
1
— Ot (z, k)G (2, k)|dk.
t o | @%@ RG . b)
(3.14)

4 Reflectionless potentials and solutions

Now, we consider the case of reflectionless potentials, that is G(z,k) = 0. In this
case, there is no jump from ®* to ®~ across the continuous spectrum, and the inverse
problem reduces to an algebraic system. Therefore, one can obtain the soliton solutions

of TD equation.
Equation (3.14]) reduces to

( _Z.’Y_ ) e + ( 0 > e - = ZQJJ[E](ZE,]C]), (41)

—iv p

( Z:’_ ) e — ( g’ ) o = ZngE](x,z%j). (4.2)

Here, the functions J' (2, k) and g (x, k;) satisfy the following algebraic system

J[_ﬂ@,z;l):(e;)ﬁ( X )-ZJ%,@)]{%%, (43)

—pe~ - R
pe j=1 J l

and

11



and

0 L[ pe’” 1, 7y G
J? x, ki) = + — - E Ji! x, k)= .
( .7) ( 6_777 > k] O ( l),l{}l . l{:j

For the sake of convenience, we introduce the following matrices

J[_l] = (J[_l](x; ]:71)7J[—1]<x7 1%2>7' o 7J[—1]<:C712N)) )
J[_2] = (J[_ﬂ(x, kl)aj[—Q](x7 k2>7' o 7‘][—2]<I7kN)> )

g:(glang"agN)a g:(glag%"'?g]\/)a

o % 9gj - gi
K= (Ku), K=(K;), Kjl:kj_]]%/ Klj:l?:l—kj'

(4.4)

(4.5)

(4.6)

Since K, K are Cauchy type matrices [28,29], and A = K~'AK, we get det A = det A..

In addition, we set

f
= ( ! ) , fm = (fm71afm,27"' 7fm7N)7

Thus, the solution of the algebraic system (4.3) and (4.4]) is given by

JW = gr-pA-t JB = erospA -t

(4.7)

(4.9)

Substitution of the above results into the reconstruction formula (4.1)) and (4.2), we

have -
det A@ det A@

(e rry ey

12
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and

e’ = dSZTAA(b), ive ¥ = dSZ?A(b), (4.11)
where the matrices A@, A® and A@ A® are block matrices, and have the following
definitions

Am__<g ﬁ>’ A@__(p 5>, (4.12)

g’ A g’ A
and
_N@:<gjﬁﬁ’ A@:<f _F>, (4.13)
g A g A
Finally, the N-soliton solution of the TD equation is of the form
02+ p? = —id), (dzte?:)) . u= }lax In (j: i:) ) (4.14)

It is remarked that equation 1} implies that det A@ + det A@ = 0, or equiva-
lently
fig” + hyg’ =0. (4.15)

We note that equation 1) can be proved by using l;j = —p*/k; and 1} In fact,
from (4.8])), we find

N N
P P g1 g1
=1 E:mﬁ+@m’f” XM¢+%M

7=1 =1
N ok . By N . (4.16)
ha=1-Y Pt I =2 S
; kj p2 + /{Zj]{?l P =1 p2 + kjl{?l
Thus,
[ P g
g =Y (2-Y 22y,
25 LR )
N/ N g o
hg! = — M J il
&3 (B h )
=1 J=1
which give rises to equation (4.15)).
It is noted that equation (4.11) implies another representation
det A®) det A®)
2= © (4.17)

(det A)?

13



Hence, we have a restraint condition about the discrete data

det A®) det A®) det A(@
P2 = S o (). (4.18)
(det A) det A
In particular, for N = 1, we find
: P’gi (@ p Y
A=A=1—-———"—, detA"W =—-— 1—=—"—.
(K? + p?)? klgl< ki +p2)
kig
det A(b) = (1 — P91 ) ( - 1 > )
AN
~ 4 k’2
det A®) = (1— P91 ) ( _ 2 A ) .
) " kR
Then, the potentials can be given by

k%gl

1 P — 13,2
w=0;In % , (4.19)

P i+
0

. k91

v+ p? =0, (ufl—ﬂgl . (4.20)
ki+p?

While, the solution (4.17)) gives rise to the following representation

_ k%Ql)( _pt k%m)
v = o) (o . (4.21)

2
(1+ 225)

We note that g;, = —i(k; + p*/k;)g; by virtue of (3.11)). It is readily verified that the
two forms of solution about v? are coincident with each other.
Let

B I 20 (4.22)
P

where

0, = pcoshei(x 4 psinhe; - t) + 2.

Here z; is a constant. Then we have

2 cosh e; — efle 2t ) ’ (4.23)

1
=-0,1 .
e <2 cosh € — e~3a1e=20

14



2cosh e ™™ ) . (4.24)

v? + p? = ipd, (2@61 coshe; + o 20
From (4.22), we know that the solitonic solution is invariant with respect to shifts in
time t and space x by renormalizing the constant z.

In particular, we consider the case ky = ik, (k > p), and let e = ie®, (¢ > 0), then

the stationary soliton solution takes the form

1 cosh(X) — cosh(2e) cos(T') — i sinh(2¢) sin(7T")
‘= 48:': I ( cosh(X — 2¢) — cosT ’ (4.25)
T T X
2, 2_ P& e —¢€
vEr = O (Cosh(X) - COS(T)) ’ (4.26)

where 7 = In(2sinhe) and
X =2psinhe-x — 7 —¢e+x9, T =p*sinh(2e)-t+t,.

Here, we choose the solution is centered at x = 0, or zy = 0. This solution is periodic

in time, and its oscillation period is

2m
7= p?sinh(2e)

Note that
T =00, ¢6—=04+0, |ki|—p,

T — 0, e —o00, |ki|— o0

Hence, the solution can be regarded as the Kuznetsov type solution [20]. One may find
that, for any fixed value of ¢, the maximum of the solution occurs as X =7+ ¢ for v
and X = 7 + ¢ for u. It is noted that the points at (X — 2¢)? + (T + 2mn)? = 0, (m =
0,+1,42,---) are removable singularities of the u and the points at X2+ (T +2mm)? =
0,(m = 0,%£1,42,---) are removable singularities of the solution v?. The typical
behavior of the Kuznetsov-Ma type solution is given in figure 2.
Taking the limit € — 0 or k; — ip and choosing the proper origin of the soliton,
one obtains the rational solution
2,2 | 442 )
u(z, t) = iax <1n P x(;p_tm +1 p;;p t) ,

(4.27)
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2.7
1.8
1.67]
1.4
12

=107

0.8
0.67]
0.4
0.2

Figure 2: Kuznetsov-Ma solution Ju| @25) and |v2| (#26) with the parameters chosen as p = 1,¢ = %ln 2.

We note that the points at (pzx — 1) + p*? = 0 for v and 22 + p*? = 0 for v? are

removable singularities. The typical behavior of the rational solution is given in figure
3.

g 12+
0.25
0.204
- ] 7=
T 2
£0.15+ £
E &
2 1 =
= B =
=0.10 10—
0.105-]

09—

Figure 3: Rational solution |u| and [v?] in with the parameters chosen as p = 1.

While, in the case k; = —if, (0 < & < p), and let e = —ie®, (€ < 0), we have

y 18 In cosh(X) + cosh(2€) cos(T') — i sinh(2&) sin(T)
47° cosh(X — 28) + cos T 7

(4.28)

T =T X
240t =g, S (4.29)
2 cosh(X) + cos T

16



where 7 = In(—2sinh €) and
X = —2psinhé-z—7—¢&, T = —p*sinh(28) - t.

The properties of the solution can be discussed similarly. It is noted that, as € — 0 or
k1 — —ip, the solution in (4.28)) and gives the same rational solution as .

In the following, we consider another type of particular solution of the TD equation.
This solution is periodic in space and localized in time. To this end, we consider the

case that k; is located on the upper half-circle |k| = p except the points k = ip, and

set €1 in (4.22) as €; = iw, then

g X T = pPsin(2w)t, Xy = —2pcos(w)z. (4.30)
p
Since cosw changes sign as w € [0, 7], we express the solution in the following two
forms
1
U= Zﬁx InQy, v*=—p?+icos(w)d,Z1,
0 — cosh(T7 + 1) cos(2w) + isinh(77 4+ 71) sin(2w) — cos(X; — w)
b cosh(T} + 1) — cos(X; — w) ’ (4.31)
_ eT1+Tl + ei(Xl—w) T
== , (welo, =),
cosh(Ty 4+ 71) + cos(X; — w) 2
and
1
u = Z(‘?z InQy, v?=—p*—icos(w)d,=s,
0, — cosh(T} — 7) cos(2w) + i sinh (77 — 72) sin(2w) + cos(X; — w)
2T cosh(T) — 712) + cos(X; — w) ’ (4.32)
= S we (Ca)
By = we (=,m
27 cosh(Th — 1) + cos(X; —w)’ 27
where 71 = —In(2cosw), (0 < w < 7/2) and 75 = In(—2cosw), (7/2 < w < 7). In

(4.31)), sin(2w) > 0, (0 < w < 7/2) (in T7), we have the following asymptotic behaviors

as t — oo

, 1, t>0
Q= e = s HE)={ ’
' ! () {0, t<O.

While in (4.32), sin(2w) < 0, (7/2 < w < ),

Qy =™ =y = H(—t), t— +o0.
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We note that €2; and €2 have the same asymptotic behaviors, so they can be regarded
as homoclinic. While the homoclinism for Z; is destroyed, but it can be modified to
some extent after an action of differentiation. In this sense, we also call the solution
in (4.31)) (or (4.32)) the Akhmediev breather. The typical behaviors of the Akhmediev
breather are given in figure 4 and figure 5. We note that the dynamics of u in (4.31])

15 T

Figure 4: Akhmediev breather from (4.31), obtained for p=1,w = Z.

lomega:=2 13

abs(v"2)rho

Figure 5: Akhmediev breather from [@-32)), obtained for p = 1,w = 2=,

and (4.32)) are same, but those of v? are different (see figure 6).
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: -0 .5+

v2tho=1,omege=Pif 1=1.3
; =S
N T T
v 21ho=1, omege2Pi/3t=13
=
I

5, right for w = 2% Here, brown

Figure 6: Akhmediev breather for v2, where p = 1,t = 1.3 and left for w = 3

line-abs(v?), red line-Tm(v?) and green line-Re(v?).

5 Conclusion

In this paper, we considered the TD equation with nonzero boundary condition by the
inverse scattering transform method. The Cauchy projectors were introduced to treat
the inverse scattering problem. N-solitonic solution of the TD equation was given by
using the properties of the Cauchy type matrices. Note that the modulation instability
is exist for nonlinear integrable equation with nonzero boundary condition, and the
TD equation has relation with the Heisenberg spin equation, which is equivalent to the
nonlinear Schrodinger equation. We discussed the freak wave of the TD equation, and

obtained the Kuznetsov-Ma solution, rational solution and the Akhmediev breather.
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