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Abstract

Lie point symmetries of the one-dimensional gas dynamics equations
of a polytropic gas in Lagrangian coordinates are considered. Complete
Lie group classification of these equations reduced to a scalar second-order
PDE is performed. The classification parameter is the entropy. Noether’s
theorem is applied for constructing conservation laws. The conservation
laws can be represented in the gas dynamics variables. For the basic
adiabatic case invariant and conservative difference schemes are discussed.
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1 Introduction

There is an extensive literature on the Lagrangian gas dynamics (see, for exam-
ple, [8 35, 36] and references therein). These studies can be roughly separated
on analysis of the gas dynamics equations in the mass Lagrangian coordinates
[28] 8] and analysis of second-order PDEs to which these gas dynamics equa-
tions can be reduced [306] 35] [32] 34]. These second-order PDEs have variational
structure, i.e. they are Euler-Lagrange equations for some Lagrangian function.
They are knows as the Lagrangian gas dynamics [§]. In the present paper these
Euler-Lagrange equations, which represent gas dynamics equations in mass La-
grangian coordinates, are studied.

Symmetries have always attracted the attention of scientists. One of the
tools for studying symmetries is the group analysis method [24], 23] 20 106, [6],
which is a basic method for constructing exact invariant solutions of partial
differential equations. The group properties of the gas dynamics equations in
Eulerian coordinates were studied in [24] 25]. Extensive group analysis of the
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one-dimensional gas dynamics equations in mass Lagrangian coordinates was
given in [I}, 2, 15]. Here it should be also mentioned the results of [33], where
nonlocal conservation laws of the one-dimensional gas dynamics equations in
mass Lagrangian coordinates were found. The authors of [36] B5] analyzed the
Euler-Lagrange equations corresponding to the one-dimensional gas dynamics
equations in mass Lagrangian coordinates: extensions of the known conserva-
tion laws were derived. These conservation laws correspond to special forms of
the entropy. Group nature of these conservation laws is given in the present
paper. Complete group analysis of the Euler-Lagrange equations of the one-
dimensional gas dynamics equations of isentropic flows of a polytropic ga with
v = 2 was given in [32].

As mentioned above, besides assisting with the construction of exact solu-
tions, the knowledge of an admitted Lie group allows one to derive conservation
laws. Conservation laws provide information on the basic properties of solu-
tions of differential equations. They are also needed in the analyses of stability
and global behavior of solutions. Noether’s theorem [22] is the tool which re-
lates symmetries and conservation laws. However, an application of Noether’s
theorem depends on the following condition: the differential equations under
consideration need to be presented as Euler-Lagrange equations with appropri-
ate Lagrangian. Among approaches which try to overcome this limitation one
can mention here the approaches developed in [311, 17} 5] 30] .

Lie group analysis of difference equations is a very active field of research
[19, 37, 14]. In our approach, which we are following in this paper, we dis-
cretize differential equations while preserving their Lie point symmetries. Thus
differential equations and its Lie group symmetries are a priory given but not
a difference model. One then looks for a difference scheme, i.e. difference
equations and a mesh, that have the same symmetry group and the same Lie
algebra. The basic steps in this direction were done [9, 10, [4, 111, 12, 13], which
were summarized in the book [14]. The main idea is that the invariant differ-
ence equations and meshes can be constructed with the help of the entire set
of difference invariants of the corresponding Lie group.

The present paper is focused on the one-dimensional gas dynamics equa-
tions of a polytropic gas in Lagrange coordinates. The objective of the paper is
to make Lie group classification of the variational second-order PDE to which
the gas dynamics equations can be reduced. The classification is carried out
with respect to the entropy function. Then, we use variational and divergent
symmetries to construct conservation laws by applying Noether’s theorem. In
the second part of the paper we consider discrete schemes which preserve sym-
metries and conservation laws for the basic adiabatic case of the polytropic
gas.

The paper is organized as follows: Section Bl introduces equations of gas
dynamics, their variational formulation and Lie point symmetries. In section Bl
we consider the general case and the corresponding conservation laws. Then, we

The hyperbolic shallow water equations are equivalent to the gas dynamics equations for
a polytropic gas with v = 2.
2Therein one can find more details and references.



present the cases with additional symmetries and conservation laws in section
M Discrete schemes for the general case are discussed in section [Bl Finally,
section [f] gives concluding remarks.

2 Gas dynamics equations

In this section we present the one-dimensional gas dynamics equations for a
polytropic gas. We start with Euler coordinates and show how to change to
Lagrangian ones. It is shown how one can reduce the gas dynamics equations
to a scalar second-order PDE, which has variational structure.

2.1 The gas dynamics equations in Eulerian coordinates

The gas dynamics equations of a polytropic gas are

Pt +upy + puy =0, (2.1a)
p(us + uuy) + py =0, (2.1b)
St +uSy =0, (2.1c)

where p is the density, u is the velocity and

p=5Sp’, v #0,1, (2.2)

is the pressure. Here S is the function depending on the entropy S of the gas.
For a polytropic gas this relation takes the form [26]

S = R e(S=So)/ev, (2.3)

where R is the gas constant, ¢, is the dimensionless specific heat capacity at
constant volume and Sy is constant.
Note that due to (2.2)) the last equation (2.Id) is equivalent to

Dt + upy + ypuy, = 0. (2.4)

2.2 Eulerian and Lagrangian coordinates

For one-dimensional gas dynamics one can introduce mass Lagrangian coordi-
nate s in Eulerian coordinates (¢, z) as

ds = pdx — pudt, (2.5)

or
Sy = p, St = —pu. (2.6)

We also need the time differentiation in Lagrangian coordinates (¢, s), which is
called the material derivative,

Dt = DE +uD,, (2.7)



where DF and D, are the total differentiations with respect to ¢t and z in
Euler coordinates. Thus we arrive at the gas dynamics equations in Lagrangian

coordinates:
1
<—> = ug, (2.8a)
P/

Ut + ps = O, (28b)
St =0. (28C)

Note that the equation (2.4)) takes the form
pt +vppus = 0. (2.9)

We remark that we use a non-point change of the independent variables.

2.2.1 Variational formulation

Let us introduce variable ¢ as the potential for equation (2.8al):
Gr=1u, == (2.10)
p
and solve equation (Z.8d) as
S = S(s). (2.11)
Then, with the help of (2:2) we can rewrite the remaining equation (2.8D]) as
the following second-order PDE [7]:
@Yot — 1905 pss + 95 = 0. (2.12)

This equation will be called the gas dynamics equation in Lagrangian coordi-
nates. It is the variational equation for the Lagrangian

2
L= 56 i (2.13)
2 v—1
Let us recall that the Euler-Lagrange equation for Lagrangian ([2.I3]) is com-
puted as
oL 0L oL OL
0 _ 9% _pr(ZE) _p, (25 —o. (2.14)
op Oy ot s
A symmetry
0 0 0
X =&t — + &5t — +n¥(t — 2.15
5(’8"’0)at+£(’8"’0)as+"(’S"’D)a@ (2.15)
of equation (ZI2) provides its conservation law if it satisfies the equation
XL+ L(DLe! 4+ Dy¢%) = DEB, + DBy, (2.16)

for some functions B(t, s, ¢), i = 1,2. Here we assume that the operator X is
prolonged on the derivatives by means of the standard prolongation formulae
24, 23].

The densities (T, T%) of the conservation laws are given by the formulae

oL oL
T' =L+ —&pr—Eps)m—, T =L+ —&pr—Eps)=—.
Oyt s

(2.17)



2.2.2 Relation between conservation laws in Lagrangian and Eule-
rian coordinates

The operators of the total differentiation D} and D, in Lagrangian coordinates
(t,s) and the operators of the total differentiation DF and D, in Eulerian
coordinates (t,z) are related as follows

1
Dt =DE + oD, = DF +uD,,  D,=¢.,D, = =D,. (2.18)
P

Let (T%,T%) be a conserved vector in Lagrangian coordinates:

DET! + D, T% = 0. (2.19)
Using (2.10)), we obtain
Uz = @5 i (2.20)
and
D{T' + DT% = ¢y (D (pT") + Dy(puT" + T%)) . (2.21)

Thus, the corresponding conserved vector (¢ ¢T®) in Eulerian coordinates

has the coordinates
Tt = pT", °T% = puT" + T*. (2.22)

2.3 Equivalence transformations

The group classification of differential equations depends on representations of
arbitrary elements [24]. As the function S(s) is an arbitrary element of equation
([212)), the group classification has to be made with respect to it.

As the first step in the symmetry group classification we find equivalence
Lie group transformations. The generator of the equivalence transformations is
considered in the form [21]

0 0 0
Xezgta+§s—+n“0—+n

55 15 (2.23)

s 2
S’
where all the coefficients of the generator X¢ depend on (¢, s, ¢, S).
Calculations show that the Lie algebra corresponding to the equivalence Lie
group of equation (2.12]) consists of the generators

e 0 e_ 0 — —
Xl = %7 X2 - 8t7 X3 - (987 X4 _ta(p7
e __ 8 a € _ 2_ i
Xs—wa(p—k(’y—i—l)SaS, XG_tat 2585’
0 0
X?zs%—k(l—’y)Sﬁ. (2.24)

For v+ = 3 there are more equivalence transformations corresponding to the
generator

Xe=t2= + t@i. (2.25)



2.4 Group classification of equation (2.12))

Group classification of equation (2.12)) was given in [3]. For the sake of com-
pleteness we give it here. The admitted generator has the form

8
X =) kY, (2.26)
i=1
where
0 0 0 0 0
Yy = po— Yo = 2= + top— Yy =t— Y, = —
1 908907 2 8t+ (108(’07 3 875’ 4 875’
0 0 0 0
Ys =t— Yo = — Y =s— Ys = —. (22
The coeflicients k; satisfy the conditions
(k78 + kg)SS = ((1 — ’Y)k7 + (’Y + 1)k1 — 2]€3)S, (2.28&)
(v —3)ko = 0. (2.28b)

Thus, in the generic case (v # 3) the kernel of the algebra of the admitted
Lie symmetries can be presented by the following basis

0 0 0
Xi=Yo=go, Xo=Yi=g = Xs=Yi=ig
0 0

For ~v = 3 the kernel of the admitted Lie symmetries algebra has one additional
generator

d d
X, =Y, = tQE + tQD%. (2.30)

According to the classifying equation (2.28al), there exists constants a, 3
and ¢ such that the entropy function satisfies the equation

(as + B8)Ss = 48S. (2.31)
Let us consider possible cases:
1. ¢g=0(a#0or g #0)
I this case equation (2.31]) gives
S(s) = A, Ap = const. (2.32)

2. q#0

(a) If @ # 0, then by virtue of the equivalence transformations equation
(23T) can be reduced to the equation

sSs = ¢S, q#0.
The general solution of the latter equation is

S(s) = Ags?, Ay = const. (2.33)



(b) If @« =0 and 8 # 0, equation (2.31I]) can be reduced to
Ss =4S, q#0,

which has the general solution
S = Age?®, A = const. (2.34)

Thus, one needs to study three cases: (2.32)), (233 and (2.34]). Notice that
the first case (2.32]) corresponds to an isentropic flow of a polytropic gas. It is
well-studied, whereas the other cases were not analyzed in the theory of gas dy-
namics equations. We remark that by virtue of the equivalence transformations
one can assume that Ay = 1.

3 Conservation laws for arbitrary entropy S(s)

In Lagrangian coordinates the conservation law of mass in given by the first
equation of the gas dynamics system (2.8]), namely

(%)t —ug = 0. (3.1)

For variational and divergent symmetries we can using Noether’s theorem to
derive conservation laws. In this section we exploit the generators from the
kernel of admitted Lie symmetry algebra.

3.1 Case y#3

Let us examine symmetries (2.29) of the generic case v # 3. For Lagrangian
([Z13) we get two variational symmetries

0 0
1 1 9’ 2 2= 5 (3:2)
and one divergent symmetry
0
Zg = X3 = t% with (Bl, Bg) = ((p,O). (33)

The corresponding conservation laws are given by (Z.I7):

T =g, T7 =597 (34)

2 S
T = % + ﬁ%’;ﬂy 15 = Serps 7 (3.5)
Ty =9 —@it,  T5=—1Sp;". (3.6)

They represent the conservation of momentum, the conservation of energy and
the motion of the center of mass, respectively.

The remaining kernel symmetry operator X, is neither variational nor di-
vergent. Hence, it does not provide any conservation law.



These conservations laws can be rewritten in the gas dynamics variables as

Tf=u, T =5p"; (3.7)
- T p Ts = Splu; (3.8)
272 41t 2 ’ '

TS = ¢ — tu, T3 = —tSp”. (3.9)

Notice that the conserved vector (T%,T%) contains the function ¢.

It is possible to present these conservation laws in Eulerian coordinates
applying the transformation rule (2.22]). We get the conservation law for mo-
mentum and energy and the motion of the center of mass as

T =pu, T} = pu’ + Sp7;

2 S u? Sp7
eTt — & P err ,0_ g .

°TE = p(x — tu), Ty = pu(z — tu) — tSp7.

3.2 Casevy=3

For v = 3 we present only the additional conservation laws. The generic kernel
symmetry

0 0
Zo= Xi =25 + o5 (3.10)

becomes variational. We also have symmetry (2.30]), which is divergent

B, d . ¢’
2
Zow= Xo = g dto - with (By, By) < . ,0> . (3.11)

The application of Noether’s theorem gives the conservation laws of the
generic case, which were given in the previous point, and the following two
additional conservation laws:

vi | Se3”

T =2t [ L
* <2+7—1

> — ey, TS = (2tpr — ) Sp; ™ (3.12)

2 S -2 2
ro=e (D2 it £ = Pe- St (319

In the gas dynamics variables these conservations laws take the form

2 S 2
T = 2t <% + 2P 1) — pu, TS = (2tu — ¢)Sp>; (3.14)
N -
2 g2 2
Tt =2 <% + 5 f 1) —tou + %, T3, = (t2u — tp)Sp3. (3.15)

It should be noted that these conserved vectors were presented in [33], where
i was considered as a nonlocal variable.



It is also possible to transform these conservation laws into Eulerian coor-
dinates:

2 3 2 3
eTt = 2t (ﬁ + Sp > —zpu, Ty =2t (ﬁ + 15p > u—z(pu?+p3S);

2 v—1 2 v—1

2 53 2
6T$*2t2 <%+7f1> —tZEpU“‘%p,

2 3 2
U S x
e — ¢ <p7 + :Yy_p1> u — tx(pu? + p2S) + 5 Pu-

4 Conservation laws for special cases of entropy S(s)

There can be additional symmetries admitted by equation (2.12)) for some cases
of the entropy function S(s). In this section we check whether these additional
symmetries lead to additional conservation laws.

4.1 Isentropic flow S(s) = Ay

In Eulerian coordinates the isentropic case is selected out by the differential

constraint
S; = 0. (4.1)

The admitted generator has the form (2.26]) with the coefficients satisfying

the equations

(L =)kr + (v + Dk — 2k3 = 0, (4.2a)
(v = 3)k2 = 0. (4.2b)

In both cases v # 3 and v = 3 we get two symmetries

0 0 0

Xse=(v—-1)Y; -2y =(v—1)t=— — 25— Xg=Ys = —
s=(—1)Ys 7=(v )815 595 6 8= 9,

in addition to the symmetries given in (2.29) and (2.30)). For application of

Noether’s theorem [22] the study has to be split into the cases v # 3 and v = 3.

(4.3)

4.1.1 Case v#3

The admitted symmetries are given by (2.29)) and (£3). Checking when the

symmetry generator
6

X => BiX (4.4)

i=1

is variational or divergent by substitution into (2.I6]), we get the condition

Ba(y—3)+ Bs(y+1)=0. (4.5)



Therefore, we get two variational symmetries

ottt =3 el O 9
Zy = 5 X4 5 X5 = (3v 1)tat+(7 3)388‘1'(7‘1‘1)906(’07
0

Zs = Xo = 5, (4.6)

in addition to symmetries ([3.2]) and (B.3]).
Using Noether’s theorem, we find conservation laws given in point B and
two conservation laws, corresponding to the additional variational symmetries:

2
¥ A _
Ti = (3y — 1)t (jﬁ o s ”> + (7 = 3)spros — (v + Dy,

Ty = (3y — DtAoprps” + (v — 3)s (_%3 + ,;onl wi‘”) — (v + D Aopps s
(4.7)
' s_ %, 7o g
I =ops, Iy =—75+ S 1% i (4.8)
These additional conservation laws take the form
u? A U
Ti= 3y -1t (7 o 1/)”‘1) + (v - 3)8; — (v + Deu,
Ty = (3y — 1)tAoup” + (v — 3)s (—u; + J—folp”‘l) — (v + 1) Aopp”; (4.9)
! = %, TS = —u; + J—folp“’_l (4.10)

in the gas dynamics variables.
In Eulerian coordinates the latter conservation law becomes

2
u Ao 1
eTt ez 71

The densities of the conserved vector (T},T;) contain the Lagrangian mass
coordinate s. For this reason they cannot be rewritten as a local conservation
law in Eulerian coordinates.

4.1.2 Case v=3
We have symmetries (Z29), [230) and (£3). Substituting the generator

6
X =) BiXi+pB.X. (4.11)
i=1

into (2.16)), we get the condition

fs = 0. (4.12)

10



Therefore we get only one conservation law in addition to conservation laws
given in points 3.1l and It corresponds to the symmetry

0

Zy=X¢g = —. 4.13
V=Ko = o (413)
The conserved vector has components
2
©; , 740 _
Ti = PtPs, Tzf = —7t+ﬁ(,082- (414)
In the gas dynamics variables it takes the form
2
u W Ay
Ti = — T5 = —— : 4.15
4 p7 4 9 + v — 1p ( )

In Eulerian coordinates we can present it as

2
u 7Aoo
eTt: epr —

4.2 Entropy S = Aps?

In Eulerian coordinates this case is described by the differential constraint
qpSSepe — qpS? — qpeSS, + pS% = 0. (4.16)

One can check that the overdetermined system of equations consisting of the
gas dynamics equations and this constraint is involutive.

Calculations show that the admitted generators have the form (2.26]) and
the coefficients satisfy

(1=~ =q)kr + (v + 1)k1 — 2k3 = 0, (4.17a)
ks =0, (4.17b)
(v —3)k2 = 0. (4.17¢)

In both cases 7 # 3 and v = 3 we get only one additional generator

0 0
Xs=(1—-~v—q)Ys+2Y7=(1—7— q)ta + 28&. (4.18)

As in the previous case of the entropy function S(s), one needs to study
subcases v = 3 and y # 3 separately.

4.2.1 Case 7# 3

Substituting the generator
5
X =) BiX (4.19)
i=1

into (2.16l), we find the condition for Noether (variational and divergent) sym-
metries

B=MBa+(y+qg+1)B5=0. (4.20)

11



We get a single additional variational symmetry

+g+1 —3
ny 9 X4+72 X5

Zy 5

0 0 0
=3y +2¢— 1)ta + (v - 3)3% +(y+1+ q)cp% (4.21)

in addition to the symmetries ([3.2]) and (B.3]).
Using Noether’s theorem, we compute the components of the conservation
law

2 q
©® AOS _
PR V) HOm e lrbat Dea

T = 3y +2q — 1)tApsTprpy”

2 Ans?
+(y—3)s (—% + %wl‘”) — (Y + g+ 1D)ApsTpp, 7. (4.22)

T4t:(37+2q—1)t<

In the gas dynamics variables we get

2

U Ags? U
Ti=(3v+2¢— 1)t (7 + ﬁp”’”) + (- 3)8; — (v + ¢+ Dypu,
T7 = (3y +2q — 1)tAgsTup”
u?  yAs?
+ (’Y - 3)8 —7 + ﬁ/ﬂ - (’Y +q+ 1)Aosq<pp7. (423)

To rewrite this conservation law in Eulerian coordinates we use the trans-
formation rule (2.22)) and

S
s =qpg (4.24)

We obtain

2 g
Tt = (3y+ 2 — 1)t <%+
5

S
— 1,07) + (v = 3)gpug — (v + ¢ + zpu,

Sz
2 S
Ty =By +2¢—1)t <& + 7—1/)7) u

2 v -
S [u? S
T =3arg, <7 +og

p”’*) — (v +q+ Da(pu® + Sp7).

4.2.2 Case v=3
For symmetries (2.29]), (2.30) and (4.I8]) substitution of the generator

5
X = Z BiXi + B X, (4.25)
i=1

into (2.16]) gives the condition

(q+4)B5 =0 (4.26)

12



for variational and divergent symmetries. There are two possibilities.

a) For ¢ # —4 there is no additional generators. We get the conservation laws
which were described in points [3.1] and

b) If ¢ = —4, there is one additional variational symmetry
1 0 0
Zy==-Xs=t— —. 4.27
1= T T, (4:27)

The corresponding conservation law has densities

2 q
o; | Ags? 4
Ti:t<7t+—’y_190i 'y> + sp1ps,

2

Aps?
T7 =tApsloip, "+ s (—% + %g@i‘“’) . (4.28)

In the gas dynamics variables we get
2

u Aps? U
Ti=t|— =L -
! <2+7—1p >+S,0’

2 Ansd
T; = tApstup? + s (—% + %/ﬂ%) . (4.29)
/'Y J—

These components get transformed into Eulerian coordinates as

2 S S
eTt t pu Y _|_ JR—
1 < 2 7—1/) qpusm,

e S u? S
Ty = (tpu+qp5—> (7 + #p” 1> .

4.3 Entropy S(s) = Ape®

This assumption for the entropy is given in Eulerian coordinates by the differ-
ential constraint
Sz = pqS. (4.30)

It is possible to check that the overdetermined system of the gas dynamics
equations and the latter constraint is involutive.
The classifying equations (2.28]) lead to

("}/ + 1)]€1 — 2ks — qgkg =0, (4.31&)
k7 =0, (4.31b)
(v —3)ka = 0. (4.31c)

For both cases v = 3 and v # 3 we find one additional symmetry:

0 0

13



4.3.1 Case v#3
Substitution of the generator

5

X =) BiX (4.33)

i=1
into (2.16]) gives that the condition for Noether symmetries as
(3=7)B1—qBs =0. (4.34)

There is the variational symmetry

3— 0 0
Zy=3Xi+ =51 X5 = 2t + (7-3) (4.35)

ot 25 T %o,

in addition to the symmetries ([8.2]) and (3.3]), which gives the conserved vector

2 qs
(2} Aoe —
TS = 2qt <7t + ﬁwi ”) —qppr + (7 = 3)prps,

2 Ape?®
T3 = 2atdoc s~ aoc oy + (- 3) (<504 ) g

It can be rewritten in the gas dynamics variables as

2 s
u Agel

T =2qt | — +
3 q<2 v—1

_ u
p 1) —aput (v =3)7,
2 Apeds

T3 = 2qtAoe®®p u — qApePpp” + (v — 3) (_u_ + 742067

-1 (4.37
R L ) (4.37)

We can also give this conservation law in Eulerian coordinates

u?  Aged®
°T§ = 2qt (% + #,07) — qrpu+ (v — 3)u,
2 s 2 s
U Aget u Anel
75 =20t (B + Z0T 0 ) uman(ot+ daer )1 0-3) (o T2

4.3.2 Case v=3

In this case we consider symmetries (2.29), (230) and (£32). Looking for
Noether symmetries, we substitute

5
X =) BiXi+pBX. (4.38)
i=1
into (2.I6]) and obtain gives
qPs = 0. (4.39)

There are no additional Noether symmetries. Therefore we do not any conser-
vation laws in addition to those given in points B.I] and

14



4.4 Discussion

First of all we note that to select variational or divergent symmetries using prop-
erty (2.I6]) of an admitted symmetry it was important to consider a generator
X in its general form, i.e. as a linear combination of all admitted symmetries.

Complete Lie group classification of the gas dynamics equation in the La-
grangian coordinates (2.12)) allows us to find all conservation laws which can be
found using Noether’s theorem and admitted symmetries. The group classifica-
tion has three cases of the entropy for which there exist additional symmetries.
In Eulerian coordinates these three cases are defined by differential constraints
of first or second order. Notice that the overdetermined systems which consist of
the gas dynamics equations and one of the considered differential constraints are
involutive. The authors of [36], 35] also found conservation laws corresponding
to special forms of the entropy. Here the symmetry nature of these conservation
laws is explained.

In contrast to [33] the conservation laws, obtained in this paper, are local.
It should be also noted that this conservation laws are naturally derived: their
counterparts in Lagrangian coordinates were derived directly using Noether’s
theorem without any additional assumptions. We should also mention that in
contrast to two-dimensional Lagrangian gas dynamics the special cases of the
entropy in Lagrangian coordinates are given explicitly. In the two-dimensional
case [I8] the entropy is arbitrary, but the admitted symmetry operators contain
functions satisfying quasilinear partial differential equations.

5 Finite-difference models

5.1 Invariance and Euler coordinates

The first problem in discretization of differential equations is the choice of dif-
ference mesh. For discretization of the gas dynamics system (2.1al),(2.1Dl),(2.4),
which is given in Euler coordinates, the simplest choice seems to be an orthog-
onal mesh in (¢,2) plane. However, this mesh is not invariant that destroys
invariance of difference equations considered on such mesh. Indeed, as it was
shown in [9] [I4] the necessary condition for a mesh to preserve its invariance
under a group transformation generated by the operator

0 0
__ ¢t T
X =g +€ o+ (5.1)

is the following:
Dyp(€) = —D4-(€7), (5.2)

where Dy and D4, are the operators of difference differentiation in x and ¢
directions respectively.

The system (2.Ia),([2.1D),([2.4) admits [24] the 6-parameter Lie symmetry
group of point transformations that corresponds to the following Lie algebra of
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infinitesimal operators:

0 0 0 0 0 0
X1 BT Xo o7 X3 ta‘Fﬂ?a ) X4—t%+8ua
0 0 0 0 0

In the special case v = 3 there is one more symmetry

X7 = t2g —1-15:172 + (x —tu)3 — tp2 — 3tp(%.

ot Ox ou op (54)

It is easy to see, the Galileo transformation, given by the operator X4, does
not satisfy the criterion (5.2]). The same is true for X7. It means that one
should look for an invariant moving mesh in Eulerian coordinates.

To obtain an invariant moving mesh we chose the following difference stencil
with two time layers:

e independent variables:

A j+1
(2

— P . — — - — JtL
t=1t5, t=tjq1;, T=x, T4=T,, T=T; , T4=2T;

e dependent variables in the nodes of the mesh (as z):

u, U+, u, Z2-1-7 P P—, ﬁv ﬁ—7 b, pb—, ﬁv ﬁ—'

Then, we find the finite-difference invariants for symmetries (5.3]) as the solu-
tions of system of linear equations

XiI(t,t,x, o0, 2,80, ..., pyp_,P,p_) =0, i=1,..,6. (5.5)

Here we assume that the operator is prolonged on all variables of the stencil.
There are 12 functionally independent invariants

hy L\/E \ﬁ(f—l‘_u>
hy’ hi'\l p’ p T 7

\/gm —w), P, [Py ), (5.6)

p p
P+ p P+ p P+ P+
p ) p7 ﬁ ) p7 ﬁ ) ﬁ )

where 7 =t —t, hy =2, —x and hy =&, — 2.
These invariants suggest, for example, an invariant moving mesh given by

3<j_x—u>=o (5.7)

P T

or, equivalently,

=u. (5.8)



In the continuous limit it corresponds to the evolution of the spacial variable x
given as
‘é—f . (5.9)
Thus, we arrive at choosing the mass Lagrangian coordinates.
Below we introduce a scheme, which is invariant with respect to symmetries
of 14+1 D gas dynamics in the case v # 3.

5.2 Popov-Samarskii scheme

One of the best known numerical schemes for one-dimensional gas dynamics
in the mass mass coordinates is completely conservative scheme introduced by
Yu. P. Popov and A. A. Samarskii [27, 29]. It was derived as a scheme which
preserves conservation laws of mass, momentum and energy. Usually it is given
for gas dynamics equations in the form

<%>t = u,, (5.10a)

ug + ps = 0, (5.10b)
€ = —PUsg, (5.10c)
Ty = u, (5.10d)
where »
e=—51 4 #£0,1 5.11
(v=1)p (5:11)

is the internal energy of the gas. For the polytropic gas equation (5.10d) is
equivalent to (2:8d) and (29]). However, the scheme can also be used for other
equations of the internal energy e = (p, p).

The gas dynamics system is presented with the help of the internal energy
€ to emphasize importance of the relation

g1 =—p (%)t (5.12)

for qualitatively correct discretization. This relation shows that the change of
the internal energy happens due to the work done by the pressure forces.
5.2.1 Notations

Let us introduce notations which are needed to present the scheme. In the
coordinates (t,s) we can consider an orthogonal mesh. For simplicity we chose
a uniform mesh for the Lagrange mass variable s, i.e. neighbouring spatial step

h? = sit1— S and h® =s; —s;_1 (5.13)

will be equal: h® = h®. Of course, it is also possible to consider nonuniform
steps hi = si11 — S;.
Variables v and = are taken in the nodes of the mesh as

_ _ A g+l A gt1
U = U, Uy = Uiyys u=u; o, Ut = Ujyq- (5.14)



The time derivative and forward spatial derivatives will be

U—u ugﬂ—ug U4 — U
Ut = ; Us = = S .
T Si+1 — Si h
Variables p, p and e are assigned to the midpoints i — 1/2, i+ 1/2, i + 3/2
and so on. For example,

(5.15)

_J _ . J _J

p— = pi—1/2’ p= pi+1/2’ P+ = pi+3/2’ (516)

For their backward spatial derivatives we take

J J
~ Piv12 = Picay2
bs = T s
For pressure p we will need the linear interpolation value for the nodes of the
mesh. For example, for the node (¢}, s;) we have

(5.17)

J J
Pi1/2 T Pig1/2

pe=pl; = 5 (5.18)
Weighted values for all variables will be denoted as
y@=aj+(1-a)y, 0<a<l (5.19)

5.2.2 The scheme and its properties

Popov-Samaskii scheme [27]

<1>t = (u9)), (5.20a)

p
up = —pi, (5.20b)
g = —p\ @ (w9, (5.20¢)
zp = u(0?), (5.20d)
is invariant with respect to symmetries (5.3)) extended to varaible s:
0 0 0 0 0 0 0
X1 =— X9 = — X3 =t— — — Xy=t—+ —
T 27 o 3 8t+883+x8m’ 4 8x+8u’
0 0 0 0 0 0 0
> 883+x8x+u8u pap’ 6 883+p8p+p8p (5:21)
It also admit translations of the new dependent variable s
0
X7=—. .22
T os (5:22)
However, it is not invariant for the projective operator
0 0 0 0
Xg=t>— —tu) = — tp=— — 3tp— + tr— 5.23
s =gt —tug, —tog. = Slbg Hlags (5:23)

which is admitted by (5.10), (5.11)) in the special case v = 3.

Let us discuss the properties of this scheme. In the general case e(p,p), i.e.
not only for the ideal gas (G.11]), the scheme ([5.20) has the following conservation
laws:
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1. Conservation of mass (5.20al), which manifests the consistency of the re-

lations
hj j j h; j+1 i+1
7 ) J 1 — J
; = g;.+1 —gji, —j+1 = xi-l-l —$2~ (524)
Pit1/2 Pit1/2

with the evolution equation (5.20d]).

2. Conservation of momentum

[u], + [p'¥]5 = 0. (5.25)
3. Conservation of energy
2 2
[e + 2 Zuﬂ + [pu©9)], =0, (5.26)
t

4. The law for the center of mass motion
[z — tu], — [tODp]s =0, (5.27)
which was not mentioned by the authors [27].

These discrete conservation laws correspond to continuous conservation laws
for

1. mass )
- —|u], =0; 5.28
2| -, (5.28)
2. momentum
[ul, + [p], = 0; (5.29)
3. energy
[“_2+ pr } + [pul, = 0; (5.30)
2 (y—1pl, s '
4. center of mass motion
[z — tu]; — [tp]s = 0. (5.31)

For the polytropic gas (B.11]) with v = 3 there exist two additional conser-
vation laws

[21& <u; + ﬁ) - qu + [2tpu — ap), = 0, (5.32)
[tQ (u; + ﬁ) — tzu+ %QL + [tPpu — tap] =0, (5.33)

which the scheme (5.20)) does not have.
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The scheme does not preserve entropy, or
p
S = — = const (5.34)
p'Y

for the streamlines of the flow. However, it holds the relation

ap _ Ap (5.35)
p(a) p(a)

where Ap = p — p and Ap = p — p. This discrete relation approximates its

differential counterpart

br_ P (5.36)
p '

with the order 0(7). Thus, we get an error for the entropy evolution.
It should also be noted that the scheme (5.20) has the relation

1
_ @
g =-p@ (=), 5.37
' <p>t (5.87)

which is a qualitatively correct discretization of the continuous case relation
(512). It represents a correct balance of the internal energy.

5.3 Invariance of finite-difference schemes

Let us show how one can use invariant to construct finite-difference schemes.
For the case v # 3 we will show how the scheme, given in the previous point,
can be expressed in term of the invariants. For the case v = 3 we will suggest
an invariant scheme.

5.3.1 Case yv#3

We consider an orthogonal mesh in (¢, s) coordinates and specify the stencil
variables as

e independent variables:
t=t;, t=tjr1, S$=858; S =811, S =S8i1;

e dependent variables in the nodes of the mesh:

j+1 N 1 N o
u]-+ +

— o — o P — o) .
U=u;, Uy =Uq, U=U 5, Uy =Wy, L, T4, L, Ty

e dependent variables in the midpoints of the mesh:
A g+l 4 j+1

p = Pg, pP— = pg—p P=pP; 5 P-=pPi—1, D P—y ﬁ) ﬁ—-

In the space of 21 stencil variables there are 14 invariants for 7 symmetries

G21), B22):
hs 7 — 7 —
L= L=ypp b= 3<$ x—u>, L= 3<$ x—a>,

b
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. . Ty — Ty — I
fsz\/g(%r—u)a I Play —w), 172%, Iszp(JrT),

- 4 - p- p p-
L= n="2 1112%, 1122?, 11325, Ty = —.

- 9y
p

One can find the scheme (5.20) approximating the gas dynamics system
(510) with the help of these invariants as

1 Is + Ig

— —1=1

o 2Ty
[3 — I4 = —[2 (a (113 — 113[14) + (1 — a)(l — [12)) s

1 113 I5 ‘|‘I6
— (=2 —-1) = —L(ar 1-—
7—1<I10 > 2(adis + (1 - a))—5—,
Is+1,=0.

5.3.2 Casevy=3

For the case v =3 we can suggest invariant schemes, but have difficulties to

find invariant schemes with conservation laws.
In comparison to the previous point [5.3.1] we have one more symmetry,

namely (5.23]). Therefore, we get one invariant less.
There obtain 13 invariants

h? T

; " pli—u plizz
J=-— J= Js =/ - Ji=4/% -
1=75 27 s (pppp)*, 3 p ( = u) ) 4 \/; ( - U

h 5 ( h —~
k:¢§§iﬂuﬂo,%:¢§(;umym> J, = Plar =)

p\T P T hs

JUR . 3 .
pliy — 2 p(p p- p- p-
J8:%7 J9=—<7>, Jou=—, Ju=—F—, Ju=— Jiz=
p P
There are many possibilities to approximate the gas dynamics system (5.10),
(5I0I) with the help of these invariants. Let us suggest the following explicit

invariant scheme

=

Py — &) = plas — ), (5.38)
() o
%:%, (5.38¢)
x;$:u. (5.38d)

In term of the invariants this scheme is written as

Jr = Jg,
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Ty = JoJy 1 = Jy),
Jo =1,
Js = 0.

The scheme keeps an entropy along streamlines (5.34]) and possesses conser-
vation of mass (0.38al). Note that the first equation can be rewritten as

1/1 1 Uy — U
Goa) .

Let us note that implicit invariant schemes are also possible.

6 Concluding remarks

In the present paper there were considered Lie point symmetries of the one-
dimensional gas dynamics equations of the polytropic gas in Lagrangian coor-
dinates. Complete Lie group classification of these equations reduced to the
scalar second-order PDE is performed. The classification parameter is the en-
tropy. It was shown that for the isentropic gas and for the entropy depending
of mass coordinate as power and exponential law there exist extensions of the
symmetry properties. Therefore, there are additional conservation laws. For
these cases Noether’s theorem was applied for constructing conservation laws
for the scalar second-order PDE. The conservation laws were later represented
in the gas dynamics variables.

For the basic adiabatic case invariant and conservative difference schemes
were discussed. The whole set of difference invariants was constructed for the
general case and for the extension case v = 3. It was shown that the Popov-
Samarskii scheme is invariant for the basic case symmetries, but does not allow
the additional symmetry which exists for v = 3. This scheme possesses the
whole set of conservation laws, excluding two additional laws which hold for
the exceptional value of «. It also does not preserve the entropy along stream-
lines. The scheme which preserve all symmetries for v = 3 was developed.
This scheme holds exactly the entropy along the streamlines but has only one
conservation law, namely the conservation laws of mass.
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