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Abstract

In this paper, we derive implicit analytic solutions for a class of nonlinear fractional partial differ-
ential equation (PDE) which models the dynamics of deterministically excited viscoelastic nonlinear
Euler-Bernoulli beams. Precisely, the initial-boundary value problem (IBVP) for the corresponding
PDE is reduced to an initial value problem for a nonlinear ordinary differential equation in a Hilbert
space. Then, by employing the cosine and sine families of operators, a variation of parameters rep-
resentation of the solution map is introduced. Due to the presence of a nonlinear term, a local fixed
point theorem is employed to prove the local existence and uniqueness of the solution. Relying on
the regularity properties of cosine and sine families, taking into account the form of the nonlinear
term, and considering the properties of the fractional derivative, the solution map of the abstract
problem is cast into a derivative-free implicit analytic solution for the IBVP. Results corresponding

to the limiting purely elastic and purely viscous cases are also provided.
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1 Introduction

Since the beginning of 20th century (e.g. [29, 19]), fractional calculus has been developed and applied
to several real-world problems in many important areas of science and engineering. These include,
but are not limited to, the mechanical properties modeling of viscoelastic materials, the frequency-
dependent acoustic wave propagation in porous media, the performance enhancement of nano-image
processing, as well as the response analysis of various diverse mechanical systems endowed with
fractional derivative; see for instance, [26, 1, 28, 34, 11, 21, 12, 37, 18].

Specifically, the beam bending problem has received considerable attention in the field of engi-
neering mechanics over the past few decades (e.g. [33, 20, 35, 2, 7]). This is primarily due to both
its importance as a versatile structural model, and its use as a benchmark problem with closed-form
solutions for assessing the performance of numerical solution schemes. Nevertheless, only recently
there have been efforts towards determining the deterministic and/or stochastic response of bending
beams endowed with fractional derivative elements modeling (e.g. [10, 36, 13, 31, 32, §]).

In this regard, the authors derived recently implicit analytic solutions for a stochastically excited
linear beam with fractional derivative terms [25]. In this paper, the solution methodology developed in
[25] is generalized to account for nonlinearities present in the beam modeling. From a mathematical
perspective, implicit analytic solutions are derived for the nonlinear fractional partial differential
equation (PDE) modeling the dynamics of a deterministically excited beam. In particular, following
[36], the equation governing the relatively large deflection v(¢,z) of a deterministically excited beam

of length L, and subjected also to a nonlinear axial force IV, takes the form

0% N ot 0*v
pAw(t,:L‘) + coofv(t, x) + Efw(t,x) - Nﬁ(t, z) =q(t,z), a.e. on (0,T) x (0,L),
ov
v(0, z)=vg(x) , E(O,x) =v1(x), a.e. on (0,L), (1)
0% 0%
’U(t,o) = 'U(t,L) = w(‘t, 0) = @(t, L) :0, a.e. on (O,T)



where by ¢0§'v(t, z) we denote the Caputo fractional partial derivative [5, 6]

1 t @(s x)
W(t,x) = 0s 0L ] 1.
007 v(t, x) F(l—a)/o (t—s)0 5, 0<a<

Note that Eq. (1) contains the appropriate initial conditions (i.e., initial deflection and slope along the
beam length), while the boundary conditions correspond to a simply supported beam [33, 25]. Further,
the fractional derivative describes the viscoelastic material behavior [29, 10, 31, 32], with the limiting
cases @« = 0 and o = 1 representing a purely elastic and a purely viscous behavior, respectively; and
cp is a parameter of the fractional derivative term. In the initial-boundary value problem (IBVP) (1),
the elastic modulus, the moment of inertia of the cross section, the mass density, the cross-sectional
area, and the nonlinear axial force term are denoted by F, I p, A and N, respectively, i.e.,

EA (L ov 9
N_2L/O |%(ta$)| dx,

which is associated with the assumption of relatively large deflection. Furthermore, the excitation
q(t,z) is considered as a square integrable function on x and bounded on t. System (1) is an IBVP
for a fractional PDE. Considering that we can replace the integrals and derivatives (with respect to
the spatial variables) by operators in a proper functional space motivates the abstract treatment of
the IBVP (1). Further, considering the Hilbert space, L?(0, L), problem (1) is written as an initial
value problem (IVP) of a second-order nonlinear ordinary differential equation (ODE) in L?(0, L).
In our approach, the abstract theory of second-order equations is employed instead of reducing the
problem further to a first-order one. This is possible due to the fact that the governing operator of
the system (i.e., the fourth—order differential operator) and the corresponding cosine and sine families
can be explicitly evaluated, as well as their actions on its coefficients. Next, exploiting the abstract
theory and representing the nonlinear term and the fractional term in suitable forms, a variation of
parameters representation is introduced for obtaining the solution map of the IBVP (1). The derived
methodology and results can be considered as an important extension of [17] and [27] (see also [9, 3]
for additional relevant references) to account for fractional derivative terms, and as an interesting
generalization of the authors’ previous work [25] to account for nonlinearities in the fractional PDE.

The paper is organized as follows: The main results of the paper are presented in Section 2. In
particular, in Section 2.1 the viscous case is considered, where the abstract form of the equation is
derived and the nonlinear term is accounted for. In Section 2.2, attention is directed to the general
viscoelastic case and the treatment of the fractional derivative term. The elastic case is presented in

Section 2.3 under two distinct perspectives. In all three cases, a variation of parameters representation



for the solution map of the problem is obtained and a local fixed point theorem is applied. The time
regularity of the solutions is considered separately in Section 3. Concluding remarks are presented in

Section 4.

2 Main results

For the reduction of an IBVP of a PDE (or a system of PDEs) to an IVP for an ODE in a suitable
Hilbert (or Banach) space, the interesting reader is directed to [14, 30, 23, 24] and references therein.
Regarding fundamental concepts on fractional derivative representations, as well as the utilization of
the Caputo fractional derivative in engineering applications, a detailed presentation can be found in
[10, 36, 25] and references therein. A thorough review of the abstract second order Cauchy problem in
Banach spaces and the properties of the associated cosine and sine families of operators can be found
n [15, 16, 38, 39, 4]. In what follows, we make use of Theorem 2.2 in [22] for the local existence and
uniqueness of a fixed point of the solution map.

To enhance the pedagogical merit of the derived results, we treat first the purely viscous case,
then we proceed with the viscoelastic case which is the most general one, and finally, we conclude

with the purely elastic case.

2.1 Purely viscous case

In the case of classical viscous damping (a = 1), the IBVP (1) becomes:

0 ov ot 0 )
A8t2 (t,z) + cg(t x) —I—EI8 (t,z) — Nw(t,x) =q(t,x), a.e. on (0,T) x (0,L),
ov
U(O,:L’):'Uo(fﬂ) ) a(ovx) :’Ul('r)v a.e. on (OvL)7 (2)
0?v 0
v(t,0) =v(t,L) = 922 (t,0) = o 2(t L) =0, a.e. on (0,T).

To recast equation (2) into an abstract ODE problem in a proper Hilbert space, the standard Hilbert
space of all square integrable functions H = L?(0, L) is considered, and the solution map v : [0, 7] x

[0,L] R aswv:[0,T] — H is identified, where

v(t)(z) =v(t,x), t€][0,T], z€]0,L]. (3)



Next, we define the operator A : D(A) — H as

4’U
Av(t) = igﬁ(t,-), te (0,7, (4)
with
D(A) ={y € H*(0,L) : y(0) = y(L) = /"(0) = y"(L) = 0} (5)

From [17], [27], the self-adjoint operator A us positive on H with eigenvalues

o= (P neN )
and corresponding eigenvectors
2 . nw
en(z) = \/;sm(Lx), neN, ze(0,L), (7)
which determine an orthonormal basis of H = L?(0,L). Hence, the operator A has the spectral
representation .
Ay:Z)\n<y,en >p e, for y € D(A), (8)
n=1
where

<y,en >H= \/7/ ) sin( ) dx 9)

is the inner product in H = L?(0, L). Further, —A generates a strongly continuous cosine family of

operators C(t), t € R, on H, which takes the form

[ET n2r2
y—Zcos A 7B t) <y,en >pg ey, fory e H. (10)

Thus, the corresponding strongly continuous sine family of operators S(t), ¢ € R, on H, is of the form

A L? g EIn’r
y—/C’ yds-Z P Tk oA L2 t)<y,en>Hen, for y € H. (11)

For every ¢t € R, it yields that

o0 oo
ETI n?x?
ICtyllH < ZICOS(\/ oA L2 P <yien>H <D | <yen >k =lylls, forye H (12)
n=1

n=1

Therefore, ||C(t)||z, < 1, for t € R. Similarly, Mg > 0 can be found such that ||S(t)[zx) < Ms,

for t € R. Hence, for M = max{1, Mg} and w = 0, Proposition 1 in [25] (see also [38]) is satisfied.

By utilizing fractional powers of A (see [17]), which are also self-adjoint operators, the spatial partial

|ET 020
AI/QU(t) = - pj@(t’ ')a (13)

5

derivatives are expressed as



with
D(A'?) = {y € H*(0,L) : y(0) = y(L) = 0} (14)

which has the spectral representation

o0

A2y =3 "(A)Y2 <y en >n en, for y € D(AY?), (15)
n=1
and
EI ov
1/4 Y et .

Atu(e) = i§ 2T, (16)

with
D(AY*) = {y € H'(0,L) : y(0) = y(L) = 0}. (17)

v
Since the first order derivative operator, 7 : D(Al/ 4) — H, is skew-adjoint under the assumption
x

that v(t, ) € D(AY?), it follows that

L 2
ov 9 ov ov 0°v pA 1/9
—(t, ) Pde =< —(t,-), —(t,-) >g=< —=—(t,-),v(t,") >g= 1/ = P2o(t), v(t
/0 8$(’)| €L <8(E(’)’8$(’)>H < 8$2(’)7U(’)>H EI<A v(t),v(t) >m,
(18)
and consequently, for the nonlinear term of the axial force we obtain the important expression
N 0% A 1
T ) = 12u(¢), v(t 124(). 1
pA@:L"Z(’x) 2LI<A v(t),v(t) >g A7v(t) (19)
Setting
c
=—7 2

where Z is the identity operator on H and considering that ¢(¢,-) € H, the IBVP (2) is now a second

order nonlinear ODE in H:

V" (t) + BY'(t) + Av(t) + % < AY20(t), 0(t) > AY?0(t) :qu(t), a.e. on (0,T) -
21

v(0)=vy , v'(0) = vy.

At this point, we refer to a result provided in [25] on the commutation of the operator, A2 with
C(t),S(t), t € R, generated by —A, as well as the uniform boundedness of AY2S(t), t € [0,T] (see
conditions in [15, 38, 25]).

Lemma 1. [25] Let y € D(AY?). Then, for everyt € R, we have that C(t)y € D(AY?), S(t)y € D(A)
and C(t) A2y = AY2C(t)y, S(t)AY2y = AYV2S(t)y, AS(t)y = AYV2S(t)AY?y. Furthermore, the
family of bounded operators AY2S(t), t € R, on H, satisfies that ’|A1/25(t)||£(H) <1.



To define properly the notion of a mild solution for the IVP (21) (when a variation of parameters
representation exists), note that the second order spatial derivative operator A2 is involved in the
nonlinear term. Even though the operator A will not appear in the solution form (since its action is
represented by the cosine and sine families), the nonlinear term will appear explicitly in the solution,
and in fact, will be convoluted with the sine family. Thus, the mild solution for the IVP (21) should
belong (at least) to D(A'/2). However, taking into account the regularity properties of the sine
and cosine families, and under sufficient conditions for the coefficients, vg, v1, g, it is also possible to
obtain a solution which belongs to D(.A). In this regard, note that the square root of the generator
—A is the operator B = iAY2. Considering that D(A'/2?) = D(B) C & leads to the result that if
v(t) € D(A), t € [0,T], then the term < AY?v(t),v(t) > AY?v(t) € D(AY?), for t € [0, T]. Hence,
considering Proposition 1 in [25], the term S(t) < AY2v(t),v(t) >u AY?0(t) € D(A), for t € [0,T].
This type of solution, under the condition that it is also twice differentiable on (0,7"), will be defined
as a classical solution for the IVP (21) in the Hilbert space H. The time regularity of this type of

solutions will be treated separately in Section 3.
Definition 1. A twice differentiable function, v : [0,T] — H, is called a solution of the IVP (21) if
(1) v(t) € D(A), tel0,T],
(ii) v(t) = (C(t) + S(t)B)vog + S(t)v1 — /Ot C(t —s)Bu(s) ds
ﬂJ/ 9 §) < AMV2p(s), vo(s) >u AY20(s) ds + A/ﬁSt—s ) ds, t € [0,7].
(22)

Since the solution map in Definition 1 is nonlinear, an appropriate fixed point theorem in a proper

Banach space is required in the ensuing analysis. Thus, consider the graph norm space

Hy= (DA, |- 1.4), (23)
with
lyllz, = lyllE + 1Ayl v € D(A), (24)
and the Banach space C = (C(0,75H4) , || |lc), of all H4—valued, continuous functions equipped
with the norm
Iflle = Sup 1 ()| £z.0- (25)

For the coefficients vy, v1, g, the following assumptions are considered, i.e.,
vo € D(A), v € D(AY?) (26)
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and

g € LY0,T; H 41/2). (27)
Lemma 2. Let v € C. Then, there is a positive number M 4 < oo such that

1 sup [lo(®)ln < Ma sup [ Av(t)|u-

te[0,T] te[0,77]
2. sup HA1/4U(75)HH <My sup ||Av(t)|#.
t€[0,7] te[0,T]

Proof. Taking into account that
oo
lo@F =D < v(t),en >nl?
n=1

and considering the spectral representation of A%, and Eqgs. (16) and (17), leads to

./41/4 t 2 Eﬁ . 2 ¢ 2
A o) = 4 g 7a on® | < v(t)en > I
n=1

Since v(t) € D(A), t € [0,T], by the spectral representation of A, Egs. (4) and (5), it yields that

vty = (25) 72 Znsw <olO)sen>u

EI 7r>_3/4 (EI t

-1
Setting M 4 = max { <pAL pAL4> }, the results of Lemma 2 are obtained. O

Theorem 1. Suppose that assumptions, (26) and (27) hold, and that the coefficients vy, v1,q, satisfy

c 3A
T\/1+MA[M+2H A<R+vo>] 1, (28)

Mg + 1) TA T c 34
14+ M2 (2 Ms+T), . e, Y e T M2 2
(29)

for some R > 0 and T > 0, with v} = || Avo|lz, v} = ||AY?v1 || and ¢* = sup ||AY?q(t)|| . Then,
te[0,7]
the solution map (1) for the IVP (21) has a unique fized point in B(vg, R).

the relations

Proof. Let define the map

d:C—C with ®(v(t)) = i@-(v(t)),

i=1
where v € C and ®;(v(t)), i = 1,2,...,5, are the five terms of (1). To show that ® is well defined,

we should prove first that ®(v(t)), ¢t € [0,T], is a D(A)—valued function, which is continuous on



t € [0,7] under the C-norm, see (25). As a second step, we have to prove that ® satisfies the
assertions of Theorem 2.2 in [22].
Using the results of Proposition 1 in [25] and Lemma 1, since & € D(A) and & € D(A'?), we obtain
that

D1 (v(t)) = (C(t) + S()B)éo € D(A)
and that

Do(v(t)) = S(t)& € D(A), t€[0,T].
Relying next on the commutation of A2 (on D(A'?)) and A (on D(A)) for both C(t) and S(t), t €

[0,T], on the strong continuity of C'(t) and S(¢)B on t € [0,7], and on the fact that the function
AY2S(t).AY2€, is continuous on t € [0,T] for & € D(AY?) leads to

INAC(E + h) — AC(1)]80 + [AS(t + h)B — AS(t)Bléo| #r <

O+ h) = C(@O)] Ao [l + || [SE+h) = S@IBAG [z = 0, as [h[ =0

and

I[AS(t + h) = AS(#)]éllrr = I[A/2S (¢ + h) — AV2S ()A€l — 0, as |h| = 0.

Next, we show that
By(v(t)) = — /OtC(t — $)Bu(s) ds € D(A), t € [0,T].

Since v(t) € D(A), t € [0,T], and B is a multiplicative operator (hence Bv(t) € D(A), t € [0,T]), we
obtain that C(t — s)Buv(s) € D(A) for s,t € [0,T]. Further, since ||C(t)||z(z) < 1 for t € R, we have
that

||/0 AC(t — 5)Bu(s) ds||i = H/o Ot — 8)BAv(s) ds||H</O 1C(t — 8)BAv(s) |l ds <

t
C
/ 1C(E = 3)Bl e | Av(s)llmr ds < T— sup JJo()ma < oo.
0 PA telo,T)

t t
Thus, ®3(v(t)) € D(A) and A (/ C(t — s)Bu(s) ds) = / AC(t — s)Buv(s) ds, by the closedness of
0 0

A. Moreover,
t+h

I AC(t 4+ h — s)Bu(s) ds — /t AC(t — s)Bu(s) ds||g =
0 0
t t+h
H/O A[C(t+h—s)—C(t—s)|Bu(s) ds + t AC(t + h — s)Bu(s) ds||g <

t t+h
/0 I[C(t+h—s)—C(t—s)|BAv(s) |g ds+ /t |C(t+ h— s)BAv(s)||g ds <

9



t
/ I[C(t+h—s)—C(t—s)|BAv(s) ||a ds+ h-= sup [[v(t)[|m, — 0, as |h| =0,
0 pA te[0,T]

by the Lebesgue dominated convergence theorem and the strong continuity of C(t), ¢t € [0,T]. There-

fore, ®3(v(t)) t € [0,T] is continuous under the C-norm. For the nonlinear term

Dy(v(t)) = —% /Ot St —s) < AY%u(s),v(s) >5 AY?v(s) ds, t € [0, 77,
as mentioned previously, if v(t) € D(A), t € [0,T], then
St —s) < AY%u(s),v(s) >z AY?u(s) € D(A), for s,t € [0,T).
By Lemmas 1 and 2, we obtain that

t
H/ AS(t—s) < AYV?0(s),v(s) > AY?0(s) ds||g
0
= || | AYV2S(t —s) < AY?u(s),v(s) >u Av(s) ds||u
t
< / | < AY20(s),0(s) >g Av(s)|| g ds
0
t
< | [ < AYPu(s),0(s) >u | [|Av(s) | ds

0

t
< / LAY ()13 11 Av(s)]1a ds
0

3
< TME\ ( sup Hv(t)HHA> < 00.
te[0,7)

Hence, ®4(v(t)) € D(A), t € [0,T)]. Further,

t+h
| AS(t 4+ h —s) < AY2u(s),v(s) > AY?0(s) ds
0

- /Ot AS(t — s) < AYV?0(s),v(s) >u AYV?v(s) ds||g =
I /Ot[Al/QS(t +h—s)— AY25(t — 5)] < AY20(s),v(s) >p Av(s) ds +
/fh A28t +h—s) < AY?0(s),v(s) >m Av(s) ds||g <
/Ot I[AY2S(t+h —s) — AYV2S(t — )] < AY?v(s),v(s) >x Av(s) ||u ds

3
+hMZ | sup |[v(t)]m, — 0, as |h| = 0.
te[0,7

10



Considering the Lebesgue dominated convergence theorem, the function A/ 2S(t)y for y € H is

continuous on t € [0,7T]. Therefore, ®4(v(t)), ¢t € [0,T7], is continuous under the C-norm. For

Bs(u(t)) = ;4 /0 S(t — s)q(s) ds.

it is observed that since q(t) € D(AY?), t € [0,T], then S(t — s)q(s) € D(A), for s,t € [0,T].

Furthermore, by Lemma 1 and assumptions, (26) and (27), we obtain that
t t T
H/ AS(t — s)q(s) ds||g < / IAY2S(t — ) AY2q(s)|| g ds < / ||Q(t)”HA1/2 dt < oo.
0 0 0
Hence, ®5(v(t)) € D(A), t € [0,T], and

t+h t
”/0 AYV2S(t + h — 5)AY?q(s) ds—/o AV2S(t — 5) AV 2q(s) ds||g =

t t+h
[ / [AY2S(t + h —s) — AY2S(t — )| AV ?q(s) ds + / AYV2S(t + h — s)AY2q(s) ds||g <
0 t

t T
/ | [AY2S(t+h —s) — AYV2S(t — )| AV 2q(s) || ds+h/ |AY2q(t)|| g dt — 0, as |h| = 0,
0 0

by the Lebesgue dominated convergence theorem, since A28 (t).Al/ 2y, for y € A2 is continuous
ont € [0,T]. Therefore, ®5(v(t)), t € [0,T], is continuous under the C-norm. In what follows, and to
complete the proof, the necessary conditions are determined for ® : B(vg, R) — C to be a contraction.

Let uy,us € B(vg, R), then we have that
[@(u1) — @(ug)lle < [|P3(u1) — P3(uz)lle + [|Pa(ur) — Pa(uz)lle- (30)
For the term || ®3(u1) — ®3(u2)l/c in (30), it is observed that

I /Ot AC(t — 8)Blui(s) — ua(s)] ds|lg < /Ot |C(t — s)B[Aui(s) — Aua(s)]|| g ds

t
S/O 1C(t = 8)Bll e [ Aur(s) — Auz(s)] |11 ds
<T— sup [l Aur(t) - Aus ()
PA telo,1)

Thus, the following expression is derived, i.e.,

C
[®5(u1) — Ps(uz)lle <TW/1+ Miﬂ\@l — uzlle. (31)

Regarding the term || ®4(u1) — ®4(u2)||c in (30), we find that:
t
[ / AS(t - s) [< AV2uy(s),ur(s) > APy (s)— < AVPuy(s), uz(s) >u Al/%(s)] ds||u
0

11



t
< / JAY2S(t — s) [< AY?uy(s),u1(s) >1 Aui(s)— < AYV?us(s),ua(s) >u AuQ(S)HH] ds <
0

/O | < AY2uy(s), u1(s) > g (Aui(s) — Aus(s)) + (< AV (8), 1 (5) > 5 — < AY2us(s), ua(s) >H) Aus ()| ds

< []< A ) =] o) - Aualo) i ds
[ [€ AV 01(6) 20 = < APuals) ) 2] [ Auato) o ds
= [ 1A (s 1401 (5) — Awels) i
[ 1A 1 = 1A ) | 1wt s

t
< / JAY s ()3 ds sup [ Aur(t) — Aus(t)l|r +
0

te[0,7

t
1A )l = A )| (LAY 1)+ 14 () ) A ds
0

2
t
S/ ds (sup |A1/4u1(t)||H> sup [ Auq(t) — Aua(t)|| 1
0

te[0,T] te[0,T)

t
+ / ds[sup (\|A1/4u1<t>uH+HAl/‘*uz(t)uH)] sup [ Aus(t)] 1
0 ] te[0,7]

telo, T

x sup [|AY u () — A us(t)]| 5
te[0,7]

Next, applying Lemma 2 yields

t
H/ AS(t — s) [< AYV2u1(s),u1(s) > AY?up(s)— < AY?uy(s), ug(s) >m Al/zug(s)] ds|| g
0

2
<T M} (SHP !AU1(t)IIH> + sup (A @)z + (| Aua(8)[ ) sup || Aua(t)]

te[0,T t€[0,T] te[0,7)

x sup [[Aui(t) — Aua(t)||g <
te[0,7

TM3 [(Ilm —volle + Jlvolle)® + (lur — volle + [luz — volle + 2[lvolle) (Jluz — volle + ||vo|!c)]
X flur —uslle =
TMA |(R+v)* 4+ 2R+ 208) (R+vg)| x |Jur — uzlle =

3TMZ (R+v5)? % |lur — uzc.

12



Thus, ®4 : B(vg, R) — C is a contraction under the condition

/ 3A
2 7
Combining (31) and (32), it is proved that ® : B(vg, R) — C is a contraction under the condition
C 3A 2
h=Ty/1+ M5 |— 1.
Vit AL,A+2LI M3 (R+v)°| < (33)

Therefore, the relation (28) in Theorem 1 is derived. Next, the conditions such that
[®(vo) — wolle < R(1L—h)

are sought for. In this regard,

|A®(vo) — Avollm <

1(C(t) + S()B — T) Avol|s + | AS (t)vr || 11 + | /Ot C(t — $)BAvo ds||sr

2M||/ AS(t —5) < AV ?vg,v9 > AY?0q dsHH+||/ AS(t — s)q(s) ds||g <

cMg
)IIAvoHH + (A 201l + *HAUOHH +om

( < A 200,00 > A+ 1A 0(0)

2L1

cMg cr TA T
< (2 * * Tk M2 -
*(+pA)UO+U1+pAU +o77 A )—I—Aq
Therefore, we obtain that
c(Ms+T) TA T
Io(un) ~ wle < /14225 |2+ Do 4 SEB00 4 | o
Combining now expressions (33) and (34), the relation (29) in Theorem 1 is derived. O

In order to express the solutions maps as functions from [0, 7] x [0, L] to R, without involving any

spatial derivatives, the following result with respect to the nonlinearity term invoked.

Lemma 3. Let v(s) € D(AY?), s € [0,T]. Then, the term of the solution map which contains the

nonlinear term, considered as a function from [0,T] x [0, L] to R, is expressed as

2LI/ S(t— 5) < AYV20(s), v(s) > AY20(s) ds —

\/Ep?/ {n ) [ (/OL o(s,2) sin(—=2) dz>2] x
i [Sln \/ang (t —s)] </o v(s, z) Sln(nL 2) dz> sin(nLTra;)] } ds.

n=1

13



Proof. Similar computations as in the proof of Lemma 1 in [25] are provided with respect to the

family S(t).A'/2, t € R. Thus, we obtain that

2 2
S(t — s)AYv( Zsm” énLZ (t—9)] <wv(s),en > en =

o0 n2m2 L nr nr
ig \/,0: 72 (t—s)] </0 v(s, 2) sin(fz) dz) sin(fx), s, t €10,T], z €[0,L].

Furthermore, by the spectral representation of A'/2, we have that

<A1/2v( <Z A L2 <v(s),en >ygen, Z <v(s),em >n em> =
m=1 H
> EIn27%2 L nmw 2
2 _ [ £ 1 2 - _
Z pA L2 \<v()en>H| —nZ::l e L(/o U(S,z)sm(Lz)dz>

(/OL (s, 2)sin("72) dz> 2] |

Finally, returning to the initial problem (2), we obtain an implicit analytic expression for the

EI S|
a2 |n
pAn:l

O

solution v(t, z), Eq. (3). However, prior to presenting it, the following expressions are defined:

> |EI n?r? L nm nw
vi(t,x) == % [cos( ff—lrLQ t) (/0 vo(2) sin(— T 2) dz> sin(Lx)] , (35)
n?m? L nm nmw
;Sin(q/ﬁy ) (/0 vo(2) sin(% )dz> sin(Lw)] o (36)

n=1
> . ET n2r? L .onm .onm
ve(t,x) == ,; [sm[\/;LQ (t —s)] </0 v(s, z) sm(fz) dz) sm(Lx)] } ds (40)
2L N i ETI n2r? L nmw .oonm
vr(t, ) = Wm/o {; [nQ sm(\/; 72 (t—s)) (/0 q(s, z) sin(— T z) dz> SIH(LJL')] } ds.
(41)



Thus, by employing Eqgs. (35) — (41), the implicit analytic solution v(¢,x) is provided by
3
v(t,x) = ka(t,x) —vy(t, ) —vs(t,x) X vg(t, z) + v7(t, x). (42)
k=1

2.2 Viscoelastic case

Adopting the analysis of Section 2.1, the IBVP (1) obtains the form of a second order nonlinear ODE

in the Hilbert space H, which now involves a fractional derivative term as well:

() + -5 < AV20(8), 0(t) > AY20(8) :pilq(t), a.c. on (0,T),

A 0D+ Av(t) +

2L1

v(0)=vg , v'(0) = v;.

(43)
The IVP (43) admits a unique solution, i.e.,
c t s (r)
U(t) = C(t)?)o =+ S(t)vl — /)141_‘(1_0[)/0 S(t — 3) /0 (8 — T)adr dS
1 t
B 1/2 1/2 - _
2LI/ S(t—s) < AYv(s),v(s) >g A v(s) ds + oA, S(t—s)q(s) ds, tel0,T].

Furthermore, to treat the fractional derivative term, and obtain a derivative-free expression, the

following important result is proved:

1
Lemma 4. Assume that v € C and that v’(t)t—a € LY0,T; H). Then, the following expressions hold;
that is,

1.

/Ot S(t—s) /05 (Sv’_(i))a / (/ C(s—r)v(r) dr — S(s )U(O)) (t—ls)a ds,  (44)

% (/OtS(t —5) /05 (Svl_(i))a dr ds) / ( / AS(s —r)v(r) dr +v(s) — C(S)”(O)> (t_ls)a

(45)

3. If also v’ € LY(0,T; H 41/2), then

" (/ St — s) / S“'_(Z))a dr ds) :/Ot (v’(s)/OS.AS(sr)v'(r) dr> (t_ls)a ds. (46)

15
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Proof. Note that

t ., s 'U/(’I“) rds — % i*’Ul
/Osa >/ dr ds = S(t) * (= *'(£)),

(s —r) to

where * denotes the convolution f(t) / f(t —s)g(s) ds. Results 1 and 2 have been proved
n [25]. For the Result 3, the differentiation and properties of the convolution are used. Thus, we

observe that

5; (/OtS(t —5) /0 (Sv/_@;))a dr ds> = % (/(:C(t —5) /0 (Sv/_(i))a dr ds)

—AS(t) * (tla x v (t)) +/ (tv’(s))a ds = = « (AS(t) * v/ (t)) +/0 (tvl('i))a ds

/( - [ st =) ar) g as

which is well defined under the condition v' € L'(0,T; H A41/2)- ]

Definition 2. A twice differentiable function v : [0,T] — H, is called a solution of the IVP (21) if
(i) o(t) € D(A), te0,T],
1
(ii) v(t) = C(t)vo + S(t)vs AI‘l—a/(/Cs_r dr—S(s)v())(t_s)ads

QLI/S < AY2y(s), v(s) >u AV 20(s ds—i—/St—s ) ds, te0,T].

Applying Lemma 4 (in particular, result 1) and similar techniques as in the proof of Theorem 1

of section 2.1, we prove the following theorem is proved:

Theorem 2. Suppose that assumptions (26) and (27) hold, and the coefficients vo,v1,q, satisfy the

following relations
T L 34
h= 1+ My : M 1 4
m[(l—a)pfl F(l—a) 2oLT A(R+U0) :| <1, ( 8)

c -«
T (o T Yy s T s B om0

for some R >0 and T > 0, with v§ = || Avo|| iz, vF = || AY?v1||g and ¢* = sup || AY?q(t)|x.
te[o T]

Then the solution map of Definition 2 for the IVP (43) has a unique fized point in B(vg, R).

16



Proof. For the solution map of Definition 2, attention is directed to the term which corresponds to

the fractional derivative only, since all the other terms have been addressed in Theorem 1. It is first

D3 /(/C’s—r ) dr —S’(s)v())(t_ls)adseD(A),

for t € [0,T]. Since v(t) € D(A), t € [0,T], and v9 € D(A), we have that C(s — r)v(r) € D(A),
for r,s € [0,T], and that S(s)vg € D(A), for s € [0,T]. Furthermore, considering ||C(t)||z, < 1, for

shown that

t € R yields
||/ AC(s—1) )dr||H:||/ C(s—r)Av(r )dr||H</ |IC(s —r)Av(r)| g dr

/nm A dr <T sup |o(@)]a, < oo. (50)
t€[0,T)]

Thus, by the closedness of A, we obtain that
.A(/ C(s—r)v > /.ACS—T r)dr, s €[0,T],
0
and that

(/ C(s — r)o(r) dr — S(s)vo) - /O C(s — ) Av(r) dr — S(s)Avo s € [0,T].

Moreover, applying standard arguments and properties of the convolution, we obtain in a straightfor-

I /Ot.A </Us C(s—r)v(r) dr — S(s)vo> (t—ls)a ds|| g
— ||/0t /050(5_7«),4@(7«) dr ﬁ ds—/tS(s)Avot_ls)a sl

srwm*]Mm;nH+/us Am(l)lm

t S t 1
S/ H/ C(s—r)—a dr Av(t — s)||m ds—i—Ms\AvoHH/ — ds
0 0 r 0o S

ward manner that

t s 1 ; 1
S/ ||/ C(S—T)T—a dr| zccmy |Av(t = s)||la d8+MS||Av0|H/ s ds
0

1—a |t

/ / o dr (| Av(t — ) ds -+ M| Avo |1

0

2—« Tl—a
sup || Av(t)||g + Mg | Avo || g < 0. (51)
T—a oo —a

17



Hence, ®3(t) € D(A), for t € [0,7]. We will show now that ®3 is continuous on [0,7] under the

C-norm. By employing the properties of convolution and some direct calculations, we obtain that

| ADs(t + h) — AD3(t) ||z =

I o ([ =) dr—s)4m) gz s
/ ([t =) ar = s(s)m ) - dsl
< ||/ (/ Cs — r)Av(r) dr — (s)Av0> ((th - (tls)a> dslln
+ / " ( /0 (s — ) Av(r) dr—S(s)Avo> Wl_s)a dsllu =
”//CS""< i ) A=) ds‘/otS(SM”O((th—s)a‘<t—1s>a> sl
+H/tt+h/ Cls—n); 1h)a dr Au(t — 5) ds—/tHhS(s)Avom dsllu
<[ / Co=1) (g — e ) 4 Aot =) sl

Hl [ 5640 (e — e ) sl

t+h S 1
+||/t /0 C(s—r) T h)e dr Av(t — s) ds||g

t+h
H / S(s) Avo
t

1
md8||H:T1+TQ+T3+T4 (52)

For T}, we have that

T < /H/ C(s < e ;) dr Av(t — s)||u ds
5/0/0 (
h

—_— — d t— d
T | O 1A= 5l ds
l-a _ d1—«

¢ _ 1
g/ (s 4 1) S ds sup [|Av(t)|m — 0, as [h] = 0. (53)
0 l -« t€[0,7]

For T, we have that

o< [ 1800w (e — s ) o s

1 1

C+h—sp (t—sp| *

t
< MS‘AUOHH/
0

18



(t 4 h)lfa o hlfa _ tlfa
11—«

< Mgl|| Avo|| g — 0, as |h| = 0.

For T3, we have that

t+h s 1
T g/t H/o Cls =) e O Av(t = 5)l s

t+h S 1
< T dr [[Av(t - d
<[ [ o @ 14vt =)l as

t+h l-a _ pl—a
< / (s £ 1) h ds sup [|Av(t)||g — 0, as |h[ — 0.
t -« te[0,T

For Ty, we have that

t+h
T < / 15 () Avo |y ds
t

(t+h—s)
t+h 1

<M —d

< MslAwly [ G O

l—«

h
< MSHAUoHHl - =0, as || — 0.
Let ui,ug € B(vo, R). Then, for ||®3(u1) — P3(u2)||c we find that:

c bors 1
|®3(u1) — P3(u2)|lc = tGS[l&pT} PAT—a) H/O /0 C(s — 1) (ur(r) — uz(r)) dr(t

Next, taking into account that

t s 1
||/ / C(s—r)A(ui(r) —us(r)) dr ——— ds|| g
0 Jo (t—s)

t s 1
S/o ||/0 C’(S—T‘)r—a dr A(ui(t —s) —ua(t — s)) ||g ds

t Slfa
s/o At )~ wat — ) g ds

t Slfa
< [5Gt 9) ~ st = 5) | ds

01—«

2—a

<

sup || A (u1(t) — uz(t)) ||

L —ayepom

yields

c 22—«
[®5(u1) — P3(uz)lle <4/1+ Mi(l — a)pj;l T —a) [[u1(t) — u2(t)]lc-

t—se

ds|| 4-

(55)

(56)

(57)

(58)

Combining (32) of the proof of Theorem 1 and (58), we find that ® : B(vg, R) — C is a contraction,

under the condition

h=T/1+ M3}

T 34
M2 *\2 1.
A= a)pATa—a) TaprMalB+w)) <

19
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which is the expression (48) of Theorem 2. The conditions such that
[®(vo) — volle < R(1—h)
are determined next. In this regard, observe that
AP (vo) — Avollg <

c t s 1
10 = Dol + LASOull+ s [ ([ A = dr = st ) s sl
QLIH/AS <.A/U0 Uo>H¢4/UodSHH+||/.ASt—S) (S)dSHHS

t s 1 t 1
i Wty ([ e o[-0
[ Avol| e + [|A UlHH_i_pAF(l—a) ; | ; Cls —r) 5 drll ds + ; 15(t = s) 1l ds | || Avoll

377 |< A0 00 > [ Aw] + LA ()

cT'= (T + Ms) - TA
(I —a)pAl(1—a)" " 217

M2 + g,

<2* *
_’U0+’U1+ pAq

Thus,

11—«
_ 2 I (T + Ms) E 2,03, 1
[®(vo) —volle < 4/1+ M3 [<2+(1—a)pAF(1—a) 0+ v +2LIMA(1)0) —|—pAq (60)

By considering expressions (59) and (60), the relation (49) of Theorem 2 is derived. O

Returning to the IBVP (1), an implicit analytic expression for the solution v(¢,x), Eq. (3) is

obtained. However, prior to presenting it, the following definitions are introduced:

2L [pA <11 . EI n2x? L onr onm
)= =\ / EI; Esm(’ / oA L2 t) /0 v1(2) sm(fz) dz sm(fac) , (61)
2c > EI n?72 L .oonm .oonm 1
vg(t, ) := 7[4)14 T =) / {/ {Z |:C s(4/— oA 12 (s—m)) (/0 v(r, 2) sm(fz) dz) sm(Lx):| }dr G—oe } ds

n=1

(62)
2cL = EI n?n? L nmw . N 1
vio(t, x) = T ET AT —a) / {nz_: [ “/71? s) (/0 vo(2) sin(— 7 z) dz) sm(Lx)] (t—s)”‘} ds
(63)

Thus, from Egs. (35), (39) — (41) and (61) — (63), the implicit analytic solution v(t,z) of the IBVP

(1) is given by
v(t,x) = v1(t,x) + vs(t,x) — vg(t, z) + vip(t, z) — vs(t, ) X ve(t, z) + v7(t, x). (64)
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2.3 Purely elastic case

For the elastic case (o = 0), the term v(¢,x2) — v(0,x) replaces the fractional derivative term, and

thus, the equations admit the form

A4 2) + clo(t,2) — v(0,0)) + BIZ 2 (42) — N2 (42) —q(t.a) 0.7) x (0,L)
pAGS (b a) +c(u(t,2) —v(0,2 5l 552 (B2)  =a(t.z), a.e.on (0, L),

v(0, z)=vg(z) , ?;Z(O,x) =v1(x), a.e. on (0,L),

0% v
v(t,0) =v(t,L) = 922 (¢,0) = 9 2(t L) =0, a.e. on (0,T).
(65)
The IBVP (65) derives as follows:
" () — vg) + A < g1 o, L
v"(t) + Av(t) + pA(v(t) vo) + 5TT < A 2o(t),v(t) > AV 0(t) prq(t), a.e. on (0,7),
v(0)=vg , v'(0) = v1,
(66)

Definition 3. A twice differentiable function v : [0,T] — H, is called a solution of the IVP (66) if
(i) v(t) € D(A), te[0,T],
() ol6) = Cleeo + 800 — 5 [ (0= 3)(016) ) ds-

2LI/St_S ) < AYV20(s),0(s) >u AY?0(s) ds —i—/St—S ) ds, t€[0,T]. (67)

Applying the same techniques as in the proofs of Theorem 1 and Theorem 2, it is possible to
find similar relations to (28), (29) and (48), (49) for the existence of a unique fixed point in B(vg, R)
for the IVP (66). This unique fixed point has the form of Definition 3. However, note that a more
convenient form of the solution of the IVP (66) than this of Definition 3 can be found. To this aim,

for ¢ > 0, the operator A; : D(A;) — H is defined as

c EI 0*v c
Aro(t, ) = (A+ pjz)”(ta )= (piA@ + pjz)(t’ )

with
D(A;) = D(A).
The operator A; = A+ pLAI is also positive and self-adjoint on H with eigenvalues

BLnmyy, ©
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and corresponding eigenvectors

2
en(z) = \Esm(”;x), neN, ze(0,L).

The corresponding C;(t) and Si(t) on H, generated by —A;, take the form

= ET nimt c
Ci(t)y = ——+ —t]| <y,e, > , f € H.
(t)y z::cos oA LA +pA Y,en >H ey, fory

and

Eln*nt ¢
Z In47r4+ sin piA?_FpiAt <y,en >pgep, fory € H.

LA

The IBVP (65) takes now the following form of a second order nonlinear ODE in H:

c 1
vo + —q(t), a.e. on (0,T),

V' (t) + Ayu(t) + A gy ), v(t) > AY?0(t) =i A

2L1
(68)
v(0)=vo , v'(0) = 1,
Definition 4. A twice differentiable function v : [0,T] — H, is called a solution of the IVP (68) if
(i) v(t) € D(A), te0,T],

(ii) v(t) = C1(t)vo + Si(t)v) — % /0 t Si(t —s) < AY2u(s),v(s) > AY?u(s) ds +

/Slt—svods+/51t—s ) ds, t €[0,T]. (69)

Once again, applying the same techniques as in the proofs of Theorems 1 and 2, we are able to
find similar relations to (28), (29) and (48), (49) for the existence of a unique fixed point in B(vg, R)

for the IVP (68) which has the form of Definition 4.
Returning to the IBVP (65), an implicit analytic expression for the solution v(t,z), Eq. (3) is

obtained. In this regard, considering the definition

2cL |1 . [BIn?a? L nm o
v11 (6, x) = W/o {nz_:l l“2 sm(\/piAL2 (t—29)) </o (v(s,2) — vp(2)) sin(— 7 2) dz) s1n(Lx)‘| } ds

(70)
and employing Eqgs. (35), (39) — (41), (61) and (70), the implicit analytic solution v(t, z) of the IBVP
(65) is given by

v(t,z) = v1(t,x) + vs(t,x) — v11(t, z) — vs(t, ) X v(t, x) + vy (¢, x). (71)

Finally, to obtain a more convenient form of the solution of the IBVP (65), corresponding to the

formulation of the IVP (68), the following result is proved first:
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Lemma 5. Let v(s) € D(AY?), s € [0,T)], P-a.s. Then, the non-linear term in the solution map of

Definition 4, considered as a function from [0,T] x [0, L] to R, takes the expression

2L[/ Si(t—s) < AV?u(s),v(s) > AV?v(s) ds =

‘f\/Ep?/ot {nil [n2 (/OL (s, 2)sin("72) dz> 2] «

EI ) EI n4rt c L nw onm
EI"4’TSH1< DA L1 + — A (t—s)> </0 v(s, z) sin(— T )dz) sm(Lm)]} ds.

Proof. By similar computations as in the proof of Lemma 1 in [25], we obtain that

3 [

n=1

S (t A1/2 i sin EI nir4 L c (t 8) < Al/z’l}(s) e S | =
1 n=1 Eln44 +c pA LA pA y€n > H €n

o0

pA . EI n47r4 C 2

P Ll <o N )
nz::l EIn?F +CS111 < pA A + pA 5 Z ,OA L2 U(S),em HeEml|, €n Hen
n2m? EI . EI n4r4 G c ’ NP N
g A — S v(s),e el =

—| L? \|pres o+ pA IF T A ,€n >H €
272 & EI _ Elniet ¢ L - o
FnZI n? WSID ( pA LA +— oA (t— S)) </0 v(s, 2) Sln(fz) dz) sm(L:E)] , s, tel0,T],

Furthermore, by Lemma 3 and the spectral representation of A2 we have that

2 </0Lv(s,z) sin(n—;z) dz> 2] .

21% |EI &
1/2 _
< AV2u(s),v(s) >p= o\ oA ngl n

O]

Applying Lemma 5 to the solution map of Definition 4, the solution of the IBVP (65), correspond-
ing to the form of the IVP (68), is presented in the following. In this regard, defining

= nir c L nm nm
12_/2 [ coS ( 2 244 + P t) (/0 vo(2) sin(— 7 2) dz) sm(Lx)] , (72)

> EI EI ntrt c L nm nm
6(t, x) n? [————sin ——t — (t—s v(s, z)sin(—z) dz | sin(—=x ds,
=3 | s ( T+ 5 >)(/ (5.2)sin( ") s <L>]}
(73)
- ) EI n*n? c L nw o onr
U7(t, x) == L/ pA ; {Z: [E]n“zr‘*_i_c sm( oA TA + A (t— s)) </o q(s, z) sin(— 7 ) dz> sm(Lx)] }ds,
(74)
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n=1 | \/ ET"5
(75)
2¢ & 1 . ET nir? ¢ L nw . nm
D10(t, ) VoA o {Z_:l E‘I"4ﬂ'4+cbln< oA It —&—p—A (t—s)) </0 vo(2) sin(— T )dz) sln(Lm)]} ds,
n= A
(76)

and considering Eqgs. (39) and (73) — (76), the implicit analytic solution v(¢,z) of the IBVP (65) is

given by
2

o(t,z) = i1 (£, 7) + s(t 2) — 2%@5@, 2) X fi6(t, &) + 1o(t, ) + 1 (t, ). (77)

3 Time regularity of the solutions

For all the solution forms in the viscoelastic, and the purely viscous and the purely elastic cases, the
following theorem is obtained. Note that to avoid repetition and for the sake of concise presentation,
the corresponding proof is omitted taking into account that similar techniques are utilized as the ones

employed in the proofs of Theorems 1 and 2.

Theorem 3. Suppose that assumptions, (26) and (27) hold, and v € C. Thenv' € C(0,T; H 41,2) and
W € C(0,T; H).

In what follows, we present the first and second derivatives of the solutions for each case.

3.1 Viscous case

Differentiating formally the solution map of Definition 1 yields

V(t) = (- AS()+piAC())vo+c vl+/ASt—s )ds—p—Av(t)

1 t
2LI/ Ot —s) < AY?0(s),v(s) >g AY?v(s) ds + PA/O C(t —s)q(s) ds, t € [0,T].
Since assumptions, (26) and (27), hold, and v € C(0,T;H,4), applying similar techniques to the

proof of Theorem 1, it can be proved that v/(t) € D(AY?), t € [0,T], and that v is continuous un-

der the usual norm of C(0,T; H 41/2). Furthermore, differentiating the above expression, we derive that
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“
pA

AS(t))vg — AS(t)v1 + ,014/0 AC(t — s)v(s) ds — —'(t)

v'(t) = (-AC(t) — A

/ AS(t — 8) < AV20(s), 0(s) >5 AYV20(s) ds — ——

1/2 1/2
2LI<A v(t),v(t) >g A7*v(t)

2LI

/ASt—s s) ds + — !

A q(t), t €[0,T].

By similar techniques applied in the proof of Theorem 1, in conjunction with the continuity of the
inner product and v, it can be proved that v”(t) is a well defined H—valued function for ¢ € [0, 7],

and that v” is continuous under the usual norm of C(0,7T; H).

3.2 Viscoelastic case

Applying Lemma 4 (Result 2) to differentiate the solution map of Definition 2 leads to

Vi(t) = ~AS(t) + Ol + s 1_@ / (/ AS(s — 1) )dr—v()—l—C(s)v())(t_ls)ads

1/2 1/2 _
2LI/C ) < AV20(s), 0(s) >p AY20(s) ds + A/Ct $)q(s) ds, t € [0,T].

Since assumptions, (26) and (27), hold, and v € C(0,T;H,4), applying similar techniques to the
ones for proving Theorems 1 and 2, it can shown that v/(t) € D(AY?), t € [0,T], and that v’ is
continuous under the usual norm of C(0,T; H 41/2). Furthermore, differentiating the above expression

and applying Lemma 4 (Result 3), we obtain that

v”(t):—AC(t)vo—AS(t)vlerAF((;_a /( /ASS_T ) d )(t—l'S)O‘

/ AS(t —s5) < AY%u(s),v(s) > AY?u(s) ds — < AY2u(t), v(t) >u AY?u(t)

torIT 2LI

il AS(t — s)q(s )ds+iA (t), t €[0,T].

By resorting to similar techniques as the ones involved in the proofs of Theorems 1 and 2, in con-
junction with the continuity of the inner product and v/, it can be proved that v”(t) is a well defined

H —valued function for ¢ € [0,7], and that v” is continuous under the usual norm of C(0,7’; H).
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3.3 Elastic case

Differentiating formally the solution map of Definition 3 yields
V' (t) = —=AS(t)vy + C(t) vl—/Ct—s s) —p) ds

2“/ Clt— s) < AY20(s), v(s) > AY20(s) ds+;4/0 Clt — s)qls) ds, t € [0,T].

Since assumptions, (26) and (27), hold, and v € C(0,T;H4), applying similar techniques to the
ones in the proof Theorem 1, it can shown that o'(t) € D(AY?), t € [0,T], and that v’ is continu-

ous under the usual norm of C(0,T; H 41/2). Furthermore, differentiating the above expression leads to

V" (t) = —AC(t)vg — AS(t)vy —i—/o AS(t — s)(v(s) —wvo) ds — piA(v(t) —vp)

w/ AS(t —s5) < AY%u(s),v(s) > AY?u(s) ds — % < AY2u(t), v(t) > AY?0(t)

1
(t— d — t T|.
/AS )a(s) ds+ 2a(0). 1€ 0.7
Clearly, v”(t) is a well defined H—valued function for ¢ € [0, T}, and is continuous under the usual norm
of C(0,T; H). Hence, for all the three cases, the solution map v : [0,7] — H, is twice continuously

differentiable.

4 Concluding remarks

In this study, implicit analytic solutions have been obtained for a nonlinear fractional PDE modeling
the dynamics of a deterministically excited viscoelastic nonlinear Euler-Bernoulli beam. This has been
yielded, first, by recasting the nonlinear PDE as a second order nonlinear IVP in the Hilbert space
L?. Next, the abstract theory of second order ODEs in Hilbert spaces, which involves special families
of operators, has been employed for deriving a variation of parameters representation for the solution
map of this problem. In this regard, local existence and uniqueness of a fixed point for this solution
map have been obtained as well. Next, representing both the nonlinear and the fractional terms in
suitable forms and invoking properties of the fractional derivative as well as properties of the cosine

and sine families of operators, this implicit solution has been expressed in an analytic derivative-free
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form. Note that the solutions for the limiting cases a = 0 (elastic case) and a = 1 (viscous case) have
also been derived in similar forms.

The herein derived results are of considerable importance given the increasing number of applica-
tion of fractional calculus in diverse areas of engineering and science [37]. Apart from the theoretical
merit of the determined implicit form solutions, these closed-form expressions can be used, potentially,
as an important step to derive very efficient and fast numerical solutions. The latter is identified as

a topic for a following paper.

Acknowledgements

We thank Mansoor Saburov for useful discussions on the generalizations of the Banach Contraction

Principle.

References
[1] O.P. Agrawal, Stochastic analysis of dynamic systems containing fractional derivatives. J. Sound
Vib. 247 (5) (2001) 927-938.

[2] G. Alotta, M. Di Paola, G. Failla, F. P. Pinnola. On the dynamics of non-local fractional vis-

coelastic beams under stochastic agencies. Compos. Part B-Eng., 137 (2018) 102-110.

[3] K. Balachandran, J. Y. Park, Existence of solutions of a class of abstract second order nonlinear

integrodifferential equations, J. Appl. Math. Stoch. Anal. 15 (2) (2002) 115-124.

[4] P. Balasubramaniam, J.Y. Park, Nonlocal Cauchy problem for second order stochastic evolution

equations in Hilbert spaces, Dynamic Syst. Appl., 16 (2007) 713-728.

[5] M. Caputo, Linear models of dissipation whose Q is almost frequency independent-II, Geophys.
J. Int. 13 (5) (1967) 529-539.

[6] M. Caputo, Elasticita e dissipazione, Zanichelli, Bologna, Italy, 1969.

[7] N. Challamel, I. Elishakoff, A brief history of first-order shear-deformable beam and plate models,

Mechanics Res. Commun. (2019) (in press).

[8] N. Colinas-Armijo, S. Cutrona, M. Di Paola, A. Pirrotta, Fractional viscoelastic beam under

torsion, Commun. Nonlinear Sci, 48 (2017), 278-287

27



[9]

[10]

[11]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

G. Di Blasio, K. Kunisch, E. Sinestrari, Mathematical models for the elastic beam with structural

damping, Appl. Anal., 48 (1-4) (1993) 133-156.

S. Di Lorenzo, M. Di Paola, F. P. Pinnola, A. Pirrotta, Stochastic response of fractionally damped
beams, Probabilistic Eng. Mech. 35 (2014) 37-43.

A. Di Matteo, I. A. Kougioumtzoglou, A. Pirrotta, P. D. Spanos, M. Di Paola, Stochastic response
determination of nonlinear oscillators with fractional derivatives elements via the Wiener path

integral, Probabilistic Eng. Mech. 38 (2014) 127-135.

A. Di Matteo, F. Lo Iacono, G. Navarra, A. Pirrotta, Innovative modeling of tuned liquid column

damper motion. Commun. Nonlinear Sci, 23(1-3) (2015) 229-244.

M. Di Paola, R. Heuer, A. Pirrotta, Fractional visco-elastic Euler-Bernoulli beam, Int. J. Solids

Struct., 50(22-23) (2013), 3505-3510

K. J. Engel, R. Nagel, One-Parameter Semigroups for Linear Evolution Equation, Springer
Verlag, New York, 2000.

H. O. Fattorini, Ordinary differential equations in linear topological spaces, I, J. Differ. Equations

5 (1968) 72-105.

H. O. Fattorini, Ordinary differential equations in linear topological spaces, 11, J. Differ. Equa-
tions 6 (1969) 50-70.

W. E. Fitzgibbon, Global existence and boundedness of solutions to the extensible beam equation,

SIAM J. Math. Anal. 13 (1982) 739-745.

V.C. Fragkoulis, I.A. Kougioumtzoglou, A. A. Pantelous, M. Beer, Non-stationary response statis-
tics of nonlinear oscillators with fractional derivative elements under evolutionary stochastic ex-

citation, Nonlinear Dynam., 97(4) (2019), 2291-2303.

A. Gemant, A method of analyzing experimental results obtained from elasto-viscous bodies,

Physics 7 (8) (1936) 311-317.

D. Y. Gao, J. Machalovd, H. Netuka, Mixed finite element solutions to contact problems of

nonlinear Gao beam on elastic foundation. Nonlinear Anal.-Real., 22, (2015) 537-550.

I. A. Kougioumtzoglou, P. D. Spanos, Harmonic wavelets based response evolutionary power
spectrum determination of linear and nonlinear oscillators with fractional derivative elements,

Int. J. Nonlinear Mech. 80 (2016) 66-75.

28



[22]

23]

[24]

[25]

[26]

A. Latif, Banach Contraction Principle and Its Generalizations. In: Almezel S, Ansari QQ, Khamsi

M, editors. Topics in Fixed Point Theory. Springer, Cham 2014 33-64.

K. B. Liaskos, A. A. Pantelous, I. G. Stratis. Linear stochastic degenerate Sobolev equations and

applications. Int. J. Control, 88(12) (2015) 2538-2553.

K. B. Liaskos, I. G. Stratis., A. A. Pantelous. Stochastic degenerate Sobolev equations: well
posedness and exact controllability. Math. Method. Appl. Sci, 41(3) (2018) 1025-1032.

K. B. Liaskos, A. A. Pantelous, I. A. Kougioumtzoglou, A. T. Meimaris, Implicit analytic solu-
tions for the linear stochastic partial differential beam equation with fractional derivative terms,

Syst. Control Lett. 121 (2018) 38-49.

F. Mainardi, Fractional calculus: some basic problems in continuum and statistical mechanics,
In: Carpinter A, Mainardi F, editors. Fractals and fractional calculus in continuum mechanics.

New York: Springer-Verlag, (1997) 291-348.

N. I. Mahmudov, M. A. McKibben, Abstract second-order damped McKean-Vlasov stochastic
evolution equations, Stoch. Anal. Appl. 24 (2) (2006) 303-328.

M. A. McKibben, Second-order damped functional stochastic evolution equations in Hilbert

space, Dyn. Syst. Appl. 12, 467 (2003).
P. G. Nutting, A new general law of deformation. J. Franklin I., 191 (5) (1921) 679-685.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations,

Springer Verlag, New York, 1983.

A. Pirrotta, S. Cutrona, S. Di Lorenzo, Fractional visco-elastic Timoshenko beam from elastic

Euler-Bernoulli beam, Acta Mechanica, 226(1) (2015) 179-189.

A. Pirrotta, S. Cutrona, S. Di Lorenzo, A. D. Matteo Fractional visco-elastic Timoshenko beam

deflection via single equation. Int.J. Numer. Meth. Eng., 104(9) (2015) 869-886.
S.S. Rao, Mechanical Vibrations, Addison Wesley, 1995.

Y. A. Rossikhin, M. V. Shitikova, Application of fractional calculus for dynamic problems of solid
mechanics: Novel trends and recent results. Appl. Mech. Reviews 63 (1) (2009) 010801.

S. Sarkar, J. N. Reddy, Exploring the source of non-locality in the Euler-Bernoulli and Timo-
shenko beam models, Int. J. Eng. Sci., 104 (2016), 110-115

P. D. Spanos, G. Malara, Nonlinear Random Vibrations of Beams with Fractional Derivative

Elements, ASCE J. Eng. Mech. 140 (9) (2014) 040140609.

29



[37] H. Sun, Y. Zhang, D. Baleanu, W. Chen, Y. Chen. A new collection of real world applications

of fractional calculus in science and engineering. Commun. Nonlinear Sci., 64 (2018) 213-231.

[38] C. C. Travis, G. F. Webb, Cosine families and abstract nonlinear second order differential equa-

tions, Acta Math. Acad. Sci. Hung. 32 (1978) 75-96.

[39] C. C. Travis, G. F. Webb, Second order differential equations in Banach space. In: Proceedings
International Symposium on Nonlinear Equations in Abstract Spaces, pp. 331-361. Academic

Press, New York, 1987.

30



