A Picture of Solar-Sail Heteroclinic Enhanced Connections between
Lissajous Libration Point Orbits

Xun Duan *

National Key Laboratory of Aerospace Flight Dynamics, Northwestern Polytechnical University &
Universitat de Barcelona & Universitat Politecnica de Catalunya

Gerard Gémez T

IEEC & Universitat de Barcelona

Josep J. Masdemont?

IEEC & Universitat Politecnica de Catalunya

Xiaokui Yue$

National Key Laboratory of Aerospace Flight Dynamics, Northwestern Polytechnical University

July 15, 2019

Abstract

The dynamics of solar-sail maneuvers is conceptually different from classical control maneuvers where one
considers impulsive changes in the velocity of a spacecraft. Solar-sail orbits are continuous in both position and
velocity in a varying vectorfield, opening the possibility of the existence of heteroclinic connections by means of
artificially changing the vectorfield with a sail maneuver. This paper investigates solar-sail assisted maneuvers to
obtain families of artificial heteroclinic connections joining Lissajous libration point orbits. The study is based on
a careful analysis of the geometry of the phase space of the linearized equations around the equilibrium points,
the dynamical identification of the main parameters and the representation of the solutions in the action-angle
variables. We identify the main dynamical properties of the connecting families presenting systematic new options
for the mission analysis in the libration point regime using this technology, including a methodology to approach
the classical problem of exclusion zone avoidance.

1 Introduction

Homoclinic and heteroclinic orbits have a key role when analyzing the structural dynamics of a system and, in
particular, for designing transfer trajectories in space missions [1, 2, 3, 4, 5]. They are seen as "zero cost” transfer
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orbits, since in theory, no maneuvers are needed to transfer between the o and w limits that they connect. From another
side, nowadays there exist an increasing interest for missions involving spacecraft with large solar sails. Solar sails
can be seen as a spacecraft propulsion device where the momentum of the Solar Radiation Pressure (SRP) emitted
by the Sun accelerates the satellite [6]. In particular, attending libration point orbits, a number of technological
applications have been considered, involving for instance: polar coverage [7, 8, 9], the Earth-Moon system [10, 11],
hybrid techniques [12, 13], feedback control possibilities [14] and the exploration of binary asteroids [15].

Solar-sail maneuvers are performed by changing the spacecraft sail’s attitude with respect to the Sun or by changing
the sail reflective properties. Opposite to the classical maneuvers, that involve an impulsive change of velocity by
means of a propulsion device, solar sail maneuvers imply a step change in the acceleration. From a dynamic system
point of view, the vectorfield changes as a result of the maneuver, but the state of the spacecraft remains the same.
It is in this context that one can see solar sail maneuvers as “zero cost” maneuvers, and when a transfer between
to different orbits is performed using this technique, we talk about an heteroclinic enhanced connection, since the
trajectory is continuous in both position and velocity, inside a changing vectorfield.

As it is general for the analysis of libration point orbits, in our work we consider the Sun-Earth Circular Restricted
Three-Body Problem (CR3BP). The CR3BP model has five equilibrium points (L;, ¢ = 1...5), all of them on the
ecliptic plane (this is, with coordinate z = 0) [16]. When the SRP acceleration is added to this model, the equilibrium
points subsist but their position varies according to the sail’s attitude with respect to the Sun [6, 17]. We use the
notation SL; to differentiate them from the classical L; ones of the CR3BP. Libration point orbits (LPOs) are periodic
or quasi-periodic orbits around the equilibrium points, such as planar and vertical Lyapunov periodic orbits, halo
periodic orbits, and Lissajous quasi-periodic orbits [18, 19]. Similar to the equilibrium points, LPO orbits undergo
under displacements in the CR3BP-SRP model, as it has been carefully studied in [20, 21, 22].

LPO are very useful for Sun and space observations including a rich variety of sizes and shapes (see[18] and references
therein). Even that, in the same basis, the present analysis could be also made for LPO about SLj, we have considered
Lissajous orbits around collinear libration points SLs, that can be more popular in terms of the number of potential
missions, and in view of the current Chinese Change’E series [23, 24, 25]. Moreover, transfers between Lissajous orbits
are advantageous for reaching higher or lower amplitude sizes, for avoiding escape from the nominal orbit (due to their
inherent instability), for avoiding forbidden zones, such as the ones related to eclipse avoidance for missions around
Ly, or for avoiding the Earth shadow cone for missions around the Ly point[26].

The SRP acceleration model considered in this paper depends on three parameters: the lightness parameter, which is a
function of the spacecraft’s reflectivity and area-to-mass ratio [5], and the normal unitary vector to the sail determining
its attitude and it is represented as a function of the so called cone and clock angles « and 6. As previously stated, the
maneuvers under consideration are performed by means of a change in the solar sail reflectivity or by re-orienting the
sail. Our goal is to do a general study of all possible transfers between Lissajous orbits changing these three parameters.
The approach we follow is geometrical [5] and is mainly based in the analysis of the linearized equations of motion
around the equilibrium points [27]. Taking into account that with an SRP maneuver the location of the artificial
libration point changes, using a reference system always centered on the nominal current SLs, a SRP maneuver is
seen as a jump in the relative position instead of in velocity. The paper uses this fact to systematically analyze the
impact of a maneuver on a satellite on a libration point trajectory. Considering maneuvers that do not introduce
unstable components in the modes of motion (that would produce divergence from the libration zone) one obtains the
heteroclinic enhanced connections between Lissajous orbits.

The paper, is organized as follows: Section 2 presents the equations of motion and the families of equilibrium points
of the CR3BP-SRP for different values of the sail parameters. The solutions of the linearized CR3BP-SRP model,
around the collinear equilibrium points, are computed in Section 3. These solutions are used in Section 4 to determine
the heteroclinics using SRP maneuvers. Finally, Section 5 accounts for a particular transfer strategy to avoid the
exclusion zones associated to libration point missions. The paper ends with some conclusions.

2 Equations of Motion

We consider the motion of an infinitesimal mass body (spacecraft) provided with a solar sail under the gravitational
attraction of two point masses, m; and ms, such as the Sun and the Earth. The dynamical model is the three-
dimensional circular restricted three-body problem (CR3BP) including solar radiation pressure (SRP); from now on



the CR3BP-SRP model.

As is usual in the CR3BP (see [16]) we take a synodic reference system, (X,Y,Z), with the origin at the center of
mass of the two primaries, and normalized units of mass, length and time. So p denotes the mass of the Earth located
at (u-1,0,0), and 1-y the mass of the Sun located at (,0,0) [28].

Figure 1: Schematic representation of the sail orientation angles « and §.

The solar sail orientation is defined by the unitary normal vector to its surface, n, which depends on two angles:
the cone angle «, and the clock angle §. For their definition we consider a reference frame, ry, h, t, centered at the
spacecraft, such that: ry is in the Sun-spacecraft direction, h is perpendicular to the orbital plane, so parallel to Z,
and t completes an orthogonal positive oriented frame. Then, « is the angle between n and r; that measures the
elongation of n with respect to the Sun, and 6 is the angle between the h axis and the projection of n onto the (h,t)
plane (see Fig. 1). The range of « is [—7/2, 7/2], since it is not feasible to produce acceleration towards the Sun, and
the one of § is [0, 27].

The equations of motion of the model are,

X-2Y = Qx+ak,
V+2X = Qy +ai, (1)
Z = Qgz+ay,

being Qx, Oy and Qz the partial derivatives of Q(X,Y, Z),

1—p
T1

1 1
XY, 2) = 5 (X + Y+ —E 4+ Ly 21— ),
2
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where 1 and 7y are the distances from the solar sail to the Sun and to the Earth, respectively, this is,
rf=(X—p)?+Y?2+ 272 r3= (X —p+1)?+Y?+ 7%

Finally, a%,a$ ,a%, are the three components of the SRP acceleration a® which, according to [6], is given by:

o
a’® = f— cos® am,
1

where 8 € [0, 1] is the lightness number, related to the reflectivity of the sail. Therefore , if z = (0,0, 1),

Bl—pw)(X —p) 4 BA—pw) (X —p)Z Bl —p)Y 5

ay = cos® a0 — cos” asinacosd + ——————— cos” asin asin 9,
* |73 [r12[(r1 x 2) X 71 [r1[2](r1 x 2)]
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ay = Mcos:}a— A( /;)( + D) )COSQasinacosé.
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When the reflectivity parameter § is zero, or when o = £7/2; we recover the CR3BP equations. Besides, taking the
clock angle d=7/2, then n is the plane expanded by r; x h, and r; and it does not exist any SRP acceleration in the
direction orthogonal to h.



2.1 Equilibrium Points of the CR3BP-SRP Model

The equilibrium points of the CR3BP-SRP model are the solutions of the system,
Qx +a% =0, Qy +a3 =0, Qz +ay =0.

It is well known that the CR3BP (a% = a} = a}, = 0) has five equilibrium points, usually denoted by Ly, La,...,Ls.
When further considering SRP the new points will be denoted by SL1, SLs,...,SLs. We are interested in the two ones
that are close to the Earth, this is SL; and SLs, and in their location when the cone angle «, the clock angle §, and
the lightness number 3 vary. This problem has already been considered by different authors, including [6, 21, 17, 5].

Let us consider the main relevant cases:

e When oo = +7/2 then A L ¥, so &°* = 0 and, since the model coincides with the CR3BP: SL; = L; fori =1, ...,5.

e When o = 0, then the plane of the solar sail is perpendicular to #. In this case the force due to the SRP is
aligned with the gravitational attraction of the Sun, so the model can be seen as the usual CR3BP with the mass
of the Sun, 1 — pu, decreased. The position of SL; and SLs moves towards the Sun as the value of g increases.

e In the third case « can take any value, and § can take any of the following values: +7/2, 7, or 0.

In this case there is an extra force in the X-Y plane that displaces (left/right) the equilibrium point. If § = 0 or
d = 7, the extra force will be in the vertical direction and will displace the equilibrium above/below the X-Y
plane.

When « and § vary in (—7/2, 7/2) and (0, 27), respectively, the equilibrium points SLq(c,d) and SLa(c, d) define a
2D surface homeomorphic to a sphere; each equilibrium point on the sphere corresponds to a given sail orientation. As
B varies between 0 and 1 the two surfaces of equilibrium points SL;(«,d) and SLy(«, §) also change. The evolution
with 8 is shown in Figs 2 and 3. In the SL;(«,d) case, for small values of 8 there is only one sphere of equilibrium
points, if 5 € (0.03,0.07) then SLq(a,d) has two components, and for 8 > 0.07 one of the two components (the one
in blue in the plots) merges with the SL families associated to Ls, Ly and Ls, which are not considered in this paper.

3 The analytical linear CR3BP-SRP model and its solution

From now on, we focus our attention on the motion in the vicinity of SLs (the study around SL; is similar). For given
values of a, ¢ and on 3, let (y1,72,73) be the position of SLy in the CR3BP reference frame and units. Following [5],
we perform a change of scale, and set the origin of coordinates at the equilibrium point by means of the translation,

X = yr+m,
Y = yy+1e,
Z = vz+73,

where 7 is a scaling factor chosen in order to normalize the Earth-equilibrium point distance. In our case, we have
taken v = 0.01, since this value is very close to the Earth- L, distance in the CR3BP. Therefore, in the new coordinates,
the adimensional distance unit will be, approximately, 1.5 x 10% km.

Applying the above change of coordinates to the CR3BP-SRP equations we get,

1 1
-2y = ?QJ + —a3,
.. . 1 s
y + 26 = ?Qy + *ay7
.. 1
z = ?QZ + ;ai
and the linearized equations of motion at the equilibrium point become,
T—2y = a1x+ ay+asz,
y+2t = bixz+ by + b3z, (2)
Z = cx+cy+csz,

where the coefficients a;, b; and ¢;, that depend on pu, «, 9, 5, 71, V2, 73, and v are explicitly given in Appendix A.
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Figure 2: SL1(«,¢) equilibrium points families for different values of 8. In each plot @ € (—7/2, 7/2), and § € (0, 27).
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Figure 3: SLs(a,0) equilibrium points families. In the left plot 8 takes four different values: 0.01, 0.05, 0.09, and
0.13. In the right plot g = 0.05.



3.1 Analytical solution of the linearized equations

We look for solutions of the linear system (1) with one of the following two patterns, that will be respectively associated
to planar and vertical modes of motion,

Case 1: z(t) = M y(t) = keM, z(t) = ke,

3)

Case 2: z(t) = ke,  y(t) = keM, z(t) = &M,

where, in both cases, the parameters k, k, and the exponent A are, in general, complex numbers to be determined
independently for each case.

Inserting (3) into the differential equations (2) we get the following two systems of equations for the parameters,

)\2 — Qk)\ = ay —+ (ZQk —+ agﬁ, E}\Q — 2I€>\ = G1E + (12]{} —+ as,
Case 1: k>\2 —+ QE)\ = bl —+ bgk —+ ng, Case 2: k)\z =+ 2%)\ = b1E —+ bgk’ —+ bg,
E}\2 = C1 + Cgk‘ + CgE, AQ = 61E + Cgk + C3.

In both cases the exponent A must fulfill the following 6-th degree polynomial equation,

A6 — (a1 —+ b2 +c3 — 4))\4 + (2[12 — 21)1))\3 — (403 — a162 + a2b1 —aics +ascy — b203 —+ b362)>\2
—2(&263 —ascy — bics + bgcl)/\ — agbico — asbscy — a1bacs + asbacy + asbics + arbses = 0.

(4)

For the equilibrium points SL; and SLs, two roots of this polynomial, A 2 (A1 > 0, Ay < 0), are always real, and the
remaining ones are two complex conjugate pairs: Az4 = 71 £ w1t and A5 ¢ = 12 £ wai. In general, Ay >~ — A, and the
equality only holds when o = 0.

For a given value of ), solution of (4), the associated values of k and k depend on the case under consideration.

In Case 1 we get,

)\4 - (03 + al))\Q + a1C3 — asCq

= (5)

2X3 4+ a2 — 2c3\ — ascs + asca ’

02)\4 + 261)\3 + (CLQCl — C9C3 — (Llcg))\2 — 20163)\ + a1C2C3 — A2C1C3

- : (6)

205 + ag At — 4es A3 + (asca — 2a203) A2 4 263\ + azc3 — ascacs

BNl

while in Case 2 the values of k and k are,

b= A — (Cg + al))\2 + ajc3 — azcy T - 223 + ag)\2 — 2c3\ — ase3 + ascs
B C2>\2 + 261)\ — a1Cy + asCq ’ - 62)\2 + 201)\a102 + ascy '

(7)

From the expressions given in Appendix A, it follows that if v3 = 0 then C; = Cs = (5 = 0; furthermore, according
to the values of ¢; and cs:

1—p3A:Cy  p 340y  B(1—p)cos’a (3A,C1D3 , .
3 B — (E3D2 —2)A 5
“ 73 Di) 73 Dg 73D%D3 D% cos o ( 3l/3 ) 1 sin « cos ,
1—p3C1 By u 3B2C5 ﬂ(l — u) cos? o 3B,C, Ds , .
N 3 B — (E3D2 —2)B 5
“ 73 D? '73 Dg 73D:13D3 D% cos o ( 3Ll/3 ) 1 Sln « cos ,

it follows that if @« = 0 or « = 7, and 6 = 7/2, then ¢; = ¢2 = 0, so the the expressions (7) of k and k in Case 2
become singular. In other to avoid this situation, we can write k and k in terms of a; and b; as,

b3)\2 — 2a3\ — a1bs + asby
)\4 - (al + b2 - 4))\2 + (2@2 - 2b1))\ + albg - U,le’

k =

a3>\2 + 21)3)\ + CLgbg - a3b2
M —(ag + by — 4)A2 + (2a3 — 2b1)\ + arby — aghy’




which are not singular for the above values of the parameters. Something similar happens in Case 1, in this case the
singularity disappears using the following expressions for k£ and k,
72)\3 + b3)\2 + 2&1)\ — a1b3 —+ agbl - )\4 — (a1 + b2))\2 - 2b1A + a1b2 — b1a2

Eo= T o= .
(a3 —4)A2 4+ 2(bg — az) X + azbs — azby (a3 —4)A% + 2(bg — az2) A + azbs — azbs

In Case 1, the solution of the differential equations (2) associated to the planar mode can be written as:

z(t) = AreMt 4 Azt + Age™! coswit + Agze™tsinwit,
y(t) = AjkieMt 4 Agkoe?t + Aze™t (ks coswit + kysinwit) + Age™? (ks sinwit — kg coswit),
2(t) = AikieMt 4+ Askoe™t + Age™t (ks coswit + kysinwit) + Age™t (ks sinwit — ky coswit),

and in Case 2, associated to the vertical mode, as:

z(t) = Ase™'(kscoswat + kg sinwat) + Age™! (ks sinwat — kg cos wat),
y(t) = Ase™'(kscoswat + kg sinwat) + Age™! (ks sinwat — kg cos wat),
2(t) = Ase™'coswat + Age™! sin wot.

So, in general, the final form of the solution (2) containing all modes becomes:

xz(t) = AreMt + Ase™t 4+ Age™t coswit + Age™t sinwyt
+Ase™! (ks cos wat + kg sinwat) + Age™! (ks sinwat — kg cos wat),
y(t) = Ark1eMt + Agkqe™?t + Aze™ (k3 coswit + kysinwit) + Age™! (k3 sinwt — kg coswit)
+Ase™ (ks cos wat + kg sinwat) + Age™! (ks sin wat — ke cos wat), (8)
2(t) = AtkieMt 4 Agkget + Aze™? (ks coswit + kysinwit) + Age™? (ks sinwit — ky coswit)

+Ase™t coswat + Age™! sin wot.

In these equations Ay, ..., Ag are arbitrary parameters, A o are the real roots of (4), (A1 > 0, A2 < 0), and A3 4 = n1Lwqi
and A5 ¢ = n2 & woi are the two complex conjugate pairs. The eigenvalues A3 4 are the ones associated to the planar
oscillations of the solutions, and A5 ¢ are the ones associated to the vertical ones. The values of k; and ki, fori=1,...,6,
are given in Appendix B.

An important property of the formulation chosen in (8) is that it gives a continuous global representation when crossing
bifurcations varying the values «, §, 8 and changing the type of equilibrium point associated. To have a general idea
of the magnitude of the eigenvalues, Table 1 shows some values of Ay 2, 11 2, w12 depending on « and ¢ for 8 = 0.02.
From the first two lines, we see that if a = 0, the eigenvalues do not change no matter what value of 4. Lines 3 to 9
show how the variation of eigenvalues when 6 = 7/2 and the value of « changes. Lines 10 to 20 show the behavior of
the roots when a = /6, and the value of § varies.

The expression (8) can be also written in matrix form as,
(), y(1), (1), #(t), 9(t), 2] = H(t)[Ar, Az, Az, Aa, As, Ag]" (9)
where the components of the matrix H are given in Appendix C. Inverting the above system we get,
[Av, Az, As, Au, A5, Aol = H' (1) [2(0), y(1), (1), (1), (1), 2(8)]", (10)
that, for t = 0 gives the values of the amplitudes as a function of the initial conditions,
[A1, Aa, As, As, As, Ag)" = H(0) [z0, yo, 20, £0, G0, %0 - (11)

Unfortunately, it is not possible to write short expressions for the components of the matrix H~1(¢) .

It is also convenient to write the oscillatory solutions (8) of the differential equations (2) using amplitudes and
associated phases. Defining the unstable and stable amplitudes, A, and A, and the planar (in-plane) and vertical

(out-of-plane) amplitudes, 4, = /A% + A2 and A, = /A2 + A2, respectively, by means of the relations,
A1 = Au, A2 = As, A3 = Ax COS ¢17 A4 = _Aa: sin (251, A5 = Az COS ¢2, AG = —Az sin gf)g, (12)



Table 1: Some relevant example values of A; 2, 71 2, w12 depending on « and ¢ for a given § = 0.02.

No. [0 1) /\1 /\2 m w1 2 w2
1 0 w/2  3.30475 —3.30475 0 2.57190 0 2.51131
2 0 /4 3.30475 —3.30475 0 2.57190 0 2.51131
3 /6 /2 3.00566 —3.00466 —0.00050 2.37048 0 2.32633
4 /4 /2 2.75492 —2.75382 —0.00055 2.21122 0 2.16727
5 /3 w/2 257546 —2.57471 —0.00038 2.10685 0 2.04750
6 -7/6 w/2  3.00466 —3.00566  0.00050  2.37048 0 2.32633
7 -m/4 /2 2.75382 —2.75492  0.00055 = 2.21122 0 2.16727
8 -m/3 /2 2.57470 —2.57546  0.00038  2.10685 0 2.04750
9 + /2 /2 2.48432 —2.48432 0 2.05701 0 1.98508
10 /6 0 3.01329 —3.01329 0 2.48569 0 2.21387
11 /6 7/6  3.01150 —3.01100 —0.00014 2.46770 —0.00011 2.23117
12 /6 w/3  3.00762 —3.00676 —0.00027 2.41942 —0.00016 2.27808
13 /6 /2 3.00566 —3.00466 —0.00050 2.37048 0 2.32633
14 /6 2r/3  3.00762 —3.00676 —0.00027 2.41942 —0.00016 2.27808
15 /6 57/6  3.01150 —3.01100 —0.00014 2.46770 —0.00011 2.23117
16 /6 s 3.01329 —3.01329 0 2.48569 0 2.21387
17 /6 7w/6  3.01100 —3.01150 0.00014 2.46770 0.00011  2.23117
18 /6 2r/3  3.00676 —3.00762  0.00027  2.41942  0.00016  2.27808
19 /6 3w/2  3.00466 —3.00566  0.00050  2.37048 0 2.32633
20 /6 47/3  3.00676 —3.00762  0.00027  2.41942  0.00016  2.27808
21 /6 117/6 3.01100 —3.01150  0.00014  2.46770  0.00011  2.23117

we can write the general solution (8) as a function of (A,, As, Ay, A,, d1, d2):

x(t) = A Mt + At + Ae™ cos(wit + ®1)

+A,e" k5 cos(wat + o) + A,e™ kg sin(wat + ¢o),
y(t) = Auk1eMt 4 Agkoe™t + Age™ ks cos(wit + ¢1) + Age™kysin(wit + ¢y)

+ A" ks cos(wat + ¢o) + A.e™ kg sin(wat + ¢o), (13)
z(t) = Ayk1eMt + Agkoe™t + A eMtks cos(wit + ¢1) + Age™ kg sin(wit + ¢1)

+A_ e cos(wat + ¢),

or, in a more compact form,

z(t) = Ay et + AgeM?t + Aem? cos(wit + ¢1) + A.e™ k56 cos(wat + dsg),
y(t) = Aykr1eMt + Agkoe?t + AyeMtksy cos(wit + ¢34) + A.e™'ksg cos(wat + ¢s6), (14)
z(t) = Ay k1eMt + Agkae™t + Ae™ ks, cos(wit + ¢gy) + A.e™! cos(wat + ¢2),

where the relations between the values of the parameters in (13) and in (14) are:

k34 cos ¢3s = kscosoy + kgsin gy, ks34 Sin ¢34 = kgzsin¢, — k4 cos (;51,
k34 cos 534 = k3cos @1 + kqsin ¢, ks34 sin 534 = kgsin o1 — k4 cos 1.
k56 [¢0)] ¢56 = k5 [¢0)] ¢2 + kﬁ sin ¢2, k56 sin ¢56 = k’5 sin ¢2 — kG COS ¢27
k56 cos psg = ks cos g + kg sin o, ksesingsg = ks sin ¢g — kg cos ¢a.

Note that taking A, = As = 0 in (14) produces a quasi-periodic solutions, Lissajous orbits, with frequencies w; and
wa, and respective planar and vertical amplitudes equal to A, and A,. The values A, and A, are related to the
unstable and stable manifold of the Lissajous orbit. For instance, the relation A, = 0 and As # 0 defines the stable
manifold of the Lissajous orbit defined by A, and A,; any orbit verifying this condition will tend forward in time to
the Lissajous orbit, since the term in Ag goes to zero. A similar fact happens when A, # 0 and A; = 0, in this case
the term with A, increases as time increases but goes to zero backwards in time, therefore, these solutions will go
away exponentially fast forward in time, and define the unstable manifold of the Lissajous orbit.



3.2 The effective phases plane (EPP)

Following [26], to describe Lissajous orbits is very convenient to use the so called effective phases (®, ¥). They are an
adaptation of the action-angle variables to describe states on invariant tori in dynamical systems that can characterize
very well heteroclinic connections [29, 30]. A Lissajous trajectory is determined by two amplitudes A,, A, and two
phases, ¢1 and ¢o, at t = 0. The effective phases are defined by:

O(t) = wit+ ¢ (mod2m),
U(t) = wot+¢o (mod2m).

Clearly, at each epoch, t, there is a one-to-one correspondence between a pair of effective phases (®(t), ¥(t)) €
[0,27] x [0,27] and the state (z(t),y(t), z(t), £(t), y(t), £(t)) on the Lissajous. Using this representation, the 2D tori
defined by Lissajous orbits become straight lines with slope w;/wa (a value slightly less than one in our case) in the
effective phases plane [0, 27] x [0, 27]. The orbit at ¢ = 0 departs from the point (¢1, ¢2) and travels with constant
velocity components w; and ws in the EPP. Note that each point (®,¥) on the EPP identifies a position on the
Lissajous orbit, although the size of current the orbit, given by the constant values A, and A,, is not represented.
When the orbit is on a stable or unstable manifold either A, or A; has a non-zero constant value, but the purpose of
the EPP remains the same.

For one of the transfers between two Lissajous orbits that are computed in the next sections, Fig 4 shows how the
departing (in blue) and arrival (in black) orbits are seen in both, the configuration space and in the EPP. The left plot
shows, in the configuration space, the departing (in blue) and arrival (in black) orbits. The other two plots correspond
to the EPP representation of the departing (middle) and arrival (right) orbits. The red cross in the departure EPP
indicates the starting position, while the one in the arrival EPP indicates the maneuver insertion in the stable manifold
of the arrival orbit. More applications will be shown in the following sections.

Figure 4: Transfer between two Lissajous orbits in the configuration space and in the EPP.

4 Heteroclinic enhanced connections between Lissajous orbits

This section is devoted to introduce the SRP maneuver strategy that defines the heteroclinic enhanced connections
between libration point orbits around the collinear equilibrium points. These transfers are propellant-free and are
performed by means of a variation of the sail parameters: « (cone angle), § (clock angle) or 5 (lightness number).
The influence of the phases ¢; and ¢- at the departing point, as well as the amplitudes A, and A, of the initial orbit,
will be also analyzed.

As we have seen, the stability and location of the SRP-libration points change with the sail parameters, for this reason
we use three different reference systems to design a transfer. The first is usual CR3BP synodic frame (X, Y, Z) centered
on the Sun-Earth center of mass. The second and third ones are respectively associated with the departure and target
libration points and we denote by (z,y,2) and (z’,y’,2’) their coordinates. The three reference systems are related
by the change of variables:



X = yr4+mn =+,

Y = v+ =7 +7%,

Z = yz+v3 = 77+, (15)
X = i = 1/,

Y = vy =Y,

Z vz =~z

where (y1,72,73) and (71,7%,75) are the coordinates of the departure and target SRP libration points in the CR3BP
reference system, and v = 0.01, is a convenient scaling factor introduced to normalize the Earth-equilibrium point
distance (using this scaling factor the distance from the Earth to the SLo point in the local reference frames is
approximately one, corresponding to about 1.5 x 10% km in physical units). In Fig. 5 we schematically show the three
reference systems involved when, by means of a solar-sail maneuver, we intend to connect a LPO around SLs with
another one around SL,.

— @

my (Sun)

m, (Earth)

Y

Figure 5: Schematic representation of the three reference systems involved in the study of solar-sail maneuvers. Due
to the maneuver, the equilibrium point moves from SLs (position before the maneuver) to SL, (position after the
maneuver).

An interesting dynamical remark on solar-sail maneuvers using always these SLi centered local reference frames is
that, contrary to usual impulsive maneuvers that involve a change in velocities (known as a a Awv), the solar-sail
maneuver changes the position coordinates of the artificial equilibrium point but keeps the velocity. So it can be
assumed as a jump in position in the (lowercase) local frame, although in the usual CR3BP the orbit is continuous in
both position and velocity.

Assuming that we are departing from a Lissajous orbit by means of a trajectory on its unstable manifold, we accomplish
an heteroclinic enhanced connection by means of a solar-sail maneuver that injects us on the stable manifold of the
target one. In what follows, we study the characteristics of the these transfers considering;:

e Maneuvers that change of the cone angle « of the sail.
e Maneuvers that change of the clock angle ¢ of the sail.

e Maneuvers that change the lightness number 3 of the sail.

Dependency on the phases, ¢ and ¢2, of the departing point.

Dependency on the amplitudes of the departing Lissajous orbit.

4.1 Heteroclinic enhanced connections changing the cone angle for a fixed ¢; and ¢,

We note that to obtain such connection between two Lissajous orbits, the unstable component, A,, of the arrival one
should be equal to zero after the solar-sail maneuver. In this section, we explore the changes of the cone angle a that
fulfill this arrival condition. For all the computations that follow we keep fixed the value of the clock angle § = 7/2,
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the lightness number 8 = 0.02, the phases of the departing point ¢; = ¢ = 0, and the size of the departing orbit,
given by the normalized amplitudes A, = 1/24 and A, = 1/6.

Since the departure of the initial Lissajous orbit is done along its unstable manifold, we must set the amplitudes
Ay =0and A, # 0; we have used A, = —10~%. Fixing the values of the phases ¢; and ¢, at to = 0 we are selecting an
orbit of the unstable manifold of the Lissajous orbit, the whole manifold can be obtained varying the values of these
phases. Along the selected orbit on the unstable manifold we consider a fixed time step of At = 10™* adimensional
time units, for a maximum time interval of ¢,,,, — to = 15 adimensional time units. At each time step we consider a
potential change in the cone angle from its initial value «; to a final one ary. This means that the cone angle variation
we consider is always equal to Ao = oy — ;. Then, we compute the unstable component of the resulting trajectory
associated to the new sail parameters in order to check for the condition A}, = 0, that guarantees that we are on the
stable manifold of a Lissajous orbit. The computations are done according to the following scheme:

1. Initialize the parameters: u, oy, ay, 6, B, 1 = ¢2 =0, tog = 0, At, tymas, and the amplitudes A, and A, (from
which ones we can compute Az, A4, A5 and Ag using the relations (12)).

2. Set Ay =A,=-10"%, Ay =A,=0,and t =t, = 0.
3. Set & = a;, and compute the coordinates (71,72,73) of the equilibrium point.

4. Using the expressions given in Appendix A, compute the coefficients of the polynomial (4), and its roots: Aq,
A2, A3 4 =M £ wii, Ase = 172 £ woat.

5. Using the expressions given in Appendix C, compute the matrix H(t) and determine the state (x,y, 2, %, 9, £) at
time ¢.

6. Change «; to oy and compute the position of the new artificial equilibrium point (vf,75,75), as well as
(«',y, 2,2,y ,Z") by means of(15).

7. Since the vectorfield is autonomous, we can use (11) to get the values of the resulting amplitudes A} = A,
AL = AL, AL, Al AL, Ag after the maneuver.

8. Store the values of ¢ and the obtained unstable amplitude A;,.

9. Set t =t + At and, if t < t;44, g0 to step 5.

We have always taken an initial cone angle a; = 0, so the cone angle maneuver is Aa = oy — oy = ay.

4.1.1 Evolution of the final unstable amplitude for positive and negative cone angle maneuvers

The analysis of the results is divided into two cases: Aa = ay > 0 and Aa = ay < 0. For both cases, Fig. 6 shows
a typical evolution of A/, as a function of the maneuver time (this is the time where the value of a changes from
a; = 0 to a). In the plots of the figure, each line represents a different value of Ao = ay. The values that have been
explored are Aa € (0.01,7/2) (left plot) and Aa € (—0.01, —m/2) (right plot).

From the left plot of the figure it follows that, for any fixed value of ay > 0, there is only one value of the maneuver
time for which A/, is zero. These values will be the suitable epochs (after departure) to perform the transfer maneuver
by means of a change of the cone angle.

As an example, Fig. 7 shows the transfer connection associated to Aa = 7/4. The solar-sail maneuver is performed
after 1.9 adimensional time units after the departure from the initial Lissajous orbit (in blue). The red cross indicates
the departing point along the unstable manifold of the initial orbit, and the green cross the place of the maneuver,
from this point on the orbit follows an orbit on the stable manifold of the arrival Lissajous orbit (in black).

From the right panel of Fig. 6 we find that, when Ao = ay < 0, there are four different behaviors, according to the
number of crossings with the A}, = 0 axis of the lines associated to different a;y values. The curves A/ (ay) displayed
in the figure have zero crossings with A], = 0 when oy € (—0.22, —0.01), one crossing when oy € (—7/2,—0.51), two
crossings when ay € (—0.40, —0.23) and three crossings when oy € (—0.50, —0.41). In Fig. 8 we show one example of
each case and in Fig. 9 we show the resulting connections obtained for each case (3D (X,Y, Z) CR3BP representation

11



unstable value with maneuver time when « >0 unstable value with maneuver time when o <0
0.2 T T T T 0.2 T T T T

041

unstable value Au
unstable value Au

04 . L L L 04 . . L L
0 0.5 1 15 2 25 1) 0.5 1 15 2 25

the maneuver time the maneuver time

Figure 6: Behavior of A], vs maneuver time for Aa = oy € (0.01,7/2) (left) and for Ao = ay € (—0.01, —7/2) (right).
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Figure 7: Evolution of the final unstable amplitude A, for ay = 7/4 (top left), 3D representation and coordinate
projections of the initial (in blue) and final (in black) Lissajous orbits. The orbit plots are in the (X,Y,Z) CR3BP
reference frame, but using physical units (km).

and XY -projections using physical units in km) of the initial (in blue) and final (in black) Lissajous orbits associated
to the transfers determined for ay = —m/4 (one A}, = 0 crossing), oy = —0.35 (two A/, = 0 crossings), and ay = —0.45
(three A!, = 0 crossings).
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Figure 9: 3D representation and XY -coordinate projection for the three different cases with existing connections of

Fig 8. The departure Lissajous is represented in blue.

In the following we give some details about the behavior of the transitions between these three different situations.

1. When oy varies between —0.52 and —0.50, the number of connections goes from 1 to 3, since in this interval the
curve A} (ay) goes through a tangency with the A;, = 0 line for oy ~ —0.51. Fig. 10 shows the behavior of A,
as a function of the maneuver time for this value of ay.

2. When «; varies between —0.42 and —0.40, the number of connections goes from 3 to 2, since in this interval the
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curve A, (ay) goes through a tangency with the A, = 0 line for ay =~ —0.41.

3. When oy varies between ~0.23 and —0.20, the number of connections goes from 2 to 0, since in this interval the

curve A} (ay) goes through a tangency with the A) = 0 line for ay ~ —0.20.

Table 2 gives the values of the maneuver time and amplitudes of the Lissajous final orbits in physical units, and Fig. 10
shows the departing and final Lissajous orbits together with the transfer path that follows the unstable manifold of

the departing orbit, until the maneuver time, and the stable manifold of the final one.
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Table 2: Maneuver time and Lissajous final amplitudes of the connections close to the tangencies with A/, = 0 for
negative cone angle maneuvers.

Maneuver  Final X—amplitude Final Z—amplitude

ay  time (days) Al (10° km) A’ (108 km)
-0.51 104.2 14.8 26.78
-0.50 15.06 5.1 25.58
-0.50 23.08 2.8 26.18
-0.50 103.7 14.7 26.63
-0.41 0.39 8.15 24.94
-0.41 40.20 2.82 26.15
-0.41 98.66 13.35 25.96
-0.40 41.46 3.13 26.07
—-0.40 98.00 13.17 25.88
-0.23 68.06 7.48 24.95
-0.23 75.12 8.42 24.94
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Figure 10: Departing (blue) and final Lissajous (green, magenta, and black) orbits, together with the connecting path
in the unstable manifold of the departing orbit (before the maneuver) and in the stable manifold of the final one (after
the maneuver). The results correspond to ay € (—0.51,—0.50).
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4.1.2 Evolution of the planar and vertical amplitudes of the final Lissajous orbits for cone angle
maneuvers

We have seen how to perform a transfer from a given Lissajous orbit changing the cone angle parameter of the sail
and keeping fixed the remaining sail parameters. Next we show how the X and Z amplitudes, A/, and A’ respectively,
of the reached Lissajous orbit, as well as the epoch of the maneuver, depend on Ac«. The results obtained are given in
Fig. 12. As it has already been said, for o € (—0.22, —0.01) there is a gap associated to the fact that for these values
of a the unstable amplitude A/, does not intersect the A/, = 0 line. In the top plots we show the amplitudes, A/, A’ of
the final Lissajous orbit as a function of the cone angle maneuver A«. The bottom plot shows the value of the epoch of
the maneuver after the departure also as a function of the cone angle maneuver Aa. When Aa = oy € (—0.22,—0.01)
there are no connections since for these values A/, # 0.
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Figure 12: Final cone angle with X,Z Amplitudes and maneuver time.

4.1.3 Evolution of the maneuver time when «a; # 0

In the previous computations we have set equal to zero the value of the cone angle before the maneuver («; = 0);
when this angle changes the maneuver time also does. Next we show how this time changes when «; varies within its
range, (—7/2, m/2), keeping fixed the values of the remaining parameters: 6 = 7/2, A, =0, A, = —107%, A, = 1/24,
Az = 1/6, and ¢1 = ¢2 =0.

Figs. 13 and 14 show the results obtained when a; € (0, 7/2). Note that in the plots of both figures ay € (0, )
instead of ay € (—n/2, 7/2), so the results for ay € (7w/2, m) are, in fact, the ones for ay € (—m/2, 0). This is
because the maneuver time for ay = —7/2 coincides with the one for ay = 7/2.

As in the case o; = 0, we have also that, depending on the value of Aav = oy — o, there are 0, 1 2 or 3 possible transfer
times, giving A!, = 0 after the the maneuver. For all possible values of «; we get values of the solar-sail time maneuver
very close to zero, which means that we can perform a transfer without using the unstable orbit of the departing
Lissajous orbit. When «; > 1.087 it appears a gap in the possible values of the transfer time around t:yqns = 0.7.
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Figure 13: Maneuver time as a function of ay, for different initial cone angles o; € (0, 7/2). The applied maneuver
is Aa = oy — a.

The size of the gap increases, and for a; € (1.186, 1.189) there are no possible transfers. Transfer possibilities appear
again for o; = 1.189. From this value on, the corresponding maximum maneuver time increases until the «; equals to
m/2. Note that the range of the possible maneuver values Ao = ay — «; also varies with «;.

Finally, Fig. 15 shows the maneuver times and the final X and Z amplitudes, when both the initial and final cone
angles «; and ay vary in (—m/2,7/2). The right bottom plot of this figure is the projection on the a; — ay plane
of the three above plots. Note that this projection has three unconnected regions: the smaller region on the right is
related to the gap already mentioned for o; > 1.087, the other two regions correspond to ay < «a; (lower region), and
ay > oy (upper region).

4.2 Heteroclinic enhanced connections when varying the cone angle and the phases ¢,
and ¢,

In the previous section we studied connections associated to changes of the cone angle for initial phases ¢1 = ¢o = 0,
which means that only one orbit of the unstable manifold of the departing Lissajous orbit is considered. Next we allow
variations in both phases in order to explore the full unstable manifold of the Lissajous orbit, enlarging this way the
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Figure 14: Maneuver time as a function of ay, for different initial cone angles o; € (—m/2, 0).
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Figure 15: Maneuver times, and final X and Z amplitudes as a function of the initial and final cone angles a; and a.

transfer possibilities.

As in the preceding section, for all the explorations that follow we fix the initial and final values of the clock angle
0 = 7/2, as well as the size of the departing orbit, given by the amplitudes A, = 1/24 and A, = 1/6 in normalized
units.
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4.2.1 Evolution of the final Lissajous parameters with respect to ¢; and ¢,

With the above mentioned parameters, together with a; = 0, oy = /4, keeping fixed ¢o = 0, and varying ¢ €
(—=m/2, 3mw/2), for each value of ¢; there is only one possible connection. Fig. 16 shows the values of the maneuver
time as well as the X and Z amplitudes of the final Lissajous orbit reached with the solar-sail maneuver.
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Figure 16: Maneuver times and final X and Z amplitudes, when ¢ € (—7/2, 37/2) and ¢ = 0.

If instead of keeping fixed ¢o = 0 we fix ¢1 = 0 and vary ¢ € (—7/2, 37/2), for each value of ¢ there is only one
possible connection when, as before, a; = 0 and ay = 7/4. Fig 17 shows the maneuver times as well as the X and
Z amplitudes of the final Lissajous orbit reached with the solar-sail maneuver. Clearly in this case, the variation of
¢2 does not affect the maneuver time and the final X —amplitude; only the Z—amplitude of the final Lissajous orbits

varies.
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Figure 17: Maneuver times and final X and Z amplitudes, when ¢1 =0 and ¢ € (—7/2, 37/2).

When the condition ay = 7/4 is removed, allowing ay to vary in (—n/2, 7/2), Figs. 18 and 19 show the values of the
maneuver time, as well as the X and Z amplitudes of the final Lissajous orbit, for ¢; € (—7/2, 37/2), ¢2 = 0 and
¢1 =0, g2 € (—7/2, 37/2), respectively. Each transfer corresponds to different values of (cy, ¢1) in the first figure,
and of (ay, ¢2) in the second one. Fig. 19 shows that the variations of ¢ only modify the final Z amplitude, not

affecting the maneuver time and the final X amplitude.
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It is worth to remark that, due to the symmetry of the solutions with respect to the z = 0 plane, the same final
Lissajous orbit can be reached departing from two different points of the initial one, by changing only the value of
the phase ¢ into ¢o + 7, and in fact, the two transfer times are also the same. Fig. 20 shows the two connections
obtained when departing from a Lissajous orbit with A, =1/24, A, = 1/6, ¢1 = 0 and ¢ values ¢ = 0, ¢o = 7. For
both connections we keep § = 7/2, maneuvering in « from 0 to 7/4 after, approximately, 1.9 adimensional time units.

Z (Km)

Figure 20: Connections towards the same final orbit changing only the initial value of the second phase: ¢ = 0 and

g = .

4.3 Heteroclinic enhanced connections varying the clock angle for fixed ¢; and ¢,
4.3.1 Evolution of the final unstable amplitude for clock angle maneuvers

In this section we study connections between Lissajous orbits by means of changing the clock angle ¢ for different
fixed values of «;. As in the preceding section, we keep fixed the value of the lightness number g = 0.02, and the size
of the departing orbit, given by the amplitudes A, = 1/24, and A, = 1/6 in adimensional units.

Again, during the adimensional time interval [0, 15] we explore the leg of the unstable manifold of the departing orbit
taking A, = —107%, A, = 0, and starting phases at t = 0: ¢; = ¢ = 0. Along the states of this orbit we consider
a potential change of the initial clock angle ; = /2 into a fixed final value 65 € (—n/2, 37/2), so the maneuver is
given by Ad = §y — 9; € (—m, m). Then we compute the unstable component of the resulting state, associated to
the new sail parameters, looking for the connection condition A/, = 0. The resulting unstable amplitude curves A (t)
depend on the value of «;, and for a; = —0.45, —0.78, +0.78 are given in Fig. 21.

unstable value with maneuver time when a, = -0.45, 6, & (-7/2,37/2) unstable value with maneuver time when a, =-0.78, 6, € (-7/2,37/2) unstable value with maneuver time when o, = 0.78, 5, € (-7/2,31/2)

unstable value Au
unstable value Au
unstable value Au

10 20 30 40 5 60 70 80 90 100 10 20 3 40 50 6 70 8 9 10 10 20 3 40 5 6 70 8 90 100
the maneuver time (Days) the maneuver time (Days) the maneuver time (Days)

Figure 21: Behavior of A/, vs maneuver time for oy = —0.45,—0.78 and 0.78, and §; € (—n/2,37/2).

Each curve in Fig. 21 corresponds to a different value of §; € (—n/2,37/2). It follows that if a;; = —0.45, there are
three different behaviors, according to the number of crossings of the A/, = 0 axis of the lines associated to different 5
values. This number can be one if 65 € (—7/2,0.91) and §; € (2.33,37/2), two when d; € (1.94,2.19), or three when
dr €(0.92,1.93) and 05 € (2.20,2.34). For the other two values of a;, there are no transfer possibilities, since there
are no crossings with the A} = 0 line. Fig. 22 shows the three amplitude curves A (t) for 6 = 0 (only one A}, =0
crossing), 6y = 1.6 (three A/, = 0 crossings), and d; = 2 (two A/, = 0 crossings), and Fig. 23 shows the initial, transfer
and final orbits obtained for each case.
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Figure 22: Behavior of the unstable amplitude curves A/, (t) for a; =
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Next we explore four different cases, according to the value of oy, that, as we have seen can produce one, two, or three
different connections. Fig. 24 shows the results obtained for o; = /4, —0.35, —0.45, and —7/4 = —0.7854 (with
Aa = a5 —a; =0). For all the computations ¢; = m/2 is fixed, and d; varies in (—n/2, 37/2).
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Figure 23: The left, central, and right columns correspond to ¢y = 0 (one A, = 0 crossing), d; = 2 (two A}, =0
crossings), and 0y = 1.6 (three A/, = 0 crossings), respectively.
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From the plots in the top and bottom rows of Fig. 24, corresponding to «; = w/4 and «; = —7/4, we can conclude
that changing the d; value does not affect the number of crossing with the A! = 0 axis. The two middle rows,
corresponding to «; = —0.35, and «; = —0.45, correspond to parameter values for which there are one, two or
three transfer possibilities when 0y € (—7/2,37/2). Next we give some detailed results about these transitions when
a; = —0.45, which are summarized in Table 3. This table shows the the values of the maneuver time and amplitudes
of the Lissajous final orbits before and after the tangency.
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Figure 24: Behavior of the maneuver time, the A/, A, amplitudes as a function of § maneuvers. The results correspond
to ay = w/4, —0.35, —0.45 and —7 /4.

1. When d; varies between 0.91 and 0.92, the number of transfers goes from 1 to 3, since in this interval the curve
A, (07) goes through a tangency with the A/, = 0 line for §; =~ 0.905. Fig. 25 shows the behavior of A, as a
function of the maneuver time for this value of d;.

2. When §; varies between 1.94 and 1.95, the number of transfers goes from 3 to 2, since in this interval the curve
Al (d5) goes through a tangency with the A], = 0 line for 65 ~ 1.94.
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3. When §; varies between 2.19 and 2.20, the number of transfers goes from 2 to 3, since in this interval the curve
Al (6¢) goes through a tangency with the A! = 0 line for §; ~ 2.20.

4. When d; varies between 2.31 and 2.32, the number of transfers goes from 3 to 1, since in this interval the curve
Al (ay) goes through a tangency with the A!, = 0 line for §; ~ 2.32.

N
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X (Km) w0®

¥ (km) X (Km) 5105 151 15035 1509 15085 1508 15075 1507
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108

s
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Figure 25: Departing (blue) and final Lissajous (green, magenta, and black) orbits.

Fig. 25 shows the departing (blue) and final Lissajous (green, magenta, and black) orbits, together with the transfer
path that follows the unstable manifold of the departing orbit, until the maneuver time, and the stable manifold of the
final one. The first row corresponds to the transition §; € (0.91,0.92), the second row corresponds to the transition
d; € (1.94,1.95), the third row corresponds to the transition d; € (2.19,2.20), and fourth row corresponds to the
transition d; € (2.31,2.32).

If we allow «; to vary in (—n/2,7/2) and §y € (—m/2,37/2) while keeping 0; = 7/2 and ¢1 = ¢ = 0, Fig. 26
shows the values of the maneuver time and the X and Z amplitudes, when a; € (—7/2,7/2), 6; € (—n/2,37/2),
and ¢1 = ¢ = 0 in the top line. The bottom line shows the projection of the three surfaces on a coordinate plane:
ag-maneuver time, oy — X amplitude, and ay — Z amplitude.

In the preceding computations we have always set the value of the clock angle before the maneuver, §;, equal to 7/2.
When this angle changes the maneuver time also does.

Fig. 27 shows the values of the maneuver time and the X and Z amplitudes, when both the initial §; and final s
vary in € (—n/2,3m/2), keeping fixed the values of the remaining parameters: a; = 0, ay = —0.45, 4, = —1074,
A, =1/24, A, = 1/6, and ¢1 = ¢ = 0. The bottom line the figure shows the projection of the three surfaces on
a coordinate plane: Jy-maneuver time, d;-X amplitude, and 6¢-Z amplitude. Comparing the bottom line in Fig. 27
and Fig. 24, we can conclude that §; does not affect the maneuver time and the final X and Z amplitudes.
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Table 3: Maneuver time and Lissajous final amplitudes of the transfers close to the tangencies with A, = 0 for clock
angle maneuvers.

Tangency Maneuver  Final X-amplitude Final Z-amplitude
transition ~ d;  time (days) A, (106 km) A, (10° km)
0.91 101.7 5.42 36.37
1—3 0.92 30.2 3.22 24.85
0.92 32.5 3.43 23.92
0.92 101.7 5.54 36.41
1.94 0.0009 9.05 7.67
1.94 26.3 5.22 16.37
3—=2 1.94 100.1 14.68 8.29
1.95 26.0 5.27 16.16
1.95 100.0 14.65 8.32
2.19 68.1 7.48 24.95
2.19 75.1 8.42 24.94
23 2.20 0.003 8.21 5.83
2.20 16.4 6.12 11.20
2.20 99.2 14.17 9.92
2.31 3.59 7.41 6.69
3—1 2.31 8.4 6.81 8.20
2.31 98.8 14.02 10.62
2.32 98.8 14.00 10.68
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Figure 26: The values of the maneuver time and the X and Z amplitudes, when oy € (—7/2,7/2), §; € (—n/2,37/2),
and ¢1 = QZ52 =0.

27



(km)
kmy

Final Lissajous X Amplitude
o

Final Lissajous Z Amplitude

>0

&8
s

g

(Km)

g

maneuver time
2

Final Lissajous X Amplitude

Final Lissajous Z Amplitude {Km)

8
oo

0
°
~
©
e
o
~
@

Figure 27: Maneuver times and final X and Z amplitudes, when ay=-0.45, §; € (—n/2, 37/2) and 0 € (—7/2, 37/2).

4.4 Heteroclinic enhanced connections varying of the clock angle and phases ¢; and ¢,

In the previous section we studied transfers associated to changes of the clock angle d¢ for fixed phases ¢1 = ¢2 = 0.
Now we allow variations in both phases, which means that we consider different orbits of the unstable manifold of the
departing Lissajous orbits.

As in the preceding section, for all the explorations that follow, we fix the initial and final values of the cone angle
a; =0, ay = /4, as well as the size of the departing orbit, given by the amplitudes A, =1/24 and A, = 1/6.

For the Fig. 28, In the first and third lines, values of the maneuver time and the X and Z amplitudes, when ¢; €
(—7/2,31/2), ¢o = 0 (first line), and ¢ = 0, ¢2 € (—m/2,37/2) (third line). In both cases éy € (—n/2,37/2).
The second and forth lines show the projection of the surfaces on the coordinate planes: dy-maneuver time, 6p-X
amplitude, and d¢-Z amplitude, respectively.

4.5 Heteroclinic enhanced connections varying the cone angle for different values of
the reflectivity parameter

In this section, we consider the influence of variations of the 8 parameter when it varies in (0.01,0.1). The initial and
final cone and clock angles are: o; =0, ay = 7/4, §; = 6y = w/2. As in the preceding sections, the amplitudes of the
Lissajous orbit are: A, =1/24 and A, = 1/6.

Fig. 29 shows the values of the maneuver time and the X and Z amplitudes, when §; = 0 and Sy € (0.01,0.1). The
top line correspond to use as transfer orbit the one of the unstable manifold departing from ¢; = ¢2 = 0, and the
bottom line when ¢; € (—7/2,37/2), ¢2 € (—7/2,37/2). Fig. 30 displays 3D representation and XY coordinate
projection of two transfers performed changing the cone angle from «; = 0 to oy = 7/4, for two different values of the
3 parameter. Both departing Lissajous orbits have the same amplitudes 4, = —107% A, =0, A, = 1/24, A, = 1/4,,
but two different S values 5 = 0.02 (in blue), and 8 = 0.1 (in red).
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Figure 28: Values of the maneuver time and the final X and Z amplitudes, as function of ¢1, ¢2 and dy.

5 Libration point exclusion zone avoidance

For orbits around L; in the Sun-Earth system there is region around the solar disk, as seen from the Earth, that has
to be avoided in order that the data coming from the spacecraft be not hidden by the electromagnetic radiation of the
Sun. This exclusion zone is, approximately, of three degrees about the solar disc as seen from the Earth. Something
similar happens for orbits around the Lo point of the same system, where the spacecraft must avoid the regions eclipsed
by the Earth or, eventually, some bright regions of the sky. In most of these cases the exclusion zone is a disk in
the y-z plane centered along the z-axis. This is the situation considered in this paper, so the exclusion zone, in the
configuration space, is defined by
y> + 2% < R?,
with R = 90000 km (see [26] and references herein).

Figure 31 shows the 3-D view of two exclusion disks of a Lissajous orbit (left) around the Sun-Earth Lo point with
A, = 1/24 and A, = 1/6, and its representation using the EPP (right). In this example the disks represent the
eclipsed regions by the Earth. The value of the two frequencies w; and ws associated to this orbit are w; = 2.571904
and wy = 2.51130744, so the slope of the lines in the EPP representation of the Lissajous orbit is we /wy = 0.976439019.
If the length of the mission in a Lissajous orbit is long enough, since the slope of the orbits in the EPP (ws/wq) is
close to one, the satellite will irremediable cross the exclusion zone, so some maneuvers must be foreseen to avoid it.
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Figure 31: 3-D view of two exclusion disks of a Lissajous orbit (left) and its representation using the EPP (right).
More details about this representation can be found in [26].

When the solar sail parameters vary the equilibrium points also do, so, in many cases they are no longer aligned
with the Sun-Earth direction. As a consequence, after a solar sail maneuver the exclusion zone of the Lissajous orbit
changes and, eventually, it can disappear. As an example, consider a transfer maneuver, departing from the Lissajous
orbit with A, = 1/24 and A, = 1/6, associated to a change of the cone angle from «; = 0 to ay = —0.45, with the
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value of the clock angle fixed to 6 = w/2. Fig. 32 shows the value of the maneuver time as function of ¢; € (—m, ).
Recall that in this case the value of ¢ does not affect the maneuver time and amplitude of the final Lissajous orbit.

120
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o (=]
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Figure 32: Possible maneuver times as a function of ¢; € (—m, 7).

From Fig. 32 it follows that, depending on the value of ¢; there is one ¢; € (—m,—1.48) and € (1.48,7), two
¢1 € (0.21,1.48) or three ¢ € (—1.48,0.21) transfer possibilities. For ¢1 = 0, ¢2 = 0, Fig. 33 shows the x —y projection
and EPP representation of the departing and arrival Lissajous orbits associated to a connection accomplished with just
a variation of the cone angle from «; = 0 to &y = —0.45. The departing point of the unstable manifold corresponding
to ¢1 = 0, ¢ = 0 allows three connections at three different epochs, as is shown in Fig. 32. With the first maneuver,
the exclusion zone is reached after 105.8 days, and with the third after 935.3 days. Note that with the second maneuver
the exclusion zone disappeared. Two dashed parallel lines in the upper left plot represent the exclusion zone. As is
clear from the plots, in some cases the forbidden zone of the target orbit is larger than the one of the departing
Lissajous, in other cases, because the libration point has moved and the target orbit has reduced its amplitude, the
forbidden zone disappears.

As we have already said, for any transfer the variation of the value of ¢ does not change either the target orbit and
the maneuver time, but it changes the orbit of the unstable manifold used for the connection. This means that it may
happen that once the final orbit is reached, it can take a long time before the exclusion zone is reached. This is what is
shown in Fig. 35, the EPP representation of the departing and arrival Lissajous orbits and exclusion zones associated
to connections performed just with a variation of the cone angle from a; = 0 to ay = —0.45. The departing point of
the unstable manifold corresponds to ¢; = 0 and, from top to bottom, ¢o = 7/4, 7/2, 7w, 37/2 and 77 /4.

In the Fig. 34, we show an example of an exclusion zone avoidance maneuver with the parameters: a; = 0,0y =
—0.45,0;, = 6y = m/2,¢1 = 0,¢2 = 1. The left figure shows the trajectory from the initial Lissajous orbits (in blue)
to the final Lissajous orbits (in black), the red arcs represent exclusion zones. The right figure is the associated EPP
representation. The departure is at the point with coordinates (0,1) in the y-axis, which moves along the lines with
slope wa /w1 = 0.976 until it reaches a blue region, which are the exclusion zones; then cone angle is changed to
ay = —0.45, that corresponds to a jump in the EPP, and the new exclusion zones are the red ones. The new orbit
needs about 861 days to reach (tangently) the red area.

6 Conclusion

This paper investigates heteroclinic enhanced connections between libration point orbits using solar sailing. They can
be seen as transfer trajectories continuous in both position and velocity in a changing vectorfield, with many potential
applications including libration point exclusion avoidance. The dynamical model considered is the CR3BP including
the solar radiation pressure, and the key point for the analysis is the representation of the solutions of the linearized
system about the artificial equilibrium points, that change position according to the sail attitude and its reflective
properties.

The invariant manifolds of libration point orbits are considered for the obtaintion of transfer trajectories joining Lis-
sajous orbits in the Sun-Earth system, and the transfer maneuvers are performed by changing the angular parameters;
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Figure 33: = — y projection and EPP representation of the departing and arrival Lissajous orbits associated to a
connection obtained just changing the cone angle from o; = 0 to ay = —0.45 at three different epochs, in order to
avoid the exclusion zone. Exclusion zones of the departure Lissajous are plotted in blue while the ones of the arrival
orbit are in red.
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Figure 34: An example of an exclusion zone avoidance maneuver.

the so called cone and clock angles, that determine the orientation of the sail with respect to the Sun, as well as
phases, reflectivity parameter and initial amplitudes.

The connections considered correspond to:

1. Select one orbit of the unstable manifold of the departing Lissajous orbit, and to explore the different transfer
possibilities associated to transfer maneuvers done by means of cone and clock angle variations and, for a fixed
cone (or clock) angle variation, to different epochs at which the solar-sail maneuver is performed.

2. Consider all the orbits of the unstable manifold of the departing Lissajous orbit, and to explore the different
connection possibilities associated to the cone and clock angles solar-sail maneuvers departing from a fixed cone
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Figure 35: EPP representation of the departing and arrival Lissajous orbits.
angle value.
3. Apart from the above parameters, the paper considers the reflectivity parameter 5 and initial X and Z amplitudes

(Aui, A.i) that impact the solar-sail maneuvers and final Lissajous orbits amplitude.

In all cases the results obtained include a description of the size of the final Lissajous orbit together with the epoch
at which the solar-sail maneuver has to be performed (i.e. the transfer time).
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Appendix A

Values of the coefficients a; , b;, and ¢;, for i =0, ..., 3, that appear in the linearized equations of motion (2). It must
be noted that the values of ag, by and ¢y are zero at the equilibrium points, so they do not appear in the differential

equations.
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7 Dy YDy DiDg D? D? Dy
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B DT P D5 73D} D3 D?

+C1(E3B? — 1)sinacos § — By Ey Ay Dy sin asin 5),
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1—pCy w Cy  B(1—p)cos®a 5 .
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Appendix B

Values of the coefficients k; and k;, for i = 1,...,6, that appear in the final form of the solution (8).

where

S Q

ol Ql W o E QY

T Ql

24— A2 _
- . (cs ;l- ap)A\j +aicz — azc Cfor i=1,2,
2)‘1‘ + ag/\i — 2¢3\; — ascs + ascs

AC + BD AD — BC
W= mypr M= Gmipr
EG+FH FG—-FEFH
o= orme MT Tarm

— Cg)\;1 + 261)\? + (a261 — CoC3 — CL162)>\12 — 2¢1e3\; + ajcacs — ascics

i = ) fi L =1,2,
2X2 + ag A} — 4eg A3 + (asea — 2a203) A7 4 263\ + a2c3 — agcacs or v
— AC+BD — AD-BC
e = Sl R o=
C2+D? C24+ D2
— HF+FEG — FH-FG
k’5 = —_— =4 k6 - — — .
G2+H? G2+H?

deomiwy + (6c1 — 4ea)mwy — 21w — (2a1¢o — 2as¢y + 2coc3)niwy — 2¢1 3w,
cany — 6eomiw? + cowt + 2c1m; — 6ermwi — (arca — aser + cacs)ni + (arca — azer + cacs)wi
—2cie3m1 + ajcacz — asceics,
10771w1 — 20n1w1 + 2w1 + 4a2771w1 — 4a2771w1 — 1203771w1 + 403w1 (dages — 2ages)mwy + 2c§w1,
205 — 20m3w? + 10mwi + asnt — 6agniw? + asw + 12e3mw? — (4es + 2a9c3 — asca)n?
+(2ag9c3 — azco)wi + 231 + asci — azcacs,
477%0.)2 — 4nows — (2a1 + 2¢3)M2wW2,
Tl — 6m3ws +wy — (a1 + c3)n3 + (a1 + c3)ws + arcs — agey,
2comows + 2c1wo,
Catly — Cows + 2¢11 — a1cy + agey,
—deanBuwy 4 (dey — 6¢1)mw? — 2c1w + (2a1¢2 — 2a0¢; + 2cp¢3)Mwy + 21 c3w,
cant — 6can?w? + cowt + 2e1mF — 6ermw? — (arco — asey + cac3)n? + (a1caagcr + cocs)w?
—2c1c3Mm1 + ajcacs — ascycs,
10n}w; — 2003w + 2w? + 4a2n‘;’w1 — daymw? — 120377fw1 + 4esw? — (dages — 2apc3)nwy + 2caw1,
207 — 20n3w? + 10mw! + aznt — 6a2n1w1 + agwi + 12c3mw? — (4ez + 2a0cs — azez)n?
+(2azc3 — aszco)w? + 203771 + agc3 — ascacy,
677§w2 — QwS + 2agmows — 2c3w2,
277;3 — 6n2w§ + agng — agwg — 2¢c3n2 — agcs3 + asca,
2¢comowr + 2c1wa,

2 2
Cany — Cowsy + 2¢1m2 — ajca + ascey.
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Appendix C

Components of the matrix H = (h;;) appearing in the transformation (9).

hir = eAltv

hi2 = €>\2t7

his = eMtcoswit,

his = eMlsinwit,

h15 = ant(Eg, cos wat + Eﬁ sin WQt),

hig = €™ (kssinwst — kg coswst),

hor = ki,

hoy = ke,

hoz = €M (k3coswit + kysinwt),

hos = €M (kssinwit — kycoswit),

has = €™ (ks coswat + ke sinwat),

hos = €™ (kssinwyt — kg coswat),

h31 = El €Alt,

hgs = koe?t,

hzz = €™ (k3coswit + kysinwit),

h34 = e’“t(Eg sin wlt — E4 COS wlt),

hss = €™!coswat,

hsg = e™'sinwst,

ha = et

his = Age™?t

has = me™tcoswit —wie™!sinwt,

hay = meTtsinwit +wie™ coswit,

hys = m2e™'ks coswat — woe™' ks sinwat 4 9™ kg sin wot + wee™ kg cos wot,
has = n2e™'kssinwat + woe™ ks coswat — n2e™ kg cos wat + wae™! kg sin wot,
hs1 = ki >\1€)\1t7

hsy = Aokpe™!,

hss = meMtkscoswit —wie™kgsinwit + nie™kysinwit + wie™ky coswit,
h54 = Th@nltkg Sin wlt =+ wlemtkg COS wlt — nlenltk4 COS wlt + wle’“tk4 sin w1t7
hss = n2e™'ks coswat — woe™ ks sin wot + noe kg sin wot 4 wee™' kg cos wat,
hse = n2e™kssinwat + woe™ ks coswat — nae kg cos wat + wae™! kg sin wot,
hei = ke,

hez = kaloe™?,

hes = me™'kscoswit —wie™ ks sinwit +mre™ kg sinwit + we”ky coswit,
hes = meMtkssinwit +wie ks coswit — nie™ ky coswit + wie™ ky sinwit,
hes = mn2e™!coswot — wre™! sinwyt,

hes = ngemt sin wot + CUQenzt cos wat.

Note that h41, h41,...,hes are the time derivatives of hy1, hi1,...,h36, respectively.
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