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Abstract

This article investigates the three-dimensional globally modified Navier-Stokes equations with
unbounded variable delays. Firstly, we prove the global well-posedness of the solutions, and give the
existence of the pullback attractor for the associated process. Then, we construct a family of invariant
Borel probability measures, which is supported by the pullback attractor.
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1 Introduction

In this article, we study the following three-dimensional (3D) system of globally modified Navier-
Stokes (GMNS for short) equations with unbounded variable delays

f;t‘_ vAu+ Fy(|lullv)[(u- V)u]+ Vp= f(z,t)+ g(t,u(t — p(t))) in(7,+00) x Q,

V-u=0 in (7, 4+00) x €, (1.1)
u=20 on (1, +00) x 09,
u(t+s,z) = ¢(s,x) in (—o0,0] x Q,

where the unknown functions u = u(z,t) and p = p(z,t) denote, respectively, the velocity field of the
fluid and the pressure, the positive constant v is the viscosity coefficient, f(x,t) is the density of the
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volume forces, g is the external force affected by memory during the time range (—co, 7], p : R — R*
is a delay function satisfying p € L{° (R) and ¢ is the initial datum on the interval (—oo,0]. Here

|ullv = [IVul(z2(q))s and the function Fy (-) : (0, +00) = (0,1] is defined as
Fn(r) :=min{1, N/r}, r € (0,+00),

where N is a positive integer. In addition, Q C R? is an open bounded set with smooth boundary 9.

The GMNS equations with g = 0 (that is without delays) was firstly formulated in [5]. It is one
kind of global modifications of the Navier-Stokes (NS for short) equations with the modifying factor
Fy(||ully) depending on the (L?(£2))3-norm of Vu. This modification brings some good properties to
the solutions: global existence, uniqueness and regularity. The GMNS equations are useful in obtaining
some new results for the 3D NS equations. For instance, it was used in [5] to establish the existence
of bounded entire weak solutions for the 3D NS equations, and in [19], the authors applied it to show
weak compactness and weak connectedness of the attainability set of the weak solutions of the 3D NS
equations satisfying an energy inequality. At the same time, It was proved in [5, 29] that the solutions
of the GMNS equations converge to those of the 3D NS equations in some proper sense. Therefore, the
GMNS equations (1.1) with g = 0 can be regarded as an approximation to the 3D NS equations.

The GMNS equations (1.1) with ¢ = 0 have been extensively studied. For example, one can see
[5,6,12,17,33] for the existence and uniqueness of the weak and strong solutions, [8, 18,24, 37] for
invariant measure and statistical solutions, [39] for the existence of trajectory attractor and trajectory
statistical solutions. However, the real world is inundated with many situations in which the model
is better described with some terms containing delays appearing in the equations. These delays may
appear, for instance, when the current behavior is influenced by its previous states, or one wants to
control the system by imposing an external force which depends upon both the present state and the
history of the solutions. The delayed partial differential equations are usually used to describe these
delayed phenomena.

Nowadays, delayed partial differential equations have drawn much attention and have been exten-
sively studied. For example, the existence and asymptotic behaviors of solutions for the NS equations
with finite delays were investigated in [2—4, 14,25]; the existence of pullback attractors for the NS equa-
tions with finite or infinite delays was studied in [7, 16,21, 28]. Some known references concerning the
delayed 3D GMNS equations are summarized as:
1° Finite delays: the existence, uniqueness and global asymptotic exponentially stability of the sta-
tionary solution, as well as the convergence of solutions to those of the NS equations were established
in [29,30].
2° Infinite delays: the well-posedness and global exponential decay of the solutions to the stationary
solution, as well as the existence of pullback attractor were investigated in [26,27].
3° Bounded variable delays: the existence and uniqueness of solutions, as well as the existence of
pullback attractors were proved in [9,31].

However, up to our knowledge, there is no reference concerning the 3D GMNS equations with unbound-
ed variable delays.

The motivation of this article is to investigate the existence of invariant Borel probability measures
for the 3D GMNS equations with unbounded variable delays. The invariant measures and statistical



solutions have played a significant role and developed into a crucial tool in the research of turbulence
(see Foias et al. [13]) in recent decades. This is mainly due to the fact that some time-average quantities
essentially measure several important aspects of turbulent flows. The invariant measures and statisti-
cal properties of dissipative systems were studied by a number of researchers after that. For instance,
Wang considered the upper semi-continuity of stationary statistical properties for dissipative systems
in [36]. Lukaszewicz, Real and Robinson in [23] constructed the invariant measures for general continu-
ous dynamical systems on metric spaces by using the generalized Banach limit. For a much wider class
of dissipative semigroups, Chekroun and Glatt-Holtz [11] also applied the generalized Banach limit to
constructing the invariant measures, but they generalized and simplified the proofs of [23] and [36].

Recently, a series of works developed some techniques to provide a construction of invariant mea-
sures for non-autonomous systems with minimal assumptions on the underlying dynamical process (see
Foias et al. [13], Wang [36] and Lukaszewicz et al. [22-24]). Nowadays, these theories have been em-
ployed to establish invariant measures for some evolution equations, see e.g. [20, 32, 37, 44] and the
references therein. However, as far as we know, there is no reference investigating the invariant measures
for delayed evolution equations.

The main result of the current article is the existence of invariant Borel probability measures for the
3D GMNS equations with unbounded variable delays. We will use the abstract theory for dissipative
non-autonomous system in [24, Theorem 3.1]. To this end, we shall prove that the solution operators
associated to the problem (1.1) generate a continuous process {U (¢, 7)};>r in the phase space C,(H)
(see notation in Section 2) and

(1) the process {U (¢, T) }+> is pullback strongly bounded in C (H);

(2) the process {U (t, ) }+>- is pullback asymptotically compact in C(H );

(3) for each given t, € R and ¢, € C,(H), the C,(H )-valued function 7 — U (., )¢, is continuous
and bounded on (—o0, t] (this is called 7-continuity of the process {U (¢, T) }1>+).

We first use a Galerkin approximation argument, and some a priori estimates, to prove the global
well-posedness of the solutions to the problem (1.1). Also we do some estimates of the solutions to
obtain the existence of strongly bounded pullback absorbing sets. Secondly we apply the Ascoli-Arzela
type theorem ( [1]) to establish the pullback asymptotic compactness of the process {U (¢, 7)}¢>,. This
is prompted by the delay appearing in the equations. Since the problem discussed contains unbounded
variable delays, it seems suitable for us to choose C-, (H) as the phase space. It has been shown that the
Ascoli-Arzela theorem is a powerful tool to investigate the compactness of subsets of C.,(H ). Thirdly,
for each given ¢, € R and ¢, € C,(H), the continuity of the C,(H )-valued function 7 — U (t, 7).
on (—oo,t] is not a clear fact (see Lemma 4.4 and the auxiliary lemmas). There are some essential
differences between the autonomous dynamical system and non-autonomous one, say the continuous
dependence of the dynamical system on their parameters. Even if we have known that the C, (H)-
valued function ¢ — U (t, 7)¢, is continuous on R for every given 7 and ¢, € C,(H), the convergence
|U(ts, T)px — ¢«|ly — 0 as 7 — ¢ may still depend on 7 itself. In fact, when 7 — 7, U(ts, 7)o
also changes with different initial times 7. This is caused naturally by the non-autonomous and delayed
phenomena. We will take advantage of the structure of the GMNS equations to prove the 7-continuity of
the process {U (¢, 7) }t>r.

This article is organized as follows. In the next section, we first introduce some notations and oper-



ators, and then prove the global well-posedness of solutions to the problem (1.1). Section 3 is devoted
to the proof of the existence of pullback attractors. In Section 4, we first prove the 7-continuity of the
process and then construct a family of invariant Borel probability measures which is supported by the
pullback attractors. We end the article with conclusions and remarks in Section 5.

2 Global well-posedness of solutions

In this section, we first introduce some notations and operators. Then we prove the global well-
posedness of the problem (1.1).
In this article, we use the following notations:
L?(Q) = (L*(€))~the 3D Lebesgue space with norm || - |20y = || -
H' (€2) = the 3D Sobolev space {¢ € L?(Q)|V¢ € L?(Q)} with norm ||V - [|p.2(0;
H§(Q) = closure of (C5°(£2))? in H(Q2) with norm || - a1 ()3
V= {6 € (CFQ)IV-6 =0}
H = closure of V in L?(£2) with norm || - || and inner product (-, -);
V = closure of V in H'(Q) with norm || - [l = [V - [|L2(;
V'’ = dual space of V' with norm || - ||y+; (-, -) — the dual pairing between V and V’;

In addition, we will use the notation a < b to mean that a < ¢b for a universal constant ¢ > 0 that only
depends on the parameters coming from the problem and will not result in confusion.

For short, we will write the problem (1.1) in a functional form. To this end, we introduce some
classical operators which are usually used to handle the 3D incompressible NS and GMNS equations. At
the same time, we will select some known estimates and properties (see e.g. [35]) of these operators.

We first consider the operator A : V' — V' defined as

(Au,v) = (Vu,Vv), Yu, v eV,

where D(A) = H2(2) NV and H2(Q) = {¢ € H'(Q)|A¢ € L?(Q)}. In fact, for each u € D(A),
Au = —PAu, and hence A is the Stokes operator, where P is the Leray-Helmholtz projection from
L2(€2) onto H.

Secondly, we define a trilinear form b(-, -, -) as follows,

b(u, v, w) z:/uZa ~w;dz,  Vu, v, w € HY(Q).
i,j=1

Notice that V is a closed subspace of HJ(€2). One can check that b(u, v, w) is continuouson V x V x V/,
and b(u, v, w) = —b(u,w,v), b(u,v,v) =0, Yu, v, w € V. Foreach u, v € V,

(B(u,v),w) = b(u, v,w), YweV,

defines a continuous function B(u,v) on V' x V. At the same time, we have (cf. [35])

1b(u, v, w) || Slulli/ | Aull 2 ollv|lwll, Yue D(A),veV,weH 2.1)
16(u, v, w) || Sllullv lollvlwll/ w2, Yu, v, we V. 2.2)



We further set

bN(U,U,U}) :FN(H’U”V)b(U,’U,’w), \V/U,U,’LU € V>
(Bn(u,v),w) =by(u,v,w), Yu,v,we V.

Then by (u, v, w) is linear in v and w, but not linear in v. However, we still have (see [33])

by (u,v,v) =0, Yu,v €V, (2.3)
‘bN(uvv7w)‘ SNHUHVHwHVv Vu, v, w €'V, (2.4)
|bn (u, v, w)| SN||Aul|||w|, Yue€ D(A),veV,we H. (2.5)

Furthermore, for every u, v € V and each N > 0,
0 <[lullvEn([lullv) < N, (2.6)
1
[En(llullv) = En(llvllv)] < 5 En(llellv) E(lvliv)lle = ollv. 2.7

To formulate the problem (1.1) in a proper manner, we require that the functions p(t), f(z,t) and
g(t,u(t — p(t))) in (1.1) satisfy some natural hypotheses.

(H1) Suppose that the function p : R — R belongs to L (R) and f(t,x) € L% _(R;L%(2)). Also
assume that g : R x H — H satisfies

(gl) for everyu € H, the mapping R > t — g(t,u) is measurable;
(g2) g(t,0) =0forallt € R;

(g3) there exists a positive constant vy and a nonnegative function Ly : R — R such that

L,()e0 € L (R) and |g(t,w) — g(t.0)|| < Ly(®)u—v], Vi€ RVuve H. (28)

Remark 2.1. In Remark 3.1 we will give a concrete example to show the existence of the functions p(t),
f(t,x), g(t,u), Ly(t) and the constant ~y that satisfy our assumption (H1). In the sequel, the constant -y
is from (g3).

In order to deal with the unbounded variable delays, we consider the space

€y (H) = { € C((~00,0): H) :sup ™[ o(s)]| < +00,3 lim_7*6(s) € H.

with the norm ||¢||, := supe”®||¢(s)|. Then (Cy(H),|| - ||5) is a Banach space. In addition, for each
s<0
7 € R we denote conventionally u.(s) = u(7 + s) with s € (—o0, 0].

We now specify the definition of weak solution to the problem (1.1).
Definition 2.1. Let 7 € R and ¢ € C(H) be given. If for all T > T, a function u € C((—o0,T], H) N
L%(7,T; V) with u, = ¢ satisfies
du(t)
dt

in the sense of distribution D' (1, +00; V'), then we call u a weak solution of the problem (1.1) corre-

+vAu(t) + By (u(t), ut)) = f(t) + g(t, u(t = p(t)), (2.9)

sponding to the initial datum ¢.



For the existence and uniqueness of solutions to the problem (1.1), we have the following result.

Theorem 2.1. Let the assumption (H1) hold true. Then for each T € R and ¢ € C,(H), there corre-
sponds a unique weak solution u(-) = u(-; T, ¢) to the problem (1.1), and w is in fact a strong solution in
the sense that

uwe C((r,T],V)NL*(t + &, T; D(A)), Ve >0, VT > 71 +e¢. (2.10)
Moreover, if p(0) € V, then

uwe C([r,T); V)N L*(r,T; D(A)), YT > . (2.11)

Proof. The proof is similar to that of [26, Theorem 2] and [27, Theorem 1] with the unbounded vari-
able delays in place of the infinite delays. Following the proof of [26, Theorem 2] with some different
estimates, we present the parts that will be used in the sequel of this article.

For the Galerkin approximation solution u(™, we have

d m m m m m
GO + 2w][u™ BF = 2(£(2), u™ () + 2(g(t u™ (¢ = (1)), ul™ (1))
Sl O3 + 1O + 2L (0)[[u™ (¢ — o)) 1™ (2)]]
S @) + [FO17 + 2L (8)e”D a3,
using the facts that [|u(™ (¢)|| = [lu{™ (0)|| < [[u{™|| and

[u™ (& = p(t))]| = *D e O™ (£ — p(t))]| < D ul™],. 2.12)

Hence, for all ¢ > 7 there holds
¢ t
[ul™ (t)[|* + V/ [ul™ () |I3-ds < [ (7)) +/ (I£()I” + 2Ly (5)e™ ul™]|2)ds. (2.13)

By (2.13) and the definition of the norm ||u£m)

%, we have

Juf™ 7 S max{ sup o0+t~ 7
t+0
sup (@) + 0 [ (176 + 2Ly u ) ds) }
0e[r—t,0] T
t

 max { sup @O Oo(6) 2, [u(r) + [ (1£5)IF + 2L4(s)e ]2 ds

<0 -

t

SOIE + [ (£GP + 2L4(s)e7 [l |2)ds. 2.14)

Applying Gronwall’s lemma to (2.14) gives

t

t
™ S (lol + [ I Pds) exp (2 [ Ly(s)eds). 2.15)



We then conclude from (2.13) and (2.15) that, with the assumption (H1) in hand,

g™ |2 + 1™ 2a gy S 1, VEE [RT), V]l < R, Ym > 1,

T T
/ lgCs, ut™ (s — p(s))) 2ds < / (Ly()e PP [l |2ds S Ly 2ary.  (216)

T

Estimate (2.16) implies that
g(u™ (- = p(-)) € L*(r, T;L*(Q)). 2.17)

The rest tasks are to prove that the Galerkin approximate solutions {u(m)} possess a convergent subse-
quence and its limiting function is the solution satisfying Theorem 2.1. The procedures are similar to
those of [26, Theorem 2] and we omit the details here. O

The result below shows that the solutions to (1.1) depend continuously on the initial data.

Theorem 2.2. Let the assumption (H1) hold. Let u = u(-;7,¢) and @ = u(-; 7, ¢) be two solutions of
the problem (1.1) with the initial data ¢ and QB at the initial time T, respectively. Then we have

max [[u(6) —a(6)|?
oe(r,t]
t
<160) ~ 60 exp [ 22, 0as + - 7)) @19

_ t s
+ ||l — <Z>||%/ Lg(s)evp(s) exp (/ 2Lg(9)ew(6)d9 +(s— T))ds.

The proof of Theorem 2.2 is analogous to that of [27, Proposition 1] and we omit the details.

3 Existence of the pullback attractors

From Theorems 2.1 and 2.2 we can conclude that the solution operators U (¢, 7) : Cy(H) — C,(H)
defined by

U(t77)¢(5) = ut(s)’ Tt s€ (—O0,0], (31)

generate a continuous process {U (¢, 7) }+>- on the phase space C(H ), where u = u(-; 7, ¢) is the solu-
tion of the problem (1.1) corresponding to the initial function ¢ at the initial time 7. In this section, we
first prove that {U (¢, 7) }+>, possesses a bounded pullback absorbing set and is pullback asymptotically
compact in C(H ). Then we obtain the existence of the pullback attractor. For related definitions and
results concerning the evolution processes and pullback attractors, we can refer to [4, 10, 34] and the
references therein.

In the sequel, we pick v and some parameter p such that

O<p<vand (v—pA <7, (3.2)

2
where A\ = inf HUH;/
veV\{o} v]|

of the bounded pullback absorbing set, we need another assumption for the functions Lg(')ew’(') and f.

> 0 is the first eigenvalue of the Stokes operator A. To obtain the existence

7



(H2) Assume there is a constant y satisfying (3.2) such that

€ss sup Lg(t)ewp(t) < (v—pA <, (3.3)
teR
0
| e lrepas < voc, 64
—0o0
hereinafter the constant o is given by
0:=2(v— p)A\1 — 2esssup Lg(t)ew(t). (3.5)
teR

Remark 3.1. We set
o) =, teR
g(t,u) = exp(—elhu, teR,ue H,
Ly(t) = exp(—elth), t e R,
T=6

(3.6)

then the conditions in (H1) are satisfied and

ess sup Lg(t)ew(t) =TT =l =1 <e=n.
teR

If we take 1 < v < e and | small enough, then (3.3) are satisfied. Thus, the functions and constant
presented by (3.6) satisfy the conditions in (H1) and (H2). For the existence of the function f(x,t)
satisfying (H1) and (H2), we refer to [38, Example 3.1].

We denote by P(C,(H)) the family of all subsets of C.,(H) and consider the families of nonempty
sets D = {D(t) : t € R} C P(C,(H)). Let D, be the nonempty class of families D = {D(t) : t €
R} C P(C,(H)) parameterized by time ¢ and satisfying

lim (e°7 sup |jv||?) = 0.
TH*OO( veD(T) ,Y)

The class D, defined above is always called a tempered universe.

Lemma 3.1. Let the assumptions (H1) and (H2) hold. Then the process {U(t,T)}i>r possesses a
bounded pullback absorbing set in C.,(H).

Proof. Pick some p satisfying (3.2), and let u = u(-; 7, ¢) be the solution of the problem (1.1) corre-
sponding to the initial function ¢ at the initial time 7. Then we can get

d
Ze®I1” + 20 = WM lu@ I + pllu@I < 1FOI + 2Ly ()O3, t>7. B

Hence forall ¢t > T,

t
lu(®)? + p / N9y (5|2 s

T

~

t
Se 2Ty () |2 +/ e PTINEEI () £ (5|2 + 2Ly (5)e7 P [lug ) s, (3.8)



Inequality (3.8) implies that

ul2 Smax{ sup o0+t —r)[E sup (X2 mMET Oy ()|
0e(—oo,7—t] 0e|r—t,0]

t+0
+e? / e—2<v—u>h<t+9—s>(|f(s)|\2+2Lg(s)eW<8>||us||3)ds)}. (3.9)

By the choice of 1 in (3.2), we have

sup - e?p(0 +t — 7)|| < e” TN g, (3.10)
0 (—o0,7—1]
) ?up }627072(V7u))\1(t+7'79)HU(T)HQ < 672(V7;L))\1(t77')HU(T)HQ, (3.11)
elr—t,0

t+6
p 20 [ N0 ()2 1 2, (5)7 ) s
oc[r—t,0] T

t
< / 2N (£ (5)[[2 4 2Ly ()7 ]2 ) dis (3.12)

It then follows from (3.9)-(3.12) that

t
Jul} $ €20 mNETGIR 4 [N ([ (52 4 2Ly (5)e ) s, B.13)

Applying Gronwall’s inequality to (3.13) yields

t
e I3 5H¢||36Xp{—2(v—u)h(t—T)+2/ Ly(s)e7""ds}

T

t t
+/ Hf(s)\l2exp{—2(V—u)A1(t—s)+2/ Ly(0)e 9 do}ds
t
=||gl)2e~ 7= + / If(s)|[2e o) ds. (3.14)

Now we define the time-dependent family B = {B(t) : t € R} € P(Cy(H)) as

t

By ={ve cy(m: ol s1+ [ eI (o) Pds), (3.15)

o0
Then B is the desired pullback D,-absorbing set for {U (t,7)}+=, in C,(H). O

To establish the pullback D,-asymptotic compactness for {U(t,7)}i> in C,(H), we will employ
the generalized Ascoli-Arzela type theorem ( [1]) to prove the following auxiliary lemma.

Lemma 3.2. Let {7, },>1 be a sequence such that T, — —oc as n — +o00 and 1, < to for some fixed
to € R, and {¢pn}n>1 a sequence of functions with ¢, € B(1,) for each positive integer n. Denote by
u(™ = () (*; Tn, &n) the solutions of the problem (1.1) corresponding to the initial data ¢,, at the initial
time Ty, Then there exist a subsequence (still denoted the same) {ugg)},@l and a function ¢ € C,(H)

suchthatut —MﬁmC([ ,0]; H) for each T > 0.



Proof. Let to, {7} n>1> {én}tn>1 and u(™ = u(™(:;7,,, 6,,) be given as in this lemma. Consider two
arbitrary positive numbers T', T with T' > T. Let ng = ng(to,T) be the positive integer such that
Tn < to — T for all n > ng. From (3.3) and (3.14)-(3.15) we deduce that for ¢t € [ty — T, tp] and n > ny,

to
[u"()[|* SR(to, T) =1+ ea(tOT)/ e”®|| f(s)[]*ds < +oo,

luf' I3 SR(to, T).

(3.16)

(3.17)

We next divide two steps to establish that the conditions of the Ascoli-Arzela type theorem are satisfied.

Step one. We first prove that
{u™ ()} 15, is precompact in H for each ¢ € [tg — T, to).
By Theorem 2.1, we conclude that u(™) (t) € D(A) for all t € [ty — T, t], whence,
B dt L) 12 4 v A )2 + b (w (1), u (1), Au® (1)
=(f(), Au™ (1)) + (g(t.u'™ (t = p(1))), A (1)), t € [to — T, o].

Using Young’s inequality, (2.1) and (2.6), we have

(f(8), Au'™ (1)) S %Ilz‘lu(”)(t)ll2 +IF@IP,

(gt u™ (t = p(1))), Au™(£)) < = [[Au ()]2 + L2(0)e>7 O |uf™ |2,

b (™ (1), ut™ (1), Au™ ()] S Ju™ @)1/ Au™ ()] 5 %HAu(’“(t)H2 + [ @)1

Combining (3.19)-(3.22) gives
d n n n n
allu( N2 + v Ad™ @) < (1F O + 2L2 ()P luf™ |12 + [[u™ (0)].

Integrating (3.23) over [s, t] with tg — T < s < ¢ < ¢ yields

to
W@ S 1O+ [ (1)1 + 2220l 12) + [ 6) ] a0

to—T

Now integrating (3.24) with respect to s over [to — T, t], we obtain for t € [to — T, o] that
(T =D @)} < (t+T = to)llu™ ()5
to to
ST @R+ T [ (I + e ul)2) ds
to—T to—T

In addition, from (3.8) and (3.14), we can get

t .
/ ||u HVdS <(1+/ L ( )ew(s)e2f, Lg(o)er )dUdS)HQSH?Y

T

t
4 / e N =) | £(5)|2ds

t s
+/ Lg(s)ew(S)/ 6*2(Vfu)>\1(TfU)+2fcfLg(9)eW”(9’d9”f(U)H2dads.
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(3.18)

(3.19)

(3.20)
(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)



Note that we have u(™ (t; 7", ¢(,,)) = U(t,to — T)u(to — T Tn, b(n))- Thus from (3.8)-(3.9), (3.13)
and (3.15), we know that

the sequence {u(”)}n>n0 is bounded in L (tg — T, to; V). (3.27)

Therefore, it follows from the compact embedding V' < H and the continuity of u() (see (2.10)) that
the set
{u™(t) : t € [to — T, to], n = no} is precompact in H, (3.28)
from which (3.18) immediately follows.
Step two. We establish the equicontinuity of {u(™},,>,, on [to — T, to] by contradiction.
Suppose that this equicontinuity does not hold true, and then there exists a positive constant g and two
sequences {tg)} and {tg)}, satisfying tg — T < t,(ll) < tg) < tpand |t$12) — tﬁP\ < L such that

n’

||u(n) (tgll)) — ™ (t 2))” > <. (3.29)

n

By (3.28), we can assume that & = e, ™ (t*) — z* and u(® (tgf)) — 20 (G =1,2)in H as
n — +oo. Evidently, %2) — t*asn — +ooand t* € [tg — T, 1p]. By (3.23), we know that

120 = 2 > & (3.30)

Set (™ () = u(™ (t) — u(™ (t*) for n > ng. Then we obtain

5 3O + vy O +v [ Fu @) Ty e + by (w0, " 0), 57 1)
Q
=709 0) + (ot u™(E — p(1), 5 (0), 1€ 1o~ T o] 331)

Applying Schwartz’s inequality and (g3), we have

| [ 9u) - vy e <G IO + 515" Ol (.32)
2(£(£), y™ ()] <IFOI + [y™ ()2, (3.33)
2/ (g(t, u™ (t — p(1))), 4™ (£))] SL2()e>?O ™ |12 + |1y (8)])2. (3.34)

At the same time, by (2.3)-(2.6) and (2.7), we see that

b (™ (#), u™ (), 5™ ()] =loar (5™ (), u (1), 5™ (1)) = b (™) (), ul™ (1), u (1))
Sy O™ @12 + ™ )13
v *
Sl OIF + ly™ O + [u™ @) (335)

Taking (3.31)-(3.35) into account yields

d n n n n) [k
&Ily( Y2 < Iy™ @I + IF O + L2 PO u™ |2 + [ul™ ¢)]3. (3.36)
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Integrating (3.36) from t* to tgf ) and using (3.16)- (3.17) gives

| | £,
Iy ™ ()% <[R(to, T) + e1] [}, — t°] +|/t* £ (s)[|>ds]

th
+R(t0,T)( / L2(s)e>P)ds|, (3.37)
t*

where (see (2.10) and (3.27))

c1:=  sup  {|lun(®)|lv : n = no}.
te[to—T,to)

Letting n — +o0 in (3.37) and using the assumptions f € L2 (R;L2(2)) and (g3), we conclude that

loc

28— 2*)12 = lim [Ju™ @) —u™@*)|? =0, fori=1,2,
n——+00
which contradicts (3.30).

At this stage, we can apply the Ascoli-Arzela type theorem [1] to claim that for each T > 0,
{u™},en . is precompact in C([to — T', to]; H). Thus there exists a function ¢» € C([-T,0]; H) and a
subsequence of ugg) such that ug? |[—T,0} — 1 in C([-T,0]; H). Repeating this procedure for nT with
n =2, 3,---, and using the diagonal procedure, we can obtain a function i) € C'((—o0, 0]; H) such that
(extract a subsequence if necessary) uﬁo") -7 = ¥ inC ([=T,0]; H) for each positive number T'. The

proof of Lemma 3.2 is complete. 0

Lemma 3.3. Let the assumptions (H1) and (H2) hold. Then the process {U (t,T)}i>r is pullback D,-
asymptotically compact in C.,(H).

Proof. We continue to use the notations of the previous lemma. To establish the pullback D,-asymptotic
compactness, we shall prove that u; — 1 in C,(H), for which, it is sufficient to show that, for every
€ > 0, there exists some positive integer n. such that

sup 62“’3\|u§:)(s) —p(s)||* <, foralln > n.. (3.38)
s$€(—00,0]

Indeed, by (3.16)-(3.17) and the convergence proved in the previous lemma, we have that

to
()2 <1+ ea(tOT)/ e7 || £(s)|2ds = R(to,T), forall s € [=T,0] and T > 0.

— 00

The rest proof is similar to that of [27, Proposition 3] and we omit the details here. O

At this stage we combine Lemmas 3.1, 3.3 and the general result of [15, Theorem 3.11] to obtain the
main result of this section, namely,

Theorem 3.1. Let the assumptions (H1) and (H2) hold. Then the process {U(t,T)}i>r possesses a
pullback D,-attractor (denoted by) /Alga ={AJ_(t) : t € R} in C,(H).

12



4 Existence of the invariant Borel probability measures in C.,(H)

In this section, we first aim to prove that for each given ¢ € R and ¢ € C,(H), the C.,(H)-valued
function 7 — U (t, 7)¢ is bounded and continuous on (—o0, t|. Then we combine Theorem 3.1 and the
abstract result of [24, Theorem 3.1] to obtain the existence of invariant Borel probability measures for

{U(t,7)}=r in C(H).

Lemma 4.1. Let the assumptions (H1) and (H2) hold. Then for every ¢ € C(H) and every t € R the
C,(H)-valued function T — U (t, T)¢ is bounded on (—oo, t].

Proof. Let ¢ € C, (H) and t € R be given. Note (3.4) is equivalent to (see [27, Remark 5])

t
/ e?%||f(s)||*ds < +oo forallt € R. 4.1)

—00

Then (3.14) and (4.1) imply that for all 7 € (—o0, t],

t

t
1w, nel5 < e 7Nel3 +/ eI f()]Pds < 1ol3 + 6_”/ 1 £(s)II*ds,

T —0o0
the right-hand side of which is bounded by a positive constant independent of 7 € (—o0, t]. O

In the sequel, we set a positive number M (¢, ¢) such that

¢
M0 = ol + e [ (o),
— 0o
Then M?(t, ¢) is a continuous function with respect to t € R.
To establish the continuity of the C.,(H )-valued function 7 +— U (¢, 7)¢ on (—oo, t], we next prove
two auxiliary lemmas.

Lemma 4.2. Let ¢ € C,(H) be given. Then for each € > 0, there exists some 61 = 1(e,¢) > 0 such
that for all s1, sy € (—00,0] with |s1 — so| < 01 there holds

e72[lp(s1) — d(s2)|| <. (4.2)

Proof. By the definition of C.,(H), we set ¢ := lim €7®¢(s) € H. Then there exists some so < 0
§—>—00
such that

le7¢(s) — dooll <

€
17 Vs < 50,
and thus

[€2%26(s1) = €723 (s2)[| < €77 9(s51) — dooll + €720(52) — dooll < 5. Vo1, 32 < 50 (43)

On the other hand, the H-valued function s — €75¢(s) is uniformly continuous on the interval [so—1, 0],
whence there is some 07 € (0, 1) such that
€

5 for s1, 52 € [s9 — 1,0] with |s; — s9| < 47. 4.4)

€7 p(s1) — €72 (s2)]| <

13



1
Letting 57 = min { 1, —In (1 + )}, we have by (4.3) and (4.4) that for all s1, s9 € (—o0, 0] with
Y

€
2ol
|s1 — sa| < d there holds

e |[p(s1) — d(s2) || < [[€7* d(s1) — €72 P(s2)[| + €7t — e72[|p(s1)
<G+l —1flgll, <=
The proof is complete. O

Lemma 4.3. Let the assumptions (H1) and (H2) hold, and 7, € R and ¢ € C,(H) be given. Then for
each £ > 0, there exists some 02 = d2(&, Tw, ¢) > 0 such that

lu(s;T,0) — d(0)|| <&, forallT € (1« — b2, 7x) and s € [, T4], 4.5)
where u(s; T, @) is the solution of the problem (1.1) with the initial datum ¢ at the initial time T.

Proof. Let T, € Rand ¢ € C,(H) be given. Firstly, we prove that

™| du(b; 7, 9) |12
—————=|| df < ¢2, 4.6
/T dé HV’ @ (+6)
where -
o= o3+ [ IFOIPS+ s M6.6),
Te—1 [T —1,7]
is a bounded quantity depending on 7, g, f, - - -, etc., but being independent of 7 € [, — 1, 7]. Indeed,

from (2.9) we can see that

H du(0; 1, p)

2
| slau@:n o)l + 1By (uloi 7, 0), uoi . 0) I}

+IF O + 19(8, u(0 — p(0)))|I*. 4.7)
By (2.5), (g2), (g3) and some simple observations, we have

[ Au(; 7, 95 < llu(B; 7, 0)I7,

1By (u(o:7,6), ulo 7, )2 < I|u(6; 7. 0)113 438)
lo(®.u@ = pO)IPS s M0.0),

Inserting (4.7) and (4.8) into (4.6), then using (3.3), (3.5) and (3.26) gives

Tx . 2 Tx Tx
[ Er2 a0 s [T utoimopiao+ [ IF@I} 0+ (r=7) s A0.6)
T T T Te—1,Tx
<lsll3 +/ Hf(9)||2d9+[ sup ]M2(9,¢>), Vre[n-1mn), (49
Te—1 T —1,Tx
that is (4.6) is proved.
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Secondly, we observe that for 7, — 1 < 7 < s < 7, there holds

[u(s; 7, ¢) — ¢(0)|1?
=[lu(s; 7, &)I* = 19(0)|I* — 2(u(s; 7, ¢) — $(0), ¢(0))

_ / ’ Wde — 2(u(s:7,0) — 3(0), $(0)). (4.10)

By (3.3) and (3.13), we obtain

2
/dHWﬂMdg’ /Hf )l d9+/ Lg(0)e" ug||3d6

< / OO+ (r—7) sup  M0,6).  @1D)

0T« —1,74]

Notice that f € L2 (R,L2(Q2)), and sup M?(f,¢) is a constant independent of 7. Therefore,
0€ [T —1,74]

from (4.11) we see that there exists some &5 = d5(e, 7x, ¢) € (0, 1) such that

loc

2 2
‘/ d”“HT’ ;7. 9)I” 4 <%, Te— b < T <5< T (4.12)

At the same time, since ¢(0) € H and V' is dense in H, there exists some ¢ € V such that

¥ — ¢(0)]| < /16  sup  M?*(9,¢).

0€[Ts—1,74]

Using (4.6),
[(u(s;7,0) — ¢(0), $(0))] <[(u(s; 7, 0) — ¢(0), 4(0) — )| + [(u(s; 7, ) — $(0), )]

2 sup  M(7,9)||¢(0) — || + |(u(s; T, ) — (0), )]

€T —1,74]
2

S| G P

<
<

A

? du(f :
<f 4 ||¢||Vm(/ ‘M‘ dg) 2
8 - do
2
€
<g +veldllvvr =T, (4.13)
which implies that there exists some &5 € (0, 1), independent of 7, such that
&2
|(u(s;7,¢) = 6(0), 6(0))] < — 0 <T<s< T (4.14)

4 )]
Picking d2 = min{d}, 05 }, the desired result follows from (4.10), (4.12) and (4.14). The proof of Lemma
4.3 is complete. O

Lemma 4.4. Let the assumptions (H1) and (H2) hold. Then for every ¢ € C,(H) and every t € R the
C.(H)-valued function T — U (t, T)¢ is continuous on (—o0, t|.
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Proof. Let ¢ € C,(H) and t € R be given. We shall prove that for each given 7, € (—o0,t| the
C,(H)-valued function 7 — U (t, 7)¢ is both left and right continuous at 7 = .. We next prove the left
continuity at 7 = 7.

Firstly, on one hand, for every ¢ > 0 we deduce from Lemma 4.2 that there exists some 5 =
85(e, ¢) > 0 such that, for all s1, s3 € (—o0,0] with |s; — s2| < d1, there holds

72| (1) — B(s2)|| < £/2. (4.15)

On the other hand, by Lemma 4.3, there is a 65 = 0% (&, 7., ¢) > 0 such that whenever 7 € (7. — 0%, 7x)
there holds
lu(s;T,¢) — #(0)|| <e/2, forallse€ [, (4.16)

Thus, for the positive ¢ above, there exists some d3 = d3(¢, Tx, ¢) = min{dj, o5 } > 0 such that
[us () —u (@)l = [l¢(6 —7) — ()]
< o0 =7) = (0)] + [|9(0) —u(®; 7, 9)|| <&, 7 —d3 <7 <7, O€|[r, 7],

which implies that

err[lax] llus(0; T, @) —u(b;7,9)|| <&, T —03<T<T, 0€]Ir, T, (4.17)
€T, T«

where u, (0; 7., ¢) is the solution corresponding to the initial datum ¢ at the initial time 7.
Secondly, by (2.18) and (3.3) we have

max ||u(6; 7, ¢) — u(f; 7, ¢

E[Tx,t]

t
S16(0) — urim )P exp [ Ly(s)erds + (¢~ 7.)

t s
+ ¢ — uT*Hg/ Ly(s)e® exp (/ Ly(0)e7?df + (s — 7)) ds.

Slo(0) — u(res 7, 0)I* + |6 — ur |12, (4.18)

using the representation u(6; 7, ¢) = w(; 7w, u(7x; 7, ¢)) and the fact that ¢ and 7, are fixed. Now by
Lemma 4.3, we derive that for above ¢ > 0 there exists §), = J)(e, ¢, Tx, ¢) > 0 such that

|6(0) — u(rs; 7, 0)|| < /2, for 7o — )y < T < T (4.19)

At the same time, by (4.15) and (4.17), there exists 8] = &} (¢, T«, ¢) > 0 such that when 7, — 0} < 7 <
T, then

16 = wr.ly <max{ sup e*|o(s) —ur. (), sup e7[o(s) — ur.(s)] }

S<Tw—T SE[T—T%,0]
<max{ sup ¢"[lg(s) = ¢+ 7. 1), sup [lus(s) — u(s)| }
SKT—Tx SE[T,Tx]

THT—Tx)

< max { sup e
r<0

S(r+7—7) — qb(r)||,5} <e/2. (4.20)
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Picking 04 = d4(e, t, T, ¢) = min{d), 67 }, then (4.18)-(4.20) imply

errfax] lus(0; T, @) —u(0;7,0)|| <&, Tu—04<T<Th <Ee. (4.21)
€[ Tx,t

We now choose § = (e, t, T, ¢) = min{ds, d4}, and then deduce from (4.15), (4.17) and (4.21) that if
T« — 0 < T < T, then

|U(t,7)p — U(t, 7)ol = sup e |u(t +60) — u.(t + )],

<max{es<uptew||gb(0 +t—1)— PO+t — 7')”,9 ?u% ) e Nu(t + 60) — ul(t + 9)”}
ST— e|T—t,

< max { sup TG (r) — G(r + 7 = 7), sup [lu(6) - u*(H)II} <e.
r<0 oe|r,t]
The left continuity of the C, (H )-valued function 7 + U(t,7)¢ at 7 = 7, is proved. Since the proof of
the right continuity of U (¢, 7)¢ at 7 = 7, is similar to that of the left continuity, we omit the details and
end the proof of Lemma 4.4. O

To construct the invariant measures for the process {U (¢, 7)}+>-, we next recall the definition of
generalized Banach limits.

Definition 4.1. ( [13,24]) A generalized Banach limit is any linear functional, denoted by LIM;_, | ~,
defined on the space of all bounded real-valued functions on [0, +00) and satisfying

(1) LIM;—400C(t) = 0 for nonnegative functions (-) on [0, +00);

(2) LIM;4+00C(t) = tE«IFoo C(t) if the usual limit tLim C(t) exists.

—+o00

Remark 4.1. Notice that we consider the “pullback” asymptotic behavior and we require generalized
limits as T — —oco. For a given real-valued function ( defined on (—o0,0] and a given Banach limit
LIM;_, 4 o0, we define LIM;,_o((t) = LIMy— 450 C(—1).

The main result of this article reads as follows.

Theorem 4.1. Let the assumptions (H1) and (H2) hold. Let {U(t,T)}i>r be the process associated to
the problem (1.1) and -ZD(, = {Ap,(t) : t € R} the pullback D,-attractor obtained in Theorem 3.1.
Then for a given generalized Banach limit LIM;_, | o, and a continuous map & : R — C(H) with
&+ () € Dy, there exists a unique family of Borel probability measures {m; },cw in C(H ) such that the
support of the measure my is contained in Ap, (t) and

t

1
LIMTQ_OOH_/T T(U(t,s)é)ds = /ADU(t)T(U)dmt(U)

. / () drmy (u)
o ()
1

¢
= LIM,,_ // YT (U(t, s)u)dms(u)ds,
t—r T C"/(H)

17



for every real-valued continuous functional Y on C,(H ). Moreover, my is invariant in the sense that

[ twam) = [ T ne)dm ), >
Ap, () Ap, (7)

Proof. From Theorems 2.1 and 2.2, the solution operators of the problem (1.1) generate a continuous
process {U(t, T)}+>r on the space C.(H). Theorem 3.1 shows that {U (¢, 7) };+>- possesses a pullback
attractor in C,(H ). Lemmas 4.1 and 4.4 indicate that for each givent € Rand ¢ € C,(H) the C,(H)-
valued function 7 — U (t, 7)¢ is bounded and continuous on (—o0, t]. Using these facts and the abstract
result of [24, Theorem 3.1], we obtain the results of Theorem 4.1. OJ

5 Conclusions and remarks

In this article, we first prove the global well-posedness of the 3D GMNS equations with unbounded
variable delays. Then we establish that its solution operators generate a continuous process {U (¢, 7) }1>+
on the space C', (H ). Furthermore, the process {U (t, 7) }+>- possesses a pullback attractor in C, (H ). Fi-
nally, we prove the existence of invariant Borel probability measures which are supported by the pullback
attractor. There are two points that we would like to point out.

Firstly, we apply the generalized Ascoli-Arzela theorem to prove the “weak version” of the pullback
asymptotic compactness of the process {U (¢, 7)};> (see Lemma 3.2). This is prompted by the delay
phenomenon. Since the problem discussed contains unbounded variable delays, it seems suitable for us
to choose C.,(H) as the phase space. The Ascoli-Arzela theorem has been proved to be a powerful tool
to investigate the compactness of the sets such as the subset of C.,(H ).

Secondly, for each given ¢t € R and ¢ € C,(H), the continuity of the C, (H )-valued function 7 —
U(t, )¢ on (—oo, t] is not a clear fact (see Lemma 4.4 and the auxiliary lemmas). There are some essen-
tial differences between the autonomous dynamical system and non-autonomous one, say the continuous
dependence of the dynamical system on their parameters. Consider a continuous process {S(¢, 7) }+>, on
some Banach space X. Even if we have known that the X -valued function ¢ — S(¢, 7)x¢ is continuous
on R for every given 7 and xg € X, the convergence ||S(t., 7)zo — zo||x — 0 as 7 — ¢, may still
depend on 7. In fact, when 7 — t,, S(t., T)xo changes simultaneously with different initial times 7.
This is caused naturally by the non-autonomous phenomenon.

In the end of this article, we want to propose a problem, saying, how to formulate reasonably and
construct the statistical solutions for the evolution system containing delays. As for the 3D GMNS equa-
tions discussed here, we have constructed the invariant measures on the phase space C., (H). However,
we seem unable to construct its statistical solutions via the invariant measures and pullback attractors,
as done in [40-43], because the invariant measures are contained in the phase space C,(H) while the
equation (2.9) is interpreted in the D(7, +00; V') sense.
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Abstract

This article investigates the three-dimensional globally modified Navier-Stokes equations with
unbounded variable delays. Firstly, we prove the global well-posedness of the solutions, and give the
existence of the pullback attractor for the associated process. Then, we construct a family of invariant
Borel probability measures, which is supported by the pullback attractor.

Keywords: Globally modified Navier-Stokes equations; Unbounded variable delays; Invariant mea-
sures; Pullback attractors.

MSC2010: 35B41, 34D35, 76F20
1 Introduction

In this article, we study the following three-dimensional (3D) system of globally modified Navier-
Stokes (GMNS for short) equations with unbounded variable delays

%— vAu+ Fy([[ullv)[(u - V)ul+ Vp= f(z,t)+ g(t,u(t — p(t))) in(7,+00) x €,

V-u=0 in (1,+00) x Q, (L.1)
u=0 on (7, +00) x 09,
u(t+s,z) = ¢(s,x) in (—o0,0] x Q,

where the unknown functions u = u(z,t) and p = p(z,t) denote, respectively, the velocity field of the
fluid and the pressure, the positive constant v is the viscosity coefficient, f(x,t) is the density of the

*E-mail: wangjt@hust.edu.cn
fCorresponding author, E-mail: zhaocaidi2013 @163.com or zhaocaidi @wzu.edu.cn
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volume forces, g is the external force affected by memory during the time range (—oco, 7], p: R — R™
is a delay function satisfying p € L° (R) and ¢ is the initial datum on the interval (—oo,0]. Here

[ullv = [[Vul|(£2(q))s and the function Fi(-) : (0, 4+00) + (0,1] is defined as
Fn(r) == min{1, N/r}, r € (0,+00),

where N is a positive integer. In addition, 2 C R? is an open bounded set with the smooth boundary
o0

The GMNS equations with g = 0 (that is without delays) was formulated in [5]. It is one kind of
global modifications of the Navier-Stokes (NS for short) equations with the modifying factor Fy (||ul|y)
depending on the (L?(£2))3-norm of Vu. This modification brings some good properties to the solutions:
global existence, uniqueness and regularity, in comparison with the multiple-solution property of NS
equations (see [11, 12, 16] and the references therein for readers’ perspective). The GMNS equations are
useful in obtaining some new results for the 3D NS equations. For instance, it was used in [5] to establish
the existence of bounded entire weak solutions for the 3D NS equations, and in [23], the authors applied
it to show weak compactness and weak connectedness of the attainability set of the weak solutions of
the 3D NS equations satisfying an energy inequality. At the same time, it was proved in [5, 33] that
the solutions of the GMNS equations converge to those of the 3D NS equations in some proper sense.
Therefore, the GMNS equations (1.1) with g = 0 can be regarded as an approximation to the 3D NS
equations.

The GMNS equations (1.1) with ¢ = 0 have been extensively studied. For example, one can see
[5,6, 15,21, 37] for the existence and uniqueness of the weak and strong solutions, [8, 22,28, 41] for
invariant measure and statistical solutions, [43] for the existence of trajectory attractor and trajectory
statistical solutions. However, the real world is inundated with many situations in which the model
is better described with some terms containing delays appearing in the equations. These delays may
appear, for instance, when the current behavior is influenced by its previous states, or one wants to
control the system by imposing an external force which depends upon both the present state and the
history of the solutions. The delayed partial differential equations are usually used to describe these
delayed phenomena ( [14, 17]).

Nowadays, delayed partial differential equations have drawn much attention and have been exten-
sively studied. For example, the existence and asymptotic behaviors of solutions for the NS equations
with finite delays were investigated in [2—4, 18,29]; the existence of pullback attractors for the NS equa-
tions with finite or infinite delays was studied in [7,20,25,32]. Some known references concerning the
delayed 3D GMNS equations are summarized as:
1° Finite delays: the existence, uniqueness and global asymptotic exponentially stability of the sta-
tionary solution, as well as the convergence of solutions to those of the NS equations were established
in [33,34].
2° Infinite delays: the well-posedness and global exponential decay of the solutions to the stationary
solution, as well as the existence of pullback attractor were investigated in [30, 31].
3° Bounded variable delays: the existence and uniqueness of solutions, as well as the existence of
pullback attractors were proved in [9, 35].

However, up to our knowledge, there is no reference concerning the 3D GMNS equations with un-
bounded variable delays.



The motivation of this article is to investigate the existence of invariant Borel probability measures
for the 3D GMNS equations with unbounded variable delays. The invariant measures and statistical
solutions have played a significant role and developed into a crucial tool in the research of turbulence
(see Foias et al. [16]) in recent decades. This is mainly due to the fact that some time-average quantities
essentially measure several important aspects of turbulent flows. The invariant measures and statisti-
cal properties of dissipative systems were studied by a number of researchers after that. For instance,
Wang considered the upper semi-continuity of stationary statistical properties for dissipative systems
in [40]. Lukaszewicz, Real and Robinson in [27] constructed the invariant measures for general continu-
ous dynamical systems on metric spaces by using the generalized Banach limit. For a much wider class
of dissipative semigroups, Chekroun and Glatt-Holtz [13] also applied the generalized Banach limit to
constructing the invariant measures, but they generalized and simplified the proofs of [27] and [40].

Recently, a series of works developed some techniques to provide a construction of invariant mea-
sures for non-autonomous systems with minimal assumptions on the underlying dynamical process (see
Foias ef al. [16], Wang [40] and Lukaszewicz et al. [26-28]). Nowadays, these theories have been em-
ployed to establish invariant measures for some evolution equations, (see e.g. [24, 36,41, 48] and the
references therein). However, as far as we know, there is no reference investigating the invariant mea-
sures for delayed evolution equations.

The main result of the current article is the existence of invariant Borel probability measures for the
3D GMNS equations with unbounded variable delays. We will use the abstract theory for dissipative
non-autonomous system in [28, Theorem 3.1]. To this end, we shall prove that the solution operators
associated to the problem (1.1) generate a continuous process {U (¢, 7)}+>, in the phase space C,(H)
(see notation in Section 2) and

(1) the process {U (¢, T) }+>- is pullback strongly bounded in C, (H );

(2) the process {U (¢, T) }+>- is pullback asymptotically compact in C(H );

(3) for each given t, € R and ¢, € C,(H), the C,(H )-valued function 7 — U (t, T)¢ is continuous
and bounded on (—oo, ¢] (this is called 7-continuity of the process {U (¢, 7)}¢>+).

We first use a Galerkin approximation argument, and some a priori estimates, to prove the global
well-posedness of the solutions to the problem (1.1). Also we do some estimates of the solutions to
obtain the existence of strongly bounded pullback absorbing sets. Secondly we apply the Ascoli-Arzela
type theorem ( [1]) to establish the pullback asymptotic compactness of the process {U (¢, 7)};>-. This
is prompted by the delay appearing in the equations. Since the problem discussed contains unbounded
variable delays, it seems suitable for us to choose C.,(H) as the phase space. It has been shown that the
Ascoli-Arzela theorem is a powerful tool to investigate the compactness of subsets of C',(H). Thirdly,
for each given ¢, € R and ¢, € C,(H), the continuity of the C,(H )-valued function 7 — U (t., )
on (—oo,t] is not a clear fact (see Lemma 4.4 and the auxiliary lemmas). There are some essential
differences between the autonomous dynamical system and non-autonomous one, say the continuous
dependence of the dynamical system on their parameters. Even if we have known that the C, (H)-
valued function ¢ — U (t, 7)¢, is continuous on R for every given 7 and ¢, € C, (H), the convergence
|U(ts, T)px — dilly — 0 as 7 — ¢ may still depend on 7 itself. In fact, when 7 — .7, U(ts, 7)os
also changes with different initial times 7. This is caused naturally by the non-autonomous and delayed
phenomena. We will take advantage of the structure of the GMNS equations to prove the 7-continuity of



the process {U (t,7) }t>r-

This article is organized as follows. In the next section, we first introduce some notations and oper-
ators, and then prove the global well-posedness of solutions to the problem (1.1). Section 3 is devoted
to the proof of the existence of pullback attractors. In Section 4, we first prove the 7-continuity of the
process and then construct a family of invariant Borel probability measures which is supported by the
pullback attractors. We end the article with conclusions and remarks in Section 5.

2 Global well-posedness of solutions

In this section, we first introduce some notations and operators. Then we prove the global well-
posedness of the problem (1.1).

In this article, we use the following notations:

L2(Q) = (L?(£2))3~the 3D Lebesgue space with norm || - 2 = I [I;
H' (€2) = the 3D Sobolev space {¢ € L?(2)|V¢ € L*(Q)} with norm ||V - |20
H5(€2) = closure of (C3°(€2))? in H'(2) with norm || - [|gg1 ()
V={pe (€)= 0}
H = closure of V in L2(Q2) with norm || - || and inner product (-, -);
V' = closure of V in H' () with norm [| - [y = ||V - [l.2(q)
V' = dual space of V' with norm || - [|y7; (-, ) — the dual pairing between V and V’;
In addition, we will use the notation a < b to mean that a < ¢b for a universal constant ¢ > 0 that only
depends on the parameters coming from the problem and will not result in confusion.

For short, we will write the problem (1.1) in a functional form. To this end, we introduce some
classical operators which are usually used to handle the 3D incompressible NS and GMNS equations. At
the same time, we will select some known estimates and properties (see e.g. [39]) of these operators.

We first consider the operator A : V' — V' defined as

(Au,v) = (Vu,Vv), Yu,v eV,

where D(A) = H2(Q) NV and H3(Q) = {¢ € H'(Q)|A¢ € L?(2)}. In fact, for each u € D(A),
Au = —PAu, and hence A is the Stokes operator, where P is the Leray-Helmholtz projection from
L2($2) onto H.

Secondly, we define a trilinear form b(-, -, -) as follows,

b(u,v,w) = z:/uZa widz,  Yu, v, w € HH(Q).

1,7=1

Notice that V is a closed subspace of HJ(€2). One can check that b(u, v, w) is continuous on V x V x V,
and b(u, v, w) = —b(u, w,v), b(u,v,v) =0, Yu, v, w € V. Foreachu, v € V,

(B(u,v),w) = b(u,v,w), YweV,

defines a continuous function B(u,v) on V' x V. At the same time, we have (cf. [39])

1b(u, v, w)|| Sllulli/ | Aull2|ollv[lw]l, Yue D(A), veV,weH 2.1)
16(u, v, )| Sllullv lollv lwl w2, Yu, v, we V. 2.2)



‘We further set

(Bn(u,v),w) =by(u,v,w), Yu,v,w e V.

Then by (u, v, w) is linear in u and w, but not linear in v. However, we still have (see [37])

by (u,v,v) =0, Yu,v eV, (2.3)
b (u, v, w)| SN |ullv [wllv,  Vu, v, weV, (2.4)
by (u, v, w)| SN||Aul|[|w], Yue D(A),veV, we H. (2.5)

Furthermore, for every u, v € V and each N > 0,
0 <[|ullv En([lullv) < N, (2.6)
1
[ (lullv) = En (lollv)] <57 En (lullv) Edlolv)lle = vlv. 2.7)

To formulate the problem (1.1) in a proper manner, we require that the functions p(t), f(z,t) and
g(t,u(t — p(t))) in (1.1) satisfy some natural hypotheses.

(H1) Suppose that the function p : R — R belongs to L (R) and f(t,x) € L% _(R;L%(2)). Also
assume that g : R x H — H satisfies

(gl) foreveryu € H, the mapping R > t — ¢(t,u) is measurable;
(g2) g(t,0) =0forallt € R;

(g3) there exists a positive constant vy and a nonnegative function Ly : R — R such that

Ly(-)e") € Liyo(R) and |lg(t,u) = gt v)l| < Lg(®)u =, V¢ €RVu,ve H. (28)

Remark 2.1. In Remark 3.1 we will give a concrete example to show the existence of the functions p(t),
f(t,x), g(t,u), Ly(t) and the constant ~y that satisfy our assumption (H1). In the sequel, the constant -y
is from (g3).

In order to deal with the unbounded variable delays, we consider the space

Cy(H) = {6 € C((=00, 0] H) : sup e [9(s)]| < +00,3 Tim _e6(s) € H }.,

with the norm ||¢||, := supe”®||¢(s)||. Then (C,(H),|| - ||,) is a Banach space. In addition, for each

s<0
7 € R we denote conventionally u,(s) = u(7 + s) with s € (—o0, 0].

We now specify the definition of the weak solution to the problem (1.1).
Definition 2.1. Let 7 € R and ¢ € C(H) be given. If for all T > T, a function u € C((—o0,T], H) N
L2(7,T; V) with u, = ¢ satisfies
du(t)
dt

in the sense of distribution D'(1,+00; V'), then we call u a weak solution of the problem (1.1) corre-
sponding to the initial datum ¢.

+vAu(t) + By (u(t), u(t)) = f(t) + g(t, ult — p(t)), (2.9)



For the existence and uniqueness of solutions to the problem (1.1), we have the following result.

Theorem 2.1. Let the assumption (H1) hold true. Then for each 7 € R and ¢ € C.(H), there corre-
sponds a unique weak solution u(-) = u(-; T, ¢) to the problem (1.1), and w is in fact a strong solution in
the sense that

ue C((r,T),V)NL*(t +¢&,T; D(A)), Ve >0, VT > 7 +¢. (2.10)

Moreover, if p(0) € V, then
ue C([r,T); V)N L*(t,T; D(A)), YT > . (2.11)

Proof. The proof is similar to that of [30, Theorem 2] and [31, Theorem 1] with the unbounded vari-
able delays in place of the infinite delays. Following the proof of [30, Theorem 2] with some different
estimates, we present the parts that will be used in the sequel of this article.

For the Galerkin approximation solution «(™, we have

d

T O + 2w]ut™ @) = 2£(2),u"™ (£)) + 2(g(t u"™ (¢ = p(£))), u"™ (1))

Svlat™ @I + @I +2Lg (8) ™ (¢ = p(0))[[[u"™ (2)]]
Svla™ O + 1F @17 +2Lg (8)e™ D |3,

using the facts that [|u™ (¢)|| = [lu{™ (0)|| < [|u{™ || and
[ul™ (¢ — p(1))]| = e*De= D [ (¢ — p(t))]| < 7O |ul™ |, (2.12)
Hence, for all ¢ > 7 there holds

t t
@1 +v [ s S WO + [ (P +2L () fuf ) ds. 213

By (2.13) and the definition of the norm Hugm) |2, we have

luf™13 < max{ sup o0 + 1~ 7P,
) 20 2 2v0 o 2 2
S () e [ U5 + 2Ly ) ) as) }
e|T—t, T
t
S max {sup e " 6(0) 2, [u(r) + [ (IF(6)I? +2Ly ()7 ful ) s}
t

SO + [ (£GP + 2L (s)euf]2)ds. (2.14)

Applying Gronwall’s lemma to (2.14) gives

t

t
™ S (10l + [ I Pas)exp (2 [ Ly(s)eds). 2.15)



We then conclude from (2.13) and (2.15) that, with the assumption (H1) in hand,

B2 + 1 oy S 1, VEE [T), V6l < B, ¥im > 1,
T T
[ llas.u™ s = pls)lPds < [ (Lol s S Ly ey (216)

T

Estimate (2.16) implies that
g(ul™ (- = p()) € L(r, T;L2(Q)). (2.17)

The rest tasks are to prove that the Galerkin approximate solutions {u(m)} possess a convergent subse-
quence and its limiting function is the solution satisfying Theorem 2.1. The procedures are similar to
those of [30, Theorem 2] and we omit the details here. |

The result below shows that the solutions to (1.1) depend continuously on the initial data.

Theorem 2.2. Let the assumption (H1) hold. Let u = u(-;7,¢) and @ = u(-; 7, ¢) be two solutions of
the problem (1.1) with the initial data ¢ and <;~5 at the initial time T, respectively. Then we have

max [[u(6) —a(6)|*
oe(r,t]

Sl9(0) - 6 exp [ 2Ly(s)6 s + (¢ - ) @.18)

T

+ ||l — <;~5||,2y /t Lg(s)ew(s) exp (/8 2Lg(0)ew’(9)d9 + (s — T))ds.

T

The proof of Theorem 2.2 is analogous to that of [31, Proposition 1] and we omit the details.

3 Existence of the pullback attractors

From Theorems 2.1 and 2.2 we can conclude that the solution operators U (¢, 7) : Cy(H) — C,(H)
defined by

U(t77_)¢(8) = ’LLt(S), T < t7 s € (_0070]7 (31)

generate a continuous process {U (¢, 7) };>- on the phase space C(H ), where u = u(-; 7, ¢) is the solu-
tion of the problem (1.1) corresponding to the initial function ¢ at the initial time 7. In this section, we
first prove that {U (¢, 7) };>, possesses a bounded pullback absorbing set and is pullback asymptotically
compact in C,(H ). Then we obtain the existence of the pullback attractor. For related definitions and
results concerning the evolution processes and pullback attractors, we can refer to [4, 10, 38] and the
references therein.

In the sequel, we pick v and some parameter p such that

O<p<vand (v —p)A <7, (3.2)
IR

vev\{0} [Jv]|?
of the bounded pullback absorbing set, we need another assumption for the functions Lg(-)ew’(') and f.

where \; =

> 0 is the first eigenvalue of the Stokes operator A. To obtain the existence



(H2) Assume there is a constant p satisfying (3.2) such that

esssup Ly(1)e™ < (v — )\ < 7, (3.3)
teR
0
/ £ (s)]*ds < +oo, (3.4)
—0o0
hereinafter the constant o is given by
o:=2(v — p)A\1 — 2esssup Lg(t)eyp(t). (3.5)
teR
Remark 3.1. We set
p(t) =t|, t R,

(
g(t,u) = exp(—elhu, teR,ue H,
L,(t) = exp(—elfl), t €R,
= 67

(3.6)

2

then the conditions in (H1) are satisfied and

ess sup Lg(t)e'”’(t) =M=l =1<e=1.
teR

If we take 1 < v < e and p small enough, then (3.3) are satisfied. Thus, the functions and constant
presented by (3.6) satisfy the conditions in (H1) and (H2). For the existence of the function f(x,t)
satisfying (H1) and (H2), we refer to [42, Example 3.1].

We denote by P(C,(H)) the family of all subsets of C(H) and consider the families of nonempty
sets D = {D(t) : t € R} C P(Cy(H)). Let D, be the nonempty class of families D = {D(t) : t €
R} C P(C,(H)) parameterized by time ¢ and satisfying

lim (" sup |[v|?) = 0.
T—)—oo( veD(T) ’Y)

The class D, defined above is always called a tempered universe.

Lemma 3.1. Let the assumptions (H1) and (H2) hold. Then the process {U(t,T)}i>r possesses a
bounded pullback absorbing set in C,(H).

Proof. Pick some p satisfying (3.2), and let u = u(-; 7, ¢) be the solution of the problem (1.1) corre-
sponding to the initial function ¢ at the initial time 7. Then we can get

d
1@ + 20 = M lu@®* + pllu@l < 1FOIF + 2Ly ("D luell3, t>7. B

Hence forallt > T,

t
lu()IP + / 201N 9 4 (5)[2.ds

T

t
Se 2T () 2 +/ e PETIMEEI (|| (5)|2 + 2Lg(5)77 Jus|F) s, (3.8)



Inequality (3.8) implies that

ful? Smax{ swp POo(O+t- )P, sup (F0HIMETO ) 2
€ (—oo,m—t] 0e|r—t,0]

t+0
+e? / 6_2(”_“)/\1(t+9_8)(|f(s)||2+2Lg(s)67p(5)Hungy)ds)}. (3.9)

By the choice of 1 in (3.2), we have

s P }GMHW9 -7 e TINED g, (3.10)
€(—oo, 7t

6 ?up }e2’y€—2(u—u)>\1(t+r—€)”u(T)H2 < e—2(1/—;¢)>\1(t—7')”u(7_)H27 @3.11)
e[r—t,0

t+-60
sup 0 [N (| ()| 2L, () s 2) s
Oe[r—t,0] T

t
< / 2N =) ()£ (5)]2 + 2Ly ()€™ u, 2 ) ds. (3.12)

It then follows from (3.9)-(3.12) that

t

Jul} €2 g [ TN ()2 4 2Ly (5) ) s, B.13)

Applying Gronwall’s inequality to (3.13) yields
t
Juel)? SN0l exp {—2(v — p)Ai(t — 7) + 2/ Ly(s)e?®)ds)

T

+ / 1 ()]I” exp { =2(v — p) A1 (t — ) + 2/ Ly(0)e?”?do }ds

t
SlolEe 7+ [ f(s) e s G149
Now we define the time-dependent family B = {B(t) : t € R} € P(C,,(H)) as
t
By = {ve Cy(m: ol s 1+ [ et (o) Pds). @19
Then B is the desired pullback D,-absorbing set for {U (¢, 7)}i>- in C,(H). O

To establish the pullback D,-asymptotic compactness for {U(t,7)}:>- in C,(H), we will employ
the generalized Ascoli-Arzela type theorem ( [1]) to prove the following auxiliary lemma.

Lemma 3.2. Let {7, },,>1 be a sequence such that 7,, — —o0 as n — 400 and T, < t for some fixed
to € R, and {¢n}n>1 a sequence of functions with ¢, € B(1,) for each positive integer n. Denote by
u™ = () (*; Ty On) the solutions of the problem (1.1) corresponding to the initial data ¢,, at the initial
time Ty, Then there exist a subsequence (still denoted the same) {uﬁ?}n% and a function ¢ € C(H)

such thatut ) pin C([-T,0]; H) for each T > 0.



Proof. Let to, {Tn}n>1, {¢n}n>1 and u = u(")(-; Tn, ®n) be given as in this lemma. Consider two
arbitrary positive numbers T, T' with T > T. Let ng = ng(to,T) be the positive integer such that

Tn < to— T for all n > ng. From (3.3) and (3.14)-(3.15) we deduce that for ¢t € [ty — T, to] and n > ny,

to
[u™(#)]|? <R(to,T) := 1+ e—ff(tO—T)/ e £(s)]|?ds < +oo0, (3.16)

[up |12 SR(to, T). (3.17)

We next divide two steps to establish that the conditions of the Ascoli-Arzela type theorem are satisfied.
Step one. We first prove that

{u™ (t)}n>ny is precompact in H for each t € [tg — T, o). (3.18)

By Theorem 2.1, we conclude that u(™) (t) € D(A) for all t € [tg — T, o], whence,

5 < @+ AU O + b (1), 0 (1), Au (1)
=(F(£), Au™ (£)) + (g(t,u™ (¢ = p(1)), Au™ (), t € [to — T, to]. (3.19)
Using Young’s inequality, (2.1) and (2.6), we have
(F(8), A4 (1) £ Sl A @) + 171, (3.20)
(9(t.u™ (¢ = p(1))), Au (1)) S Sl A O + L3 ()0 uf 2, (3.21)

b (u™ (£), ut™ (£), Au™ ()] S [Jut™ (#) /%) Au™ ()| < guAu(’”(t)H? + ™ (@))% (3.22)
Combining (3.19)-(3.22) gives
d n n n n
SR+ v A @2 S 1FOIF +2L20e7 O ™ |2 + [ @ 3.23)

Integrating (3.23) over [s, t] with tg — T < s < t < ¢ yields

to
™ (62 < ™ ()12 + /

to—

(@I + 28500 O ) + @)1 | a6, 324

Now integrating (3.24) with respect to s over [tg — T',t], we obtain for ¢ € [ty — T, t,] that
(T =T)[u™ @) <+ T —to)[u™ @)}
to to
ST s [ (P + LSO ) ds 329
to—T to—T

In addition, from (3.8) and (3.14), we can get
t t X
[ I @lds 51+ [ Ly(s)ee [ 10 e g o2
t
+ / e 2= (m=9) || £ (5)|2ds (3.26)

t s
+/ Lg(s)e“’p(s)/ 6—2(V—u)/\1(7—0)+2f§Lg((’)ew“’)df)”f(U)H2dUd&
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Note that we have u(™ (t;7("), ¢(,)) = U(t,to — T)u(to — T T, d())- Thus from (3.8)-(3.9), (3.13)
and (3.15), we know that

the sequence {u(")}n>no is bounded in L™ (tq — T, to; V). (3.27)

Therefore, it follows from the compact embedding V' < H and the continuity of u(™ (see (2.10)) that
the set
{u™(t) : t € [to — T,to], n > ng} is precompact in H, (3.28)

from which (3.18) immediately follows.
Step two. We establish the equicontinuity of {u(™},,~,,, on [to — T, o] by contradiction.
Suppose that this equicontinuity does not hold true, and then there ex1sts a positive constant gp and two

sequences {t,gl)} and {tg)}, satisfying to — T < W <@ < < tp and |t (1)| —, such that
||u(n) (tgll)) ) (tn2))|| > gp. (3.29)

By (3.28), we can assume that t =, ™ (t*) — z* and u(™ (tsf)) — 20 (G =1,2)in H as

n — +oo. Evidently, tg) — t*asn — +ooand t* € [tg — T, to]. By (3.23), we know that

120 = 2®)|| > &. (3.30)
Set y™(t) = u(™(t) — u(™ (t*) for n > ng. Then we obtain
1d
5d—uy I+l O+ v | Tu ) Ty e + by (0, 0,57 (0)
=(f () y™(®) + (9t u™ (¢ = p(1))),y™ (1)), t € [to — T’ to]. (3.3D)

Applying Schwartz’s inequality and (g3), we have

| [ 9u) - vy el <IN + 515" Ol (3:32)
2/(£(£), y™ ()] <IFEN + 9™ (812, (3.33)
2/(g(t, u™ (t — p(t))),y™ (£))] <L2(6)e?D [uf™ |2 + [[y™ ()] (3.34)

At the same time, by (2.3)-(2.6) and (2.7), we see that

b (™ (8),u™ (1)), 5™ ()] =[bw (™) (£), ™ (), 5™ (1)) = by (u® (%), u (£),u™ ()]
Sy Oy O + [ @)1
v n n n *
Sl OIF + ly™ O + [u™ @) (335)

Taking (3.31)-(3.35) into account yields

d n n n *
SO Sy @1 + 1O + L5 u" 2+ ™ ) 1 (3.36)

11



Integrating (3.36) from ¢* to tgf) and using (3.16)- (3.17) gives

o) <lRit0.T) + el — 1+ [ 17(6)1Pas

t,
+ Rlto, T)( / Lz(s)e%’p(s)ds‘, (3.37)
t*
where (see (2.10) and (3.27))
cL:=  sup {JJun(®)|lv : n = no}.
tG[to—T,to}

Letting n — +oo0 in (3.37) and using the assumptions f € L2 (R;L2(f2)) and (g3), we conclude that

loc

P2 — () (43 _ () (1x\12 — L
£ = 22 = i ) — w2 =0, fori=1,2,

which contradicts (3.30).

At this stage, we can apply the Ascoli-Arzela type theorem [1] to claim that for each T > 0,
{u™},.en, is precompact in C([to — T, to]; H). Thus there exists a function ¢ € C([-T,0]; H) and a
subsequence of ug? such that ug? | T — ¢inC ([-T,0]; H). Repeating this procedure for nT with
n =2, 3,---, and using the diagonal procedure, we can obtain a function ¢ € C'((—o0, 0]; H) such that
(extract a subsequence if necessary) ul™ ’[—T,O} — 1 in C([-T,0]; H) for each positive number T'. The

to
proof of Lemma 3.2 is complete. O

Lemma 3.3. Let the assumptions (H1) and (H2) hold. Then the process {U (t,T)}t>r is pullback D,-
asymptotically compact in C.,(H).

Proof. We continue to use the notations of the previous lemma. To establish the pullback D,-asymptotic
compactness, we shall prove that uy} — ¢ in C, (H ), for which, it is sufficient to show that, for every
€ > 0, there exists some positive integer n. such that

(sup ]ez'ysHuig)(s) —p(s)||> <, foralln > n.. (3.38)
s€(—o0,0

Indeed, by (3.16)-(3.17) and the convergence proved in the previous lemma, we have that

to
l(s)|* <1+ e_"(tO_T)/ e?*||f(s)||?ds = R(to,T), foralls € [~T,0]and T > 0.

—00

The rest proof is similar to that of [31, Proposition 3] and we omit the details here. O

At this stage we combine Lemmas 3.1, 3.3 and the general result of [19, Theorem 3.11] to obtain the
main result of this section, namely,

Theorem 3.1. Let the assumptions (H1) and (H2) hold. Then the process {U(t,T)}i>r possesses a
pullback D,-attractor (denoted by) /lgg ={AL (t):t € R} in C,(H).

12



4 Existence of the invariant Borel probability measures in C, (H)

In this section, we first aim to prove that for each given t € R and ¢ € C,(H), the C,(H )-valued
function 7 — U (¢, 7)¢ is bounded and continuous on (—oo, ¢]. Then we combine Theorem 3.1 and the
abstract result of [28, Theorem 3.1] to obtain the existence of invariant Borel probability measures for

{Ut,7)}i=r in C(H).
Lemma 4.1. Let the assumptions (H1) and (H2) hold. Then for every ¢ € C,(H) and every t € R the
C,(H)-valued function T — U (t, )¢ is bounded on (—oo, t].

Proof. Let ¢ € C,(H) and t € R be given. Note (3.4) is equivalent to (see [31, Remark 5])

t
/ e”®||f(s)?ds < +oo0 forall t € R. (4.1)

—00

Then (3.14) and (4.1) imply that for all 7 € (—o0, t],
t t
Ut melE S e 0l +/ e 7 f ()]s < [l + 6_‘”/ ™| f(s)|[*ds,
T —00
the right-hand side of which is bounded by a positive constant independent of 7 € (—oo, t]. U
In the sequel, we set a positive number M (¢, ¢) such that

2 2 ' 2
2210 = ol + e [ er(o)lPas,

—00

Then M?2(t, ¢) is a continuous function with respect to ¢ € R.
To establish the continuity of the C.,(H)-valued function 7 +— U (¢, T)¢ on (—oo, t], we next prove
two auxiliary lemmas.

Lemma 4.2. Let ¢ € C,(H) be given. Then for each € > 0, there exists some 61 = 1(e,¢) > 0 such
that for all s1, s2 € (—00, 0] with |s1 — so| < 01 there holds

12 ||p(s1) — d(s2)]| < e. 4.2)

Proof. By the definition of C. (H), we set ¢ := lim €7®¢(s) € H. Then there exists some so < 0
§——00
such that
€
He’YSQS(S) - QbooH < Zv Vs < 50,

and thus
S S S S E
€7 d(s1) — €72 @(s2)]| < [|€7* P(51) — Pl + [[€7*2 B(52) — Pool| < 30 Vs, 82 <50 (43)

On the other hand, the H-valued function s — €7*¢(s) is uniformly continuous on the interval [so—1, 0],
whence there is some §] € (0, 1) such that
€

€7 p(s1) — €72 p(s2)]| < 5

for s1, 52 € [s9 — 1,0] with |s; — s9| < 4. 4.4)

13



1
Letting 6, = min { 1, —In (1 + ﬁ) }, we have by (4.3) and (4.4) that for all s1, s9 € (—o0, 0] with
v ¥

|s1 — s2| < 41 there holds

2 [¢(s1) = Bls2) | < [l 6(s1) = € (s2) | + €7 — €7 [ g(s1)]
<+l 1], <e.

The proof is complete. O

Lemma 4.3. Let the assumptions (H1) and (H2) hold, and T, € R and ¢ € C(H) be given. Then for
each e > 0, there exists some 09 = d2(&, T, @) > 0 such that

[u(s;7,¢) = @(0)| <&, forallT € (T — b2,7:) and s € [, 7], (4.5)
where u(s; T, @) is the solution of the problem (1.1) with the initial datum ¢ at the initial time T.

Proof. Let T, € Rand ¢ € C,(H) be given. Firstly, we prove that

™1 du(8; 7, @) |2
—————=|| df < ¢g, 4.6
/T dé HV’ “ (46)
where -
= o+ [ IFO)IPS+ s M(6.6),
Te—1 [To—1,7x]
is a bounded quantity depending on 7, g, f, - - -, etc., but being independent of 7 € [r, — 1, 7.]. Indeed,

from (2.9) we can see that

‘PM&n@

2
| SlAu@: 7, 6) R + 1B (w657 0), u0: 7, 9

+IFO? + 1lg(8,u(® — p(0)))]*. (4.7)
By (2.5), (g2), (g3) and some simple observations, we have

[ Au(®; 7, $)II3 < lu(®: 7, 9)1F,

| Bn (w(8;7,0),u(0;7,0)[I}, S llu(d; 7, )}, (4.8)
198, u(6 — p(9)))|I* < sup }M2(9,¢)-

Inserting (4.7) and (4.8) into (4.6), then using (3.3), (3.5) and (3.26) gives

/T*
.

d 6; ’ 2 T Tx
%de@ S / lu(8; 7, ¢))|[3d6 + / 1£(0)]1%d6 + (. — 7) s M2, $)

T

SIol2+ [ 1@+ s MA0.0).vr e~ Ll @9)

[T*_lvT*]

that is (4.6) is proved.

14



Secondly, we observe that for 7, — 1 < 7 < s < 7, there holds
[u(s; 7, ¢) — ¢(0)]?
=llu(s; T O = 1¢(0)]1* = 2(u(s; 7, ) — ¢(0), $(0))

- / Wde —2(u(s; 7, 0) — 6(0), $(0)). (4.10)

By (3.3) and (3.13), we obtain

/Mdg‘ /”f yd6+/ Ly(0)e?”?)|Jug|2d0

< / 17 OPd0+ (. —7)  sup  M2(6,9). @.11)

0T —1,7]

Notice that f € L2 (R,L%*(2)), and sup M?(,¢) is a constant independent of 7. Therefore,
O€[Te—1,74]
from (4.11) we see that there exists some &5 = d5(e, 7w, ¢) € (0, 1) such that

s . 2 2

At the same time, since ¢(0) € H and V' is dense in H, there exists some 1) € V such that

¥ — p(0)|| < /16  sup  M?*(0,9).

0T —1,7]

Using (4.6),
[(u(s;7,0) — ¢(0),8(0))] <[(u(s;7,¢) — ¢(0),4(0) — )| + [(u(s; 7, ¢) — $(0), )]
2 sup  M(7,9)[|6(0) — | + [(u(s; 7,0) — ¢(0), )|

0T —1,7x]
2

([ G e

<
<

A

du(0; T, 3
—+H¢HV'/—T*—T(/ M‘ d6)2
8 dé
2
<8
< +vallvvm T @13
which implies that there exists some &5 € (0, 1), independent of 7, such that
2
|(u(s;, ) = (0), (0D < 5y 7w =0y <T <5< (4.14)
Picking do = min{d}, 65}, the desired result follows from (4.10), (4.12) and (4.14). The proof of Lemma
4.3 is complete. O

Lemma 4.4. Let the assumptions (H1) and (H2) hold. Then for every ¢ € C(H) and every t € R the
C, (H)-valued function T — U (t,T)¢ is continuous on (—o0, t].

15



Proof. Let ¢ € C,(H) and t € R be given. We shall prove that for each given 7, € (—o0,t] the
C, (H)-valued function 7 — U (t, T)¢ is both left and right continuous at 7 = 7. We next prove the left
continuity at 7 = 7.

Firstly, on one hand, for every ¢ > 0 we deduce from Lemma 4.2 that there exists some 5 =
d5(e, @) > 0 such that, for all s1, s3 € (—o0, 0] with |s; — s2| < 1, there holds

72| b(s1) — B(s2)|| < £/2. (4.15)

On the other hand, by Lemma 4.3, there is a 65 = 85 (g, 7, ¢) > 0 such that whenever 7 € (7, — 0%, 7%)
there holds
lu(s;7,0) — d(0)|| < e/2, foralls € [T,7]. (4.16)

Thus, for the positive & above, there exists some 03 = d3(e, 7x, $) = min{dj, 65 } > 0 such that
[us(0) —u(0)]| = [lo(0 —7) —u(0)]|
< o0 = 7) = (0| + [|$(0) —u(®; 7, 9)|| <&, T —d3 <T <7, O€[r, T,
which implies that

anax] |us(0; T, @) —u(0;7,0)|| <&, Tu—103<T<Ts, 0€E]I[T,Tsl, (4.17)
€T, T«

where w.,(0; 7,, ¢) is the solution corresponding to the initial datum ¢ at the initial time 7.
Secondly, by (2.18) and (3.3) we have

max ||w.(0; 7, ¢) — u(0; 7, 0)||
GG[T*yt}

Slp(0) — u(r; 7, ¢) |1 exp (/ Ly(s)e"®ds + (t — 1))

Tx

t S
+ ¢ — ur, H?Y/ Ly(5)e™® exp (/ Ly(0)e7?d0 + (s — 7)) ds.
Slp(0) — u(r; 7, ) + [l — ur. |2, (4.18)

using the representation u(6; 7, ¢) = w(; 7w, u(7x; 7, ¢)) and the fact that ¢ and 7, are fixed. Now by
Lemma 4.3, we derive that for above e > 0 there exists §) = &} (e, t, 7, ¢) > 0 such that

|6(0) — u(re; 7, 9)|| < /2, for 7 — 6y < T < T 4.19)

At the same time, by (4.15) and (4.17), there exists & = 0} (¢, T, ¢) > 0 such that when 7, — ] < 7 <
T, then

6 = urlly <max{ sup elo(s) = ur (s)ll, sup *[g(s) — ur.(s)]|}

ST —T SE[T—74,0]

<max{ sup |o(s) = ¢(s + 7 — 7, sup Jlu.(s) — u(s)| }
SKT—Tx SE[T,Tx]

< max { sup T G(r + 7 — 1,) — o(r)], 6} <e/2. (4.20)
r<0
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Picking 04 = d4(e, t, T, $) = min{d}, 0} }, then (4.18)-(4.20) imply

errfax] | (6; T, @) —w(O;7,0)|| <&, Tu—04<T<Th <Ee. 4.21)
€[ Tx,t

We now choose § = (e, t, Tx, ¢) = min{ds, d4}, and then deduce from (4.15), (4.17) and (4.21) that if
Ty — 0 < T < T, then

U(t.7)6 = Ut 7)o, = supelu(t + 6) — .t + 6,

<maX{ sup €?|¢(0 +t — ) — o0+t 1), sup " ult +6) —u(t+ 9)||}
O<T—t Oe[r—t,0]

<max { sup Do) - ¢(r + 7. — 7|, sup [[u(®) — u.(O)]} <.
r<0 66[7’711
The left continuity of the C.,(H )-valued function 7 +— U(t,7)¢ at 7 = 7, is proved. Since the proof of
the right continuity of U (¢, 7)¢ at 7 = 7, is similar to that of the left continuity, we omit the details and
end the proof of Lemma 4.4. O

To construct the invariant measures for the process {U(t,T)}i>-, we next recall the definition of
generalized Banach limits.

Definition 4.1. ( [16,28]) A generalized Banach limit is any linear functional, denoted by LIM;_, o,
defined on the space of all bounded real-valued functions on [0, +00) and satisfying

(1) LIM;—400C(t) = 0 for nonnegative functions ¢(+) on [0, +00);

(2) LIM;400C(t) = t—ljl-‘zloo C(t) if the usual limit t_l}m C(t) exists.

“+00

Remark 4.1. Notice that we consider the “pullback” asymptotic behavior and we require generalized
limits as T — —oo. For a given real-valued function ¢ defined on (—oo, 0] and a given Banach limit
LIM_, 1 oo, we define LIM;—, o (t) = LIMy— 4 5o C(—1).

The main result of this article reads as follows.

Theorem 4.1. Let the assumptions (H1) and (H2) hold. Let {U (t,T)}1> be the process associated to
the problem (1.1) and ﬁpa = {Ap,(t) : t € R} the pullback D,-attractor obtained in Theorem 3.1.
Then for a given generalized Banach limit LIM;_, | o and a continuous map &, : R — C,(H) with
&-(-) € Dy, there exists a unique family of Borel probability measures {m; },cr in C(H) such that the
support of the measure my is contained in Ap, (t) and

1 t
LIMTﬁ_OO:/T T(U(t, 5)&)ds = /ADU(t)T(U)dmt(U)

_ / () drmy (u)
& ()
1

t
= LIM,. // T (U(t, s)u)dms(u)ds,
t=7Jr Joym)

17



for every real-valued continuous functional Y on C,(H ). Moreover, my is invariant in the sense that

[ twdm) = [ T @m0, >
Ap, (t) Ap, (1)

Proof. From Theorems 2.1 and 2.2, the solution operators of the problem (1.1) generate a continuous
process {U(t, 7)}:>, on the space C(H). Theorem 3.1 shows that {U (¢, 7)};>, possesses a pullback
attractor in C.,(H ). Lemmas 4.1 and 4.4 indicate that for each given t € Rand ¢ € C(H) the C(H)-
valued function 7 — U (t, 7)¢ is bounded and continuous on (—o0, t]. Using these facts and the abstract
result of [28, Theorem 3.1], we obtain the results of Theorem 4.1. |

5 Conclusions and remarks

In this article, we first prove the global well-posedness of the 3D GMNS equations with unbounded
variable delays. Then we establish that its solution operators generate a continuous process {U (¢, 7) }+>+
on the space C',(H ). Furthermore, the process {U (¢, 7) }+~, possesses a pullback attractor in C., (H ). Fi-
nally, we prove the existence of invariant Borel probability measures which are supported by the pullback
attractor. There are two points that we would like to point out.

Firstly, we apply the generalized Ascoli-Arzela theorem to prove the “weak version” of the pullback
asymptotic compactness of the process {U (t,7)}:>, (see Lemma 3.2). This is prompted by the delay
phenomenon. Since the problem discussed contains unbounded variable delays, it seems suitable for us
to choose C.,(H) as the phase space. The Ascoli-Arzela theorem has been proved to be a powerful tool
to investigate the compactness of the sets such as the subset of C.,(H).

Secondly, for each givent € R and ¢ € C,(H), the continuity of the C',(H )-valued function 7 —
U(t, )¢ on (—oo, t] is not a clear fact (see Lemma 4.4 and the auxiliary lemmas). There are some essen-
tial differences between the autonomous dynamical system and non-autonomous one, say the continuous
dependence of the dynamical system on their parameters. Consider a continuous process {S (¢, 7) }+>- on
some Banach space X. Even if we have known that the X -valued function ¢ — S(t, 7)x¢ is continuous
on R for every given 7 and ¢y € X, the convergence || S(t.,T)zo — xol|x — 0 as 7 — ¢, may still
depend on 7. In fact, when 7 — t,, S(t., 7)xo changes simultaneously with different initial times 7.
This is caused naturally by the non-autonomous phenomenon.

In the end of this article, we want to propose a problem, saying, how to formulate reasonably and
construct the statistical solutions for the evolution system containing delays. As for the 3D GMNS equa-
tions discussed here, we have constructed the invariant measures on the phase space C,(H). However,
we seem unable to construct its statistical solutions via the invariant measures and pullback attractors,
as done in [44—47], because the invariant measures are contained in the phase space C.(H) while the
equation (2.9) is interpreted in the D(7, +00; V') sense.
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Abstract

This article investigates the three-dimensional globally modified Navier-Stokes equations with
unbounded variable delays. Firstly, we prove the global well-posedness of the solutions, and give the
existence of the pullback attractor for the associated process. Then, we construct a family of invariant
Borel probability measures, which is supported by the pullback attractor.
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1 Introduction

In this article, we study the following three-dimensional (3D) system of globally modified Navier-
Stokes (GMNS for short) equations with unbounded variable delays

O v+ Fy(ully) (- V)ul+ Vp= f(a.)+ glt,ult — p(8))) in (r.+o0) x 2,

ot

V-u=0 in (7,4+00) x Q, (1.1
u=20 on (1, +00) x 09,
u(t+s,z) = ¢(s,x) in (—o0,0] x Q,

where the unknown functions u = u(z,t) and p = p(z,t) denote, respectively, the velocity field of the
fluid and the pressure, the positive constant v is the viscosity coefficient, f(x,t) is the density of the
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volume forces, g is the external force affected by memory during the time range (—co, 7], p : R — R*
is a delay function satisfying p € L{° (R) and ¢ is the initial datum on the interval (—oo,0]. Here

|ullv = [IVul(z2(q))s and the function Fy (-) : (0, +00) = (0,1] is defined as
Fy(r) :=min{l,N/r}, r € (0,400),

where N is a positive integer. In addition, {2 C R3 is an open bounded set with the smooth boundary
9.

The GMNS equations with g = 0 (that is without delays) was formulated in [S]. It is one kind of
global modifications of the Navier-Stokes (NS for short) equations with the modifying factor Fi (||u/|v)
depending on the (L?(£2))3-norm of Vu. This modification brings some good properties to the solutions:
global existence, uniqueness and regularity, in comparison with the multiple-solution property of NS
equations (see [11, 12, 16] and the references therein for readers’ perspective). The GMNS equations are
useful in obtaining some new results for the 3D NS equations. For instance, it was used in [5] to establish
the existence of bounded entire weak solutions for the 3D NS equations, and in [23], the authors applied
it to show weak compactness and weak connectedness of the attainability set of the weak solutions of
the 3D NS equations satisfying an energy inequality. At the same time, it was proved in [5, 33] that
the solutions of the GMNS equations converge to those of the 3D NS equations in some proper sense.
Therefore, the GMNS equations (1.1) with g = 0 can be regarded as an approximation to the 3D NS
equations.

The GMNS equations (1.1) with ¢ = 0 have been extensively studied. For example, one can see
[5,6,15,21,37] for the existence and uniqueness of the weak and strong solutions, [8,22,28,41] for
invariant measure and statistical solutions, [43] for the existence of trajectory attractor and trajectory
statistical solutions. However, the real world is inundated with many situations in which the model
is better described with some terms containing delays appearing in the equations. These delays may
appear, for instance, when the current behavior is influenced by its previous states, or one wants to
control the system by imposing an external force which depends upon both the present state and the
history of the solutions. The delayed partial differential equations are usually used to describe these
delayed phenomena ( [14,17]).

Nowadays, delayed partial differential equations have drawn much attention and have been exten-
sively studied. For example, the existence and asymptotic behaviors of solutions for the NS equations
with finite delays were investigated in [2—4, 18,29]; the existence of pullback attractors for the NS equa-
tions with finite or infinite delays was studied in [7, 20,25, 32]. Some known references concerning the
delayed 3D GMNS equations are summarized as:
1° Finite delays: the existence, uniqueness and global asymptotic exponentially stability of the sta-
tionary solution, as well as the convergence of solutions to those of the NS equations were established
in [33,34].
2° Infinite delays: the well-posedness and global exponential decay of the solutions to the stationary
solution, as well as the existence of pullback attractor were investigated in [30,31].
3° Bounded variable delays: the existence and uniqueness of solutions, as well as the existence of
pullback attractors were proved in [9, 35].

However, up to our knowledge, there is no reference concerning the 3D GMNS equations with unbound-
ed variable delays.



The motivation of this article is to investigate the existence of invariant Borel probability measures
for the 3D GMNS equations with unbounded variable delays. The invariant measures and statistical
solutions have played a significant role and developed into a crucial tool in the research of turbulence
(see Foias et al. [16]) in recent decades. This is mainly due to the fact that some time-average quantities
essentially measure several important aspects of turbulent flows. The invariant measures and statisti-
cal properties of dissipative systems were studied by a number of researchers after that. For instance,
Wang considered the upper semi-continuity of stationary statistical properties for dissipative systems
in [40]. Lukaszewicz, Real and Robinson in [27] constructed the invariant measures for general continu-
ous dynamical systems on metric spaces by using the generalized Banach limit. For a much wider class
of dissipative semigroups, Chekroun and Glatt-Holtz [13] also applied the generalized Banach limit to
constructing the invariant measures, but they generalized and simplified the proofs of [27] and [40].

Recently, a series of works developed some techniques to provide a construction of invariant mea-
sures for non-autonomous systems with minimal assumptions on the underlying dynamical process (see
Foias et al. [16], Wang [40] and Lukaszewicz et al. [26-28]). Nowadays, these theories have been em-
ployed to establish invariant measures for some evolution equations, (see e.g. [24, 36,41, 48] and the
references therein). However, as far as we know, there is no reference investigating the invariant mea-
sures for delayed evolution equations.

The main result of the current article is the existence of invariant Borel probability measures for the
3D GMNS equations with unbounded variable delays. We will use the abstract theory for dissipative
non-autonomous system in [28, Theorem 3.1]. To this end, we shall prove that the solution operators
associated to the problem (1.1) generate a continuous process {U (¢, )}~ in the phase space C,(H)
(see notation in Section 2) and

(1) the process {U (¢, T) }s+> is pullback strongly bounded in C (H);

(2) the process {U (¢, T) }+>~ is pullback asymptotically compact in C (H );

(3) for each given ¢, € Rand ¢, € C,(H), the C,(H )-valued function 7 — U (t., 7). is continuous
and bounded on (—oo0, ¢] (this is called 7-continuity of the process {U (¢, T) }1=+).

We first use a Galerkin approximation argument, and some a priori estimates, to prove the global
well-posedness of the solutions to the problem (1.1). Also we do some estimates of the solutions to
obtain the existence of strongly bounded pullback absorbing sets. Secondly we apply the Ascoli-Arzela
type theorem ( [1]) to establish the pullback asymptotic compactness of the process {U (¢, 7)};>-. This
is prompted by the delay appearing in the equations. Since the problem discussed contains unbounded
variable delays, it seems suitable for us to choose C-,(H) as the phase space. It has been shown that the
Ascoli-Arzela theorem is a powerful tool to investigate the compactness of subsets of C,(H). Thirdly,
for each given ¢, € R and ¢, € C,(H), the continuity of the C,(H )-valued function 7 — U (t., T) s
on (—oo,t] is not a clear fact (see Lemma 4.4 and the auxiliary lemmas). There are some essential
differences between the autonomous dynamical system and non-autonomous one, say the continuous
dependence of the dynamical system on their parameters. Even if we have known that the C, (H)-
valued function ¢ — U (t, 7)¢ is continuous on R for every given 7 and ¢, € C,(H), the convergence
|U(ts, 7)) — ¢«lly — 0 as 7 — t may still depend on 7 itself. In fact, when 7 — t.°, U(ts, 7)o
also changes with different initial times 7. This is caused naturally by the non-autonomous and delayed
phenomena. We will take advantage of the structure of the GMNS equations to prove the T-continuity of



the process {U (t,7) }¢t>r-

This article is organized as follows. In the next section, we first introduce some notations and oper-
ators, and then prove the global well-posedness of solutions to the problem (1.1). Section 3 is devoted
to the proof of the existence of pullback attractors. In Section 4, we first prove the 7-continuity of the
process and then construct a family of invariant Borel probability measures which is supported by the
pullback attractors. We end the article with conclusions and remarks in Section 5.

2 Global well-posedness of solutions

In this section, we first introduce some notations and operators. Then we prove the global well-
posedness of the problem (1.1).

In this article, we use the following notations:

L2(2) = (L?(£2))3~the 3D Lebesgue space with norm || - 2 = I - [I;
H' (€2) = the 3D Sobolev space {¢ € L2(2)|V¢ € L*(Q)} with norm ||V - |20
HI5(€2) = closure of (C3°(€2))? in H' () with norm || - |[g: (q):
V={peCFQPIV é=0}
H = closure of V in L2(Q2) with norm || - || and inner product (-, -);
V' = closure of V in H'(Q) with norm || - |lv = ||V - [|L2(q
V' = dual space of V with norm || - ||y+; (-, -) — the dual pairing between V and V’;
In addition, we will use the notation a < b to mean that a < ¢b for a universal constant ¢ > 0 that only
depends on the parameters coming from the problem and will not result in confusion.

For short, we will write the problem (1.1) in a functional form. To this end, we introduce some
classical operators which are usually used to handle the 3D incompressible NS and GMNS equations. At
the same time, we will select some known estimates and properties (see e.g. [39]) of these operators.

We first consider the operator A : V' — V' defined as

(Au,vy = (Vu,Vv), Yu,v eV,

where D(A) = H2(Q) NV and H3(Q) = {¢ € H(Q)|A¢ € L?(Q)}. In fact, for each u € D(A),
Au = —PAu, and hence A is the Stokes operator, where P is the Leray-Helmholtz projection from
L2(2) onto H.

Secondly, we define a trilinear form b(-, -, -) as follows,

b(u,v,w) = z:/uZa widz,  Yu, v, w € Hy(Q).
i,7=1

Notice that V is a closed subspace of HJ(€2). One can check that b(u, v, w) is continuouson V x V x V/,
and b(u,v,w) = —b(u, w,v), b(u,v,v) =0, Yu, v, w € V. Foreachu, v € V,

(B(u,v),w) = b(u,v,w), YwéeV,

defines a continuous function B(u,v) on V' x V. At the same time, we have (cf. [39])

1b(u, v, w) || Slulli/ | Aull 2 ollv|lwll, Yue D(A),veV,weH 2.1)
16(u, 0, w) || Sllullv lollv w2, Yu, v, we V. 2.2)



We further set

bN(U,’U,’w) = FN(HU||V)b(uaan)> \V/’LL,U,U} ev,
(Bn(u,v),w) = by(u,v,w), Yu,v,we V.

Then by (u, v, w) is linear in v and w, but not linear in v. However, we still have (see [37])

by (u,v,v) =0, Yu,v €V, (2.3)
‘bN(uvv7w)‘ SNHUHVHU)HXN Vu, v, w €'V, (2.4)
|bn (u, v, w)| SN||Aul|||w|, Yue€ D(A),veV,we H. (2.5)

Furthermore, for every u, v € V and each N > 0,
0 <[lullvEn([lullv) < N, (2.6)
1
[En(llullv) = En(llvllv)] < 5 En(llellv) E(lvliv)lle = ollv. 2.7

To formulate the problem (1.1) in a proper manner, we require that the functions p(t), f(z,t) and
g(t,u(t — p(t))) in (1.1) satisfy some natural hypotheses.

(H1) Suppose that the function p : R — R belongs to L (R) and f(t,x) € L% _(R;L%(2)). Also
assume that g : R x H — H satisfies

(gl) for everyu € H, the mapping R > t — g(t,u) is measurable;
(g2) g(t,0) =0forallt € R;

(g3) there exists a positive constant vy and a nonnegative function Ly : R — R such that

L,()e0 € L (R) and |g(t,w) — g(t.0)|| < Ly(®)u—v], Vi€ RVuve H. (28)

Remark 2.1. In Remark 3.1 we will give a concrete example to show the existence of the functions p(t),
f(t,x), g(t,u), Ly(t) and the constant ~y that satisfy our assumption (H1). In the sequel, the constant -y
is from (g3).

In order to deal with the unbounded variable delays, we consider the space

€y (H) = { € C((~00,0): H) :sup ™[ o(s)]| < +00,3 lim_7*6(s) € H.

with the norm ||¢||, := supe”®||¢(s)|. Then (Cy(H),|| - ||5) is a Banach space. In addition, for each
s<0
7 € R we denote conventionally u.(s) = u(7 + s) with s € (—o0, 0].

We now specify the definition of the weak solution to the problem (1.1).
Definition 2.1. Let 7 € R and ¢ € C(H) be given. If for all T > T, a function u € C((—o0,T], H) N
L%(7,T; V) with u, = ¢ satisfies
du(t)
dt

in the sense of distribution D' (1, +00; V'), then we call u a weak solution of the problem (1.1) corre-

+vAu(t) + By (u(t), ut)) = f(t) + g(t, u(t = p(t)), (2.9)

sponding to the initial datum ¢.



For the existence and uniqueness of solutions to the problem (1.1), we have the following result.

Theorem 2.1. Let the assumption (H1) hold true. Then for each T € R and ¢ € C,(H), there corre-
sponds a unique weak solution u(-) = u(-; T, ¢) to the problem (1.1), and w is in fact a strong solution in
the sense that

uwe C((r,T],V)NL*(t + &, T; D(A)), Ve >0, VT > 71 +e¢. (2.10)
Moreover, if p(0) € V, then

uwe C([r,T); V)N L*(r,T; D(A)), YT > . (2.11)

Proof. The proof is similar to that of [30, Theorem 2] and [31, Theorem 1] with the unbounded vari-
able delays in place of the infinite delays. Following the proof of [30, Theorem 2] with some different
estimates, we present the parts that will be used in the sequel of this article.

For the Galerkin approximation solution u(™, we have

d m m m m m
GO + 2w][u™ BF = 2(£(2), u™ () + 2(g(t u™ (¢ = (1)), ul™ (1))
Sl O3 + 1O + 2L (0)[[u™ (¢ — o)) 1™ (2)]]
S @) + [FO17 + 2L (8)e”D a3,
using the facts that [|u(™ (¢)|| = [lu{™ (0)|| < [[u{™|| and

[u™ (& = p(t))]| = *D e O™ (£ — p(t))]| < D ul™],. 2.12)

Hence, for all ¢ > 7 there holds
¢ t
[ul™ (t)[|* + V/ [ul™ () |I3-ds < [ (7)) +/ (I£()I” + 2Ly (5)e™ ul™]|2)ds. (2.13)

By (2.13) and the definition of the norm ||u£m)

%, we have

Juf™ 7 S max{ sup o0+t~ 7
t+0
sup (@) + 0 [ (176 + 2Ly u ) ds) }
0e[r—t,0] T
t

 max { sup @O Oo(6) 2, [u(r) + [ (1£5)IF + 2L4(s)e ]2 ds

<0 -

t

SOIE + [ (£GP + 2L4(s)e7 [l |2)ds. 2.14)

Applying Gronwall’s lemma to (2.14) gives

t

t
™ S (lol + [ I Pds) exp (2 [ Ly(s)eds). 2.15)



We then conclude from (2.13) and (2.15) that, with the assumption (H1) in hand,

g™ |2 + 1™ 2a gy S 1, VEE [RT), V]l < R, Ym > 1,

T T
/ lgCs, ut™ (s — p(s))) 2ds < / (Ly()e PP [l |2ds S Ly 2ary.  (216)

T

Estimate (2.16) implies that
g(u™ (- = p(-)) € L*(r, T;L*(Q)). 2.17)

The rest tasks are to prove that the Galerkin approximate solutions {u(m)} possess a convergent subse-
quence and its limiting function is the solution satisfying Theorem 2.1. The procedures are similar to
those of [30, Theorem 2] and we omit the details here. O

The result below shows that the solutions to (1.1) depend continuously on the initial data.

Theorem 2.2. Let the assumption (H1) hold. Let u = u(-;7,¢) and @ = u(-; 7, ¢) be two solutions of
the problem (1.1) with the initial data ¢ and QB at the initial time T, respectively. Then we have

max [[u(6) —a(6)|?
oe(r,t]
t
<160) ~ 60 exp [ 22, 0as + - 7)) @19

_ t s
+ ||l — <Z>||%/ Lg(s)evp(s) exp (/ 2Lg(9)ew(6)d9 +(s— T))ds.

The proof of Theorem 2.2 is analogous to that of [31, Proposition 1] and we omit the details.

3 Existence of the pullback attractors

From Theorems 2.1 and 2.2 we can conclude that the solution operators U (¢, 7) : Cy(H) — C,(H)
defined by

U(t77)¢(5) = ut(s)’ Tt s€ (—O0,0], (31)

generate a continuous process {U (¢, 7) }+>- on the phase space C(H ), where u = u(-; 7, ¢) is the solu-
tion of the problem (1.1) corresponding to the initial function ¢ at the initial time 7. In this section, we
first prove that {U (¢, 7) }+>, possesses a bounded pullback absorbing set and is pullback asymptotically
compact in C(H ). Then we obtain the existence of the pullback attractor. For related definitions and
results concerning the evolution processes and pullback attractors, we can refer to [4, 10, 38] and the
references therein.

In the sequel, we pick v and some parameter p such that

O<p<vand (v—pA <7, (3.2)

2
where A\ = inf HUH;/
veV\{o} v]|

of the bounded pullback absorbing set, we need another assumption for the functions Lg(')ew’(') and f.

> 0 is the first eigenvalue of the Stokes operator A. To obtain the existence
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(H2) Assume there is a constant y satisfying (3.2) such that

€ss sup Lg(t)ewp(t) < (v—pA <, (3.3)
teR
0
| e lrepas < voc, 64
—0o0
hereinafter the constant o is given by
0:=2(v— p)A\1 — 2esssup Lg(t)ew(t). (3.5)
teR

Remark 3.1. We set
o) =, teR
g(t,u) = exp(—elhu, teR,ue H,
Ly(t) = exp(—elth), t e R,
T=6

(3.6)

then the conditions in (H1) are satisfied and

ess sup Lg(t)ew(t) =TT =l =1 <e=n.
teR

If we take 1 < v < e and | small enough, then (3.3) are satisfied. Thus, the functions and constant
presented by (3.6) satisfy the conditions in (H1) and (H2). For the existence of the function f(x,t)
satisfying (H1) and (H2), we refer to [42, Example 3.1].

We denote by P(C,(H)) the family of all subsets of C.,(H) and consider the families of nonempty
sets D = {D(t) : t € R} C P(C,(H)). Let D, be the nonempty class of families D = {D(t) : t €
R} C P(C,(H)) parameterized by time ¢ and satisfying

lim (e°7 sup |jv||?) = 0.
TH*OO( veD(T) ,Y)

The class D, defined above is always called a tempered universe.

Lemma 3.1. Let the assumptions (H1) and (H2) hold. Then the process {U(t,T)}i>r possesses a
bounded pullback absorbing set in C.,(H).

Proof. Pick some p satisfying (3.2), and let u = u(-; 7, ¢) be the solution of the problem (1.1) corre-
sponding to the initial function ¢ at the initial time 7. Then we can get

d
Ze®I1” + 20 = WM lu@ I + pllu@I < 1FOI + 2Ly ()O3, t>7. B

Hence forall ¢t > T,

t
lu(®)? + p / N9y (5|2 s

T

~

t
Se 2Ty () |2 +/ e PTINEEI () £ (5|2 + 2Ly (5)e7 P [lug ) s, (3.8)



Inequality (3.8) implies that

ul2 Smax{ sup o0+t —r)[E sup (X2 mMET Oy ()|
0e(—oo,7—t] 0e|r—t,0]

t+0
+e? / e—2<v—u>h<t+9—s>(|f(s)|\2+2Lg(s)eW<8>||us||3)ds)}. (3.9)

By the choice of 1 in (3.2), we have

sup - e?p(0 +t — 7)|| < e” TN g, (3.10)
0 (—o0,7—1]
) ?up }627072(V7u))\1(t+7'79)HU(T)HQ < 672(V7;L))\1(t77')HU(T)HQ, (3.11)
elr—t,0

t+6
p 20 [ N0 ()2 1 2, (5)7 ) s
oc[r—t,0] T

t
< / 2N (£ (5)[[2 4 2Ly ()7 ]2 ) dis (3.12)

It then follows from (3.9)-(3.12) that

t
Jul} $ €20 mNETGIR 4 [N ([ (52 4 2Ly (5)e ) s, B.13)

Applying Gronwall’s inequality to (3.13) yields

t
e I3 5H¢||36Xp{—2(v—u)h(t—T)+2/ Ly(s)e7""ds}

T

t t
+/ Hf(s)\l2exp{—2(V—u)A1(t—s)+2/ Ly(0)e 9 do}ds
t
Slgl2e =) + / £ (s)]|2e 7 ds. (3.14)

Now we define the time-dependent family B = {B(t) : t € R} € P(Cy(H)) as

t

By ={ve cy(m: ol s1+ [ eI (o) Pds), (3.15)

o0
Then B is the desired pullback D,-absorbing set for {U (t,7)}+=, in C,(H). O

To establish the pullback D,-asymptotic compactness for {U(t,7)}i> in C,(H), we will employ
the generalized Ascoli-Arzela type theorem ( [1]) to prove the following auxiliary lemma.

Lemma 3.2. Let {7, },>1 be a sequence such that T, — —oc as n — +o00 and 1, < to for some fixed
to € R, and {¢pn}n>1 a sequence of functions with ¢, € B(1,) for each positive integer n. Denote by
u(™ = () (*; Tn, &n) the solutions of the problem (1.1) corresponding to the initial data ¢,, at the initial
time Ty, Then there exist a subsequence (still denoted the same) {ugg)},@l and a function ¢ € C,(H)

suchthatut —MﬁmC([ ,0]; H) for each T > 0.



Proof. Let to, {7} n>1> {én}tn>1 and u(™ = u(™(:;7,,, 6,,) be given as in this lemma. Consider two
arbitrary positive numbers T', T with T' > T. Let ng = ng(to,T) be the positive integer such that
Tn < to — T for all n > ng. From (3.3) and (3.14)-(3.15) we deduce that for ¢t € [ty — T, tp] and n > ny,

to
[u"()[|* SR(to, T) =1+ ea(tOT)/ e”®|| f(s)[]*ds < +oo,

luf' I3 SR(to, T).

(3.16)

(3.17)

We next divide two steps to establish that the conditions of the Ascoli-Arzela type theorem are satisfied.

Step one. We first prove that
{u™ ()} 15, is precompact in H for each ¢ € [tg — T, to).
By Theorem 2.1, we conclude that u(™) (t) € D(A) for all t € [ty — T, t], whence,
B dt L) 12 4 v A )2 + b (w (1), u (1), Au® (1)
=(f(), Au™ (1)) + (g(t.u'™ (t = p(1))), A (1)), t € [to — T, o].

Using Young’s inequality, (2.1) and (2.6), we have

(f(8), Au'™ (1)) S %Ilz‘lu(”)(t)ll2 +IF@IP,

(gt u™ (t = p(1))), Au™(£)) < = [[Au ()]2 + L2(0)e>7 O |uf™ |2,

b (™ (1), ut™ (1), Au™ ()] S Ju™ @)1/ Au™ ()] 5 %HAu(’“(t)H2 + [ @)1

Combining (3.19)-(3.22) gives
d n n n n
allu( N2 + v Ad™ @) < (1F O + 2L2 ()P luf™ |12 + [[u™ (0)].

Integrating (3.23) over [s, t] with tg — T < s < ¢ < ¢ yields

to
W@ S 1O+ [ (1)1 + 2220l 12) + [ 6) ] a0

to—T

Now integrating (3.24) with respect to s over [to — T, t], we obtain for t € [to — T, o] that
(T =D @)} < (t+T = to)llu™ ()5
to to
ST @R+ T [ (I + e ul)2) ds
to—T to—T

In addition, from (3.8) and (3.14), we can get

t .
/ ||u HVdS <(1+/ L ( )ew(s)e2f, Lg(o)er )dUdS)HQSH?Y

T

t
4 / e N =) | £(5)|2ds

t s
+/ Lg(s)ew(S)/ 6*2(Vfu)>\1(TfU)+2fcfLg(9)eW”(9’d9”f(U)H2dads.
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(3.18)

(3.19)

(3.20)
(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)



Note that we have u(™ (t; 7", ¢(,,)) = U(t,to — T)u(to — T Tn, b(n))- Thus from (3.8)-(3.9), (3.13)
and (3.15), we know that

the sequence {u(”)}n>n0 is bounded in L (tg — T, to; V). (3.27)

Therefore, it follows from the compact embedding V' < H and the continuity of u() (see (2.10)) that
the set
{u™(t) : t € [to — T, to], n = no} is precompact in H, (3.28)
from which (3.18) immediately follows.
Step two. We establish the equicontinuity of {u(™},,>,, on [to — T, to] by contradiction.
Suppose that this equicontinuity does not hold true, and then there exists a positive constant g and two
sequences {tg)} and {tg)}, satisfying tg — T < t,(ll) < tg) < tpand |t$12) — tﬁP\ < L such that

n’

||u(n) (tgll)) — ™ (t 2))” > <. (3.29)

n

By (3.28), we can assume that & = e, ™ (t*) — z* and u(® (tgf)) — 20 (G =1,2)in H as
n — +oo. Evidently, %2) — t*asn — +ooand t* € [tg — T, 1p]. By (3.23), we know that

120 = 2 > & (3.30)

Set (™ () = u(™ (t) — u(™ (t*) for n > ng. Then we obtain

5 3O + vy O +v [ Fu @) Ty e + by (w0, " 0), 57 1)
Q
=709 0) + (ot u™(E — p(1), 5 (0), 1€ 1o~ T o] 331)

Applying Schwartz’s inequality and (g3), we have

| [ 9u) - vy e <G IO + 515" Ol (.32)
2(£(£), y™ ()] <IFOI + [y™ ()2, (3.33)
2/ (g(t, u™ (t — p(1))), 4™ (£))] SL2()e>?O ™ |12 + |1y (8)])2. (3.34)

At the same time, by (2.3)-(2.6) and (2.7), we see that

b (™ (#), u™ (), 5™ ()] =loar (5™ (), u (1), 5™ (1)) = b (™) (), ul™ (1), u (1))
Sy O™ @12 + ™ )13
v *
Sl OIF + ly™ O + [u™ @) (335)

Taking (3.31)-(3.35) into account yields

d n n n n) [k
&Ily( Y2 < Iy™ @I + IF O + L2 PO u™ |2 + [ul™ ¢)]3. (3.36)

11



Integrating (3.36) from t* to tgf ) and using (3.16)- (3.17) gives

| | £,
Iy ™ ()% <[R(to, T) + e1] [}, — t°] +|/t* £ (s)[|>ds]

th
+R(t0,T)( / L2(s)e>P)ds|, (3.37)
t*

where (see (2.10) and (3.27))

c1:=  sup  {|lun(®)|lv : n = no}.
te[to—T,to)

Letting n — +o0 in (3.37) and using the assumptions f € L2 (R;L2(2)) and (g3), we conclude that

loc

28— 2*)12 = lim [Ju™ @) —u™@*)|? =0, fori=1,2,
n——+00
which contradicts (3.30).

At this stage, we can apply the Ascoli-Arzela type theorem [1] to claim that for each T > 0,
{u™},en . is precompact in C([to — T', to]; H). Thus there exists a function ¢» € C([-T,0]; H) and a
subsequence of ugg) such that ug? |[—T,0} — 1 in C([-T,0]; H). Repeating this procedure for nT with
n =2, 3,---, and using the diagonal procedure, we can obtain a function i) € C'((—o0, 0]; H) such that
(extract a subsequence if necessary) uﬁo") -7 = ¥ inC ([=T,0]; H) for each positive number T'. The

proof of Lemma 3.2 is complete. 0

Lemma 3.3. Let the assumptions (H1) and (H2) hold. Then the process {U (t,T)}i>r is pullback D,-
asymptotically compact in C.,(H).

Proof. We continue to use the notations of the previous lemma. To establish the pullback D,-asymptotic
compactness, we shall prove that u; — 1 in C,(H), for which, it is sufficient to show that, for every
€ > 0, there exists some positive integer n. such that

sup 62“’3\|u§:)(s) —p(s)||* <, foralln > n.. (3.38)
s$€(—00,0]

Indeed, by (3.16)-(3.17) and the convergence proved in the previous lemma, we have that

to
()2 <1+ ea(tOT)/ e7 || £(s)|2ds = R(to,T), forall s € [=T,0] and T > 0.

— 00

The rest proof is similar to that of [31, Proposition 3] and we omit the details here. O

At this stage we combine Lemmas 3.1, 3.3 and the general result of [19, Theorem 3.11] to obtain the
main result of this section, namely,

Theorem 3.1. Let the assumptions (H1) and (H2) hold. Then the process {U(t,T)}i>r possesses a
pullback D,-attractor (denoted by) /Alga ={AJ_(t) : t € R} in C,(H).

12



4 Existence of the invariant Borel probability measures in C.,(H)

In this section, we first aim to prove that for each given ¢ € R and ¢ € C,(H), the C.,(H)-valued
function 7 — U (t, 7)¢ is bounded and continuous on (—o0, t|. Then we combine Theorem 3.1 and the
abstract result of [28, Theorem 3.1] to obtain the existence of invariant Borel probability measures for

{U(t,7)}=r in C(H).

Lemma 4.1. Let the assumptions (H1) and (H2) hold. Then for every ¢ € C(H) and every t € R the
C,(H)-valued function T — U (t, T)¢ is bounded on (—oo, t].

Proof. Let ¢ € C, (H) and t € R be given. Note (3.4) is equivalent to (see [31, Remark 5])

t
/ e?%||f(s)||*ds < +oo forallt € R. 4.1)

—00

Then (3.14) and (4.1) imply that for all 7 € (—o0, t],

t

t
1w, nel5 < e 7Nel3 +/ eI f()]Pds < 1ol3 + 6_”/ 1 £(s)II*ds,

T —0o0
the right-hand side of which is bounded by a positive constant independent of 7 € (—o0, t]. O

In the sequel, we set a positive number M (¢, ¢) such that

¢
M0 = ol + e [ (o),
— 0o
Then M?(t, ¢) is a continuous function with respect to t € R.
To establish the continuity of the C.,(H )-valued function 7 +— U (¢, 7)¢ on (—oo, t], we next prove
two auxiliary lemmas.

Lemma 4.2. Let ¢ € C,(H) be given. Then for each € > 0, there exists some 61 = 1(e,¢) > 0 such
that for all s1, sy € (—00,0] with |s1 — so| < 01 there holds

e72[lp(s1) — d(s2)|| <. (4.2)

Proof. By the definition of C.,(H), we set ¢ := lim €7®¢(s) € H. Then there exists some so < 0
§—>—00
such that

le7¢(s) — dooll <

€
17 Vs < 50,
and thus

[€2%26(s1) = €723 (s2)[| < €77 9(s51) — dooll + €720(52) — dooll < 5. Vo1, 32 < 50 (43)

On the other hand, the H-valued function s — €75¢(s) is uniformly continuous on the interval [so—1, 0],
whence there is some 07 € (0, 1) such that
€

5 for s1, 52 € [s9 — 1,0] with |s; — s9| < 47. 4.4)

€7 p(s1) — €72 (s2)]| <

13



1
Letting 57 = min { 1, —In (1 + )}, we have by (4.3) and (4.4) that for all s1, s9 € (—o0, 0] with
Y

€
2ol
|s1 — sa| < d there holds

e |[p(s1) — d(s2) || < [[€7* d(s1) — €72 P(s2)[| + €7t — e72[|p(s1)
<G+l —1flgll, <=
The proof is complete. O

Lemma 4.3. Let the assumptions (H1) and (H2) hold, and 7, € R and ¢ € C,(H) be given. Then for
each £ > 0, there exists some 02 = d2(&, Tw, ¢) > 0 such that

lu(s;T,0) — d(0)|| <&, forallT € (1« — b2, 7x) and s € [, T4], 4.5)
where u(s; T, @) is the solution of the problem (1.1) with the initial datum ¢ at the initial time T.

Proof. Let T, € Rand ¢ € C,(H) be given. Firstly, we prove that

™| du(b; 7, 9) |12
—————=|| df < ¢2, 4.6
/T dé HV’ @ (+6)
where -
o= o3+ [ IFOIPS+ s M6.6),
Te—1 [T —1,7]
is a bounded quantity depending on 7, g, f, - - -, etc., but being independent of 7 € [, — 1, 7]. Indeed,

from (2.9) we can see that

H du(0; 1, $)

2
a9 Hv SNAu(0; 7, @) 3 + 1By (w0 7, 6), u(0; 7, 0)) |7

+IF O + 19(8, u(8 — p(0)))II*. 4.7)
By (2.5), (g2), (g3) and some simple observations, we have

[ Au(; 7, 95 < llu(B: 7, )17,

|Ba (b7, 0),u(6; 7. 0)) |2, S u6: 7. 913 438)
lo@u@ = p @IS 5w M20.0)

Inserting (4.7) and (4.8) into (4.6), then using (3.3), (3.5) and (3.26) gives

/T*
:

WH;MS / lu(t; . 6) 136 + / NFO)PA0+ (= 1) sup M2, 0)
T T [Te—1,74]
SIol+ [ 1@+ s MF0.0)vr el -1l @)

[7—*_177—*]

that is (4.6) is proved.
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Secondly, we observe that for 7, — 1 < 7 < s < 7, there holds

[u(s; 7, ¢) — ¢(0)|1?
=[lu(s; 7, &)I* = 19(0)|I* — 2(u(s; 7, ¢) — $(0), ¢(0))

_ / ’ Wde — 2(u(s:7,0) — 3(0), $(0)). (4.10)

By (3.3) and (3.13), we obtain

2
/dHWﬂMdg’ /Hf )l d9+/ Lg(0)e" ug||3d6

< / OO+ (r—7) sup  M0,6).  @1D)

0T« —1,74]

Notice that f € L2 (R,L2(Q2)), and sup M?(f,¢) is a constant independent of 7. Therefore,
0€ [T —1,74]

from (4.11) we see that there exists some &5 = d5(e, 7x, ¢) € (0, 1) such that

loc

2 2
‘/ d”“HT’ ;7. 9)I” 4 <%, Te— b < T <5< T (4.12)

At the same time, since ¢(0) € H and V' is dense in H, there exists some ¢ € V such that

¥ — ¢(0)]| < /16  sup  M?*(9,¢).

0€[Ts—1,74]

Using (4.6),
[(u(s;7,0) — ¢(0), $(0))] <[(u(s; 7, 0) — ¢(0), 4(0) — )| + [(u(s; 7, ) — $(0), )]

2 sup  M(7,9)||¢(0) — || + |(u(s; T, ) — (0), )]

€T —1,74]
2

S| G P

<
<

A

? du(f :
<f 4 ||¢||Vm(/ ‘M‘ dg) 2
8 - do
2
€
<g +veldllvvr =T, (4.13)
which implies that there exists some &5 € (0, 1), independent of 7, such that
&2
|(u(s;7,¢) = 6(0), 6(0))] < — 0 <T<s< T (4.14)

4 )]
Picking d2 = min{d}, 05 }, the desired result follows from (4.10), (4.12) and (4.14). The proof of Lemma
4.3 is complete. O

Lemma 4.4. Let the assumptions (H1) and (H2) hold. Then for every ¢ € C,(H) and every t € R the
C.(H)-valued function T — U (t, T)¢ is continuous on (—o0, t|.
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Proof. Let ¢ € C,(H) and t € R be given. We shall prove that for each given 7, € (—o0,t| the
C,(H)-valued function 7 — U (t, 7)¢ is both left and right continuous at 7 = .. We next prove the left
continuity at 7 = 7.

Firstly, on one hand, for every ¢ > 0 we deduce from Lemma 4.2 that there exists some 5 =
85(e, ¢) > 0 such that, for all s1, s3 € (—o0,0] with |s; — s2| < d1, there holds

72| (1) — B(s2)|| < £/2. (4.15)

On the other hand, by Lemma 4.3, there is a 65 = 0% (&, 7., ¢) > 0 such that whenever 7 € (7. — 0%, 7x)
there holds
lu(s;T,¢) — #(0)|| <e/2, forallse€ [, (4.16)

Thus, for the positive ¢ above, there exists some d3 = d3(¢, Tx, ¢) = min{dj, o5 } > 0 such that
[us () —u (@)l = [l¢(6 —7) — ()]
< o0 =7) = (0)] + [|9(0) —u(®; 7, 9)|| <&, 7 —d3 <7 <7, O€|[r, 7],

which implies that

err[lax] llus(0; T, @) —u(b;7,9)|| <&, T —03<T<T, 0€]Ir, T, (4.17)
€T, T«

where u, (0; 7., ¢) is the solution corresponding to the initial datum ¢ at the initial time 7.
Secondly, by (2.18) and (3.3) we have

max ||u(6; 7, ¢) — u(f; 7, ¢

E[Tx,t]

t
S16(0) — urim )P exp [ Ly(s)erds + (¢~ 7.)

t s
+ ¢ — uT*Hg/ Ly(s)e® exp (/ Ly(0)e7?df + (s — 7)) ds.

Slo(0) — u(res 7, 0)I* + |6 — ur |12, (4.18)

using the representation u(6; 7, ¢) = w(; 7w, u(7x; 7, ¢)) and the fact that ¢ and 7, are fixed. Now by
Lemma 4.3, we derive that for above ¢ > 0 there exists §), = J)(e, ¢, Tx, ¢) > 0 such that

|6(0) — u(rs; 7, 0)|| < /2, for 7o — )y < T < T (4.19)

At the same time, by (4.15) and (4.17), there exists 8] = &} (¢, T«, ¢) > 0 such that when 7, — 0} < 7 <
T, then

16 = wr.ly <max{ sup e*|o(s) —ur. (), sup e7[o(s) — ur.(s)] }

S<Tw—T SE[T—T%,0]
<max{ sup ¢"[lg(s) = ¢+ 7. 1), sup [lus(s) — u(s)| }
SKT—Tx SE[T,Tx]

THT—Tx)

< max { sup e
r<0

S(r+7—7) — qb(r)||,5} <e/2. (4.20)

16



Picking 04 = d4(e, t, T, ¢) = min{d), 67 }, then (4.18)-(4.20) imply

errfax] lus(0; T, @) —u(0;7,0)|| <&, Tu—04<T<Th <Ee. (4.21)
€[ Tx,t

We now choose § = (e, t, T, ¢) = min{ds, d4}, and then deduce from (4.15), (4.17) and (4.21) that if
T« — 0 < T < T, then

|U(t,7)p — U(t, 7)ol = sup e |u(t +60) — u.(t + )],

<max{es<uptew||gb(0 +t—1)— PO+t — 7')”,9 ?u% ) e Nu(t + 60) — ul(t + 9)”}
ST— e|T—t,

< max { sup TG (r) — G(r + 7 = 7), sup [lu(6) - u*(H)II} <e.
r<0 oe|r,t]
The left continuity of the C, (H )-valued function 7 + U(t,7)¢ at 7 = 7, is proved. Since the proof of
the right continuity of U (¢, 7)¢ at 7 = 7, is similar to that of the left continuity, we omit the details and
end the proof of Lemma 4.4. O

To construct the invariant measures for the process {U (¢, 7)}+>-, we next recall the definition of
generalized Banach limits.

Definition 4.1. ( [16,28]) A generalized Banach limit is any linear functional, denoted by LIM;_, | ~,
defined on the space of all bounded real-valued functions on [0, +00) and satisfying

(1) LIM;—400C(t) = 0 for nonnegative functions (-) on [0, +00);

(2) LIM;4+00C(t) = tE«IFoo C(t) if the usual limit tLim C(t) exists.

—+o00

Remark 4.1. Notice that we consider the “pullback” asymptotic behavior and we require generalized
limits as T — —oco. For a given real-valued function ( defined on (—o0,0] and a given Banach limit
LIM;_, 4 o0, we define LIM;,_o((t) = LIMy— 450 C(—1).

The main result of this article reads as follows.

Theorem 4.1. Let the assumptions (H1) and (H2) hold. Let {U(t,T)}i>r be the process associated to
the problem (1.1) and -ZD(, = {Ap,(t) : t € R} the pullback D,-attractor obtained in Theorem 3.1.
Then for a given generalized Banach limit LIM;_, | o, and a continuous map & : R — C(H) with
&+ () € Dy, there exists a unique family of Borel probability measures {m; },cw in C(H ) such that the
support of the measure my is contained in Ap, (t) and

t

1
LIMTQ_OOH_/T T(U(t,s)é)ds = /ADU(t)T(U)dmt(U)

. / () drmy (u)
o ()
1

¢
= LIM,,_ // YT (U(t, s)u)dms(u)ds,
t—r T C"/(H)
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for every real-valued continuous functional Y on C,(H ). Moreover, my is invariant in the sense that

[ twam) = [ T ne)dm ), >
Ap, () Ap, (7)

Proof. From Theorems 2.1 and 2.2, the solution operators of the problem (1.1) generate a continuous
process {U(t, T)}+>r on the space C.(H). Theorem 3.1 shows that {U (¢, 7) };+>- possesses a pullback
attractor in C,(H ). Lemmas 4.1 and 4.4 indicate that for each givent € Rand ¢ € C,(H) the C,(H)-
valued function 7 — U (t, 7)¢ is bounded and continuous on (—o0, t]. Using these facts and the abstract
result of [28, Theorem 3.1], we obtain the results of Theorem 4.1. OJ

5 Conclusions and remarks

In this article, we first prove the global well-posedness of the 3D GMNS equations with unbounded
variable delays. Then we establish that its solution operators generate a continuous process {U (¢, 7) }1>+
on the space C', (H ). Furthermore, the process {U (t, 7) }+>- possesses a pullback attractor in C, (H ). Fi-
nally, we prove the existence of invariant Borel probability measures which are supported by the pullback
attractor. There are two points that we would like to point out.

Firstly, we apply the generalized Ascoli-Arzela theorem to prove the “weak version” of the pullback
asymptotic compactness of the process {U (¢, 7)};> (see Lemma 3.2). This is prompted by the delay
phenomenon. Since the problem discussed contains unbounded variable delays, it seems suitable for us
to choose C.,(H) as the phase space. The Ascoli-Arzela theorem has been proved to be a powerful tool
to investigate the compactness of the sets such as the subset of C.,(H ).

Secondly, for each given ¢t € R and ¢ € C,(H), the continuity of the C, (H )-valued function 7 —
U(t, )¢ on (—oo, t] is not a clear fact (see Lemma 4.4 and the auxiliary lemmas). There are some essen-
tial differences between the autonomous dynamical system and non-autonomous one, say the continuous
dependence of the dynamical system on their parameters. Consider a continuous process {S(¢, 7) }+>, on
some Banach space X. Even if we have known that the X -valued function ¢ — S(¢, 7)x¢ is continuous
on R for every given 7 and xg € X, the convergence ||S(t., 7)zo — zo||x — 0 as 7 — ¢, may still
depend on 7. In fact, when 7 — t,, S(t., T)xo changes simultaneously with different initial times 7.
This is caused naturally by the non-autonomous phenomenon.

In the end of this article, we want to propose a problem, saying, how to formulate reasonably and
construct the statistical solutions for the evolution system containing delays. As for the 3D GMNS equa-
tions discussed here, we have constructed the invariant measures on the phase space C., (H). However,
we seem unable to construct its statistical solutions via the invariant measures and pullback attractors,
as done in [44-47], because the invariant measures are contained in the phase space C,(H) while the
equation (2.9) is interpreted in the D(7, +00; V') sense.
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