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ABSTRACT. We show that the theory of classical Hamiltonian systems admit-
ting separation variables can be formulated in the context of (w,.#) struc-
tures. They are essentially symplectic manifolds endowed with a Haantjes
algebra .7, namely an algebra of (1,1) tensor fields with vanishing Haantjes
torsion. A special class of coordinates, called Darboux-Haantjes coordinates,
will be constructed from the Haantjes algebras associated with a separable
system. These coordinates enable the additive separation of variables of the
corresponding Hamilton-Jacobi equation.

We shall prove that a multiseparable system admits as many w.7# structures
as separation coordinate systems. In particular, we will show that a large
class of multiseparable, superintegrable systems, including the Smorodinsky-
Winternitz systems and some physically relevant systems with three degrees
of freedom, possesses multiple Haantjes structures.
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1. INTRODUCTION

The prominence of integrable models in many areas of pure and applied mathem-
atics and theoretical physics has motivated, in the last decades, a resurgence of
interest in all aspects of the notion of integrability.

In particular, the algebraic and geometric structures underlying the notion of integ-
rability have been intensively investigated. The study of the geometry of Hamilto-
nian integrable systems has a long history, dating back to the classical works by
Liouville, Jacobi, Stackel, Eisenhart, Arnold, etc. The approaches proposed in the
literature are intimately related with the problem of the additive separation of the
Hamilton-Jacobi (HJ) equation in a suitable coordinate system.

Recently, many new ideas coming from differential and algebraic geometry, topology
and tensor analysis, have contributed to the formulation of important approaches
as the theory of bi-Hamiltonian systems [22], the Lenard-Nijenhuis geometry [28],
the theory of Dubrovin-Frobenius manifolds [10]. Besides, these theoretical develop-
ments shared new light on the multiple connections among integrability, topological
field theories, singularity theory, co-isotropic deformations of associative algebras,
etc.

At the same time, several integrable models, both classical and quantum, have
been recently introduced, in particular in the domain of superintegrability. Super-
integrable systems are a special class of integrable systems which possess algebraic
and geometric properties surprisingly rich [31], [36], [30], [40], [51], [50]. Essentially,
these systems possess more independent integrals of motion than degrees of freedom.
In particular, the maximally superintegrable systems with n degrees of freedom ad-
mit 2n — 1 functionally independent integrals of motion. Among the most famous
examples of superintegrable models we mention the classical harmonic oscillator,
the Kepler potential, the Calogero-Moser potential, the Smorodinsky-Winternitz
systems and the Euler top. The presence of hidden symmetries, expressed by in-
tegrals which are second (or higher) degree polynomials in the momenta, usually
allows us to determine the dynamical behaviour of superintegrable models. In the
maximal case, the bounded orbits are closed and periodic [36]. As is well known,
the phase space topology is also very rich: it can be described in terms of a sym-
plectic bifoliation, determined by the standard Liouville-Arnold invariant fibration
[1] of Lagrangian tori, complemented by a coisotropic polar foliation [36], [14].
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Although the present work focuses on classical systems, we point out that quantum
superintegrable systems also possess many interesting properties. Exact quantum
solvability of a Hamiltonian system, related with the existence of suitable Lie algeb-
ras of raising and lowering operators, is perhaps the quantum analog of the classical
notion of maximal superintegrability [50].

A fundamental class of integrable models are the separable ones: they are char-
acterized by the fact that one can find at least a coordinate system in which the
corresponding Hamilton-Jacobi (HJ) equation takes a separated form.

The problem of finding separation variables for an integrable Hamiltonian system
has also been largely investigated. In 1904, Levi-Civita proposed a test which per-
mits to establish whether a given Hamiltonian is separable in an assigned coordinate
system [21]. Another important result, due to Benenti [3], states that a family of
Hamiltonian functions {H;}1<;<, are separable in a set of canonical coordinates
(g,p) if and only if they are in separable involution, i.e. they satisfy the relations

OH, OH; OH, 0H;
gk Opr  Opr 08

(1) {Hi, Hj}jp = 1<k<n

where no summation over k is understood. However, such a theorem as well as the
Levi-Civita test are not constructive, and do not allow us to determine a complete
integral of the Hamilton—Jacobi equation. A constructive approach to separation
variables was given by Sklyanin [45] within the framework of Lax systems.

The Hamiltonian functions {H;}1<;<, are separable in a set of canonical coordin-
ates (g, p) if there exist n suitable equations, called the Jacobi-Sklyanin separation
equations for {H;}1<;<n, of the form

- 0P
2 (I)z l, Z,H,,Hn =0 det O,
® (i Hs-. H,) ot | o | #
for i = 1,...,n. These equations allow one to construct a solution of the HJ
equation.

Nevertheless, the three above-mentioned criteria of separability are not intrinsic,
since they require the explicit knowledge of the local chart (g,p) in order to be
applied. To overcome such a drawback, in the last decades the modern theory
of separation of variables (SoV) has been conceived in the context of symplectic
and Poisson geometry; in particular, the bi-hamiltonian theory has offered a fun-
damental geometric insight into the theory of integrable systems [13, 28].

The main purpose of the present work is to establish a novel relationship between
the theory of separable Hamiltonian systems and the geometry of an important
class of tensor fields, the Haantjes tensors, introduced in [19] as a relevant, natural
generalization of the notion of Nijenhuis tensors [38, 39]. The class of Nijenhuis
tensors plays a significant role in differential geometry and the theory of almost-
complex structures, due to the celebrated Newlander-Nirenberg theorem [37].

Our approach is based on the notion of w.# manifolds, introduced in [47] by ana-
logy with the theory of wN manifolds [28, 13] for finite-dimensional Hamiltonian
systems (see also [15], [25] and [26] for a treatment of integrable hierarchies of PDEs
from a different perspective). Essentially, an w.#” manifold is a symplectic manifold
endowed with an algebra 5 of (1,1) tensor fields with vanishing Haantjes torsion,
which are compatible with the symplectic structure. Under the hypotheses of the
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Liouville-Haantjes (LH) theorem proved in [47], a non-degenerate Hamiltonian sys-
tem is completely integrable in the Liouville-Arnold sense if and only if it admits a
wI structure.

In our context, Haantjes chains represent in the Haantjes framework the general-
ization of the notion of Lenard-Magri chain [23] and of generalized Lenard chain
[12, 27] defined previously for quasi-bi-hamiltonian systems [34], [35]. By means of
these structures, one obtains a complete description of the integrals of the motion
of a system in terms of the associated Haantjes operators.

The problem of SoV can also be recast and studied, in principle, in our approach.
Precisely, as stated in Theorem 2 below, if an integrable system admits a semisimple
wI structure, one can derive a set of coordinates, that we shall call the Darbouz-
Haantjes (DH) coordinates, representing separation coordinates for the Hamilton-
Jacobi equation associated with the system. In these coordinates, the symplectic
form takes a Darboux form, and the operators of the Haantjes algebra take all
simultaneously a diagonal form. As we will show in Theorem 2, and in the examples
of Sections 8 and 10, multiseparable systems possess different Haantjes structures
associated in a nontrivial way with their separation coordinates.

The theory of wN manifolds has proved to be a powerful tool for studying separable
Hamiltonian systems. A comparison between the two approaches will be proposed
in the final section.

This article is organized in two parts. In the first one, including Sections 2 and
3, for the sake of self-consistency we briefly summarize the notions necessary for
the study of multiseparable systems: in Section 2, the basic definitions concerning
Nijenhuis and Haantjes tensors are proposed; in Section 3, the Haantjes geometry
is reviewed. In particular, the notions of Haantjes algebras, w.s# manifolds and
Darboux-Haantjes coordinates are revised. In the second part, starting with Sec-
tion 4, we shall propose the original results of our work. Precisely, in Section 4,
we propose the main theorem concerning the existence of Haantjes structures for
separable systems. In Section 5, as a direct application of the theory previously
developed, we solve the problem of SoV for a family of Drach-Holt type systems,
that were previously considered to be non-separable. Interestingly enough, the new
separation variables we found are defined in the full phase space. In Section 6, this
theorem is extended to the case of multiseparable (and superintegrable) models.
We propose in Section 7 a novel geometrical construction: a lift of operators from
the configuration space @ of dimension two to 17*@Q, which generalizes the standard
Yano lift [56]. By means of our procedure, a (Nijenhuis) Haantjes operator can be
lifted into another (Nijenhuis) Haantjes operator (unlike the Yano lift, which only
preserves Nijenhuis operators, but not the Haantjes ones). Section 8 is devoted
to the study of the Haantjes structures for the Smorodinsky-Winternitz systems
in the plane, whereas Section 9 deals with the study of the anisotropic oscillator.
In Section 10, the w.s# manifolds associated with certain important multiseparable
systems in 3 dimensions are determined. Future research perspectives are discussed
in the final section 11.

2. NIJENHUIS AND HAANTJES OPERATORS

In this section, we review some basic algebraic results concerning the theory of
Nijenhuis and Haantjes tensors. For a more complete treatment, see the original
papers [19, 38] and the related ones [39, 17].
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2.1. Geometric preliminaries. Let M be a real differentiable n-dimensional man-
ifold and L : TM — TM a smooth (1, 1) tensor field, i.e., a field of linear operators
on the tangent space at each point of M. In the following, all tensors will be
assumed to be smooth.

Definition 1. The Nijenhuis torsion of L is the vector-valued 2-form defined by

(3) To(X,Y) = L[X, Y] + [LX, LY] - L([X, LY] + [LX, Y]),
where X, Y € TM and [, ] denotes the commutator of two vector fields.
In local coordinates & = (z',...,2"), the Nijenhuis torsion can be written as the

skew-symmetric (1,2) tensor field

7 . 8L;c @ 8Ll @ 8Lq 8L(l: 7
) (Te)in = Z<8w°‘ L5 - gt (G~ )La> ’

a=1

which possesses n?(n — 1)/2 independent components.

Definition 2. The Haantjes torsion of L is the vector-valued 2-form defined by
(5) Ho(X,Y):= L*TL(X,Y) + T (LX,LY) — L(TL(X, LY) + To(LX, Y)).

The skew-symmetry of the Nijenhuis torsion implies that the Haantjes torsion is
also skew-symmetric. Its local expression in explicit form is

© (o = 3 (2oL @ (o, -1 0Ly)
a=1 pB=1

- 2oL} (ijaw(ﬁ)g] + (L?)fjaw(mg]) + (LQ)E,&M(LQ)Z]) :

Here, for the sake of brevity, we have used the notation 9; := %; the indices
between square brackets are to be skew-symmetrized, except those in |-|.

In [49] the following notion was proposed.

Definition 3. A Haantjes (Nijenhuis) operator is an operator field whose Haantjes
(Nigenhuis) torsion identically vanishes.

2.2. General properties of Haantjes operators. First, we shall consider some
specific cases in which the construction of the Nijenhuis and Haantjes torsions is
particularly simple.

Example 1. Let dim M = 2. Any operator field L : TM — TM is a Haantjes
operator. This can be proved by a straightforward calculation.

Example 2. Let dim M =n, n > 2 and L : TM — TM be an operator field.
Assume that in a suitable local coordinate chart (x!,..., 2") the operator L takes
the diagonal form

(7) L(zx) = Zli(w)% ® dz’ .

Then the Haantjes torsion of L identically vanishes.
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Another interesting source of Nijenhuis and Haantjes operators is Classical Mechan-
ics. Precisely, given a system of point masses in the n-dimensional affine euclidean
space, the inertia tensor of this system is a Haantjes tensor, whereas the planar
inertia tensor is a Nijenhuis one [49].

As is well known (see for instance [18]), given an invertible Nijenhuis operator, its
inverse is also a Nijenhuis operator. The same property holds true for a Haantjes
operator.

A crucial restriction in the Nijenhuis geometry is that, in general, the product of
a Nijenhuis operator with an arbitrary C°°(M )-function is no longer a Nijenhuis
operator. Instead, this is the case for Haantjes operators: therefore, they allow us
to define interesting algebraic structures, as we shall see in Section 3. The theory
of these structures is based on the following

Proposition 1. [5], [6].
i) Let L be an operator field. The following identity holds

(8) Hirpor(X,Y) =g" Ho(X,Y),

where f,g: M — R are functions and I denotes the identity operator in T M.
ii) Let L be an Haantjes operator on M. Then for any polynomial in L, with
coefficients a; € C°(M), the associated Haantjes tensor also vanishes, i.e.

9) H(X,)Y)=0 = H(Zj aj(:c)LJ')(Xa Y)=0.

As proved in Ref. [49], a Haantjes operator generates a cyclic Haantjes algebra (i.
e. a cyclic algebra of Haantjes operators) over the ring of smooth functions on M.
Cyclic Haantjes algebras will play a special role in our theory, as we shall clarify in
the coming sections.

3. INTEGRABLE FRAMES, HAANTJES ALGEBRAS AND w.# MANIFOLDS

3.1. Integrability. In order to formulate our approach to separability, we shall
review the relationship between Haantjes geometry and integrability. A more de-
tailed treatment and a proof of the statements reviewed here is available in Refs.
[49], [47].

We start recalling that a reference frame is a set of n vector fields {Y1,...,Y,}
satisfying the following property: given an open set U C M , the frame represents
a basis of the tangent space T,U Ve € U. Given two frames {X1,..., X, } and
{Y1,...,Y,}, assume that n nowhere vanishing smooth functions f; exist, such
that

Then we shall say that the two frames are equivalent. Let {U, (z',...,2™)} be a
local chart of U. The frame formed by the vector fields {%, ey %} will be said
to be a natural frame.

Definition 4. A reference frame equivalent to a natural frame will be said to be
integrable.

In the forthcoming considerations, given an operator L, we shall denote by Spec(L) :
{li(x),...,ls(x)}, s € N\{0}, the set of the pointwise distinct eigenvalues of L, as-
sumed by default to be real. The distribution of all the generalized eigenvector
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fields associated with the eigenvalue I; = [;(x) will be denoted by
(10) D; = ker (L - lZ—I)pi, i=1

yeees S

where p; € N\{0} is the Riesz index of I; (which by hypothesis will always be
taken to be independent of ). The value p = 1 characterizes the proper eigen-
distributions, namely the eigen-distributions of proper eigenvector fields of L.

Definition 5. An operator field L is semisimple if in each open neighborhood U C
M there exists a reference frame formed by proper eigenvector fields of L. Moreover,
L is simple if all of its eigenvalues are pointwise distinct, namely l;(x) # 1;(x),
i,j=1,...,n,Ve € M.

A frame of proper eigenvectors will be said to be a proper eigen-frame of L. If the

frame contains generalized eigenvectors, it will be said to be a generalized eigen-
frame.

Definition 6. Given a set of distributions {D;,D;, ..., Dy} of an operator L, we
shall say that such distributions are mutually integrable if

(i) each of them is integrable;

(it) any sum D; + Dj + - - - + Dy, (where all indices i, 7, ...,k are different) is also
integrable.

In 1955, J. Haantjes proved a crucial result:

Theorem 1 ([19]). Let L : TM — TM be an operator field; assume that the rank

of each generalized eigen-distribution D;, i = 1,...,s is independent of x € M.
The vanishing of the Haantjes torsion
(11) HL(X,Y)=0 VX, YeTM

s a sufficient condition to ensure the mutual integrability of the generalized eigen-
distributions {D1,...,Ds}. In addition, if L is semisimple, condition (11) is also
necessary.

Consequently, under the previous assumptions, one can select local coordinate
charts in which L takes a block-diagonal form. An equivalent statement can be
formulated in terms of the existence of integrable generalized eigen-frames of L.

Proposition 2. The vanishing of the Haantjes torsion of an operator field L is
a sufficient condition to ensure that L admits an equivalence class of integrable
generalized eigen-frames, where L takes a block-diagonal form. Furthermore, if L
is semisimple, the condition is also necessary and L takes a diagonal form; if L is
simple each of its proper eigen-frames is integrable.

3.2. Haantjes algebras. The notion of Haantjes algebra, introduced and dis-
cussed in [49], is a crucial piece of the geometrical construction we wish to propose
for the analysis of separable systems.

Definition 7. A Haantjes algebra of rank m is a pair (M, ) with the following
properties:
e M is a differentiable manifold of dimension n;
e J is a set of Haantjes operators K : TM — T M that generate
— a free module of rank m over the ring of smooth functions on M :
(12)

H(leJrng)(X’Y) =0, VX, YeTM, f,geC®M), VK, K,e,
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— a ring w.r.t. the composition operation

(13)

M1, 1) V) =My o) (XV) =0, VK| Kp€ o, YX.Y €TM.
If

(14) K K,=K; K, , K\, Kyect,

the algebra (M, ) will be said to be an Abelian Haantjes algebra. Moreover, if the
identity operator I € J, then (M, ) will be said to be a Haantjes algebra with
identity.

In other words, the set 7 can be regarded as an associative algebra of Haantjes
operators. Observe that if K € J#, then the powers K' € ¢ Vi € N\{0}.
Haantjes algebras possess several important properties. Among them, we recall that
for a given Abelian Haantjes algebra % there exists associated a set of coordin-
ates, called Haantjes coordinates, by means of which all K € J# can be written
simultaneously in a block-diagonal form. In particular, if 77 is also semisimple, on
each set of Haantjes coordinates all K € J# can be written simultaneously in a
diagonal form [49].

3.3. Haantjes chains. The notion of Haantjes chains, which generalizes that of
Lenard-Magri chains [22, 23] has been proposed in [47]. In the forthcoming analysis,
it will enable us to build a bridge between the Haantjes geometry and the theory of
separable systems. Other generalizations have also been proposed in the literature
of the last decades [32, 33, 54, 12, 13].

Definition 8. Let (M, 77) be a Haantjes algebra of rank m. A function H €
C>(M) is said to generate a Haantjes chain of 1-forms of length m if there exist
a distinguished basis {K1,..., Ky} of A such that

(15) d(KLdH) =0, a=1,...,m

where Kg :T*M — T*M is the transposed operator of K, . The (locally) exact
1-forms dH; such that

dH, = K'dH |
supposed to be linearly independent, are called the elements of the Haantjes chain

of length m generated by H and the functions H, € C(M) are their potential
functions.

Given a basis {K1, Ko,...,K,,} of 5, let us denote by
(16) DY = (KTdH,KYdH, ... K dH)

the co-distribution generated by a function H, and Dy the distribution of the vector
fields annihilated by them (of rank (n —m)). A result proved in [47] states that the
function H generates a Haantjes chain (15) if and only if D3, (or equivalently Dy )
is Frobenius-integrable.

Now, we shall briefly review the theory of w7 or symplectic-Haantjes manifolds,
firstly introduced in [47]. They offer a natural theoretical framework for the for-
mulation of the theory of Hamiltonian integrable systems. We shall limit ourselves
to illustrate some basic facts of the theory; for the proofs of the statements and
further details, the reader can consult Ref. [47].



SEPARABILITY, SUPERINTEGRABILITY AND HAANTJES GEOMETRY 9

3.4. ws” manifolds.

Definition 9. A symplectic-Haantjes (or ws’) manifold of class m is a triple
(M, w, #) which satisfies the following properties:
i) (M,w) is a symplectic manifold of dimension 2n;
ii) J is a Haantjes algebra of rank m;
iii) (w, H) are algebraically compatible, that is
w(X,KY)=w(KX,Y) VK €

or equivalently

(17) QK =K"Q, VK € .
Hereafter Q := w’ : TM — T*M denotes the fiber bundles isomorphism defined by
w(X,)Y) =(QX,)Y) VX, Y eTM ,

and the map P = Q' : T*M — TM s the Poisson bivector induced by the
symplectic structure w.

If the identity operator I belongs to F, then (M,w, ) will be said to be a wH’
manifold with identity. If 7 is an Abelian Haantjes algebra, we shall say that the
resulting w manifold is Abelian.

Definition 10. An w? manifold (M,w, ) is semisimple if A is a semisimple
Haantjes algebra.

Observe that a simple realization of the notion of Haantjes algebra is given in a
Darboux chart {x = (¢*,...¢",p1,...,pn)} by

N9y (2 i+ o o _
(18) Ka—;li (w)(aqi@)dq —l—api@dpz), a=1,...,m,
where I{*) = A (z) = )\gﬁi(m), i=1,...,n.

We proved in [47] that there exists a spectral decomposition of the tangent spaces
ToM = @;_, Di(x) realized in terms of (generalized) eigenspaces D;(x) of even
rank. Consequently, the number of the distinct eigenvalues of any Haantjes op-
erator K of a w7 structure is not greater than n. In particular, if the number
of distinct eigenvalues of an operator K € 7 is just n, the operator will be said
to be mazximal. This is equivalent to require that the minimal polynomial of K
mi(z, ) =1, ()\ - li(:v))pl has degree m = n.

Several other interesting results can be stated in the w. geometry. In particular,
we recall that given a w.z# manifold, the distributions D;, j = 1,...,s of each
K € J¢ are integrable and of even rank. Besides, their integral leaves are sym-

plectic submanifolds of M and are symplectically orthogonal to each other, namely
w(D;, D) =0, j # k.

3.5. Darboux—Haantjes coordinates for w.7’ manifolds. Assume that (M,w, )
is an Abelian wZ manifold of class m. In [47] it was proved that there exist local
charts in U C M which are Darboux coordinates for w; besides, all Haantjes oper-
ators take simultaneosly a block-diagonal form. Due to their twofold role, they will

be called Darbouz—Haantjes (DH) coordinates.

Corollary 1. Given a semisimple Abelian w# manifold (M,w, ), on a set of
Darbouzr—Haantjes coordinates each K € S takes the diagonal form (18).
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The relevance of Haantjes chains in the theory of w.7# manifolds is due to the
following

Lemma 1. Let (M,w, ) be an Abelian w# manifold. Then the potential func-
tions H, € C°°(M) of the Haantjes chain generated by a distinguished function
H € C*(M) are in involution among each others and with H, w.r.t. the Poisson
bracket defined by the Poisson operator P = Q7.

3.6. Cyclic ws7 manifolds. Cyclic Haantjes algebras are a simple and particu-
larly interesting instance of Haantjes algebras: they are cyclically generated by a
suitable Haantjes operator L. In other words, all the operators of the algebra are
of the form K, = p,(L), where p,(x) is a suitable polynomial with coefficients in
C>®(M). A cyclic w manifold is a w manifold endowed with a cyclic Haantjes
algebra.

We mention that an interesting family of cyclic w.7# manifolds is represented by wN
manifolds [28, 24]. In that context, cyclic Haantjes chains specialize into Nijenhuis
chains, as in [12], or generalized Lenard chains as in [46, 52].

As a consequence of Proposition 47 in [47], semisimple Abelian w7 manifolds
are always cyclic ones. Besides, their generator can be chosen to be a Nijenhuis
operator.

4. SEPARATION OF VARIABLES IN w.# MANIFOLDS

4.1. Main Theorem. The next theorem represents our main result concerning the
existence of separation variables in the theory of w.Z manifolds.

Theorem 2. Let M be a semisimple w# manifold of class n and {Hy, Ho, ..., Hy,}
be a set of C°(M) functions belonging to a Haantjes chain generated by a function
H € C*(M) via the basis of operators {Kq,...,K,} € . Then, each set (q,p)
of DH coordinates provides us with separation variables for the Hamilton—Jacobi
equation associated with each function H;.

Conversely, if {Hy, Ha,...,H,} are n independent, C°°(M) functions separable in
a set of Darbouz coordinates (q,p), then they belong to the Haantjes chain generated
by the operators

n OH 9 9

_ Opi . o X _

(19) KQ_ZQH (a—qi®dqz+api®dpl> a=1,...,n,
i=1 Op;

where H is any of the functions {Hq, ..., Hy,}, with g—f #0,i=1,...,n. These

operators generate a semisimple wH structure on M.

Proof. Theorem 25 of [47] guarantees the existence of sets of DH coordinates for a
semisimple w.7# manifold. Therefore, it suffices to show that the functions H; in
such coordinates are in separable involution, according to eq. (1). To this aim, let
us note that, due to the diagonal form of K g in a DH local chart, the relations

OH; NOH
20 J — l(])
( ) 8qk k 8qku
Lk=1,....n,
o O _ woH

Opi,
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hold. Here l,(Cj ) denotes the eigenvalues of the Haantjes operator K ;‘F Therefore,
@ OH iy OH () OH ;) OH _
P o il Py ol e
dq Ok dq Opk
In order to prove the converse statement, without loss of generality we can assume
that g—g #0,i=1,...,n. The operators (19), being diagonal in the separated
coordinates, are Haantjes operators. Also, they commute with each others and
generate an Abelian, semisimple Haantjes algebra J#. The algebraic compatibility

conditions (17) of the operators (19) with the symplectic form are equivalent to the
conditions

(22) S R

{Hi,Hj}jp =1 l 0.

1

Thus, the Haantjes operators (19) must possess at least double eigenvalues.
Finally, we impose that the integrals of motion {Hy, Ha, ..., H,} form a Haantjes
chain, which will be generated by any of these functions, denoted by H. Since K,
(e =1,...,n) is diagonal in the (g, p) variables, such conditions are equivalent, for
e(ac)h a, to the overdetermined system of 2n algebraic equations in the n functions
l-Ot

2

(23) (@) OH _ 0H,
v 0qt oqt "’
(24) z@a_H _ OHa
" Op; opi
i = 1,...,n. However, the above equations are compatible, because the Benenti

conditions (1) of separate involution ensure that
OH OH, OH 0H,

. = - 1<i<n.
dq" Op;  Op; O’ -
Consequently, the equations (24) provide us with the unique solution (19). O
Remark 1. Given n arbitrary smooth functions {H1, ..., H,} on a 2n-dimensional

manifold M, it is always possible to determine n diagonal Haantjes operators K;
which satisfy the chain equations K ;?FdH = dH;, where H is any of the previous
functions. However, if M is a symplectic manifold, the compatibility condition
(17) of the Haantjes operators K; with the symplectic structure defined on M
imposes n additional constraints on the eigenvalues of these operators. Thus, the
systems of 2n algebraic equations (23) and (24) can be solved if and only if n of
these equations are automatically satisfied. This requirement is equivalent to the
Benenti conditions (1). Consequently, the existence of a Haantjes chain for an
integrable system constructed with semisimple operators (and consequently of a
wA structure), is not at all a trivial property. The case of the superintegrable
Post-Winternitz system is illustrative of this aspect: no separation variables are
known for this system, and the unique known w.# structures are non-semisimple
ones.

4.2. A general procedure. In order to determine the w.s# structures admitted
by a separable system, we need to construct the Haantjes chains associated with it.
Precisely, we wish to solve the chain equations

(25) d(KTdH)=0 a=1,...,m
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for suitable Haantjes operators K g Generally speaking, these equations do not
admit a unique solution. Notice that the operators K Z we are interested in must be
compatible with the symplectic form w (see eq. (17)). The most general operator
M compatible with the symplectic form, in Darboux coordinates (g, p) reads

A(q.p) | B(q,p)
C(q,p) | A"(q,p) |’

where A, B, C are n X n matrices with coefficients smoothly depending on the
Darboux coordinates. However, the operator (26) in general is not a Haantjes op-
erator, unless some specific choices for its arbitrary functions are made. Therefore,
our task is to determine solutions of eqs. (25) in the subclass of Haantjes operators
of the form (26). For n = 2, the operators of the form (26) can depend up to 6
arbitrary functions; for n = 3, up to 15 arbitrary functions are admissible.

The procedure for the determination of the w. structure associated with a n-
dimensional integrable Hamiltonian system can be summarized in the following
steps.

(1) Determine the operators K of the class (26) that solve egs. (25).

(2) Among the solutions found, choose the operators satisfying the vanishing con-
dition for their Haantjes torsion:

(26) M = B+B"=0, Cc+cCc"=o0,

Hi(X,Y)=0, VX, YeTM.

(3) Find all the semisimple Abelian w7 structures admitted by the system and
their generators.
(4) Find the DH coordinates associated with each w.Z structure.

We remind that in these coordinates the generator of 5 (and consequently the
whole Haantjes algebra) takes a diagonal form.

This procedure is completely general.

An alternative strategy is to use a suitable ansatz for the form of the operators K
that are supposed to solve eqgs. (25). Precisely, one can start from a sub-family
of operators depending on arbitrary functions, which are both compatible with the
symplectic form (i.e., they belong to the class (26)) and have vanishing Haantjes
torsion. In this way, the requirement of step (2) is already fulfilled. Then, one
can try to fix the arbitrary functions available by solving egs. (25) (step 1). This
approach is less general, since it presupposes the a priori determination of special
subclasses of operators of the form (26) which are Haantjes’s as well. This task,
which in general is quite hard, is quite affordable in the case n = 2; consequently,
this procedure has been adopted, for instance, in Section 9.

5. SEPARATION OF VARIABLES FOR A DRACH-HOLT TYPE SYSTEM

The approach proposed in this paper offers an effective procedure to construct
algorithmically separation variables admitted by Hamiltonian integrable systems.
As a paradigmatic example, we shall study the case of a system showing an irrational
dependence on its coordinates, namely a three-parametric deformation of the Holt
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potential, that has been introduced in [8]:

1,4 9 4x? + 3y? T ks
It is integrable in the manifold M = T*(E? \ {y = 0}), with a third-order integral
222 — 3y?
(28) Hy = 2p)+ 3pacp§ + 12k (T?’y + 6$y1/3py> +

6x 1/3 kS

When &k — 0, the Hamiltonian H; converts into the (generalized) Post-Winternitz
(ePW) superintegrable potential [40]. A crucial aspect is that H; has been con-
sidered in the literature to be an example of nonseparable system, since, not being
of Stéckel type, it is not separable by means of an extended—point transformation.
A natural question is whether there is a full canonical transformation (in general
difficult to find) redeeming its separability. Our theory of integrability d la Haantjes
enables us to solve this problem, since it provides us with a set of DH separation
coordinates, according to Theorem 2.

5.1. The ws? structure. Solving the equations for the Haantjes chains
(29) dH, = (KPENT qH, |

we get a Haantjes operator linear in the momenta, which reads

2Dz Py ‘ 0 3y
0 2 -3 0
(DH) _ Pz Y
(30) K =3 0 —24ky'/3 | 2p, O
24k, /3 0 Py 2Ds

This operator is a generator of the algebra (I, K (DH)), since its minimal poly-
nomial is of degree two. According to the general theory developed above, the
potential functions of the exact one-forms belonging to the eigen-distributions of
(K (DH ))T provide the separation coordinates.

Remark 2. For the large class of quasi-bi-Hamiltonian systems [7, 32, 33, 54] in two
degrees of freedom, one can show that the eigenvalues of the Haantjes operators
are themselves characteristic functions of the web [49], in involution w.r.t. the
Poisson bracket. In particular, the eigenvalues of the Haantjes operator (30) are
just characteristic functions of the web associated with K (DH),

5.2. Separation Coordinates. These functions read
(31) M = —6(ps + 3v/2k1y%3), Ao = —6(ps — 3v/2k1y*/?) .

In order to get a system of DH coordinates, they can be completed with a pair of
conjugate momenta that have the following, non trivial expressions

1 /2
— (p‘; + 12¢/2k1p3y?/3 4+ 108k p2y*/3 + 216+/2k3p,y?

=576\ I

(32) +12p,yt/3 — 242k 1z + 324k§y8/3) ,
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1 2

pe =~y - <px — 122k p392/3 + 108k p2y*/® — 2161/2k5p,y?
1

—12p,y/3 — 24\/2k1x + 324k3 8/3> ,

and have been computed as potential functions of two exact 1-forms belonging to
the two complementary eigen-distributions of (KPHNT.

5.3. Separation Equations of Jacobi—Sklyanin. The approach of Jacobi-Sklyanin
represents a fundamental piece in the theory of separable systems. Here we will
establish a connection between the Haantjes geometry and the Jacobi-Sklyanin sep-
aration equations for the case of the Drach-Holt system.

These equations allow one to construct a solution (W, E) of the Hamilton-Jacobi

equation. In fact, by solving (2) with respect to py = %ka we get

(33) W:Z/pk(qfc;Hl,...,Hn)|Hi:aidq§€.

The set of coordinates (31), (32), being DH coordinates, are separation variables for
both the Hamiltonian functions H; and Ha; besides, they fulfill the Jacobi-Sklyanin
separation equations

b + (b2 A + bs)pr 4 baAT + bsAT + b Af + M Hy + Ha +b; =0,

b3 + (b2A3 + bs)po + baAS + bsAG — bgA3 — NoHy — Ho+ b7 =0,

where b;, i = 1,...,7 are the constants given by

by = 10368\/2k1, by = 5L, by = 2161/2K; ko, bd = o2k
b5 = 1728’ b6 2116’ b? - 18\/ 2]€ k3 .

We arrive therefore at the separated solutions of the Hamilton-Jacobi equation

Wi(Arshahe) = 5= [ ( (ba M4 + bg) = /(b2 AT + bg)? 4b1P8()\1))d)\1,

Wa(Ao; huyhe) = 5= i ( (b2A3 + b3) & 1/ (b2A] + b3)? 4b1Q8(/\2))d)\2,

where h1, ho are the values of Hy, Hy on the lagrangian tori, and

Ps(A1;h1, ha) i= bgA§ + bsAT + bgAS + Ay + ho + by,
Qg()\z; h1, hg) = b4)\g + b5)\% — bﬁ)\% — Xoh1 — ho + b7.

6. MULTISEPARABLE SYSTEMS AND HAANTJES GEOMETRY

A particularly interesting instance of the previous theory is offered by the case of
multiseparable systems. They are Hamiltonian systems which can be separated
in more than one coordinate system in the associated phase space. Fundamental
physical examples of multiseparable systems are the n-dimensional harmonic os-
cillator and the Kepler system. Another important class is represented by the
four Smorodinsky-Winternitz systems, which are the only systems in the Euclidean
plane admitting orthogonal separation variables.

Multiseparable systems are superintegrable ones, provided that the sets of sep-
aration functions in the Hamilton-Jacobi equation related to different separation
coordinates are functionally independent. However, to our knowledge, there is no
general theoretical result establishing a relation between the two notions of su-
perintegrability and separability. For instance, for the classical Post-Winternitz
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(PW) system [40], which is maximally superintegrable, no separation coordinates
are known in phase space. Besides, due to the presence of integrals of motion of
degree higher than two as polynomials in the momenta, the PW system does not
admit orthogonal separation coordinates in its configuration space. A superinteg-
rable system can also be simply separable, without being a multiseparable one.
This is the case for the anisotropic oscillator discussed in Section 9. In this article,
we shall focus mainly on the case of superintegrable multiseparable systems, which
is perhaps the most interesting one from a geometrical and physical point of view.
In order to extend the Haantjes geometry to the case of multiseparable systems, an
important, preliminar aspect should be pointed out.

Let us consider an integrable Hamiltonian system with Hamiltonian function H
and {(Jk, or)}, k =1,...,n, be a set of action-angle variables for the system, with

associated frequencies vy (J) = g—i. In [47] the Liouville-Haantjes theorem was
proved. Under the hypothesis of nondegeneracy for H, that is
6% (92H
34 det | =— | =det | =—F%— 0
(34) ¢ (8Ji) ¢ (8Ji8Jk) 70,

this theorem states that one can define a semisimple w.7 manifold in any tubular
neighbourhood of an Arnold torus. However, superintegrable systems just violate
the condition (34); therefore, the LH theorem cannot be applied to them. Never-
theless, this does not imply that w.# structures can not exist for superintegrable
systems. Indeed, we can construct such structures by means of a different approach,
based on a simple consequence of Theorem 2.

Corollary 2. An integrable Hamiltonian system admits as many inequivalent sep-
aration coordinate systems as the number of ils independent semisimple Abelian
wI structures of class n.

Proof. Tt suffices to observe that, according to Theorem 2, for each semisimple
w structure of class n admitted by the Hamiltonian system there exists a set
of Darboux-Haantjes coordinates, which play the role of separating coordinates for
the corresponding Hamilton-Jacobi equation. (I

The previous result represents, jointly with Theorem 2, the main theoretical con-
tribution of this work.

In the following sections, we shall exhibit explicitly the Haantjes structures asso-
ciated with celebrated examples of maximally superintegrable and multiseparable
Hamiltonian systems.

7. CONSTRUCTION OF HAANTJES OPERATORS IN T*Qi A NOVEL GEOMETRIC
LIFT

The problem of constructing Haantjes operators on an n-dimensional manifold M
is, in general, a hard one, as it entails to solve a sistem of (n?(n — 1)/2) nonlinear
PDE of the first order in the n? unknown components of the operators we wish to
determine.

However, when M = T*@Q, being @ the configuration space of a mechanical sys-
tem, one can plan to simplify the problem of constructing a (T*Q,w, #’) mani-
fold by lifting a given Haantjes operator A : TQ — T'Q) to an Haantjes operator
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A : T(T*Q — T(T*Q) via a suitable geometric procedure that, in order to be ef-
fective, should preserve the vanishing condition of Haantjes tensors. Our procedure
is inspired by the one introduced in [20] for the construction of a suitable Nijen-
huis operator for the Benenti systems and it has been successfully interpreted and
applied in [13] in the context of the wN geometry. In those works, technically the
complete lift from a manifold to its cotangent bundle introduced by Yano [56] has
been adopted. Although the Yano lift preserves the vanishing of Nijenhuis tensors,
unfortunately this property does not hold true for the Haantjes case: the Yano lift
of a Haantjes operator need not be another Haantjes operator.

In order to overcome this drawback, we propose a novel geometric lifting procedure,
which generalizes the Yano’s one. To this aim, let us consider an operator A : TQ —
T@Q and the canonical projection map 7 : T*Q — Q. Let us denote by A alift of A
to the cotangent bundle T*@Q which is required to be projectable onto A, that is to
say, AT, = T A . Such a condition is fulfilled if and only if A takes the following
block-matrix form in a Darboux chart (q, p):

i [ Al | o
(35) A= [ C(q,p) | D(q,p) } ’

where C and D are (n x n) matrices depending possibly on all coordinates. In
addition, we must impose the compatibility condition with the symplectic form
(26), which reduces the form of A to

n A(q) | 0 T
(36) A= {C(q,p)lAT(Q) ] cre =0
Now, we assume that A is a Haantjes operator and we wish to determine the form
of the matrix C' in such a way that Aisstill a Haantjes operator. In the subsequent
discussion, we shall prove our result for configuration spaces of dimension n = 2
only.
As clarified in Example 1, when dim @ = 2, any operator A(q) is a Haantjes
operator. Then, its lifted operator takes the form

(37) A=

where all the entries are functions of (¢!, ¢?) only, except for the smooth function
r = r(q*,¢% p1,p2). Let us assume that the eigenvalues of A(q) are pointwise
distinct; by requiring that Aisa Haantjes operator we find that the most general
solution for r is an affine function of (p1, p2). Precisely,

r=f(q",¢®)p1 + 9(¢", ¢*)p2 + h(q". ¢*).

where
da ob  a—d 2b
(38) fo= 8_q2 - 8—(11 - Tﬁlz - ZT122
oc od a—d 2c
(39) g = a—qg—a—ql+T7’122—Z7'112,

A := (a — d)? + 4bc is the discriminant of the minimal polynomial of A(q), i,
and 73, are the two independent components of the Nijenhuis torsion of A(q) and
h(q',q?) is an arbitrary smooth function. In particular, when A(q) is a Nijenhuis
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operator and h(q!,¢%) = 0, the operator A coincides with the Yano complete lift
of A(q), therefore it is still a Nijenhuis operator.

The lifting procedure presented here can be extended to the n-dimensional case,
n > 3. The details concerning this extension will be discussed elsewhere.

8. HAANTJES STRUCTURES FOR MULTISEPARABLE SYSTEMS IN Fjy

The Smorodinsky-Winternitz (SW) systems are a family of superintegrable sys-
tems defined in the Euclidean plane FE,, which were introduced first as quantum-
mechanical systems in [16, 29, 57] and later studied from a group theoretical point
of view in [44, 50]. They are all multiseparable in Es and admit three independ-
ent integrals of motion, expressed in terms of second degree polynomials in the
momenta. Also, they are separable in at least two different orthogonal coordinate
systems in their configuration space.

In [46], the SW systems were analyzed in the context of Nijenhuis geometry. Pre-
cisely, it was shown that a wlV structure can be associated with each of them; this
can be achieved by renouncing to the standard notion of Lenard chain, and using a
generalized version of it. In this section, we will show that a natural and more gen-
eral framework for studying the geometry of SW systems is offered by the Haantjes
geometry. As we will show, one can introduce Haantjes chains and construct two
different w.7# structures for each of the SW systems. In turn, according to Theorem
2 and Corollary 2, these structures guarantee the existence of separation variables
for the SW systems.

8.1. Smorodinsky-Winternitz system SWI. The Hamiltonian function is

1 1 c
(40) H = Hy = 5(p% +py) + 5a(e® +9°) + 5 +

2 2 Y2

This system is separable in cartesian, polar and elliptic coordinates, and admits

the integrals

2

p a C2
41 Hy =2 4 —9? 4+ =
(41) I Uy L
2 2 2
(42) Hs =2 (02]9% + (zpy — ypa)® + ac’a® + 20,2 —ZC + 2¢2 (E> ) ;
€ Y
with a, ¢, ¢; and ¢2 € R. We obtain a first Haantjes structure (w, I, KéSWI)) where

I is the identity operator, and

The algebra (I, K §5W1)> admits the cartesian coordinates as DH coordinates: there-
fore they are obviously separation coordinates for the SWI system.
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(SWI)

We can also obtain a second Haantjes structure (w, I, K ) with
y? + c? —xy ‘ 0 0
- 2 0 0
44 KD —y el e
(44) ’ 0 —(apy —yps) |Y* + & —ay
TPy — YDx 0 —TY ?

The algebra (I, K §5W1)> diagonalizes in elliptic coordinates; therefore, they are
separation coordinates. If ¢ = 0, this algebra diagonalizes in polar coordinates.

8.2. The Smorodinsky-Winternitz system SWII. The Hamiltonian function
reads:

1
(45) H:Hl:§(pi+p§)+a(4x2+y2)+c1x+% ,

with a, ¢1, co € R. The associated integrals are

2

_ Dby 2, C2
(46) H2—7+ay +?7
C1 X
(47) Hsz = py(ype — xpy) + 2axy* + 5y2 — 2@; .

We obtain the structures (w, I, KéSWH)) and (w, I, KéSWH)), where

(48) ,
and
0 y 0 0
(SWII) _ y —2¢]0 0
—Py 0 Yy —2

The first structure admits the cartesian coordinates as DH coordinates, whereas
the second one diagonalizes in parabolic coordinates.

8.3. The Smorodinsky-Winternitz system SWIII. The system is defined in
polar coordinates (r, 6, p,., pg) by the Hamiltonian

1 P2 a 1 pB+~cosh
50 H=H == [p2+28 Z
( ) 1 2 (pr + T2) + r + r2 sin29 ’

where «, 3, v € R. The integrals of motion are

é " B+ cosb
2 sin? 6

(52) H3 = —pe (pe cosf

(51) Hy =

~ + 2B cosf + ~cos?
rsin’ 6 '

—i—prsinH) — acosf —
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We can construct the Haantjes structures (w, I, KgSWIH)) and (w, I, KgSWIH)),
with

0 0[O0 O
(swrirny 2| 0 170 0
(53) K “" 1000 0|’
0 0|0 1
0 r?siné 0 0
(SWIII) _ sin @ 2r cos 6 0 0
(54) Ks - 0 g cos b 0 sin 0
—pg cos B 0 r2sin@ 2rcosé

The algebra (I, K éSWHI)> ensures the separability of the system in polar coordin-

ates, which are indeed DH coordinates. Notice that if we re-write the operator

SWIIT) . . . S . C e
K é ) in cartesian coordinates, it coincides (up to an irrelevant multiplicative

factor) with the operator KéSWI), for ¢ = 0. Besides, the algebra <I,KéSWIH)>

diagonalizes in parabolic coordinates. If we write the expression of K gSWHI) in

cartesian coordinates, it converts into the form of the operator K gSWH).

8.4. The Smorodinsky-Winternitz system SWIV. The Hamiltonian function
of this system is

1PE+Dpr 20+ BE+m

55 H - H = = 9
(55) 1 2£2 412 242
where we have used the parabolic coordinates

1
(56) =5 =), y=&n

The corresponding integrals read

&+ E(pepy — Bn) — En(pE + p;y + Ao+ yn) + 0 (pepy + Bn)
52 + 772

& (p% + 2(e +yn) — 28807 — 17 (pf + 204))

S
. . (SWIV)
In the coordinates (£, 7, pe, py) we get the Haantjes structures (w, I, K5 ) and

(w, I, K with

(57)  Ha

)

(58) Hs =

-2 49| 0 0
swrivy | €+n* =2 0 0
(59) K2 - 0 0 _25,’7 52 4 ,,72 ’
0 0 E+n* 2y
22 0] 0 0
(SWIV) 0 252 0 0
(60) Ks 10 027 o0
0 0| 0 22

These two structures are related with two different parabolic coordinate systems,
with distinct axes, which are separation coordinates for the systems SWIV. Notice
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that the operator KgSWIV)

_o W),

in cartesian coordinates converts into the operator

Remark 3. The form of the Haantjes operators presented above can be geometric-
ally interpreted, in all cases, as the application of the generalized lifting procedure
described in Section 7 to a suitable Haantjes operator on the configuration space
E5, related to a specific coordinate system in which they diagonalize. Its lifted ver-
sion to the 4-dimensional phase space is again a Haantjes operator, at most linearly
depending on the momenta.

9. ANISOTROPIC OSCILLATOR WITH ROSOCHATIUS TERMS

We shall determine now the w. structures of an important physical model: the
two-dimensional anisotropic oscillator with Rosochatius terms [43]. This system in
the general case with n degrees of freedom has been studied in [41, 42], where its
maximal superintegrability was established. In particular, in [41] the higher order
(missing) integral was determined by means of a geometric approach based on
the Marsden-Weinstein reduction procedure. The anisotropic oscillator on curved
spaces has been introduced and studied in [2].

The Hamiltonian function of the system reads

1 c c
(61) Hyo = 3 (pi +pp + 2 (na® + nay®) + x—lz + y_z) :

where ny, no € N\{0}, c1, c2, ¥ € R. The integrals of motion corresponding to the
one-dimensional energies are

1 c
(62) E1 = 5 <pi —+ V27’L1I2 + {I;_12> R

1 Co
(63) Ey, = 3 (pfj + V27’L2y2 + E) .

The system (61) is separable in Cartesian coordinates, and admits a Haantjes al-
gebra 74 = (I, K5A0)>, with

AO
(64) K =

However, the system admits a further integral, not related with separating coordin-
ates. Let us introduce the complex quantities

cj .

2 J o .2,.2..2 o . _ AN2 AN

Aj=pj+ 3 VN, 2ivn;p;x;, U =A7"AY.
J

The additional, real integral is given by
(65) R(T) = R(AT? A,

where R(z) denotes the real part of z € C.
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We can obtain a second Haantjes algebra in the following way. First, we shall
consider the family of operators of the form

mqg 0 0 0
(66) K _ ma1 mq 0 0
0 M3z | Mg Moy |’
—ms2 0 0 mq

which are Haantjes operators for any choice of the three arbitrary functions my,
moa1, maz of (x,y,ps,py). This family generalizes (up to a transposition of co-
ordinates with momenta) the form of the two Haantjes operators admitted by the
Post-Winternitz system

(67) HEW) — %(pi +py) + ay%, a €R.

Notice that the operators of the form (66) generically are non-semisimple ones. We
shall show that the class (66) also contains the explicit form of the specific Haantjes
operator related to the integral of motion (65).

Now, let us impose the chain equation (KéAO))T dHao = dR(¥), where KéAO)
has the form (66). We find the unique solution

mqcy ma1C2

(KéAO))T dH = (u2(mdn%x + mzlngy) — mzapy — ( 23 v ))diﬂ
myc
(v*man3y + maap, — ;3 2)dy + (maps)dpa

(m21pe + Mmapy)dpy

where
1o
(68) M= Pax 8pz '
1/ p, OR(D) am(\m>
(69) 2 pw< Pz Opa Opy
L ey 1 OR(Y)  OR(Y)
(70) e = pw< . (n2y+y3)pm o oy )

The coefficients mg, ma1, m3o are explicitly reported in the Appendix A. Thus, we
have proved that the system (61) admits a second, non-semisimple wJ# structure,
with % = (I, K5A0)>. It is an open problem to ascertain whether the system (61)
admits other separating coordinates in phase space, apart the Cartesian ones.

10. w#” STRUCTURES FOR MULTISEPARABLE SYSTEMS IN Ej3

We shall study in detail three relevant examples of multiseparable systems in the
Euclidean space E3, in the context of Haantjes geometry. One of them is maximally
superintegrable, the other two are minimally superintegrable ones [11]. For a dif-
ferent treatment, in the framework of the Killing-Stéckel theory, see [4], [9]. In the
following analysis, £, Ly, L. denote the components of the angular momentum in
the cartesian frame.
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10.1. The Kepler system with a Rosochatius-type term. We shall consider
the Hamiltonian function
k k1 ko

(71) H=H =~

2 2 2y _ v e
2(pm+py+pz) \/m—i_lz—i_yz )

whose integrals of motion are

1 ki ko
(72) Hy = 5|£|2 + (® +y° + %) (F - ?) :

1 ki ko
73 Hy = =2 CEEYe I [ R
(73) 3 2z+(x+y)x2+y2 ;

1 k12’2
(74) Hy= 5Ly + =5,

k ki ko

75 Hy = Lopy —poly — 22| ———— 4+ L 4 22|
( ) 5 Py p Y Z< 2 $2+y2+22+x2+y2>

These integrals form three families of functions in involution: {Hy, Ha, Hs}, {H1, H2, H4},
{Hy, H3, Hs}. The equations of the Haantjes chains associated are: K?dH =dH;
(i =1,...,5), with the Haantjes operators

(76)
y? + 22 —xy —xz 0 0 0 1
—zy x? + 22 —yz 0 0 0
K, — —zz —yz ® +y? 0 0 0
? 0 _(Zpr - ypac) ZPx — TPz y2 + 22 —xYy —xz ’
TPy — YPa 0 —(yp> — 2py) | —xy a4 —yz
| —(2pz —ap2)  yp. — 2py 0 —xz —yz 2?4y
y? —xy 0] 0 0 0
—xy x? 0] O 0 0
0 0 0 0 0 o0
77 K - )
7 ’ 0 —(zpy —ypa) Of y* —zy O
TPy — YDa 0 0| -2y 22 0
0 0 0 0 0 o0
22 0 —zz 0 0 0
0 0 0 o 0 0
—xz 0 x2 0 0 0
(78) K= 0 0 2zpy—ap.| 22 0 —zxz
0 0 0 o 0 0
—(zps —xp,) 0O 0 —zz 0 22
and
—2z 0 T 0 0 0
0 -2z oy 0 0 0
0 0 0 0
(79) Ks = 0 0 —pz | —22 0 T
0 0 —py| 0 =2z y
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We shall also take into account the integral

k222
y?

1
H6 = gﬁi +

which is not functionally independent with respect to the other ones; however, it
will play a relevant role in the construction of separation coordinates. Imposing
the chain equation K GTdH = dHg, we get the further Haantjes operator

0 0 0 0 0 0

0 22 —yz 0 0 0

|0 —yz y? 0 0 0

(80) Ko =17 0 0 0 0 0
0 0 2py —yp. |0 2% —yz

0 yp: — 2py 0 0 —yz ¥

Let us discuss now the separation coordinates admitted by the system (71). First,
we observe that there exist three Abelian semisimple Haantjes algebras related
with the operators (76)-(79): 54 = (I, Ko, K3), 7% = (I, Ko, K,4) and 74 =
(I,Ko, Kg). The algebra s = (I, Ko, K3), as was discussed in ref. [49], diagon-
alizes in the spherical polar coordinates with the z-axis as the polar axis; therefore,
according to the previous discussion, they are DH coordinates and separation co-
ordinates for the Kepler system (71). The algebra % diagonalizes in spherical
polar coordinates with the y-axis as the polar axis; besides, the algebra .73 ensures
the separability of the system in spherical polar coordinates with the z-axis as the
polar axis.

We also have the algebra s#; := (I, K3, K5), which diagonalizes in the rotational
parabolic coordinates.

Finally, the system (71) separates in spherical conical coordinates. Precisely, the
algebra % = (I, Ko, K7 := aKg + bK4 + ¢K3) diagonalizes in the spherical
conical coordinates u; € R, us € R, ug > 0, where a < u; < b < uy < ¢ and
a,b,ceR.

10.1.1. Generators of the cyclic Haantjes algebras. In order to find a generator of
a cyclic semisimple Abelian Haantjes algebra of rank n, it is sufficient to choose
inside the algebra a Haantjes operator whose minimal polynomial is of degree n, as
explained in subsection 3.6. As a consequence of this observation, we obtain that
a simple (not unique) choice for the generator for the algebra 54 = (I, Ko, K3)
reads

(81) L =K+ Kj.
We have
(82)
2 2 2

_ M (1) g2 (1) _ 327 +3y" + 22 @ _ 1
Ky =ay Lita; Ly, M T o o212 2T T g2t 2
and
(83)

22+ y? 4+ 22 1

Ky=p"Li+ 500}, 5 = 5 g =

_2962—1—23/2—1—227 2 2242 422
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A generator of the algebra % = (I, Ko, K 4) is given by

(84) L,=K>+ K, .
We have
(85)
2 2 2
) @) 2 (2) _ 3x” 42y + 32 @ _ 1
Kr=oi'lotay Ly, a7 = 20 42 +222 1 2T a2t 222
and
(86)
2 2 2
+y° +z 2) L
Ki= 89, + 3212 @__ T Ty TE =
4 ﬁl 2+62 25 1 222 4 y2 + 222 ’ 2 22 4 y2 + 222

A generator of the algebra 4% = (I, Ko, K¢) is Ly = Ko + K¢, with
(87)

2 2 2
o ® (3) 72 3) 2z +3y + 3z 3) 1
K2 =ai Latay Ly, BT 222 BRI NC R P
and
(88)
2,2 .2
ty'+2 (3) 1
K — L+ g® 2 @ __ @ S S
6 =P Ls+fy Ly, ! 2?2 4+ 2y? + 2227 2 r2 + 2y? + 222

A generator of the algebra ¢, = (I, K3, K5) is just Ly = K5, since the minimal
polynomial of K5 is of degree 3. We have

Ks= a,(34)I + 04§4)L4 + a§4)LZ ;
with
04(()4) = 2% 492, a§4) = —2z, a§4) =—-1.
A generator of the algebra s = (I, Ko, K7) is simply Ls = K7, with
KQ = a§5)L5 =+ OégS)L?) 5
where

) (b+e)a®+ (a+c)y? + (a+b)z? (5) 1
) = ay’ = — .
! bex? + acy? + abz? 2 c(bx? + ay?) + abz?

10.2. A class of generalized Kepler systems. We consider a family of deform-
ations of the Kepler system which depends on an arbitrary function F (%) The
Hamiltonian function of this family has the form

(89)

k k1z F (ﬂ)

X

- + - :
Va2 + P+ 22 a2+ 22 +y?) 2Py

The associated integrals of motion are

1
H = Hy = 5(p; +p, +72)

(90)
1 k Phyt 4224 (2P +yP 4 27) F (Y
Hy = Liop + 12722 + g2+ 22+ (22 + y* + 29) (1)7
2 I2+y2
(91)

1
ng—,c§+F(3),
2 T
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(92)
kz ki(2® + y? +222%) ) F (%)
z

X

Va2 +y2+ 22 22 +y? 4 22(22 4 y?) 2 +y?
These integrals form two families of functions in involution: {H;, Hs, Hs} and
{H,, Hs, Hy}. The equations of the Haantjes chains are: K2 dH = dH,, K1 dH =
dHs, KgdH = dH4. The Haantjes operators associated are Ko, eq. (76), K,
eq. (77) and K5, eq. (79). We obtain again the two Abelian, cyclic algebras
A = (I,Ks,K3) and 7 = (I, K3, K5), whose cyclic generators have been
determined above. They provide us with the two coordinate systems admitted by
the class of Hamiltonian systems (89), namely the spherical polar and the rotational
parabolic ones.

Hy = Lacpy _pzﬁy +

10.3. A class of anisotropic oscillators. An interesting family of deformations
of the anisotropic oscillator is given by the Hamiltonian function

F(3)

x2+y2'

1
(93) H = Hy = 5(p; +p, +p2) + k(@® + %) + 4k2" +

where again F' is an arbitrary function of its argument. It admits the following
integrals of motion:

1
(94) Hy = §p§ + 4Kz,
_1 2 Yy
(95) Hy= L2+ F(2),
2, 2 F (%)
(96) Hy = Lypy — po Ly + 2kz(2* +y°) — 22

2 + y2 '
Therefore, this class of systems is minimally superintegrable. These integrals form
two families of functions in involution: {H;, Ho, Hs} and {Hy, Hs, Hy}. The equa-
tions for the Haantjes chains are: KleH = dH>, KgdH = dH3, KgdH = dH,.
The corresponding Haantjes operators are:

00 0/0 0 0
00 0/0 0 0
00 1/0 0 0
(97) Ki=|9 00000
00 0/0 0 0
00 0[O0 0 1

K3, eq. (77) and K35, eq. (79). The family of systems (93) admits the two
Abelian algebras % := (I, K1, K3) and 2 = (I, K3, K5). It separates in polar
cylindrical and rotational parabolic coordinates.

The algebra % = (I, K1, K3) admits the generator

1
98 Ls=2K,+———K3 .
( ) 6 1 + $2 T y2 3
We have
1 1
(99) Ki=o{"Ls + ol L, ot = o al® = 27
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and

(100) Ks5=p9Ls+80L2, B9 =202 +42), (6 = _ (22 +42) .

11. FUTURE PERSPECTIVES

The problem of finding separation variables for integrable Hamiltonian systems is
certainly among the most relevant ones of Classical Mechanics. The theory of w7
manifolds offers a twofold contribution to this fundamental problem, being of both
conceptual and applicative nature.

From a conceptual point of view, we have shown the relevance of w. ¢ structures
for the construction of separation variables. Precisely, as stated in Theorem 2, if
an integrable system admits a semisimple Abelian w.Z structure, then one can
construct a privileged set of coordinates, the Darboux-Haantjes (DH) coordinates,
which are separation coordinates for the Hamilton-Jacobi equation associated with
the system. Besides, in these coordinates the symplectic form takes a Darboux
form, and the operators of the Haantjes algebra diagonalize simultaneously.

Vice versa, any separable system admits a semisimple Abelian w77 structure. In
particular, an integrable Hamiltonian system admits at least as many separation
systems as the number of its distinct w7 structures.

From an applicative point of view, the w.# structures represent a very flexible tool,
which can be used either to construct in a consistent way separation coordinates,
or to enhance the applicability of Nijenhuis geometry. In this regard, it is useful to
clarify the relationship between w.# and wN structures. As we said, the approach a
la Nihenjuis represents a powerful theoretical framework, allowing for the construc-
tion of separating variables via the eigenvalues of a suitable semisimple Nijenhuis
operator associated with a given integrable system [13]. From this point of view,
the Haantjes geometry can complement and integrate, for practical purposes, the
Nijenhuis approach. Indeed, as we have shown in [49], a semisimple Haantjes al-
gebra always admits a Haantjes cyclic generator; in addition, such a generator can
be chosed to be a Nijenhuis one. Therefore, a possible strategy for finding separa-
tion variables is the following: given a Hamiltonian system, first we can construct
in a natural way a w.# manifold constructing its Haantjes chains (without the
need for generalized ones, as is often necessary in Nijenhuis geometry [46]). Then,
assuming that the algebra 7 is semisimple and Abelian, we can always select in
A a Nijenhuis generator, providing us with separation variables (the so called
Darboux-Nijenhuis (DN) coordinates). In the multiseparable case, this procedure
can be repeated for all the structures allowed by the considered system.

Instead, finding a Nihenjuis operator without the help of the w7 structure can
be computationally cumbersome. Usually, one tries to construct Nijenhuis operat-
ors as reductions of bi-Hamiltonian structures associated to systems defined in a
higher-dimensional space. Another possibility is to generate wNV structures as Yano
liftings of Nijenhuis operators defined in the configuration space. However, these
procedures are not generally applicable: only in some cases one can determine a
system (easily tractable within the Nijenhuis approach), that by reduction gives
the original system under study (and consequently, its wN structure). Also, there
are systems (as the Drach-Holt and the Post-Winternitz ones) whose Nijenhuis
structure is not obtainable as a Yano complete lift.
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Nevertheless, determining a w57, as shown in this article (and in many examples
of [47], [55]) is a direct procedure, computationally affordable, since the differential
equations for the Haantjes chains are usually quite manageable.

In summary, given an integrable Hamiltonian system, separating coordinates can be
found in two different ways: as DH coordinates associated with its w. semisimple
structures or, equivalently, via the eigenvalues of the Nijenhuis operator generating
the same w # structures (DN coordinates).

Interestingly enough, ws# manifolds appear to be a quite ubiquitous geometrical
structure in the class of superintegrable systems: indeed, they exist also in cases
where orthogonal separating variables are not allowed in 7%Q and are realized
by mon-semisimple Haantjes operators. This is the case for the anisotropic har-
monic oscillator described above, and for the Post-Winternitz system [40], which
admits a non-Abelian Haantjes algebra, possessing two Abelian subalgebras of non-
semisimple Haantjes operators.

We mention that a generalization of the notion of w.7# manifolds is that of Ps#
manifolds, introduced in [53], where P is a Poisson bivector compatible with the
Haantjes algebra 7. When P is invertible, a P.J¢ structure reduces to a w.#Z one.

A fundamental open problem, in both the Haantjes and the Nijenhuis scenarios,
is to deepen into the geometry of non-semisimple structures and to ascertain their
possible relevance from the point of view of the general problem of SoV.

Another interesting open problem is the geometrical interpretation of the new class
of generalized tensors introduced in [48] from the perspective of classical Hamilto-
nian systems. They represent an infinite “tower” of new tensors generalizing the
Nijenhuis and Haantjes’s ones. A crucial result, proved in [48], states that if the
generalized torsion of an operator field vanishes, then its eigendistributions are mu-
tually integrable. The ultimate implications of this property in the context of the
theory of Hamiltonian integrable systems is presently under investigation.
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APPENDIX A. ON THE HAANTJES STRUCTURE OF THE SYSTEM (61)

As an illustrative example of the form of the integral of motion R(¥), eq. (65),
admitted by the system (61), we shall consider the case ny = 1,19 = 3. The integral
(65) reads explicitly

(101)

24,2 3
R(T) = 9V8x6y2 427 # —27¢ $2V6y2 i 616 622
Xz 26y
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3,,2,2 6,..6 2.2 2.4
_901 Vﬁy _V$262_3612V202+301$21/02
z y 22y v
2 2,,2,2 2 4.4
+(162011/4y2—1351/ e 1801”202+15”x202> 2
zly z v y

o 6 6 o’’’ 2 ¢’ 2 4,4 2, 2
+ | ——v’x’ -3 + 3¢ 2%t py" + |\ 33— —18av +15v7a” | py7py
2 x

26

clyy

—i—pmﬁpyz—i— <36 —72¢; avty + 36 52 )pypz

2.2

2,2
+<135y e —15”33202)%4
w2y’ v y

+ <C—§ - 9y2y2> 2% + <72 1%y — 120 >py e+ (3% — 15,/2352) Pa’py?
Y T -

+ 36 Vsz5$py Y

and the elements of the Haantjes operator are

(102)
4,..4 2.2,2 2
mg = — 270 V52 y* 4 324 ¢; vy + 30 v 02 — 54 a V4 4 — 36 a VQ 2
x y
L6502 (540,402 y? — 108 2 ”2y2 _g e a2
e ) Y2

2
- (30V4:v4 — 36 v +6%> Py + (—60u +12 —) ps’py”
X

2
—|— (36 v C; J_ 72 ¢1 xvty + 36 u6x5y) + 180 p$3xyu2py
Pz T

+(-

v2e?y

3

4,.3

2
c1 vy
" )pzpy (54v2y2+6 )px +6p,tp,°,

(103)

2
mo1 =36 —72¢1 zvty + 36 52%y + (72 ch g 120 V4:103y> Do’

2
+ (360 vty — 216 clxﬂ) D2

€1 V202 6.6 y? 1 4
—i— 36 — 21525 4+ 270152 +2 +6clzv1/
Pz
V4£L'402 012V2 012V2y2 61202
—324 ¢, vty? — 30 " —6 = + 54 g _6x4y2>
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Py’ o
4+ (_30 vizt — 6 — +36c 1/2> + 36 pa yar?
Pz x

2 2,2
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(104)
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