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Abstract

In this paper we introduce a new approach to compute rigorously solutions of Cauchy problems for a
class of semi-linear parabolic partial differential equations. Expanding solutions with Chebyshev series
in time and Fourier series in space, we introduce a zero finding problem F (a) = 0 on a Banach algebra
X of Fourier-Chebyshev sequences, whose solution solves the Cauchy problem. The challenge lies in the
fact that the linear part L def

= DF (0) has an infinite block diagonal structure with blocks becoming less
and less diagonal dominant at infinity. We introduce analytic estimates to show that L is an invertible
linear operator on X, and we obtain explicit, rigorous and computable bounds for the operator norm
‖L−1‖B(X). These bounds are then used to verify the hypotheses of a Newton-Kantorovich type argument
which shows that the (Newton-like) operator T (a)

def
= a−L−1F (a) is a contraction on a small ball centered

at a numerical approximation of the Cauchy problem. The contraction mapping theorem yields a fixed
point which corresponds to a classical (strong) solution of the Cauchy problem. The approach is simple
to implement, numerically stable and is applicable to a class of PDE models, which include for instance
Fisher’s equation and the Swift-Hohenberg equation. We apply our approach to each of these models.
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1 Introduction

In this paper, we introduce a new, fully spectral, validated forward integration scheme for a class of parabolic
partial differential equations (PDEs) based on Chebyshev expansion in time. The class of PDE problems we
consider is Cauchy problems associated with dissipative semi-linear equations of the form

ut = Lu+Q(u), u(0, x) = u0(x) (1)

where u = u(t, x) ∈ R, u0(x) is a given initial condition, x ∈ [0, 2π], t ≥ 0, ∂jx = ∂j

∂xj , L =
∑d
`=0 γ2`∂

2`
x

(γ2` ∈ R) is a linear differential operator of even order 2d and Q(u) =
∑p
j=2 qju

j is a polynomial of degree
p in u containing no constant term and no linear term. We supplement model (1) with even boundary
conditions, that is u(t,−x) = u(t, x).

It is worth mentioning that the development of rigorous computational methods to study the flow of
dissipative PDEs has received its fair share of attention in the last fifteen years. Let us mention the topological
method based on covering relations and self-consistent bounds [1, 2, 3, 4, 5, 6, 7], the C1 rigorous integrator
of [8], the semi-group approach of [9, 10, 11, 12], and the finite element discretization based approach of
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[13, 14, 15]. This interest is perhaps not surprising as dissipative PDEs naturally lead to the notion of
infinite-dimensional dynamical systems in the form of semi-flows, and understanding the asymptotic and
bounded dynamics of these models is strongly facilitated by a rigorous investigation of the flow. While
rigorous computations of periodic orbits may avoid the necessity of computing portions of the flow (they
can indeed be obtained with Fourier expansions in time [16, 17, 18, 19]), computing solutions to boundary
values problems or connecting orbits often require a time integration.

Our approach goes as follows. Expand the solution u(t, x) as a Fourier series in x with time-dependent
Fourier coefficients. Obtain an infinite system of nonlinear ordinary differential equations (ODEs) to be
solved on a time interval [0, h]. Using the Fourier coefficients of the initial condition u0(x), reformulate the
ODEs as rescaled Picard integral equations over the time interval [−1, 1]. Expand the solution of the integral
equations with a Chebyshev series expansion in time. Derive an equivalent zero finding problem of the form
F (a) = 0 (where a = (ak,j)k,j is an infinite two-index sequence of Fourier-Chebyshev coefficients) whose
solution correspond to the solution of the Cauchy problem (1). The operator F is defined on a weighed `1

Banach space X of Fourier-Chebyshev coefficients

X = {a = (ak,j)k,j : ‖a‖X =
∑
k,j

|ak,j |ωk,j <∞}.

The weights ωk,j in the definition of the norm ‖ · ‖X are chosen so that (a) they have geometric growth
in k (ensuring analyticity of the solutions in space, see Section 2.3); and (b) X is a Banach algebra under
discrete convolutions. Next, let L def

= DF (0) be the Fréchet derivative of F at 0 ∈ X and prove that L is an
invertible operator on X (see Section 3). Then prove that the operator T (a)

def
= a−L−1F (a) is a contraction

on a closed ball Br (ā) of radius r > 0 centered at a numerical approximation ā ∈ X. To obtain a proof that
the operator T : Br (ā) → Br (ā) is a contraction for some explicit r > 0, use a Newton-Kantorovich type
theorem (Theorem 2.1) (combining functional analytic estimates and interval arithmetic computations) and
the fact that the step size h > 0 can be taken small if necessary. An application of the contraction mapping
theorem yields a unique solution ã ∈ Br (ā) of F = 0, which represents the solution of the Cauchy problem
on the time interval [0, h]. The explicit radius r > 0 yields a rigorous C0 error bound between the true
solution of the Cauchy problem (1) and its numerical approximation (see Section 2.3).

The main challenge of this approach is theoretical: show that the operator L is invertible on the Banach
space X and obtain explicit and computable bounds for the operator norm ‖L−1‖B(X). As described in
Section 2, the operator L = (Lk)k is a block diagonal operator, where each block Lk acts on the sequence
of Chebyshev coefficients of the Fourier mode ak(t), and consists of the sum of an infinite-dimensional
tridiagonal operator and a rank one operator. To show that L is an invertible operator, we show that each
block Lk is invertible on the `1 Banach space of Chebyshev sequences. For a finite number of blocks Lk
with k small, we use that Lk is diagonal dominant starting from a moderately low Chebyshev dimension
N = N(k) to construct (with computer-assistance) an explicit approximate inverse Ak for Lk (see Figure 1)
which is then used in a Neumann series argument to get a rigorous bound on ‖L−1

k ‖B(`1) (see Lemma 3.2).
As the Fourier dimension, k grows, the Chebyshev projection number N = N(k) from which the operator
Lk is diagonal dominant goes to infinity, and therefore the approach for small k is not readily applicable.
Hence, we derive an alternative and analytic approach to obtain a uniform bound ‖L−1

k ‖B(`1) for large k
(see Section 3), which is based on the explicit inverse tri-diagonal operator analytic formulas introduced in
[20]. Combining the computer-assisted technique for small k and the one for large k, we obtain a rigorous
bound for ‖L−1‖B(Xν,1). We remark that forfeiting the diagonal dominance of Lk for large k has been the
main obstacle in deriving a forward integration scheme for parabolic PDE via the Chebyshev series. To
the best of our knowledge, we present a first successful purely spectral approach for forward integration
of parabolic PDEs via Chebyshev series (this is in contrast with the approach [11, 12, ?] which also uses
Chebyshev series expansions in time but handles the contraction mapping theorem via the semi-group flow
action). Moreover, we believe that our technique of constructing explicit norm bounds of Lk operator for
large k is of independent interest.
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The novelty of our approach is threefold. First, it introduces a computational framework to handle
infinite-dimensional problems with operators having the property that the two off-diagonal entries of Lk are
unbounded as k grows (in contrast, the approach of [21] handles problems with tridiagonal operators having
unbounded off-diagonal entries, but the operators are still diagonal dominant). Second, once the bound on
‖L−1‖B(Xν,1) is obtained, the approach is rather straightforward to implement, computationally inexpensive
and readily applicable to different models of the form (1). We stress that simple and efficient implementation
is highly desired from the perspective of verifying code correctness of computer-assisted proofs in dynamics,
namely clean and verifiable implementation is more likely to be widely accepted by the community. Third,
contrary to time-stepping schemes, like the forward integration method based on the Taylor expansion and
the Lohner algorithm from [2, 3], extended in [4], our approach is not burdened with the stiffness issue
coming from the appearance of large positive and negative eigenvalues of the linear operator spectrum. The
approximation quality of the Chebyshev series allows stable and high accuracy numerics (see the applications
in Section 5, where the considered examples have many - sometimes large - unstable eigenvalues).

We must nevertheless confess that our approach has some limitations. The most important one is that
the class (1) is restrictive since it does not contain models having derivatives in the nonlinearity. We believe
(based on numerical experimentation) that there are models (e.g. the Kuramoto-Sivashinsky equation and
the phase-field crystal (PFC) equation, where the order of the derivative in the nonlinearity is small compared
to the order 2d of the linear part L) for which our approach could be generalized and applied to. However, we
do not foresee for the moment how to adapt our method to models like Burgers’ equation, the Cahn-Hilliard
equation, or the Ohta-Kawasaki model. There are two less worrisome limitations: (a) in the current setting,
large step sizes h are only possible when the norm of the solution is small (see Remark 4.4); and (b) there is
a rapid propagation of wrapping effect from one step to the next, which prevents our approach to be applied
iteratively for a large number of steps (see Remark 4.1). We believe that the step size restriction and the
wrapping effect limitation can be overcome by extending our method even further (see Section 6). This is
the subject of future investigation, and we are convinced that further research will lead to the successful
elimination of the mentioned limitations. The goal of the present paper is to propose an alternative technique
for forward integration of parabolic PDEs, which has not yet been explored and is based on novel principles.
A simple implementation of the presented technique already demonstrated interesting experimental results
and should lead to a new line of research in computer-assisted proofs in dynamics.

The paper is organized as follows. In Section 2, we derive the zero finding problem F (a) = 0 whose
solution corresponds to the solution of the Cauchy problem and we introduce a Newton-Kantorovich type
argument to compute rigorously solutions to F = 0. We demonstrate that the space-time regularity of
the solution follows from the proof and that the solution so-obtained is classical (strong). In Section 3, we
introduce a technique to show that L is invertible on X and we obtain explicit and computable bounds for
the operator norm ‖L−1‖B(X). The computer-assisted method to obtain a rigorous bound on ‖L−1

k ‖B(`1)

for small k is presented in Section 3.1, while in Section 3.2, we introduce the analytic approach to obtain
a uniform bound ‖L−1

k ‖B(`1) for large k. In Section 4, we present the construction of the necessary bounds
to apply the Newton-Kantorovich type argument. In Section 5, we apply our approach to Fisher’s equation
and the Swift-Hohenberg equation. We conclude the paper by discussing future directions.

2 General set-up and a Newton-Kantorovich type argument

This section begins in Section 2.1, where the derivation of the zero finding problem F (a) = 0 is presented.
Some properties of the Banach space on which we solve F = 0 are introduced, and an equivalent fixed point
formulation of the problem is presented. In Section 2.2 we present a Newton-Kantorovich type argument
(see Theorem 2.1) which we use to solve F = 0. We end in Section 2.3 by showing that the solution obtained
from the fixed point argument is classical (strong), and by showing how to get a rigorous C0 error bound
between the exact solution and the numerical approximation of the Cauchy problem.
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2.1 The problem formulation and the Banach space

Consider the general PDE (1), which we supplement with even boundary conditions (i.e. u(t,−x) = u(t, x)),
in which case we expand solutions using a cosine Fourier series

u(t, x) = ã0(t) + 2
∑
k≥1

ãk(t) cos(kx) =
∑
k∈Z

ãk(t)eikx, with ã−k(t) = ãk(t) ∈ R. (2)

After plugging the Fourier series (2) in (1) the model reduces to the infinite system of ordinary differential
equations

dãk
dt

= fk(ã)
def
= λkãk +Qk(ã), for all k ≥ 0, (3)

where the eigenvalues λk
def
=
∑d
`=0 γ2`(−1)`k2` ∈ R, and Qk(ã)

def
=
∑p
j=2 qj(ã

j)k, with (ãj)k = (ã ∗ ã ∗ · · · ∗ ã)k
denoting the discrete convolution of order j (see (22) for the definition of the discrete convolution). Finally,
by assumption, the semi-linear PDE model (1) is dissipative, and therefore limk→∞ λk = −∞.

In this paper, we propose to compute solutions of the Cauchy problem associated to (1) on a given time
interval [0, h], where h > 0. This naturally leads to study the initial value problem

d

dt
ãk(t) = fk(ã(t)), for t ∈ [0, h] and ãk(0) = bk for all k ≥ 0, (4)

where the vector b = (bk)k corresponds to the Fourier coefficients of the initial condition u0(x) = u(0, x).
We rescale time by the factor h > 0 to map the interval [0, h] to [−1, 1] (letting τ

def
= 2t/h − 1 and ak(τ)

def
=

ãk(t) = ãk(h2 (τ + 1))) so that

d

dτ
ak(τ) =

h

2
fk(a(τ)), for τ ∈ [−1, 1] and ak(−1) = bk for all k ≥ 0. (5)

Rewriting the system (5) as an integral equation results in

ak(τ) = bk +
h

2

∫ τ

−1

fk(a(s)) ds, k ≥ 0, τ ∈ [−1, 1]. (6)

For each k, we expand ak(τ) using a Chebyshev series, that is

ak(τ) = ak,0 + 2
∑
j≥1

ak,jTj(τ) = ak,0 + 2
∑
j≥1

ak,j cos(jθ) =
∑
j∈Z

ak,je
ijθ =

∑
j∈Z

ak,jTj(τ), (7)

where ak,−j = ak,j , τ = cos(θ) and T−j(τ)
def
= Tj(τ). The cosine Fourier expansion (2) becomes

u(τ, x) =
∑
k,j∈Z

ak,je
ijθeikx, ak,−j = ak,j and a−k,j = ak,j . (8)

For each k ≥ 0, we expand fk(a(τ)) using a Chebyshev series, that is

fk(a(τ)) = φk,0(a) + 2
∑
j≥1

φk,j(a) cos(jθ) =
∑
j∈Z

φk,j(a)eijθ =
∑
j∈Z

φk,j(a)Tj(τ), (9)

where
φk,j(a) = λkak,j +Qk,j(a).

Letting Qk(a)
def
= (Qk,j(a))j≥0, φk(a)

def
= (φk,j(a))j≥0 and noting that (λkak)j = λkak,j , we get that

φk(a) = λkak +Qk(a). (10)
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Combining (6), (7) and (9) leads to∑
j∈Z

ak,jTj(τ) = ak(τ) = bk +
h

2

∫ τ

−1

fk(a(s)) ds = bk +
h

2

∫ τ

−1

∑
j∈Z

φk,j(a)Tj(s) ds

and this results (e.g. see in [22]) in solving F = 0, where F = (Fk,j)k,j is given component-wise by

Fk,j(a) =


ak,0 + 2

∞∑
`=1

(−1)`ak,` − bk, j = 0, k ≥ 0

2jak,j +
h

2
(φk,j+1(a)− φk,j−1(a)), j > 0, k ≥ 0.

Hence, for j > 0 and k ≥ 0, we aim at solving

Fk,j(a) = 2jak,j +
h

2
λk(ak,j+1 − ak,j−1) +

h

2
(Qk,j+1(a)−Qk,j−1(a)) = 0.

Finally, the problem that we solve is F = 0, where F = (Fk,j)k,j is given component-wise by

Fk,j(a)
def
=


ak,0 + 2

∞∑
`=1

(−1)`ak,` − bk, j = 0, k ≥ 0

−hλk
2
ak,j−1 + 2jak,j +

hλk
2
ak,j+1 +

h

2
(Qk,j+1(a)−Qk,j−1(a)), j > 0, k ≥ 0.

(11)

Define the linear operator L by

Lk,j(a)
def
=

ak,0 + 2

∞∑
`=1

(−1)`ak,`, j = 0, k ≥ 0

µkak,j−1 + 2jak,j − µkak,j+1, j > 0, k ≥ 0,

(12)

where

µk
def
= −h

2
λk. (13)

Note that limk→∞ µk = ∞, and that µk > 0 except perhaps for a finite number of indices k. For a fixed
Fourier component k ≥ 0, the operator Lk acts on ak

def
= (ak,j)j≥0 and can be visualized as

Lk def
=



1 −2 2 −2 2 · · ·
µk 2 −µk 0 · · ·
0 µk 4 −µk 0 · · ·

. . .
. . .

. . .
. . .

. . .

. . . 0 µk 2j −µk
. . .

. . .
. . .

. . .


. (14)

Define the nonlinear operator Q by

Qk,j(a)
def
=

−bk, j = 0, k ≥ 0
h

2
(Qk,j+1(a)−Qk,j−1(a)) , j > 0, k ≥ 0.

(15)
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Setting

Λ
def
=



0 0 0 0 0 · · ·
−1 0 1 0 · · ·
0 −1 0 1 0 · · ·

. . .
. . .

. . .
. . .

. . .

. . . 0 −1 0 1

. . .
. . .

. . .
. . .


, (16)

we may write more densely the nonlinear part Qk as

Qk(a) = −bk +
h

2
ΛQk(a), Qk(a)

def
= (Qk,j(a))j≥0.

Given a fixed Fourier mode k ≥ 0, the formulation for F in (11) may be more densely written as

Fk(a) = Lkak +Qk(a)

= Lkak − bk +
h

2
ΛQk(a),

where Fk(a)
def
= (Fk,j(a))j≥0. Finding a such that Fk(a) = 0 is equivalent (provided that the operator Lk is

invertible) to find a solution (fixed point) of

Tk(a)
def
= L−1

k

(
bk −

h

2
ΛQk(a)

)
= ak, for all k ≥ 0.

Let us introduce the two block diagonal operators

L def
=


L0 0 . . . 0

0
. . . 0 . . .
. . . Lk

0 . . . 0
. . .

 and Λ
def
=


Λ 0 0 . . .

0
. . . 0 . . .
. . . Λ

. . . 0 0
. . .

 . (17)

Given k ≥ 0, denote ak = (ak,j)j≥0. Denoting a = (a0, . . . , ak, . . . ), we obtain

La =


L0a0

...
Lkak

...

 and Λa =


Λa0

...
Λak

...

 .

We can finally write the map F as

F (a) = La− b+
h

2
ΛQ(a), (18)

where it is understood that bk = (bk,j)j≥0 with bk,j = 0 for all j > 0.
The strategy we employ to prove existence of zeros of F , namely the Newton-Kantorovich type theorem

presented in Section 2.2, assumes that the map F is Fréchet differentiable. This hypothesis is verified since
the nonlinear term Q in (1) is assumed to be a polynomial in u.

The Banach space X = Xν,1 in which we look for the zeros of F is given by

Xν,1
def
=

a = (ak,j)k,j≥0 : ‖a‖Xν,1
def
=
∑
k,j≥0

|ak,j |ωk,j <∞

 , (19)
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where ν ≥ 1 and

ωk,j
def
=


1, k = j = 0

2, k = 0, j > 0

2νk, k > 0, j = 0

4νk, k, j > 0.

(20)

The choice of the weights (20) is to ensure that Xν,1 is a Banach algebra under discrete convolution, that is

‖a ∗ b‖Xν,1 ≤ ‖a‖Xν,1‖b‖Xν,1 (21)

for all a, b ∈ Xν,1, where the discrete convolution of a and b is given by

(a ∗ b)k,j =
∑

k1+k2=k
j1+j2=j
ki,ji∈Z

ak1,|j1|bk2,|j2|, (22)

using the symmetries a−k,j = ak,j , b−k,j = bk,j coming from the cosine Fourier expansion in space.
If the linear operator L is invertible on Xν,1 (see Section 3), we may define the fixed point operator as

T (a)
def
= a− L−1F (a) = L−1

(
b− h

2
ΛQ(a)

)
. (23)

Denote by `1 the Banach space

`1
def
=

y = (yj)j≥0 : ‖y‖`1 def
= |y0|+ 2

∑
j≥1

|yj | <∞

 . (24)

We can re-write
‖a‖Xν,1 = ‖a0‖`1 + 2

∑
k≥1

‖ak‖`1νk, ak
def
= (ak,j)j≥0.

Having presented the problem formulations and the Banach space, we are ready to introduce a Newton-
Kantorovich type theorem (sometimes called the radii polynomial approach) to prove the existence of fixed
points of T in Xν,1.

2.2 A Newton-Kantorovich type theorem

Recall the map F given by (18), assume that L : Xν,1 → Xν,1 is invertible (see Section 3) and recall the
fixed point operator T given in (23). Since Q(u) in (1) is polynomial, the map F is Fréchet differentiable
and therefore the map T : Xν,1 → Xν,1 is Fréchet differentiable. Denote by DaT (c) the Fréchet derivative
of T at a point c ∈ Xν,1. Assume that a numerical approximation ā such that ‖F (ā)‖Xν,1 � 1 has been
computed. Denote by

Br (ā)
def
=
{
a ∈ Xν,1 : ‖a− ā‖Xν,1 ≤ r

}
the closed ball of radius r > 0 centered in ā in Xν,1. Denote by B(Xν,1) the space of bounded linear operators
on Xν,1 and ‖ · ‖B(Xν,1) the induced operator norm.

Theorem 2.1. Let Y and Z = Z(r) be bounds satisfying

‖T (ā)− ā‖Xν,1 ≤ Y (25)

sup
c∈Br(ā)

‖DaT (c)‖B(Xν,1) ≤ Z(r). (26)
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Define the radii polynomial
p(r)

def
= r(Z(r)− 1) + Y. (27)

If there exists r0 > 0 such that
p(r0) < 0,

then there exists a unique â ∈ Br0 (ā) satisfying F (â) = 0.

Proof. The idea is to show that T is a contraction mapping of Br0 (ā) into itself, in which case the result
follows from the contraction mapping theorem.

Let a ∈ Br0 (ā) and apply the Mean Value Inequality to obtain

‖T (a)− ā‖Xν,1 ≤ ‖T (a)− T (ā)‖Xν,1 + ‖T (ā)− ā‖Xν,1
≤ sup
c∈Br0 (ā)

‖DaT (c)‖B(Xν,1)‖a− ā‖Xν,1 + Y

≤ r0Z(r0) + Y,

where the last inequality follows from (25) and (26). Using that p(r0) < 0 implies that ‖T (a)− ā‖Xν,1 < r0

and therefore that T : Br0 (ā)→ Br0 (ā).
To see that T is a contraction on Br0 (ā), let c1, c2 ∈ Br0 (ā) and see that

‖T (c1)− T (c2)‖Xν,1 ≤ sup
c∈Br0 (ā)

‖DaT (c)‖B(Xν,1)‖c1 − c2‖Xν,1

≤ Z(r0)‖c1 − c2‖Xν,1 .

Again, from the assumption that p(r0) < 0 (that is r0Z(r0) + Y < r0), it follows that

Z(r0) < 1− Y

r0
≤ 1.

Hence T : Br0 (ā)→ Br0 (ā) is a contraction with contraction constant Z(r0) < 1. The contraction mapping
theorem yields the existence of a unique â ∈ Br0 (ā) such that T (â) = â−L−1F (â) = â. Since L is invertible,
L−1 is invertible and this implies that â is the unique element of Br0 (ā) satisfying F (â) = 0.

In Section 4, we construct explicitly the bounds necessary to apply the (radii polynomial) approach of
Theorem 2.1.

We conclude this section by introducing two consequences of a successful application of Theorem 2.1.
The first one is that we get enough space and time regularity of the solution so that we obtain a classical
solution to the Cauchy problem. The second one is that the radius r0 > 0 such that p(r0) < 0 provides in
fact a rigorous C0 error control between the exact solution and a numerical approximation of the Cauchy
problem.

2.3 Regularity of the solutions and rigorous C0 error control

Assume that we applied the (radii polynomial) approach of Theorem 2.1 to prove the existence of â ∈ Xν,1

such that F (â) = 0 and ‖â−ā‖Xν,1 ≤ r0 where F is defined in (18), ν ≥ 1 and ā is a numerical approximation.
This is done by verifying that r0 > 0 satisfies p(r0) < 0. Denote by

û(τ, x)
def
=
∑
k,j∈Z

âk,je
ijθeikx, θ = cos−1(τ), âk,−j = âk,j and â−k,j = âk,j (28)

the corresponding Fourier-Chebyshev expansion.

8



If ν > 1, then for each k > 0, 2‖âk‖`1νk ≤ ‖â0‖`1 + 2
∑
k≥1 ‖âk‖`1νk = ‖â‖Xν,1 <∞, and therefore

‖âk‖`1 ≤
‖â‖Xν,1

2νk
, for all k > 0,

which has a geometric decay rate. Hence, û is analytic in space and has enough spatial derivatives to be
evaluated in the PDE model (1). If ν = 1, then by continuity of the bounds Y and Z(r) in the decay rate ν,
there exists ε > 0 such that p(r) < 0 for some ν̃ = 1 + ε > 1, and therefore we are back to the previous case
and space regularity follows (for a similar and more detailed argument, see Proposition 3 in [23]). As for the
time regularity, it follows from the fact that for each k, âk(τ) is continuous in τ and solves the Picard integral
equation (6). By continuity of fk, fk(â(τ)) is continuous and therefore

∫ τ
−1
fk(â(s)) ds is differentiable and

therefore âk is differentiable in time. This follows that the resulting Fourier-Chebyshev expansion û(τ, x)
given in (28) is a classical (strong) solution of (1).

Finally, denote by

ū(τ, x)
def
=
∑
k,j∈Z

āk,je
ijθeikx, āk,−j = āk,j and ā−k,j = āk,j

the corresponding numerical approximate Fourier-Chebyshev expansion of the Cauchy problem. Then,

‖û− ū‖C0
def
= sup

τ∈[−1,1]
x∈[0,2π]

|û(τ, x)− ū(τ, x)|

≤
∑
k,j∈Z

|âk,j − āk,j |
∣∣eijθeikx∣∣

≤
∑
k≥0

∑
j≥0

|âk,j − āk,j |ωk,j

= ‖â− ā‖Xν,1 ≤ r0. (29)

This shows that the radius r0 > 0 such that p(r0) < 0 (from the radii polynomial approach) provides in fact
a rigorous C0 error control between the exact solution û and the numerical approximation ū of the Cauchy
problem.

We are now ready to introduce the theory to show that L is invertible, to obtain rigorous estimates on
‖L−1

k ‖B(`1) for all k ≥ 0 and finally to derive an explicit and computable bound for ‖L−1‖B(Xν,1).

3 Analysis of the linear operator L
In this section, we introduce our approach to prove that the operator L is invertible on Xν,1 and we obtain
explicit and computable bounds for the operator norm ‖L−1‖B(Xν,1). In Section 3.1, we consider small k
and use that Lk is diagonal dominant starting from a moderately low Chebyshev dimension N = N(k) to
construct (with computer-assistance) an explicit approximate inverse. The approximate inverse is used in a
Neumann series argument to obtain a rigorous bound on ‖L−1

k ‖B(`1). Then in Section 3.2, we introduce an

approach to obtain a uniform bound ‖L−1
k ‖B(`1) for large k. The approach here is also computer-assisted,

utilizing both the numerical and symbolic computation. It is based on the explicit inverse tri-diagonal
operator analytic formulas introduced in [20]. Combining the computer-assisted technique for small k and
the one for large k, we introduce in Section 3.3 a bound for ‖L−1‖B(Xν,1).
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3.1 Bounds for ‖L−1
k ‖B(`1) for small k

We begin this section by introducing some operators. Fix an even number N , and denote the operators Λ̃
and Ω acting on the tail of a Chebyshev sequence as

Λ̃
def
=



0 −1 0 · · ·
1 0 −1 0 · · ·
0 1 0 −1 · · ·

. . .
. . .

. . .
. . .

. . .

. . . 0 1 0 −1

. . .
. . .

. . .
. . .


and Ω

def
=


2(N + 1) 0 0 · · ·

0 2(N + 2) 0 0
0 0 2(N + 3) 0
...

...
. . .

. . .

 .

Using the above tail operators, rewrite the operator Lk in (14) as in Figure 1, where L(N)
k ∈MN+1(R) is the

matrix consisting of the first (N + 1) × (N + 1) entries of Lk. Denote the infinite dimensional row vector
v

def
=
(
−2 2 −2 2 −2 2 · · ·

)
, which is the tail of the first row of the operator Lk. Given a matrix

B, denote by Bcol(k) the kth column of B. Similarly, Brow(k) denotes the kth row of B. Define the operator
Ak (which acts as an approximate inverse for Lk) as given in Figure 1.

Lk =
<latexit sha1_base64="OqdD9dlZonsMRm/E325jIYR+S5Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm60Y1QdOPCRQX7gDaEyXTSDp1MwsykUEL/xI0LRdz6J+78GydtFtp6YOBwzr3cMydIOFPacb6t0sbm1vZOebeyt39weGQfn3RUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0zucr87pVKxWDzpWUK9CI8ECxnB2ki+bdcGEdZjgnn2MPcnNzXfrjp1ZwG0TtyCVKFAy7e/BsOYpBEVmnCsVN91Eu1lWGpGOJ1XBqmiCSYTPKJ9QwWOqPKyRfI5ujDKEIWxNE9otFB/b2Q4UmoWBWYyj6lWvVz8z+unOrz2MiaSVFNBlofClCMdo7wGNGSSEs1nhmAimcmKyBhLTLQpq2JKcFe/vE46jbrr1N3HRrV5W9RRhjM4h0tw4QqacA8taAOBKTzDK7xZmfVivVsfy9GSVeycwh9Ynz/DQpMS</latexit><latexit sha1_base64="OqdD9dlZonsMRm/E325jIYR+S5Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm60Y1QdOPCRQX7gDaEyXTSDp1MwsykUEL/xI0LRdz6J+78GydtFtp6YOBwzr3cMydIOFPacb6t0sbm1vZOebeyt39weGQfn3RUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0zucr87pVKxWDzpWUK9CI8ECxnB2ki+bdcGEdZjgnn2MPcnNzXfrjp1ZwG0TtyCVKFAy7e/BsOYpBEVmnCsVN91Eu1lWGpGOJ1XBqmiCSYTPKJ9QwWOqPKyRfI5ujDKEIWxNE9otFB/b2Q4UmoWBWYyj6lWvVz8z+unOrz2MiaSVFNBlofClCMdo7wGNGSSEs1nhmAimcmKyBhLTLQpq2JKcFe/vE46jbrr1N3HRrV5W9RRhjM4h0tw4QqacA8taAOBKTzDK7xZmfVivVsfy9GSVeycwh9Ynz/DQpMS</latexit><latexit sha1_base64="OqdD9dlZonsMRm/E325jIYR+S5Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm60Y1QdOPCRQX7gDaEyXTSDp1MwsykUEL/xI0LRdz6J+78GydtFtp6YOBwzr3cMydIOFPacb6t0sbm1vZOebeyt39weGQfn3RUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0zucr87pVKxWDzpWUK9CI8ECxnB2ki+bdcGEdZjgnn2MPcnNzXfrjp1ZwG0TtyCVKFAy7e/BsOYpBEVmnCsVN91Eu1lWGpGOJ1XBqmiCSYTPKJ9QwWOqPKyRfI5ujDKEIWxNE9otFB/b2Q4UmoWBWYyj6lWvVz8z+unOrz2MiaSVFNBlofClCMdo7wGNGSSEs1nhmAimcmKyBhLTLQpq2JKcFe/vE46jbrr1N3HRrV5W9RRhjM4h0tw4QqacA8taAOBKTzDK7xZmfVivVsfy9GSVeycwh9Ynz/DQpMS</latexit><latexit sha1_base64="OqdD9dlZonsMRm/E325jIYR+S5Q=">AAAB+XicbVDLSsNAFL2pr1pfUZduBlvBVUm60Y1QdOPCRQX7gDaEyXTSDp1MwsykUEL/xI0LRdz6J+78GydtFtp6YOBwzr3cMydIOFPacb6t0sbm1vZOebeyt39weGQfn3RUnEpC2yTmsewFWFHOBG1rpjntJZLiKOC0G0zucr87pVKxWDzpWUK9CI8ECxnB2ki+bdcGEdZjgnn2MPcnNzXfrjp1ZwG0TtyCVKFAy7e/BsOYpBEVmnCsVN91Eu1lWGpGOJ1XBqmiCSYTPKJ9QwWOqPKyRfI5ujDKEIWxNE9otFB/b2Q4UmoWBWYyj6lWvVz8z+unOrz2MiaSVFNBlofClCMdo7wGNGSSEs1nhmAimcmKyBhLTLQpq2JKcFe/vE46jbrr1N3HRrV5W9RRhjM4h0tw4QqacA8taAOBKTzDK7xZmfVivVsfy9GSVeycwh9Ynz/DQpMS</latexit>

�2
<latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit><latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit><latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit><latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit>

2
<latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit>

�2
<latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit><latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit><latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit><latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit>

2
<latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit>

�2
<latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit><latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit><latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit><latexit sha1_base64="kso6kZ/TboYkKi6dS/zuT7lqF7c=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LLaCF0uSi56k4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0w408Z1v53SxubW9k55t7K3f3B4VD0+6eg4VYS2Scxj1QuxppxJ2jbMcNpLFMUi5LQbTu9yv/tElWaxfDSzhAYCjyWLGMEml+pXfn1YrbkNdwG0TryC1KBAa1j9GoxikgoqDeFY677nJibIsDKMcDqvDFJNE0ymeEz7lkosqA6yxa1zdGGVEYpiZUsatFB/T2RYaD0Toe0U2Ez0qpeL/3n91EQ3QcZkkhoqyXJRlHJkYpQ/jkZMUWL4zBJMFLO3IjLBChNj46nYELzVl9dJx294bsN78GvN2yKOMpzBOVyCB9fQhHtoQRsITOAZXuHNEc6L8+58LFtLTjFzCn/gfP4Am1qNQw==</latexit>

2
<latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit><latexit sha1_base64="byGr8AiuufMNcDeriGW13a88D6s=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzQckR9jb7CVL9vaO3TkhHPkJNhaK2PqL7Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrR5wm3I/oSIlQMIpWeqjWq4Nyxa25C5B14uWkAjmag/JXfxizNOIKmaTG9Dw3QT+jGgWTfFbqp4YnlE3oiPcsVTTixs8Wp87IhVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMbz2M6GSFLliy0VhKgnGZP43GQrNGcqpJZRpYW8lbEw1ZWjTKdkQvNWX10m7XvPcmndfrzRu8jiKcAbncAkeXEED7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMxwI0M</latexit>

· · ·<latexit sha1_base64="yr3gDXpsBKA3XK1fhSZgMxihK00=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR9jb2yRL9vbO3TkhHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrB5wm3I/oSImhYBSt1K32WRijqQ7KFbfmLkDWiZeTCuRoDspf/TBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8t7p2RC6uEZBhrWwrJQv09kdHImGkU2M6I4tisenPxP6+X4vDaz4RKUuSKLRcNU0kwJvPnSSg0ZyinllCmhb2VsDHVlKGNqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICBhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9nBY+F</latexit><latexit sha1_base64="yr3gDXpsBKA3XK1fhSZgMxihK00=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR9jb2yRL9vbO3TkhHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrB5wm3I/oSImhYBSt1K32WRijqQ7KFbfmLkDWiZeTCuRoDspf/TBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8t7p2RC6uEZBhrWwrJQv09kdHImGkU2M6I4tisenPxP6+X4vDaz4RKUuSKLRcNU0kwJvPnSSg0ZyinllCmhb2VsDHVlKGNqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICBhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9nBY+F</latexit><latexit sha1_base64="yr3gDXpsBKA3XK1fhSZgMxihK00=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR9jb2yRL9vbO3TkhHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrB5wm3I/oSImhYBSt1K32WRijqQ7KFbfmLkDWiZeTCuRoDspf/TBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8t7p2RC6uEZBhrWwrJQv09kdHImGkU2M6I4tisenPxP6+X4vDaz4RKUuSKLRcNU0kwJvPnSSg0ZyinllCmhb2VsDHVlKGNqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICBhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9nBY+F</latexit><latexit sha1_base64="yr3gDXpsBKA3XK1fhSZgMxihK00=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UoCNpYRzAckR9jb2yRL9vbO3TkhHPkTNhaK2Pp37Pw3bpIrNPHBwOO9GWbmBYkUBl332ylsbG5t7xR3S3v7B4dH5eOTtolTzXiLxTLW3YAaLoXiLRQoeTfRnEaB5J1gcjv3O09cGxGrB5wm3I/oSImhYBSt1K32WRijqQ7KFbfmLkDWiZeTCuRoDspf/TBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8t7p2RC6uEZBhrWwrJQv09kdHImGkU2M6I4tisenPxP6+X4vDaz4RKUuSKLRcNU0kwJvPnSSg0ZyinllCmhb2VsDHVlKGNqGRD8FZfXiftes1za959vdK4yeMowhmcwyV4cAUNuIMmtICBhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx9nBY+F</latexit>

0
<latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit>

0
<latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit>

<latexit sha1_base64="UMRZoj9sRX+5dADD27nCI3wDisU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM9gKdVOSIuqy6MaFSAX7gDaGyXTSDp1MwsxEKCHgr7hxoYhbv8Odf+OkzUJbDwwczrmXe+Z4EaNSWda3UVhaXlldK66XNja3tnfM3b22DGOBSQuHLBRdD0nCKCctRRUj3UgQFHiMdLzxVeZ3HomQNOT3ahIRJ0BDTn2KkdKSax5U+gFSI4xYcpO644ekenuSVlyzbNWsKeAisXNSBjmarvnVH4Q4DghXmCEpe7YVKSdBQlHMSFrqx5JECI/RkPQ05Sgg0kmm8VN4rJUB9EOhH1dwqv7eSFAg5STw9GSWVc57mfif14uVf+EklEexIhzPDvkxgyqEWRdwQAXBik00QVhQnRXiERIIK91YSZdgz395kbTrNfusdnpXLzcu8zqK4BAcgSqwwTlogGvQBC2AQQKewSt4M56MF+Pd+JiNFox8Zx/8gfH5AzzElQU=</latexit>

L(N)
k

<latexit sha1_base64="FDVLaA9gHmiWKfLTOYTFqaROSPY=">AAAB73icbVBNSwMxEJ2tX7V+VT16CbaCF8tuEeux4MVjBfsB7VKyabYNTbLbJCuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H47u5336iSrNIPpppTH2Bh5KFjGBjpU75qieS/rjcL5bcirsAWideRkqQodEvfvUGEUkElYZwrHXXc2Pjp1gZRjidFXqJpjEmYzykXUslFlT76eLeGbqwygCFkbIlDVqovydSLLSeisB2CmxGetWbi/953cSEt37KZJwYKslyUZhwZCI0fx4NmKLE8KklmChmb0VkhBUmxkZUsCF4qy+vk1a14t1Urh+qpXotiyMPZ3AOl+BBDepwDw1oAgEOz/AKb87EeXHenY9la87JZk7hD5zPH/+Aj0M=</latexit>�µk
<latexit sha1_base64="lsjm7/JBMeVEBQE1wSm1UA52YLc=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbivVY8OKxgv2AdinZNNuGTbJLkhXK0h/hxYMiXv093vw3pu0etPXBwOO9GWbmBQln2rjut1PY2t7Z3Svulw4Oj45PyqdnXR2nitAOiXms+gHWlDNJO4YZTvuJolgEnPaC6G7h956o0iyWj2aWUF/giWQhI9hYqVcdinQUVUfliltzl0CbxMtJBXK0R+Wv4TgmqaDSEI61HnhuYvwMK8MIp/PSMNU0wSTCEzqwVGJBtZ8tz52jK6uMURgrW9Kgpfp7IsNC65kIbKfAZqrXvYX4nzdITXjrZ0wmqaGSrBaFKUcmRovf0ZgpSgyfWYKJYvZWRKZYYWJsQiUbgrf+8ibp1mveTa3xUK+0mnkcRbiAS7gGD5rQgntoQwcIRPAMr/DmJM6L8+58rFoLTj5zDn/gfP4AlSqPDA==</latexit>µk

<latexit sha1_base64="q30NXdsIxphJKgKIxa71vcm8suY=">AAACCHicbVDLSgMxFM3UV62vqksXBltBEMpMEXVZdONCsIJ9QKcMmcydNjSZGZKMUIYu3fgrblwo4tZPcOffmD4WWj1w4XDOvcm9x084U9q2v6zcwuLS8kp+tbC2vrG5Vdzeaao4lRQaNOaxbPtEAWcRNDTTHNqJBCJ8Di1/cDn2W/cgFYujOz1MoCtIL2Iho0QbySvul90bAT2Cj7ErUm+AXc14ANi9Nm8EpOwVS3bFngD/Jc6MlNAMda/46QYxTQVEmnKiVMexE93NiNSMchgV3FRBQuiA9KBjaEQEqG42OWSED40S4DCWpiKNJ+rPiYwIpYbCN52C6L6a98bif14n1eF5N2NRkmqI6PSjMOVYx3icCg6YBKr50BBCJTO7YtonklBtsiuYEJz5k/+SZrXinFZObqul2sUsjjzaQwfoCDnoDNXQFaqjBqLoAT2hF/RqPVrP1pv1Pm3NWbOZXfQL1sc3NDiYMw==</latexit>

⌦ + µk⇤̃ 0
<latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit>

Ak =
<latexit sha1_base64="jlglwcKRaIXX0kZgRBIZYzddPbU=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghRG8sI5gOSI+xt9pLl9vaO3TkhhPwIGwtFbP09dv4bN8kVmvhg4PHeDDPzglQKg6777aytb2xubRd2irt7+weHpaPjlkkyzXiTJTLRnYAaLoXiTRQoeSfVnMaB5O0gupv57SeujUjUI45T7sd0qEQoGEUrtSs3/YhcV/qlslt15yCrxMtJGXI0+qWv3iBhWcwVMkmN6Xpuiv6EahRM8mmxlxmeUhbRIe9aqmjMjT+Znzsl51YZkDDRthSSufp7YkJjY8ZxYDtjiiOz7M3E/7xuhuGVPxEqzZArtlgUZpJgQma/k4HQnKEcW0KZFvZWwkZUU4Y2oaINwVt+eZW0alXPrXoPtXL9No+jAKdwBhfgwSXU4R4a0AQGETzDK7w5qfPivDsfi9Y1J585gT9wPn8AoXOObg==</latexit><latexit sha1_base64="jlglwcKRaIXX0kZgRBIZYzddPbU=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghRG8sI5gOSI+xt9pLl9vaO3TkhhPwIGwtFbP09dv4bN8kVmvhg4PHeDDPzglQKg6777aytb2xubRd2irt7+weHpaPjlkkyzXiTJTLRnYAaLoXiTRQoeSfVnMaB5O0gupv57SeujUjUI45T7sd0qEQoGEUrtSs3/YhcV/qlslt15yCrxMtJGXI0+qWv3iBhWcwVMkmN6Xpuiv6EahRM8mmxlxmeUhbRIe9aqmjMjT+Znzsl51YZkDDRthSSufp7YkJjY8ZxYDtjiiOz7M3E/7xuhuGVPxEqzZArtlgUZpJgQma/k4HQnKEcW0KZFvZWwkZUU4Y2oaINwVt+eZW0alXPrXoPtXL9No+jAKdwBhfgwSXU4R4a0AQGETzDK7w5qfPivDsfi9Y1J585gT9wPn8AoXOObg==</latexit><latexit sha1_base64="jlglwcKRaIXX0kZgRBIZYzddPbU=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghRG8sI5gOSI+xt9pLl9vaO3TkhhPwIGwtFbP09dv4bN8kVmvhg4PHeDDPzglQKg6777aytb2xubRd2irt7+weHpaPjlkkyzXiTJTLRnYAaLoXiTRQoeSfVnMaB5O0gupv57SeujUjUI45T7sd0qEQoGEUrtSs3/YhcV/qlslt15yCrxMtJGXI0+qWv3iBhWcwVMkmN6Xpuiv6EahRM8mmxlxmeUhbRIe9aqmjMjT+Znzsl51YZkDDRthSSufp7YkJjY8ZxYDtjiiOz7M3E/7xuhuGVPxEqzZArtlgUZpJgQma/k4HQnKEcW0KZFvZWwkZUU4Y2oaINwVt+eZW0alXPrXoPtXL9No+jAKdwBhfgwSXU4R4a0AQGETzDK7w5qfPivDsfi9Y1J585gT9wPn8AoXOObg==</latexit><latexit sha1_base64="jlglwcKRaIXX0kZgRBIZYzddPbU=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYiJYhbs02ghRG8sI5gOSI+xt9pLl9vaO3TkhhPwIGwtFbP09dv4bN8kVmvhg4PHeDDPzglQKg6777aytb2xubRd2irt7+weHpaPjlkkyzXiTJTLRnYAaLoXiTRQoeSfVnMaB5O0gupv57SeujUjUI45T7sd0qEQoGEUrtSs3/YhcV/qlslt15yCrxMtJGXI0+qWv3iBhWcwVMkmN6Xpuiv6EahRM8mmxlxmeUhbRIe9aqmjMjT+Znzsl51YZkDDRthSSufp7YkJjY8ZxYDtjiiOz7M3E/7xuhuGVPxEqzZArtlgUZpJgQma/k4HQnKEcW0KZFvZWwkZUU4Y2oaINwVt+eZW0alXPrXoPtXL9No+jAKdwBhfgwSXU4R4a0AQGETzDK7w5qfPivDsfi9Y1J585gT9wPn8AoXOObg==</latexit>

<latexit sha1_base64="Ok5ArzDLRAjWsw5gQ00xBuB9AtA=">AAACBXicbVDLSsNAFJ3UV62vqEtdDLZCu7AkRdRl0Y0LkQr2AW0aJtNJO3TyYGYilJCNG3/FjQtF3PoP7vwbJ20W2nrgwuGce7n3HidkVEjD+NZyS8srq2v59cLG5tb2jr671xJBxDFp4oAFvOMgQRj1SVNSyUgn5AR5DiNtZ3yV+u0HwgUN/Hs5CYnloaFPXYqRVJKtH5bKPQ/JEUYsvknscT8u31aSSj8+MZOSrReNqjEFXCRmRoogQ8PWv3qDAEce8SVmSIiuaYTSihGXFDOSFHqRICHCYzQkXUV95BFhxdMvEnislAF0A67Kl3Cq/p6IkSfExHNUZ3qxmPdS8T+vG0n3woqpH0aS+Hi2yI0YlAFMI4EDygmWbKIIwpyqWyEeIY6wVMEVVAjm/MuLpFWrmmfV07tasX6ZxZEHB+AIlIEJzkEdXIMGaAIMHsEzeAVv2pP2or1rH7PWnJbN7IM/0D5/AIdrl1A=</latexit>

(L(N)
k )�1

<latexit sha1_base64="/tlHH1KkePbT/vZCLIvmTOxUP7U="></latexit>

�(L(N)
k )�1

col(1)v⌦�1

<latexit sha1_base64="Cpkj3rNn4pg9CMFP90N5St9W8yg=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBhPBi2E3iHoMevFmBPOAZA2zk95kyMzsOjMbCEu+w4sHRbz6Md78GyePgyYWNBRV3XR3BTFn2rjut5NZWV1b38hu5ra2d3b38vsHdR0likKNRjxSzYBo4ExCzTDDoRkrICLg0AgGNxO/MQSlWSQfzCgGX5CeZCGjxFjJL7bvBPTIY3rmjYudfMEtuVPgZeLNSQHNUe3kv9rdiCYCpKGcaN3y3Nj4KVGGUQ7jXDvREBM6ID1oWSqJAO2n06PH+MQqXRxGypY0eKr+nkiJ0HokAtspiOnrRW8i/ue1EhNe+SmTcWJA0tmiMOHYRHiSAO4yBdTwkSWEKmZvxbRPFKHG5pSzIXiLLy+TernkXZTO78uFyvU8jiw6QsfoFHnoElXQLaqiGqLoCT2jV/TmDJ0X5935mLVmnPnMIfoD5/MHes2RRA==</latexit>

⌦�1

<latexit sha1_base64="EeD4jaOyvmUZVbeZU3FWDJ/M6oo=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYCJ4kLAbRD0GvXiMaB6QLGF20psMmZ1dZmaFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGt1O/+YRK81g+mlGCfkT7koecUWOlh9J5qVsoumV3BrJMvIwUIUOtW/jq9GKWRigNE1Trtucmxh9TZTgTOMl3Uo0JZUPax7alkkao/fHs1Ak5tUqPhLGyJQ2Zqb8nxjTSehQFtjOiZqAXvan4n9dOTXjtj7lMUoOSzReFqSAmJtO/SY8rZEaMLKFMcXsrYQOqKDM2nbwNwVt8eZk0KmXvsnxxXylWb7I4cnAMJ3AGHlxBFe6gBnVg0IdneIU3RzgvzrvzMW9dcbKZI/gD5/MHLMSNEw==</latexit>,

Figure 1: The operator Lk and its approximate inverse operator Ak.

Note that the choice of taking N even comes from the fact that we want the first entry of the first row

outside of L(N)
k to start with a −2. In other words, choosing N even allows us to define the vector v with a

−2 as its first entry.
The following lemma provides an upper bound for the operator norm in B(`1).

Lemma 3.1. Recall the definition of the `1 norm in (24). Let C = (ci,n)i,n≥0 ∈ B(`1) and denote by cn the
nth column of C, that is cn = (ci,n)i≥0. Then,

‖C‖B(`1) = max

{
‖cn‖`1 , sup

n≥1

1

2
‖cn‖`1

}
.

Lemma 3.2. Let N ∈ N be even and assume that L(N)
k ∈MN+1(R) is invertible, and consider the operator

Lk as in Figure 1. Let

ρ(1) def
=

1

N + 1

(
‖(L(N)

k )−1
col(1)‖`1 + 1

)
(30)

ρ(2) def
= ‖(L(N)

k )−1
col(N+1) +

1

N + 2
(L(N)

k )−1
col(1)‖`1 +

1

N + 2
(31)

ρ(3) def
=

2

(N + 1)(N + 3)
‖(L(N)

k )−1
col(1)‖`1 +

1

N + 1
+

1

N + 3
(32)
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and

ρk
def
=
|µk|

2
max{ρ(1), ρ(2), ρ(3)}, (33)

where (L(N)
k )−1

col(1) ∈ RN+1 denotes the first column of the matrix (L(N)
k )−1. Let

βk
def
= max

{
‖(L(N)

k )−1‖B(`1),
1

2(N + 1)

(
‖(L(N)

k )−1
col(1)‖`1 + 1

)}
. (34)

If ρk < 1, then Lk is a boundedly invertible operator on `1 with

‖L−1
k ‖B(`1) ≤

βk
1− ρk

. (35)

Proof. From the definition of the operators Ak and Lk in Figure 1, on can verify that the linear operator

I −AkLk is given in Figure 2, where the operator
˜

(L(N)
k )−1

col(N+1) is also defined in Figure 2.

0
<latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit>

0
<latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit>

I � AkLk = µk
<latexit sha1_base64="Jh4HfmSJdIQ5he+Bpo20uKFTzGs=">AAACCHicbVC7SgNBFL0bXzG+Vi0tHEwEG8NuGm2EqI2CRQTzgGRZZiezybCzD2ZmhbCktPFXbCwUsfUT7PwbZ5MUGj0wcO459zL3Hi/hTCrL+jIKC4tLyyvF1dLa+sbmlrm905JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtL7jM/fY9FZLF0Z0aJdQJ8SBiPiNYack19yvX6BiduwHqhVgNCebZzVhXZ7pO3aDimmWrak2A/hJ7RsowQ8M1P3v9mKQhjRThWMqubSXKybBQjHA6LvVSSRNMAjygXU0jHFLpZJNDxuhQK33kx0K/SKGJ+nMiw6GUo9DTnfm2ct7Lxf+8bqr8UydjUZIqGpHpR37KkYpRngrqM0GJ4iNNMBFM74rIEAtMlM6upEOw50/+S1q1qm1V7dtauX4xi6MIe3AAR2DDCdThChrQBAIP8AQv8Go8Gs/Gm/E+bS0Ys5ld+AXj4xufPpfR</latexit><latexit sha1_base64="Jh4HfmSJdIQ5he+Bpo20uKFTzGs=">AAACCHicbVC7SgNBFL0bXzG+Vi0tHEwEG8NuGm2EqI2CRQTzgGRZZiezybCzD2ZmhbCktPFXbCwUsfUT7PwbZ5MUGj0wcO459zL3Hi/hTCrL+jIKC4tLyyvF1dLa+sbmlrm905JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtL7jM/fY9FZLF0Z0aJdQJ8SBiPiNYack19yvX6BiduwHqhVgNCebZzVhXZ7pO3aDimmWrak2A/hJ7RsowQ8M1P3v9mKQhjRThWMqubSXKybBQjHA6LvVSSRNMAjygXU0jHFLpZJNDxuhQK33kx0K/SKGJ+nMiw6GUo9DTnfm2ct7Lxf+8bqr8UydjUZIqGpHpR37KkYpRngrqM0GJ4iNNMBFM74rIEAtMlM6upEOw50/+S1q1qm1V7dtauX4xi6MIe3AAR2DDCdThChrQBAIP8AQv8Go8Gs/Gm/E+bS0Ys5ld+AXj4xufPpfR</latexit><latexit sha1_base64="Jh4HfmSJdIQ5he+Bpo20uKFTzGs=">AAACCHicbVC7SgNBFL0bXzG+Vi0tHEwEG8NuGm2EqI2CRQTzgGRZZiezybCzD2ZmhbCktPFXbCwUsfUT7PwbZ5MUGj0wcO459zL3Hi/hTCrL+jIKC4tLyyvF1dLa+sbmlrm905JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtL7jM/fY9FZLF0Z0aJdQJ8SBiPiNYack19yvX6BiduwHqhVgNCebZzVhXZ7pO3aDimmWrak2A/hJ7RsowQ8M1P3v9mKQhjRThWMqubSXKybBQjHA6LvVSSRNMAjygXU0jHFLpZJNDxuhQK33kx0K/SKGJ+nMiw6GUo9DTnfm2ct7Lxf+8bqr8UydjUZIqGpHpR37KkYpRngrqM0GJ4iNNMBFM74rIEAtMlM6upEOw50/+S1q1qm1V7dtauX4xi6MIe3AAR2DDCdThChrQBAIP8AQv8Go8Gs/Gm/E+bS0Ys5ld+AXj4xufPpfR</latexit><latexit sha1_base64="Jh4HfmSJdIQ5he+Bpo20uKFTzGs=">AAACCHicbVC7SgNBFL0bXzG+Vi0tHEwEG8NuGm2EqI2CRQTzgGRZZiezybCzD2ZmhbCktPFXbCwUsfUT7PwbZ5MUGj0wcO459zL3Hi/hTCrL+jIKC4tLyyvF1dLa+sbmlrm905JxKghtkpjHouNhSTmLaFMxxWknERSHHqdtL7jM/fY9FZLF0Z0aJdQJ8SBiPiNYack19yvX6BiduwHqhVgNCebZzVhXZ7pO3aDimmWrak2A/hJ7RsowQ8M1P3v9mKQhjRThWMqubSXKybBQjHA6LvVSSRNMAjygXU0jHFLpZJNDxuhQK33kx0K/SKGJ+nMiw6GUo9DTnfm2ct7Lxf+8bqr8UydjUZIqGpHpR37KkYpRngrqM0GJ4iNNMBFM74rIEAtMlM6upEOw50/+S1q1qm1V7dtauX4xi6MIe3AAR2DDCdThChrQBAIP8AQv8Go8Gs/Gm/E+bS0Ys5ld+AXj4xufPpfR</latexit>

�⌦�1⇤̃
<latexit sha1_base64="xFqg4TqSQhHy9oN4BRz0OgPIycQ=">AAACCnicbVC7TsMwFHV4lvAKMLIYKiSWVkkXGCtYGJAoEn1ITagc56a16jxkO0hV1JmFX2FhACFWvoCNv8FtM0DLka50dM699r3HTzmTyra/jaXlldW19dKGubm1vbNr7e23ZJIJCk2a8ER0fCKBsxiaiikOnVQAiXwObX94OfHbDyAkS+I7NUrBi0g/ZiGjRGmpZx25XbPi3kTQJ/d5xRljVzEeAHav9RsBMV2vZ5Xtqj0FXiROQcqoQKNnfblBQrMIYkU5kbLr2KnyciIUoxzGpptJSAkdkj50NY1JBNLLp6eM8YlWAhwmQles8FT9PZGTSMpR5OvOiKiBnPcm4n9eN1PhuZezOM0UxHT2UZhxrBI8yQUHTABVfKQJoYLpXTEdEEGo0umZOgRn/uRF0qpVHbvq3NbK9YsijhI6RMfoFDnoDNXRFWqgJqLoET2jV/RmPBkvxrvxMWtdMoqZA/QHxucPkz6Y6A==</latexit><latexit sha1_base64="xFqg4TqSQhHy9oN4BRz0OgPIycQ=">AAACCnicbVC7TsMwFHV4lvAKMLIYKiSWVkkXGCtYGJAoEn1ITagc56a16jxkO0hV1JmFX2FhACFWvoCNv8FtM0DLka50dM699r3HTzmTyra/jaXlldW19dKGubm1vbNr7e23ZJIJCk2a8ER0fCKBsxiaiikOnVQAiXwObX94OfHbDyAkS+I7NUrBi0g/ZiGjRGmpZx25XbPi3kTQJ/d5xRljVzEeAHav9RsBMV2vZ5Xtqj0FXiROQcqoQKNnfblBQrMIYkU5kbLr2KnyciIUoxzGpptJSAkdkj50NY1JBNLLp6eM8YlWAhwmQles8FT9PZGTSMpR5OvOiKiBnPcm4n9eN1PhuZezOM0UxHT2UZhxrBI8yQUHTABVfKQJoYLpXTEdEEGo0umZOgRn/uRF0qpVHbvq3NbK9YsijhI6RMfoFDnoDNXRFWqgJqLoET2jV/RmPBkvxrvxMWtdMoqZA/QHxucPkz6Y6A==</latexit><latexit sha1_base64="xFqg4TqSQhHy9oN4BRz0OgPIycQ=">AAACCnicbVC7TsMwFHV4lvAKMLIYKiSWVkkXGCtYGJAoEn1ITagc56a16jxkO0hV1JmFX2FhACFWvoCNv8FtM0DLka50dM699r3HTzmTyra/jaXlldW19dKGubm1vbNr7e23ZJIJCk2a8ER0fCKBsxiaiikOnVQAiXwObX94OfHbDyAkS+I7NUrBi0g/ZiGjRGmpZx25XbPi3kTQJ/d5xRljVzEeAHav9RsBMV2vZ5Xtqj0FXiROQcqoQKNnfblBQrMIYkU5kbLr2KnyciIUoxzGpptJSAkdkj50NY1JBNLLp6eM8YlWAhwmQles8FT9PZGTSMpR5OvOiKiBnPcm4n9eN1PhuZezOM0UxHT2UZhxrBI8yQUHTABVfKQJoYLpXTEdEEGo0umZOgRn/uRF0qpVHbvq3NbK9YsijhI6RMfoFDnoDNXRFWqgJqLoET2jV/RmPBkvxrvxMWtdMoqZA/QHxucPkz6Y6A==</latexit><latexit sha1_base64="xFqg4TqSQhHy9oN4BRz0OgPIycQ=">AAACCnicbVC7TsMwFHV4lvAKMLIYKiSWVkkXGCtYGJAoEn1ITagc56a16jxkO0hV1JmFX2FhACFWvoCNv8FtM0DLka50dM699r3HTzmTyra/jaXlldW19dKGubm1vbNr7e23ZJIJCk2a8ER0fCKBsxiaiikOnVQAiXwObX94OfHbDyAkS+I7NUrBi0g/ZiGjRGmpZx25XbPi3kTQJ/d5xRljVzEeAHav9RsBMV2vZ5Xtqj0FXiROQcqoQKNnfblBQrMIYkU5kbLr2KnyciIUoxzGpptJSAkdkj50NY1JBNLLp6eM8YlWAhwmQles8FT9PZGTSMpR5OvOiKiBnPcm4n9eN1PhuZezOM0UxHT2UZhxrBI8yQUHTABVfKQJoYLpXTEdEEGo0umZOgRn/uRF0qpVHbvq3NbK9YsijhI6RMfoFDnoDNXRFWqgJqLoET2jV/RmPBkvxrvxMWtdMoqZA/QHxucPkz6Y6A==</latexit>

<latexit sha1_base64="DT/SFAq9q7V0sxXpB1+jf8c7fk0=">AAAB/HicbVDLSgNBEOyNrxhfqzl6GUyEiBh2g6jHoBdPEsE8IFnC7GQ2GTL7YGZWCMv6K148KOLVD/Hm3zhJ9qCJBQ1FVTfdXW7EmVSW9W3kVlbX1jfym4Wt7Z3dPXP/oCXDWBDaJCEPRcfFknIW0KZiitNOJCj2XU7b7vhm6rcfqZAsDB7UJKKOj4cB8xjBSkt9s1g+63kCk8ROk1rl7tQ+Sct9s2RVrRnQMrEzUoIMjb751RuEJPZpoAjHUnZtK1JOgoVihNO00IsljTAZ4yHtahpgn0onmR2fomOtDJAXCl2BQjP190SCfSknvqs7faxGctGbiv953Vh5V07CgihWNCDzRV7MkQrRNAk0YIISxSeaYCKYvhWREdZZKJ1XQYdgL768TFq1qn1RPb+vlerXWRx5OIQjqIANl1CHW2hAEwhM4Ble4c14Ml6Md+Nj3pozspki/IHx+QMqkJMr</latexit>

� 1
2(N+1)

<latexit sha1_base64="M8rbX5pTR1PSv7+lZBNN1rid5GA="></latexit>

� 1

N + 1
(L(N)

k )�1
col(1)

<latexit sha1_base64="qoR2LNeT6jL9PQOwUCYJe6yDpD0="></latexit>

^
(L(N)

k )�1
col(N+1) + (L(N)

k )�1
col(1)v⌦�1⇤̃

0
<latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit><latexit sha1_base64="kH5h2m98NvCsNO4VG5TndBiIlow=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLUlsLDHKh4EL2VvmYMPe3mV3z4Rc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByM/c7T6g0j+WDmSboR3QkecgZNVa6r7rVQbni1twFyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPYzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+16zXNr3l290njM4yjCGZzDJXhwBQ24hSa0gMEInuEV3hzhvDjvzseyteDkM6fwB87nDzbVjSU=</latexit>

· · ·<latexit sha1_base64="Ta7vWzYkYrn031JxQLrrQTiFx2o=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsre3wIa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSgwFo2ilbrXPwhhNdVCuuDV3AbJOvJxUIEdzUP7qhzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx74xcWCUkw1jbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uh9d+JlSSIldsuWiYSoIxmT9PQqE5Qzm1hDIt7K2EjammDG1EJRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcLsGDK2jAHTShBQwkPMMrvDmPzovz7nwsWwtOPnMKf+B8/gBoOY+J</latexit><latexit sha1_base64="Ta7vWzYkYrn031JxQLrrQTiFx2o=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsre3wIa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSgwFo2ilbrXPwhhNdVCuuDV3AbJOvJxUIEdzUP7qhzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx74xcWCUkw1jbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uh9d+JlSSIldsuWiYSoIxmT9PQqE5Qzm1hDIt7K2EjammDG1EJRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcLsGDK2jAHTShBQwkPMMrvDmPzovz7nwsWwtOPnMKf+B8/gBoOY+J</latexit><latexit sha1_base64="Ta7vWzYkYrn031JxQLrrQTiFx2o=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsre3wIa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSgwFo2ilbrXPwhhNdVCuuDV3AbJOvJxUIEdzUP7qhzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx74xcWCUkw1jbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uh9d+JlSSIldsuWiYSoIxmT9PQqE5Qzm1hDIt7K2EjammDG1EJRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcLsGDK2jAHTShBQwkPMMrvDmPzovz7nwsWwtOPnMKf+B8/gBoOY+J</latexit><latexit sha1_base64="Ta7vWzYkYrn031JxQLrrQTiFx2o=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIRwIXsre3wIa9vXN3zoRc+BM2Fhpj69+x89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94DThfkRHSgwFo2ilbrXPwhhNdVCuuDV3AbJOvJxUIEdzUP7qhzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx74xcWCUkw1jbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uh9d+JlSSIldsuWiYSoIxmT9PQqE5Qzm1hDIt7K2EjammDG1EJRuCt/ryOmnXa55b8+7rlcZNHkcRzuAcLsGDK2jAHTShBQwkPMMrvDmPzovz7nwsWwtOPnMKf+B8/gBoOY+J</latexit>

<latexit sha1_base64="165sfOL7caILxEs5Yn3SQHVnPfQ=">AAACFHicbVDLSsNAFJ3UV42vqEs3wSK0FEtSRF0W3biQUsE+oE3DZDpth04ezEyEMuQj3Pgrblwo4taFO//GSZuFth4YOJxz79x7jxdRwoVlfWu5ldW19Y38pr61vbO7Z+wftHgYM4SbKKQh63iQY0oC3BREUNyJGIa+R3Hbm1ynfvsBM07C4F5MI+z4cBSQIUFQKMk1yr2uXuz5UIwRpPI2cSd9WayXklJfntqJK9WEYr1slxK957hGwapYM5jLxM5IAWRouMZXbxCi2MeBQBRy3rWtSDgSMkEQxerLmOMIogkc4a6iAfQxd+TsqMQ8UcrAHIZMvUCYM/V3h4Q+51PfU5Xp+nzRS8X/vG4shpeOJEEUCxyg+aBhTE0RmmlC5oAwjASdKgIRI2pXE40hg0ioHHUVgr148jJpVSv2eeXsrlqoXWVx5MEROAZFYIMLUAM3oAGaAIFH8AxewZv2pL1o79rHvDSnZT2H4A+0zx+uzZyy</latexit>
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^
(L(N)

k )�1
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Figure 2: The operators I −AkLk and
˜

(L(N)
k )−1

col(N+1).

Our first goal is to bound the operator norm ‖I − AkLk‖B(`1). From Figure 2, we see that the first N
columns of I −AkLk are zero. Recalling Lemma 3.1, and denoting C = I −AkLk, we get that

‖I −AkLk‖B(`1) = ‖C‖B(`1) = sup
n≥N+1

1

2
‖cn‖`1

The `1 norm of the (N + 1)th column of I −AkLk is given by ‖cN+1‖`1 = |µk|ρ(1), where ρ(1) is defined
in (30). Let us now compute explicitly cj , the jth columns of I −AkLk for j > N + 1. For this, we need to

explicitly obtain the jth column of (L(N)
k )−1

col(1)vΩ−1Λ̃. Let us first look at the row vector vΩ−1Λ̃, which is

given by

vΩ−1Λ̃ =

(
1

N + 2
,

1

N + 1
− 1

N + 3
,− 1

N + 2
+

1

N + 4
, . . . ,

2(−1)j

(N + j − 1)(N + 1 + j)
, . . .

)
,

and therefore for j > N + 1,

(
(L(N)

k )−1
col(1)vΩ−1Λ̃

)
col(j)

=


1

N + 2
(L(N)

k )−1
col(1), j = N + 2

2(−1)j

(j − 2)j
(L(N)

k )−1
col(1), j ≥ N + 3.

(36)

11



Hence, the finite part of the (N + 2)th column of 1
µk

(I −AkLk) is given by the sum of (a) the first column of

the operator
˜

(L(N)
k )−1

col(N+1) (see Figure 2), that is (L(N)
k )−1

col(N+1); and (b) the first column of the operator

(L(N)
k )−1

col(1)vΩ−1Λ̃, that is (using (36)) 1
N+2 (L(N)

k )−1
col(1). Moreover, the tail part of the (N + 2)th column of

1
µk

(I − AkLk) is given by (0,− 1
2(N+2) , 0, 0, . . . )

T . We conclude from this analysis that the `1 norm of the

(N + 2)th column of I −AkLk is given by ‖cN+2‖`1 = |µk|ρ(2), where ρ(2) is defined in (31).
For j > N + 2, using (36), the finite part of the (N + 2)th column of 1

µk
(I − AkLk) is given by

2(−1)j

(N+j−1)(N+1+j) (L(N)
k )−1

col(1) while the tail part is given by (0, 0, . . . , 0,− 1
2(j−2) , 0,

1
2j , 0, 0 . . . )

T . We conclude

from this that for j ≥ N + 3, ‖cj‖`1 , the `1 norm of the jth column of I − AkLk is bounded from above by
‖cN+3‖`1 = |µk|ρ(3), where ρ(3) is defined in (32).

Therefore, we get that

‖I −AkLk‖B(`1) = ρk =
|µk|

2
max{ρ(1), ρ(2), ρ(3)} < 1,

by assumption. By a Neumann series argument, AkLk is invertible with

(AkLk)−1 =
∑
j≥0

(I −AkLk)j .

By construction, Ak is invertible and ‖Ak‖B(`1) = βk. Hence, Lk is invertible with

L−1
k =

∑
j≥0

(I −AkLk)j

Ak. (37)

Using (34), we conclude the proof realizing that

‖L−1
k ‖B(`1) ≤

∑
j≥0

(
‖I −AkLk‖B(`1)

)j ‖Ak‖B(`1) ≤
1

1− ρk
‖Ak‖B(`1) =

βk
1− ρk

.

We combined interval arithmetic with the result of Lemma 3.2 to obtain the following result, which
when combined with the explicit tail bound of Corollary 3.27, will be used to obtain a general bound for
‖L−1‖B(X).

Corollary 3.3. For all µk ∈ [0, 1000],
‖L−1

k ‖B(`1) ≤ 1.45. (38)

Proof. Consider a mesh 0 = γ0 < γ1 < · · · < γm−1 < γm = 1000 of [0, 1000]. Fix j ∈ I def
= {0, . . . ,m − 1},

define the interval µk = µk(j) = [γj , γj+1], and consider the (N+1)×(N+1) interval matrix L(N)
k = L(N)

k (j)
with N = N(j), the finite part of Lk, whose tridiagonal entries are the intervals ±µk. With interval

arithmetic, compute the interval valued matrix (L(N)
k )−1 and apply Lemma 3.2.

3.2 Uniform bound for ‖L−1
k ‖B(`1) for large k

In this section, we derive a uniform bound for ‖L−1
k ‖B(`1) for large k, first by obtaining a uniform bound for

‖(L(N)
k )−1‖B(`1) for large k and N (see Corollary 3.27), and then by using the result of Lemma 3.2.

12



Notation. For a square matrix A by Acol(i) we denote the i-th column vector of A, by Arow(j) we denote
the j-th row vector of A, by Acol(i:j) we denote the matrix composed out of the i, . . . , j-th columns of A, by
Arow(i:j) we denote the matrix composed out of the i, . . . , j-th columns of A.

As before, we denote the N + 1 dimensional truncated linear operator Lk by L(N)
k . L(N)

k acts on vectors

of the Chebyshev coefficients corresponding to T0, . . . , TN . We decompose L(N)
k as the sum of the tridiagonal

operator and the single non-zero row operator, i.e.,

L(N)
k

def
= Mk + U

def
=


1 0 · · · 0
µk
0 Tk
...

+


0 −2 2 . . .

0

 , (39)

where

Tk
def
=


2 −µk 0 · · ·
µk 4 −µk 0
. . .

. . .
. . .

. . .

. . . 0 µk 2N

 , (40)

Tk diagonal elements are denoted by
dk

def
= 2k for k ≥ 1.

We derive a uniform bound for ‖(L(N)
k )−1‖B(`1) for large N and k. For the purpose of this section, we

fix the approximation dimension N and the index k.
Within this section, by ‖·‖`1 we denote the analogue of (24) for finite vectors, and the B(`1) norm for a

finite matrix A takes the form

‖v‖`1 def
= v1 +

N∑
j=2

2|vj |, (41)

‖A‖B(`1)
def
= max

|a1,1|+ 2

N∑
j=2

|aj,1|, sup
n>1

1

2
|a1,n|+

N∑
j=2

|aj,n|

 . (42)

To distinguish the vector `1 norm from the standard matrix norm, by ‖·‖1 we denote the sum of absolute

values norm, i.e. for a vector / matrix v,A we have ‖v‖1 =
∑N
j=1 |vj |, ‖A‖1 = maxi

∑N
j=1 |Aij |.

First, we are concerned with bounding the norm of the inverse of the tri-diagonal part of L(N)
k , excluding

the first row and column (i.e., the operator Tk). Second, using the Sherman-Morrison formula, we eventually

bound ‖(L(N)
k )−1‖B(`1) by simply 2‖T−1

k ‖1.

3.2.1 Finite inverse tridiagonal operator
∥∥∥T−1

k

∥∥∥
1
norm uniform with respect to N

Notation. Let N > 0 be an even integer defining the projection size (fixed), k > 1. Given sequence
{xj}Nj=1 by

Tk(x1, . . . , xN )
def
=


x1 −µk 0 . . .
µk x2 −µk 0 . . .

. . .
. . .

. . .

. . . 0 µk xN−1 −µk
. . . 0 µk xN

 , (43)
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we denote the N×N tridiagonal matrix with the sequence on the diagonal, and ±µk under and over-diagonal
respectively.

We assume that k denoting the Fourier coefficient is fixed, and denote T = Tk. By default T without
parentheses denotes the matrix with the sequence dk

def
= 2k as its diagonal for k ≥ 1. We also use the notation

T−1(x1, . . . , xN ) to denote the inverse of T (x1, . . . , xN ). Observe that any matrix having the tridiagonal form
like (43) is invertible when µk 6= 0 due to an easy determinant computation (demonstrated in [20]). If not
specified otherwise, we assume that µk > 0.

Remark 3.4. We base our large tridiagonal matrices analysis on a kind of divide and conquer paradigm;
that is, in order to invert a large tridiagonal matrix, we decompose it recursively into smaller and smaller
blocks. The blocks appearing in the inverse have a simple and explicit form. In Lemma 3.6 we formalize this
observation, to which we are going to refer often in the forthcoming analysis. The formulas that we used
are a special case of a formula known in the literature as Banachiewicz inversion formula based on Schur
complement [24]. The same formula in the context of the validated numerical method was used in [25].

The presented analysis was used already in [20], where it is shown that ‖T−1
k ‖1 is bounded independently

of µ.

Theorem 3.5 (Theorem 4.11 in [20], setting m = 1). For any µk ∈ R. There exists a constant that bounds
‖T−1

k ‖1 independently of µk for all k and N .

However, in the present paper, we make the results stronger by not only showing that ‖T−1
k ‖1 is bounded

uniformly in k and N but also derive an explicit upper bound for it. We provide a new theoretical framework
building upon the auxiliary lemmas from [20] and eventually prove the main theorem.

Notation Let µk denote the n× (N − n) matrix having single non-zero element in the lower left corner

µk =


0
...

. . .

0 0
µk 0 . . . 0

 , then µkµ
T
k =


0

. . .
...

0 0
0 . . . 0 µ2

k

 ∈Mn(R). (44)

Lemma 3.6. Let 0 < n < N be even. Let T ∈ RN×N be a tridiagonal matrix of the form (43) with an
arbitrary sequence on the diagonal. T is decomposed in the following way

T =

[
F −µk
µTk R

]
,

where F ∈Mn(R), and R ∈MN−n(R). Then it holds that

T−1 =

[
F −µk
µTk R

]−1

=

[ (
F + µkµ

T
kR
−1
11

)−1
F−1µk

(
R+ µTk µkF

−1
nn

)−1

−R−1µTk
(
F + µkµ

T
kR
−1
11

)−1 (
R+ µTk µkF

−1
nn

)−1

]
.

This formula is a special case of a formula known in the literature as Banachiewicz inversion formula
based on Schur complement [24].

Proof. We want to compute

T−1 =

[
Inv11 Inv12

Inv21 Inv22

]
,

where Inv11, Inv12, Inv21, Inv22 are the blocks composing T−1 of appropriate dimensions.
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Directly from the condition for the inverse matrix it follows that

F Inv11 − µkInv21 = I, µTk Inv11 +RInv21 = 0,
F Inv12 − µkInv22 = 0, µTk Inv12 +RInv22 = I.

The presented formula for Invij can be obtained by noting.

µkR
−1µTk = µkµ

T
k (R−1

11 ), µTk F
−1µk = µTk µk(F−1

nn ),

and decoupling the solutions to the equations for Inv11, Inv12, Inv21, Inv22.

Definition 3.7. Let {dj}Nj=1 be the sequence of Tk diagonal elements given by dj = 2j, and let us define
the following recursive sequences

aj = aj(aj−1)
def
=

dN−2j+2 + aj−1µ
2
k

dN−2j+1dN−2j+2 + aj−1dN−2j+1µ2
k + µ2

k

âj = âj(aj−1)
def
=

µk
dN−2j+1dN−2j+2 + aj−1dN−2j+1µ2

k + µ2
k

bj = bj(bj−1)
def
=

d2j−1 + bj−1µ
2
k

d2jd2j−1 + bj−1d2jµ2
k + µ2

k

for j = 1, 2, 3, . . . , N2 , with a0, â0, b0 = 0.

Lemma 3.8. Let {aj}
N
2
j=1, {âj}

N
2
j=1, {bj}

N
2
j=1 be the recursive sequences defined in Definition 3.7. It holds

that
aj(aj−1), bj(bj−1)

i.e. aj as a function of aj−1 and bj as a function of bj−1 are increasing for j = 2, . . . , N2 . And

âj(aj−1)

i.e. âj as a function of aj−1 is decreasing for j = 2, . . . , N2 .

Proof. We treat aj−1, bj−1 as (continuous) variables in the formulas given in Definition 3.7, and compute

d aj
d aj−1

=
µ4
k

(dN−2j+1dN−2j+2 + aj−1dN−2j+1µ2
k + µ2

k)
2 > 0,

d bj
d bj−1

=
µ4
k

(d2jd2j−1 + bj−1d2jµ2
k + µ2

k)
2 > 0,

d âj
d aj−1

< 0.

Lemma 3.9. Let {aj}
N
2
j=1, {âj}

N
2
j=1, {bj}

N
2
j=1 be the sequences defined in Definition 3.7. It holds that

0 < aj <

√
2

µk
, 0 < âj <

1

µk
, 0 < bj <

1

µk

for all j = 1, . . . , N2 .
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Proof. The bound aj > 0 is obvious. We proceed by induction. First, we show that a1 = dN
dN−1dN+µ2

k
< α

µk
,

which is satisfied for α ≥ 1, as 0 < αdN−1dN + αµ2
k − dNµk. We find α ≥ 1, such that assuming aj−1 <

α
µk

,
we show aj <

α
µk

. Using the monotonicity property from Lemma 3.8 we plug in aj−1 = α
µk

in the formula

for aj(aj−1) (Def. 3.7) and find minimal α satisfying the inequality

aj < aj

(
α

µk

)
<

dN−2j+2 + αµk
dN−2j+1dN−2j+2 + αdN−2j+1µk + µ2

k

<
α

µk
,

which is satisfied when 0 < αdN−2j+1dN−2j+2 + µk(α2dN−2j+1 − dN−2j+2), and hence

0 < α2dN−2j+1 − dN−2j+2 = α22(N − 2j + 1)− 2(N − 2j + 2). (45)

By analyzing the worst case (j = N
2 ) (45) holds for α ≥

√
2. The minimal value of α such that aj <

α
µk

is

α =
√

2.
In order to show the second inequality, first notice that â1 = µk

dN−1dN+µ2
k

= µk
dN−1dN+µ2

k
< 1

µk
for N > 1.

By induction we show that 0 < âj <
1
µk

. Due to the monotonicity property from Lemma 3.8, we plug in
aj−1 = 0 in the formula for âj and obtain

0 < âj < âj(0) =
µk

dN−2j+1dN−2j+2 + µ2
k

<
1

µk
for N > 1.

Now let us turn into the third inequality, we again proceed by induction. b1 = d1
d2d1+µ2

k
< 1

µk
is easy to verify.

We show that 0 < bj <
1
µk

. Using the monotonicity property from Lemma 3.8 we plug in bN−2j−2
2

= 1
µk

in

the formula for bN−2j
2

and obtain

0 < bN−2j
2

< bN−2j
2

(
1

µk

)
<

dN−2j+1 + µ

dN−2j+1dN−2j+2 + dN−2j+2µ+ µ2
<

1

µk
,

satisfied when 0 < dN−2j+1dN−2j+2 + (dN−2j+2 − dN−2j+1)µ, which is clearly true for all j = 1, . . . , N2 .

Lemma 3.10. Let {aj}
N
2
j=1, {âj}

N
2
j=1 be the sequences defined in Definition 3.7. Also let N > 2pµk and even,

p > 0. It holds that

aj ≤
1

2p+1µk
, bN

2 −j+1 ≤
1

2p+1µk
, and âj ≤

1

(22p+2 + 1)µk

for all j such that

N − 2j + 1 ≥ 2pµk

(
i.e., for all j ≤ N

2
− µk + 1

)
. (46)

Proof. Using the upper bound of Lemma 3.9, we put aj−1 =
√

2
µk

in the formula aj(aj−1) (which increases in

aj−1), and denote β
def
= dN−2j+1 = 2(N − 2j + 1) = 2N − 4j + 2, then dN−2j+2 = β + 2. We verify that

aj(

√
2

µk
) =

β + 2 +
√

2µk

β(β + 2) +
√

2βµk + µ2
k

<
1

2p+1µk
,

which reduces to

g(β)
def
= β(β + 2) +

√
2βµk + µ2

k − 2p+1βµk − 2p+2µk − 2p+1
√

2µ2
k > 0. (47)
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The function g(β) is increasing for all β ≥
(

2p −
√

2
2

)
µk − 1, that is for all j such that 2(N − 2j + 1) ≥(

2p −
√

2
2

)
µk−1, a condition which is ensured by assumption (46). Plugging β = 2p+1µk ≥

(
2p −

√
2

2

)
µk−1

in (47) leads to
0 < µ2

k = g(2p+1µk) ≤ g(β)

for all β ≥ 2p+1µk, that is for all j such that 2(N − 2j + 1) ≥ 2p+1µk, which follows by (46).
Analogous computation shows the bound bN

2 −j+1 ≤ 1
2p+1µk

, using the upper bound of Lemma 3.9, and

putting bN
2 −j = 1

µk
in the formula bN

2 −j+1(bN
2 −j). Regarding the bound for âj we have

âj =
µk

dN−2j+1dN−2j+2 + aj−1dN−2j+1µ2
k + µ2

k

≤ µk
β(β + 2) + µ2

k

<

µk
2p+1µk(2p+1µk + 2) + µ2

k

=
1

(22p+2 + 1)µk + 2p+2
.

Our eventual estimate for T−1 relies on computing all of its components explicitly and then bounding the
resulting sum. The explicit formulas for T−1 are build using the recursive formulas presented in Definition 3.7.

Lemma 3.11. Let n < N
2 . The N − 2n×N − 2n top left corner submatrix of T−1 is given explicitly by

T−1(d1, d2, . . . , dN−2n + µ2
kan),

whereas the 2n× 2n bottom right corner submatrix of T−1 is given explicitly by

T−1(dN−2n+1 + µ2
kbN−2n

2
, dN−2n+2, . . . , dN ),

where aj and bN−2j−2
2

are elements of the recursive series from Definition 3.7.

Proof. Follows from Lemma 3.6 with R = T (d1, d2, . . . , dN−2n), and F = T (dN−2n+1, dN−2n+2, . . . , dN ),
and computing the recursion for the elements R−1

11 and F−1
nn . For the detailed proof refer to [20].

We have the following corollary from Lemma 3.11. In the proofs in the sequel we will often use the
explicit form of T−1

k diagonal blocks given by

Corollary 3.12. The 2× 2 dimensional diagonal blocks of T−1 are given by

Ĩ
def
=

[
dN−2n+1 + µ2

kbN−2n
2

µk
−µk dN−2n+2 + µ2

kan−1

]−1

=
1

D

[
dN−2n+2 + µ2

kan−1 µk
−µk dN−2n+1 + µ2

kbN−2n
2

]
(48)

for n = 1, . . . , N2 , where an−1 and bN−2n
2

are elements of the recursive series from Definition 3.7, D =

(dN−2n+2 + µ2
kan−1)(dN−2n+1 + µ2

kbN−2n
2

) + µ2
k is the determinant of Ĩ.

The n-th diagonal block above corresponds to

T−1
row(N−2n+1:N−2n+2),col(N−2n+1:N−2n+2).

In particular 1-st block denotes the bottom-right diagonal block of T−1.

Theorem 3.13. Let Ĩ be the block (48). Consider the 2n × 2n dimensional bottom right corner square
submatrix of T−1

T̃−1 def
= T−1(dN−2n+1 + µ2

kbN−2n
2
, dN−2n+2, . . . , dN ).

17



The following recursive explicit formulas hold

T̃−1
row(1:2),col(1:2) = Ĩ ,

T̃−1
row(3:4),col(1:2) = µk

[
−an−1

ân−1

]
T̃−1
row(2),col(1:2),

...

T̃−1
row(2j+1:2j+2),col(1:2) = µk

[
−an−j
ân−j

]
T̃−1
row(2j),col(1:2).

Proof. We decompose into blocks

T̃−1 =

[
T (dN−2n+1 + µ2

kbN−2n
2
, dN−2n+2, . . . , dN−2) −µk

µTk T (dN−1, dN )

]−1

=

[
Inv

(1)
11 Inv

(1)
12

Inv
(1)
21 Inv

(1)
22

]
.

We apply Lemma 3.6 with F = T (dN−2n+1 + µ2
kbN−2n

2
, dN−2n+2, . . . , dN−2), and R = T (dN−1, dN ). It

follows that

Inv
(1)
11 =

(
T (dN−2n+1 + µ2

kbN−2n
2
, dN−2n+2, . . . , dN−2) + µkµ

T
k T
−1
11 (dN−1, dN )

)−1

=

T−1(dN−2n+1 + µ2
kbN−2n

2
, dN−2n+2, . . . , dN−2 + µ2

ka1).

(observe that µk is (N − 2)× 2 dimensional matrix – set n = N − 2 in (44)). It holds that

Inv
(1)
21 = −T−1(dN−1, dN )µTk Inv

(1)
11 , (Inv

(1)
21 )col(1:2) = µk

[
−a1

â1

]
(Inv

(1)
11 )row(N−2),col(1:2).

In order to compute (Inv
(1)
11 )row(N−2),col(1:2) we decompose Inv

(1)
11 into blocks further

Inv
(1)
11 =

[
Inv

(2)
11 Inv

(2)
12

Inv
(2)
21 Inv

(2)
22

]
=

[
T (dN−2n+1 + µ2

kbN−2n
2
, dN−2n+2, . . . , dN−4) −µk

µTk T (dN−3, dN−2) + µ2
ka1)

]−1

.

It holds that
Inv

(2)
21 = −T−1(dN−3, dN−2 + µ2

ka1)µTk Inv
(2)
11 .

Hence

(Inv
(1)
11 )row(N−3:N−2),col(1:2) = (Inv

(2)
21 )row(1:2),col(1:2) = µk

[
−a2

â2

]
(Inv

(2)
11 )row(N−4),col(1:2).

Repeating this procedure, we find

(Inv
(2)
11 )row(N−5:N−4),col(1:2) = (Inv

(3)
21 )row(1:2),col(1:2) = µk

[
−a3

â3

]
(Inv

(3)
11 )row(N−6),col(1:2),

and

(Inv
(j)
11 )row(N−2j−1:N−2j),col(1:2) = (Inv

(j−1)
21 )row(1:2),col(1:2) = µk

[
−aj+1

âj+1

]
(Inv

(j−1)
11 )row(N−2j−2),col(1:2),

and finally (after several steps of recursion)

Inv
(n−1)
21 = µk

[
−an−1

ân−1

](
Inv

(n−1)
11

)
row(2)

Inv
(n−1)
11 = Ĩ = T−1(dN−2n+1 + µ2

kbN−2n
2
, dN−2n+2 + µ2

kan−1). (49)
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We emphasize that the recursion is being finished here as Inv
(n−1)
11 is the 2×2 upper left corner matrix of T−1.

Observe that T−1
row(N−2j−1:N−2j),col(1:2) = (Inv

(j)
11 )row(N−2j−1:N−2j),col(1:2) for j = 1, . . . , n− 1. Therefore we

obtained the claim.

Remark 3.14. By repetitive application of Theorem 3.13 we obtain the explicit formulas for all values of
the lower triangle of the full tridiagonal inverse matrix T−1 (43). E.g., by setting n = N

2 in Theorem 3.13
we obtain the formulas for the first and the second columns of T−1 and so on.

Lemma 3.15. The matrix T−1 satisfies the following symmetries

T−1
j+2i,j = T−1

j,j+2i, T
−1
j+2i+1,j = −T−1

j,j+2i+1,

T−1
j−2i,j = T−1

j,j−2i, T
−1
j−2i+1,j = −T−1

j,j−2i+1.

for all 1 ≤ j ≤ N and i > 0 such that j + 2i+ 1 ≤ N , and 1 ≤ j − 2i+ 1.

Proof. Without loss of generality, let 1 ≤ j ≤ N . It must hold that

T−1
j−1,jTj,j−1 + T−1

j,j Tj,j + T−1
j+1,jTj,j+1 = 1, T−1

j,j−1Tj−1,j + T−1
j,j Tj,j + T−1

j,j+1Tj+1,j = 1,

as it holds that Tj,j−1 = −Tj−1,j and Tj,j+1 = −Tj+1,j we obtain

T−1
j−1,j = −T−1

j,j−1 and T−1
j+1,j = −T−1

j,j+1. (50)

From the same argument applied to other column, we get

T−1
j,j Tj+1,j + T−1

j+1,jTj+1,j+1 + T−1
j+2,jTj+1,j+2 = 0, T−1

j,j Tj,j+1 + T−1
j,j+1Tj+1,j+1 + T−1

j,j+2Tj+2,j+1 = 0.

From (50) and Tj+1,j+2 = −Tj+2,j+1 it follows that T−1
j+2,j = T−1

j,j+2.
Now, it is clearly seen that proceeding further analogously, and we obtain the claim.

Remark 3.16. By iterative application of Theorem 3.13 we can obtain the explicit formulas for all values of
the lower triangle of the full tridiagonal inverse matrix T−1 (43). Then, the symmetries from Lemma 3.15
provide the explicit formulas for all values of the full tridiagonal inverse matrix T−1.

Lemma 3.17. It holds that

∥∥∥T−1
row(N−2n+1:N),col(N−2n+c)

∥∥∥
1

=


∥∥∥Ĩcol(c)∥∥∥

1
, for n = 1,∥∥∥Ĩcol(c)∥∥∥

1
+
∑n−1
i=1 µ

i
k (an−i + ân−i)

∏i−1
p=1 ân−p|Ĩ2c|, for 1 < n ≤ N

2 ,

(51)

where c = 1 or 2, Ĩ is the diagonal block (48) and ‖Ĩcol(c)‖1 = |Ĩ1c| + |Ĩ2c|. In the sum above for the case

i = 1 we put
∏i−1
p=1 ân−p = 1.

Proof. Consider T̃−1 – the bottom right corner sub-matrix of T−1 that spans the following diagonal elements
of T : dN−2n+1, . . . , dN . By Lemma 3.11 T̃−1 is equal to

T̃−1 = T−1(dN−2n+1 + µ2
kbN−2n

2
, dN−2n+2, . . . , dN ).

T̃−1 embeds in T−1 as
T̃−1 = T−1

row(N−2n+1:N),col(N−2n+1:N),
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it is the 2n× 2n dimensional bottom right corner submatix of T−1. Knowing that row(1 : 2) and col(1 : 2)

of T̃−1 embeds in row(N −2n+ 1 : N −2n) and col(N −2n+ 1 : N −2n) of T−1 respectively, the recurrence
relation shown in Theorem 3.13 takes the form

T−1
row(N−2n+2i+1:N−2n+2i+2),col(N−2n+1:N−2n+2) = µk

[
−an−i
ân−i

]
T−1
row(N−2n+2i),col(N−2n+1:N−2n+2),

for i = 1, . . . , n− 1. After unveiling the recurrence relation we get for c = 1 or c = 2 (denoting the odd/even
column respectively)

∥∥∥T−1
row(N−2n+2i+1:N−2n+2i+2),col(N−2n+c)

∥∥∥
1

=


µik (an−i + ân−i)

∏i−1
p=1 ân−p|Ĩ2c| for 1 < i < n,

µk (an−1 + ân−1) |Ĩ2c| for i = 1,∥∥∥Ĩcol(c)∥∥∥
1

for i = 0,

(52)

Summing up all elements in rows N − 2n+ 1 : N we have

∥∥∥T−1
row(N−2n+1:N),col(N−2n+c)

∥∥∥
1

=
∥∥∥Ĩcol(c)∥∥∥

1
+

n−1∑
i=1

µik (an−i + ân−i)
i−1∏
p=1

ân−p|Ĩ2c|, (53)

where for i = 1 we put
∏i−1
p=1 ân−p = 1 and the first term in the sum (53) is equal to µk (an−1 + ân−1) |Ĩ2c|

according to (52).

We will often need a formula covering ‖T−1
k ‖ whole columns, not only the lower triangle as in Lemma 3.17.

Combining Lemma 3.17 with Lemma A.4 proven in the appendix we obtain

Lemma 3.18. The following bound holds

∥∥∥(T−1
k

)
col(N−2n+c)

∥∥∥
1
≤ ‖Ĩcol(c)‖1 +

n−1∑
i=1

µik (an−i + ân−i)
i−1∏
p=1

ân−p|Ĩ2c|+
N
2 −n∑
i=1

µik (an+i + ân+i)

i−1∏
p=1

ân+p|Ĩ2c|

for all n = 1, . . . , N2 and c = 1 or 2, where Ĩ is the diagonal block (48) and ‖Ĩcol(c)‖1 = |Ĩ1c|+ |Ĩ2c|. In case

n = 1 we put the first sum is zero, in case n = N
2 the second sum is zero.

We proceed with proving the bound for ‖T−1‖1 essential for the ultimate result of this section.

Lemma 3.19. It holds that ∥∥T−1
∥∥

1
<
∥∥∥T−1

row(1:2bµkc)

∥∥∥
1

+
1

2µk

for all N > 2µk, the bound is uniform with respect to (even) approximation dimension N .

Proof. We start by showing ∥∥∥∥∥T−1
row(2bµkc+1: N)

col(l)

∥∥∥∥∥
1

<
1

2µk
(54)

for any 1 ≤ l ≤ 2µk, where n is such that N − 2n+ 1 = l if l is odd, and N − 2n+ 2 = l if l is even.
We use the equality derived in Lemma 3.17, i.e.,

∥∥∥T−1
row(N−2n+1:N),col(N−2n+c)

∥∥∥
1

=
∥∥∥Ĩcol(c)∥∥∥

1
+

n−1∑
i=1

µik (an−i + ân−i)
i−1∏
p=1

ân−p|Ĩ2c|, (55)
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where for the case n = 1 the second term in the sum is not present. Recall Ĩ is the corresponding diagonal
block of T−1 (48) i.e.,

Ĩ =

[
dN−2n+1 + µ2

kbN−2n
2

µk
−µk dN−2n+2 + µ2

kan−1

]−1

,

where D = dN−2n+1dN−2n+2 + µ2
kan−1dN−2n+1 + dN−2n+2µ

2
kb(N−2n)/2 + µ4

kan−1b(N−2n)/2 + µ2
k is the de-

terminant. We have the following upper bounds for |Ĩ21|, |Ĩ22| following from Lemma 3.9∣∣∣Ĩ21

∣∣∣ =
µk
D

< ân <
1

µk
,
∣∣∣Ĩ22

∣∣∣ =
dN−2n+1 + µ2

kb(N−2n)/2

D
< b(N−2n+2)/2 <

1

µk
. (56)

Let us take n such that (it is possible as N is even and N > 2µk)

N − 2n+ 2 = 2bµkc, (57)

then the assumption of Lemma 3.10, i.e. n− i ≤ N
2 − bµkc+ 1 is satisfied for all i = 1, . . . , n with p = 1 and

hence it holds that

ân−i + an−i ≤
1

4µk
+

1

16µk
=

5

16µk
and for i > 1

i−1∏
p=1

ân−p ≤
1

17i−1µi−1
k

,

we bound all terms appearing in (53) as follows

µk (an−1 + ân−1) |Ĩ2c| <
5

16µk
<

6

17µk
, (58a)

µik (an−i + ân−i)
i−1∏
p=1

ân−p|Ĩ2c| < µik
5

16µk

1

17i−1µi−1
k

1

µk
<

6

17iµk
, for i > 1. (58b)

and the sum in (53) is bounded by

n−1∑
i=1

µik (an−i + ân−i)
i−1∏
p=1

ân−p|Ĩ2c| <
6

µk

(
n−1∑
i=1

1

17i

)
<

6

16µk
.

Next, to show the bound

∥∥∥∥∥T−1
row(2bµkc+1: N)

col(l)

∥∥∥∥∥
1

< 1
2µk

for l > 2bµkc + 1 we proceed as follows. Let n be

such that N − 2n + 1 = l if l is odd, and N − 2n + 2 = l if l is even. As assumptions of Lemma 3.10 are

satisfied (dN−2n+1, dN−2n+2 ≥ 2µk) with p = 1, we have that
∣∣∣Ĩ11

∣∣∣ =
dN−2n+2+µ2

kan−1

D < an <
1

4µk
,
∣∣∣Ĩ22

∣∣∣ =

dN−2n+1+µ2
kb(N−2n)/2

D < b(N−2n+2)/2 <
1

4µk
,
∣∣∣Ĩ12

∣∣∣ , ∣∣∣Ĩ21

∣∣∣ = µk
D < 1

17µk
.

We have that (55) is bounded by (using the bounds (58) and the explicit bounds for
∣∣∣Ĩ21

∣∣∣ and
∣∣∣Ĩ22

∣∣∣ above)

∥∥∥T−1
row(N−2n+1:N),col(N−2n+c)

∥∥∥
1
≤ 1

4µk
+

1

17µk
+

6

4µk

(
n−1∑
i=1

1

17i

)
<

1

µk

(
1

4
+

1

17
+

3

32

)
.

Using Lemma A.4 we similarly bound the terms in the upper triangle (row(2bµkc+ 1 : N − 2n)). Hence

∥∥∥T−1
row(2bµkc+1:N−2n),col(N−2n+c)

∥∥∥
1
<

6

4µk

N
2 −n−bµkc+1∑

i=1

1

17i

 . (59)
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Hence, the final bound is∥∥∥T−1
row(2bµkc+1:N),col(N−2n+c)

∥∥∥
1
<

1

µk

(
1

4
+

1

17
+ 2 · 3

32

)
<

1

2µk
.

We have the following trivial component-wise uniform bound for T−1
k (derived analogously as Lemma 4.8

from [20]).

Lemma 3.20. Let N > 2µk, the following entry-wise bound holds∣∣∣T−1
i,l

∣∣∣ ≤ √2

µk

for all 1 ≤ i, l ≤ N .

Proof. We will use the upper bounds from Lemma 3.9, the explicit formula for diagonal blocks from Corol-
lary 3.12, recursive formulas from Theorem 3.13 and the symmetry from Lemma 3.15. Let Ĩ be the diagonal
block corresponding to l-th column of T−1

k (48), i.e.,

Ĩ =

[
dN−2n+1 + µ2

kbN−2n
2

µk
−µk dN−2n+2 + µ2

kan−1

]−1

,

where l = N−2n+1 for l odd, and l = N−2n+2 for l even, and D = dN−2n+1dN−2n+2 +µ2
kan−1dN−2n+1 +

dN−2n+2µ
2
kb(N−2n)/2 + µ4

kan−1b(N−2n)/2 + µ2
k is the determinant of Ĩ.

The following entry-wise bounds hold for Ĩ:∣∣∣Ĩ11

∣∣∣ =
dN−2n+2 + µ2

kan−1

D
< an <

√
2

µk
, (60a)∣∣∣Ĩ12

∣∣∣ , ∣∣∣Ĩ21

∣∣∣ =
µk
D

< ân <
1

µk
, (60b)∣∣∣Ĩ22

∣∣∣ =
dN−2n+1 + µ2

kb(N−2n)/2

D
< b(N−2n+2)/2 <

1

µk
, (60c)

To bound the elements below the diagonal block we use the recursive formulas from Theorem 3.13, i.e.

the first block slot below Ĩ is given by µk

[
−an−1

ân−1

]
Ĩrow(2) where an−1, ân−1 are upper bounded by

√
2

µk
, each

component of Ĩrow(2) is upper bounded by 1
µk

(using Lemma 3.9). Applying the recursion from Theorem 3.13

repetitively for all of the diagonal blocks we obtain that the uniform upper bound
√

2
µk

is true for the lower

triangle of T−1
k (including the diagonal blocks). From the symmetry formula Lemma 3.15 this uniform upper

bound is true for all entries in T−1
k .

Theorem 3.21. It holds that ∥∥T−1
∥∥

1
≤ 2
√

2 +
1

2µk
.

for all N > 2µk (the bound is uniform with respect to even approximation dimension N).

Proof. Using Lemma 3.19 we have that
∥∥T−1

∥∥
1
≤
∥∥∥T−1

row(1:2bµkc)

∥∥∥
1

+ 1
2µk

. Using the element-wise bound

from Lemma 3.20 the first term is upper bounded by∥∥∥T−1
row(1:2bµkc)

∥∥∥
1
≤ 2bµkc

√
2

µk
≤ 2
√

2.
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Using the tighter integral bounds derived in the Appendix, we obtain the following result.

Theorem 3.22. Let µk > 10. Then, for all N > 2µk (the bounds are uniform with respect to even
approximation dimension N), it holds that

∥∥T−1
k

∥∥
1
≤


0.806 + 1

20 , if µk > 10,

0.736 + 1
200 , if µk > 100,

0.727 + 1
2000 , if µk > 10.

Proof of Theorem 3.22. We present the details in Appendix A.
The fundamental idea behind the proof is to apply in practice Theorem 3.13 and Lemma 3.15, which

provide explicit recursive formulas for all T−1
k entries. By summing up and unveiling the recursion in the

formulas, an explicit formula for the `1 norm of the lower triangle (including the diagonal) of T−1
k follows.

By analogous computations, we obtain an explicit formula for the `1 norm of the upper triangle by reversing
the order of the diagonal elements.

Using the derived explicit formulas, ‖T−1
k ‖1 is bounded by the sequence sum of aj ’s and âj ’s from

Def. 3.7. The resulting finite sum is in turn bounded by a definite integral that can be computed explicitly
(we performed a symbolic Mathematica computation), and this determines the bound for the first term∥∥∥T−1

row(1:2bµkc)

∥∥∥
1

appearing in Lemma 3.19 (for sufficiently large µk as in the statement of the Theorem), the

remainder according to Lemma 3.19 is bounded by 1/2µk.

...

...

...

small

sm
al
l

small

sm
al
l

Figure 3: Diagram motivating requirement of performing our analysis to compute the stability of the in-
verse tridiagonal operator T−1

k with respect to the approximation dimension. Notation T̃1, T̃2 mean the
upper left finite dimensional block of T−1

k having µ1, µ2 as the off-diagonal elements, which are denoted by

(T−1
k )row(1:2µ), col(1:2µ). Intuitively, all the entries of the inverse matrices outside T̃1 and T̃2 are small, as

they lie in the regime where the corresponding part of Tk is diagonally dominant.

3.2.2 Uniform bounds for ‖(L(N)
k )−1‖B(`1) and the ultimate bound for ‖L−1

k ‖B(`1)

We are going to use the following well-known result in linear algebra about the inverse of the sum of an
invertible matrix A and a rank one perturbation uvT (u, v are vectors), known as the Sherman-Morrison
formula [27, 28, 29, 30, 31].

Lemma 3.23 ([31]). Suppose A is an invertible real square matrix and u, v are column vectors. Suppose
furthermore that 1 + vTA−1u 6= 0. Then the Sherman-Morrison formula states that

(A+ uvT )−1 = A−1 − A−1uvTA−1

1 + vTA−1u
.

Here, uvT is the outer product of two vectors u and v.
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Now let us apply Lemma 3.23 for the inverse of the linear operator that we consider. We recall its form

below. L(N)
k is being decomposed into a sum of a tridiagonal operator and a single non-zero row operator

L(N)
k = Mk + U =


1 0 · · · 0
µk
0 Tk
...

+


0 −2 2 . . .

0

 , (61)

where

Tk =


2 −µk 0 · · ·
µk 4 −µk 0 · · ·
. . .

. . .
. . .

. . .
. . .

. . . 0 µk 2(N − 1) −µk
. . . 0 µk 2N

 . (62)

Observe that in our case, we apply the Sherman-Morrison formula for (61), and we put

A+ uvT = L(N)
k , A = Mk, uv

T = U, u = [1, 0, . . . , 0]
T
, vT = 2

[
0,−1, 1, . . . , (−1)k+1, . . .

]
.

Mk is invertible; being a tridiagonal matrix, it can be checked by the recursive determinant computation
that it is bounded away from zero for all k and N .

Lemma 3.24. The inverse of Mk in (39) is given by

M−1
k =

 1 0
µk
0...

Tk

−1

=

[
1 0 · · · 0

−µk ·
(
T−1
k

)
col(1)

T−1
k

]
. (63)

Proof. Let us denote Inv
def
= M−1

k . From solving the linear system of equations 1 0
µk
0...

Tk

 · [ Inv11 Inv12

Inv21 Inv22

]
=

[
1 0
0 Id

]
.

we have that
Inv11 = 1, Inv12 = 0,

Inv21 = T−1
k


−µk

0
...
0

 = −µk ·
(
T−1
k

)
col(1)

, Inv22 = T−1
k .

Corollary 3.25. Let Mk be the first term in the decomposition of L(N)
k in (61).

(L(N)
k )−1 = M−1

k − M−1
k UM−1

k

1 + vTM−1
k u

. (64)

Theorem 3.26. Let µk > 0. Let Tk be the tridiagonal matrix (62), and L(N)
k be the matrix having the

diagonal block structure as in (61).
For all k such that µk ≥ 0 and for all N > 0 it holds that

‖(L(N)
k )−1‖B(`1) ≤ max

{
2
∥∥T−1

k

∥∥
1
, 1
}
,

where 1 above comes from the fact that ‖(L(N)
k )−1

col(1)‖`1 = 1.
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Proof. We denote

[mij ]
N+1
i,j=1 = M−1

k =

[
1 0 · · · 0

−µk
(
T−1
k

)
col(1)

T−1
k

]
. (65)

We analyze the numerator and denominator of the perturbation term in the explicit form for (L(N)
k )−1 (64).

Observe that

M−1
k UM−1

k = M−1
k uvTM−1

k = 2


m11

m21

...
mN+1,1

·[∑N+1
j=2 (−1)j+1mj,1

∑N+1
j=2 (−1)j+1mj,2 . . .

∑N+1
j=2 (−1)j+1mj,N+1

]

and

1 + vTM−1
k u = 1 + 2

N+1∑
j=2

(−1)j+1mj,1.

We will bound
∥∥∥[(L(N)

k )−1]col(l)

∥∥∥
`1

by considering two cases: l = 1, and l ≥ 2.

Case l = 1 it is easy to see a lot of terms in numerator get canceled

[(L(N)
k )−1]col(1) =

(
mi,1 − 2

mi,1

∑N+1
j=2 (−1)j+1mj,1

1 + 2
∑N+1
j=2 (−1)j+1mj,1

)N+1

i=1

=

(
mi,1

1 + 2
∑N+1
j=2 (−1)j+1mj,1

)N+1

i=1

, (66)

where m1,1 = 1, and for j > 1: mj,1 = −µk
(
T−1
k

)
j−1,1

.

Knowing the explicit formulas of elements in (T−1
k )col(1) with precise sign information from Lemma 3.15,

we obtain that the alternating sum from the denominator is in fact the norm

N+1∑
j=2

(−1)j+1mj1 =

N∑
j=1

∣∣µk(T−1
k )j,1

∣∣ = |µk|‖(T−1
k )col(1)‖1. (67)

Hence it holds that (m1,1 = 1)∥∥∥[(L(N)
k )−1]col(1)

∥∥∥
`1

=
1 + 2|µk|‖(T−1

k )col(1)‖1
1 + 2|µk|‖(T−1

k )col(1)‖1
= 1.

Case l ≥ 2

[(L(N)
k )−1]col(l) =

(
mi,l − 2

mi,1

∑N+1
j=2 (−1)j+1mj,l

1 + 2
∑N+1
j=2 (−1)j+1mj,1

)N+1

i=1

. (68)

Taking the absolute value of each entry of the vector (68), applying the triangle inequality, and summing up
we obtain the following estimate for all l ≥ 2

∥∥∥[(L(N)
k )−1]col(l)

∥∥∥
`1
≤ 1

2
|m1,l|+

N+1∑
j=2

|mj,l|+

(
|m1,1|+ 2

∑N+1
j=2 |mj,1|

)∑N+1
j=2 |mj,l|

1 + 2
∑N+1
j=2 |mj,1|

(69)

≤
N+1∑
i=1

|mi,l|+

(
1 + 2

∑N+1
j=2 |mj,1|

)∑N+1
j=2 |mj,l|

1 + 2
∑N+1
j=2 |mj,1|

≤ 2

N+1∑
i=1

|mi,l| ≤ 2

N∑
i=1

|(T−1
k )i,l−1| ≤ 2

∥∥T−1
k

∥∥
1
.
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We have the following straightforward corollary summarizing the results derived in this section.

Corollary 3.27. Let Tk be the tridiagonal matrix, and L(N)
k be the matrix having the diagonal block structure

as in (61), ‖ · ‖B(`1) is defined in (42). Then, for all N > 2µk (the bounds are uniform with respect to even
approximation dimension N),

‖(L(N)
k )−1‖B(`1) ≤ C(µk)

def
=


1.612 + 0.1, if µk ∈ (10, 100]

1.472 + 0.01, if µk ∈ (100, 1000]

1.454 + 0.001, if µk > 1000.

(70)

We proceed in bounding the full infinite dimensional inverse linear operator L−1
k , our main tool is sum-

marized in the following theorem.

Theorem 3.28. Let µk > 10. Let Tk be the tridiagonal operator, and Lk be the (infinite dimensional)
operator. Let Ak be the approximate inverse (infinite dimensional), where its block dimensions depend on
N , defined as

Ak
def
=

[
(L(N)

k )−1 −[(L(N)
k )−1]col(1)vΩ−1

0 Ω−1

]
.

For any ε > 0 and µk > 10 there exists N(ε, µk), such that

‖I −AkLk‖B(`1) ≤ ε, for all N > N(ε, µk) and N even,

consequently

‖L−1
k ‖B(`1) ≤

C(µk)

1− ε , and Ak → L−1
k as

N

2
→∞,

where C(µk) is the constant from Corollary 3.27 given in (70).

Proof. We apply Lemma 3.2. Our goal is to show that ρk < 1, then from Lemma 3.2 Lk is a boundedly
invertible operator on `1 with

‖L−1
k ‖B(`1) ≤

βk
1− ρk

,

where ρk
def
= µk

2 max{ρ(1), ρ(2), ρ(3)}, where ρ(1), ρ(2), ρ(3) are given by (30), (31), (32), and βk = ‖(L(N)
k )−1‖B(`1).

In Theorem 3.26 we show that ‖[(L(N)
k )−1]col(1)‖`1 is equal to 1 for all N > 0 and µk > 0. Hence it holds

that

ρ(1) ≤ 2

N + 1
, ρ(3) ≤ 3

N + 1
.

It reminds us to estimate ρ(2). We proceed using the triangle inequality.

ρ(2) ≤ ‖[(L(N)
k )−1]col(N+1)‖`1 +

1

N + 2
‖[(L(N)

k )−1]col(1)‖`1 +
1

N + 2
≤ ‖[(L(N)

k )−1]col(N+1)‖`1 +
2

N + 2
.

Let us fix 0 < ε < 1. Obviously µk
2 ρ

(1), µk2 ρ
(3) are smaller than ε for N > N(ε, µk). Where N(ε, µk) =

2pµk + 1 with p sufficiently large to be adjusted later-on.

We now show that µk
2 ρ

(2) ≤ µk
2 ‖[(L

(N)
k )−1]col(N+1)‖`1 + µk

N < ε for all N s.t. N > N(ε, µk) and N even.

From (69) in the proof of Theorem 3.26 it follows that ‖[(L(N)
k )−1]col(N+1)‖`1 ≤ 2‖(T−1

k )col(N)‖1. The
following upper bounds hold for the right-bottom corner diagonal block, corresponding to the last column
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of T−1
k (compare (60)) ∣∣∣Ĩ11

∣∣∣ =
dN
D

< a1, (71)∣∣∣Ĩ12

∣∣∣ , ∣∣∣Ĩ21

∣∣∣ =
µk
D

< â1, (72)∣∣∣Ĩ22

∣∣∣ =
dN−1 + µ2

kb(N−2)/2

D
< bN/2, (73)

where D is the determinant of Ĩ. From Lemma 3.10 it follows that for N ≥ N(ε, µk) = 2pµk + 1 and N even
it holds that (setting j = 1)

bN/2 ≤
1

2p+1µk
, (74)

â1 ≤
1

(22p+2 + 1)µk
, (75)

hence

‖Ĩcol(1)‖1 = |Ĩ12|+ |Ĩ12| < â1 + bN/2 <
1

2pµk
. (76)

The sum of absolute values of T−1
k upper triangle from Lemma A.4 is bounded by (setting n = 1)

∥∥∥(T−1
k

)
row(1:N−2),col(N)

∥∥∥
1
≤

N
2 −1∑
i=1

µik (a1+i + â1+i)

i−1∏
p=1

â1+p|Ĩ22|.

We split the bound using
∥∥∥(T−1

k

)
row(1:N−2),col(N)

∥∥∥
1
≤
∥∥∥(T−1

k

)
row(1:2bµkc),col(N)

∥∥∥
1
+
∥∥∥(T−1

k

)
row(2bµkc+1:N−2),col(N)

∥∥∥
1
.

For the first term we have∥∥∥(T−1
k

)
row(1:2bµkc),col(N)

∥∥∥
1
≤

N
2 −1∑

i=N
2 −bµkc

µik (a1+i + â1+i)

i−1∏
p=1

â1+p|Ĩ22| <
√

2 + 1

2p+1
, (77)

using the upper bounds from Lemma 3.9, (73), (74). And as for the second term, it holds that (analogously
to (59))

∥∥∥(T−1
k

)
row(2bµkc+1:N−2),col(N)

∥∥∥
1
≤

N
2 −bµkc∑
i=1

µik (a1+i + â1+i)

i−1∏
p=1

â1+p|Ĩ22| <
6

2p+1µk

N
2 −bµkc∑
i=1

1

17i

 <
3

2p+4µk
.

(78)
Finally summing up (76), (77), and (78)

2‖(T−1
k )col(N)‖1 <

2

2pµk
+

2
√

2 + 2

2p+1
+

6

2p+4µk
<

1

2p

(
2

µk
+
√

2 + 1 +
3

8µk

)
.

Now it reminds to pick p in N(ε, µk) = 2pµk+1, such that µk
2p+1 ( 2

µk
+
√

2+1+ 3
8µk

)+ 1
2p < ε and 1

2p+1 < ε.

We finally obtain the ultimate bound for ‖L−1
k ‖B(`1) by passing to the limit with ε→ 0 in Theorem 3.28.

Corollary 3.29. Let Lk be the linear operator (14) and recall the definition of C(µk) in (70). Then,

‖L−1
k ‖B(`1) ≤ C(µk) =


1.612 + 0.1, for µk > 10

1.472 + 0.01, for µk > 100

1.454 + 0.001, for µk > 1000.
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3.3 Bound for ‖L−1‖B(Xν,1)

Recall from Lemma 3.2 the definitions of ρk and βk given in (33) and (34), respectively. Assume that we

have computed the bounds ‖L−1
k ‖B(`1) ≤ βk

1−ρk for k = 0, . . . , k̂ using the computer-assisted approach of

Section 3.1. Here, k̂ is chosen so that µk ≥ 0 for all k > k̂.
Combining Corollary 3.3 and Corollary 3.29, we obtain that

‖L−1
k ‖B(`1) ≤ 1.455, for all µk ≥ 0.

Hence, denote by δ̃ = 1.455. Letting

δ
def
= max

(
max

k=0,...,k̂

βk
1− ρk

, δ̃

)
, (79)

we get the following result.

Lemma 3.30.
‖L−1‖Xν,1 ≤ δ. (80)

Proof. Letting a ∈ Xν,1 such that ‖a‖Xν,1 ≤ 1, we get that

‖L−1a‖Xν,1 = ‖L−1
0 a0‖`1 + 2

∑
k≥1

‖L−1
k ak‖`1νk

≤ ‖L−1
0 ‖B(`1)‖a0‖`1 + 2

∑
k≥1

‖L−1
k ‖B(`1)‖ak‖`1νk

≤ max

(
max

k=0,...,k̂
‖L−1

k ‖B(`1) , δ̃

)‖a0‖`1 + 2
∑
k≥1

‖ak‖`1νk


≤ δ‖h‖Xν,1 ≤ δ.

4 Bounds for the radii polynomial

Recall that the hypothesis of Theorem 2.1 is verified using the radii polynomial p(r) defined in (27). In this
section, we present a constructive way to compute the bounds required to define p(r), namely the bounds Y
and Z = Z(r) given by (25) and (26), respectively.

Assume that the initial condition is given as

b ∈ Br0(b̄) =
{
b ∈ `1ν : ‖b− b̄‖`1ν ≤ r0

}
,

given some ν ≥ 1 and r0 the error bound, and where the numerical initial condition b̄ has only finitely many
nonzero terms. Typically the error bound r0 will come from the radius of the radii polynomial from the
previous rigorous integration step. In Section 4.3, we show how this bound can be obtained. Here, it is
understood that for b = (bk)k≥0,

‖b‖`1ν = |b0|+ 2
∑
k≥1

|bk|νk.

In this section, we use the notation F (a, b) instead of F (a) to emphasize the dependency of the zero finding
problem F = 0 (See (18)) in the initial condition b ∈ `1ν .

Recall from Lemma 3.2 the definitions of ρk and βk given in (33) and (34), respectively. Assume that

we have computed the bounds ‖L−1
k ‖B(`1) ≤ βk

1−ρk for k = 0, . . . , k̂ using the computer-assisted approach of

Section 3.1. Denote by δ̃ = 1.455 the uniform bounds for ‖L−1
k ‖B(`1) for k > k̂ from Section 3.2.

We now present a strategy to compute each bound separately.
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4.1 The bound Y

Recalling from (23) that T (a)
def
= a− L−1F (a, b) = L−1

(
b− h

2 ΛQ(a)
)
, note that Y satisfies

‖T (ā)− ā‖Xν,1 = ‖L−1F (ā, b)‖Xν,1 ≤ Y.
Since the nonlinearity of the PDE is a polynomial and ā has only finitely many nonzero entries, there exists
M > k̂ such that Fk(ā, b̄) = 0 for all k > M . Hence,

‖L−1F (ā, b̄)‖Xν,1 = ‖L−1
0 F0(ā, b̄)‖`1 + 2

k̂∑
k=1

‖L−1
k Fk(ā, b̄)‖`1νk + 2

M∑
k=k̂+1

‖L−1
k Fk(ā, b̄)‖`1νk

≤ ‖L−1
0 F0(ā, b̄)‖`1 + 2

k̂∑
k=1

‖L−1
k Fk(ā, b̄)‖`1νk + 2δ̃

M∑
k=k̂+1

‖Fk(ā, b̄)‖`1νk.

To compute a bound for ‖L−1
k Fk(ā, b̄)‖`1 for k = 0, . . . , k̂, recall the definition of the approximate inverse Ak

in Figure 1 and recall (37) in the proof of Lemma 3.2, that is

L−1
k =

∑
j≥0

(I −AkLk)j

Ak.

Hence, we get that

‖L−1
k Fk(ā, b̄)‖`1 =

∥∥∥∥∥∥
∑
j≥0

(I −AkLk)j

AkFk(ā, b̄)

∥∥∥∥∥∥
`1

≤ 1

1− ρk
‖AkFk(ā, b̄)‖`1 .

Hence, we can compute Y0 such that

‖L−1F (ā, b̄)‖Xν,1 ≤ ‖L−1
0 F0(ā, b̄)‖`1 + 2

k̂∑
k=1

‖L−1
k Fk(ā, b̄)‖`1νk + 2δ̃

M∑
k=k̂+1

‖Fk(ā, b̄)‖`1νk

≤ ‖A0F0(ā, b̄)‖`1
1− ρ0

+ 2

k̂∑
k=1

‖AkFk(ā, b̄)‖`1
1− ρk

νk + 2δ̃

M∑
k=k̂+1

‖Fk(ā, b̄)‖`1νk

≤ Y0.

Moreover, recalling the definition of δ in (79), note that∥∥L−1(b− b̄)
∥∥
Xν,1
≤ ‖L−1‖B(Xν,1)‖b− b̄‖Xν,1 = ‖L−1‖B(Xν,1)‖b− b̄‖`1ν ≤ δr0.

Finally, letting
Y

def
= Y0 + δr0 (81)

leads to the wanted bound as

‖T (ā)− ā‖Xν,1 = ‖L−1F (ā, b)‖Xν,1

=

∥∥∥∥L−1

(
Lā− b+

h

2
ΛQ(ā)

)∥∥∥∥
Xν,1

≤
∥∥∥∥L−1

(
Lā− b̄+

h

2
ΛQ(ā)

)∥∥∥∥
Xν,1

+
∥∥L−1(b− b̄)

∥∥
Xν,1

≤ ‖L−1F (ā, b̄)‖Xν,1 + δr0

≤ Y0 + δr0 = Y.

29



Remark 4.1 (Wrapping effect). In the current set-up, the bound (81) inevitably leads to a quick wrapping
effect, as the error from the previous step is multiplied by the factor δ, i.e. the upper bound (79) for
‖L−1‖B(Xν,1). To exemplify this, assume that δ is constant along the integration and that after the first

step, r0 = ε (for some small ε > 0). In this case, we expect the error bound r0 ≥ δkε at step k > 1. For
instance, if ε = 10−14 and if δ = 1.5, then at step k > 1, the error bound should roughly be 10−141.5k.
Hence, expecting more than k = 80 successful steps in this case if probably too ambitious, as in this case
10−141.5k > 1. See Tables 1 and 2 for some explicit data. That being said, we believe that a multi-steps
approach should significantly fix this problem. This approach is currently part of future research.

4.2 The bound Z(r)

Recall from (26) that the bound Z(r) satisfies

sup
c∈Br(ā)

‖DaT (c)‖B(Xν,1) ≤ Z(r).

The computation of the bound Z(r) requires bounding the norm of some operators, which we do next.

Lemma 4.2. Recall the definition of the operator Λ in (16) and the block diagonal operator Λ in (17). Then
Λ ∈ B(Xν,1) with

‖Λ‖B(Xν,1) ≤ 2. (82)

Proof. First, note that ‖Λ‖B(Xν,1) ≤ ‖Λ‖B(`1), as for any a ∈ Xν,1 with ‖a‖Xν,1 ≤ 1,

‖Λa‖Xν,1 = ‖Λa0‖`1 + 2
∑
k≥1

‖Λak‖`1νk ≤ ‖Λ‖B(`1)‖a0‖`1 + 2
∑
k≥1

‖Λ‖B(`1)‖ak‖`1νk

≤ ‖Λ‖B(`1)

‖a0‖`1 + 2
∑
k≥1

‖ak‖`1νk
 ≤ ‖Λ‖B(`1)‖a‖Xν,1 ≤ ‖Λ‖B(`1).

Now, let b ∈ `1 such that ‖b‖`1 ≤ 1. Then, recalling the definition of the tridiagonal operator Λ in (16), the
proof follows by observing that

‖Λb‖`1 = 2
∑
k≥1

| − bk−1 + bk+1| ≤ 2|b0|+ 2
∑
k≥2

|bk−1|+ 2
∑
k≥1

|bk+1|

=

|b0|+ 2
∑
j≥1

|bj |

+

|b0|+ 2
∑
j≥2

|bj |

 ≤ 2‖b‖`1 ≤ 2.

Lemma 4.3. Let γ(r) be any finite bound satisfying

sup
c∈Br(ā)

‖DaQ(c)‖B(Xν,1) ≤ γ(r). (83)

Then
Z(r)

def
= hδγ(r) (84)

satisfies (26).

Proof. The hypothesis that Q = Q(u) is a polynomial implies that Q(c) consists of discrete convolutions.
Since Xν,1 is a Banach algebra under discrete convolutions, this implies that for any r > 0,

sup
c∈Br(ā)

‖DaQ(c)‖B(Xν,1) <∞.
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Now, letting c ∈ Br (ā) and using Lemma 4.2 and Lemma 3.30, we get that

‖DaT (c)‖B(Xν,1) = ‖ − h

2
L−1ΛDaQ(c)‖B(Xν,1)

≤ h

2
‖L−1‖B(Xν,1)‖Λ‖B(Xν,1)‖DaQ(c)‖B(Xν,1)

≤ hδ‖DaQ(c)‖B(Xν,1)

≤ hδγ(r) = Z(r).

Note that the polynomial bound γ(r) satisfying (4.3) is problem dependent and will be computed explicitly
for each of the PDE models we consider in Section 5.

Remark 4.4 (A priori knowledge about a maximal step size). Denoting

Z1
def
= Z(0) = hδγ(0) = hδ‖DaQ(ā)‖B(Xν,1), (85)

a necessary condition for the radii polynomial approach to be successful is that Z1 < 1. This is equivalent to
require that

h < hmax
def
=

1

δ‖DaQ(ā)‖B(Xν,1)
. (86)

From this observation, note that the larger ‖ā‖B(Xν,1) is, the larger ‖DaQ(ā)‖B(Xν,1) is (indeed, Q is a
polynomial), and therefore smaller the step-size h needs to be for the computer-assisted proof to be successful.

We explain in the section Applications (Section 5) how to make use of the constraint (86) to optimize
our code.

4.3 Getting the bounds for the next initial condition

Assume that at a previous time step, we computed â ∈ Br0 (ā)
def
=
{
a ∈ Xν,1 | ‖a− ā‖Xν,1 ≤ r0

}
such that

F (â) = 0. The initial condition for the next step is then b = (bk)k≥0, where

bk
def
= âk(1) = âk,0 + 2

∑
j≥1

âk,j .

Letting

b̄k
def
= āk,0 + 2

∑
j≥1

āk,j ,

then

‖b− b̄‖`1ν = |b0 − b̄0|+ 2
∑
k≥1

|bk − b̄k|νk

=

∣∣∣∣∣∣â0,0 + 2
∑
j≥1

â0,j − ā0,0 + 2
∑
j≥1

ā0,j

∣∣∣∣∣∣+ 2
∑
k≥1

∣∣∣∣∣∣âk,0 + 2
∑
j≥1

âk,j − āk,0 + 2
∑
j≥1

āk,j

∣∣∣∣∣∣ νk
≤

|â0,0 − ā0,0|+ 2
∑
j≥1

|â0,j − ā0,j |

+ 2
∑
k≥1

|âk,0 − āk,0| νk + 4
∑
k,j≥1

|âk,j − āk,j | νk

=
∑
k,j≥0

|âk,j − āk,j |ωk,j = ‖â− ā‖Xν,1 ≤ r0.
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5 Applications

In this section, we apply our approach to two models: Fisher’s equation (in Section 5.2) and the Swift-
Hohenberg equation (in Section 5.3).

To apply our approach (and Theorem 2.1) to each of the above PDE models, we compute the radii
polynomial p(r) defined in (27). For this we need the bounds Y and Z = Z(r) given by (25) and (26),
respectively. In Section 4.1, we introduced the method to obtain the Y bound in full generality in (81). In
Section 4.2, recalling (84), we showed that Z(r)

def
= hδγ(r) satisfied (26) with γ(r) satisfying (83). What

remains to be done is to obtain explicitly the polynomial bound γ(r) for each model, which we do next.
Before doing that, we briefly describe the optimization of the step-size we perform before each computer-

assisted proof.

5.1 Procedure for optimizing the step-size before a computer-assisted proof

Recalling Remark 4.4 about the maximal step size, we now present a simple heuristic to optimize the step-
size before attempting a computer-assisted proof. Recall the definition of the bound Z1 in (85), and fix a

target value Z
(target)
1 < 1 that we want to achieve for Z1 and a tolerance tol. In all of the examples below,

we chose Z
(target)
1 = 0.7 and tol = 0.01. Fix an initial tentative step-size h0 > 0, and start the procedure.

Compute a solution ā of F (ā, b) = 0 using an iterative procedure (we use pseudo-Newton a 7→ a −
L−1F (a, b), which avoids having to compute numerically DF (ā) and DF (ā)−1). Make sure that the last
Chebyshev coefficients of each Fourier modes ak(t) are of the order of machine precision (≈ 10−16). Then
compute (without interval arithmetic) the bound δ = δ(h0) given by formula (79). Using (85), compute

Z1 = hδ‖DaQ(ā)‖B(Xν,1),

where the bound ‖DaQ(ā)‖B(Xν,1) is easily obtained using Banach algebra estimates (e.g. see the explicit
Z1 bounds (90) and (94) for each model we consider).

• If Z1 > Z
(target)
1 and |Z1 − Z(target)

1 | > tol, replace h0 7→ 0.9h0 and start from the beginning.

• If Z1 < Z
(target)
1 and |Z1 − Z(target)

1 | > tol, replace h0 7→ 1.01h0 and start from the beginning.

• If |Z1 − Z(target)
1 | ≤ tol, then stop the procedure.

Repeat the steps until the wanted tolerance tol is achieved or until you have reached an a priori fixed
maximal number of steps.

We are now ready to present some applications.

5.2 Fisher’s equation

Fisher’s equation is given by
ut = uxx + αu− αu2, α ∈ R (87)

and it has applications in mathematical ecology, genetics, and the theory of Brownian motion [32, 33, 34].
We supplement Fisher’s equation with even (i.e. u(t,−x) = u(t, x)) boundary conditions, plug (2) in (87)
and this leads to the following infinite system of ordinary differential equations

dãk
dt

= f
(F)
k (ã)

def
= (−k2 + α)ãk − α(ã ∗ ã)k, k ≥ 0. (88)

Recalling (3), we get for Fisher that λk = −k2 + α and Qk(a) = −α(a2)k.
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5.2.1 The bound γ(r) and hmax

Given any c ∈ Br (ā) and h ∈ B1 (0), note that DaQ(c)h = −2α(c ∗ h). Therefore

‖DaQ(c)‖B(Xν,1) ≤ sup
h∈B1(0)

2|α|‖c‖Xν,1‖h‖Xν,1 ≤ γ(r)
def
= 2|α|

(
‖ā‖Xν,1 + r

)
.

Recalling Lemma 4.3, the polynomial γ(r) satisfies (83) and (84), the bound Z(r) for Fisher is given by

Z(r) = 2hδ|α|‖ā‖Xν,1 + 2hδ|α|r (89)

and
Z1 = Z(0) = 2hδ|α|‖ā‖Xν,1 . (90)

Hence, when applying the procedure for optimizing the step-size before a computer-assisted proof (see
Section 5.1), we have that

h < hmax =
1

2δ|α|‖ā‖Xν,1
.

We fixed the parameter value in Fisher’s equation to be α = 100, at which there are 10 unstable eigen-
values λk ∈ {19, 36, 51, 64, 75, 84, 91, 96, 99, 100}. We fixed the initial condition to be u0(x) = −0.1 +
0.02 cos(x)− 0.002 cos(2x). For the whole integration, we fixed the number of Fourier coefficients to be 20.
We report the results in Table 1 and in Figure 4.

Steps h # of Cheb. coeff. δ r0

1 4.5001× 10−3 17 1.571 1.6371× 10−13

2 3.2806× 10−3 17 1.455 5.6452× 10−13

3 2.3915× 10−3 16 1.455 1.4908× 10−12

4 1.7963× 10−3 16 1.455 3.4225× 10−12

5 1.4550× 10−3 16 1.455 7.5886× 10−12

6 1.1785× 10−3 16 1.455 1.6416× 10−11

7 9.5459× 10−4 15 1.455 3.4419× 10−11

8 7.9665× 10−4 15 1.455 7.1317× 10−11

9 7.1698× 10−4 15 1.455 1.5120× 10−10

10 5.8076× 10−4 15 1.455 3.1155× 10−10

15 2.9487× 10−4 15 1.455 1.2089× 10−8

20 1.6470× 10−4 15 1.455 4.6332× 10−7

25 9.7251× 10−5 15 1.455 1.7835× 10−5

30 5.7426× 10−5 15 1.455 7.0234× 10−4

35 3.4249× 10−5 15 1.455 2.6702× 10−2

Table 1: Data for the rigorous enclosure of the solution of the Cauchy problem for Fisher’s equation.

5.3 Swift-Hohenberg equation

Swift-Hohenberg’s (SH) equation

ut = (α− 1)u− 2uxx − uxxxx − u3, α ∈ R (91)

is used as a model for pattern formation due to a finite wavelength instability, such as in Rayleigh–Bénard
convection [39, 40]. Considering even boundary conditions leads (via the cosine Fourier expansion (2) plugged
in (91)) to

dãk
dt

= f
(SH)
k (ã)

def
=
(
−k4 + 2k2 + α− 1

)
ãk − (ã ∗ ã ∗ ã)k, k ≥ 0. (92)
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Figure 4: The solution of the Cauchy problem for Fisher with α = 100 and u0(x) = −0.1 + 0.02 cos(x) −
0.002 cos(2x). The number of steps is 35 and the total integration time is 0.021895. There are 10 unstable
eigenvalues which are given by λk ∈ {19, 36, 51, 64, 75, 84, 91, 96, 99, 100}. Hence, the problem is very stiff.

Recalling (3), we get for SH that λk = −k4 + 2k2 + α− 1 and Qk(a) = −(a3)k.

5.3.1 The bound γ(r) and hmax

Given any c ∈ Br (ā) and h ∈ B1 (0), DaQ(c)h = −3c2 ∗ h, and hence

‖DaQ(c)‖B(Xν,1) ≤ γ(r)
def
= 3

(
‖ā‖Xν,1 + r

)2
.

We therefore set
Z(r) = 3hδ‖ā‖2Xν,1 + 6hδ‖ā‖Xν,1r + 3hδr2 (93)

and
Z1 = Z(0) = 3hδ‖ā‖2Xν,1 . (94)

Recall (86) and note that for SH,

h < hmax =
1

3δ‖ā‖2Xν,1
.

We consider α = 8.1. At that parameter value, there are 2 unstable eigenvalues: 7.1 and 8.1. Fix the
initial condition to be u0(x) = 0.02 cos(x) which is roughly is the unstable manifold of u ≡ 0. We fix k̂ = 5,
which fixes the number of blocks Lk (k = 0, . . . , 5), that we invert using the computer-assisted approach of
Section 3.1. For the whole integration, we fixed the number of Fourier coefficients to be 15. We report the
results in Table 2 and in Figure 5.

We report some results in Figure 5.

6 Future directions

There are many future research directions and open problems related to the described method that we
will pursue in our future work. Major research efforts will be devoted to making our approach applicable
for performing computer-assisted proofs in dynamics that require validated forward integration, like the
existence of connecting orbits. To achieve this ultimate goal several improvements will be introduced. First,
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Steps h # of Cheb. coeff. δ r0

1 1.3391× 10−1 17 2.9986 7.3026× 10−16

2 2.0136× 10−1 20 5.2733 2.4007× 10−13

3 9.9226× 10−2 19 2.2522 1.4644× 10−12

4 5.8592× 10−2 17 1.6137 4.6899× 10−12

5 3.8443× 10−2 16 1.455 1.1851× 10−11

6 2.5729× 10−2 15 1.455 2.6352× 10−11

7 2.0841× 10−2 14 1.455 5.7253× 10−11

8 1.6881× 10−2 14 1.455 1.2073× 10−10

9 1.4371× 10−2 13 1.455 2.5096× 10−10

10 1.2934× 10−2 13 1.455 5.2304× 10−10

15 9.2809× 10−3 13 1.455 1.9945× 10−8

20 7.2538× 10−3 12 1.455 7.5762× 10−7

25 6.7263× 10−3 12 1.455 2.9086× 10−5

30 6.2371× 10−3 11 1.455 1.1231× 10−3

35 6.2371× 10−3 11 1.455 4.6083× 10−2

Table 2: Data for the rigorous enclosure of the solution of the Cauchy problem for SH equation.

0 1 2 3 4 5 6

-3

-2

-1

0

1

2

3

Figure 5: The solution of the Cauchy problem for the Swift-Hohenberg equation with α = 8.1 and u0(x) =
0.02 cos(x), which is roughly is the unstable manifold of u ≡ 0. The number of steps is 35 and the total
integration time is 0.81035. In thick black, we portrait the graph of a steady states of (91), which shows
that we almost an entire connecting orbit between 0 and the nontrivial steady states. Note that there are
two unstable eigenvalues: 7.1 and 8.1.

to deal with longer orbits (i.e. larger h) and solutions with larger norms, L = DF (ā) should be considered
instead of L = DF (0) when computing an approximate inverse for a Newton-like operator. Second, an
effective way of fighting the wrapping effect needs to be employed (see Remark 4.1). Virtually all forward
integration schemes suffer the issue when the error resulting from a single step of forward integration is being
accumulated in a multiplicative way and leads to blow-up of bounds after a finite time. A promising simple
solution to this issue in the context of our method is to employ a multi-step forward integration operator
instead of the single-step one.

A very important research direction is to adapt our technique to other important PDEs that are beyond
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scope of the present implementation, including Kuramoto-Sivashinsky, Burgers, Navier-Stokes, Cahn-Hilliard
and Ohta-Kawasaki model. Generalizing this approach to PDEs defined on higher dimensional domains
(allowing a Fourier expansion in space) is also an interesting direction.
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A Proof of Theorem 3.22

Assume µk ≥ 1.
Lemma 3.17 provides the following explicit formula for T−1

k lower triangle `1 norm (including the diagonal)

∥∥∥(T−1
k

)
row(N−2n+1:N),col(N−2n+c)

∥∥∥
1

=


∥∥∥Ĩcol(c)∥∥∥

1
, for n = 1,∥∥∥Ĩcol(c)∥∥∥

1
+
∑n−1
i=1 µ

i
k (an−i + ân−i)

∏i−1
p=1 ân−p|Ĩ2c|, for 1 < n ≤ N

2 ,

(95)
where n ∈ {1, . . . , N2 } denotes the considered column pair of T−1

k (the largest index n = bµc denotes the
first column pair, and n = 2 denotes before the last pair), c = 1, 2 denotes the first and the second element

of the pair respectively, and Ĩ is the 2× 2 diagonal block (48) that corresponds to the considered columns.
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In order to bound `1 norm of full T−1
k matrix, it reminds to bound `1 norm of T−1

k upper triangle. We
obtain an analogous formula to the one derived in Lemma 3.17, but just considering the ’reversed’ Tk matrix,
which we denote by T k, i.e.,

T k
def
=


2N µk 0 · · ·
−µk 2N − 2 µk 0
. . .

. . .
. . .

. . .

. . . 0 −µk 2

 (96)

We define recursive sequences {ak}, {âk} (analogous to {ak}, {âk} from Def. 3.7)

Definition A.1. Let {dj}Nj=1 be the sequence of T k diagonal elements, i.e., dj = 2N − 2j + 2, let us define

the following recursive sequences (a0, â0 = 0)

aj
def
=

dN−2j+2+aj−1µ
2
k

dN−2j+1dN−2j+2+aj−1dN−2j+1µ2
k+µ2

k

=
d2j−1+aj−1µ

2
k

d2jd2j−1+aj−1d2jµ2
k+µ2

k

âj
def
= µk

dN−2j+1dN−2j+2+aj−1d2jµ2
k+µ2

k

= µk
d2jd2j−1+aj−1d2jµ2

k+µ2
k

for j = 1, 2, 3, . . . , N2 .

And obtain the analogous result to Lemma 3.17, but considering the ’reversed’ Tk matrix, i.e., T k. By

’reversed’ we mean that it holds
(
T
−1

k

)
row(2n+1:N),col(2n−2+c)

=
(
T−1
k

)
row(1:N−2n),col(N−2n+c′)

.

Lemma A.2. It holds that∥∥∥∥(T−1

k

)
row(2n+1:N),col(2n−2+c)

∥∥∥∥
1

=
∥∥∥(T−1

k

)
row(1:N−2n),col(N−2n+c′)

∥∥∥
1

=

N
2 −n∑
i=1

µik

(
aN

2 −n+1−i + âN
2 −n+1−i

) i−1∏
p=1

âN
2 −n+1−p|Ĩ2c|, for 1 ≤ n < N

2
, (97)

where c = 1, c′ = 2 or c = 2, c′ = 1. In the sum above for the case i = 1 we put
∏i−1
p=1 âN2 −n+1−p = 1.

Proof. The lower triangle of T
−1

k corresponds to the upper triangle T−1
k . The same calculations as in the

proof of Lemma 3.17, but performed for T k.

Lemma A.3. It holds that
aj < aN

2 −j+1.

Proof. Follows directly from the definition of aj ’s Definition A.1, compare with the definition of aj ’s Defini-
tion 3.7.

Using the bound derived in Lemma A.3 we obtain an upper bound for `1 norm of T−1
k upper triangle

Lemma A.4. It holds that

∥∥∥(T−1
k

)
row(1:N−2n),col(N−2n+c)

∥∥∥
1
<

N
2 −n∑
i=1

µik (an+i + ân+i)

i−1∏
p=1

ân+p|Ĩ2c|, for 1 ≤ n < N

2
, (98)

where c = 1 or 2. In the sum above for the case i = 1 we put
∏i−1
p=1 ân+p = 1.

Proof. Put j = N
2 − n+ 1− i in Lemma A.3, then âN

2 −n+1−i < an+i.
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Lemma A.5. The following bound holds

∥∥∥(T−1
k

)
row(1:N),col(N−2n+c)

∥∥∥
1
≤
∥∥∥Ĩcol(c)∥∥∥

1
+ µk|Ĩ2c|

N/2∑
j=1
j 6=n

aj + âj

 <

N/2∑
j=1

aj + âj , (99)

for all n = 1, . . . , N2 − 1 and c = 1, 2.

Proof. Applying Lemmas 3.17, A.4, the upper bounds from Lemma 3.9 we bound the sums in (95) and (98)

by (for both of c values)
∑n−1
j=1 aj + âj and

∑N
2
j=n+1 aj + âj respectively. Using the upper bounds (60) we

overestimate
∥∥∥Ĩcol(1)

∥∥∥
1
< an + ân,

∥∥∥Ĩcol(2)

∥∥∥
1
< b(N−2n+2)/2 + ân < an + ân. Hence the final overestimate

follows.

Let us recall the following bound from Lemma 3.9 (it also holds for â, which is easy to check)

0 < âj , âj <
1

µk
. (100)

We will use the fact (Lemma 3.6) that aj and âj is increasing as a function of aj−1.
We use the following trivial lower bound for aj ’s

a1 =
dN

dN−1dN + µ2
k

≥ 4µk
17µ2

k

≥ 4

17µk
. (101)

We show that lower bound 4
17µk

holds also for aj . We proceed by induction, assuming aj−1 ≥ 4
17µk

, we have

aj =
dN−2j+2 + aj−1µ

2
k

dN−2j+1dN−2j+2 + aj−1dN−2j+1µ2
k + µ2

k

≥ dN−2j+2 + 4µk
17

dN−2j+1dN−2j+2 +
√

2µkdN−2j+1 + µ2
k

,

denoting β = dN−2j+1, we validate

β + 2 + 4µk
17

β(β + 2) +
√

2µkβ + µ2
k

≥ 4

17µk
,

after simplifying we end up with

(17− 4
√

2)µkβ + 26µk − 4β2 ≥ 0,

which is true for all β < 2µk (we consider only rows 1 : 2 bµkc).
Using the upper bound aj−1 ≤

√
2

µk
from Lemma 3.9, (101), and the fact that aj is increasing as a function

of aj−1 we obtain the following upper bound for aj ’s

aj ≤
dN−2j+2 +

√
2µk

dN−2j+2dN−2j+1 + aj−1dN−2j+1µ2
k + µ2

k

≤ dN−2j+2 +
√

2µk
dN−2j+2dN−2j+1 + 4dN−2j+1µk/17 + µ2

k

= Aj .

It also holds

aj ≤
dN−2j+2 +Aj−1µ

2
k

dN−2j+2dN−2j+1 + 4dN−2j+1µk/17 + µ2
k

,
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where Aj−1 =
dN−2j+4+

√
2µk

dN−2j+3dN−2j+4+4dN−2j+3µk/17+µ2
k

.

By performing analogous computations it also holds that

âj ≤
µk

dN−2j+2dN−2j+1 + 4dN−2j+1µk/17 + µ2
k

.

We estimate the first sum in (99) by the definite integral, where we use substitution y
def
= N

2 − j, we also
use µ = µk to simplify the notation. The range for y’s is fixed y ∈ [1, bµkc], as the norm in (99) concerns
only rows 1 : 2bµkc, i.e. j such that N − 2j + 2 ≤ 2bµkc. We overestimate the finite sums by the definite
integral over the wider and continuous range y ∈ [0, µk] as follows

bµkc∑
j=1

aj ≤
∫ µ

y=0

2(2y + 2) +Aj−1µ
2

4(2y + 2)(2y + 1) + 8(2y + 1)µ/17 + µ2
dy ≤

∫ µ

y=0

4(y + 1) +
(√

2µ+ 4(y + 2)
)
µ2

(µ2 + 16y2)
2 dy =

µ3
(
4
(
4 +
√

2
)

+ 17
√

2 tan−1(4)
)

+ 8µ2
(
4 + 17 tan−1(4)

)
+ 16µ+ 16 + 68 tan−1(4)

136µ3
.

The maximal order w.r.t. µ is the same in the numerator as in denominator, hence the function above is
decreasing w.r.t. µ. The proof of the integral formula, a plot, and numerical evaluations for given µ’s can
be found in the attached Mathematica script.

It holds for example

bµkc∑
j=1

aj ≤ 0.474 for µ = 10,

bµkc∑
j=1

aj ≤ 0.404 for µ = 100, (102a)

bµkc∑
j=1

aj ≤ 0.395 for µ = 1000,

The second term in Lemma A.5 is constant as

bµkc∑
j=1

âj ≤
∫ µ

y=0

µ

4(2y + 2)(2y + 1) + 8(2y + 1)µ/17 + µ2
dy ≤

∫ µ

y=0

µ

16y2 + µ2
dy =

1

4
tan−1(4)

Hence,
bµkc∑
j=1

âj ≤ 0.332. (103)

Finally the explicit bounds given in Theorem 3.22 follow from Lemma A.5, (102), and (103).
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