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Abstract

We construct all (2+1)-dimensional PDEs depending only on 2nd-
order derivatives of unknown which have the Euler-Lagrange form and
determine the corresponding Lagrangians. We convert these equations
and their Lagrangians to two-component forms and find Hamiltonian
representations of all these systems using Dirac’s theory of constraints.
We consider three-parameter integrable equations that are cubic in
partial derivatives of the unknown applying our method of skew fac-
torization of the symmetry condition. Lax pairs and recursion re-
lations for symmetries are determined both for one-component and
two-component forms. For cubic three-parameter equations in the
two-component form we obtain recursion operators in 2 x 2 matrix
form and bi-Hamiltonian representations, thus discovering three new
bi-Hamiltonian (2+1) systems.
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1 Introduction

We study integrability properties of (2+1)-dimensional second-order equa-
tions of the general form

F:f—uttg:O, (g;é()) < Ut = § (11)

where f and g are arbitrary smooth functions of w;q, us, w11, U1, use. Here
u = u(t, 21, 22), wy = 0°u/d,0.,, uy; = 9°u/0,,0,,. Equations of the form
(LI) are equivalent to evolutionary two-component system u, = v, v; =
G (v1, Vo, U1, U2, Uzo). Equations of this type arise in a wide range of applica-
tions, such as nonlinear physics, general relativity, differential geometry and
integrable systems. Some examples are the Khokhlov-Zabolotskaya (dKP)
equation in non-linear acoustics, the theory of Einstein-Weyl structures and
the Boyer-Finley equation in self-dual gravity.

By integrability properties we mean Lax pairs, recursion operators and
bi-Hamiltonian representations. E. Ferapontov et al. studied integrability
of equation (LT]) which was understood as the existence of infinitely many
hydrodynamic reductions [2]. These authors showed the integrability con-
dition to be equivalent to the property of equation (I]) to be linearizable
by contact transformations. However, this result does not provide a way
to obtain explicitly such transformations and does not present a method to
derive Lax pairs, recursion operators and bi-Hamiltonian representations of
the considered equations.

Recently we studied the particular case uy = f,i.e. g =1 [I1], so here we
concentrate on the case g # 1. We are interested in all equations (LI)) which
have the Euler-Lagrange form [9]. In other words, we consider the equations
uy = f/g which are Lagrangian or become Lagrangian after multiplication by
g, an integrating factor of the variational calculus. According to Helmholtz
conditions [9], equation (I1I) is an Euler-Lagrange equation for a variational
problem iff its Fréchet derivative operator is self-adjoint, D}, = Dp. We solve
completely the latter equation and obtain explicitly all (2+1)-dimensional
equations (I.I)) which have the Euler-Lagrange form and their Lagrangians
have also been constructed.

We utilize the method which we used earlier for constructing a degenerate
Lagrangian for two-component evolutionary systems [8,[1213] and applying
Dirac’s theory of constraints [1] in order to obtain Hamiltonian form of the
system.



To discover integrable systems, we apply our modification [11] of A. Ser-
gyeyev’s method for constructing recursion operators [L0] which, as opposed
o [10], does not require previous knowledge of Lax pairs. Our method con-
sists in the skew factorization of symmetry condition for considered equation
and we explicitly demonstrate how to achieve this goal for a class of cubic
three-parameter systems.

Composing a recursion operator in 2 x 2 matrix form with the first Hamil-
tonian operator we obtain the second Hamiltonian operator and then find the
corresponding Hamiltonian density, ending up with bi-Hamiltonian represen-
tations of the two-component systems.

We concentrate here on three-parameter systems that are cubic in the
derivatives of unknown, the case which was not considered in our previous
work [11].

The paper is organized as follows. In Section 2 we obtain all equations
(LI) that have the Euler-Lagrange form and derive their Lagrangians. In
Subsection 2.1, we convert our equations to two-component forms and con-
struct degenerate Lagrangians for the two-component systems. In Section [3],
using the Dirac’s theory of constraints we obtain the Hamiltonian operator
Jo and Hamiltonian density H; ending up with the Hamiltonian form of each
of our systems. In Section ] we give some comments on the integrability
of multi-dimensional dispersionless equations and present an outline of the
method of hydrodynamic reductions [2] by E. Ferapontov et. al., together
with its illustration by the example of the dKP equation. Further we specify
a subclass of cubic equations of the form (21 for which we seek for re-
cursion operators and bi-Hamiltonian structures. In Section Bl we show how
converting the symmetry condition to a skew-factorized form we immediately
extract Lax pair and recursion relations for symmetries. In three subsequent
subsections, we obtain explicit results for cubic equations depending only on
three parameters. In Section [0 for reader’s convenience we give a summary
of notations used for bi-Hamiltonian system in the following sections and
some remarks concerning the second Hamiltonian operator.

In Section [0 we give a summary of new bi-Hamiltonian systems. In sub-
sections [7.1] and [7.3], we present recursion operators R in a 2 X 2 matrix
form, the second Hamiltonian operators J; = RJy and Hamiltonian densities
Hy for two-component forms of the considered equations, thus obtaining bi-
Hamiltonian representations of these systems. The results are given in the
form of theorems without proofs. The proofs are following in three subse-
quent sections [8 [9 and [0l



2 Lagrangian evolutionary equations in 2+1
dimensions

Theorem 2.1 The general Lagrangian equation of the type (1)) has the
following form

F= a1{utt(U11U22 - U%g) - utl(ut1u22 - Ut2U12) + Ut2(ut1U12 - Utzun)}
+ag(unuy — Ut21) + az(ugtnn — U tse) + ag(Uptioe — U?g) + asuy
+c1 (U2 — Uptnr) + ca(Up e — wptyg) + c3(Ur1toy — Ué)

+cqup + Cs5U2 + CelU11 + CrU19 + CgU99 + Cog — 0. (21)

Proof: The Fréchet derivative operator is defined as Dp = ), F;[u] Dy,
where J = (u, uy, Uy, Ug, U, Uy, Ug2, Ut1, Ut2, Ug2) 18 a multi-index and D is
the corresponding total derivative [9], or explicitly

DF = _th2 + (futl - uttgutl)DtDl + (fUtZ - uttQUtz)DtD2
+(fu11 - uttQUM)D% + (fmz - uttgm2)D1D2 + (fU22 - uttQU22)D§’

Dy = _ng + DeDi(fuy, — UttGuy ) + DieDo(fury — UitGuy,)
+D%(fﬂ11 - uttgull) + D1D2(fU12 - Uttgu12> + D%(fﬂzz - uttng)'

The Helmholtz condition implies

_2Dt [g] + Dl [fuﬂ - uttguﬂ] + D2 [futz - uttguﬂ] =0

where the square brackets denote taking the values of differential operators.
Splitting this equation in third derivatives we obtain g,,, = gu,, = 0 and the
last equation simplifies to the following one

= 2D4[g] + Di[fun] + D2|fu] = 0. (2.2)

In a similar way we obtain from the Helmholtz condition three more equations

Dt[futl] + 2Dl [full] - 2uttDl [QUU] - 2uttlgml
+D2 [fulz] - uttD2[9U12] = Utt2Guis = 0 (23)

Dt [futz] + Dl [fulz] - uttDl [gmz] — Utt1Guqo
+2D2 [fuzz] - 2uttD2 [gugg] - 2utt2.gu22 == O (24)
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—th[g] + DtDl [fum] + DtD2[f'U«t2]
+D%[fﬂ11 - uttgull] + D%[fﬂm - uttgum] =0. (25)

The general solution of these equations results in the formula (2.1). |
Theorem 2.2 Lagrangian for equation (21]) reads
L= al%{utt(ulluﬂ - U%g) — U (U Uz — Usat12) + Usp (U1 U12 — UsoUn1) }
+%{a2(uttu11 — ujy) + az(ugtns — ) + as(uptas — up)
+e1(unurs — wpuar) + co(uptias — wptns) + c3(Unuse — uiy)}

u
—|—§(a5utt “+ cquy + Cs5U2 + CelU11 + CrU19 + CgUgQ) + Coll. (26)

Proof: The homotopy formula [9] L[u] = fol uF (Au) d\, applied to F' in

(210, yields the result (2.0]). |

2.1 Two-component form

The two-component form of our equation F' = 0 with F given in (2.1]) reads

Uy = 0,

1 2 9 2 2 2
vy = i{al(vlum — 20109U 2 + V3U1) + a2V] + azvive + asv;

2
+c1(vaurn — v1ug2) + Ca(Vatna — ViUge) + c3(uiy — UrrUgz)
—C4V1 — C5V2 — CeU11 — CrU12 — CgU2 — 09} (2-7)
where
2
0= ay (u11u22 — U12) + AUl + azUig + Qg + a5. (28)

Theorem 2.3 Lagrangian for the two-component form (2.1) of our system
has the form

2
v
L= <utv — 5) {CLl (u11u22 — U%2) + aquqy + asui2 + agugo + a5}
Uy C3 2
+Ut(61u1 — CQUQ)U;[Q + 5(04'&1 -+ C5U2) — gu(ullum — u12)

u
—§(CGU11 + Ccruqe + CgUgg) — ColU. (29)

Proof: We modify the Lagrangian L given in (2.6]) and skip some total
derivative terms to obtain the result (2.9). [
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3 Hamiltonian representation

Theorem 3.1 The system (271) can be presented in the Hamiltonian form

( Z: ) = Jo ( ‘;“gi ) (3.1)

where &, and 6, are Euler-Lagrange operators [9] with respect to u and v, re-
spectively. Here Jy is the Hamiltonian operator, which determines the struc-
ture of the Poisson bracket, defined as

0 — K5 (I
Jo = _ IR = = . 3.2
0 ( K121 K121K11K121 ) ( _é Kll% ) ( )
where

Ky = CL1{2(U1U22 - U2U12)D1 + 2(U2U11 - U1U12)D2

+v11Ug2 + VopU11 — 2V12U12}

+as(2v1 D1 + v11) + az(veDy + v1 Dy + v12) + a4 (209 Dy + v99)
+c1(u11 Dy — w2 Dy) + co(uioDy — ugeDy) — ¢4 Dy — 5Dy (3.3)

whereas Hy is the corresponding Hamiltonian density defined as

1 c u
Hy = 52125 + ggu(ullum —ufy) + 5(06’“11 + crun + cyuzg)

“+colt. (34)

Proof: We define canonical momenta

L

2
= a—u = ’U{CL1 (u11u22 — U12) + aquqq + asui2 + aqu9o + CL5}
t

+(Ccrur — Cug)uio + =(cquq + c5u Ty -
1] 202)U12 2 4 U] 5W2/, vy

0 (3.5)

which satisfy canonical Poisson brackets

[mi(2), u* ()] = 6{(2 — )

where u' = u, u> = v, z = (21,2). The only nonzero Poisson bracket is

[TTu, u] = 0(z1 — 27)0(22 — 25).



The Lagrangian (2.9) is degenerate because the momenta cannot be in-
verted for the velocities. Therefore, following the Dirac’s theory of con-
straints [1], we impose (B.5]) as constraints

2
&, = m, — v{ai(ujuey — uiy) + asuiy + asuis + aguss + as}

1
—(clul — czu2)u12 — 5(04'&1 + C5U2),

(I)v = Ty
and calculate Poisson brackets for the constraints

K = [q)u(21722),q)u'(2172§)]7 Ky = [(I)u(zhzz),q)v'(ziazé)]
Ko = [q)v(21722)7q)u'(2172§)]7 Koy = [q)v(zlazz),q)v'(ziazé)]-

We obtain the following matrix of Poisson brackets

K= < [El _OD ) (3.6)

where K7; is defined in ([8.3) or in a skew-symmetric form

K = al{Dl(Uluz2 - U2U12) + (U1U22 - U2U12)D1

+ Dy (vot11 — viu12) + (vaury — viur2) Do}

+ay(Dyvy + v D1) + a3(Dyvy + va Dy + Dovy + v D)

+ay(Davy + va D) + ¢1(Daoury — Diuiz) + co(Daurz — Diugs)

—cy Dy — c5Ds. (3.7)

The Hamiltonian operator, which determines the structure of the Poisson
bracket, is the inverse to the symplectic operator J, = K !

Here ] ]

J022 - EKHE (38)
with K4y defined by (B1). More precisely, operator Jy is Hamiltonian if and
only if its inverse K is symplectic [4], which means that the volume integral
Q= [[[,wdV of w= (1/2)du’ A K;;du’ should be a symplectic form, i.e. at
appropriate boundary conditions dw = 0 modulo total divergence. Another
way of formulation is to say that the vertical differential of w should vanish [6].
In w summations over 4, j run from 1 to 2 and u! = u, u? = v. Using (3.6)),

we obtain )
w= §du A K1pdu — Odu A dv. (3.9)
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Using here K7i; from (B3.7), taking exterior derivative of (B.9]) and skipping
total divergence terms, we have checked that dw = 0 which proves that op-
erator K is symplectic and hence Jy defined in (3.2) is indeed a Hamiltonian
operator.

The corresponding Hamiltonian density H; is defined by H; = wm, +
vy, — L with the result (3.4).

The Hamiltonian form of this system is determined by (B.1). |

4 Some comments on integrability

There are various approaches to integrability of multi-dimensional systems.
The most traditional one uses the Lax pair and the inverse scattering trans-
form. However, there are integrable equations to which this method can-
not be applied. The well-known example is the dispersionless Kadomtsev-
Petviashvili (dKP) equation (in our notation y +— t,x +— 21,t — 25)

1
Uyy = Uyt — 5%2” (4.1)
E. Ferapontov et. al. [2,[3] use more general definition of integrability which
requires the existence of infinitely many hydrodynamic reductions. According
to this method, one decouples a three-dimensional PDE, like dKP, into a
pair of commuting n-component (141)-dimensional systems of hydrodynamic

type

Ri=N(R)R,, R, =/(R)R. (42)
where the characteristic speeds A\’ and ¢ satisfy the compatibility conditions
O\ O’
o= i)

NN i —
Here 0; = Og,. For the example of dKP, the authors in [2] use its quasilinear
representation

1
Gy = bxa ay = Pg, bt = Dy, by - <p - 50'2) (43)

with the notation a = uye, b = uyy, p = uz. Seek multi-phase solutions
a = a(R),b = b(R),p = p(R) with R = (R',..., R") where the phases
R'(z,y,t) satisfy equations (£2). Then ([£3)) implies

&b = ,ui@-a, 0,p = )\iaia, )\Z =a+ (,UZ)2
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with the compatibility conditions resulting in the Gibbons-Tsarev system for
a(R) and u'(R)

O = o 90,0 = 20a0ia o1 (44)

W= (9 — ')

This system is in involution and its general solution depends on n arbitrary
functions of one variable. Thus, the dKP equation possesses infinitely many
n-component reductions parameterized by n arbitrary functions of one vari-
able. This result suggests the definition [2].

Definition An equation of the form (1)) is said to be integrable if, for
any n, it possesses infinitely many n-component hydrodynamic reductions
parameterized by n arbitrary functions of one variable.

Our concept of integrability implicates the existence of Lax pairs, recur-
sion operators and bi-Hamiltonian representations. However, we note that
the form of equation (2.1)) is exactly the same as obtained by E. Ferapontov
et. al. (equation (21) in [2]) with an appropriate change of notation.

Thus, the requirement that the equation (I.I]) should have the Euler-
Lagrangian form yields the same form of equation as the one obtained by the
method of hydrodynamic reductions.

E. Ferapontov et. al. have derived in [2] an integrability condition for
the symplectic Monge—Ampere equation (2.I]), the integrability meaning that
the equation (2.1 admits infinitely many hydrodynamic reductions [3]. The
integrability turns out to be equivalent to linearizability of equation (2.1)
though it does not show the way how the linearizing transformation could
be explicitly found. It was shown in [2] that one can distinguish two cases
for equation (2.]) together with its integrability condition.

CaseI:a1 =1, as=a3=a4=0, ¢y =co =c3 =0,
Equation simplifies to the following one

U U U2
det Uy U1 U2 + AU + C4U + C5U
Ugp U1 U22
+CgUi1 + CrU o + C8U29 + Cg = 0. (45)

Integrability condition becomes

dascges + cycscr + g — (caeg + cieg + cras) = 0. (4.6)



Case II: ¢ = ay = 0. There are no further simplifications.
In our earlier paper [II] we have studied the subcase of the case II with
a2:a3:a4:O, a5:—1.

Here we concentrate on the case I where the equation has the form (4.1]).

5 Symmetry condition and integrability

Our method is based on the presentation of the symmetry condition of the
considered equation in the skew-factorized form.

Symmetry condition is the differential compatibility condition of equation
(2.1) and the Lie equation u, = ¢, where ¢ is the symmetry characteristic and
T is the group parameter. It has the form of Fréchet derivative (linearization)
of equation (21)), D.F = M]p] = 0, with the operator M of the symmetry
condition given by

M = aq [(ur1uge — u3y) D} + g (use D} + w11 D3 — 2u12D1 Do)
+2us1 (u12 Dy Dy — u22 Dy D) + 2w (u12 Dy Dy — u11 Dy Do)
+2upupDi Dy — uj Dy — ufy D3] + as(u11 D} + wy DY — 2uyy Dy Dy)
+as(w12D] + wyD1 Dy — upDyDy — wy Dy Do)

tay (g D? 4+ uy D3 — 2up Dy Dy) + asD?

+c1(w12Dy Dy + up Dy Dy — uy1 Dy Dy — up DY)

+e2 (2 Dy Dy 4 up D3 — w12Dy Dy — up Dy Ds)

+c3(uge D} + 1y D3 — 2uy9Dy Dy) + ¢4 DDy + ¢s Dy Dy + ¢ D3

+c¢7 D1 Dy + cgD3. (5.1)

In case I, the symmetry condition becomes M|p| = 0 with M defined as

M = [(u11u22 — ué)Df + utt(quDf + ulng — 2u12D1D2)

241 (w12 Dy Dy — 9o Dy D1 ) + 2o (w12 Dy Dy — w11 Dy Do)

+2us1 e Dy Dy — uly DI — u?ng} + a5 D?

+C4DtD1 + C5DtD2 + C6D% + C7D1D2 + CgD%. (52)
We apply our modification [I1] of A. Sergyeyev’s method for constructing

recursion operators [10] which does not require previous knowledge of the Lax
pair. For integrable equation (4.H), the symmetry condition M[p] = 0, with
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the operator M given by (5.2)), should be presented in the skew-factorized
form

(AlBg — AgBl)QO =0 (53)

where the commutator relations
[Ah AQ] = 07 [Ah B2] - [A27 Bl] = 07 [Bh B2] =0 (54)

should be satisfied on solutions of equation (A.3]). It immediately follows that
the following two operators also commute on solutions

X1 - >\A1 -+ Bl, X2 - >\A2 + Bg, [Xl,XQ] - 0 (55)

and therefore constitute Lax representation for equation (45]) with A being
a spectral parameter.

Symmetry condition in the form (5.3]) also provides the recursion relations
for symmetries

A1p = Bip, Axp= By (5.6)
where ¢ satisfies symmetry condition M[p] = 0 if and only if ¢ is also a
symmetry, M[p] = 0. The latter claim follows from the consequences of

relations (5.4])
(Ale - AzBl)SO = [Ah A2]95 =0, (AIB2 - A2Bl)95 = [327 Bl]<P = 0.
It is convenient to introduce first-order differential operators

My = (U11U22 - U%Q)Dt - (Uﬂum - Ut2U12)D1 + (ut1u12 - Ut2U11)D2

My, = —(Ut1U22 - ut2u12)Dt + (uttu22 - Ufz)D1 - (uttu12 - Ut1Ut2)D2
My = (upuig — ) Dy — (ugng — up i) Dy + (ugury — uZy) Do
(5.7)

Operator M of symmetry condition (5.2)) becomes

M = M3D; + My Dy + My Dy + a5 Dy
+c4 DDy + c5D; Dy + cg D} + ¢ D1 Dy + cg D3 (5.8)

We note the identities

U Mio + upn Moy + woMy = ADy,
up Mao + uin Moy + uio My = AD;, (5.9)
WMo + w19 Moy + uge My = ADs,
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U Ul U2
A= det Ut U1 Uy2 (510)
Ut U1 U2

which can be replaced due to equation (3] by the expression
A = —(a5utt + cyuy + CsUt2 + CeU11 + C7U12 + CgU99 + Cg). (511)

In the following, we will use obvious symmetries of the equation (A5l gen-
erated by X = 0/0;, X = 0/01, X = 0/0, with the symmetry characteristics
© = U, © = Ui, P = ug, respectively, which identically satisfy symmetry
condition M|yp| = 0 with M defined in (5.8)).

5.1 (ascycs)-parameter system

We consider here the three-parameter equation obtained by setting c¢g = ¢; =

Cg = Cg = 0 in (m
A + AU + CaUL + CrlUy = 0 (512)
where A is defined in (5.10).

Theorem 5.1 Equation (5.12)) is integrable with the Lax pair

1
X; = U—(A(M2t + c1Dy) + wp Dy — uy Do)
tt
1
Xo = u_o\(Mtl + 65 D) + unDy — un Dy). (5.13)
tt

and the recursions for symmetries

(Mo + c4Dy)p = (ueDy — unDa)p, (M + c5Dp)@ = (ug D1 — upn Dy)ep.
(5.14)

Proof: The symmetry condition for equation (5.12]) becomes
M{p] = {M2D;+ My.D; + My Dy+asD? +c4 DDy +cs DDy} = 0. (5.15)
It is identically satisfied by ¢ = u,
Mis[ug] + Magup ] + My [wsn] + aste + catiyg + cstge =0 (5.16)
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where the square brackets denote values of operators. We combine (5.16])
with the first equation from (5.9) to obtain
Mlgutt + M2tut1 + Mﬂth + Dt(a5utt + cyuy + C5Ut2) = 0. (517)
We use (5.I7) in the identity transformation
1
My Dy = Ml2uttu_Dt

tt

1
= —{ Myup + Muwp + Di(asuy + caug + Csutz)}u—Dt- (5.18)
t

Applying this to the symmetry condition (5.I5]) we transform it to the skew-
factorized form (5.3))

{(Mzt +c4Dy) (Dl - %Dt) + (Mg + csDy) (D2 - %Dt) } ¢ =0.
Uyt Uyt
(5.19)
We adopt the definitions
1 1
Ay = — (Mo + caDy), Ay =—(My + c5Dy)
Uyt Uy
B =-Dy+ 2D, By,=D, - “1p, (5.20)
Uyt Uy

so that (B.19) takes the skew-factorized form (B.3]). A straightforward check
shows that all the integrability conditions (5.4]) are identically satisfied on
solutions of equation (5.12)), together with their immediate consequences for
the Lax pair (5.0) and recursion relations for symmetries (5.6]).

If we choose B; to be the second factors in (5.19)), then A; are defined by
(519) only up to a common factor. It is interesting to note that choosing this
factor to be 1/uy, the same as involved in B;, we obtain as a consequence
that all the operators A; and B; automatically satisfy all the conditions (5.4)).
A similar property holds for three-parameter equations given below.

The Lax pair is constituted by the operators (5.13).

The recursions for symmetries are given by (5.14)). [

5.2  (cycec7)-parameter system

Here we consider the three-parameter equation obtained by setting a5 = ¢5 =
Cg = Cg = 0 in (m)

A + CcqUyy + CgU + CrUio = 0 (5.21)
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where A is defined in (5.10).

Theorem 5.2 FEquation (5.21) is integrable with the Lax pair (B.5) and re-
cursion relations for symmetries (B.0) where operators A; and B; are defined

Proof: The symmetry condition becomes
M[QO] = {Mlth —l—MgtDl +Mt1D2 +C4DtD1 —FCGD% +C7D1D2}g0 = O (522)

It is identically satisfied by ¢ = u;. Combining equation Mu,] = 0 with the
second equation from (5.9) we obtain

Mlguﬂ + M2tu11 + MﬂUlQ + D1 (C4Ut1 + CelU11 -+ C7U12) =0. (523)

We use (£.23)) in the identity transformation

1
M5 Dy = Mayuyy— Dy

U11

1
= —{Mlguﬂ + MtlUlQ + D1 (c4ut1 + CelU11 + 07u12)}u—D1. (524)
11

Applying this to the symmetry condition (5.22) we transform it to the skew-
factorized form (5.3))

U U
{(M12 + C4D1) (Dt — —tlDl) + (Mﬂ + C7D1) (D2 — ﬁDl) } Y = 0.
U11 U1
(5.25)
We define
1 1
Ay = — (Mg +cuDy), Ay =—(My +c7Dy)
U1 Ui
Bi=-Dy+ 2D, By,=D,— 2D, (5.26)
U1 Uy

so that (0.20]) takes the skew-factorized form (B.3]). A straightforward check
shows that all the integrability conditions (5.4]) are identically satisfied on
solutions of equation (5.21]), together with their immediate consequences for
the Lax pair (5.0) and recursion relations for symmetries (5.6]).

The Lax pair and recursion relations for symmetries are obtained by using

(5:20) in the formulas (5.5) and (5.6]), respectively. |
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5.3 (cscrcs)-parameter system

Now we consider the three-parameter equation obtained by setting a5 = ¢4 =

Cg = Cg = 0 in (m)
A + CsUgo + CrU12 + CgUg = 0 (527)
where A is defined in (B.10).

Theorem 5.3 FEquation (5.27) is integrable with the Lax pair (B.5) and re-
cursion relations for symmetries (5.6]) where operators A; and B; are defined

Proof: The symmetry condition becomes
M[QO] = {M12Dt —I—MgtDl —|—Mt1D2 —I—C5DtD2 +C7D1D2 —}—Cng}QO = O (528)

It is identically satisfied by ¢ = us. We combine the equation Muy] = 0
with the second equation from (B.9) to obtain

Mlgth + MQtU12 + Mt1u22 + D2 (c5ut2 + CrU12 + CgUgg) =0. (529)

We use (£.29) in the identity transformation

1
M Dy = Myugg—Ds
U22

1
= —{Mlgth + MQtU12 + D2(05ut2 + CrU19 + CgUgg)}u—DQ. (530)
22

Applying this to the symmetry condition (5.28]) we transform it to the skew-
factorized form (5.3))

U U
{(Mm + c5Ds) (Dt - —tzDz) + (Mo + ¢7D5) (Dl - ﬁDz) } e =0.
U2 U2
(5.31)
We define
1 1
Ay = — (Mg +c5Ds), Ay = —(My + ¢7D5)
U292 U22
B =-Dy+ 2D, B,=D,— 2D, (5.32)
U929 U292
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so that (B.31]) takes the skew-factorized form (B.3]). A straightforward check
shows that all the integrability conditions (5.4]) are identically satisfied on
solutions of equation (5.27)), together with their immediate consequences for
the Lax pair (5.0) and recursion relations for symmetries (5.6]).

The Lax pair and recursion relations for symmetries are obtained by using

(532) in the formulas (5.5) and (5.6]), respectively. |

6 Notation for bi-Hamiltonian systems

Here we present the notation convenient for bi-Hamiltonian systems and some
remarks concerning second Hamiltonian operators.

O = ujugy — uly +as, @ = viugy — Voltyy, X = Vitlgg — vougy.  (6.1)
The determinant A defined in (5.10) becomes
A=y (0—as) — 1P+ vax. (6.2)
We introduce the operators
U =®D; — xDy, = D1® — Dyy = U7, U =0 —¢,D; —csDy  (6.3)
where T' denotes transposed operator. We will use the result
Dy [®] — Da[x]| = vi1ugs + a1 — 2012U12 (6.4)

where square brackets denote values of operators. We define the following
operators

I' = vyDy — v1 Do, T = ue Dy — ui1 Do, O = uge D1 — u12Ds
I'= CL5F + C4T + 659, T = —(C4F + CGT + 079)

e = C5F + C7T + Cg@. (65)

First-order differential operators (5.7)) entering the symmetry condition op-
erator (0.8) take the form

M12 = (D—ag,)Dt—\I], M2t = —(th ‘l—'Ut@—'UQF, Mtl = XDt—UtT+U1F.
(6.6)
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In the following sections, we only show that the second Hamiltonian op-
erators J; = RJ, are skew symmetric, JlT = —J;. A check of the Jacobi
identities and compatibility of the two Hamiltonian operators Jy and Jj is
straightforward but too much lengthy to be presented here. These calcu-
lations are somewhat facilitated by P. Olver’s method of functional multi-
vectors [9], chapter 7. Examples of such calculations can be found in our
papers [12/[13].

The resulting bi-Hamiltonian system has the form

Ut . (5qu . 5uH0
()= (i )= (G 0
where Jy and J; are the first and second Hamiltonian operators, respectively,
while H; and Hj are the corresponding Hamiltonian densities.

7 Summary of new bi-Hamiltonian systems

In this section we present new recursion and Hamiltonian operators and new
bi-Hamiltonian (241)-dimensional systems in the form (6.7). These results
are given in the form of theorems while the appropriate proofs are transferred
to the subsequent sections.

The first Hamiltonian operator (B.2]) has the same general form for all
new bi-Hamiltonian systems

0 5 )
Jo = ’ - 7.1
o= (0 34 Bamys (r.)

O

7.1 Bi-Hamiltonian form of (ascsc;)-parameter system

According to (6.2) the equation (5.12) in the two-component form becomes

Ul(q) — C4) — ’UQ(X + 05) (\I][U] — C4U1 — C5’02) @[U]
U U .

Uy = 0, V¢ =

]
(7.2)

Theorem 7.1 Recursion operator for the system (L2) has the form
Ri1 Rig
R = 7.3
( Far R ) (73)
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where

- A - 1 -~
Ry =T, Ry=-I"'0 Ry= —E\pr—lm

1 . L.
Theorem 7.2 The second Hamiltonian operator has the form
f—1 f‘—I\I]Tl )
J:RJ:( - . 75
P Lert, Lttt -1 (7:5)

Theorem 7.3 The system (.2) has the bi-Hamiltonian form (6.1) with op-
erators Jy and Jy defined in (T1)) and (TH), respectively, and the Hamiltonian
densities Hy, = v?[1/2 and

HO = {F(’U) + (0521 — 0422)’0}(1,6111,622 — U%Q + CL5) (76)

where F'(v) is an arbitrary smooth function.

7.2 Bi-Hamiltonian form of (cycsc7)-parameter system

According to (6.2) the equation (B.2I]) in the two-component form becomes

(\I][U] — C4U1 — CgU11 — C7U12) \IJ[U] — CgU11 — C7U12

u=v, v = 5 = . . (1.7)
Theorem 7.4 Recursion operator for the system (L.1) has the form
T-10 —T-'0
= ( LT 4 T) LT ) | (78)
Theorem 7.5 The second Hamiltonian operator has the form

(7.9)

-1 —1.3,7 1
J1:RJ0:< I TG )

Lo LT 4 1)L
Theorem 7.6 The system (L) has the bi-Hamiltonian form (G.1)with oper-

ators Jo and Jy defined in (TI)) and (T9), respectively, and the Hamiltonian
densities

0w
H1 = T + 5(06'“11 + C7U12). (710)
and
Hy = v0(ce2z2 — czz1 + f(ur)) + ca(F () + cru). (7.11)

Here f(u;) is an arbitrary smooth function and F(u,) is the antiderivative
for f(uy).
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7.3 Bi-Hamiltonian form of (c;c;cs)-parameter system

According to (6.2]) the equation (5.27) in the two-component form becomes

A

(\II[U] — C5UV2 — C7U12 — CgUgg) \II[U] — C7U12 — C8U29
U U

Uy = 0, Uy =

- (7.12)

Theorem 7.7 Recursion operator for the system (L12) has the form

SRR -67'0
R= .\~ o~ ) 7.13

( L6 10 -0) 11610 ) (7.13)
Theorem 7.8 The second Hamiltonian operator has the form

Ji=RJy = N e : (7.14)
e < Vo, Lo 1\1/T—@)%)

Theorem 7.9 The system ([{12) has the bi-Hamiltonian form (6.7)with op-
erators Jo and Jy defined in (L1)) and ((I4), respectively, and the Hamilto-

nian densities

v’ 0 wu
H1 = T —+ §<C7U12 + CgUgQ). (715)
and
Hy = vO(egz1 — crze + f(u2)) + c5(F(ug) + cru). (7.16)

Here F'(u3) is the antiderivative of f(us), the latter being an arbitrary smooth
function.

8 Bi-Hamiltonian form of (ascsc;)-parameter
system: proofs

The equation (5.12]) in the two-component form is given in (Z.2).

We will use the inverse operator I'™! which can make sense merely as a
formal inverse. Thus, the relations involving ! are also formal. The proper
interpretation of the inverse operators and relations involving them requires
the language of differential coverings (see the original papers [5,[7] and the
recent survey [6]).
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We specify the inverse of T’ by the property I'I' = I where I is the
unit (identity) operator. A detailed example of constructing such an inverse
operator was given in our paper [12].

According to the definitions (520) and (6.6), we have

1 1
Al = 'U_{_(® - 64)Dt + 'Ut@ - U2F}, Bl = ’U_(U2Dt — 'UtDQ)
t t
1 1
Ay = —{(x+c)Dy — v, T +ul}, By=—(v,Dy—v1Dy).

(% Ut

(8.1)
Recursion relations (5.6]) become
—((I) — C4)1; + (Ut@ - UQF)(’E = UQQ/J — UtDQ(p
(X + e5)Y + (0T +ul)g = vDip — vy (8.2)

where ¢ and ¢ are symmetry characteristics for the original and transformed
symmetry, respectively, and ¢ = ¢y, ¥ = ¢;. The subscripts denote partial
derivatives. Combining the two equations in (82]) we eliminate 1) with the
result

Fp=Up—Y < ¢=0""(Tp— ). (8.3)
Utilization of (8.3) in (82) yields only one independent equation

1
O(P — ¢y)

1 m—1
Ll (8.4)

) = {(® — cy)UT W — 0, ¥ + U[v] Dy}

where we have used the relations
0110 — T =T, Tp]O — vl = (O — ¢4)T — 0T

Recursion relations (8.3)) and (84]) can be written in the form of a matrix
recursion operator R

< : ) < ) ( . . ) ( )
’l/] ’QZ) 1521 1522 ’QZ)
Wlth the matrix elements (m)
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The first Hamiltonian operator (3.2)) for equation (5.12)) due to (3.7 is de-
termined by (7)) and the corresponding Hamiltonian density (3.4]) becomes

H, =v*0/2. (8.5)

The second Hamiltonian operator obtained by the formula .J; = R.J, has
the form (7)) The operator J; in (5] is manifestly skew symmetric, same
as Jo in ().

The remaining task is to find the Hamiltonian density H, corresponding
to the new Hamiltonian operator (.5 according to the formula

J ( o ) - \1,;@] (8.6)

where (7.2) has been used. We assume that Hy does not depend on partial
derivatives of v, so that d,Hy = H.,.
The first line of equation (8.0]) with J; defined in (7.5)

Hoy., Hy,
|:0|’ ) =0V <= 5uH0 = —\I’T |jO7 +C4X—|—C5(I) (87)

! (5UHO + 9T

being used in the second line of (8.6])

é\pf—l (5uH0 + quHO’”) LpHo, ¥l

O

implies F[HQJ)/D] = U1 + c5U9 <= v Dy [H07U/D] — 'U1D2|:H07v/|:|] =
¢4V + ¢c5vy. This equation implies

HO,v
U

=521 —cyza+ f(v) <= Ho=0O{(c521 —cuz0)v+ F(v)} + h[u] (8.8)

where f(v) is an arbitrary smooth function belonging to the kernel of I, F’
is the antiderivative for f, OO = ujjug — uly + a5 and hlu] is a function only

of u and its partial derivatives in z1, 2.
Hy in (B8)) should satisfy the second equation in (871) which yields

0wHo = (521 — cazo + f(0))(vi1ua2 + Voot — 2012U12)
+ f'(v)(viuge + viuy — 201v9u1a) + 2(cax + c5P). (8.9)
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Calculating directly the variational derivative §,Hy from Hy in (88) and
comparing it with (89) we obtain d,h[u] = 0. In the final result we skip the
"null Hamiltonian” hfu] and obtain the result (6] for Hy.

Thus, bi-Hamiltonian representation of the (ascycs)-parameter system

(C2) has the form (6.7) with Jy defined in (71), Hy in &3), J; in (73],
Hy in (7.6) and the recursion operator R determined by (7.4]).

9 Bi-Hamiltonian form of (csc4c7)-parameter
system: proofs

The equation (B.2I)) in the two-component form is given in (Z.7).
~ We will use the inverse operator T~ which we specify by the property
YT~!T = I. According to the definitions (5.26) and (6.6]), we have

1 1 1
Al = —(DDt - U + C4D1), Bl =—7= —(u12D1 — U11D2>
Uiy U11 U1
1 1
A2 = —{XDt — UtT + ’Ulr + C7D1}, BQ = —(UHDt — ’UlDl).
U1 U11
(9.1)
Recursion relations (5.6) become
O — ¥ = Ty
X’w + (—UtT + vlf + C7D1)g5 = —U1D1g0 + u11¢ (92)

where ¢ = ¢; and ) = @;. Combining the two equations in (2.2)) we eliminate
1 with the result

Top=Up—) < ¢=T""(Tp— ). (9.3)
Utilization of (0.3)) in (9.2) yields only one independent equation
N 1.
)= E(M—qu + T — iw—lmlp. (9.4)

Recursion relations (0.3 and (@.4]) can be written in the form of a matrix
recursion operator R

(5)=5(5) - (yornwsn gira) (£)
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The first Hamiltonian operator (3.2]) for equation (5.21]) due to ([B.7) takes
the form (Z.I]) and the corresponding Hamiltonian density (3.4]) becomes
2
v’ wu
H1 = — + —(C6U11 + C7U12).
2 2
The second Hamiltonian operator obtained by the formula J; = RJy has
the form ([C9). The operator J; in (Z.9) is manifestly skew symmetric, same
as Jo in ().
The remaining task is to find the Hamiltonian density H, corresponding
to the new Hamiltonian operator ((L.9) according to the formula

5uHO v
J = . 9.5
! ( 5vHO ) é <‘D[’U] — CgU11 — C7U12> ( )

where (7)) has been used. We assume that Hy does not depend on partial
derivatives of v, so that 6,Hy = Hy,. The first line of equation (0.5) with J;
defined in (7.9)

N «n Hyop -~ Hpy,
Tt (5uH0 + ot DO’ ) — v < §,Hy=—-UT DO’ — (e T[v] + ¢7Ov))
(9.6)
being used in the second line of (0.5])
1 .- ~mHy o 1. Hy, 1 -
E\I’T_l (5uH0 + \I’T 5’ ) + ET |:0|’ = i(‘l’[’(}] — CgU11 — C7U12)
implies Y[Hy,/O] = —(cours + cruin) <= Hp,/O = c20 — cz21 + f(wq)

where f is an arbitrary smooth function belonging to the kernel of Y. This
equation implies

HO = UD(C6Z2 — C7z1 + f(ul)) + h[U] (97)

where h[u] is a function only of u and its partial derivatives in 2y, zo. Hy in
(@0) should satisfy the second equation in (9.6]) which yields

0uwHo = (ceza — crz1 + fur))(vinuge + vagugy — 2010Us9)
+ U1(f/(U1)D — 2¢gUu12 — 2C7Ug2) + 209(Cur1 + CrUt2)
— caf'(ur)unn + cacr (9.8)
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Calculating directly the variational derivative §,Hy from Hy in ([@.7) and
comparing it with (O.8) we obtain d,h[u] = c4(—f'(u1)u1; + ¢7). Introducing
F(uy) to be the antiderivative of f(u;) we finally obtain the result (.IT]) for
Ho.

Thus, bi-Hamiltonian representation of the (cscger)-parameter system
(T0) has the form (67) with Jy defined in (1)), H; in (ZI0), J; in (79), Ho
in (TI1)) and the recursion operator R determined in (Z.8).

10 Bi-Hamiltonian form of (c;c;cg)-parameter
system: proofs

We will use the inverse operator ©~! which we specify by the property
o'e=1.
According to the definitions (5.32) and (6.6]), we have

1 1 1
Al = —(DDt — \I/ + C5D2), Bl = ——@ = —(U12D2 — UQng)
U22 U U2
1 1
Ay = —{=®D; + 1,0 — voI' + 7Dy}, By = —(ugaDy — v2D5).
U22 U922
(10.1)
Recursion relations (5.6]) become
W — Up = —Op
— @Y + (10 — vl + 7 Dy) P = —v3 Do + o) (10.2)

where 1) = ¢; and ¢ = @, Combining the two equations in (I02) we
eliminate v with the result

Op=Vyp - < ¢=0"1(Tp— ). (10.3)
Utilization of (10.3]) in (10.2]) yields only one independent equation

L 610 — o - Lio-
= (V670 —B)p — S U6 'Oy, (10.4)

Recursion relations (I0.3)) and (I0.4]) can be written in the form of a matrix
recursion operator R

(E)ZR(m:(é(\ifcéé—_llf—@) -ggé—%)@)-
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The first Hamiltonian operator (3.2]) for equation (5.27)) due to ([B.7) takes

the form )
0 1

Jo = ’ . O ) 10.5

0 ( 1 é(\ll _ \IIT)é ( )

—
and the corresponding Hamiltonian density (3.4]) becomes
v’ 0w

H, = N + §(C7U12 + cguag).

The second Hamiltonian operator obtained by the formula J; = RJy has

the form
-1 ~—1¢,T;
5 1 - 0)5

The operator J; in ([7.14]) is manifestly skew symmetric, same as Jy in (I0.5]).
The remaining task is to find the Hamiltonian density H, corresponding
to the new Hamiltonian operator (7.14]) according to the formula

6. Hp v
J = A 10.6
! ( 6UH0 ) é <\II[’U] — C7U19 — Cgu22> ( )

where (7.12) has been used. We assume that H, does not depend on partial
derivatives of v, so that 0,Hy = Hy,. The first line of equation (I0.6) with

Jy defined in (7.14))

~ - H v = H v
0! <5uH0+xIJT DO’ ) =v <= §,Hy=—-U" DO’ +erx +es®  (10.7)

being used in the second line of (10.6)

1.~ o Hy 1 _Hyy 1.
E\I]@_l (5UH0 + \I]T%> - i |:0|’ = i(\lf[v] — C7U19 — CgUgQ)

implies ©[Hy /0] = cruia+cgusn <= Hy,/O = cgz1 —cr20+ f(ug) where f
is an arbitrary smooth function belonging to the kernel of ©. This equation
implies

Hy = v0(cgz1 — crz0 + f(u2)) + hlu] (10.8)
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where h[u] is a function only of u and its partial derivatives in 2y, zo. Hy in
(I0.8) should satisfy the second equation in (I0.7) which yields

duHo = (csz1 — crza + f(u2))(vi1ugg + vaguy — 2012u12)
4+ 2e7x + 2¢8P 4 va f (u2) O + ¢5(cr — f'(ug)ugs). (10.9)

Calculating directly the variational derivative 0, Hy from Hy in (I0.8)) and
comparing it with (I0.9) we obtain d,h[u] = c5(— f'(ug)uge + ¢7). Introducing
F(usy) to be the antiderivative of f(uz) we finally obtain

Hy = v(cgz1 — cr20 + f(uz)) + c5(F(ug) + cru).

Thus, bi-Hamiltonian representation of the (cscrcg)-parameter system

((CI2) has the form (6.7) with Jy defined in (I0.5), H; in (ZI5), J; in (Z.14),
Hy in (TI6) and the recursion operator R determined in (7.13).

Conclusion

We have obtained the general form of Euler-Lagrange evolutionary equations
in (24 1) dimensions containing only second order partial derivatives of the
unknown. Their Lagrangians have also been constructed. We have con-
verted these equations into two-component evolutionary form and obtained
Lagrangians for the two-component systems. The Lagrangians are degen-
erate because the momenta cannot be inverted for the velocities. Applying
to these degenerate Lagrangians the Dirac’s theory of constraints, we have
obtained a symplectic operator and its inverse, the Hamiltonian operator J,
for each such system together with the Hamiltonian density H;. Thus, all
these systems have been presented in a Hamiltonian form.

We have explicitly demonstrated how the presentation of a symmetry
condition in the skew-factorized form supply Lax pairs and recursion rela-
tions without the previous knowledge of Lax pairs. In particular, we have
shown how the symmetry condition for three-parameter cubic equations can
be converted to a skew-factorized form and obtained Lax pair and recursion
relations for such an equation. This procedure may serve as a hint for a
future general method for skew-factorization of the symmetry condition.

We have derived recursion operators in a 2 x 2 matrix form for the three-
parameter two-component cubic systems. Composing the recursion operators
R with the Hamiltonian operator .J; we have obtained second Hamiltonian
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operators J; = R.J, for all such systems. We have found the Hamiltonian den-
sity Hy corresponding to Jp, thus ending up with three new bi-Hamiltonian
three-parameter cubic systems in (2 4+ 1) dimensions.
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