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Robust globally divergence-free Weak Galerkin finite element
method for incompressible Magnetohydrodynamics flow *

Min Zhang ! Tong Zhang } Xiaoping Xie $

Abstract

This paper develops a weak Galerkin (WG) finite element method of arbitrary order for the steady
incompressible Magnetohydrodynamics equations. The WG scheme uses piecewise polynomials of
degrees k(k > 1),k,k — 1 and k — 1 respectively for the approximations of the velocity, the magnetic
field, the pressure, and the magnetic pseudo-pressure in the interior of elements, and uses piecewise
polynomials of degree k for their numerical traces on the interfaces of elements. The method is shown
to yield globally divergence-free approximations of the velocity and magnetic fields. We give existence
and uniqueness results for the discrete scheme and derive optimal a priori error estimates. We also
present a convergent linearized iterative algorithm. Numerical experiments are provided to verify the
obtained theoretical results.

Keywords: incompressible Magnetohydrodynamics flow, Weak Galerkin method, globally divergence-
free, error estimate
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1 Introduction

Magnetohydrodynamics (MHD) equations describe the basic physics laws of electrically conducting
fluid flow interacting with magnetic fields, and are widely used in engineering areas [16,23,47,56,61] such
as magnetic propulsion devices, optical modulation and switch, continuous metal casting, semi-conductor
manufacture, and nuclear reactor technology. This paper is to consider a finite element analysis of a
steady incompressible MHD flow model.

The incompressible MHD flow is described by a coupling system of Navier-Stokes equations and
Maxwell equations. Some early research on the finite element analysis of MHD can be found in [26, 50,
68]. In particular, in [26] Gunzburger et al. considered a steady incompressible MHD model in three
dimensions, showed the existence and uniqueness of a weak solution, and proved an optimal estimate for
a mixed finite element discretization. In recent twenty years there have developed many finite element
methods for the incompressible MHD equations; see, e.g. [22,24,25, 30, 31, 54, 57,59, 67, 69, 73, 76] for
steady models and [18,19,21,29,51,71,74] for unsteady models.

There are two divergence constraints in the incompressible MHD equations, i.e. the velocity and
magnetic fields are both divergence-free, which correspond to the conservation of mass and magnetic flux,
respectively. How to obtain exactly divergence-free approximations is an important issue in numerically
solving the related problems, since numerical methods with poor conservation may lead to instabilities
[1,4,34,35,43,48,60]. In particular, for incompressible fluid flows the exactly divergence-free discretizations
automatically lead to pressure-robustness in the sense that the velocity approximation error is independent
of the pressure approximation [35,44]. We refer to [8,11,13,27,28,70,77] for some divergence-free finite
element methods for the incompressible fluid flows, and to [5, 14, 32] for several divergence-free finite
element methods for Maxwell equations.

For the incompressible MHD equations, there are considerable efforts devoted to divergence-free finite
element approaches [24,30,31,40-42]. Greif et al. [24] proposed a mixed interior-penalty discontinuous
Galerkin (DG) method with the exactly divergence-free velocity, where the velocity field is discretized
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by H (div; Q)-conforming Brezzi-Douglas-Marini elements, the pressure by fully discontinuous finite ele-
ments, and the magnetic field by H (curl; ©2)-conforming Nedelec elements. Li et al. [40,41] and Hu et
al. [31] developed central DG methods and stable finite element methods with the exactly divergence-
free magnetic field, respectively. Hiptmair et al. [30] developed a mixed DG method with the exactly
divergence-free velocity and magnetic field for three-dimensional transient incompressible magnetohydro-
dynamic equations, where the velocity and pressure approximations are as same as those in [24], and
the divergence-free property of magnetic field is realized by means of a magnetic vector potential. Li et
al. [42] presented a constrained transport finite element method with the exactly divergence-free velocity
and magnetic field for three-dimensional incompressible resistive MHD equations, by following the same
ideas as in [13,24].

This paper is to develop an arbitrary order weak Galerkin (WG) scheme with exactly divergence-free
velocity and magnetic approximations for the following steady incompressible MHD equations:

1
S H2

a

1 1
Au+ —V- -(u®u)+Vp— —VxBxB=f, in Q
N R
V-u=0, in Q,
1
R—VxVxB—Vx(uxB)—i—Vr:g, in 0,

V-B=0, in €,

with the homogeneous boundary conditions

u=0, on 0, (1.5)
B xn=0, on 01, (1.6)
r =0, on 00. (1.7)

Here Q € R4(d = 2,3) is a polygonal or polyhedral domain, u = (u1,us, ..., ugq)” is the velocity vector, p
the pressure, B = (Bj, Ba, ..., B4)T the magnetic field, and r the magnetic pseudo-pressure. The right-
hand side terms f, g € [L?(Q)]¢ are the forcing functions. H,, N and R,, are the Hartmann number, the
interaction parameter and the magnetic Reynolds number, respectively.

The WG method was first proposed by Wang and Ye for second-order elliptic problems [62,63]. Due
to the use of weakly defined gradient/divergence operators over functions with discontinuity, this method
allows the use of totally discontinuous functions on finite element partitions with arbitrary shape of
polygons/polyhedra. It also has the local elimination property, i.e. the unknowns defined in the interior
of elements can be locally eliminated by using the numerical traces defined on the interfaces of elements.
We refer to [8,27,28,46,64,65,75,77,78] for some applications of the WG method to the incompressible
fluid flows and Maxwell equations.

In this paper, we consider the WG discretization of the MHD model (1.1)-(1.7). The main features
of our scheme are as follows.

e We apply piecewise polynomials of degrees k(k > 1), k, k—1 and k — 1, respectively to approximate
the velocity, the magnetic field, the pressure, and the magnetic pseudo-pressure in the interior of
elements, and apply piecewise polynomials of degree kto approximate their numerical traces on the
interfaces of elements.

e The scheme is “parameter-friendly" in the sense that it does not require the stabilization parameters
to be “sufficiently large".

e The scheme gives globally divergence-free approximations of the velocity and magnetic fields.

e The unknowns of the velocity, the magnetic field, the pressure and the magnetic pseudo-pressure
in the interior of elements can be locally eliminated so as to obtain a reduced discrete system of
smaller size.

e The obtained error estimates are optimal.

The rest of this paper is arranged as follows. Section 2 gives weak formulations of the model problem.
Section 3 is devoted to the WG finite element scheme and some preliminary results. In Section 4 we
discuss the existence and uniqueness of the discrete solution. Section 5 derives a priori error estimates.
Section 6 shows the local elimination property and proposes an iteration algorithm for the nonlinear WG
scheme. Finally, We provide some numerical results.



2 Weak problem

2.1 Notation

For any bounded domain D € R*(s = d,d — 1), nonnegative integer m and real number 1 < ¢ < oo,
let W™ 4(D) and W;"?(D) be the usual Sobolev spaces defined on D with norm || ||m,4,p and semi-norm

| |m.q.0- In particular, H™(D) := W™2(D) and H§*(D) := Wy**(D), with || - |[m.p := || - [|m.2.p and
|“lm,p :==1|"|m.2,0- We use (-, *)m,p to denote the inner product of H™ (D), with (-,-)p := (-, )o,p. When
D=, weset || |lm:=I"llmasl|m:=]|mea,and (+,-) := (-,")o. Especially, when D C R¢~! we use

(-,-)p to replace (-,-)p. For any integer k > 0, let Py(D) denote the set of all polynomials on D with
degree no more than k. We also need the following spaces:

L3(Q) == {v e L*(Q): (v,1) =0},

H(div,Q) = {ve L*(D)*: V-veL*D)},

H(curl; Q) := {v e L}D)?: V x v e L*(Q)*3},

Ho(curl; Q) :=={v e H(cwr; ) : nxv =0 on 00},

where the cross product x of two vectors is defined as following: for v = (vy,--- ,vq)T, w = (wy, - ,wq)7,
V1Wwy — V2W1, ifd= 2,
VXW= T .
(vows — v3wa, v3w1 — Viws, viwe — vawi)", if d = 3.

Let Tr be a shape regular partition of € into closed simplexes, and let ¢;, be the set of all edges(faces)
of all the elements in Q. For any K € Ty, e € g5, we denote by hx the diameter of K and by h. the
diameter of e. Let ng and n, denote the outward unit normal vectors along the boundary 0K and e,
respectively. Sometimes we may abbreviate nx as n. We use Vj, Vj,- and Vj, x to denote respectively
the operators of piecewise-defined gradient, divergence and curl with respect to the decomposition 7.

Throughout this paper, we use a < 8 to denote o < C8, where C' is a positive constant independent
of the mesh size h.

2.2 Weak form
For simplicity, we set
V= [Hj(Q)]%, W :=Hp(curl; Q).

Forall u,v,® € V, Byjw € W, g € L3(Q),0 € H}(Q), we define the following bilinear and trilinear
forms:

1

a(u,v) := ﬁ(Vu, Vv), b(v,q) :=(¢q,V - V),

a(B, w) i %(v <B,V xw), bw,0) = %(ve,w),
(@, v) = %{%(V-(fb@u),v) - %(V-(@@v),u)},
é(v;B,w) := %(V x w,v x B).

It is easy to see that ¢(®;v,v) = 0.
Then the weak form of the problem (1.1)-(1.7) reads: find u € V,B € W,p € L3(Q),r € H}(Q2) such
that

a(u,v) + a(B,w) + b(u, q) — b(v,p) + b(w,r) — b(B, ) + c(u;u,v) + &(v; B,B) — ¢(u; B, w)

1
= (f,v)+ R—(g,w), Vv eV,weW,qec L3(Q),0 € H(Q). (2.1)

Remark 2.1. From [5/, Corollary 2.18] ford = 3, iff € H=1(Q)3 and g € L*(Q)3, then the weak problem
(2.1) admits at least one solution, and under a certain smallness condition the solution is unique.



3 Weak Galerkin finite element method

3.1 WG scheme

To establish the WG method for the problem (1.1)-(1.7), We firstly introduce, for integer m > 0, the
discrete weak gradient operator V,, ,, , the discrete weak divergence operator V,, - and the discrete
weak curl operator V,, », x as follows:

Definition 3.1. For any v € V(K) := {v = {vo, vy} : v, € L*(K),v;, € H/?(0K)} and K € Ty, the
discrete weak gradient, Vi m v € [P (K)|?, of v on K is defined by

(Vo ixV, @)k = =(v0, V- @)k + (Vo, & nic)prc s Vb € [Prn(K)] " 3.1)
Then the global discrete weak gradient operator V., n, is defined by
Vomlk =Vumk, VKET.
Moreover, for a vector v = (vi,...,vq)T the discrete weak gradient ¥V, ,, v is defined by
VumV = (VwmVi, o ViomVa) -

Definition 3.2. For any w € W(K) := {w = {w,,w} : w,, € [LQ(K)}d, wy g € H7V2(0K)} and
K €Ty, the discrete weak divergence, Vi m.x - W € Pn(K), of w on K is defined by

(Vu,m, 0 W, 0) ik = —(Wo, VO)k + (WK, @) g, Vo € Prn(K).
Then the global discrete weak divergence operator V., m- is defined by
Vom |k =Vemr, VKET.
Moreover, for a tensor W = (W1, ..., Wq), the discrete weak divergence V., ., - W is defined by

Vwm W= (Vim: Wi,y Vigm - wa)l.

Definition 3.3. For anyw € W(K) := {w = {w,, wp} : w, € [LQ(K)}d, wyxng € [H1/2(9K)
and K € Ty, the discrete weak curl Vo m i X w € [Pp(K)]>* ™ on K is defined by

]2d—3

}

(Vasm g X W, 0)k = (Wo, V X @)k + (wy X N, @) e, Vo € [P (K777, (3.2)

where
Then the global discrete weak curl operator Vy, m x is defined by

V,m X |k = VwmiX, VK€&ET.
For any integer k > 1,we introduce the following finite dimensional spaces:

Vi = {vi = {Viho, Vin} : Violk € [Pi(K)]% visle € [Pr(e)],VK € Ty, Ve € 1},
Vi = {vh = {Vho, Vi } € Vi Vis|oa = 0},
W = {wh, = {Who, Wiy} € Vi3 Wiy X njgo = 0},
Qn = {an = {hos v} : Gholx € Pr—1(K), qnv|e € Pr(e), VK € T, Ve € en},
b ={an = {qno, amv} € Qn : qno € L§(V)},
R} = {0n = {0ho, Onp} € Qn; Onploa = 0}



We also define the following bilinear forms and trilinear terms:

1
77

a
1
sp(ap, vy) = m<7(uho — Unb), Vho — Vhb) T
a

an(up,vy) = Vuw k—1Un, Vi k—1Vh) + sn(un, vi),

_ 1 _
an(Bp,wp) = (Vuw,k—1 X Bi, Vi k=1 X Wp) + 5,,(Bp, wp),

-

B 1

5h(Bp,wy) = R_2<T(Bho — Bpy) x 1, (Who — Wip) X 0)57;,,

~ 1
br(Visqn) = (Vuw,kGhs Vho), bn(wp,0p) == R—(Vw,lﬂh,who),
1

ch(®psup, vi) == W((Vw,k AUho @ Pho, Unb @ v}, Vio) — (Vuwk * {Vho @ Phoy Ve ® Prp}, uho))v
- 1
en(vi; Br,wy) == R—(Vw,k X Wh, Vio X Bpo),

where
W, = {Uho, Wb}, Vi = {Vho, Vi }, @ = {@ho, P} € V1,
B, = {Bho, Bup}, Wi = {Who, Wiy} € WY,
ah = {qho, v} € @0y On = {Ono, O} € R},

and the stabilization parameter 7 in s, (-;-, ) and §,(+;+, ) is given by
Tlox = hit, VYK €Th.
We easily see that
ch(fbh;vh,vh) = 0, V(I)h, Vi (3.3)
With the above definitions, the WG scheme for the problem (1.1)-(1.7) reads as follows: find up =
{uno,upp} € VY, By = {Bho, Bup} € WY, pn = {Pho» Do} € Qs 71 = {Tho, 7o} € R}, such that
an(Wh, vi) + an(Bn, Wn) + bu(Va, pr) — ba(n, qn) + bn(Wh, ) — ba(Bn, 05)

+ ch(uh; uy, Vh) + 5h(vh; Bh, Bh) — 6h(uh; Bh,Wh)

1
=(f,vho) + R—(g,Who), Vv, € Vi, w, € W), qn € Q7,04 € Ry, (3.4)
m
The existence and uniqueness of the discrete solution to this scheme will be discussed in next section.
Notice that the scheme (3.4) is equivalent to the following system: find u, € V9, B;, € W9, p, € QY,
r, € RY, such that

an(un, vy) + (v, pr) + ch(un; un, Vi) + én(Vi; Br, Br) = (£, Vho), Vv, € V),  (3.5a)
br(un, qn) =0, Vgn € QY,  (3.5b)
- ~ N 1
an(Bp, wp) + bp(Wh, ) — én(up; By, wp) = R—(g,Who), Yw, € Wi, (3.5¢)
br (B, 01) = 0, V6, € R).  (3.5d)

In what follows we shall show that the two relations (3.5b) and (3.5d) yield globally divergence-free
approximations of the velocity and the magnetic field, i.e.

Upo € H(div, Q), V- up, =0, (3.6)
B, € H(div,Q),V - By, = 0. (3.7)

In fact, define a function op; € L2(€h) as follows: for any e € ¢,

le = = ((Uno - Me)|x,) e = ((Uho - Me)[x,) e, if e =K1 N Ko, Ky, Ko € Th,
Ordle =9, if e C OQ.



Setting Cy := ‘(—1“ fQ Vi upodx and taking ¢n = {qho, gns} in (3.5b) with gno = Vi upo—Co, gny = 0ns—Co,
we obtain

0= —bpr(up,qn) = —(Vw,kqn, Uno)
= (Vi - Uho, Gho) — Z (Who * VT, qnb) o

TETh
= (Vi - Who, Vi who — Co) = Y (uno - nr, 06 — Co) gy
TETh
= (Vi - Uno, Vi - Uno) — Z (Who - VT, Onb) o7
TeT
=V wolg+ D> o 0ok, + (Who - 1), 13 -
e€ep,eLON

This gives up, € H(div,Q) and Vj, - up, = V- up, =0, ie. (3.6) holds.
Similarly, we can get (3.7).
As a result, we have the following conclusion.

Theorem 3.1. The scheme (8.4) yields the globally divergence-free approzimations of the velocity and
the magnetic field in the sense that both (3.6) and (3.7) hold.

We introduce spaces
Vi i={vi € V) : bu(va,qn) = 0,Yqn € Q) },
Wh = {Wh € W?L : Bh(Wh,oh) =0,V € R?L}

Thus, the solution (us,By) € V) x W} of the scheme (3.4) also solves the following discretization
problem: find (up, Bp) € Vi, x Wy, such that

an(up, vy) + an(Bp, wi) + cp(un;up, vy) + (v By, By) — én(up; B, wy,)

1 _ _
=(f,vio) + R—(ngho)v V(Vh,Wn) € Vi X W, (3-8)

Remark 3.1. It is easy to see that

Vi C{vn € V) : vi, € H(div,Q),V - vp, = 0}, (3.9)
W, = {w, € WY : wy, € H(div,Q),V - wpo = 0}. (3.10)

To discuss the existence and uniqueness of the discrete solution of the scheme (3.4) and derive error
estimates, we will give some preliminary results in next subsection.

3.2 Preliminary results

In view of the definitions of weak gradient and curl operators, the Green’s formula, the Cauchy-
Schwarz inequality, the trace inequality and the inverse inequality, we can easily derive the following
inequalities on Vj,.

Lemma 3.1. Let 0 < k—1<m < k. For any K € T, and vi, = {Vho, Vip }, Wh = {Who, Whp} € Vi,
there hold

_1

IVViollo.x S IVw,mVillox +hi1Vho — Vibllo,0k, (3.11a)
_1
IVwmVillo,x S IIVVhollo,x + hg? |Vho — Vibllo,0k, (3.11b)
_1

IV X Whollo,x S [[Vw,m X Wallo,i + hie® [[(Who — W) llo,0x, (3.11c)

_1
[Vao,m X Whllo,x SNV X Whollo,ic + hye® [[(Who — Wis) X nf|o,0K- (3.114)




Introduce the following semi-norms respectively on Vg, W?L, Q% and R?L:

1 1/2
Ivillly = (IVawgorval + 72 vno = Vi) om )5 Wva € V2,

1/2
walllw = (va,kfl x Wi+ (172 (Who — Whp) % an,BTh) . Yw, € Wi,

1/2
anlllq = <||q,w|g+ > h%de,k%H(Q),K) . Van € Qp,
KeTy,

1/2
0nll|r == <||9h09_h0|§+ > h%(||vw7k9h”(2),l(> , Vo € Ry,

KeTy,
where 6),, := |—§12‘ fﬂ Orodx denotes the mean value of 6, and we recall that 7|sx = hj_(l. It is easy to see
that ||| |[|v,]]] - |llq and ||| - ||| are norms on V9, Q% and RY, respectively (cf. [8]). As for the semi-norm

[| - ||lw, we have the following result.
Lemma 3.2. ||| - |||w is a norm on Wy,.

Proof. For any wj, € Wy, it suffices to show that |||wy|||w = 0 leads to wj, = 0. From the definition of
[I| - ||lw and the estimate (3.11c), we immediately get

VXW}w|K ZO, (Who_th) ><n|aK=0, VKGWL.
Hence we have
Who € H(Curl; Q), V X wpo =0, and wy, X n|39 = Wpp X n|39 =0.

Then there exists a potential function ¢ such that wp, = Vi in €.
On the other hand, from (3.10) we also have

Who € H(div,Q), V- -wWpolg =0.

As a result, we obtain Ay = 0in Q. As the boundary condition Vi X n|ga = wp, X n|go = 0 implies that
 is a constant on 02, we know that ¢ is a constant on 2, which means that wy, = Vi = 0. Finally,
from the relation (Wp, — Wpp) X 0| = 0 for any K € T, it follows that wp, = 0. This finishes the
proof. |

Lemma 3.3. There hold

IViviollo S Ivalllv, Vvi € Vi, (3.12a)
IV X Whollo S |[[walllw, Vwi € WY, (3.12b)

and
IVhollog S HIValllv,  Vvi € V3, (3.13a)

for 2 < q < oo when d=2, and for 2 < q <6 when d = 3.

Proof. The first two inequalities follow from Lemma 3.1 directly and the third one comes from [28, Lemma
3.5]. |

We introduce the following mesh-dependent inner products and norms:

1/2
(w,0)75 = Y (w,)K, l[ullo, 7 := (Z |u|3,K> ;
KeTy

KeTy,
1/2
(w,v)or, == Y (wv)ox, |ulloor, = (Z |u|3,aK> :
KeTy, KeTy,



Lemma 3.4. There holds
[Whollo,s,.0 S Iwhlllw, VWi = {Who, Wis} € Wi (3.14)
Proof. By (3.10) and the Green’s formula we get
(Who, V)75, =0, Vo € Hy(Q).

Then, form [52, Theorem 3.1] we have

0.7 + 172 [Whol|

[[Whol

03,0 S| Va X Whol 0,07
= Vi X Whollo.7,, + 172 [Who — Wis[lo.o7,
S NIVh X Whollo,7,, + 172 (Who — Whs) X nl|o.67,.-
This estimate plus (3.12b) yields (3.14). |

In light of the trace theorem, the inverse inequality and scaling arguments, we can get the following
lemma (cf. [28,58]).

Lemma 3.5. For all K € Ty, o € HY(K), and 1 < q < oo, there holds

_1 1—-1
Iello.gor S hg elloqr +hg *lelgx.

In particular, for all ¢ € Pr(K),
_1
lellog.ox S hi lollo,g.x-

For any integer s > 0, K € T, € € &y, let Q% : L?(K) — Ps(K) and Q% : L?(e) — Ps(e) be the
standard L? projection operators. There vector /tensor analogues are denoted by Q2 and Q?, respectively.

Lemma 3.6. [58] For any K € Tp, e € e, and 1 < j < s+ 1, there hold
v = Q2vllo.x + hilv — Qv S Wclvljx, W € HI(K),
v = Q2vllo.ox + IIv = Qivllo.orc S 2 Iv]jxc, Vv € HI(K),
1Q2vllo,x < [IVllo,x, ¥V € L*(K),
1Q%llo,e < [[Vllo.es Vv € L2(e).

For any K € Ty, we introduce the local Raviart-Thomas(RT) element space
RT (K) = [Ps(K)]? + xPs(K)

and the RT projection operator PR7 : [H!(K)]? — RT,(K) (cf. [7]) defined by

PRy ng,w)e = (Vv-ng,w)e, Yw e Pyle),e € K, fors>0, (3.15a)
PRTv, w)kx = (v,w)k, Vw € [Ps(K)]¢, fors>1. (3.15b)
Lemmas 3.7-3.9 give some properties of the R7T element space and the RT projection.
Lemma 3.7. [7] For any vi, € RTs(K), the relation V - vio|x = 0 implies that vy, € [Ps(K)]?.
Lemma 3.8. [7] For any K € Tj, and v € [H'(K)], the following properties hold:
(V-PHv, on)k = (V-v,dn)k, Vv e [H'(K), ¢n e Ps(K),
v =PF v]ox S hlvljk, V1<j<s+1, Vve|H (K)".

By using the triangle inequality, the inverse inequality, Lemma 3.6 and Lemma 3.8 we can get more
estimates for the R7T projection (cf. [28]):



Lemma 3.9. For any K € Ty, v € [HI(K)]? and 1 < j < s+ 1, the following estimates hold:

v — PRTv|1 e < Wi V]k,

;1
PT7v]oox S hie 21V,

v —
v —PRv|osx < <h 6|V|]K’
v =P v|osox S hgrg V] K-

We also have the following commutativity properties for the R7T projection, the L? projections and
the discrete weak operators:

Lemma 3.10. [8,46] For k > 1, there hold

Vui{Q7-19, Q1a} = QR(Va), Vg € H'(9),
V-t {PFTv,QRv} = Q71 (Vv),  Wve [H'(Q),
Vwi-1x{Qew,Qbw} =Q¢_(V xw), Vw e H(curl,Q).

4  Existence and uniqueness of discrete solution

4.1 Stability conditions
Lemma 4.1. For any up, v, @, € VY, and By, w;, € W, there hold the following stability conditions:

1
an(ap, vp) < ﬁ|||uh|||v|||vh|||va (4.1a)
1
an(Vh,vn) = m|||vh|||\2/, (4.1b)
N 1
an(Bn,wn) < R—2|||Bh|||w|||Wh|||W, (4.1c)
. 1
an(wn, wp) = Rz Al (4.1d)
cn(®n; Vi, vi) =0, (4.1e)
cn(@nsun, vi) < Mpll|@alllv[[[anll[v|[velllv S @nlllvIaalllv[l[velllv, (4.1f)
en(vas Br, wa) < Mu||Balllw |[[walllwll[valllv < IBulllwl[walllwl[valllv, (4.1g)
where
(b .
Mh — sup Ch( h,U.h,Vh) ’ (42)
020y up.vnevy @rlllVI[[anll[vI[[valllv
- C By, U
My, = sup € (Vi Bn, ¥n) (4.3)

0B, 0, eW,,, 0zv, eV, [|[Walllwll[valllv[[Balllw

Proof. From the definitions of ay(+,+), an(-,-), the Cauchy-Schwarz inequality and Lemmas 3.1 we can
easily get (4.1a)-(4.1d). The relation (4.1e) follows from the definition of ¢;(-; -, ), and the inequalities

cn(@ns un, vi) < M| |@alllv [[[anll[v[[Ivalllv

and -
cn(Vi; Br,wi) < Myl|[Brl|lw||walllw|[velllv

follow from the definitions of Mj, and M, respectively. The thing left is to prove c(®p;up,vy) <

[@nlllv[[larlllvIl[valllv and én(va: Ba, wr) < [[Bulllw l[Iwalllw [[[valllv.
For all uy, vy, € V?L, using the definitions of ¢ (+; -, ) and V,, - we have

1
2¢p(Ppsup, vy) = N{(Vho ® Pho, Vilho) — (Uho @ Pro, ViVho)



— (Vi ® Prpn, Uno)aT;, + (Uhs @ Prolt, Vio)oTs,

1
=N (Vo @ Pho, Vilho) — (Uho @ Pho, VAVhe)

+ (Who — Upp) ® (Pho — Pro)1, Vio)aT, — {(Uho — Uns) ® Pron, Vio)aT,
—((Vho = Vip) ® (Pho — Pre), Uno)aTs, + (Vho — Vip) ® Pron, Upo)aTy, }

Combining the Hélder’s inequality and Lemma 3.3 we obtain
1
|Z,| = Nl(vho ® Pho, Villho) — (Uho @ Phos ViVio)|
[[Vhollo,all®rollo,all Viathollo,2 + [[unollo,4l|Prollo,all Viviollo,2)

< —(
N
S @alllvIl[anl v [[valllv

Using the Hélder’s inequality, the inverse inequality, Lemma 3.5 and Lemma 3.3, we have

To] = (W0 — Wi0) © (g — B, Vi)
1
SN Z [®ro — Provllo,s,0k [Uno — unbllo,2,0k [ Vhollo,6,0k
KeTy,
1 _d—t _1
< N Z hie © | Pho — Prsllo,2,0K [Uho — unsllo,2,05 M k° [|[Viollo,6,K
KeTy,
1 _1 _1 1_4d
< N Z R | Pho — @hbllo,2,0x P2 [Uho — unbllo2,06 P 5 [ Vihollo,6,5
KeTy
S @nlllviaalllv[[[valllv,
T3] = |~ (w0 — 0) © Brom, viohor,|
1
< ~ Z 1Prollo4,0K [ Uho — unsllo,2,0K|Viollo,4,6K
KeTy
1 _1 _1
<% Z hc" [|®hollo,4, k[ Uno — Unsllo,2,0rhg " [[Viollo,a, 5
KeTy,
1 _1
< N Z |Prollo,4, x> Uho — Wnbllo,2,05 | Viollo,4, K

KeTy,

S @nlllv[hanlllv[[valllv.
Similarly, we can get
Zal + |Zs| S M @nlllv Tanlllv [[valllv-

Combining the above estimates yields the inequalities (4.1f).
For any Bj,, w;, € W9, by the definition of V,, ;x we have

- 1 1
¢n(Vi; B, wp) = R—(Vh X Who, Vho X Bpo) — R—<(Who — Whp) X 1, Vio X Bro)aT, .

Using the Holder’s inequality, the inverse inequality, Lemmas 3.3, 3.4 and 3.5 again gives
[(Vh X Who, Vie X Bro)| < |V X Wholo,2|Bholo.3|Violo,6
S wnlllw [[Brllw [[valllv,

[(Who — Whb) X 10, Vo X Bro)or, | < Z |(Who — Wns) X 10,205 [Bholo,3,0k [Vho|o,6,0K
KeTh

10



_1 1
S Z |(Who — Wha) X D|o2,0x M k” IBholos, kh g’ [Vholo,s, i
KeTn

_1
S Z R [(Who — Whey) X 10,20k |Bholo,3,5 [Vholo,6, K
KeT,

S Nwalllw 1Bl llw [l [valllv-
As a result, the desired inequalities (4.1g) follows. |
We have the following inf-sup inequalities.

Lemma 4.2. There hold

bn(vh,
sup 2B B) o Ve € QL (4.4)
S vl

b 0
sup 2O O0) o e 6, € R, (4.5)

wrew? |[Walllw
Proof. The first inequality follows from [8, Theorem 3.1]. }
For any 05, = {0ho,0n} € R, let o = |—§12‘ Jo Onodx and 0 := {0ho — co,0m — co} € Q. Then,

according to the definition of I;(, ), (3.11d), the relation V x{co,co} = 0, W) D V9, the inequality
[whlllw < [[lwnl[|lv and (4.4), we get

b (W, 0n) (Whos Va,k0r)
sup —— " = gup R
wiew? [[[Walllw  woewo  [llwalllw
~ sup (Who, Vw,kéh) + (Who, Vauw,k{co,c0})
Wi, EWS [wnllw
> sup (Who Vo k0n)
wheve  l[walllv
1/2
2 Onlllq = <||9ho —collf+ > h%de,whllﬁﬂ) :
KeTy,

Taking wj, = {Who, Wip} = {V 10,0} in this relation and using Lemma 3.5, we further obtain
sup b (Wi, 0r) > (Vi k0n, Vo 10n)
waew? [Walllw ™ [V x Vi ibnllo + 712V k0h x nllo,07,

|V 4013
~ h Y| Vu,k0h|o

Z 10nlll

i.e. (4.5) holds. This completes the proof. |

4.2 Existence and uniqueness results
For the discretization problems (3.4) and (3.8), we readily have the following equivalence result.
Lemma 4.3. The problems (5.4) and (3.8) are equivalent in the sense that both (I) and (II) hold:

1) If (up, By, pn,7h) € VI x W2 x Q% x R? is the solution to the problem (3.4), then uy, and By, solve
h h h h
the problem (3.8);

(II) If uy, € V5, and By, € W, solve the problem (3.8), then (ay, B, pn, 1) is a solution to the problem
(3.4), where pp, € QY and r, € RY are determined by

bh(Vi,pn) = (£, Vo) — an(un, vi) — cn(n;un, vi) — én(vi; B, Br), Vv, € V), (4.6)
~ 1 N -
br(Wh,7h) = "o (8 Who) — an(Bp, wy) + ¢n(up; B, wp), Yw), € Wi, (4.7)

11



From Lemma 4.1 it is easy to know that M} and M, are bounded and depend on the parameters N
and R,,, respectively.

Lemma 4.4. The problem (3.8) admits at least one solution (up,B) € Vi, x Wy,. In addition, there
holds

llunlllv + 1Bl < 2¢ (€l + ells) (45)
where
¢ :=max{H,, Rn}, (4.9)
Il = sup ALVEOL gy EWho) (4.10)
o TIvallly o o Tl

Proof. Taking vj, = uy, and wy, = By, in (3.8), by Lemma 4.1 we have

1 1 1 1
H—gllluhllli + @HBH”%{/ = (F,un) + 2= (g, Br) < [Ifllnl[[unlllv + 2=llall5l[Balllw,

m

which yields

1.1 1
§mm{H—3aR3n}(llluhlllv+|||Bh|||W <mm{H2aR2 } (a3 + 1Bl

1 1 9
ng|||uh|||v + E|||Bh|||w
<HZ|If]l% + llel?
<(Ha||f]ln + llgll;)?-

Thus, we get the boundedness result (4.8).
_ Introduce a mapping A : Vi, x W, — V5, x Wy, defined by A(uy,, B) = (W, wg), where (W, wg) €
V5, x Wy, is given by

an(Wy, V) + an(wp, wp)

1 . N _ -
=(£,Vho) + 75— (8 Who) — cn(un; un, Vi) = n(Va; Ba, Bn) + &n(un; B, wn), V(va, wn) € Vi x W,
(4.11)
Clearly (up,By,) is a solution to (3.8) if it is a solution to
A(up,By) = (uy,By). (4.12)

In order to show the system (4.12) has a solution, from the Leray-Schauder’s principle it suffices to prove
the following two assertions:

(i) A is a continuous and compact mapping;

(ii) For any 0 < X\ < 1, the set Vi, x Wy i= {(va,wp) € Vi, x Wy, 0 (v, wp) = M(vp, wp)]} is
bounded.

In fact, let wip,ugn € Vi, Bip, Boy € Wy, and set A(uyp, Bin) = (Wiw, wip) and A(ugy, Boy) =
(Way, Wap), then we have

an(Wiu, Vi) + an(Wip, wi) + cp(Wips Win, Vi) + 6, (Vin; Bin, Bin) — én(uin; Bin, wi)

1
=(£,Vio) + (8 Who), (4.13)
an(Wau, Vi) + an(Wap, Wi )v + cp(Uan; Uan, Vi) + Eh(Van; Ban, Ban) — ¢x(u2n; Bon, wi)
1
=(f,vho) + R—(g,Who), (4.14)

12



for all (v, w) € Vi, x W,. Subtracting (4.14) from (4.13), and taking vj, = W1, —Wa,, Wj, = W15 —Wap,
we obtain
an(Wiy — Way, Wiy — Way,) + ap(Wip — Wap, Wi — Wap)
= - Ch(u1h; Uip — U2h, Wiy — qu) - Ch(ulh — U2p; U2h, Wiy — qu)
— Cp(Wiuw — Wau; Bip — Bap; Big) — én(Wiy — Way; Bon, Bin — Bag)

+ ép(u1p; Bip — Baop, Wi — Wap) + &, (w1, — uzp; Bop, Wip — Wap),

which, together with Lemma 4.1, leads to

[Wiw — Woul|[? + lwis — wagl|[fy

=l =

e R,
< My (|[[awnlllv + [[lazal[lv) [lTain = wenlllv[[[Wie = Waulllv

+ My, (||Bunllw + || Banlllw) [[Bin — Bonlllw ll[Wiu — Waulllv

+ My, (|[[asn|l[v[IBin — Banlllw + [|Banll[wl|luin — uanll[v) [[[wis — wasl|lw.

This estimate plus (4.8) yields

Wi — Waulllv + |[[Wip — waBl|lw

<2 {HaMh (1w llv + [[[aznlllw) [[[aw, = vznl[[v + HoMa (|[Bual[lw + [[Banl[lw) [[Bin — Banl||w

+ R My, (|[|urn|[v]|B1r — Baalllw + ||[Banl|lwl[uin — u2h|||v)}

IN

AC% (Ha||f|ln + llgll;) [(QHaMh + R M) |[urn — vonlllv + (2Ho My, + Ry My)|||B1n — Banl|lw

12¢% max{ My, My} (Hal|fl| + llgll) (1win — uznlllv + [[[Bin — Baal[lw) - (4.15)

A

This result implies that A is equicontinuous and uniformly bounded, since
A(uip, Bip) — A(ugy, Bap) = (W1y — Way, Wi — Wap).

Thus, A is compact by the Arzela-Ascoli theorem [6], and (i) holds.
_ The work left is to show (ii). If A = 0, then V5, x Wy = {(0,0)}. For A € (0,1] and (v, vp) €
Van X Wy, using (4.11) we have

~ 5 5 1
AN Yan(Vu, vi) + an(ve, wi)) + en(Vu; Vu, Vi) + (Vi VB, VB) — & (Vu; v wa) = (F,v) + R—(g,Wh)-

Similar to (4.8), there holds

[Ivulllv + Ivalllw < 2CA(Ha|f]ln + ll&l7)-
As a result, (ii) holds. This completes the proof. |

Denote B -
§ = 12¢* max{My,, M}, } = 12max{H,, R, }> max{ M, My},

and we have the following uniqueness result.

Lemma 4.5. Under the smallness condition that
8 (Hallflln + llgll;) <1, (4.16)

the problem (3.8) admits a unique solution (uy,Bp) € Vi, x Wy,
Proof. Let (w1, B11), (uzn, Bay) € Vi, x Wy, be two solutions of problem (3.8). Then it suffices to show
uy, = ug, and By, = Boy,. In fact, from (3.8) it follows that, for any (vi, wr) € Vi, x Wy,

- N N 1
an(Win, vp) + an(Bin, Wp) + cp(Win; Win, Vi) + E0(Va; Bin, Bin) — én(uin; Bin, wi) = (£, vi) + R_(ngh)v
m

13



- N N 1
an(Uan, vn) + an(Baon, Wp) + cp(Uan; Uon, Vi) + (Vi Ban, Bag) — én(uan; Bon, wi) = (£, vi) + R—(ngh)-

Subtracting the above first equation from the second one and choosing v, = a1, — usn, wp = B — Bay,
we get
ap (w1 — Uzp, Wip — U2p) + a@n(Bip — Bap, Bip — Bay)
= — cp(uip;urp — Ugp, Urp — Uzp) — (Ui, — Ugp; Ugp, Ul — Ugp)
— en(u1p — u2p; Bip — Bop; Bin) — a(win — u2n; Bop, Bin — Bayp)
+ én(uin; Bin — Bop, Bin — Bop) + én(uin — uap; Bap, Bip — Bay),
which, together with Lemma 4.1, leads to
1 1
HZ R?,
<M, 2 Y
<Mp|[lain — 2l [l[ainlllv + My ([[Binll[w + [[B2nl[lw) [[Bin — Banl|lwll[uin — uzn|llv
+ My||[B1n — Bonl| iy luinlllv + M|l Baalllw [ B1n — Banl|lw|[uin — uznll[v-.

I = wan IS + 5 [11Bun — Baal[[3y

This estimate plus (4.8) yields

[[lu1n — wzn|l|v + [|[B1in — Baxnl|lw
<2C{Ho My |||a1, — onll|v|[[a1nllv + HoMa(|[[Bunlllw + || Banl[lw)l[[Bin — Ban|llw
+ Ry M| |B1n — Bon||lwl[usnlllv + RarMy|||Ban||lw ||| a1 — von||w}

AR (HIEln + gl ((FaMs + Rar o) lusn — wsnlllw + (2Ha Ty + Ron V10| Bin — Bal v
<12¢% max{ My, My} (Ha|Elln + lIgll7) ([[a1n — uznllly + [[Bin — Bonl[lw)
In view of the assumption (4.16), the above inequality implies
uip = Uzp, Bip = Bop.
This completes the proof. |
Finally, we have the following existence and uniqueness results for the WG scheme (3.4).

Theorem 4.1. The scheme (5.4) admits at least one solution (up,Bp,pn,rn) € VI x W) x QY x RY
and there holds the boundedness result (4.8). In addition, the scheme admits a unique solution under the
smallness condition (4.16).

Proof. The existence and uniqueness of the discrete solutions u;, and By follow from Lemmas 4.3, 4.4
and 4.5, and the existence and uniqueness of the discrete solution, pp, to (4.6) and the discrete solution,
rp, to (4.7) follow from the two discrete inf-sup inequalities in Lemma 4.2. |

5 Error estimates

This section is devoted to establish the error estimates of the WG scheme (3.4). To this end, we
assume that the weak solution, (u,B,p,r), to the problem (1.1)-(1.5) satisfies the following regularity
conditions:

uc VN HY Q)Y BeWn[HMY Q) peLi(QnHMNQ), reHYQ)NHMNQ). (5.1)
Here we recall that &£ > 1. We set

Mulx == {PF7 (ulk), Qi(ulk)}, ILBlk :={PF(B|k), Qi(B|x)},
splk = {Q%_1(plk), @k (plx)},  Marlk :={Q7_1(r|k), Q(rlx)}.

for any K € Ty,
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Lemma 5.1. For for any (Vh, Wh,qn,7h) € V) x W9 x QY x RY, there hold

an(Ilyu, viy) + an (2B, W) + by (va, Hsp) — b (I, gr) + by (Wi, ar) — by, (1B, 6),)
+ ch(Hlu; Hlu, Vh) —+ &h(vh; HQB, HQB) — 6h(H1u; HQB, Wh)
1
=(f,vho) + R_(ngh) + Eu(u,vy) + Ep(B,wp) + Eg(u, vy)

+ Epy (vii Bn, Wa) + Epy(an; Br, wy), (5.2)

where

1
E,(u,vy) := m((Vu — Q% V) -1, Vi — Vio)aTi, + =5 (T(PRTu— Qbu), vie — Vib) o

Ep(B,wp) = ,%W x B —Qp_1(V xB),(Who — Wnp) X n)ar;,
+ %ﬁ(P?}TB — Q}B) x n, (Wpo — Wp) X 1)o7,
Ei(u,vp) = %(u Qu— P;}Tu ® P?Tu, ViVio) — %((u ®u—Qhu® Qlu)n, vi.)sT,
- W(u Vu-PFTu- VPR u,vi,) — %(Vhb ® Qpun, PR u)or;,
Egz,(B,vy) = 7Rl—m(vh x (B—=PF"B), v, x B) + é(vh x PRTB, v, x (PF"B - B))
_ ﬁ«P?TB —Q)B) xn, vy, x PR B)or,,
Egy(u;B,wy) = —%(Vh X Who, (W x B — P?Tu X PLQTB)) - %<W}w x n,u x B)ar,
— %«Who —wn) x 0, PRTu x PFTB)or, .
In addition, we have
PR u|k € [Pr(K)|¢ and PRTB|x € [Pu(K)|Y, VK € Tp. (5.3)

Proof. We first show (5.3). For any K € T, using Lemma 3.8 we get
(V-PETw,én)k = (V- u,dn)x =0, Von € Pu(K),
(V-PETB,0p)k = (V-B,0p)x =0, V0 € Pi(K),
which give
V-PRTu=0, V-PB=0. (5.4)

Then the result (5.3) follows from Lemma 3.7.

From the definitions of the bilinear forms a(-,-) and the weak gradient, the second commutativity
property in Lemma 3.10, the properties of the projection QS, (m = k,k — 1), the Green’s formula, the
relation (Vu n,vp)s7, = 0 and the definition of E,(u,vy), we immediately get, for any v, € V9,

1 1
ap(Ilyu, vy) = ﬁ(vw,kqﬂﬂl, Vuw k—1Vh) + ﬁW(P?jTU —Qhu), Vio — Vib)aTi
1 1
:ﬁ(Qquu, Vi k—1Vh) + ﬁﬁ(P?}Tu — Qh), Vio — Vib)oT,
1 1
=— m(vh Qi1 Vu, vi,) + m(Qi_lvu n, vip)aT, + m<T(P§Tu — Qbw), Vio — Vi)aT,,

1

1
72 (Q2_ 1V, Vivio) + =5 Q01 Vu n, Vi, — Vio)om, + w5 (T(PRTu— Qu), Vio — Vib)ors,

H

a

H?
1 1 1
=- E(Auv Vho) + mﬂvu — Qi _1Vun, vy, — Vio)aT, + ﬁ(T(PETU — Qhu), Vo — Vip)aTs
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1
=— E(Au, Vho) + Ey(u, vy).
a
Similarly, in light of the definitions of the bilinear forms ay, (-, -) and the weak curl, the third commutativity
property in Lemma 3.10, the properties of the projection Q2,, the Green’s formula, the relation (V x

B, wp, X n)s7;, =0, and the definition of E5(B, wy), we obtain, for any wy, € W,

- 1 1
ah(HQB,Wh) = R—Q(Vw k-1 x IIB, Vw k—1 X Wh) + R_2< (P?TB — QZB) X n, (W;w — th) X n>37—h
1
ZR—Q(Qiq(V X B), V-1 X Wp) + R2 (r(PFTB — Q}B) x 1, (Who — Wh) X 0)ar;,
1
R2 (Vi x (QR_1(V x B)), who) + E@iq(v x B), wpp X m)oT;,

1

+ = R2 (rPFTB — Q;B) x 1, (Who — Wip) X D)o,

(Qr_1(V xB), Vi x Wio) = =(Q7_1(V X B), (Who — Wnp) X m)pT;

:R_2 R2

m

1
+ R—2< (P?TB - QZB) X N, (Who — Whp) X D)oT;,

VxVxB W}w) (V x B — Qk 1(v X B) (W}w — th) X n)aTh

R2 ( R2

ng (r(PRTB — QB) x n, (Who — Wnp) X )7,

R2 (V xVxB W}w) + EB(B Wh)

In view of the definitions of by (-, ) and the weak gradient, the first commutativity property in Lemma
3.10, the projection property, and the relations (3.15a), (5.4) and (u - n, gnp)a7, = 0, we get

by (v, H3p) — bp (I u, qn) wk{ Q0 10, Q4pY, Vio) — (Vuwkqn, P 1)
OVD, Vo) + (V- PR, qro) — (PRTw-n, qno)or,

VD, Vho) — (U-n,qnp)or,
Vp,Vho), Vvp € Vg.

=(V
(@
(
(

Similarly, we have

- ~ 1 1
b (wp, Iar) — by (112B, 05, ZR—(Vw,k{QZ,ﬂ“, QiTLWho) - R—(vw,keh; P} B)

1

:E(ng,whowr R (V-PRTB,0,) — E(P’RTB n, 0T,
1 1

:R—(VT, Who) — —<B n th>aTh

m

1
:E(VT, Who)7 VW}L S Wg

By the Green’s formula and the definitions of ¢ (+; -, ), the weak divergence and E3(-,-) we get

cen(Iiw; Iu, vy) = ( wk - {P?Tu ® P;}Tu, QZu ® QZu},vho)

2N
- %(Vw,k Avio ® PRT®, vy, ® QQu}, PR u)
:%(V (u®u), vy + 2}\7 (ue@u—-PFTue PR u,V,yv,)
el u - Qhu e Quun, viv)ay,
+ %(V (u®u),vy) + %(u Vu—-PFTu-V,PF u,vp,)
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1
+ N <(Vhb ® QZun, P;}Tu>3Th

:%(V (u®u),Vho) + Eg(u, vy).

Similarly, we can obtain

1
5h(Vh;H2B,H2B) = 7R—(V x B x B,Vho) + EBI(Bh,Vh),

m

~ 1
— Ch(Hlu; HgB,Wh) = ——(V X (u X B),W}w) — EB’2(uh; Bh,Wh).
Combining the above relations and (1.1), we finally arrive at the desired conclusion (5.2). |

Lemma 5.2. For any vy, € V?L and wy, € W?L, there hold

| Eu(u, i) S APl [valllv,

|E5(B,wh)| S AF(IBllks1|[[wnl[[w,

|1 Ba(a,vi)| S PEl[allzlallerllvalllv,

B, (B, vi)| S ¥ IBIl2l B erallvalllv,

By (w; B, w)| S A ([|ull2lBllats + Bzl )l [walllw.

TN N N N N
© o N & o
22 Z

Proof. We only show (5.7), since the other results can be derived similarly.
We shall estimate the four terms of F;(u,vy) one by one. Using the Cauchy-Schwarz inequality, the
Holder’s inequality, the Sobolev embedding theorem, and Lemmas 3.8 , 3.9 and 3.3, we have
(u@u—-PRTu@ PR u, Vv,
< |((w=PFTu) @ u, Vivio)| + [(PFTu® (u = P ), Viva,)|

<lufosee Y, u=PF ulol|Vaviollox + Y [u—PF ulos xPE ulos xl|Vavaollox

KeTy, KeTn

< 0,00, Z lu— P ulo, k| Vavhollo,x + Z lu— P ufo sk (|u—PF o6,k + [ulo,6,x) | Viviollo,x
KeT, KeTn

< |ulo,00,0 Z lu—PFulo x| Viaviollo,x + (lu—PF ulos0 + [uloe.0) Z lu— PR ulo3,x|Vavhollo.x
KeTy, KeTn

S W o cocfulegal[[valllv + llall Y fu=PF ulos k| Vavaollo.x
KeTn

S P o clulis [[[Val[lv + B0l ula ] [Vavaollo

< BE[lallaffallka vl llv-

Similarly,we can obtain

[{(u®u— Que Qiu) 1, Vi), |
={(u®u-Qu® QRu) n,vy, — Vib)or, |
<|{(u— QRw) ® (u— QRu)n, vio — Viv)ar, | +[((u — Qiu) ® Qfun, vio — Viv)oy, |
+[{(Q7u — QGu) ® (u — QRun, Vi, — Viv)ar, | + (QRu® (u — QRu)n, vio — Vav)or, |

> (lu= Quloax|u— Qulo.ox|Vio — Vablo.se.ox + [0 — Qhulo.ox |QRulo6.0k [Vio — Vablos.ox)
KeTh

IN

+ Z (1Q2u — Qhulo.ox |u — Qhulo ok |[Vhe — Viblo,0e.0x + [0 — Qhulo,ar |QRulo.6,0K Vo — Vib|o,3,0K)
KeTy,

k
ShElallzffullksallvalllv,
|(u-Vu-— P?Tu . VhPETu, Vho)|
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<|((u=PF7u) - Vu, vio)| + [(PFu- (Vu = VAP u), vio)|
06k + Y [Vu—=VyPE ulo kPE ulo6 il Vol

KeTy

0,3,K

<Y [u—=PF ulos x|[Vulo k|[Viol
KeTy,
ShFallafallgsal[[valllv,

and

[(viy @ Quu-n, PFTu)o, | = [(viy ® Qiu-n, P u - Qu)o,, |
<[{(Vio = vip) © (QRu — Qfu) - 0, PFTu — Qqu)o,, | +[{vho ® (Q}u — Qfu) - n, P u — QQu)oy, |
+{(Vio = vip) © QPu -0, PFTu— Qu)o,, [+ [(Vae @ QQu-n, P u — QQu)y,, |

ShElalla|al| k4 vl
|

As a result, the desired estimate (5.7) follows.
Theorem 5.1. Let (up, By, pr, ) € V) x W9 x QY x R)) be the solution to the WG scheme (3.4). Under

the regularity assumption (5.1) and the smallness condition (4.16) there hold the following estimates:
(5.10)

[Thu = wp[llv +[[[I2B = By||lw < #*Ci(u,B),
(5.11)

| Tsp — palllq + |[[Mar — 74l||r S BC1(0, B) + A?*Ca(u, B),

where
Ci(u, B) == ([[ullk41 + |IBle+1) (1 + [[ull2 + ||B]|2) ,
Co(w,B) = (J|uflgs1 + [|Blles1)® 1+ [[ull2 + [|B]|2)°

Proof. From (3.4) and Lemma 5.1, we can get the error equation
an(Ilia —up, vi) + ap(lleB — By, wp) + by (v, Lsp — pr)
— by(Iyu — up, qp) + by (Wi, a7 — 71,) — b(I1,B — By, 0)
+ e, (hw; My, vy) — ep(up;up, vp) + ép(vi; 2B 1o B)
— &n(vai Bp, Bp) — cn(Iliw; 112 B, wy,) + G (up; By, wi)
=FE,(u,vy) + Ep(B,wy) + Ea(u,vi) + Eg (B, vi) + Ejy(w; B, wy,),

for any (vi, wWn,qn,0s) € VI x W9 x Q% x R). Taking (vi, Wn,qn,0r) = (Iliju — up, 1B — By, Ilsp —
Pr, 47 — 7p) in this relation and using Lemma 4.1 we get

1

1
I = [+ —

HE
=ap(Iliu — up, Oju — up,) + @, (I,B — By, IL,B — By,)
=E,(u,Thiu—uy) + Ep(B, ;B — By) + Ez(u, Thu — uy,)

+ Bz (Bp, Iiu —up) + B, (u; B, 1B — By,)

—cp(Tyu; yu, Iiu — ug) 4 ep(up;up, iu — up) — ¢ (IIiu — up; 2B, I1;B)

+ ¢p(Iliu — up; By, By) + ¢, (IIiw; I, B, 11, B — By,) — é,(up; B, I1,B — By,)
=FE,(u,1;u —u,) + Eg(B,11,B — By,) + Ez(u,Ilju —uy)

+ Eg,(Bp, liu—up) + Ezy(u; B, TI:B — By,)

—cn(Ilyu — up; up, iu — uy)

+ ép(up; 1B — By, I12B — By,) — é,(Iliu — uy; [1,B — By, By),

IIT2B — Bu||[7

where in the last *=" we have used the relation cp, (II;u; II;u — up, Iliu —up) = 0. In view of Lemma 5.2
and the definitions of M}, and M}, in (4.2) and (4.3), we further have

1 1
ﬁmﬂlu* w,l|f} + R_2|||H2B —Bulll}y
< C (Bl Ta = upllly + hF|Blrs1]||[T2B — By|llw + B |[ull2fullp|[Ta — up|lv
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"Bz ]| B [T w = wpl ||y + 2 (|2 Bllx+1 + [Bll2][u]le1)[[[2B — By ||lw)
+Mpl[[an[lv ||Ta = wp |} + Ma||[un|[[v][[T2B — Byl[[§y + Ma||[Bal|lwll[Tia — us|||v[[[IB — By ||lw,

which, together with (4.8), yields

IMhu = wsllly + [[[T2B = Bh|[|lw

<260 (W¥ilalliss + RHIBIlss + HEIBoIB s + HE ol + B ol By + B [Blelfulls)
2 (Ha Ml |y T =l + o T2 — Bl
1 ~ 1 -
RSByl 0 = w5 o5 B 1125~ B
< 2CON* (s + [Blls) (14 full + Bl
G (L8] + gl (Ml T = [y + R W[ B — By
1 ~ 1 -
#5 R N[ = wlly -+ 5 R 3|2~ B )
< 20N (s + [Blls) (4 lull + Bl
1 ~ ~ 1 ~
HAC (L€ -+ gll) (M + 5 Ron N+ Ron N+ 5 B V) ([T = il <+ [T — B[
< 20N (s + [Blls) (14 full + Bl

+12¢% max{ My, My} (Hal|f[|n + llgll7) (IlTa — up|llv + [[[T2B — By|llw),
Since the smallness condition (4.16) implies
12¢% max{ M, My} (Ha |[fl|1 + llgllz) = 6 (Hallflln + llgllz) < 1,

we immediately obtain the desired estimate (5.10).
Next let us estimate the pressure error. Taking (wy, g, ) = (0,0,0) in the equation (5.2), we have

an(Ilia, va) 4+ bu(va, Ilsp) + cp(yu; Iiu, vi) + Ep (v 2B, 1 B) = (£, vio) + Eu(u, vi) + Ea(u, va),
which, together with (3.5a), gives

b (v, Usp — pr) =Eu(,vi) + Ea(u, vp) — ap(lliu —up, vi) — en(llu; Hiu, vi) + cp(up; up, via)
— ¢n(vp; oB, T1oB) + ¢,(vi; Br, Br)
=F,(u,vp) + Ez(u,vi) — ap(Iliu — up, vp)
—cn(Iliu — up; hu — up, vi) — ep(up; Iiu — up, vy) — cp(liu — wp;up, vp)
— ¢p(vp; 1oB — By, I1oB — By,) — ¢,(va; Bp, II:B — By) — é,(vy; 11oB — By, By,).

Thus, using the inf-sup condition (4.4), Lemmas 4.1 and 5.2, and the estimate (5.10), we get

by (vh, IIsp — pp,
IMsp—palllg < sup n(veTlap —pn)
otveve  lvalllv

2 2
P ([allkr + [1Blle+1) (1 + [ullz + [[Bll2) + A% (Jallir + [1Bllr+1)” (1 + [[ull2 + [B]|2)
<h*Cy(u,B) + h?*Cy(u, B).

Similarly, by using the inf-sup condition (4.5), Lemmas 4.1 and 5.2, and (5.10), we can obtain
[y — rp]|| g S B7C1(u, B) + h**Cs(u, B).
Combining the above two inequalities leads to the desired result (5.11). |

In light of Theorem 5.1, Lemmas 3.1, 3.6, 3.8 and 3.9, and the triangle inequality, we can finally get
the following main error estimates.
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Theorem 5.2. Under the same conditions as in Theorem 5.1, there hold

[Vu — Viupollo + |[Vu = Vi x—1up o < hFCy(u, B), (5.12)

[V x B~V xBpollo + |V xB = Vi1 x Bpllo < h*Cy(u, B), (5.13)
D = Phollo + hl[VP — Vukpllo S B*C1(u,B) + h¥(|p||x + h**Cy(u,B),  (5.14)

|7 = Tho — (F — Tho)llo + hl|Vr — Vwir|lo < hECy(u, B) 4+ A¥||r||x + A?*Co(u, B),  (5.15)

where T and Tr, denote the mean values of v and rr, on 2, respectively.

Remark 5.1. From the estimates (5.12) and (5.13) we see that the errors of the velocity and the magnetic
field are independent of the pressure and the magnetic pseudo-pressure. This means that our WG scheme
is pressure-robust.

6 Local elimination property and iteration scheme

6.1 Local elimination

In this subsection, we shall show that in the WG scheme (3.4) the approximations (Upne, Bhos Pho, T'ho)
of the velocity, the magnetic field, the pressure and the magnetic pseudo-pressure defined in the interior
of elements can be locally eliminated by the using the numerical traces (upny, Bup, Pro, The) defined on the
boundaries of the elements. After the local elimination the resulting system only contains the degrees of
freedom of (upp, Brp, he, pre) as unknowns.

For any K € Ty, we take VholTh/K =0, vip = 0, Who|Th/K =0, wpp = 0, q;w|7-h/K =0, g =0,
Onol 75,/ = 0, Opp = 0 in the scheme (3.4), and obtain the following local problem:

Find (u;w, Bho, Tho, Pho) € [Pk (K)]d X [Pk (K)]d X Pr—1 (K) X Pr_1 (K) such that

an,k (Uho, Vho) + Gn, kK (Bho, Who)
+ i 1 (Vho, Pho) — bh. i (Who, Qho) + bh. 1 (Who, Tho) — bn.ic (Bho, Oho)

+ ch, kK (Uho$ Uho, Vio) + Eh, K (Vho; Bho, Bho) — €h,k (Uho; Bro, Who)
=F i (Vho) + Gk(Who):  Y(Vho, Whos Ohos Qo) € [Pr(K)]? x [Pr(K)]? X Pr_1(K) x Pr_1(K), (6.1)

where
1
ap, Kk (Whos Vo) 1= 72 (Vuw,k=1{h0,0}, Vi k=1{Vh0, 0}) s + Sh, Kk (Who, Vho),
a
1
Sh,K(uhmvho) = m<7—uho;vho>aKa
a
. 1 .
an, Kk (Bho, Who) 1= R (Vw,k—1 X {Bho, 0}, Vi k-1 X {Who,0}) i + 50, K (Bho, Who),
m

Sh, 5 (Bhos Who) 1= R—2<TBho XN, Who X N)gK;
m

. 1
b,k (Vho, Gho) = (Vu,k{Phos 0}, Vio) i O, K (Whos Tho) i= . (Ve k{Tho 0}, Who) 5 »

1 1
ﬁ (vw,k . {uho & uhoao & O}avho)K - ﬁ (

. 1
¢h, K (Vho; Bhos Bho) i= o (Vak X {Bho, 0}, Vo X Bpo) e

ch, K (Uho; Upo, Vo) 1= Vo  {Vho ® Who, 0 ® 0}, Upo) e »

1
Vuk-110,un}, Vi k=1{Vho, 0}) jr + m(TU—hba Vho) 9K

a

(Ve - {0®0,upp @ Unb}, Vio) c »

1
2
— (Vu, k{0, prb}, Vio) K

1
-

Fr(Vio) :== (f,vno)x —

2N

1
Gk (Who) := ——(9,Who) K (Vaw,k=1 X {0,Bpp}, Vi k=1 X {Who,0})

R,
1
+ R—2<TBhb XN, Who X D)oK — o (Ve k{0, 70}, Who ) g -
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For any K € Ty, we define the semi-norms as follows:

1

Vol 15,5 = IV k-1{Vho» O}8 & + 72 Vho 1§ 050)

1 1
lwhollle,x = (IVuw k-1 X {Who, O}IE k + 172 Who x nl[§ 5x) .

By following the same routine as in subsection 4.2, we can derive the existence and uniqueness results
for the local problem (6.1).

Theorem 6.1. For any K € Tp, and given numerical traces upplox, Bus|or, Prolox and riplox, the local
problem (6.1) admits at least one solution. Moreover, under the smallness condition

§ (HolFxlln + IGkllz) <1,
the problem (6.1) admits a unique solution, where

5 =12 max{Hg, Rm}3 max{ M} r, Mh,K},

My o= ch, K (Phoi Uho, Vio)
h,K ‘= sup ,
020 unovno€Vn x| LnolllD& [ Wnoll| D k[ [Vholl D,k

¢h, K (Vhoi; Bhos Who)

Mh,K = sup
ot i Trolllo,clVaollp. sl Brolllos
0#VHo €V K
FK Vh) GK Wh)
Frln=  sup Km0l g g GE(WR)
N R o | opw e Twmolllc.x

Vik = {Vho € [Pr(K)]% bh,k (Vho, Gho) = 0,¥qno € [Pr—1(K)]},
Wik = {Who € [Pr(K)]%; bt (Who, Ono) = 0,01, € [Pr—1(K)]},

Vo 10,5 = (| Vaosk—1{Vhos O}I2 1 + |72 Vhol2.0) ?

2
)

6.0

[[Wholllo,x = (| Vark-1 X {Wno, O}3 & + 172 Who X 0|3 o) %.

6.2 Oseen’s iteration scheme

The WG scheme (3.4) is nonlinear, and we shall adopt the following Oseen’s iterative algorithm for
it: given uf) and BY, find (uy, BY, pi,r) with n = 1,2, ..., such that

an(uy,v) + bp(vVa, p) — bu(af, qn) + cn(uy s ult, viy) 4 én (v BN B = (£, vio), (6.2a)

~ n 7 n 7 n ~ n— n— 1
an (B, wn) + bn (W, ) — bu(BJ, 04) — én(up = B! wy,) = R_(gawho)a (6.2b)

for all (Vh,Wh,qh,eh) S V?L X W?L X Q?L X Rg.

Remark 6.1. Notice that the above Oseen’s iterative scheme can be rewritten as follows: given ug and
BY, formn=1,2,...,
Step 1: find (B}, r}) such that

an(By, wp) + by (wp, ) + br(BY, 65)

= —(8Wno) +én(u) By wy), V(wy,0,) € Wi x RY;

m

3|

Step 2: find (uj,p}) such that

an (W, vi) + b (Vi, pi) + bp(ay, qn) + e (W)=t gk, vi)
= (fa Vho) - éh(Vh;BZ_l,BZ), V(Vhth) S V?L X Q%

We have the following convergence result.
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Theorem 6.2. Let (up,Bp,pn, ) € V) x W9 x Q) x R) be the solution of the WG scheme (3.4).
Under the condition (4.16) the Oseen’s iteration scheme (6.2) is convergent in the following sense:

i [juf —willlv =0, lim (1B}~ Bylllw =0, lm [lof ~ palllo =0, lim [[[7f — rilll = 0.

Proof. Denote e} := uj; — up, e := B} — By, ey = pj — pn, €)' := 7}y —rj,. Subtracting (6.2) from (3.4),
for all (vi, Wh, qn,0r) € VI x W9 x Q9 x RY, we have

an(ey, va) + an(ef, wh)

= —bn(vVh, €)) + buler, an) + cn(up;un, vi) — cp(u) g, vi) + én(va; Br, By)

— éh(Vh; BZ_l, B}) — Bh(Wh, 6?) + Bh(e%, Hh) — éh(uh; By, wr) + éh(uz_l; BZ_l, Wh). (6.3)

Taking vi, = e, wy, = €}, qn = €,,,0n = €' in (6.3) and using Lemma 4.1, we get

1
Fgllleﬁlll2v+ﬁllle’éllliv

= cn(up;up, e)) — cp(up~hsupel) + énlel; Br, By) — éu(el; B 1 BY) — én(up; Ba,elh) + &n(up B eh)
= —cplel up, el) — Gl el By) + én(ups el elh)
< Mllunlllv ez v llextllv + Mallles Hwlllelllv Bnrlllw + Mulllel lw lanlllv]iek]llw,

where in the second "=’ we have used the relation cj,(u}'~';e?, e?) = 0. Similar to the proof of (4.15),

the above estimate plus (4.8) yields

lezlllv + [lezllw

< % (HaMhllluhllIvllleﬁ_llllv+HaMhllle%_llllwlllBhlllw+RthII|€%‘1lllwllluhlllv)
< AC(HoMp + HoMpy + R My) (Hal| £ + gll7) les ™ v +1lles Hllw)

< 12¢% max{ My, My} (Hallf[ln + Igllz)(leh ™ 1lv + lllef )

< O(HallElln + lgll7) (len™ v + e llw)

< (6(Halflln + gl )" (bl + [lleBlw),

which, together with the smallness condition (4.16), i.e. 0 < §(H,||f[|n + [Ig]l;) < 1, gives

lim ([[Juz} —upll[v + |[[By — Bul[lw) = 0. (6.4)

n—oo

From (6.3) we can get for any v, € V9,

brn(Vh,ey) = —an(ey, Vi) + cn(up;up, vi) — cn(Wr s ult, vi) + E,(vi; B, By) — én (v BY L BT

= —ap(el,vp) —cn(el un, vi) — cn(er el vi) — n(vas el Br) — én(vis el b eh).

Using the inf-sup condition (4.4) and Lemma 4.1,we have

by, (v, el
lletlllo < sup 2oV co)
S0 Tvallly

< Higllleﬁlllv + Mu(le ™ v lanlllv + e vl lllv) + Malleq wl[Balllw + ez lwlllez[w),
which together with (6.4), yields
i 1pf — plllo = Jim e o = 0.
Similarly, by using the inf-sup condition (4.4), Lemma 4.1 and (6.4), we can obtain
T [irf — rallln = 0.

This completes the proof. |

22



7 Numerical examples

In this section, we give two 2D numerical examples to verify the performance of the WG scheme (3.4)
for the steady incompressible MHD flow (1.1). We apply the Oseen’s iterative scheme with an initial
guess (u))_,BY ) = (0,0) and the stop criterion

|lup — u271||0 <le—38

in all numerical experiments.
In the examples of the model (1.1), we set

Q=[0,1>H,=N=R,, =

and we use regular triangular meshes for the computation (cf. Figure 1).

Figure 1: The meshes: 4 x 4 mesh .

Example 7.1. The ezxact solution (u,B,p,r) is of the form

uy = —z*(x —1)%y(y — 1)(2y — 1), uz =y (y — 1)%(
By = —2?*(x —1)%y(y —1)(2y — 1), By =y*(y — 1)%z(z
p=ax(x—1)(z—-1/2yly—1)(y—1/2),
r=x(r—1)(z—-1/2)y(y —1)(y — 1/2).

We compute the WG scheme (3.4) with k = 1,2. Numerical results are listed in Tables 1 and 2.

Example 7.2. The exact solution (u,B,p,r) is of the form

up = sm(wx) cos(my), wus = —sin(my) cos(mx),
By = —a*(z - 1)’y(y — )(29—1) By = y?(y — a2 — 1)(2z — 1),
pzwﬁ—y, r=x(z—1)(z-1/2)y(y - Dy - 1/2).

We compute the WG scheme (5.4) with k = 1,2. Numerical results are listed in Tables 3 and 4.

Table 1 - Table 4 show the histories of convergence for the velocity uy,, the magnetic field By, the
pressure pp,, and the magnetic pseudo-pressure rp,. Results of

divU;, .= MaxKeThh;}HV . ll}w||07K

and
diVBh = MaXKeT}Lh;{lHV . Bho||0,K

are also listed to verify the divergence-free property. From the numerical results of the two examples, we
have the following conclusions:

e The convergence rates of ||[Vu — Viupollo, [[Vu— Vi k—1upllo, |V XB =V xBpollo, [[VB-—
Vuk-1Bnllo, I[P = Prollos AlIVP =V kprllo and hl|Vr — Vo grallo for the WG scheme with k = 1,2
are of k" orders, which are consistent with the established theoretical results in Theorem 5.2.

e The convergence rate of ||r — rp,[|o is also of k" order.

e The convergence rates of ||u — up,|lo and ||B — By,||o are of (k + 1) orders.
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e Based on the facts that

Vi - Wnollo,00 S max hi' IV - thollo,x = divUp,

and
[V Brollo,o < pax hi IV - Bhollo,x = divBy,

we can see that the the discrete velocity and the discrete magnetic field are globally divergence-free.

Table 1: History of convergence results with £ = 1 for Example 7.1

Tu—uy,llo TVu—Vy k—1unllo [Vu—V,upello
mesh [[ullo [Vullo [Vullg divUh
error order error order error order
2% 2 2.3094e+00 - 9.0044e-01 - 1.2207e+00 - 3.4001e-16
4 x4 5.6715e-01 1.87 5.1165e-01 0.77 6.4277e-01 0.92 3.0878e-16
8 x 8 1.5224e-01 1.90 2.7237e-01 0.91 3.2258e-01 0.99 3.4348e-16
16 x 16 3.9918e-02 1.93 1.3841e-01 1.00 1.6098e-01 1.00 1.3878e-17
32 x 32 1.0236e-02 1.96 6.9404e-02 1.00 8.0401e-02 1.00 3.8511e-16
64 x 64 2.5908e-03 1.98 3.4720e-02 1.00 4.0183e-02 1.00 3.4153e-14
128 x 128 6.5160e-04 1.99 1.7363e-02 1.00 2.0089¢-02 1.00 2.9676e-13
IB—Bjsllo TVXB—Vy k—1XBnlo IVxB—V;, xBpsllo
mesh Bllo [VBIo [VBllo divBh
error order error order error order
2% 2 4.7569e+-00 - 9.8373e-01 - 1.5806e-+00 - 4.8572e-17
4 x4 1.1606e-+00 2.04 5.6441e-01 0.82 8.2061e-01 0.94 7.9797e-16
8 x 8 2.9482¢-01 1.98 2.7675e-01 1.03 3.7929¢-01 1.11 4.0939¢-16
16 x 16 7.4064e-02 1.99 1.3198e-01 1.07 1.6468e-01 1.20 4.1633e-16
32 x 32 1.8525e-02 2.00 6.4624e-02 1.03 7.5900e-02 1.11 5.6899¢-15
64 x 64 4.6309e-03 2.00 3.2115e-02 1.01 3.6869¢-02 1.04 2.0886e-14
128 x 128 1.1577e-03 2.00 1.6032e-02 1.00 1.8283e-02 1.01 2.9830e-13
lp—Ppollo hMVP=Vu, kPnllo Ir=rpollo A=V, krallo
mesh [[pllo [Vl [[rllo [Vrllo
error order error order error order error order
2 %2 7.0956e+00 - 6.2931e-01 - 4.7146e+00 - 7.1008e-01 -
4 x4 4.4806e-01 0.73 2.5901e-01 1.20 2.8776e+00 -0.05 4.4508e-01 0.70
8 X 8 2.3643e-01 0.92 1.2598e-01 1.03 1.4532¢-01 0.71 2.0693e-01 1.10
16 x 16 1.1985e-01 0.98 6.2587¢e-02 1.00 7.2538e-01 0.98 9.2089¢-02 1.16
32 x 32 6.0129¢-02 1.00 3.1264e-02 1.00 3.6249¢-01 1.00 4.5880e-02 1.00
64 x 64 3.0089¢-02 1.00 1.5628e-02 1.00 1.8122¢-02 1.00 2.5771e-02 0.89
128 x 128 1.5048e-02 1.00 7.8132¢-03 1.00 5.4339¢-03 1.00 1.5907e-02 0.90
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Table 2: History of convergence results with £ = 2 for Example 7.1

TVu—V,, k—1unllo

llu—up,llo [[Vu—Vpup,llo
mesh ullo [Vullo [Vullo divUh
error order error order error order
2x 2 4.0948e-01 - 4.5399e-01 - 8.7670e-01 - 1.9385e-17
4x4 5.6888e-02 2.85 1.3014e-01 1.80 2.4354e-01 1.84 8.4007e-15
8x 8 7.3768e-03 2.95 3.4894e-02 1.89 6.2798e-02 1.95 4.6346e-15
16 x 16 9.3177e-04 2.99 8.9496e-03 1.96 1.5637e-02 2.00 1.7873e-15
32 x 32 1.1713e-04 2.99 2.2591e-03 1.99 3.8806e-03 2.01 9.7438e-15
64 x 64 1.4693e-05 3.00 5.6704e-04 2.00 9.6538e-04 2.00 5.2180e-14
128 x 128 1.8403e-06 2.99 1.4201e-04 2.00 2.4068e-04 2.00 6.9921e-13
IB=Bhollo TVXB—V, r—1xXBpllo |[VXB=V} XxBp,llo
mesh [Bllo [VBlo VBl divBh
error order error order error order
2 X2 7.3927e-01 - 5.9051e-01 - 6.4000e+-00 - 3.8289¢e-16
4x4 1.9191e-01 1.95 1.2959e-01 2.19 1.3377e-+00 2.26 1.8881e-16
8x8 3.2161e-02 2.58 2.8450e-02 2.19 3.3459e-01 2.00 2.0293e-15
16 x 16 4.5933e-03 2.81 7.0130e-03 2.02 8.5809e-02 1.96 2.9827e-15
32 x 32 6.0891e-04 2.92 1.7591e-03 2.00 2.1581e-02 1.99 5.4936e-15
64 x 64 7.8185e-05 2.96 4.4098e-04 2.00 5.3937e-03 2.00 6.0488e-14
128 x 128 9.8991e-06 2.98 1.1041e-04 2.00 1.3468e-03 2.00 6.7897e-13
lP—Prollo RTIVP—V ., kPnllo Ir—rhollo RIVT—V4 k7r o
mesh [lpllo [Vl [[rllo [Vrlla
error order error order error order error order
2 X2 6.2098e+-00 - 1.6225e+01 - 6.4000e+-00 - 1.6227e+01 -
4x4 6.6197e-02 1.69 3.0672e+-00 1.99 1.3377e+00 2.26 4.0583e+00 1.99
8x8 1.7485e-02 1.92 1.8913e+00 1.93 3.3459e-01 2.00 1.0203e-+00 1.99
16 x 16 4.4316e-03 1.98 3.8976e-01 1.96 5.3937e-02 2.00 2.6077e-01 1.96
32 x 32 1.1117e-03 1.99 6.2237e-02 1.90 8.5809e-02 1.96 7.0588e-02 1.88
64 x 64 2.7815e-04 1.99 3.0583e-02 1.91 2.1581e-02 1.99 2.2239e-02 1.89
128 x 128 6.9553e-05 1.99 8.7568e-03 1.89 5.3937e-03 2.00 8.7574e-03 1.94
Table 3: History of convergence results with k = 1 for Example 7.2
llu—up,llo TVu=V, k_1upnlo [Vu—Vun,llo
mesh [[ullo [Vullo [Vullg divUh
error order error order error order
2x 2 5.8720e-01 - 5.0386e-01 - 7.5274e-01 - 4.4409e-16
4 x4 1.5498e-01 1.92 2.6999e-01 0.90 3.5470e-01 1.08 1.7764e-15
8x 8 3.9245e-02 1.98 1.3795e-01 0.96 1.7228e-01 1.04 2.1316e-14
16 x 16 9.8383e-03 1.99 6.9412e-02 0.99 8.5323e-02 1.01 2.8422e-14
32 x 32 2.4610e-03 1.99 3.4774e-02 0.99 4.2550e-02 1.00 1.1369e-13
64 x 64 6.1533e-04 1.99 1.7399e-02 0.99 2.1260e-02 1.00 9.5497e-12
128 x 128 1.5384e-04 2.00 8.7017e-03 0.99 1.0628e-02 1.00 1.0368e-10
IB-B..lo [VXB—=V, r_1%xBrlo [VXB=V}, xBpollo
mesh Bllo [VBIllo [VBllo divBh
error order error order error order
2% 2 4.7546e+00 - 9.9565e-01 - 1.5813e-+00 - 1.7347e-17
4 x4 1.1650e+00 2.02 5.6617e-01 0.81 8.2285e-01 0.94 3.4694e-18
8x8 2.9537e-01 1.97 2.7683e-01 1.03 3.7935e-01 1.11 3.1919e-16
16 x 16 7.4159e-02 1.99 1.3199e-01 1.06 1.6468e-01 1.20 9.7145e-17
32 x 32 1.8545e-02 1.99 6.4625e-02 1.03 7.5899e-02 1.11 1.4218e-14
64 x 64 4.6359e-03 2.00 3.2115e-02 1.00 3.6869e-02 1.04 5.5865e-14
128 x 128 1.1589e-03 2.00 1.6032e-02 1.00 1.8283e-02 1.01 5.3192e-13
Ip—ppollo MVP=Vu,kPrllo Ir=rnollo V=V, krrllo
mesh Ilpllo V]l 1o [Vrilo
error order error order error order error order
2% 2 1.5904e-+00 - 5.0377e-01 - 4.8444e+00 - 7.4476e-01 -
4 x4 8.2249e-01 0.95 2.4127e-01 1.06 3.5434e-01 -0.84 4.8998e-01 0.61
8x8 4.0154e-01 1.03 1.2071e-01 0.99 5.1369e-01 0.82 2.1646e-01 1.17
16 x 16 1.9969e-01 1.00 6.0868e-02 0.98 2.9593e-01 0.80 9.4338e-02 1.19
32 x 32 9.9854e-02 0.99 3.0661e-02 0.98 1.8125e-01 1.01 4.6403e-02 1.02
64 x 64 4.9969e-02 0.99 1.5415e-02 0.99 7.2736e-02 1.01 2.5885e-02 0.90
128 x 128 2.5000e-02 0.99 7.7379e-03 0.99 3.6275e-02 1.00 1.5930e-02 0.8
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Table 4: History of convergence results with k = 2 for Example 7.2

Tlu—upollo TVu—Vy k—1usllo IVu—=Vyupello
mesh ullo [Vullo [Vullo divUh
error order error order error order
2 X 2 1.1135e-01 - 1.6761e-01 - 4.3095e-01 - 4.2931e-15
4x4 1.4860e-02 2.91 4.3804e-02 1.94 1.0261e-01 2.07 1.3417e-14
8x 8 1.8798e-03 2.99 1.1123e-02 1.98 2.4719e-02 2.05 1.1394e-13
16 x 16 2.3542e-04 3.00 2.7981e-03 1.99 6.1043e-03 2.01 1.8455e-13
32 x 32 2.9435e-05 3.00 7.0135e-04 2.00 1.5210e-03 2.00 1.1427e-12
64 x 64 3.6793e-06 3.00 1.7554e-04 2.00 3.7993e-04 2.00 6.1542e-12
128 x 128 4.5990e-07 3.00 4.3909e-05 2.00 9.4962e-05 2.00 1.8475e-10
IB—Bs,llo TVXB-Vy k-1 XBhllo IVxB-V ), xBp,llo
mesh [Bllo VBl VBllo divBh
error order error order error order
2 X2 7.3926e-01 - 5.9072e-01 - 1.1218e-+00 - 5.0090e-17
4x4 1.9145e-01 1.95 1.3030e-01 2.18 4.3639e-01 1.36 2.8295e-16
8x8 3.2158e-02 2.57 2.8597e-02 2.18 1.3865e-01 1.65 4.8643e-16
16 x 16 4.6052e-03 2.80 7.0452e-03 2.02 3.8347e-02 1.85 1.3153e-15
32 x 32 6.1557e-04 2.90 1.7668e-03 2.00 9.9908e-03 1.94 2.0630e-14
64 x 64 8.1469e-05 2.92 4.4291e-04 2.00 2.5434e-03 1.97 1.1610e-13
128 x 128 1.1444e-05 2.83 1.1089e-04 2.00 6.4124e-04 1.98 7.3211e-13
llP—Phollo RI[VP—V 4 kPrllo llr="hollo Al[VT =V krrllo
mesh [lpllo [Vl [[rllo [Vrlla
error order error order error order error order
2 X2 7.9002e-01 - 4.8151e-01 - 6.4267e+00 - 3.5362e-01 -
4 x4 1.4304e-01 2.47 2.4399e-01 1.98 1.6916e+00 1.93 8.8431e-02 1.99
8x8 2.9207e-02 2.30 1.2339e-01 1.98 4.8829e-01 1.79 2.2139e-02 1.99
16 x 16 6.6988e-03 2.12 6.2086e-02 1.99 1.2901e-01 1.92 5.5663e-03 1.97
32 x 32 1.6187e-03 2.05 3.1145e-02 1.99 3.2709e-02 1.98 7.0588e-02 1.90
64 x 64 3.9905e-04 2.02 1.5599e-02 1.99 8.1999e-03 2.00 2.2239e-02 1.89
128 x 128 9.9147e-05 2.01 7.8059e-03 1.99 2.0504e-03 2.00 8.7574e-03 1.89

8 Conclusions

In this paper, we have developed a weak Galerkin method of arbitrary order for the steady incompress-
ible Magnetohydrodynamics flow. The well-posedness of the discrete scheme has been established. The
method yields globally divergence-free approximations of velocity and magnetic field, and is of optimal
order convergence for the velocity, the magnetic field, the pressure, and the magnetic pseudo-pressure
approximations. The proposed Oseen’s iteration algorithm is unconditionally convergent. Numerical
experiments have verified the theoretical results.
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