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Piercing Pairwise Intersecting Geodesic Disks by Five Points
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Abstract

Given a simple polygon P on n vertices, and a set D of m pairwise intersecting geodesic
disks in P, we show that five points in P are always sufficient to pierce all the disks in D. This
improves the previous bound of 14, obtained by Bose, Carmi, and Shermer [1].

1 Introduction

The problem of piercing geometric objects with as few points as possible has attracted the attention
of researchers for the past century. The research so far has been focused on convex objects and
disks in the plane. The most known result for piercing geometric objects with set of minimum
cardinality, is known as Helly’s theorem [5}/6], and works for convex sets in the plane. This theorem
states the following: Given a set of m convex objects in R? such that m > d + 1, if every d 4 1 of
these objects have a point in common, then all of them have a point in common. This means that
one point is sufficient to pierce all the objects. This claim does not hold when the convex objects
are only pairwise intersecting. However, for a set of disks in the plane, where every pair of disks
intersects, it has proven by Danzer [3] and by Stacho [89] that four points are sufficient to pierce
all the disks. These proofs are not amenable to design efficient (subquadratic-time) algorithms for
computing the piercing points. Recently, linear-time algorithms have been presented by Har-Peled
et al. [4] for computing five points that pierce m pairwise intersecting disks, and by Carmi et al. [2]
for computing four points.

Let P be a simple polygon. A geodesic disk D with radius r centered at a point ¢ € P is the
set of all points « € P, such that the length of the shortest path from x to ¢ is at most r. Bose et
al. |[1] showed that for any set D of pairwise intersecting geodesic disks in P, 14 points are sufficient
to pierce all the disks in D and these points can be computed in linear time. In this paper, we
prove that five points are sufficient to pierce all the disks in D, which improve the result of Bose et
al. [1]. More precisely, we prove the following theorem.

Theorem 1. Given a simple polygon P on n wertices, and a set D of m pairwise intersecting
geodesic disks in P, five points in P are sufficient to pierce all the disks in D.
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2 The Setup and Preliminaries

For simplicity of presentation, we adapt some notation that appeared in [1]. Moreover, we use
the convention that all indices are taken modulo the size of the set involved. Let P be a simple
n-vertex polygon in the plane and let vy, ve, ..., v, be its vertices sorted in clockwise order. For two
points x,y € P, the geodesic (shortest) path from x to y is denoted as II(z,y) and its length is
the sum of the lengths of its edges, and is denoted as |II(x,y)|. A geodesic disk with radius » > 0
centered at a point ¢ € P is the set {y € P : |lI(c,y)| < r}. A geodesic triangle on three points
a,b,c € P, denoted by A(a,b,c), is a weekly-simple polygon whose boundary consists of the paths
II(a,b), I1(b, c), and II(a, c); see Figure |l A pseudo triangle is a simple polygon with three convex
vertices.

A set X = {x1,..., 21} of at least three points in P is geodesically collinear if there exist two
points z;, z; € X, such that X C II(z;,z;). Given three points a,b,c € P that are not geodesically
collinear, the paths II(a,b) and II(a,c) have a common subpath until they diverge at a point a’.
Similarly, let &' (resp., ¢’) be the point where the paths II(b, a) and II(b, ¢) (resp., the paths II(c, a)
and II(c, b)) diverge; see Figure |1} Pollack et al. [7] observed that A(a’,¥,¢) is a pseudo triangle.
We refer to A(d’, V', ¢) as the geodesic core of A(a,b, ¢) and denote it by /(a, b, ¢). Pollack et al. [7]
observed the following observation.

Observation 1. Let a,b and ¢ be three points in P. Then the geodesic core 7 (a,b,c) has only
reflex angles along its boundary and the interior of this triangle is fully contained in P.

Figure 1: A(a,b,c) is a geodesic triangle. A(d’,¥,¢) is a pseudo triangle. 7(a,b,c) = A(d', V', c)
is the geodesic core of A(a, b, c)

Moreover, Pollack et al. [7] proved the following lemma about distances between a point and a
geodesic path.

Lemma 1 ( [7]). Let a,b and c be three points in P. Let g be the function defined on II(b,c), such
that g(x) = [Il(a,x)|, for every point x on II(b,c). Then, g is a convex function with its mazimum
occurring either at b or c. That is, g(x) < max{g(b), g(c)}, for every point x on II(b,c).



The following observations follow from Lemma

Observation 2. Let a and b be two points, such that the segment ab is entirely contained in P.
Then, any disk D € D that contains both a and b must contain the segment ab.

Observation 3. Let D be a geodesic disk in D with center ¢ € P, and let a and b be two points in
D. Then, the pseudo-triangle /\(c,a,b) is contained in D.

Observation 4. Let D be geodesic disk with center ¢ € P and radius r. Let g and b be two points,
such that |I(c,q)| +1 < r, |gb] < 1, and the segment qb is entirely contained in P. Then, b is
contained in D.

Let D = {D1,Ds,...,Dp,} be a set of m pairwise intersecting geodesic disks in P. For each
1 <7< m, let ¢; and r; denote the center and the radius of D;, respectively. The set D is called
Helly if there is a point that pierces all the disks in D. For a point x € P, we define a function
f(x) = y to be the smallest radius of a geodesic disk centered at = that intersects all the disks in
D. A disk D with radius r centered at c¢ is called minimal with respect to D if every point z in
the close neighborhood of ¢ in P has f(x) > r. Let D* be the disk with center ¢* that minimizes
f(c*), and let r* = f(c*) be its radius. Bose et al. |1] proved the following lemma regarding the
properties of D*.

Lemma 2 ( [1]). If D is not Helly, then D* satisfies the following properties:
o " > (;
o D* does not intersect the boundary of P;

o D* is tangent to at least 3 geodesic disks D1, Da, D3 in D at 8 distinct points t1,to,t3, respec-
tively;

e ¢* is contained in the interior of A(t1,ta,t3); and

e D* does not intersect the boundary of the geodesic core <7(c1,ca,c3), where c1,ca,c3 are the
centers of D1, D, D3, respectively.

Assume, w.l.o.g., that »* = 1 and that ¢* is located at the origin (0,0). Let Dj, Dy, D3 be
the three geodesic disks from Lemma [2] that are tangent to D* at the points ¢1, 2, t3, respectively.
For each i € {1,2,3}, let ¢; be the line that is tangent to D; and passes through ¢;; see Figure
Let m;; be the intersection point between the lines ¢; and ¢;, for every distinct 4,5 € {1,2,3}.
Assume, w.l.o.g., that ¢; is horizontal and the angle Z(m; 2, m23,m3 1) is the largest in the triangle
A(my2,ma3,m31); see Figure

For two points p and ¢, let pg denote the line segment connecting them. For every distinct
i,j € {1,2,3}, let £; ; be the line passing through m; ; perpendicular to c¢*m; ;; see Figure 2| Let
ti(j) be the intersection point between ¢; j and the line passing through c*t;. The following lemma
was proven in [1].

Lemma 3 ( [1)). The path I(c;,c;) does not intersect A(t;j),c*,tju), for any distinct i,j €
{1,2,3}.

Let g1, g2, g3 and g4 be the points located at the coordinates (2,0), (0,2), (—2,0), and (0, —2),
respectively. The following corollary follows from Lemma[3 and the assumption that ¢; is horizontal
and the angle é(mlg, m2 3, mg.1) is the largest in the triangle A(my 2, m2 3, ma.).
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Figure 2: The smallest disk D* is located at the origin. ¢4, s, and {3 are the tangent lines between
D* and the disks D1, Dy, and Dj, respectively. The path TI(c;, ¢;) does not intersect A(t;(;), ¢, tj0)),
for any distinct 7,5 € {1,2,3}.

Corollary 1. The polygon P does not intersect the triangles (g1, c*, gs) and AN(gs, ¢, ga).

For a point p € P, let z(p) and y(p) denote the z-coordinate and the y-coordinate of p, respec-
tively. We divide the plane into 4 quadrants Q1, Q2, @3, and Q4 as follows; see Figure [3]

>0 and y(p) >0}

(
e Q3={peR?:z(p) <0 and y(p) < 0}; and
(

p) < 0}.

For each i € {1,2,3,4}, let z; € Q; be the point whose distance from g;, g;+1 and the boundary
of D* is equal; see Figure The computation of the points z; is not involved. For example, we
compute z; by solving the following equations system:

2191 =V (@(z1) = 22 +y(21)? = d,
2192 = Va2 + (y(21) -2 = d,
|z1¢*| = v/ 2(z1)2 +y(z1)2 =d+ 1.
This implies that z; = (a,a), 22 = (—a,a), z3 = (—a,—a), and z4 = (a, —a), where a = 4_;’\/5 ~

2.56. For 1 <1 < 4, let pr; be the region bounded by the parabola that contains all the points that
are closer to g; than to D*; see Figure Moreover, let t] = (2,1.5), t; =(2,-1.5), t; = (—1.5,2),
ty = (1.5,2), t5 = (=2,-1.5), t; = (=2,1.5), tf = (1.5,-2), and t; = (—1.5,—2). The following
observations follow from the definition of pr;.
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Figure 3: The quadrants ); and the points z;, for each 1 < i < 4. The segments z;g; and Z;_1g;
are entirely contained in the region bounded by the parabola pr; (depicted in purple).

Observation 5. Let p be a point on Z;g; or on Z;_1g;, where i € {1,2,3,4}. Then, for any point
q on the boundary of D*, we have |pg;| < |pq|.

Observation 6. Let p be a point on t:rti_, where i € {1,2,3,4}. Then, for any point q on the
boundary of D*, we have |pg;| < |pq|.

Let D € D be a disk with center ¢ and radius r. Throughout the rest of the paper, we use the
following notations. For each i € {1,2,3}, let ¢; be the intersection point of the path II(c, ¢;) with
the boundary of D;. Let ¢* be the intersection point of the path II(c, ¢*) with the boundary of D*.
Thus, |I(c,¢*)| < r and |(c, ¢;)| < 7, for each i € {1,2,3}. Let ¢ be the point on II(c, ¢*), such
that the edge (¢/,c*) is the last edge in II(c,c¢*). That is, ¢ is the first point on II(c,c*) that is
visible from c¢*. Finally, let ag (resp., a3) be the acute angle between £ (resp., £3) and the x-axis;
see Figure [4]

Observation 7. If the polygon P intersects the segment Zsg1 or Zaga, then ag > ¥; see Figure .
Similarly, if the polygon intersects the segment z3g3 or z3ga, then az > %.

Proof. By Lemma (3| the polygon does not intersect the triangle A(ty(y),c*,t1(2)); see Figure
Using a simple geometric calculation, for ap = %, the acute angle between /1 2 and the z-axis is

ER)
f=r02 = 2% and the coordinates of my o are (C‘)S?I?;;Ll, —1). Thus, for ay = %, £1 2 passes through
2z4. Therefore, for 0 < ag < E, the point 24 is contained in the triangle A(tg(l), C*,tl(g)), and, the
polygon cannot intersect the segment z1g;. O

In the following lemma, we show that, for each i € {1,2, 3,4}, if the polygon does not intersect
the segments z;g; and Z;g;11, then every disk D € D with ¢’ in Q; is pierced by at least one of the
points ¢*, g; or g;11.

Lemma 4. Let D € D be a disk with ¢ in Q;, where i € {1,2,3,4}. If the polygon does not
intersect the segments Z;g; nor Z;gi+1, then D contains at least one of the points c*, g; or gi+1.
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Figure 4: For 0 < ap < %, the polygon cannot intersect the segment Z1g7.

Proof. Let ¢ and r be the center and the radius of D, respectively. We distinguish between two
cases:

Case 1: The path II(c, ¢*) intersects Z;g; or Z;g;+1 at a point p. Assume w.l.o.g., II(c, ¢*) intersects
Zigi; see Figure || (for ¢ = 1). By Observation |5, we have |pg;| < |pg*|. Moreover, since the polygon
does not intersect z;g;, we have |II(c,¢;)| < [Il(c,p)| + |pgi| < |(c,p)| + |pg*| = |H(c,q*)| < r.
Therefore, D contains g;.

A

Figure 5: ¢/ € @ and the path II(¢, ¢*) intersects z1g7.

Case 2: The path II(c, ¢*) does not intersect Z;g; nor z;g;+1. We prove this case for ¢ = 1; the proof
of the other cases are symmetric. Consider the path II(c, ¢1) and notice that it intersects the z-axis
at a point ¢. Since [II(g,q1)| > 1, we have [II(c, q)| + 1 < [TI(c, q)| + [TI(g, q1)| = [II(e, q1)| < r. By
the case assumption, and by the fact that the polygon does not intersect zZ1gy nor z1gz, II(c, ¢1) has
a vertex p inside the quadrilateral defined by c*, g1, 21, g2, such that the polygon does not intersect
the segment pg; see Figure[6] Hence, z(c*) < z(g) < x(21) and [I(c, q)| = |II(c, p)|+|pg|. Moreover,
|c*g1| = 2, and, by Corollary |1} the polygon does not intersect c*g;.




o If 2(c*) < z(q) < x(g1), then, since |c*g1| = 2, we have |c*q| < 1 or |gg1| < 1, and by
Observation [d] D contains at least one of the points ¢* or gi; see Figure [6fa).

o If 2(91) < z(q) < x(21), then, since z(g91) = 2 and x(21) < 3, we have |¢g1| < 1, and thus
(e, g1)| < (e, p)| + Ipal + lggi| < [T(e, p)| + |pal + 1 = [T(e,q)| + 1 < r; see Figure [6fb).
Therefore, D contains g;.

Notice that, by Corollary the polygon does not intersect c*gi, c¢*gs, nor c¢*gq. Thus, for ¢ = 3

and 7 = 4, in Case 2, we have p = ¢ = ¢’ is D’s center. ]
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Figure 6: The path II(¢, ¢*) does not intersect z1gr nor zigz, (a) p=-c. (b) p #c.

In the following, we define eight points gf € Q; and g; € Q;_1, for each ¢ € {1,2,3,4}, and
we prove some lemmas regarding these points. For each i € {1,2,3,4}, let m; (resp., m; ) be the
tangent line to D* that passes through g; and has a positive (resp., negative) slope; see Figure
(for an illustration of m; and my).

The point gi is defined as follows. Let D’ be the disk of radius 1 centered at the point (1,0).
We sweep with a line ¢ that is tangent to D* in counterclockwise order starting with ¢ = mf and
we stop when £ intersects either D3 or the polygon inside the quadrilateral defined by ¢*, g1, 21, go;
see Figure (a). Let u be the intersection point of £ with D’ in Q1 when we stop the sweeping.
We also sweep upwards with a horizontal line £, that passes through the point ¢*, and stop when
/5, intersects the polygon inside D’, or when ¢,,’s y-coordinate is 1; see Figure (b) Let w be the
intersection point of £; with D’ in Q1 when we stop the sweeping. We set gf as the lowest point
among u and w.

The point g; is defined as follows. We sweep with a line ¢ that is tangent to D* in clockwise
order starting with ¢ = m; and we stop when ¢ intersects either D; or the polygon inside the
quadrilateral defined by c*, g1, z4, g4; see Figure Let u be the intersection point of m; with
D’ in Q4 when we stop the sweeping. We also sweep downwards with a horizontal line ¢, that
passes through the point ¢*, and stop either when £, intersects the polygon inside D’, or when £},’s
y-coordinate is -1. Let w be the intersection point of £, with D’ in Q4 when we stop the sweeping.
We set g; as the highest point among u and w.



(b)

Figure 7: Defining g;” and g7 . (a) g{ is defined by the intersection of m]” with D3 and g; is defined
by the intersection of m; with D;. (b) g; is defined by the intersection of ¢, with the polygon
inside D’ and g; is defined by the intersection of m; with the polygon outside D’.

We define g5 = (—1,1) and g; = (1,1), and we define g3, g5, g5, and g; similarly to g and
g1 , where the sweeping line ¢ starts with mi}f, ms, m;f, and my , respectively. For ggr and g3, D’
is centered at (—1,0) and, for gj and g;, D’ is centered at (0, —1).

Lemma 5. Let D € D be a disk centered at ¢ with radius r and let g} € {gi,g;r,gi_}, for each
i€{1,2,3,4}.

1) If ¢ € Q1, and II(c,cy) intersects the x-axis at a point q with x(c*) < x(q) < z(g}), then
1
(e, c*)| < r or |I(c,g})| < 7r; see Figure @(a).

1) If ¢ € Qo and I(c,c1) intersects the x-axis at a point q with x(g5) < x(q) < z(c*), then
3
(e, c*)| < r or (e, g5)| < r; see Figure @(b)

wi) If ¢ € Q3 and II(c,ca) intersects the x-axis at a point q with x(g5) < x(q) < x(c*), then
3 =
(e, c*)| < r or |Uc, g5)| < r; see Figure @(c)

w) If ¢ € Qs and TI(c, ca) intersects the y-axis at a point q¢ with y(gy) < y(q) < y(c*), then
4
(c,c*)| < or |II(c, gy)| < r; see Figure[§(d).
v) If € Q4 and Tl(c,c3) intersects the x-axis at a point q with x(c*) < x(q) < x(g}), then
1
(c,c*)| < or |Il(c, g;)| < r; see Figure[§(e).
vi) If ¢ € Q4 and II(c,c3) intersects the y-axis at a point q with y(qy) < y(q) < y(c*), then
4

(e, c*)| <7 or [Il(c, g4)| < r; see Figure [§(f).
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Figure 8: Illustration of Lemma[5} (a) Item (i), (b) Item (ii), (c) Item (iii), (d) Item (iv), (e) Item
(v), and (f) Item (vi).

Proof. We prove Item (i), the proofs of the other five items are symmetric.



Notice that |II(c, q)| +1 < r. Moreover, by Corollary |1} the polygon does not intersect c*g;; see
Figure [9

o If z(c*) < z(q) < 1, then, |c*q| < 1; see Figure [9a). Thus, [I(c,c*)| < |H(c,q)| + |gc*| <
(e, )| +1 <.

o If 1 < z(q) < x(g}), then |qg{| < 1; see Figure [0[b). Moreover, by the definition of g, the
polygon does not intersect ggj. Thus, |II(c, ¢})| < (e, q)| + |ggi] < H(e,q)] +1 <r. 0

Figure 9: Illustration of the proof of Lemma [5] Item (i): (a) z(¢*) < z(q) < 1, and (b) 1 < z(q) <
z(g1)-

Lemma 6. Let D € D be a disk centered at ¢ with radius r.

(i) If ¢ € Q1, Tl(c,c1) intersects the x-azxis at a point q with x(q) > z(g7), U(c,c*) intersects
the segment Zigs and the polygon intersects the segment Z2ga, then [(c,g7 )| < r; see Fig-

ure [10(a).

(ii) If ¢ € Q1, Tl(c,c1) intersects the x-azis at a point ¢ with x(q) > x(g;), (c,c*) intersects
the segment Z1gs and the polygon does not intersect the segment Zaga, then [Il(c,g{ )| < r or
L(c, g2)| < r; see Figure[1((b).

(111) If ¢ € Qs, (e, ca) intersects the y-azis at a point q with y(q) < y(g, ), and I1(c, c*) intersects
the segment z3g3, then, |Il(c, g, )| < r or |Il(c, g3)| < r; see Figure @(c)

(iv) If ¢ € Qu, (¢, c3) intersects the x-axis at a point q with x(q) > x(g; ), and I1(c, c*) intersects
the segment Z1gs, then, |Il(c, gy )| < r or |Il(c,g4)| < r; see Figure @(d)

Proof. We prove Items (i) and (ii), the proofs of the other two items are symmetric to the proof of
Item (ii).

Let ¢, be the vertical line passing through gf . Since II(e¢, ¢1) intersects the xz-axis at a point ¢
with 2(q) > x(g{"), II(c, ¢*) intersects £, at a point p and the polygon cannot intersect the segment

10



Figure 10: Illustration of Lemma[6} (a) Item (i), (b) Item (ii), (c) Item (iii), and (d) Item (iv).

pg; . Let b= (b;,2) be the point on II(c,c*); see Figure We distinguish between two cases.

X
Case 1: b, < %
Proof of item (i): Since the polygon intersects the segment Z3g3, we have y(¢*) < y(g;"). Thus, the
angle Z(p, g;, ¢*) is the largest in the triangle A(p, gi", ¢*); see Figure Thus, |pgy| < [H(p, ¢*))-

Therefore, [II(c, g )| < |II(c, p)| + [pgy"| < [1(e, p)| + [T(, ¢*)| = [T(c, ¢")| < 7.
Proof of item (ii):

e If the polygon does not intersect the segment gob, then, by Observation @ |bga| < |bg*|, and
thus [TI(c, g2)| = [TI(c, b)| + [bga] < [TI(e,b)| + [bg*| < [TI(c, g")] < r; see Figure [Z(a).

e Otherwise, the polygon intersects the segment gob.

— If the polygon intersects the disk D’, then gf is defined as the intersection of the sweeping
horizontal line ¢, with D', and thus y(q*) < y(g{"); see Figure[12(b). Thus, |pg;| < |pg*|.

Therefore, since the polygon does not intersect the segment pg;", we have |II(c,g; )| <
(e, p)| + Ipgy | < (e, p)| + lpg*| < [TI(e, p)| + [T(p, ¢*)| = [T(c, ¢*)] < r.

11
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Figure 12: b, < %: (a) The polygon does not intersect the segment gob. (b) The polygon intersects
the disk D’.

— Otherwise, let ¢4 be the horizontal line that is tangent to D* at the point (0,1) and let
Dy, be the disk centered at b and is tangent to ¢5. Let £}, be a tangent line of Dj, and D*
as depicted in Figure (b) Let g be the intersection point of ¢, with D’ in Q1. Since
g is below g on the boundary of D', we have |II(c, g{")| < |[lI(c, g)|. Therefore, to prove
that |TI(c, g )| <, it is sufficient to prove that [II(c, g)| < r.

Let ¢/, be the vertical line passing through g. Since Il(c, ¢1) intersects the z-axis at a
point ¢ with z(q) > z(z1), II(c, ¢*) intersects ¢, at a point p’ and the polygon cannot
intersect the segment p’g. Let b, denote the x-coordinate of b, and notice that the
coordinates of g = (g4, gy) depend on b,. To compute the coordinates of g, we compute
the intersection point between the tangent line £, with D’ in Q1. The equation of £, is

12
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Figure 13: b, < % and the polygon intersects the segment gob but not D’.

/ 2
Y= %az - ijbz, and the equation of D’ is (x — 1)? 4+ y? = 1. Hence, we have

20402 2,/ /A D2 1 20, — by /4402 + 44/ /4 +b2 — 1

d pu—
Je 1412 ane Iy 1+ 02

Since B2V 20 VA2 1

4+b2

—by >0, for every 0 < b, < %, we have b, < g, for every

0<by <3
Let ¢ = (gs,2) and notice that the polygon does not intersect the segment ¢’g; see

Figure (b) Moreover, since the polygon does not intersect the segment p’g, we have
ITI(c, ¢")| < |II(c,b)|. We now claim that

199 =2 — gy < \/4+b2—1=|bg"|, for every 0 < by < g.

: 2, —by/A4b2+41/ 1 /A4b2—1 -
That is, 3 — /4 + b2 < gy = be—bsy/ +Zfl;§ VT . To see the correctness of this in-

equality, we need to show that (3— /4 + b2)(4+b2) < 2b, —by+/4 + b2 +41/ /4 + b2 — 1.
This is true since the left side of this inequality has maximum value equals 4, when
b, = 0, and the right side of this inequality has minimum value equals 4, when b, = 0,
for each 0 < by < 3. Therefore, we have [I(c,g)| < |II(c, ¢')| + |¢'g| < [I(c, b)| + |bg*| <
(e, q*)[ < 7.

2. We show that in this case we have |II(c, g )| < r, which proves both Items

(i) and (ii). Let a = (az,ay) be the intersection point of II(c, c*) with the segment Zigz. Since
II(p, c*) intersects £,, we have a, > b, > % Since the polygon does not intersect the segment ozgfr ,
we have |II(c, g;")| < |Il(c,a)| + |ag;"|. Thus, it is sufficient to prove that |ag;"| < |ag*|, for each
3 <ap <a(z).
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Let ¢4 be the horizontal line passing through point (0,1) and let D, be the disk centered at a
and is tangent to £5. Let ¢, be a tangent line to D, and D* as depicted in Figure b). Let g be
the intersection point of £, with D’ in ;. We distinguish between two cases.

A I(c, ) A II(c, ¢*), ‘\\ D,
_ / 1
y f > N Zl Zl\\
/ a \ /I
927 \(/b P //
: (e, c;) ‘, (e, c1)
£3 i ! T
* 9 I I
— VA |
- = T < B
D D’
la
\J \j
(a) (b)

Figure 14: b, > % and y(g) < y(g;7)-

Case 2.1: y(g) < y(g{) (i.e., g is below g on the boundary of D’). Since 1 < z(g;") < 2, we have
lag"| < |ag|. Therefore, to prove the lemma, it is sufficient to prove that |ag| < |ag*|, for each
% <a; < I‘(Zl).

Since a is on the segment Zjgz; and the equation of the line passing through z; and gy is
y = M%:E + 2, we have ay, = (4\/5%)% + 2. Notice that x(g) and y(g) (the coordinates of
g) depend on a,. To compute these coordinates, we compute the intersection point between the

tangent line ¢, with D’ in Q. The equation of £, is y = (:U + 4\/‘;375) m — (4\/{15)(1 — 1, where

1
m = 8(5\/5_6)%((12\/5— 15)a; + 18 —

\/—3((120\/5 —171)a2 — (1712v/2 — 2420)a, + 480v/2 — 684) )

Let t be the point on the segment Z1gz, where x(t) = % We prove that |ag| < |ag*|, for each

% < a; < z(z1) by dividing the segment ¢z; into 7 intervals defined by the points to,t1,...,t7,
where z(tg) = z(t) = 3, z(t1) = 1.52, z(ts) = 1.56, 2(t3) = 1.63, z(ts) = 1.74, z(t5) = 1.9,

x(te) = 2.15, and z(t7) = z(21) = 3(2%/5). For each 1 <i <7, we compute the intersection point

g, of I, with the disk D', where a = t;, and we show that |ag]| = \/(az — 2(g}))? + (ay — y(g}))? <
\/az + a2 — 1 = |ag*], for each x(t;—1) < ax < x(t;).
e For i =1, we have ¢; = (1.8033,0.5955), and thus

V/(az — 1.8033)2 + (a, — 0.5955)2 < /a2 + a2 — 1, for each 1.5 < ay < 1.52.

e For i =2, we have ¢}, = (1.8152,0.5792), and thus

\/(ax — 1.8152)% + (a,, — 0.5792)2 < /a2 + a2 — 1, for each 1.52 < a, < 1.56.
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e For i = 3, we have g5 = (1.8347,0.5507), and thus

\/(am —1.8347)2 4 (ay — 0.5507)2 < /a2 + ag — 1, for each 1.56 < a, < 1.63.

e For i = 4, we have ¢ = (1.8623,0.5063), and thus

V/(az — 1.8623)2 + (a, — 0.5063)2 < \/a2 + a2 — 1, for each 1.63 < a, < 1.74.

e For i =5, we have g; = (1.8966,0.4429), and thus

V/(az — 1.8966)2 + (a, — 0.4429)2 < /a2 + a2 — 1, for each 1.174 < a, < 1.9.

e For i = 6, we have gg = (1.9376,0.3478), and thus

\/(am —1.9376)2 + (a, — 0.3478)? < \/a% +a2 -1, for each 1.9 < a, <2.15.

e For i =7, we have g5 = (1.9787,0.2053), and thus

2 2
V(@r — 197872 + (a, — 0.2053)2 < \ /a2 + % — 1, for cach 2.15 < a, < 3<+4f>

These inequalities hold since the function /a2 + a2 — 1 — /(az — x(g]))? + (ay — y(g}))? is mono-
tonic in the interval x(t;—1) < a, < x(t;), and has minimum value when a, = x(t;—1), for each
1 <4 < 7. Thus, for each a; < z(t;), where 1 < i < 7, we have |ag| < |ag}|. This proves that
lag| < lag”|.

(a) (b)
Figure 15: b, > 3 and y(¢') > y(g7").

Case 2.2: y(g) > y(g;) (ie., g is above g; on the boundary of D’). Observe that this case
can happen only if the polygon intersects the line ¢4. Recall that ¢, is the vertical line passing
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through g, p is the intersection point of II(c, c*) with £,, and the polygon does not intersect the

segment pg;r . Let ¢; be the horizontal line passing through gfr . Since the polygon intersects (4,

we have y(¢*) < y(g{), i.e., ¢* is below £; see Figure Thus, the angle Z(p,gi,q*) > Z,

and, since the polygon does not intersect pg;”, we have |pg;"| < |II(p, ¢*)|. Therefore, |II(c, g;)| <
[TI(c, p)| + Ipgi"| < [T(e, p)| + [TI(p, ¢*)| = [TT(c, ¢*)| < .

O

Lemma 7. Let D € D be a disk centered at ¢ with radius r.

(i) If ¢ € Q1, Il(c,c1) intersects the z-azis at a point q with x(q) > (g7 ), and (c, c*) intersects
the segment z1g1, then |I(c, gi")| < r; see Figure (a).

(ii) if ¢ € Qs, II(c, c2) intersects the y-axis at a point ¢ with y(q) < x(g; ), and II(c, c*) intersects
the segment Z3gx, then |Il(c, g, )| < r; see Figure (b)

(iii) If ¢ € Qq, (e, c3) intersects the x-axis at a point ¢ with x(q) > x(gy ), and II(c, c*) intersects
the segment Zzg1, then |Il(c, gy )| < r; see Figure (c)

Figure 16: Illustration of Lemma [} Item (i), (b) Item (ii), and (c) Item (iii).
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Proof. We prove Item (i), the proofs of the other items are symmetric.

Let ¢, be the vertical line passing through gf, and let p be the intersection point of II(c, ¢*)
with £,; see Figure We distinguish between two cases.
Case 1: y(p) > y(g;); see Figure (a). Let a be the intersection point of II(¢c, ¢*) with z1g;. By
the definition of 21, we have |agi| < |ag*|, and thus |II(c, g1)| < r. Moreover, since p is above g;",
g, is inside the pseudo-triangle A(c, g%, g1); see Figure (a). Thus, by Observation 3| D contains

g;", and therefore |TI(c, g1")| < r.

21
at—| {3
a3

(e, c3)

gh ] \ g+ -3
7 e

‘ Ay AN >

- N> T

D o] l'H((:, 1)

4 v, 0
ty

Figure 17: Tllustration of the proof of Lemma Item (i): (a) y(p) > y(g;), (b) y(p) < y(g{") and
I(c, c3) intersects ¢ above g;, and (c) y(p) < y(g;) and I(c, c3) intersects ¢; below g .

Case 2: y(p) < y(g7); see Figure (b) Let ¢; be the line that is tangent to D* and passes through
gfr, and observe that II(c, c3) intersects this line.

e If TI(c, c3) intersects ¢; above gf, then gf is inside the pseudo-triangle A(c, ¢*, q3); see Fig-
ure (b) Thus, by Observation 3, D contains jg;", and therefore |TI(c, g )| < 7.
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e If TI(c, c3) intersects ¢; below g;, then let ¢, be the horizontal line passing through gi; see
Figure [17|(c). Let a be the intersection point of Il(c, ¢3) with the boundary of D’, and let b
be the intersection point of II(c, c3) with £,. Observe that z(b) < z(g;") < z(a) and y(b) =
y(g97) > y(a). Hence, the angle Z(a,g; ,b) is the largest in the triangle A(a,g;,b). Thus,
lagi’| < labl < [II(a,gs)|. Therefore, |[(c, g )| < [T(c,a)| + |agy| < [I(c,a)| + [T(a, g3)| =
ITI(c, q3)| < r. m

Lemma 8. Let D € D be a disk centered at ¢ with radius r.

(i) If ¢ € Q1 and 11(c, c*) does not intersect the segments zZigr nor zZigz, then |Il(c,c*)| < r or
(e, g;")| < r; see Figure (a).

(ii) If ¢ € Qs, II(c,c*) does not intersect the segments Z3gs nor zags, and II(c,ca) intersects the
negative y-azis, then |l(c,c*)| < r or |ll(c, g, )| < r; see Figure (b)

(111) If ¢ € Quq, (e, c*) does not intersect the segments zZaga nor zagi, and II(c,c3) intersects the
positive x-axis, then |II(c, c*)| < r or |(c, g7 )| < r; see Figure (c)

Figure 18: Illustration of Lemma 8} (a) Item (i), (b) Item (ii), and (c) Item (iii).
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Proof. We prove Item (i), the proofs of the other two items are symmetric.

Since ¢ € Q1, the path II(c,c;) intersects the positive z-axis at a point ¢. If z(c*) < z(q) <
z(g7), then by Lemma (¢, c*)| <7 or [l(c,g; )| < r. Otherwise, x(g;) < x(q) < x(21). Let ¢,
be the horizontal line passing through g; .

e If II(c, 1) intersects ¢, then let p be this intersection point; see Figure (a). Thus, 2(g;") <
z(p) < x(z1) and the polygon does not intersect the segment giTp Let g1 be the intersection
point of I(c, 1) with ¢1. Since, [pg{| = |pq| + (z(p) — 2), x(p) < 3, and |pa1| = |pg| + 1,
we have |pg| < |pq1| < |TI(p,q1)|.- Therefore, since |TI(c,q1)| < r, we have |l(c,g7)| <
|T(e, p)| + Ipgi | < (e, p)| + [I(p, q1)| = (e, q1)| < 7

e If TI(c,c1) does not intersect 5, then let ¢; be the tangent to D* with positive slope that
passes through g;"; see Figure (b)

— If TI(c,c3) intersects ¢; above gi, then g; is inside the pseudo-triangle A(c,g*,qs).
Thus, by Observation D contains g, and therefore |TI(c, g;")| < 7.

— If TI(c, c3) intersects ¢; below gi, then let ¢; be the horizontal line passing through g .
Let a be the intersection point of II(c, c3) with the boundary of D’, and let b be the
intersection point of I(c,c3) with £,. Observe that x(b) < z(g{") < x(a) and y(b) =
y(g;") > y(a). Hence, the angle Z(a, gi", b) is the largest in the triangle A(a, gi,b). Thus,
lag{ | < |ab] < |TI(a, g3)|. Therefore, II(c, gy") < [TI(c, a)|+]ag] | < [TI(c, a)|+[TI(a, g3)| =
[T(e, g3)| < 7 O

Figure 19: Illustration of the proof of Lemma(g] Item (i): (a) II(c, ¢1) intersects ¢4, and (b) II(c, ¢1)
does not intersect ¢},.

Lemma 9. Let D € D be a disk centered at ¢ with radius r.
(i) If ¢ € Q1 and g7 # g1, then [I(c,c*)| < or [Il(c, gy )| < r; see Figure (a).
(i) If ¢ € Qu, gi # g1 and T(c,c3) intersects the positive x-axis, then |Il(c,c*)| < r or
(c, g)| < r; see Figure (b)
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(iii) If ¢ € Qu, g; # ga and II(c,c3) intersects the negative y-axis, then |II(c,c*)| < r or
(¢, g, )| < r; see Figure (c)

Figure 20: Illustration of Lemma [0} (a) Item (i), (b) Item (ii), and (c) Item (iii).

Proof. We prove Item (i), the proofs of the other two items are symmetric.

Since ¢ € @1, (e, 1) intersects the positive z-axis at a point ¢. If z(c*) < z(q) < z(g7),
then, by Lemma [II(c,c*)] < r or [II(c,g7 )| < r. Otherwise, x(q) > x(g; ). Let ¢; be the line
of negative slope that is tangent to D* and passes through g; , and observe that if g; # g1, then
II(c, ¢1) intersects this line; see Figure

e If II(c, c1) intersects ¢; below g;, then g; is inside the pseudo-triangle A(c, ¢*, q1); see Fig-
ure [21] . . Thus, by Observation |3 l D contains g; , and therefore |II(c, g, )| < 7.

o If II(c, c1) intersects ¢; above gy, then let ¢ be the horizontal line passing through g ; see
Figure 21|(b). Let a be the intersection point of II(c, c1) with the boundary of D', and let b
be the intersection point of Il(c, ¢1) with €. Observe that x(b) < x(g; ) < z(a) and y(b) =

20



y(97 ) < y(a). Hence, the angle Z(a, g; ,b) is the largest in the triangle A(a, gy ,b). Thus,
lagy | < [ab] < [T(a, q1)|. Therefore, [I(¢, gy)| < [I(¢, a)| + [agy | < [T(c, a)| + [I(a, q1)] =
(e, gu)| <. O

(a) (b)

Figure 21: Illustration of the proof of Lemma EI, Item (i): (a) II(c,c;) intersects ¢; below g, , and
(b) II(c, ¢1) intersects ¢; above g; .

Lemma 10. Let D € D be a disk centered at ¢ with radius r and ¢ € Q2, such that TI(c,cy)
intersects the x-axis at a point q with x(q) < z(z2), and Il(c, c*) intersects the segment Zaga. If
oy > I, then [I(c,g5)| < 7.

Proof. Let £, be the vertical line passing through g; and let p be the intersection point of II(c, ¢*)
with £,; see Figure

e If y(p) > y(g5) = 1, then, since y(qg*) < 1, the angle Z(p, g5, q*) is the largest in the triangle

A(p, g5 ,q%); see Figure (a). Since the polygon does not intersect pgy, we have |pgy| <
T(p, ¢*)|. Therefore, [II(c, g5 )| < [TI(c, p)| + [pgs | < (e, p)| + [(p, )| = (e, ¢*)| < 7.

o If y(p) < y(g;), then consider the path II(c,c2) and notice that, since ap > %, this path
intersects ¢, at a point a; see Figure (b) If y(a) > y(gy ), then g5 is inside the pseudo
triangle A(e, ¢*, g2), and by Observation |3} D contains g5 . Otherwise, 0 < y(a) < y(g5). In
this case, |agy | < 1, and, since ap > %, we have [II(a, g2)| > 1. Moreover, since the polygon

does not intersect agy, we have |agy | < |II(a, g2)|. Therefore, [II(c, g5 )| < |I(c,a)| + |agy| <
|H(C, a)| + \H(a, QQ)‘ = ’H(Q QQ)’ <. ]

Lemma 11. Let D € D be a disk centered at ¢ with radius r and ¢ € Qg, such that TI(c,c3)
intersects the x-axis at a point q where x(q) > x(g1). If ag > §, then

o if I(c, c*) intersects Zzgn, then |(c,g1)| < r; and
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Figure 22: Illustration of the proof of Lemma (a) II(c,c*) intersects £, above g5, and (b)
(c, c*) intersects £, below g5 .

o if Il(c, c*) intersects Zaga, then |ll(c,g1)| < r and |I(c, g7 )| <.

Proof. Let ¢; be the line tangent to D* with a positive slope that passes through g1, and notice that
the acute angle between /; and the z-axis is §. Since az > §, II(c, c3) intersects £;. Moreover, since
x(q) > x(g1), g1 is inside the pseudo-triangle A(c, %, g3); see Figure (a). Thus, by Observation
D contains g, and therefore |II(c, g1)| < r. Let g = (—1,—1), and notice that g; is on the small
arc grl\g of D' between g and g; see Figure (b) If TI(¢, ¢*) intersects Z1gz, then g/:q is contained
in the pseudo-triangle A(c, ¢*, g3). Thus, by Observation D contains both g1 and g; . Therefore,
III(c,g1)] <7 and |II(c, g7 )| <. O

Figure 23: Illustration of the proof of Lemma (a) I(c,c*) intersects zzg1, and (b) I(c,c*)
intersects z1g4.
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The following lemma and its proof is symmetric to Lemma [T1]

Lemma 12. Let D € D be a disk centered at ¢ with radius r and ¢ € Qu, such that I(c,c3)
intersects the y-axis at a point ¢ where y(q) < y(ga). If a3 < 5, then

e if I(c,c*) intersects zaga, then |I(c, ga)| < r; see Figure[2{|(a); and

e if Il(c,c*) intersects zigi, then |I(c,g4)| <7 and [U(c, g )| < r; see Figure (b)

Figure 24: Illustration of Lemma[12} (a) II(c,c*) intersects Zaga, and (b) II(c, c*) intersects Zzg1.

3 The Algorithm

In this section, we show how to compute a set S of five points that pierce all the disks of D. The
algorithm, in a high-level description, works as follows. It first initializes S by {c¢*}. Then, it goes
over the segments Z;g;, Zigi+1, for each i = 1,2,3,4 (in a fixed order), and, for each segment, it
checks whether the polygon intersects the segment, and adds to S a point g, € {g;, gj . 9; )

Recall that ao (resp., as) is the acute angle between ¢y (resp., £3) and the z-axis, and notice
that at most one of them is greater than 3. We distinguish between three cases:

3

(i) ag > CE
(ii) a3z > §;
(iii) ap < § and a3 < 3.

Notice that Case (i) and Case (ii) are symmetric. In Algorithm [1, we describe how to compute S
in Case (i), and, in Algorithm [2 we describe how to compute S in Case (iii).
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Algorithm 1 Compute S when az > 3
L g1 4 g1, 95 < 92, 93 < 93, 94 ¢ 9a
2: if P does not intersect z1g; then
3 if P intersects z1g2 or Z3gs then
4 91 < 97

5: if P intersects z2g2 then

6

7

8

9

g g5
else
if P intersects z;g4 then

91 < 91
10: if P does not intersect z3g3 then
11: if P intersects Zags then
12: gh <+ gy
13: if P does not intersect z3g; then
14: if P intersects z3g3 then
15: gy < 95
16: return S = {c*, g1, 95, 95, 9}

Algorithm 2 Compute S when ag < % and ag < g
L g1 < g1, 95 < G2, 93 < g3, 94 < G
2: if P does not intersect z1g; then
3 if P intersects z1g2 then
4 91 g
5. if P does not intersect Z2g3 then
6
7
8
9

if P intersects z2g2 then
93 < 93
. if P does not intersect z1g1, Z1g2, z2g2 nor z2g3 then
if P intersects Zzgs then

10: g5 g;
11: if P intersects Zzg4 then
12: g <91

13: return S = {C*,gi,g§79fgagﬁ}

4 Correctness

Let D € D be a disk with center ¢ and radius r. For each i € {1,2,3}, let ¢; be the intersection
point of the path II(c, ¢;) with the line ¢;. Let ¢* be the intersection point of the path II(c, ¢*) with
the boundary of D*, and let ¢ be the point on II(c, ¢*), such that the edge (¢, c*) is the last edge
in II(c, ¢*). That is, ¢ is the first point on II(c, ¢*) that is visible from ¢*. We prove that the set
S ={c*, 41,95, 95, 9,} (that is computed by the algorithm) pierces all the disks of D. In the proof,
we distinguish between three cases: (i) ag > %; (ii) a3 > %; and (iii) a2 < § and a3 < §. Following
the algorithm, we show in Section the proof for Case (i) and in Section the proof for Case
(iii) (since Case (i) and Case (ii) are symmetric).
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4.1 Case (i): ap > %

Let D € D be a disk with center ¢ and radius . We show that D is pierced by at least one of the
points of S. We distinguish between four cases according to which quadrant ¢’ belongs to.

411 e

We prove that D is pierced by at least one of the points ¢, g5, or ¢*. We distinguish between four
cases.

Case 1: The polygon does not intersect zZig1, Z192, z2g2, nor zzgs. In this case, ¢§ = g1 and g5 = go,
and by Lemma 4] D is pierced by at least one of the points g}, g5, and c*.

Case 2: The polygon intersects z1g1; see Figure In this case, ¢j = ¢1. Consider the path
II(e, ¢1) and notice that this path intersects the positive z-axis. Let ¢ be this intersection point.
Thus, [II(c,q)|+1 <.

(i) If z(¢*) < z(q) < x(g1), then by Lemma [5| Item (i), D contains at least one of the points c*
or gi; see Figure 25|(a).

(i) If z(g1) < x(q) < z(z1), then, since z(g1) = 2 and x(21) < 3, we have |gg1| < 1. Since ¢ is
the intersection point of II(¢, ¢1) with the z-axis, the polygon does not intersect ggy. Thus,
(¢, g1)| < (e, )| + |gg1] < [II(c,q)| + 1 < r. Therefore, D contains g;.

(iii) If #(q) > =(#1), then consider the path II(c, c*) and let p be the intersection point of Il(c, ¢*)
with Z1g1; see Figure (b) Thus, the polygon does not intersect pgr, and, by Observation
we have |pgi| < [pa’| < [T(p,q*)|. Thus, [I(e,g1)| < [T(c,p)] + [par| < [T(e,p)] + Ipa”| =
(e, p)| + |1(p, ¢*)| = |II(c, ¢*)| < r. Therefore, D contains g;.

A 21 (c,c;) A 21
92 P 92 H<C’ c)
D*/\ , Dz / 1/7/ (e, c1)
I q*’ _ /
. c* N - ctl -~ q/
N P9 " g1 {
b G, 2 %N
N
\ \
(a) (b)

Figure 25: Tllustration of the proof of Case 2. (a) z(c*) < x(q) < z(z1), and (b) x(q) > x(21).

Case 3: The polygon does not intersect z1g; but intersects zZ1gz or z3g2. In this case, g’1 = gf.
Consider the path II(c, ¢1) and notice that this path intersects the positive z-axis at a point q.

(i) If 2(c*) < x(q) < x(g{"), then, by Lemma Item (i), [(c,c*)| < r or |(e,g;)| < r, and
therefore D contains ¢* or g;.

(ii) If 2(q) > z(g{") and II(c,c*) intersects the segment Z1gz, then,
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— if the polygon intersects the segment z3g3, then, by Lemma @ Item (i), |I(c,g;)| <,
and therefore D contains gf ; and

— if the polygon does not intersect the segment z3gz, then, in this case, g5 = g2, and, by
Lemma@ Item (ii), [TI(c, g)| < r or [I(c, g2)| < 7, and therefore D contains g; or gs.

(iii) If x(q) > z(g;) and TI(c,c*) intersects the segment Zigr, then, by Lemma EL Item (i),
ITI(c, g;")| < r, and therefore D contains g; .

(iv) If z(q) > z(g;) and I(c, ¢*) does not intersect the segments Z1gy nor z1g3, then, by Lemma
Item (i), [(c,c*)| < r or |II(c, g{")| < r, and therefore D contains c¢* or g .

Case 4: The polygon does not intersect z1gi, Z1g2 nor zags but intersects Zzgz. In this case,
g} = g1 , and thus, by Lemma@ Item (i), |TI(c, g7 )| < ror |[II(c,c¢*)| < 7, and therefore D contains
gy or c*.

4.1.2 ¢ €Qy

We prove that D is pierced by at least one of the points g5 , g5, or ¢*. We distinguish between
three cases.

Case 1: The polygon does not intersect zzgz nor zzgs. In this case, gy = g2 and g5 = g3, and by
Lemma {4] D is pierced by at least one of the points g , g4, or c*.

Case 2: The polygon intersects Z2gz. In this case, g5 = g3 and D contains at least one of the
points ¢* or g3 (the proof is symmetric to Case 2 in Section ; see Figure
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Figure 26: Case 2: (a) z(g3) < z(q) < z(c*), and (b) z(q) < x(22).

Case 3: The polygon does not intersect zZzgs but intersects zZzgz. In this case, ¢} = g; =(-1,1)
and g4 = g3. Consider the path II(c, ¢1) and notice that it intersects the negative z-axis at a point
q. Thus, [II(c,q)| +1 <.

(i) If z(g3) < z(q) < z(c*), then, by Lemma [5] Item (i), we have |[II(c,c*)| < r or |II(c, g3)| < r,
and therefore D contains ¢* or gs.
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(i) If z(22) < z(q) < x(g3), then, since x(z2) > —3 and z(g3) = —2, we have |gg3| < 1. Since the
polygon does intersect ggsz, we have |II(c, g3)| < [II(c, q)|+|qg3| < [1I(c,q)|+1 < r. Therefore,
D contains gs.

(iii) If 2(q) < x(22), then consider the path II(c,c*), and notice that this path intersects either
2292 OT Z203.

— If II(c, ¢*) intersects Z2gz, then, since az > %, by Lemma we have [II(c, g5 )| < r, and
therefore D contains gy .

— If TI(c, ¢*) intersects Z2g3, then let p be this intersection point. Since the polygon does
not intersect pgs, by Observation 5] we have |pgs| < |pg*| < [IL(p, ¢*)|. Thus, [I(c, g3)| <
(e, p)| + Ipgs| < [T(c, p)| + [1L(p, ¢*)| = [I(c, ¢*)| < r. Therefore, D contains gs.

413 Je€Q;

We prove that D is pierced by at least one of the points g5 , ¢/, or ¢*.

Case 1: The polygon does not intersect z3gz nor zzgs. In this case, g5 = g3 and gj = g4, and by
Lemma {4 D is pierced by at least one of the points g5 , g}, and ¢*.

Case 2: The polygon intersects zzgs. In this case g5 = g3 and gj = ga. Consider the path
II(e, ¢2), and notice that it intersects either the negative y-axis or the negative z-axis. Let ¢ be this
intersection point. Thus, |II(c,q)|+1 < 7.

(i) If II(c, c2) intersects the negative y-axis, then D contains at least one of the points ¢* or g4
(the proof is symmetric to Case 2 in Section [4.1.1)); see Figure

g3

A
\J
A
\J

Z3 P

Figure 27: TI(c, c2) intersects the y-axis (a) y(g4) < y(q) < y(c*), and (b) y(q) < y(g4).

(ii) If II(c, c2) intersects the negative z-axis and z(g3) < x(q) < z(c*), then, by Lemma [5[ Item
(iii), D contains at least one of the points ¢* or gs; see Figure 2§|a).

(iii) If TI(e, co) intersects the negative z-axis and z(q) < x(g3), then consider the path II(c, c*)
and notice that, since ag > § and z(q) < x(g3), this path intersects z3gs at a point p and the
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polygon does not intersect pgs; see Figure (b) Hence, by Observation [5, we have |pgs| <
lpg"| < [(p,q")|. Thus, [II(c,g3)| < [I(c,p)| + [pgs| < [H(c,p)| + [(p, ¢*)| = [(c,q")| <.
Therefore, D contains gs.

A

Figure 28: Case 2: (a) II(c, c2) intersects the z-axis and z(g3) < z(q) < z(c*), and (b) II(c, c2)
intersects the z-axis and z(q) < z(g3).

Case 3: The polygon does not intersect zZ3gs but intersects z3g3. In this case g5 = g3 and ¢ = g -
Consider the path II(c,c2) and notice that it intersects either the negative y-axis or the negative
x-axis. Let ¢ be this intersection point. Thus, [II(c,q)| +1 < 7.

(i) I(c,co) intersects the negative z-axis, then D contains at least one of the points ¢* and g3
(the proof is symmetric to the proof of Items (ii) and (iii) in the previous case); see Figure

v

() (b)

Figure 29: TI(c, ¢2) intersects the z-axis. (a) z(g3) < x(q) < x(c*), and (b) z(q) < z(g3)-
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(ii) II(c, c2) intersects the negative y-axis and y(g; ) < y(¢) < y(c*), then, by Lemma |5, Item
(iv), we have |[II(c, ¢*)| < r or |l(c, g, )| < r, and therefore D contains ¢* or g, .

(iii) If y(¢) < y(g,) and I(c,c*) intersects the segment Z3gz, then, by Lemma @, Item (iii),
III(¢c, g, )| < ror [II(c,g3)| < r, and therefore D contains g, or gs.

(iv) If y(¢) < y(gy) and II(c,c*) intersects the segment Z3gs, then, by Lemma [7| Item (ii),
[II(c, g, )| < r, and therefore D contains g, .

(v) Ify(q) < y(gy ) and II(c, ¢*) does not intersect the segments Z3gs nor z3g3, then, by Lemma
Item (ii), [II(c, g, )| < 7, and therefore D contains g .

414 JdeQ,

We prove that D is pierced by at least one of the points ¢}, ¢}, or ¢*. Consider the path II(c, c3),
and notice that it intersects either the positive z-axis or the negative y-axis at a point q.

The point ¢ is on the positive r-axis.

Case 1: z(c*) < z(q) < z(g}). By Lemmal[5] Item (v), [II(c, ¢*)| < r or [II(c, ¢} )| < r, and therefore
D contains ¢* or ¢j.

Case 2: z(q) > z(g}). We distinguish between three cases.

Case 2.1: ¢} = g1.

(i) If the polygon intersects z1gr, then II(c, c3) intersects Z1g1 at a point p. Thus, g; is inside the
pseudo-triangle A(c, ¢*, p), and, by Observation 3| D contains g;.

(ii) If the polygon intersects Zzgr, then D contains at least one of the points ¢* or g; (the proof
is symmetric to the proof of Case 2 in Section |4.1.1).

(iii) If the polygon does not intersect zigy nor zzgi, then, since ¢j = g1, the polygon does not
intersect zzgs. If gj = g4, then, by Lemmal[d] D is pierced by at least one of the points g, gj,
and c¢*. Otherwise, gj = g, . In this case, the polygon intersects z3g3, and, by Observation

we have az > . Thus, by Lemma ITI(c,g1)| < r, and therefore D contains g¢;.

Case 2.2: g = g # ¢1. By Lemma@ Item (ii), [TI(c,c*)| < 7 or |Il(c, g;")| < 7, and therefore D
contains c* or gf.
Case 2.3: ¢| = g; .

(i) If II(c,c*) intersects zzga, then, if gj = g4, then, by Lemma |§|, Item (iv), |(c,g7) < 7
or |l(e,g4)| < r, and therefore D contains g; or g4. Otherwise, gj = g, . In this case,
the polygon intersects Z3gs, and, by Observation [7], we have a3 > %. Thus, by Lemma
ITI(c, g1)| < r, and therefore D contains g;.

(ii) If II(c,c*) intersects Zzgi, then by Lemma @ Item (iii), [II(c,¢; )| < r, and therefore D
contains g; .

(iif) If II(c, ¢*) does not intersect Zzgy nor zigs, then, by Lemma [8 Item (iii), [II(c,c*)| < 7 or
III(c, g; )| < r, and therefore D contains c¢* or g; .
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The point ¢ is on the negative y-axis.

Case 1: y(g}) < y(q) < y(c*). By Lemma [f Item (vi), |II(c,c*)| < r or [(c,g4)| < r, and
therefore D contains ¢* or g¢).

Case 2: y(q) < y(g}). We distinguish between two cases.

Case 2.1: gj = g; # ga. By Lemma@ Item (iii), [TI(c, ¢*)| < 7 or [II(c, g, )| < r, and therefore D
contains c* or g, .

Case 2.2: g, = g4. Then, since a3 < %, by Lemma ITI(c,g4)| < r, and therefore D contains g.

4.2 Case (iii): ap < % and a3 < 3

Let D € D be a disk with center ¢ and radius r. We show that D is pierced by at least one of
the points of S. Notice that in Algorithm 2], Q1 is symmetric to @2 and Q3 is symmetric to Q4.
Therefore, we show the correctness for the cases where ¢ € Q1 and ¢ € Q4.

421 e

We prove that D is pierced by at least one of the points ¢}, g5, or ¢*. We distinguish between four
cases.

Case 1: The polygon does not intersect zigr, z1ga, nor zzgs. In this case, g; = g1 and g} = go,
and by Lemma (4] D contains at least one of the points ¢/, g5, and c*.

Case 2: The polygon intersects z1g7; see Figure In this case, ¢f = g1, and D contains at least
one of the points ¢* or g;. The proof is the same as in Case 2 of Section |4.1.1

Case 3: The polygon does not intersect z1gy, but intersects z1gs. In this case, ¢f = g; and g = go,
and D contains at least one of the points gs, gf and ¢*. The proof is the same as in Case 3 of
Section 111

Case 4: The polygon does not intersect Zygy nor z1gz but intersects zzgs. In this case gj = ¢g; and
g5 = g2, and D contains at least one of the points ¢* or g; . The proof is the same as in Case 4 of

Section 1.1l

4.2.2 JdeQ,

We prove that D is pierced by at least one of the points ¢, g}, and ¢*. Notice that in this case where
both ag and ag are less or equal to 5, Algorithm 2| does not change g4, thus g4 = ga. Consider
the path II(c, c3), and notice that it intersects either the positive z-axis or the negative y-axis at a
point q.

The point ¢ is on the positive z-axis.

Case 1: z(c*) < z(q) < z(g}). By Lemmal[5] Item (v), [II(c, ¢*)| < r or [II(c, ¢;)| < r, and therefore
D contains ¢* or ¢j.

Case 2: z(q) > z(g}). We distinguish between three cases.

Case 2.1: g| = g1.

(i) If the polygon intersects z1gr, then I(c, c3) intersects Z1g7 at a point p. Thus, g; is inside the
pseudo-triangle A(c, ¢*, p), and, by Observation 3| D contains g¢;.

(ii) If the polygon intersects zzgr, then D contains at least one of the points ¢* or g; (the proof
is symmetric to the proof of Case 2 in Section [4.1.1)).
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(iii) If the polygon does not intersect Zigi nor zzgi, then, since ¢j = g1, the polygon does not
intersect zZ1gs. Since gj = g4, by Lemma 4] D is pierced by at least one of the points ¢/, ¢/,
and c*.

Case 2.2: g = g # ¢1. By Lemma@ Item (ii), [TI(c,c*)| < r or |Il(c, g;")| < 7, and therefore D
contains c* or gf.
Case 2.3: ¢| =g, .

(i) If II(c, ¢*) intersects Zzgs, then, since gj = g4, by Lemma@, Item (iv), we have |II(c, gy )| <r
or |II(c, ga)| < r, and therefore D contains g; or ga.

(ii) If II(c, c*) intersects Zzgi, then by Lemma @ Item (iii), [II(c,¢; )| < r, and therefore D
contains g; .

(iif) If I(c, ¢*) does not intersect Zzgi nor zigs, then, by Lemma [8 Item (iii), [II(c,c*)| < r or
III(c, g7 )| < r, and therefore D contains c¢* or g; .

The point ¢ is on the negative y-axis.

Case 1: y(g}) < y(q) < y(c*). By Lemma [f Item (vi), |TI(c,c*)| < r or [I(c,g4)| < r, and
therefore D contains ¢* or g).

Case 2: y(q) < y(gy). Since, gj = g4 and a3 < T, by Lemma we have |II(c,g4)| < 7, and
therefore D contains gy.

5 Conclusion

We have shown that five points are sufficient to pierce a set of pairwise intersecting geodesic disks
inside a polygon P. This improves the upper bound of 14, which was provided by Bose et al. [1].
This upper bound is very close to the lower bound for stabbing pairwise intersecting disks in the
plane, which was proven to be four.
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