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Abstract—Ubiquitous artificial intelligence (AI) is considered
one of the key services in 6G systems. Al services typically rely
on deep neural network (DNN) requiring heavy computation.
Hence, in order to support ubiquitous Al, it is crucial to
provide a solution for offloading or distributing computational
burden due to DNN, especially at end devices with limited
resources. We develop an optimization framework for assigning
the computation tasks of DNN inference jobs to computing
resources in the network, so as to reduce the inference latency.
To this end, we propose a layered graph model with which simple
conventional routing jointly solves the problem of selecting nodes
for computation and paths for data transfer between nodes. We
show that using our model, the existing approaches to splitting
DNN inference jobs can be equivalently reformulated as a routing
problem that possesses better numerical properties. We also apply
the proposed framework to derive algorithms for minimizing
the end-to-end inference latency. We show through numerical
evaluations that our new formulation can find a solution for
DNN inference job distribution much faster than the existing
formulation, and that our algorithms can select computing nodes
and data paths adaptively to the computational attributes of given
DNN inference jobs, so as to reduce the end-to-end latency.

Index Terms—DNN job splitting, computing network, comple-
tion time, routing

I. INTRODUCTION

6G system is envisioned to support artificial intelligence
(AI) services all over the network from the core to the end
hosts, referred to as ubiquitous AI [1f]. In many cases, Al
services depend on the computation of deep neural network
(DNN) and hence require a fair amount of computing power,
even only for inference. This can be a significant burden
especially for end devices such as mobile phones and IoT
devices in which computing resources are highly limited as
they run on limited battery power. In order for ubiquitous Al
service to be in place, it is thus necessary to provide a solution
to overcome limited computing power.

There are several approaches to enable Al at end devices.
One is to find a lightweight NN architecture commensurate
with available computing resources. SqueezeNet in [2] makes
extensive use of 1x1 convolutions to reduce the number
of parameters. MobileNetV1 in [3]] reduces the number of
arithmetic operations by introducing depth-wise separable con-
volutions. In [4], automated neural architecture search (NAS)
is proposed based on reinforcement learning in which the
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reward reflects the latency of inference. Since the latency
depends on the underlying computing resources, such a reward
drives the action (i.e., values of hyperparameters) toward the
set of architectures that can yield reasonably fast inference for
given computing power. There is a large body of work in this
context, and refer to [5] for more details.

Another approach is to exploit computing resources dis-
tributed over the network. Specifically, the (feedforward) com-
putation of DNN inference job is partitioned into multiple
tasks, and these computation tasks are assigned to nodes with
computing resources in the physical network. For example,
in layer-wise partition, all the neurons in the same layer are
assigned to a same node [6], [7]. Once the node finishes
computing the tasks (or layers) assigned, it transfers the output
data (of the last layer assigned) to the next node and subse-
quently, the transferred data are fed as the input data to the
corresponding layer. In this work, we develop an optimization
framework for distributing or splitting computation tasks of
DNN inference jobs over the network in which some (or all)
nodes are equipped with computing resources.

Such a problem requires to make a joint decision on node
selection for computation and path selection for data transfer.
One of the challenges in the problem is that the amount of flow
can change after passing through a node where computation
is carried out, because input and output data size of DNN
layer can differ from each other. Hence, the problem is vastly
different from conventional routing in which flow conservation
holds, i.e., incoming and outgoing flows match at every node
except at source and destination. To tackle the problem, we
propose a layered graph model in which simple conventional
routing jointly solves the node and path selection problems.
Using the model, we reformulate the existing approaches to
distributing DNN inference jobs as a conventional routing
problem that possesses better numerical properties.

Furthermore, we apply the proposed framework for com-
puting DNN inference jobs over the network with minimum
end-to-end latency, defined as the duration between the time
when the data at source start to be processed and the time when
the inference result is delivered to the destination. Obviously,
the end-to-end inference latency consists of waiting time and
service time. The waiting occurs at link(s) when data need to
wait to be transmitted, and also at node(s) when computation
tasks need to wait to be processed. The service time is the pure
transmission time plus computation time. With this definition,
many of the existing works in the context of DNN inference
job splitting focus primarily on minimizing the service time
while it is also important to take into account the waiting time.

It is generally hard to deal with waiting time as it is a



complex function of arrival and departure processes. Nonethe-
less, we consider a fictitious system in which the waiting time
is an upper bound on the waiting time in the actual system.
Our framework enables to efficiently solve the problem of dis-
tributing a single DNN inference job such that the end-to-end
latency is minimized in the fictitious system. Exploiting the
efficient solvability of single-job problem with our framework,
we develop algorithms for distributing multiple DNN inference
jobs so as to reduce the job completion time defined as the
earliest time at which all the inference jobs are finished. The
contributions of our work can be summarized as follows:

e We develop an optimization framework for computing
DNN inference jobs over distributed computing networks
with minimum latency. Our framework enables to select
nodes for computation and paths for data transfer jointly
via simple conventional routing in the layered graph
model.

o Applying our framework, we reformulate the existing ap-
proaches as a conventional routing problem that exhibits
superior numerical performance.

o We develop algorithms for distributing DNN inference
jobs over the network so that the end-to-end latency is
reduced.

e We prove the numerical property of our formulation and
the performance guarantee of our algorithms.

o We verify the performance of our formulations and algo-
rithms through various numerical evaluations.

The rest of the paper is organized as follows. In Section
we discuss related work. In Section we present the
system model and describe the problem, and in Section [IV]
we propose the layered graph model that simplifies the DNN
job distribution as a conventional routing problem. In Section
we present some applications of our framework including
1) reformulation of existing approaches and 2) algorithms for
computing DNN inference jobs with minimum completion
time. In Section [VI] we present numerical evaluations demon-
strating the performance of our formulations and algorithms.
We conclude the paper in Section

II. RELATED WORK

Edge computing is one of the most promising solutions in
the context of overcoming the computational limit at end hosts
[8]]. The demand for edge computing mainly arises from video
or image analytics that heavily relies on compute-intensive
deep learning [9]. In many cases, the focus is on how to select
either the local computing resource or remote (edge or cloud)
server, so that the entire analysis of an image or frame can be
carried out at the chosen resource. For example, in [10], video
frames are sent to edge server in which one of neural network
based inference models is selected for object detection. In [11]],
the offloading decision of each video frame is made based
on estimated network condition and response time, so that
the end-to-end latency of frame analysis can be minimized.
In [12], the offloading problem is solved taking into account
service time and accuracy in the setting where the local device
has a small model while the edge has cumbersome model with
better accuracy.

As mentioned above, the demand for computation offloading
arises mainly when inference or analysis should be made
based on deep neural network (or deep learning). Since deep
neural network typically consists of multiple layers and filters
(applied block-by-block in data) in some early layers, there has
been effort to distribute and parallelize the computation tasks
of layers and/or blocks in layers, which is of main interest in
this work.

Many of works in this context consider the Inter-of-Things
(IoT) environment in which nodes are equipped with limited
computing resources. In [13], each hidden neuron is mapped
to an IoT node. The goal is to find a mapping that minimizes
the network-wide total transmit power or time while the
computing resource needed for assigned neurons and daily
energy consumption satisfy the specified limit. The work of
[6]] assumes layer-wise partition, and seeks to find a mapping
that minimizes (data) transmission time plus computation time,
subject to privacy constraints as well as various resources
constraints. This problem is formulated as an integer quadratic
program, and a reinforcement learning based mapping algo-
rithm is proposed. In [7]], a similar problem and formulation
are developed with early-exit convolutional neural network
(CNN).

Some work considers vertical partition of convolution opera-
tions that take the majority of computation in DNN. Unlike the
layer-wise partition where partitioned tasks have precedence
constraint, in vertical partition, convolution operations are
partitioned into tasks that can be computed independently. In
[14], an TIoT node distributes such independent computation
tasks (formed through vertical partition) to nearby IoT devices
and fuses the collected results at the output of convolution
layer. In [15]], [16], even a layer in the fully connected part is
partitioned into multiple groups and distributed to computing
nodes. Since parallelization inevitably incurs communication
overhead, some works seek to find a partition and allocation
of computation tasks with minimum communication demand
[L7], [18]. There are also some work considering both vertical
and layer-wise partitions together with model sparsification
(19].

While many of the above solutions are derived based
on the formulation of integer optimization [7]], [[13]], [17],
[20], there are many results that apply deep reinforcement
learning (DRL), circumventing the difficulty of solving such
an optimization problem (which is NP-hard in general) [6].
In [21]], the classical job-shop scheduling problem is solved
via DRL adopting graph neural network, in which a job
consists of sequential operations with precedence constraint.
This is related to the distributed DNN computation as layers
in DNN are computed sequentially with precedence. In [22],
a computation task is formed with a group of neuron(s) from
a single layer, and the RL agent distributes the tasks to mobile
devices with reward being aggregate computation throughput,
which has the effect of minimizing latency. This work is
extended to account for partition of convolution operations
[23]. In [24], DRL-based algorithm makes a decision on each
layer of DNN inference computation whether the layer is
computed at local, edge, or cloud, so as to minimize the
integrated objective of delay, energy and cost. [25] develops an



RL-based algorithm for deferring the assignment of incoming
inference request, leaving a room for future requests, which
enables a better packing of requests with smaller latency and
energy consumption.

The goal of our work is focused on optimization framework
for splitting DNN inference jobs over distributed computing
networks. In particular, we are primarily interested in devel-
oping an efficient formulation of the problem. We believe
that such a formulation can be utilized in various facets of
methodology to solve the DNN inference job distribution
problem.

III. SYSTEM MODEL AND PROBLEM DESCRIPTION

Consider a communication network in which nodes are
equipped with computing resources. Let Gp = (Vp, Ep)
denote this physical network where Vp is the set of nodes
(routers/servers/hosts) and E'p is the set of edges (communica-
tion links) connecting the nodes. Let yi,,, be the transmission
capacity of link (u,v) € Ep. The computation capacity of
node u is denoted as p,, and its unit can for example be
GFLOPs/sec. There is a queue for every transmission link,
and Q. is the queue length at link (u,v) representing the
amount of packets waiting to be transmitted. Likewise, @,, is
the amount of computation tasks (e.g., in GFLOPs) waiting to
be computed at node w. This computing network is used to
process deep neural network (DNN) inference jobs.

A. Inference Jobs

There are J DNN inference jobs, each corresponding to the
feedforward computation of a DNN model (We call job and
model interchangeably depending on the context). For each
model j € J = {1, ..., J}, the input data (e.g., camera images
and sensor values) are generated at s/ € Vp and the inference
result needs to be delivered to ¢/ € Vp. Each model j € J
has I’ layers. We assume that each layer can be possibly
computed at different nodes in Vp. Let (:Z be the computational

load of layer /(= 1,...,L7) of model j. Hence, :—{ is the
computation time if layer | of model j is to be processed at
node u. Let d] be the output data size of layer [ of model j.
d

Similarly, — is the transmission time if the output data of
layer [ is to be transferred from node u to v. The computation
time plus transmission time is called the service time. Hence,
if layer [ of model j is computed at node w, and the output data
is transferred to node v, then the service time at this segment
R di

is b A4 -

6{7@ also consider the waiting time. In the above example,
suppose that the queue length at node w is ), when the
computation task arrives at node u, and the queue length at
link (u,v) is Q.. when the output of computation is buffered
at link (w,v) for transmission. Thus, the waiting time is
%‘: (31—“; The duration between the time of entering node

u and the time of arriving at node v is waiting time plus
]

. . . Qu Quo c; d; .
service time, i.e., T + . + #—u + e In this work, for
simplicity of presentation, we ignore propagation time at any
component either inside a node or between nodes (i.e., link),
but our results can be readily applied to the scenario with

propagation delay since propagation adds constant delay.

B. Job Completion Time

Suppose that each job j is assigned a path from its source
s/ to destination t7, including the information of the node at
which each layer is computed. Time starts from 0. Let C7
be the time when the inference result of job j is delivered to
the destination, i.e., /. Hence, CY is the end-to-end inference
latency. This time is obviously equal to waiting time plus
service time along the path from s’ to t/. Define the job
completion time Ci.x as

Chax = max oI,

J

Hence, Cpax is the time when all the jobs are finished.
This time is also called makespan in the field of job-shop
scheduling. Clearly, the job completion time is determined
by path selection for data transfer and node selection for
computation. We simply call these two decisions “routing”. In
this work, we develop a framework for routing DNN inference
Jjobs for minimum job completion time.

C. Challenges

There are several challenges in tackling the problem of
routing DNN inference jobs for minimum completion time.
First, the routing problem in this work is inherently related
to the classical job-shop scheduling problem which is known
to be NP-complete [20]. In the job-shop scheduling problem,
there are multiple jobs, and each job consists of ordered
operations. All of the operations must be assigned to some
machine, and in each machine, the priority among operations
should be decided in order to minimize the job completion
time. If the machine for each operation to be computed at
is given and fixed, then the problem is called the “job-shop
scheduling problem”. Otherwise, it is called the “flexible
job-shop scheduling problem”. In our problem, each layer
(corresponding to operation in job-shop scheduling) in every
job should be assigned a node for computation, together with
path selection. Our problem therefore contains a flexible job-
shop scheduling which is hard to solve. Note that this is
immensely different from the conventional routing problem
which is easy to solve under many circumstances.

Another challenge comes from the difficulty of handling
waiting time. It is necessary to predict the waiting time so
that the routing decision can be made by taking into account
both waiting time and service time. However, the waiting time
at a component (i.e., node or link) depends on the departure
processes in the preceding components and hence, it is hard to
predict the waiting time. To circumvent this issue, we consider
a fictitious system in which the waiting time provides an upper
bound on the actual waiting time. The completion time in
the fictitious system is thus an upper bound on the actual
completion time. We apply our framework in order to find a
routing decision minimizing completion time in the fictitious
system. The details are presented in Section [V]

IV. LAYERED GRAPH AND ROUTING

As mentioned above, our problem requires to determine the
path as well as the nodes for computation along the path.



It is hard to formulate this problem applying the traditional
technique involving flow conservation constraints. Inspired by
[27] and [28]] where service chaining problem in software-
defined network (SDN) is solved with graph layering, we
construct the layered graph with which the problem can be
simplified. Suppose for simplicity of presentation that there is
only a single model with L layers. Consider L + 1 copies of
Gp, denoted by Gy, Gy, ..., Gp with G; = (V}, E;), VI. For
each | € £ = {0,...,L}, denote by u; € V] the replicated
node of u € Vp, and hence, (u;,v;) € V; the replicated link
of (u,v) € Ep. There is an edge from node u;_1 to u; for all
uw € Vpand !l = 1,..., L. These edges are called cross-layer
edges, denoted by E¢. Define the layered graph G = (V, E)
where V =VoU---UVy and E = EqU---UE UE¢. Fig.[I]
shows an example of the layered graph G derived from the
original physical network graph Gp.

Original Network Graph Gp=(Vp, Ep) Layered Graph G=(V, E)

u v Uy
N Vo
S0@
W t Gi=(V. En) o fo
uy Vi
S1g
Red edges: cross-layer edges
(denoted by E£.) G=V, E) 7 O

u;: replicated node of u € Vp in layer /
(up,v)) : replicated edge of (u,v) € Epin layer / ‘

V=1u---uv s K
E=FEyU-UELU Ec
G=(V,E) 6=V, E)) 1w 2

Fig. 1. Example of layered graph derived from original network graph G p
for DNN model with L layers

A. Routing in Layered Graph

We now discuss how the routing in the layered graph
simply expresses both path selection for data transfer and node
selection for computation. Suppose that source and destination
nodes are s € Vp and t € Vp respectively. Consider finding
a path from sg to tp. The cross-layering segment of the
path specifies the node where the corresponding layer is
computed. For instance, if the path traverses link (u;—1,u;),
then layer [ of the model is computed at node u. The intra-
layer segment of the path specifies the transfer of the output
data of corresponding layer (of model). For instance, if the
path traverses the link (u;,v;), then the output data of layer [
is transferred from node u to node v. Fig. [2] shows an example
of routing in the layered graph, and what each segment in the
path represents. It is important to note that the classical routing
(that just finds a path from source to destination) in the layered
graph determines both path selection and node selection for
computing of all the layers of the model simultaneously.

B. Routing Multiple Jobs

The layered graph can easily facilitate the routing of multi-
ple jobs at the same time. Recall that L7 and (s’, /) represent
the number of layers in job (or model) 5 and source-destination
pair of job j, respectively. Redefine L = max; L7/, and
construct the layered graph with L + 1 layers as shown in

What each segment represents
(1) Input data transferred from s to u

(2) Layer 1 computed at node u

(3) Output data of layer 1 transferred
fromuto v

(4) Layer 2 computed at node v

(5) Output data of layer 2 transferred
from v to ¢

$2 )
G, - b)

Fig. 2. Example of routing in layered graph with L = 2
Fig. The source s e Vp and destination t/ € Vp are
mapped to s} € V and ¢}, € V, respectively. Finding a
path from sg to tjij for each job j in the layered graph gives
the node and path selection of all the jobs. Some examples
pertaining to this are presented in Section

V. APPLICATIONS OF OUR FRAMEWORK

Our framework in the previous section can be applied to
various problems of distributing DNN inference jobs. In this
section, we present some of these examples.

A. Reformulation of Existing Approaches

The work of [6] and [7] formulates the problem of assigning
DNN layers to nodes for minimizing end-to-end latency as an
integer quadratic program (IQP). The data transmission time
between two nodes, say u and v, is taken into account by
assuming that every link has the same capacity and the data
are transferred on the shortest hop path from u to v. Although
this assumption of data rate simplifies the formulation, the
end-to-end latency under the assignment obtained from such
a formulation can experience relative large latency when data
transmission time contributes to end-to-end latency to a large
portion and links can have different capacities. Obviously, such
a case occurs when networking resources are scarce while
computing resources are abundant.

Our framework can incorporate both node and path selection
as an integer linear program (ILP) which has numerical
advantages over IQP. To unify the notation in layered graph,
let us define the edge capacity and transmission/computation
task as follows:

D)ty = fouw, V(u,v) € Ep,l € L

2) puy_qu = Pu,YVu € Vp,l=1,...,L

3 ¢ = dl, if (u,v) € Bl €L
T clj, if (u,v) = (wi—1,w;) € Ec,l=1,...,L
where £ = {0,1,...,L}. The first line indicates that every
intra-layer edge (u;,v;) € E;,VI € L in the layered graph
has the same capacity as the original edge (u,v) € Ep. The
second line indicates that the capacity f,, ,,, of cross-layer
edge (uj—1,u;),Vl € L is equal to the computation rate of
node u which is . The value ¢/, denotes the amount of
task. If (u,v) is the intra-layer edge in G, then ¢/, is the
data size of layer [ of model j. On the other hand, if (u,v) is
the cross-layer edge from w;_1 to w; for any w, then ¢/, is
the amount of computation tasks required by layer ! of model

b}



7. Hence, fLJ“T"; is the transmission time of output data of layer [
if (u,v) is an intra-layer edge in E;, and the computation time
of layer [ at node w if (u,v) is a cross-layer edge (w;—1,w;).

Define the variable 77, to be 1 if the path of job j traverses
edge (u,v) € E, and 0 otherwise. Let mj be the memory
requirement of layer {(= 1,..., L7) of model j. Consider the
following formulation:

1 q%v j
i Z E”fw (1)
J€T (u,v)EE
s.t. Z = Z i o= -1, ifu= tij 7
v:(u,v)EE vi(v,u)EE 0’ otherwise
YueV,jeJd @)
)
Z chlril—lul S Eu,Vu (S VP (3)
jeJ I=1
L7
Z ijl?ﬂfilflul < mU7vu S Vp (4)
jeJ =1
rd, €{0,1},Y(u,v) € E,j € J, )

where ¢, and m,, denote the maximum amount of computation
tasks that are allowed at node u and the memory (such as
RAM) capacity of node u, respectively. The objective function
(I is the total computation plus transmission time of all the
jobs. The constraint (2)) ensures that for each job j, a path is
found from source sf) to destination tJLj, so that the inference
on the data generated at the source can be delivered to the
destination. The constraints and @, from [6] and [7],
require that the amount of computation tasks and memory
requirement at each node should not exceed certain thresholds.

This is an equivalent reformulation of the one{]_-] in [6] and
[7], except that our formulation does not fix a priori the path
for data transfer between nodes. Our formulation can take
into account the transmission time better, especially when link
transmission rates are relatively low. More importantly, our
formulation is an ILP which has advantages over IQP in [6]]
and [7] (Although IQP can be linearized, it introduces a large
number of variables and constraints). The number of variables
in our formulation is J-|Ep|-(L+1), whereas itis J-|Vp|-L in
the formulation of [6]] and [7]]. Although our formulation has
slightly more variables, the linearity of formulation enables
to find a solution more quickly. This is demonstrated through
numerical evaluation in Section [V1l

B. Formulation for Single Job with Waiting Time

Since the above formulation takes into account only the
service time, most of the computation tasks may be assigned
to fast path with high transmission capacity or node with
high computation capacity. For example, if the transmission
time is negligible because link capacities are considerably
high compared to computation capacity, then the service time
can be minimized by assigning all the jobs to the node with

! There are some other constraints, but we only present the constraints that
are essential to the discussion

highest computation capacity. However, in practice, such an
assignment can incur large waiting times, and hence, adversely
affect the completion time. Although introducing the budget
constraints (3) and (@) has the effect of minimizing the
completion by distributing the workload over the network, one
may consider the completion time more directly without such
constraints.

For example, consider the scenario in Fig. [3] where two
models, each with two layers need to be routed. Recall that
d}, is the input data size. Routing policy 1 seeks to minimize
the total service time, thereby processing all the layers at node
u. If job 1 is processed first, then job 2 must wait until job 1
is finished, which incurs one second of waiting. This results in
the completion time of 2.2s. On the other hand, routing policy
2 aims at minimizing the completion time by assigning job 1
to node v and job 2 to node u. The total service time under
this policy is larger than that under policy 1. However, the
completion time is reduced to 1.35s as neither job experiences
waiting.

Layer/
st 52 e Job/Model
0 1 2
100Mbps
u v d} (Mbits) 10 0.1 | 0.001
1
100GFLOPs/sec 80GFLOPs/sec C,l (GFLOPs) 50 50
Sl=f=u, A=p=vy , d? (Mbits) 10 0.1 0.001
c? (GFLOPs) 60 60
Routing Tob Latency at Each Segment (s) Siot Chax
. 0
Policy u U—v v 107s cut off
1 1 103 0
1 22 2.2
2 1.2 (+1) 10 0
1 0 0.1 1.25
2 2.55 1.35
2 1.2 10 0
Gree dy 1 1 103 0
. 2.6 1.6
(in Sec. 5.3) 2 0 0.1 1.5

Fig. 3. Examples of routing policy. The number “+1” in red color indicates
waiting time. Siot: total service time

It is important to note that the waiting time needs to be
considered in order to minimize the completion time. Further-
more, if one can somehow take into account the waiting time
in a more direct manner, some or all of the budget constraints
(which are needed to distribute the workload) may be removed.
This is because the solution that seeks to minimize waiting
time will necessarily distribute the workload over the network.
This is also an important aspect of considering waiting time
(in a more direct manner) because it is easier to solve the
problem with fewer constraints. In the following, we discuss
how our framework can be applied in this context.

We start with a simple case with J = 1, i.e., a single job
needs to be routed. Recall that the queue lengths @, Vu € Vp
and Qu.,V(u,v) € Ep are the computation and transmis-
sion tasks that are waiting to be computed and transmitted,
respectively. These queue lengths in the physical network are
reflected into the layered graph as follows:

1) Quzvl = QUTHV(uav) e EP7Z 6 ‘C’
2) Qul,lul = Qu,vu € VP,Z = ].7 ,L



For brevity, let us omit the superscript 5. Consider the follow-
ing formulation:

1111211 Z M7"u1; + qu Tuv + Z Q“ Zu (6)

>

(u,v)EE Hruw (u,v)EE\Eg " %Y uevp Y
St Zu 2> Tu_qu,Vu€Vp,l=1,...,L (@)
1, ifu=so
Z Tuv — Z Touw =18 —1, ifu=tr ,YueV
vi(uw)e B vi(v,u)€E 0, otherwise
)
ruv € {0,1},V(u,v) € E 9)

2 € {0,1},Vu € Vp (10)

Similar to (), the constraint (8) ensures that the solution
finds a path from source to destination, including the node at
which each layer of model is to be computed. The first term
in () is the total service time. The second and third terms
represent the waiting time at links and nodes, respectively,
provided that upon the arrival at corresponding components,
Quv and @, are the actual amount of data waiting for
transmission/computation. Specifically, the second term adds
the waiting times at all the links traversed. Note that if the
solution translates to a path with cycle(s) in the original graph
Gp, then the second term may add @),, multiple times for
some (u,v) € Ep. By constraint (7), z, is 1 in the optimal
solution only if node v € Vp is selected for computing
layer(s). The third term is thus the total waiting time at nodes.
Likewise, if the solution gives a loopy path, then there may be
a node visited twice or more, and hence, the third term may
not give the actual waiting time. Otherwise, if the optimal
solution gives a simple path, then the objective function value
is the actual end-to-end latency. This is summarized below.

Lemma 1: Assume that the optimal solution r =
[Puv, (u,v) € E] of problem (6)-(I0) translates to a simple
path (i.e., a path with no cycles) in the original graph. Then,
the objective function value in (6) is the job completion time.
In simulations, we were able to observe that a simple path is
found in many of the instances tested.

The problem (6)-(10) is an ILP which is NP-hard in general.
However, we show that our formulation has a special structure
called total unimodularity, so that the optimal solution to ILP
can still be found with the relaxation of binarity constraints
in @) and (I0) as 0 < ry, < 1 and 0 < 2, < 1. With
this relaxation, the formulation is just a linear program (LP)
which is polynomial time solvable. In general, LP introduces
fractional solution, which in our problem, implies multiple
paths with fractional flow. For example, the solution can have
the form of r,, = 0.7 along one path and r,, = 0.3 along
another, while the goal is to find a single path with unit flow.
The following theorem shows that our formulation always has
an integral optimal solution.

Theorem 1: The LP relaxation of formulation (6)-(I0) has
an integral optimal solution (i.e., an optimal single path with
minimum completion time).

Proof: See Appendix [ |
By this theorem, one can find a solution of the ILP (6)-(10)
by solving its LP relaxation which is much easier. This can

be used to develop an efficient algorithm for routing multiple
jobs, as presented in the following.

Remark. The quantities @), and @Q),, can be replaced with
expected tasks when the job arrives at the corresponding
resource, so that expected waiting time can be taken into
account. The computation requirement g, ,,, = ¢; of layer
I can be replaced with ¢;(1 + oy, >a7,3) Where M, is the
physical memory capacity of node u, and I is the indicator
function taking the value 1 if the condition is satisfied, and
0 otherwise. This reflects the slowdown of computation if
the memory requirement exceeds the physical memory and
techniques such as swapping are activated to accommodate ex-
cessive memory demand. This way, one can take into account
the impact of memory demand, without budget constraints
such as (@), which is likely to make the problem easier to
solve.

C. Greedy Algorithm for Priority-based Job Routing

In order to show how the formulation (6)-(I0) can be
used, we assume preemptive scheduling at links and nodes.
Priority is assigned to every inference “job” (not to individual
layers), and uniformly applied to all the layers belonging
to the same job. For instance, consider two jobs j; and jo,
and suppose that job j; has higher priority than job js. The
computation/transmission task of a layer in job j» can be
preempted (while it is being computed/transmitted) up on the
arrival of the computation/transmission task of job j;.

We consider a greedy algorithm that determines the routing
and priority of jobs, one at a time in the order of priority.
Suppose now that the queue lengths Q,,Vu € Vp and
Quov, V(u,v) € Ep represent the computation and transmis-
sion tasks (that are already routed) with higher priority than
the current model to be routed. For routing a job, we use the
formulation (6)-(I0). Again, the first term in (6) represents
the total service time at nodes and links. The third term is the
total waiting time at nodes, assuming that the computation
of the current job at each node u must wait until all the
computation tasks of higher priority. This is obviously an
upper bound on the actual waiting time because some of the
computation tasks in ¢),, may have been finished by the time
when the computation task of the current job arrives at the
node. Similarly, the second term in (6) is an upper bound
on the total waiting time at links. The objective function in
(6) is thus an upper bound on the actual service time plus
waiting time which is equal to the completion time. Therefore,
in this case, the formulation (6)-(I0) seeks to find a routing that
minimizes an upper bound on the completion time of current
job.

Note that due to networking delays (i.e., transmission
times), it is hard to express the actual waiting time in a simple
form. The upper-bound approach enables a simple formulation.
Although there may be a gap between upper bound and actual
completion time, we expect that minimizing the upper bound
would have the effect of minimizing the actual job completion
time. In the following, we consider this fictitious system in
which the upper bound is treated as the actual waiting time.

Let @ = [Quv, ¥(u,v) € E] which is the vector of unfin-
ished transmission/computation tasks in the network. Recall



that this vector determines the waiting time of jobs. Let C7(Q)
be the optimal objective function value of formulation (6)-(I0)
for job j. That is, C7(Q) is the completion time of job j if it is
routed based on the formulation in the presence of unfinished
tasks Q. Let r*(j) be the optimal routing variable in this case.
Note that by Theorem [1} C7(Q) and its solution 7*(j) can be
found by solving the LP relaxation of (6)-(T0).

Algorithm [T] shows the greedy policy. First, it computes the
completion time of every job, and selects the job with earliest
completion time (line 1). This selected job is given highest
priority. Second, the unfinished task vector () is updated (line
2) so that the remaining jobs with lower priority can be routed
with updated waiting time. The same procedure is repeated
until all the jobs are routed. As shown in Fig. [3] the greedy
algorithm finds a solution that balances the workload over
the network, and achieves the completion time close to the
minimum possible value which is achieved by routing policy
2. Although the algorithm is derived assuming the fictitious
system, we expect that the greedy algorithm performs well in
practice as it penalizes the solution utilizing the resources that
are highly occupied.

Algorithm 1: Greedy Algorithm
Given: Jobs 7 ={1,...,J}
Init: Q,, = 0,V(u,v) € E; U =7J;p=1;
1 while U # 0 do
2| Jp=argmin C'(Q);
Quv  Quo + qff{ﬂ"zv(jp),V(U, v) € E;
pp+1L
U+ U\{jp}
end
Output: Priority & Routing: [j; > --- > j;] &
[r*(jp), Vo =1, ..., J]

S N7 T N ON)

The approximation ratio of this algorithm can be derived.
Let us abuse the notation by defining |Vp| and |Ep| as the
numbers of nodes with positive computation capacity and
edges with finite transmission capacity respectively in the
original graph Gp. Let T be the minimum possible job

completion time in the actual system.

Theorem 2: Assume that the graph G p is k-edge-connected
and the formulation (6)-(T0) always finds a simple path in G p.
Then, the job completion time under Algorithm [T]in the actual
system is at most o7, where

2(L+D)(|Ve| + |Er|)os

o = max {2atw,

k )
wt) e 2 )
14 2P g bdo 0 =
( Vel ) \VP|+ |EP|
hr - max d{ - max  fuw
I il (uv)ebp o — MAXucvp
ter — - s op = ———————
hs-mind] - min v miNyueVp Hu
3,1 (u,v)EEP

hr = maxh?, hg = minh}
J J

hJL = longest path length in G'p in hop count btw. s? and ¢/
h{g = shortest path length in G'p in hop count btw. s/ and ¢7.

Proof: See Appendix [B] [ |
Therefore, the greedy policy is an a-approximation algorithm.
Corollary 1: With zero network delay (or infinite link
capacity) and identical computation capacity at all nodes, the
greedy policy is a (2 — 1/|Vp|)-approximation algorithm.
Proof: See Appendix [C] [ |

Although the approximation ratio in [J] seems loose, in the
special case as in Corollary [I] our algorithm approximates
the optimal solution within a factor smaller than 2. We
thus anticipate our algorithm performs well in many other
scenarios. We show in Section that in many cases, the
greedy approximates the optimal in the fictitious system within
a small neighborhood.

Remark. The priority-based scheduling discussed in this
section may not be realistic in general communication net-
works, however such a scheduling policy will likely to gain
increasing attention. As the demand for supporting a large
spectrum of applications increases, the conventional one-size-
fit-all network solution becomes no longer viable. The concept
of network slicing has always been one of the key service
paradigms that can solve this problem. With network slicing,
certain services are assigned logically isolated computing
and networking resource blocks, within which customized
scheduling policy can be employed. The primary goal of
network slicing is to provide a certain level of quality-of-
service (QoS) guarantee through flexible scheduling in the
slice. For this reason, priority-based scheduling and admission
control (into slice) is an important problem of research [29],
[30]. Ubiquitous Al service provider may purchase a network
slice, and get subscribers with differentiated service level
agreement. Accordingly, we envision that the discussion of
priority-based scheduling for inference can potentially be an
important issue in practice in the future.

VI. NUMERICAL EVALUATION

In this section, we evaluate numerical advantages of our
framework and the performance of the greedy policy in Algo-
rithm [T} We adopt the settings from [7] where IoT environment
is considered. The original physical network G p is generated
by random geometric graph. That is, nodes are randomly
placed over the plane of z x = square with x = 30m. For
a pair of nodes, there is a bidirectional link if the two nodes
are within certain distance, e.g., communication range of each
other in wireless settings. Such a communication range is set
to 7.5m. If a disconnected graph is generated, it is discarded
to consider only connected graphs. The link transmission rate
Puv between two neighbors is randomly set to one of the
values in {1,...,5} x % where + is the scaling parameter
and pn?* is set to 72.2Mbps which is the data rate of WiFi 4.
We scale up (v 1) and down (v ) the entire link transmission
rates in order to examine our framework in various regimes
where the computation time dominates the completion time
over transmission time or the other way around.

We assume three types of IoT nodes including Orange Pi
Zero (OPZ), Beaglebone AI (BAI) and Raspberry Pi 3 (RP3).
Table [I] shows the specs of these devices. Note that ¢, is



TABLE I
NODE TYPES AND CAPACITIES. MM: MILLION MULTIPLICATIONS

Node type [[ ¢u (MM) [ My (MB) | o (MM/s)

OPZ 100,000 524.288 360
BAI 100,000 131.072 480
RP3 100,000 524.288 560

just the parameter introduced by the constraint (3), not a real
hardware spec. Each node in Gp is randomly set to one of
the three types.

We consider three CNN models including SevenLayerNet
(SLN), AlexNet (AN) and ResNet101 (RN). The memorylm'l7
and computation ¢/ requirement and output data size d] of
these models are identical to those in [7]] where compressed
form of layers is assumed (see Table [l). For each job, its
source and destination are chosen randomly from Gp, and
one of the three models is randomly selected.

A. Example of Solution Found by Our Framework

We first present a small example of how our framework
finds a solution for distributing DNN inference jobs. There
are 20 nodes and 5 jobs. Fig. [d(a)] shows the original network
graph with the source-destination pair of each job to be
routed. Different markers indicate different node types (circle:
OPZ, diamond: BAI, square: RP3). Note that the source and
destination of job 4 are the same node, implying that the
corresponding node generates the data and needs the inference
result on the data.

Next, the layered graph is constructed as shown in Fig. A(b)]
Note that the 3D geometry is only for visualizing the graph,
and not needed in the process of finding a solution. The
sources are placed in layer 0, i.e., G, while the destinations
are placed in the final layer of corresponding DNN model.
For instance, job 1 has 5 layers in the model, and hence,
its destination is placed at t} in layer 5. By solving the
formulation, the path is found for each source-destination pair
in the layered graph.

Fig. depicts the five paths found. The straight down
arrow from upper layer to lower layer indicates that the
corresponding layer is computed at the corresponding node
(in the original graph). Note that job 4 is processed at the
the source node up to layer 4, and then at the neighboring
square node up to the final layer. The result is then delivered
back to the source (which is also the destination). Every other
job is processed at a single node. These paths in the layered
graph are then mapped back to the original graph as shown in

Fig. A(d)

B. Numerical Advantages of Our Framework

We compare our ILP formulation (I)-@) with the IQP
formulation in [7[]. The two formulations solve the same
problems. We use Gurobi Optimizer running on Intel Xeon
Gold 5220R CPU @ 2.2GHz with 24 cores and 256GB of
RAM. Recall that in the formulation of [7], the transmission
latency between nodes is assumed to be shortest hop distance
x (data size + constant rate). Since links can have different

15

10

L L L L L
-15 -10 -5 0 5 10 15

‘d‘.!‘

e

A7 A
A

&

3
&

AN
i

¢
S

\

oooo?ooooo

(c) Paths found in layered graph

15
B
L =900
10 2 /
st ]
e} @1\
s . 12
> 0 t!
92
5 §
4 44 Cb
sht
@]
10
o ©
.5 ‘ ‘ R ‘
15 10 5 0 5 10 15
X

(d) Paths mapped to original graph

Fig. 4. Example of how the solution is found. Formulation (T)-(3) is used to
solve a problem with |Vp| = 20, J = 5.



TABLE II
CNN MODELS AND PARAMETERS. MM: MILLION MULTIPLICATIONS, KB: KILOBYTES

Model H Requirement of each layer I = 0, ..., L (d%: input data size) Unit
d 9.41 50.18 12.54 1.54 0.77 0.04 - - - - KB

SLN | - 3.81 20.08 1.20 0.07 0.002 - - - - MM
mf - 19.20 409.60 | 4816.90 29491 7.68 - - - - KB

d{ 618.35 | 279.94 173.06 259.58 259.58 36.86 16.38 16.38 4.00 - KB

AN a - 105.73 | 224.34 149.52 112.14 74.84 37.75 16.78 4.10 - MM
m] - 139.78 | 1229.82 | 354048 | 2655.74 1770.50 151011.39 | 67125.25 | 16388.00 - KB

d 602.12 | 802.82 | 802.82 200.71 50.18 50.18 50.18 50.18 12.54 4.00 KB

RN q - 118.01 616.56 757.86 950.53 1156.06 1156.06 1156.06 565.18 2.20 MM
mf - 37.63 786.43 | 222822 | 21757.95 | 26738.69 | 26738.69 | 26738.69 | 51380.22 | 8388.61 | KB

rates, the constant rate in the IQP formulation is set to the
average rate of links on the shortest-hop path. The number of
nodes |Vp| is fixed to 50, while the number of jobs J and the
data rate scaling ~y are varied as J € {5, 10,20, 30,40} and
~v € {0.2,0.5, 1.0, 2.0}.

Fig. |5 compares the solutions found by our ILP formulation
and IQP formulation of [7]]. In Fig. [5(a)] the service times (i.e.,
the objective function value in (I)) are shown in the form of
relative gap defined as % x 100(%) where Or is the
optimal objective function value of formulation F. For small
values of +, link transmission rates are small, and hence, the
transmission latency takes a significant portion of service time.
Since our formulation takes into account both transmission and
computation latency, the solution found by our formulation
achieves smaller service time especially when v is small. On
the other hand, for large values of -, the transmission latency
becomes less significant, and the performance gap between
ours and IQP decreases. Observe also that the performance
gap increases as the number of jobs J increases. The gap in
each job’s service time cumulates more with a large number
of jobs.

The IQP formulation can be easily fixed to better take
into account transmission time and hence, the service time of
IQP formulation can be improved. We believe what is more
important is the runtime to solve formulation. Since it takes
nearly indefinite time for some problem instances, the time
limit of the solver is set to 100s for both formulations. Fig.
shows the runtime of both formulations. As the number
of jobs increases, the IQP quickly hits the time limit, meaning
that in 100 seconds, it fails to find a solution which can be
claimed to be optimal. On the other hand, our formulation
finds an optimal solution much faster than IQP, with slowly
growing runtime in the number of jobs.

C. Integrality Gap: Comparison with LP Relaxation

In order to further investigate the numerical advantages
of our framework, we evaluate the integrality gap. Consider
the LP relaxation of formulation (I)-(3), i.e., 7, € {0,1}
relaxed as 0 < Tiv < 1. Let Opp be the optimal objective
function value of LP relaxation. Clearly, we have Opp < Oppp
because LP relaxation optimizes over the superset of what is
considered in ILP. For minimization problem, the integrality
gap is defined as %‘LL;”, which is always no smaller than 1. If
the solver finds an integral solution which yields objective

Relative Gap (%)
o

(a) Relative gap of total service time (objective func-

tion value in (T})) defined as % x 100(%)

Runtime (s)

(b) Runtime to solve formulation

Fig. 5. Comparison of ILP (ours) and IQP, with |Vp| = 50. Each point is
the average of the results from 50 random problem instances

function value equal to Opp, it means that it has found
an optimal solution. However, this happens only when the
integrality gap is 1. Therefore, the integrality gap is a crucial
property of formulation from numerical perspectives (as well
as approximation algorithms).

Fig. |6] shows the integrality gap under various circum-
stancesli_.la-l For most of the problem instances, the integrality
gap is nearly 1, and we postulate that the gap mostly results
from numerical precision issue as the objective function values
of ILP and LP are often equal upto a few digits after the
decimal point. As mentioned above, the integrality gap of 1 can
accelerate the solver to find an optimal solution. The results in
Fig. [6] explain why our formulation is able to find an optimal

2In contrast with the above evaluation, some problem instances turn out to
be infeasible especially when the network with small size (i.e., small |Vp|)
needs to serve a large number of jobs. We omit the results for the combination
of (|Vp|, J) with which there are fewer than 10 feasible instances out of 50
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Fig. 6. Integrality gap of our ILP formulation (I)-(3). Each point is the
average of the results from 50 random problem instances. The results with

other values of + are omitted due to limited space.

solution much faster than IQP.

Note that for some instances, the integrality gap is relatively
large. For example, with (J = 50, |Vp| = 50) in Fig. the
average integrality gap is about 3. We found that for only
two instances out of 50, the ILP finds an extraordinarily long
path with cycles in the layered graph, after the time limit
100s of the solver is reached. The objective function values in
the two cases are about 9724s and 7725s respectively, while
the LP relaxation attains about 169s and 181s respectively.
Such a solution of loopy path can never be optimal because
one can immediately remove cycle(s) in the path to obtain
a solution with smaller objective function value and reduced
burden in the budget constraints. Although we believe this is an
issue of solver, such an extraordinary solution can be avoided
by adding a small penalty such as § (o) rJ,, with small
positive §. This penalizes the solution with cycle(s), forcing
the solver to find an acyclic path.

Fig. [7] compares the runtime. As the number of jobs in-
crease, the runtime of ILP increases relatively fast compared
to that of LP. Notice that it takes more time for ILP to find a
solution when the number of jobs is large and the network size
is small. For instance, the runtime with (|Vp| = 50, J = 40)
is smaller than that with (|Vp| = 20, J = 40). This is because
when the resources are abundant in the large network, it is
easier to find a solution to support all the jobs. On the other
hand, if the resources are scarce compared to the demand, the
solution tends to be complicated, which obviously takes the
solver a long time to discover such a solution. Fig. [8] compares
the solutions under small and large values of |Vp| with fixed
J, where only the first (in job-index-wise) 5 jobs’ paths are
shown. When |Vp| is small, the paths tend to be complicated,
and indeed, many of the paths are cyclic in the original graph.
It is easy to guess from the form of the solution that it tries to
pack the paths to stay below the budgets. On the other hand,
when |Vp| is large, all the paths are simple in the original
graph. This example clearly shows why it may take longer to
solve the problem when |Vp| is small and J is large.

D. Evaluation of Greedy Algorithm

We now evaluate the greedy policy in Algorithm [I} The
following two algorithms are considered for comparison with
greedy, denoted by GRD.

1) Optimal algorithm (denoted by OPT) that finds a path

for each job such that the completion time is minimized

70 T T 1)
4

- ILP |V,| =20 ’

ol G 1P|y ]
—7LP |V,| =20 )

50 ILP |V},| = 50 ’ 1

7/

—A—LP |V, = 50 ’

Runtime (s)

[}

e o o

5 o 3 J

0 g o 40 o

N o o 4o ol

-5 o %o ¢}

¢ oo t o

-10 o oo d

-15 g D\i 00 ©

S o o ©©

2 ¢ oS o5
o & L

10 [ o 1

\ P _— s 10

20| L I/}

10 —’V/T—/T——Jvi—gxldl 5
15 10 5 0 s
y

(b) |Vp| =20, J = 40: only 5 jobs’ paths are shown. Nodes
are omitted to avoid congested figure.

Fig. 8. Integrality gap of our ILP formulation (I)-(3). Each point is the
average of the results from 50 random problem instances. The results with
other values of  are omitted due to limited space.

in the fictitious system. The formulation is given in
Appendix

2) Node-first selection algorithm (denoted by NFS) that
selects a single node, say u, for each job with earli-
est computation completion, and takes the shortest (in
transmission completion time) path from source to u and
from u to destination. The details are given in Appendix

E

While OPT finds an optimal solution, it may take an exces-
sively long time. In contrast, NFS may find a solution quickly,
but at the expense of increased completion time.

We first compare greedy and optimal algorithms. Let Carg



be the completion time of algorithm ALG in the fictitious
system. We found that OPT fails to find a solution in 30
minutes if either J > 10 or N > 30. In addition, even if it
finds a solution after the time limit of 30 minutes, it achieves
even larger completion time than GRD or NFS. Hence, the
results from those instances were dropped. In other words, we
only consider the results in which the completion time of OPT
is no greater than that of GRD and NFS. Fig. 0] shows those
results. In Fig.[9(a)| the relative gap of completion time, defined
as % x 100(%), remains below 7%, implying that
on average, GRD achieves completion time at most 1.07 times
that of OPT. As mentioned above, OPT introduces a large
number of variables and constraints, and thus, it takes a long
time to find an optimal solution (see Fig.[9(b)). Note that when
OPT hits the time limit of 30 minutes, most of the solutions
(if found) give meaningless completion time. As mentioned
above, those cases were omitted, and thus, the runtime of OPT
shown in Fig. somewhat underestimates the true runtime.
This result shows that the greedy policy is able to find nearly
optimal solutions in reasonable time (at least for the cases
shown in the figure).

Relative Gap (%)

(a) Relative gap of completion time defined as
Carp—CoPT 100(%)
CoptT

1000

GRD: 0.37~15.71s

OPT: 90.20~801.00 [ GRD
800 ° C_JopPT

Runtime (s)

(b) Runtime
Fig. 9. Comparison of greedy and optimal algorithms

Next, we compare greedy and node-first selection algo-
rithms. In Fig. [I0(a)} the relative gap of completion time
increases as the data transmission rate (small ~) decreases.
This is because NFS selects a node (and thus a path) with
an emphasis on computation time, while with small ~, the
transmission time becomes a substantial element affecting

completion time. The greedy policy finds a path adaptively
to the circumstances regarding computation and transmission,
thereby achieving better completion time performance.

On the other hand, as the numbers of nodes and jobs
increase, the runtime of greedy scales poorly compared to the
node-first selection algorithm. The greedy requires to solve the
LP relaxation of (6)-(T0) O(.J?) times. We found that as the
iteration continues, it tends to take longer to solve the LP. With
J = 30, even one second of average solver runtime for single
LP can result in several hundreds of seconds of total runtime.
Therefore, it may be worthwhile to delve into the algorithmic
solution for (6)-(T0), which we leave as future study.
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Fig. 10. Comparison of greedy and node-first selection algorithms

VII. CONCLUSION

In this paper, we proposed a framework for routing DNN
inference jobs over the distributed computing network. Our
framework uses a novel layered graph model to simplify and
integrate the communication and computation problems via
conventional routing. Our algorithms presented in this paper
show an example of what one can do by exploiting the
proposed framework. Namely, a simple but effective solution
for enjoying the capability of DNN even with the lack of
computing power can be derived. In addition to the results
in this paper, we believe that our framework can facilitate
practical solutions to the problem of routing inference jobs.
Our framework will therefore be able to help overcome limited
computing power at end devices when ubiquitous Al is about
to be in service.



APPENDIX A
PROOF OF THEOREM]]

We start with some background needed to show the afore-
mentioned property. The definitions and facts in the following
can be found in [31].

Definition 1: An m X n matrix A is totally unimodular (TU)
if the determinant of each square submatrix is equal to 0, 1
or -1.

Definition 2: A polyhedron P C R™ is the set of points that
satisfy a finite number of linear inequalities, that is, P = {z €
R™: Az < b} where A € R™*™ and b € R™.

Definition 3: A nonempty polyhedron is said to be integral
if all of its extreme point are integral.

The following two lemmas are the key to our analysis.

Lemma 2: If A € R™*™ is TU, then P(b) = {z € R} :
Az < b} is integral for all b € Z™ for which it is nonempty
(the same is true for P(b) = {x € RY} : Az = b}).

Lemma 3: For a polyhedron P C R”, a solvable LP

(max{c’x : x € P}) has an integral optimal solution for
all c € R™ if and only if P is integral.
By Lemmas [2] and [3] if the constraint matrix is TU, then
solving LP with integral vector b in P gives an integral optimal
solution (or if not, the fractional solution can be rounded to
an integral solution without losing optimality). In the case of
binary ILP, LP relaxation replaces the constraints (- € {0,1})
with (0 < - < 1). If the polyhedron with this relaxation is
integral, then solving the LP relaxation gives a binary optimal
solution because all the variables are constrained to be between
0 and 1 and hence integrality implies binarity. We exploit this
fact to show that LP relaxation of our formulation has a binary
optimal solution which in our case is a single path.

A. Matrix Representation of Our Formulation

We first represent the formulation in a matrix form.
Let y = [Z;T’l;’f‘g] c READVPIHEPD) where » =
[zu,Yu € Vp| € RIVPI 7y [Fuy_ju;, Yu € Vp,l =
1,2,...,L] € REVPL and ry = [ry,,Y(u,v) € Ej,l =
0,1,2,...,L] € REFDIErI Tet A; and A, be the ma-
trices corresponding to constraints and (8], respectively.
Hence, we have A; € RLIVPIXEZAL(VPIHIEP) and A, €
READ VP X(LAD(VeI+IEP]) | The formulation (G)-(T0) can be
written as

min ¢!y
Yy
S.t. Aly <0 (11)
Agy = bo

y binary vector

where c; is a vector whose inner product with y gives the
service plus waiting time as in (6)), and b5 is a integral vector
having 1, —1 or 0.

3 A point in polyhedron P is extreme if it cannot be expressed as a nontrivial
convex combination of two distinct points in P.

4The notation ; is used to indicate the beginning of a new row. For example,
[1;—1;1] is a 3-dimensional column vector.

Lemma 4: LP relaxation of the above formulation can be
written as

min ¢’z
y
A Iip O y 0
subjectto  |As 0 0| |si| = |b2 (12)
I3 0 Is3 So 1
y781a8220

where z is the vector [y;s1; 5], and s; € RUEFDIVRIHIER])
and sy € RLIVPl are slack variables. The vector ¢ is the
augmented vector of c; in padded with zero to match
the dimension of x. The matrices 1, are identity matrices of
appropriate sizes.

Proof: To replace inequality constraint in (IT]) with equal-
ity constraint, we introduce the slack variable s; > 0. The
formulation (I1)) is equivalent to

min ¢!y
st. Ajy+s1=0
Azy = bo
y binary vector
s1>0

13)

Now relax the binarity constraint as
min c¢ly
st. Aiy+s1=0
Axy = by
y<1
y,81 >0

(14)

The slack variable s, is introduced to replace the inequality
constraint with equality constraint again, i.e., replace y < 1
with y+s2 = 1 and sy > 0. Putting all the equality constraints
together obtains the desired result (12). ]

Note that the polyhedron in LP relaxation is the same
form as in Lemma [2] with equality Az = b, where

Ay L O y 0
A= Ag 0 0 , X = (S81], b= bz (15)
I3y 0 I3 52 1

Note that b is an integral vector. Consequently, by Lemmas
and [3] we just need to show the total unimodularity of A.

B. Total Unimodularity

We start with some background on total unimodularity [31]].
Lemma 5: For an m x n integral matrix A, the following
are equivalent:
1) Ais TU
2) AT is TU
3) For each C' C {1,...,n}, there exists a partition (C7, C>)
of C' such that

Z Qi5 — Z Qi <1 forizl,...,m

jGCl jng

(16)



4) Foreach R C {1,...,m}, there exists a partition (R, Ry)
of R such that

E Qi5 — E Qi

1€ERy 1€ERy

<lforj=1,...5 (7

Condition (T6) requires that for each row, the partitioned sum
(called partitioned row sum) must differ by at most 1. Note
that statement 4) in Lemma [3] is an immediate consequence
of 1), 2) and 3).

We can show the following lemma.

Lemma 6: If [Aq; As] is TU, then A is TU.

Proof: Suppose that [A;; As] is TU. Then, by statement
3)in LemmaE], any subset of the first block column (i.e., block
containing [Aj; As]) can be partitioned into two sets C; and
C5 so that condition (I6) is satisfied. Note that the identity
matrix 37 in the first block column of A does not affect the
forming of C'; and C5 because any column partition of identity
matrix satisfies condition (T6).

Next, consider adding an arbitrary column, say ith column,
from the second block column of A. Note that the only nonzero
entry (which is 1) is in the ith row of this column. So, if
the current partitioned sum difference of ith row is zero, then
put the column into either C; or Cs, which does not violate
condition (T6). If the partitioned row sum difference is 1, put
the column into a subset with smaller row sum so that the
partitioned row sum difference is balanced, i.e., zero. The third
block column can be treated exactly the same as the second
block in order to keep the condition in (I6). This completes
the proof. ]

We can now focus on proving the total unimodularity of
[A1; As] which is indeed totally unimodular.

Lemma 7: The matrix [A;; As] is TU.

Proof: Consider the breakdown of [A1; A3] as shown in
Fig.[11] Let Ay = [A11 A1z A;s]. The first |[Vp| columns cor-
respond to the variables z,, Vu € Vp. The next L|Vp| columns
correspond to the variables 1y, ,.,,Vl = 1,...,L,Vu € Vp.
The last (L + 1)|Ep| columns correspond to the variables
Tuw, V(u,v) € B, 1 =0,1,..., L.

Each row of A; in the top block corresponds to a constraint
in (7). Constraints are arranged such that the first block of L
rows corresponds to some node u, and each row in the block
indicates whether each cross-layer edge along replicated nodes
of u is visited. This is repeated for every other node in Vp.
This forms the matrix A;.

Each row of A, in the bottom block corresponds to a
flow conservation constraint in @]) For instance, for some
node u € Vp, the first L + 1 rows correspond to the flow
conservation at replicated nodes u; in each layer/ = 0,1, ..., L.
As in Ay, the second block Ass corresponds to the variables
Tu_qu, ! = 1,...,L of cross-layer edges. Constraints are
arranged in the order of ug,u1,...,ur. Since the edges are
between consecutive nodes, Asy are written as in Fig. @
Note that this Aoy is a network matrix. The third block Ass
corresponds to the variables r,,,V(u,v) € E;,l = 0,1,..., L
of intra-layer edges. Clearly, A3 is a network matrix of L+ 1
connected components Gy, ..., G

[Vl L+1 :
I |
[Vl L L |E,| |E,|
C ) o I — [
-1 1
Ll 1
Ll 1
[Vl
[ -1 1
L -1 1
L 1 1
[ 1
11
L+1 .

1V,

JUNE
AN

L+1

Fig. 11. Breakdown of matrix A. A3 is the network matrix of L + 1 layers
Go, ..., G, without cross-layer edges

Consider partitioning the columns of the matrix A. Let C;
and C be a partition of an arbitrary subset C' of the entire
columns. The following rule is applied for the partition.

1) Put any column from the first (L + 1)|Vp| columns into
C1 regardless of J

— Without the third column block (i.e., the columns of
[A13; Aog), this guarantees that each row sum is 0,
1, or —1. Furthermore, the row sums corresponding
to Aso have exactly the same numbers of 1s and
—1s. Let s € RUADIVPL e the vector of these
row sums from the columns of Asy. Again, s has
exactly same numbers of 1s and —1s. Consider the
matrix [s Ass]. This matrix is obviously TU because
i) s has exactly the same numbers of 1s and —1s
and ii) each column of A,z has exactly one 1 and
one —1. Consequently, any subset of rows can be
partitioned into two subsets so that the condition in
can be satisfied. That partition is indeed putting
all the rows in the same subset, with which the
partitioned column sum difference is always 0, 1,
or —1. Consequently, [s Ao3] is TU and any subset
of columns of the matrix can be partitioned so that
the condition in (T6) is satisfied.

2) Treat any columns from the first two block columns as
a single column by adding those columns. Let d be the
resulting column vector. Let E be the matrix of arbitrary
column(s) from [A13; Aas]. Partition the columns of [d F]
in the same way as partitioning an arbitrary subset of
columns of [s, A23] discussed above.

— As shown in 1), all of the top block row sums satisfy
condition (I6) since the third block column in the
top block row (i.e., Ai3) is a zero matrix. By the
argument in 1) on the TU of [s Agg), all of the
bottom block row sums also satisfy (T6).

This completes the proof. [ ]
Proof of Theorem [2} By Lemmas [7] and [6] A is TU. By
Lemmas [3] and 2] LP relaxation (I2) has an integral optimal



solution. It is clear that LP relaxation (12) is equivalent to

(18).

min ¢!y
st. Ay <0
= (18)
Agy = bQ
0<y<1

Therefore, LP relaxation (I8) has an integral optimal solution
which is a single path with minimum completion time.

APPENDIX B
PROOF OF THEOREM

We first introduce various routing policies below.

o Shortest completion (SC): optimal routing policy that
achieves minimum job completion time 7™ in the actual
system

« Shortest service (SS): routing policy that achieves shortest
service time for each job (same in the fictitious and actual
systems)

o Greedy (GR): Algorithm [I] (in the fictitious system)

o Shortest waiting (SW): given that p — 1 jobs are routed
by greedy, the pth job is assigned to a node with positive
computation capacity, say u”, with shortest computation
waiting time in the fictitious system. Then, a shortest
transmission waiting (in the fictitious system) path is
assigned from source to v* and from u* to destination.

The following notation is used:

o W[ total waiting time of job j under routing policy 7

« S7: total service time of job j under routing policy

o WT(tz) : total transmission waiting time of job j under
routing policy 7

o W] (cp) : total computation waiting time of job j under
routing policy

. S;“(tx) : total transmission (service) time of job j under
routing policy 7

o ST (cp) : total computation (service) time of job j under
routing policy

It is clear from the definition that W + .57 is the completion
time of job j under routing policy 7. We also have ST =
ST (tx) + S7(cp) and W[ = W (tx) + WT(cp).

We need a few lemmas to prove Theorem [2] For simplicity
of presentation, we break the results into small lemmas and
integrate these results for the proof of Theorem [2] Denote by
Jp the pth job routed under greedy routing policy.

Lemma 8: The job completion time under greedy algorithm
in the actual system is upper-bounded by WX + STR where
jg is the last job routed under greedy algorithm.

Proof: By assumption of Theorem [2] the greedy policy
finds only a simple path for every job, and hence, each
job’s completion time in the fictitious system is the objective
function value of the iteration in which the job’s route is fixed.
The greedy policy routes a job with earlier completion time
first, and hence, the waiting time plus service time WgR—i—Sij
of last job routed under greedy is the job completion time
of the greedy policy in the fictitious system. The completion
time in the actual system is at most the completion time

in the fictitious system, and consequently, upper-bounded by
GR GR

WjJ + SJ'J . u
Consequently, in order to analyze the job completion time of

bounded as

S <T*j=1,....J (19)

1

20
Vel + 1Bl 4 0

J
=1

Proof: The LHS in inequality is the fastest possible
service time of job j. The entire job is completed only after
every job has been served. Hence, the minimum completion
time 7™ cannot be smaller than the fastest possible service

time of every job.
To show (20), we have

1

J

—) S¥ < 1

|[Vp|+ |Ep| &~ 7 — |Vp]
Jj=1

J
SC *
FiE > =T e
The first inequality holds since the total service time of SC
cannot be smaller than that of SS. In the second inequality,
the LHS is the average busy time of network components
(nodes+links) under SC. It is clear that job cannot be com-
pleted as long as there remains a busy component under
SC, and consequently, optimal job completion time 7™ is no
smaller than the LHS. Note that the service time at the link
with infinite capacity is zero, and hence, those links should
be excluded when computing the average. Similarly, under
SS or SC, the computation will not be carried out at the node
with zero computation capacity, and hence, those nodes should
be excluded when computing the average. This completes the
proof. [ ]
The above lemma enables to compare GR and SC via SS.
Let b’ and h be the longest and shortest path lengths (in G p)
in hop count between s’ and tJ, respectively. Define h; =
max; b} and hg = max; h¥.
Lemma 10: The transmission times are bounded as

SV (tr) < 2012.55° (t), V) (22)
STR(t) < (L4 1) S35 (tx), V) (23)
hp-maxd]- max  puy
where oy = hsr;nln d{.(u;);EP frww
3l (u,v)EEp

Proof: Under routing policy SW, link transmission occurs
only in layers 0 and L because all the NN layers are computed
in a single node with smallest computation waiting time.
Furthermore, in layers 0 and L, the transmission path is
simple because SW takes a shortest transmission waiting path.

Consequently, in both of layers 0 and L, the transmission time

hL~maix dj
2 . The transmission time under SW is

Huv

is at most -
min
(u,v)EEp

thus upper-bounded as

hr, -m%}xd{

L — (24)
min w
(u,v)€EEP .

S
SV (tx) < 2



On the other hand, the transmission time under SS is at least
hs- mln d

—. Combining this with inequality in (24) yields the

max
(u,0)EEpP

desired result 22).

To prove (23], the same argument as above is applied to
each of L + 1 layers in G since the greedy policy finds a
simple path in each layer. This completes the proof. ]

Lemma 11: For any routing policy m, the computation
service time is upper-bounded as

S;'T(Cp) < O‘CPSJS'S(CP)an

max fly
u

(25)

where oy = o
Proof: The worst case is when all the layers are computed
at the node with smallest (positive) computation capacity, and
the best case is when computed at the node with largest
computation capacity. The lemma immediately follows from
this observation. u
Lemma 12: The service time under routing policy SW is
bounded as

SFV < a1 555, (26)
where a1 = max (20, op)-
Proof: We have
SV =S¥V (tx) + S3V (cp) @7
< 204,555 (t2) + 01 S5 (cp) (28)
< 0,55 (29)

The first inequality follows from Lemmas [T0] and [T1] and the
second inequality follows from the definition of ;. ]

The above lemmas characterize the bounds on the service
time. We now derive the bounds on waiting time. Recall that
given p — 1 jobs routed by GR, the policy SW routes the pth
job j, as mentioned in the beginning of this section.

Lemma 13: Suppose that the original graph Gp is k-edge-
connected. Then,

J—1

2(L + 1)04tz Z Sjsps(tl‘)

(30)

p=1

Proof: Recall that when job j; is to be routed by SW,
the rest of J — 1 jobs have already been routed by GR. By
assumption, there are k disjoint paths between any pair of
nodes. For the path segment from source to w*, the average
transmission waiting time along each of k disjoint paths is

J—1
at most’ %pzl S]C»;Z,R(tx). This shows that there is a path
from source to u* with transmission waiting time no greater
than ¢ Z SGR(tm) Since the routing policy SW selects a

path from source to u* that has the smallest transmission
waiting time, the transmission waiting time Wsw(tm) 1S upper-

J
J-1
bounded by > S{R(tx). By Lemma |10} this is in turn
p=1

S5This is an upper bound as there may edges not in k disjoint paths.

upper-bounded by LH) Z S33(tx). Applying the same ar-

gument to the segment from u* to destination proves the
lemma. n
Lemma 14: We have

€1y

Proof: This lemma immediately follows from the follow-
ing inequalities:

WSW

SR (. s
|V|ZS |V|ZS (cp) (32
Recall that both GR (by nature of formulation (6)-(TI0)) and
SW (by definition) do not compute at the node with zero
computation capacity. In addition, |Vp| is the number of
nodes with positive computation capacity. The RHS of the
first inequality is thus the average computation waiting time
at a node. Since the routing policy SW selects a node with
minimum waiting time, the node waiting time under SW
should be no greater than the average node waiting time, which
shows the first inequality. The second inequality follows from
Lemma This completes the proof. [ ]

Lemma 15: We have

GR GR SW SW
Wim+ 577 < W75+ 577 (33)

Proof: Recall that given J — 1 jobs routed by GR, SW
finds a path such that the last job is processed at a single node,
say u*, with minimum waiting time, and a shortest (in link
transmission waiting) path from source to u* and a shortest
path from u* to destination are concatenated to form a path
from source to destination of the last job. On the other hand,
for the last job, GR finds a path with minimum waiting plus
service time, given J — 1 jobs routed by GR. Therefore, the
inequality holds. u

Proof of Theorem [2} By Lemmas [8] and [T5] the job comple-

tion time under GR in the actual system is at most WSWJrSjsjv.

Let g = max (%, %) By Lemmas [13|and ,
have

J—1

SW acp 55 2(L+1ous ss
W< S Z 535 (ap) + 2L 10 5 g8 40
p=1
a3 s )
p=1
This together with Lemma [T2] leads to
J—1

Wi+ 85 < g Z S5y + oSy, (36)
Sy + 85 37
{vp|+|Ep| Z Z en

Ss 1 SS
{vp|+|Ep|ZS + (1 ) S } (9

1
< 2—-—— T 39
—‘"3( |VP\+|EP\) (39



where as = max(az(|Vp| + |Ep|), @1). The last inequality
follows from Lemma [9} This completes the proof.

APPENDIX C
PROOF OF COROLLARY[]]

By assumption of zero network delay, we have |Ep| = 0,
and also ay, = 0 because Lemma [I0] holds with ay, = 0.
In addition, a, = 1. It immediately follows that a; = 1,
oy = ‘V—ll and ag = 1. Therefore, the approximation ratio is

2 — ‘V E which completes the proof.

APPENDIX D

FORMULATION OF OPTIMAL ROUTING

Consider the binary variable t{, that takes the value 1 if job j
has priority p, and O otherwise. For two jobs j and k, if tj =1
and tk/ = 1 with p’ < p, then it means that job k has hlgher
pr10r1ty than j. As mentioned in Section [V] the waiting time
of j at a component (link or node) in the fictitious system
is the sum of the computation or transmission tasks of all
the jobs passing through the component with higher priority
than j. The problem of minimizing the completion time in the
fictitious system can be formulated as follows:

quv _7

min max +
nat JeJ (u,v)EE Huw e
Z QUU + Z Z Z tj tjlquvru'u TU,U+
(u,v)EE\Eg Huv pET p'<pj'ed
1 .
- u+ tjtjl vw 'u’w szj,
oo |e XXX > ana
ueVp (v,w)eEq peEJ p'<pj'ed
vEVY,
(40)
s.t. Constraint ()
Z >y Ve Ve l=1,.. L7, j€J (41)
Y th=1vjeJ (42)
peEJ
S H=1vpeJ (43)
jeT
i € {0,1},Y(u,0) € E\Vj € T (44)
22 e{0,1},Yu e Vp,Vj e J (45)
tjp S {07 1}7V.75p cJ (46)

The first term in the objective function is the total service
time. The second term is the waiting time at the traversing
links, adding up the transmission tasks of all the jobs with
higher priority. Similarly, the third term is the waiting time at
the node where the processing of job j is carried out, adding
up the computation tasks of all the jobs with higher priority.
The constraints @2)) and (@3)) ensure that every job is assigned
a unique priority index p, and no priority index p is assigned
to more than one job. The maximum of this objective function
is the completion time, and the goal is to find a routing
with minimum completion time. This formulation introduces
a large number of variables. We found that it takes excessively
long time to preprocess for constructing objective function
and constraints. Furthermore, the solver often fails to find a
solution even in about half an hour. This led us to exclude
problem instances with large network/job size.

APPENDIX E
NODE-FIRST SELECTION ALGORITHM

Consider the routine [u, C| = selectNode(V, W) that selects
the smallest-weight node in V' with node weights W =
[wy, Vv € V. The output v is the selected node, and C' is
the weight of the selected node. Likewise, consider the routine
[H, C] = findShoPath(G, u, v, W) that finds the shortest path
from w € V to v € V over the graph G = (V, E) with
link weights W = [wy,, V(u,v) € E]. The output H is the
shortest path found, and C is the total weight of the shortest
path. Consider the following algorithm:

Algorithm 2: Node-first Selection Algorithm
Given: Jobs J = {1,...,J}
Init: Q,, = 0,YVu € Vp; Qup = 0,Y(u,v) € Ep;

U=J;p=1;
t while U # 0 do
| Wi = [24ER D vy e vi| v e us
3 [u’,Cp] = seIectNode(Vp,Wch),Vj e,
s | W= ijjvdo V(u,v) € Ep} Vi eU;

5 [H{,CJZ 1= fmdShoPath(Gp,s] ul, Wi,),Vj € U;
6 Wi, = M,V( )EEP},VJEU;

Huv
7 [H),C}, o = findShoPath(Gp,vw’,t?, W},),Vj € U;
8 p_argmlnle—l—CCp—i—sz 25

9 | Qi+ Qui+ X el

10 qu — qu + dop,V(u ’U) S Hj.p,

1 Quv +— Quv + dj;} ,V(u,v) € Hy;

12 p+—p+1;

13 U+ U\{jp}

14 end

Output: Priority & Routing: [j; > - --

[HI — HIP Wp=1,...,J]

>jJ]&

In line 2, W-ij is the vector of computation completion
time when the entire layer of job j is assigned to each node.
In line 3, for each job, the node with shortest computation
completion time is selected together with the corresponding
completion time. In line 4, the weight vector W, contains
the transmission completion time at each link if the input
data of each job is transferred over the link. In line 5, the
path from source to the best node (selected in line 3) found
such that the input data are delivered to the best node with
minimum transmission latency. Similarly, in lines 6-7, the path
from the best node to the destination is found with respect to
the output data, i.e., the shortest path from the best node to
the destination in terms of transmission latency. In line 8, the
job with the earliest completion selected assuming that each
job is computed at the node selected in line 3, and the input
and output data are delivered along the paths found in lines 5
and 7, respectively. The route of the selected job is fixed with
priority corresponding to p (the lower, the higher priority), and
the unfinished tasks ) are updated based on the fixed path of
the job. In addition, the selected job is removed from the set
U that contains unassigned jobs. This is repeated until all the



jobs are assigned. Therefore, the output of this algorithm gives
the priority and the path (with single node selection) for every

job.

This algorithm puts an emphasis on the computation by
first selecting the node with earliest completion if the entire
layer of a job is assigned to a single node. Although the
algorithm may be able to give out a solution quickly, there
are two drawbacks. First, it assigns the entire layer to a single
node, and hence, in situations where some layers need to be
split, the algorithm may perform poor. Second, in the setting
where data rates are low, the transmission time may become
a substantial element in the completion time. In this case,
the node-first selection strategy may incur large transmission
latency, eventually leading to large completion time.
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