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ABSTRACT

Electrochemical systems include atomistic processes at electrochemical interfaces and macroscopic trans-
port processes, which can be modeled using kinetic Monte Carlo (kMC) simulation and continuum equa-
tions, respectively. Multiparadigm algorithms are applied to directly couple such models to study mul-
tiscale interactions. This article compares different algorithms for an example problem. Results quantify
the effect of computational cost and numerical accuracy by the choice of algorithm and its configuration.
The stochastic fluctuations of kMC simulations as well as sequential data exchange between the models
generate errors in coupled simulations. Measures to reduce stochastic fluctuations or revise exchanged
data can be either highly successful or futile, depending on the dominant cause of the error. Hence, we
strongly advise to identify the different causes of errors and their mechanics when selecting a coupling
algorithm or optimizing its configuration. This article provides various algorithms and suggestions for
their configuration to enable efficient and robust multiscale simulations.

1. Introduction

Modeling and simulation have long been applied to the opera-
tion, diagnosis, and optimization of electrochemical systems and
processes (e.g., Ramadesigan et al., 2012 and citations therein).
Most applications construct models via a top-down approach, in
which a description of the technically relevant phenomena is based
on as little physical detail as needed to describe the system’s per-
formance. The demand for computational efficiency often leads
to the application of simplified physical or phenomenological ho-
mogenized continuum models. However, for many systems, in par-
ticular those containing active surfaces, their behavior is deter-
mined by complex mechanisms that occur at the atomistic scale,
such as electrochemical surface degradation in batteries or fuel
cells. In order to facilitate a knowledge-driven optimization of
such systems, atomistic effects need to be included in macro-
scopic models, which leads to an increasing need for multiscale
simulations (Braatz et al., 2008). Simulation techniques applica-
ble for small length scales, such as the kinetic Monte Carlo (kMC)
method, are often of a stochastic nature and cannot be simulated
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for the larger length and time scales describable by continuum
models. Therefore, multiparadigm approaches are used to bridge
those scales. The coupling of scales can be realized directly or indi-
rectly (Franco, 2013). Only direct coupling allows for the investiga-
tion of the interaction of the models and phenomena between the
scales. Direct coupling of different simulation paradigms is chal-
lenging due to the fundamentally different representation of phys-
ical processes at different scales. Coupling algorithms need to be
further developed in order to improve accuracy and computational
efficiency (Salciccioli et al., 2011). Better algorithms will help to
further spread the application of those techniques, which promise
to lift electrochemical modeling to a more advanced and accu-
rate stage for the description of physical processes. The narrow-
ing of the gap between engineering and computational chemistry
is important for electrochemical systems in particular, and hetero-
geneous catalysis in general (Kalz et al., 2016).

In this article, we investigate methods for the direct coupling of
kMC and continuum models based on differential equations. KMC
has been shown to be a useful tool to investigate surface chem-
istry for many years (Pal and Landau, 1994). An excellent overview
on concepts, status, and challenges of applying first-principles KMC
to reactions at surfaces is given in Reuter (2011). In electrochem-
istry, for instance, kMC has been applied to investigate CO electro
oxidation (Andreaus and Eikerling, 2007), copper electrodeposition
(Drews et al., 2006), fuel cells (Pornprasertsuk et al., 2007), and
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batteries (Blanquer et al., 2016; Methekar et al., 2011). In contrast
to continuum models, kMC allows the study of lateral stochas-
tic interactions of molecules on surfaces at the atomistic scale
(Jahnke et al., 2016).

KMC models can be coupled with continuum models in a
multiparadigm model (Braatz et al., 2008; Franco, 2013; Jahnke
et al, 2016). The importance, perspectives, and challenges of
such coupled models have been outlined by various researchers,
e.g., Braatz et al. (2008); Franco (2013); Jahnke et al. (2016);
Salciccioli et al. (2011) and Ricardez-Sandoval (2011). Multi-
paradigm algorithms have been applied to study the agglomeration
of particles in reactors by coupling computational fluid dynamics
(CFD) with Monte Carlo methods (Madec et al., 2001), CO oxida-
tion in a catalytic reactor by coupling CFD and first principal kMC
(Matera et al., 2014), in the additive-mediated electrodeposition of
copper (Zheng et al., 2008), and to fuel cells and other energy stor-
age systems (Quiroga and Franco, 2015; Quiroga et al., 2016). In
the field of batteries, mulitparadigm approaches have been used to
study the formation of the solid electrolyte interface on negative
electrodes in lithium-ion batteries (Methekar et al., 2011; Roder
et al., 2017). Further, coupling algorithms are also applied in sev-
eral multiphysics simulation, such as coupling of thermal and elec-
trochemical models for simulation of batteries (Lin et al., 2018) or
coupling of CFD and reaction kinetic models for simulation of re-
formers (Goldin et al., 2009).

In general, direct coupling - also called hybrid or
heterogeneous-homogeneous coupling - and indirect coupling
can be distinguished. Direct coupling includes a frequent inter-
action of continuum model and kMC model during simulation
(Franco, 2013). Designing a numerically stable and accurate direct
multiparadigm algorithm is challenging, and so an indirect cou-
pling strategy is preferred if such a formulation can be derived
that sufficiently captures the underlying coupled phenomena.
Some multiscale systems, however, need direct coupling to accu-
rately describe their behavior (Braatz et al., 2008). Direct coupling
separates the simulation into time intervals where the kMC
and the continuum model are solved in sequence or in parallel
(Ricardez-Sandoval, 2011). Both algorithms can be iterated multi-
ple times within each time interval convergence to self-consistent
solutions between the models (Vlachos, 1997). Further, filtering
techniques are often applied to reduce fluctuations of the kMC
output (Braatz et al., 2006; Drews et al., 2004). All aspects have
considerable impact on accuracy and computational cost of the
simulation, which is rarely addressed. Theoretical approaches are
available (Rusli et al., 2004; To and Li, 2005; Weinan et al., 2003),
but no comprehensive comparison is available between different
strategies and their impact on accuracy and computational cost.



Table 1

Reactions and adsorption/desorption processes I-IV, with continuum processes and
their rate constants k and the processes j as considered in the kMC model with
their microscopic rates I'.

Nb. Continuum process j kMC process

K
I A*(E) + V(ads) = A* (ads) - -
Kk

k! 11
Il A*(ads) + e (el) = B(ads) 1 A" (ads) + e (el) L B(ads)
b
1 r,z
2 B(ads) - A" (ads) + e~ (el)
Kl 13
I B(ads) = C(ads) 3 B(ads) r—> C(ads)
b

4 C(ads) 2 B(ads)
Ky
v C(E) + V(ads) = C(ads) - -

v

The scope of this article is to give the first systematic design,
evaluation and comparison of algorithms for direct coupling of
kMC with continuum models for electrochemical problems. The
focus is on electrochemical interfaces, which arise in many sys-
tems of scientific and engineering interest. To benchmark the per-
formance of the algorithms, a simple example problem is defined
with sequential reactions with only first-order reaction kinetics in-
cluding an electrochemical reaction step. By excluding heteroge-
neous processes, i.e. atom to atom interaction, the problem can be
accurately solved using mean field approximation in pure contin-
uum codes, which enables the evaluation of the accuracy of the
multiparadigm simulations. We aim to provide an introduction to
direct multiparadigm algorithms applicable to surface degradation
problems in electrochemical engineering. Further, we show the im-
pact of grid size, time step length, and smoothing of fluctuations
on the performance, i.e. computational cost and accuracy, of the
algorithms.

2. Computational details
2.1. Example problem

For the purpose of evaluating multiscale modeling algorithms,
a simple example problem is introduced, which includes a mech-
anism of two consecutive reactions of first order, without interac-
tion of the species on the surface. The mechanism is illustrated in
Fig. 1(A) and the considered processes are given in Table 1. Pro-
cess | is adsorption of species A* from the liquid phase, i.e. the
electrolyte, to the surface. Process Il is the electrochemical reaction
of species A" to species B. Process Il is the subsequent chemical
reaction of species B to species C. Finally, Process IV is the desorp-
tion of species C from the surface. All processes are reversible. The
presented example problem does not include any atom to atom
interaction and can thus also be solved exactly by a pure contin-
uum code, allowing the validation of the multiparadigm code and
benchmark of the different multiparadigm algorithms. This holds
not only for first order reaction, but also for second order reactions
in the absence of lateral interactions.

With the here presented multiparadigm approach, a continuum
model composed of ordinary differential equations, and an atom-
istic model using the kMC method, are directly coupled. The ther-
modynamics and kinetics of each process in each model are de-
tailed below. With this work we suggest, that only the processes of
particular interest or clearly heterogeneous nature should be mod-
eled on an atomistic scale (e.g., Zheng et al., 2008). All other pro-
cesses, which can be sufficiently accurately approximated by mean
field approaches, should preferably be solved by the much faster
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Fig. 1. Example of the electrochemical system (A) and illustration of the mul-
tiparadigm model including the continuum model (B) and the kMC model (C).
Species and processes not addressed in a model are colored in gray.
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Fig. 2. Illustration of the interface between kMC and continuum models.

continuum codes. The boundary between models is defined be-
tween educts and products of a process, which is illustrated in
Fig. 2 for process II. Species A™ and e~ are considered by the con-
tinuum model and species B is considered by the kMC model. The
models are coupled by synchronization of the fluxes, e.g. the flux
of process II. In general, the boundary between continuum and
kMC model can be flexibly defined at every considered process.
The choice will depend on the investigated problem.

In the following, first the continuum and the kMC model is
provided. Then, the sequence concept and the multiparadigm al-
gorithms for coupling of those models are introduced. Finally, the
approach to quantify simulation errors and the investigated simu-
lation scenario are given.



2.2. Continuum model

The scope of the continuum model is illustrated in Fig. 1(B).
It features changes of electrical potential, A®, at the interface,
changes of concentrations of species A* and C, cp+ g and cqg),
within the electrolyte, and changes of surface fractions of species
A* and C, O+ (44, and O(aas), on the adsorption site. Surface frac-
tion of B, Op(gs), is an input parameter provided by the kMC
model. Further, the model covers expressions for processes I-IV, as
illustrated in Fig. 1(B). While processes I and IV are independent
of the kMC model, processes II and III are synchronized with the
kMC model by adapting the forward and backward reaction rate
constants of reactions II and III, namely kﬂ, kﬁ, kﬂl, kﬁl. It is noted
that instead of passing reaction rate constants, reaction fluxes can
also be passed from the kMC to the continuum model. However,
passing rate constants yields more numerically stable codes, as dis-
cussed below. In the following, the equations of the continuum
model are given.

The charge balance is included as
9P g M)
with applied electrical current I, surface flux of the electrochemical
reaction II, gy, double layer capacitance CPL and Faraday constant
F. Balance equations for surface fraction of species A* and C are
given as

& deA* (ads)

o, dt =q —qu (2)
and

N; db,

O*j% = qm + qiv; (3)

respectively, using site density Ns, site-occupancy number os and
fluxes q of processes I-IV. Balance equations for concentrations of
At and C within the electrolyte are included as

lch*(E)

- = 4
o dr qQ (4)
and

]dCC(E)

Lo g, (5)

respectively, using specific surface area as. Fluxes q of processes
I-IV are provided by

Os fo CAY®) b
—=qr = ki 6y — ki ¢9A+(ads), (6)
Ns CX*(E)
0 BADF
ﬁssq“ = kﬂ@N (ads) exp( RT )
(1— B)ADF
—kb 5 ads) €Xp (— —xr ) (7)

9 I kb 6 8
N dmn = ki Osads) — KiiPc(ads) - (8)
and
1) C
ﬁSQIv = kﬂﬂv% — kPO ads)- 9

S C(E)

with forward and backward reaction rate constants, k¥ and kb, sym-
metry factor, B, standard state concentrations, C°, and temperature,
T. Reaction II is an electrochemical reaction and thus includes an
exponential dependency of electrical potential A® at the interface.
Surface fraction g and reaction rate constants kﬁ, k{’l, k! and k{’n

il
are provided as input parameters from the kMC model as given in

the following sections. Surface fractions of vacant sites V(ads) are
determined as

Ov =1 = Op+(ags) — O(ads) — Oc(ads)- (10)

Forward and backward rate constants of the sorption processes I
and IV are independent of the kKMC model and determined by the
following equations:

7 —Ef
ki = ki exp<RT>, (11)
_ EA — A 0
K =k exp((IRTGI)), (12)
f —Ey
ki, = kiv exp( =T ) (13)
and
(B, — AGY
kb, = kiy exp<(“’RT“’) (14)

with activation energy of the forward process, E4, and standard
state Gibbs free energy of the forward process, AGP.

2.3. Kinetic Monte Carlo model

The scope of the KMC model is illustrated in Fig. 1(C). The
model includes the reaction processes II and IIl. Only species B is
considered explicitly, i.e. sites covered with B. The species A* and
C are assumed to be homogeneously distributed on the sites that
are not covered by B, referred to as —B site. The fraction of surface
species A*(ads) on —B sites, 9A+(ads)h3, surface species C(ads) on
—B sites, 0(ads), -, and the electrical potential, A®, are provided as
input parameters from the continuum model. Details about model
interaction are provided in the next section.

Kinetic equations for reaction II and III are solved using a
rejection-free kMC algorithm with variable step size. The kMC al-
gorithm is based on examples provided by Burghaus (2006). Steps
within the algorithm are explained in the following. In general the
kMC algorithm includes the following actions with every kMC step
i

1. Calculate microscopic rate F,{’J of considered microscopic pro-
cesses je{1, 2, 3, 4} on the lattice sites [ € {z|ze N,z <n'}.

2. Calculate the step time length At;,; applying a random number
{1 € (0, 1)

3. Select one microscopic process J;€{1, 2, 3, 4} and one lattice
site L; € {z]ze N,z <n!} taking into account the microscopic
rates Ff’] applying a second random number ¢, €(0, 1).

4. Perform the selected process J; on surface site L;.

5. If i <, with ¢ being the last step of the kMC sequence, go to 1.
The last step ¢ is defined using the time steps of the kMC se-
quence t:°, which are set within the MPA (details are provided
in the following section).

Thereby, the kMC model sets up a cubic lattice with n' = n} - n,
lattice sites, with lattice state 13‘} € {0, 1} at lattice site I. A lattice
site covered by B yields ﬁi’ =1, ie. B site, and a lattice site not
covered by B yields 191.’ =0, i.e. —B site. Within the kMC algorithm,
in every kMC step i lattice state is changed. The lattice site is se-
lected according to microscopic rates of the considered microscopic
processes. A lattice site transfers ¥/ =0 to ¢/ =1 with the micro-
scopic rate

_EA BADE
F:J — (l — l?il)kneAJr(ads)ﬁB EXP(R,IEI) eXp(RT) (15)



corresponding to a microscopic forward step of process II and

—(EA — AGY)
F'{A = (1 — ﬂil)klllgc(ads),—‘B eXp("IRTm (16)

corresponding to a microscopic backward step of process IIl. Ac-
cordingly, a lattice site transfers from ¥/ =1 to 9! =0 with the
microscopic rate

—(EA - 0 —(1-
Ff'zzﬁi[knexp< (E"RTAG"))eXp< a ﬂ)A(DF) (17)

RT

corresponding to microscopic backward step of process Il and

A
F'{S = 'l?ilkm exp(l:;[") (18)
corresponding to a microscopic forward step of process IIl. With
this, a total of n/ =4 microscopic processes are considered in the
kMC model. The microscopic rates include the following input val-
ues: Ads, Opr(yq5) - aNd O(ags) -, Which are constant within a
kMC sequence. Updating those input values with every kMC time
step i is computationally very expensive and thus not feasible. As-
suming constant values causes an error in the coupled simulation,
which is evaluated and discussed to assess the coupling quality as
detailed below.

In every kMC step i, first the step time length is calculated
based on a uniform distribution random number ¢ €(0, 1) as

Apkve _ —In()

i+1 [tot
i

(19)

with Fl.“’t being the total microscopic rate, which is calculated as

n' nl

ret=3%"%"r}. (20)

I=1 j=1
The discrete time at the following kMC time step i + 1 can be cal-
culated with

tEME = M+ AgMC. (21)

Further, in every kMC step, one of the n/ microscopic processes j
and one of the n' lattice sites I, is selected, with respect to the
microscopic rate I‘g‘] as given in Eqs. (15)-(18), applying a second
uniform distribution random number ¢, €(0, 1) according to

L; i—1 plj L Ji Lj
2l Zj:l T < 2 Zj:l T 22
[ tot < ;2 = [ tot ( )
1 1
with J; being the selected process and L; being the selected grid
point. A boolean W, which indicates the selection of a process j
within a kMC step i is determined as

i 1, if =]
J _ i
Vi = {O, otherwise (23)

to enable counting how often a certain process j occurs.
2.4. Sequence and model interaction

As shown in the previous sections, both models rely on input of
the respective other model. This requires to pass input parameters
between the models, which needs to be handled by the MPA. One
possibility is to split the simulation in time sequences. In each time
sequence both models are simulated one after another with fixed
sequence specific input parameters. Input of the model simulated
first needs to be estimated, while the input of the second model
can be evaluated using the results of the first model.

The simulation procedure during a sequence is illustrated in
Fig. 3. It can be seen that within a sequence s the continuum and

sequence
Se
Atsed

kMC step Atl_(MC
1

=3 B dfegme g =
e t=tend
t=0

Fig. 3. Processes during one sequence in the coupled simulation.

the KMC model are solved. The sequence period is determined as

tend

AL = (24)

nsedq
where te"d js the simulation time and n%¢ the number of se-
quences. This determines the end time of the following sequence
s+1

£ = 69 4 AL (25)

The mean-time corresponding to a sequence is defined as

_ £5ed 4 gsed
o= 2t (26)

The time of the last kMC step i corresponding to a sequence s, ¢, is
not equal to but slightly higher than the end time of the sequence
t5%9, as kKMC step time length is determined using a random num-
ber. The last kMC step ¢ can be determined as a function of s, i.e.
t = f(s), according to

¢ = max(i) e {i[t{°] < tMC < £5°9) (27)

Further, the sequence ¢, corresponding to of a certain point in time

can be determined as a function of i, i.e. ¢ = f(i), according to

seq kMC _ ¢seq

Loy <5 <tg (28)
The input parameters for the kMC model in step i are evaluated

with the continuum model at the mean time 2! of the sequence

G as

. QA*(adS) (Ezeq)
On+ (ads) -8 (D) = — ==+ -
A* (ads),~B 1- QB(ads)(tZ‘eq)
X QC(ads) (fzeq)
. @Y 30
C(ads), -B,s (1) 1_ QB(ads)(t;eq) >
AD() = A () .

which are functions of kMC time step i and constant within a se-
quence.

The input to the continuum model needs to be provided as a
continuous function of time t. In the following, the required evalu-
ation of kMC simulations to determine these inputs is shown. The
kMC simulations are performed as parallel instances v, i.e. several
kMC simulations with equal simulation input are performed in par-
allel during each sequence. This allows one to statistically evalu-
ate the kMC output as shown below. The mean surface fraction of
species B within one simulation instance v and one sequence s is
determined as

ll
Z;S)(s—l) (AtiKMc Z?:1 ﬁi’)
t(s) KMCp!
Dicys 1y (ALY

B (s) = (32)



With this the mean surface fraction of —B sites can be calculated
as

0_p(s) =1—05(s) (33)

Using the average —B site fraction, the effective average fraction of
the other species can be determined, as given in the following for
the example of the A* species:

Ope = Op+ aas) b - 05 (34)

This can be used to determine the effective reaction rate constants
for forward and backward rates of process Il and IIl, as shown in
the following at the example of forward reaction of process II:

L(s) 1
Z:i:L(s—l) lIJi
Atsseqnl AI?
1
BADF
N59A+(ads) exp( )

We note, that indeed, instead of reaction rate constants, one could
also directly pass the reaction fluxes, e.g. q;, from the KMC to the
continuum model. However, for numerical stability of the solution
it is advantageous to include some general dependencies within
the continuum solution, if possible. For instance, here, we include
the general dependency of the forward reaction of process Il on
surface fraction G+ ,45) Within the continuum model, i.e. as given
by Eq. (7). Synchronization of the fluxes between kMC and contin-
uum model is realized by adapting the rate constants kﬁ and kﬁ
in the continuum model. Passing rate constants instead of fluxes,
prevents, for instance, negative values of 6+ ,4) in the continuum
simulation and thus improves numerical stability, as stated above.

As mentioned above, kMC simulations are performed in parallel
instances v. Thus, an output parameter ps y, €.g. éB_S,U, depends on
s and v. The mean value of the nP3" parallel instances can thus be
calculated as

I<f s) =

(35)

npar
My = ZtPor, (36)
npar

while the standard deviation of the calculated value MP can be ap-
proximated as

npar
1

S5 ~ mglﬁs,u—w’lz (37)

It is noted that SP, indeed, is only an approximation of the stan-
dard deviation, which is achieved by evaluating a sample of kMC
simulations of the size nP. In order to determine p(t), e.g. O;(t),
for the continuum model a cubic smoothing spline is determined,
that minimizes

nseq

€3 IM? -
s=1

with smoothing factor «. This yields the continuum mput parame—
ters as continuous functions of time t: k (t) k (t) km(t) km(t),
and ().

d? p(t)

pE)| + (1 - k) / ‘ (38)

2.5. Direct coupling algorithms

The previous section showed the continuum model, the kMC
model, the sequencing and the exchanged values in detail. How-
ever, the order of passing values and the interpretation of simula-
tion outputs have not yet been discussed. There are various options
to realize this coupling which differ significantly in stability, accu-
racy and computation time. Here, a systematic analysis and com-
parison allows to show the pros and cons of the approaches, and

thus educated selection and tailoring in future studies. Three dif-
ferent algorithms for coupling of both models are presented in this
section.

In every algorithm within a sequence s, the kMC and the con-
tinuum model is solved. However, the order and the interpreta-
tion of the outputs can vary between algorithms. The first, MPA1, is
shown in Fig. 4(a). Here, within a sequence, the continuum model
is simulated first. In the second, MPA2, the order is switched, as
can be seen in Fig. 4(b). The third, MPA3, as shown in Fig. 4(c),
has the same sequential order as MPA1, but includes an estimation
loop, which repeats one sequence s until the results are within a
defined tolerance. As will be shown, the additional loop consid-
erably increases computational cost of the overall simulation. The
algorithms include a filtering step of the kMC data to account for
the stochastic nature of KMC, and a prediction step to predict the
output of the second model in the upcoming sequence. This pre-
diction step can cause an error in the overall simulation, which
will be referred to as the prediction error. For MPA3, an estimation
step is also introduced, in which the output of the kMC step is esti-
mated based on the previous iterations. The intention is to correct
the initially introduced prediction error. The simulation is termi-
nated as soon as a specified end criteria is reached, which can be,
for instance, t> t" with t"d being the specified end time.

In MPA1 and MPA3, the output of the kMC model for the up-
coming sequence is predicted as

(M§ — ) -

MS-H = Mp (tseq _Sseql (tss_ﬁ - tseq) (39)
s 1

in the upcoming sequence p(t) is calculated based on Eq. (38) in-

cluding this prediction. In MPA2 the output of the continuum

model is predicted as

dp(t;°%) ALZS

1
pEY) = pe=) + = ==L, (40)

Filtering of the kMC output is realized using the smoothing fac-
tor k as given in Eq. (38), while a smoothing factor of 1 yields no
smoothing and smoothing factor of 0 yields an approximation by a
linear function. The filtering in MPA1 includes the predicted kMC
output based on Eq. (39). In the first sequence, s = 0, the input of
the first model is estimated using the start values at t = 0, which
are provided in Table 2.

MPA3 includes an additional estimation loop, which is used to
correct errors caused by the prediction step. The estimation proce-
dure is provided in detail in the following. M?* is the mean output
of value p in estimation step e and EM is the estimation of the
mean output. The estimation of the upcoming step e + 1 is calcu-
lated as

e
EM + Kp(ME* — EM) + K Y (ME* — EM) (41)

z=1

M
Ee+l -
while the estimate of the standard deviation E5 is calculated ac-
cordingly, as

e
3,y =E +Kp(SE" —E3) + K D (SE" — E) (42)
z=1
Equations likewise consider the difference between the estimated
value, e.g. E¥, and the actual output mean value, e.g. M?*, in the
previous step as well as the sum up to the last iteration step,
which are thereby weighted by a proportional Kp and an inte-
gral factor K, respectively. This algorithm resembles the setup of a
proportional-integral (PI) controller. Due to the fluctuations of the
KMC output, EM and ME* are unlikely to converge to exactly the
same value. An acceptable tolerance between both values needs to
be defined, which in this work is

EM _ES) < MP* < EM + ESM (43)
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Fig. 4. Illustration of the multiparadigm algorithms MPA1 (a), MPA2 (b) and MPA3 (c).

with A being the tolerance factor to scale the tolerance relative to
the standard deviation, i.e. fluctuations of the output. As soon as
Eq. (43) is true for all MP*, the output of the sequence is defined
as

My = Mg” (44)
and the next sequence is calculated.

2.6. Error estimation

To estimate the error of the coupled simulation, results are
compared to a pure continuum solution. This is possible because
no heterogeneity is included in this kMC model. Nevertheless, the
approach enables to consider heterogeneity in a coupled simula-
tion as we showed in our previous work on chemical and electro-
chemical degradation in Lithium-ion batteries (Roder et al., 2017).

The kMC model covers the calculation of the reaction rate con-
stants of reaction II and III, which for the homogeneous case can
be determined as

f_ —Ei
ki, = ki exp = ) (45)

b _ —(Ei - AG)
ky = ky exp( RT ,

kf = km exp iﬁl (47)
11 RT ’
and
—(Ef - AGY
kﬁl — kIl] exp( ( 11 lll) ) . (48)

(46)

RT



Table 2
Model parameters.

Parameter Value
Ideal gas constant R [J mol~!' K-1] 8.314
Temperature T [K] 300
Faraday constant [A s mol~'] 96,485.33289
Specific surface area a; [m~'] 1x 108
Double layer capacitance CPt [F m~2] 0.2
Distance between lattice sites AL [m] 6 x 10-10
Site density N5 [m~2] 1/AL?
Site-occupancy number o5 [mol-1] 6.022 x 1023
Input amplitude A [A m~2] 1

Input frequency f [s~'] 0.1
Symmetry factor S [-] 0.5
Rate constant k; [s~'] 1x 108
Rate constant ky [s7!] 1x 101
Rate constant ky [s~1] 1x 101
Rate constant kyy [s7'] 1x 101
Activation energy EIA [k] mol~1] 45
Activation energy E [k] mol-1] 50
Activation energy E"[ [k] mol~] 50
Activation energy Ef, [k] mol~'] 45
Standard state Gibbs free energy AG? [k] mol—1] 0
Standard state Gibbs free energy AGY [k] mol~!] —0.965
Standard state Gibbs free energy AG,” [k] mol-1] —0.965
Standard state Gibbs free energy AGY, [kJ mol~ 1] 193
Standard state concentration of species A*(E) C! A+(E) [mol m—3] 1000
Standard state concentration of species C(E) C C(E) [mol m—3] 1000
Initial potential A®(t = 0) [V] 0
Initial concentration of species ca+ ) (t = 0) [mol m3] 1000
Initial concentration of species cc() (¢t = 0) [mol m~3] 1000
Initial surface fraction of species G+ (45 (¢ = 0) [-] 0.18
Initial surface fraction of species 6p,qs) (t = 0) [-] 0.26
Initial surface fraction of species 6¢(uqs) (t = 0) [-] 0.38

Further, the model covers the balancing of species B on the adsorp-
tion site. In the purely continuum model this balance is included
as

Ny dfg (ads)

0, —dr =qu — qum (49)

By supplementing the continuum model as provided in
Section 2.1 with Egs. (45)-(49), an accurate reference solution
can be determined. In summary, this yields the following possible
solutions for the simulation of the example problem:

e MPA1: Continuum model of Section 2.1 coupled with kMC
model of Section 2.2 using MPA1 algorithm.

e MPA2: Continuum model of Section 2.1 coupled with kMC
model of Section 2.2 using MPA2 algorithm.

e MPA3: Continuum model of Section 2.1 coupled with kMC
model of Section 2.2 using MPA3 algorithm.

o Reference: Continuum model of Section 2.1 supplemented by
Egs. (45)-(49).

To determine errors of the MPA algorithms, results are com-
pared to the reference solution. Thus, absolute errors of the MPA
solutions can be determined, which is shown for the example of
the surface fraction of species B calculated by MPAx with x {1, 2,
3} in the following:

Qgrror(fSSEQ) — Hé\/IPAX (fSSGQ)

_ elgeference (fSEQ) (50)
s ).

Further, the absolute average error of potential, reaction rate con-
stants, and surface fraction over all sequences are determined as

error Znseq |Aq)error(tseQ)|
nseq

AD

: (51)

- |](f error (tsseq) | nseq “ b.error (Eseq) |

,'<error —
4 . nseq 4 . nseq
seq - seq
Zn |kﬁlerror(tsseq)| Zn kﬁlerror(tsseq)l (52)
4 . nseq 4 . nseq ’
and
5¢d £seq seq - =
éerron _ Zn eliimr(ts )| Zn 9§1r0r(t:eq)|
4 . nsed 4 . nseq
nseq Tsel nseq =sel
Qerror t q Qerror l' q
=y (t)] Y (&I (53)

4 . nseq 4 . nseq ’
respectively. Absolute errors for reaction constants for forward and
backward reaction and those of the surface fractions are averaged;
this allows to reduce the number of variables and thus enables a
focused discussion and comparison of the MPAs.

The errors, as introduced above, are used to evaluate the overall
error of the coupled simulation. However, those evaluations barely
allow to assign errors to certain causes. Most relevant causes are
the fluctuation of the kMC (fluctuation error), the quasi steady
state assumption within a kMC sequence neglecting the transient
change of the input parameter (transition error), and the predic-
tion of the input values (prediction error). To decompose the effect
of those contributions, they are investigated separately, as will be
outlined in the following. By assuming constant values for the in-
put of the kKMC model, as given in Eqs. (29)-(31), an error is in-
troduced, which will be referred to as transition error. The error
can be decomposed by using the according assumption in the ref-
erence solution. In the following, this is shown for the example of
the electrical potential A®, as used in Eq. (7):

AD(t) = AD(EY) (54)
for £3°1 <t < ;*%. According to Eq. (40) the error of MPA2, which
includes the prediction, can be introduced at the example of A®
by assuming
A<I>(tseq) At
dt 2

According to Eq. (39) the error of MPA1, which includes the pre-
diction, can be introduced at the example of g by identification
of

AD(t) = AD(EY) +

(55)

M%, — M%)

0 0
=M ey

seq _ tseq (56)
for £° <t <t*¥ and application of the smoothing function in
Eq. (38) to determine fg(t). The assumptions that are given in
Eqgs. (55) and (56), however, also include a transition error, which
need to be subtracted to decompose the error of the predic-
tion. The errors caused by the fluctuation of the kMC output can
be quantified by the standard deviation of the kMC output, i.e.
Eq. (37). To sum up, the particular error contributions in this work
have been estimated as absolute errors, which are calculated as
difference between the reference model and the reference model
with modifications outlined above. With this, the contributions to
the overall error of the three causes listed above, can be decom-
posed for any value, e.g. the surface fraction of B 6p, as given in
the following:

e transition error of value = value in reference model modi-
fied by assumptions according to Eq. (54) - value in reference
model;

o prediction error of value (MPA1) = value in reference model
modified by assumptions according to Eq. (55) - transition er-
ror - value in reference model;

o prediction error of value (MPA2) = value in reference model
modified by assumptions according to Eq. (56) - transition er-
ror - value in reference model;

o fluctuation error = S¥ in Eq. (37).
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2.7. Simulation scenario and parameters

The input into the simulation triggering the reaction is an ex-
ternally applied current I. The current leads also to charge and dis-
charge of the electrochemical double layer and change of the elec-
trical potential A® at the electrochemical surface. Since the pre-
sented approach is designed to be applied to investigate dynamic
operation of electrochemical systems, also a dynamic signal is ap-
plied. We define the sinusoidal input current as

I=Asin 27 ft) (57)

with amplitude A and the frequency f. All parameters are listed in
Table 2. Parameters are chosen in a physically reasonable order of
magnitude but mainly to provide illustrative simulation results. All
models are implemented and solved in MATLAB. Ordinary differ-
ential equations are solved by the odel5s solver. Simulations are
performed in Matlab on a 64-bit linux system with Intel Core™
i7-3770 CPU with 3.40GHz x 8 and 15.5GB RAM.

3. Results and discussion

To show the impact of the type of coupling algorithm and con-
figuration, simulations were performed with a varying number of
lattice sites n!, number of sequences ns¢4, proportional factor Kp,
tolerance factor A, and smoothing factor «. Multiparadigm simula-
tions are benchmarked by comparison to a pure continuum solu-
tion, indicated as reference. The standard configuration of the algo-
rithms is defined by n! = 102, nP =16, Kp = 0.2, A =1, and k = 1
and is always applied if not stated otherwise.

3.1. Numerical accuracy of the coupling algorithms

Fig. 5 shows the electrical potential A® for the continuum
model and for the multiparadigm algorithms MPA1, MPA2, and
MPA3 using the reference configuration. Due to the sinusoidal sig-
nal input of the external current I, the electrical potential increases
and decreases as a sinusoid also. All three algorithms are in good
agreement with the continuum solution with deviations below 5%
relative to the voltage amplitude. The errors of MPA1 and MPA2
are significantly higher than MPA3. Further, MPA1 and MPA2 both
possess an oscillatory increase and decrease of the error. The peaks
of the errors are increasing for both algorithms towards the end of
the simulation and are comparable regarding positions in time and
magnitude, which suggests both errors are of the same origin. In
contrast, the error of MPA3 neither increases nor shows a compa-
rable systematic behavior. The electrical potential is determined by
the continuum part of the MPAs with Eq. (1), and depends on the
current input [ and the rate of reaction II, gy. Since the input I is
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Fig. 6. Concentration and absolute error of species (a) A* and (b) C for MPA1.

equivalent for all simulations, the error of the electrical potential
originates from an error of the reaction rate q;. In the MPA simu-
lations, this rate directly depends on three kMC outputs, being the
forward and backward reaction rate constants, kﬂ and kﬁ, and the
surface fraction of species B, 0. Although the simulation accuracy
is considerably higher for MPA3 compared to MPA1 and MPA2, its
computational cost is nearly 30 times higher, as given in Fig. 5.

While the errors for MPA1 and MPA2 have the same system-
atic behavior, MPA1 had a larger maximum error and so was an-
alyzed in more detail. In Fig. 6, the concentrations of species A™
and C in solution are compared for the continuum-only model and
MPAL1. Just as for the electrical potential, the concentrations are
solved within the continuum part of the MPAs, and errors indi-
rectly originate from errors in the kMC output. The concentration
of species AT is in very good agreement with the continuum so-
lution, whereas the concentration of species C has a considerable
deviation, as the absolute error of the concentration is about two
orders of magnitude higher compared to the absolute error of con-
centration of species A*. Both errors show the same systematic be-
havior as previously seen for the electrical potential. The concen-
trations are influenced by surface fractions of species A*, C, and
vacancies V, so the surface fractions and their errors are discussed
next.
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In Fig. 7, MPA1 is further evaluated for the surface fractions 0;
of species A*, B, C, and vacancies V. Again, the impact of the si-
nusoidal input can be seen, as the surface fractions decrease and
increase sinusoidally as well. The amplitude of the oscillations is
lowest for species A* and V and highest for species B. The mean
and amplitude of the surface fraction of vacant sites and of species
At are very similar. The deviations of the surface fractions in MPA1
are highest for species B and lowest for species A* and vacancies
V, which is shown in detail in Fig. 8. The errors in the surface frac-
tions originate from errors in the kMC outputs and in particular
directly from error in the surface fraction 0p. Since surface frac-
tions of all species sum up to 1 as given by Eq. (10), the absolute
error in the surface fractions sum up to 0. As such, an error in the
surface fraction of species B forces a distribution of this error on
the other surface fractions. The share of this error is almost equal
for species A* and vacancies V. The very low observed error in the
concentration of A* in the solution can be explained. Comparing

to the continuum solution, the surface fractions of the vacancies V
and of species A™ impact the forward and backward rate of process
I, respectively. Since both surface fractions have almost the same
values and errors, the impacts compensate each other leading to a
very low error propagation to the concentration of A* in the solu-
tion. In contrast, for reaction 4, the values and errors of the surface
fraction of C considerably differ leading to a distinct and significant
error propagation to the solution concentration C. The results illus-
trate that the propagation of an error in a multiscale algorithm can
depend considerably on the system and its parameters.

The magnitude and systematic nature of the errors of MPA1 and
MPA2 (not shown here in detail) were found to be comparable, and
the order of the sequence was of minor relevance for the simula-
tion accuracy and computational cost. MPA3 significantly improved
the accuracy but with much higher computational cost. The sys-
tematic oscillatory nature of the errors in MPA1 and MPA2, which
do not appear in MPA3, suggests a different origin. The next sec-
tion analyzes the errors in detail and discusses efficient tuning of
the algorithms to reduce the overall simulation error.

3.2. Algorithm tuning

By examining the system states (i.e. potentials, concentrations,
and surface fractions), the impact of MPAs on the simulation error
has been shown. Errors can originate thereby from the coupling of
the continuum and kMC models, as well as the stochastic nature
of the kMC model. Different algorithms can lead to very differ-
ent systematic errors and magnitudes of the errors. In particular,
a considerable difference between algorithms without estimation
correction, i.e. MPA1 and MPA2, and an algorithm including an es-
timation correction, i.e. MPA3, could be seen. As introduced above,
we distinguish three types of errors: (i) prediction error, (ii) tran-
sition error, and (iii) fluctuation error. The errors of the reaction
rate constants were not dependent on time and so do not include
any prediction or transition errors. As such, only the results for the
surface fraction 6p are discussed in detail.

The various absolute errors of 0y for the MPAs are shown in
Fig. 9. The prediction and transition errors are oscillatory. The fluc-
tuation error induced by the kMC simulation is nearly constant
during the whole simulation. The prediction error is considerably
larger than the transition and fluctuation errors, which are of the
same order of magnitude. The overall error for MPAT1 is oscillatory
and strongly correlates with the prediction error, especially dur-
ing the first quarter of the simulation; as the simulation proceeds,
the overall error of the MPA1 increases and exceeds the prediction
error. The errors accumulate and the MPA solution becomes some-
what out of phase with ongoing simulation time. A similar cor-
relation between the prediction error and overall error occurs for
MPA2. The prediction error of MPA2 is slightly lower, with some
increase in peak overall error with time. For MPA3, the initial pre-
diction is equal to that for MPA1, but is corrected by the estima-
tion correction loop and so is not seen in the Fig. 9(c). The esti-
mation correction leads to a considerable decrease of the overall
error. The prediction error is the result of the linear interpolation
using Eqs. (39) and (40). We note that the prediction error may
be reduced by using higher order extrapolations instead. However,
this could also increase the error or cause numerical instabilities.
Detailed investigations of these effects are out of the scope of this
article, but nevertheless should be addressed in future work.

The fluctuation error can be reduced by increasing the number
of lattice sites, such as increasing the grid size. Fig. 9 indicates that
increasing n' from 102 to 202 did not reduce the overall error of
MPA1 and MPA2, which is dominated by the prediction error, but
did reduce the overall error for MPA3. The reduction in fluctuation
error for MPA3 results in its overall error becoming more corre-
lated to the transition error. These results illustrate that increasing
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kerorand surface fractions 6 for varying field size, smoothing factor, and num-
ber of sequences.

the number of lattice sites can only be an efficient strategy if the
fluctuation error is the dominant, because of the overall simulation
error.

The computational cost for the simulations with an increased
field size are also provided in Fig. 9. The computational cost is sig-
nificantly increased for all simulations compared to that of n! =
102, given in Fig. 5. Again, the computational cost of MPA3 is
significantly higher, i.e. more than 30 times higher, compared to
MPA1 and MPA2. As such, there is a strong incentive to avoid a
computationally expensive estimation-correction loop or to signifi-
cantly reduce its iterations.

A systematic analysis of several measures to tune the MPA is
shown by varying the field size n! in Fig. 10(a), (d) and (g), the
smoothing factor « in Fig. 10(b), (e) and (h), and the number of
sequences n°¢4 in Fig. 10(c), (f) and (i). The results show the effect
of aforementioned measures on the averaged absolute errors of the
electrical potential A® in Fig. 10(a-c), the reaction rate constants

kﬁ, kb, k{;l and kb in Fig. 10(d-f), and the surface fractions 6,
0y, Oc, and Oy in Fig. 10(g), (h) and (i) for the three MPAs. The
electrical potential can be interpreted as being an overall simula-
tion error, as it represents the typical electrochemical model out-
put. The reaction rates are kMC output variables that are indepen-
dent of time and thus are only affected by fluctuation errors. The
surface fractions are variables that are additionally directly affected
by transition and prediction errors.

In Fig. 10(g), the errors in surface fractions are shown for a
varying field size. The error is not affected by n! for MPA1 and
MPA2 since their errors are dominated by prediction error, but the
error can be reduced for MPA3, which has no prediction error. Pre-
diction errors are not affected by the number of lattice sites, which
here makes increasing the field size a futile measure. In contrast,
errors in the reaction rate constants, as shown in Fig. 10(d), are
reduced for increasing the field size for all three algorithms. This
error is only affected by fluctuation errors, which can be efficiently
reduced by increasing the number of lattice sites. In Fig. 10(a), er-
rors in the electrical potential is shown. Again, errors do not pos-
sess a clear dependency on field size for MPA1 and MPA2. In con-
trast, the errors of MPA3 can be slightly decreased with increased
n'. The error in the electrical potential is more strongly influenced
by the error of the surface fraction than by the error of the re-
action rate constant. For the variation in field size in Fig. 10, the
error in MPA3 is an order of magnitude lower for electrical poten-
tial and surface fraction than for MPA1 and MPA2, but only about
40% lower for the reaction rate constant. The accuracy can be im-
proved most by an estimation correction if the error is dominated
by prediction error.

Next, consider the effects of smoothing the kMC output.
Smoothing the kMC output, i.e. decreasing «, reduced the overall
error dominated by fluctuations of the kKMC model (Fig. 10(e)). In
contrast, smoothing had minimal effects on the overall error dom-
inated by prediction error, i.e. the error in surface fraction 6 for
MPA1 and MPA2 (Fig. 10(h)), and increased smoothing increased
the overall error for MPA3, which has no prediction error. The
trends in the errors in the electrical potential are similar to those
for 6 (Fig. 10(b)), as those errors are more closely related than the
errors in reaction rate constants in this simulation scenario.

Finally, consider the impact of varying the number of se-
quences, n*¢4, An increasing number of sequences corresponds to a
reduction of the time length of each sequence. Shorter time steps
will reduce prediction length and improve accuracy of mean ap-
proximations within a kMC simulation, which will reduce the pre-
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diction and transition errors. However, shorter time sequences will
provide less data from the kMC model and thus result in an in-
crease in the fluctuation error. The consequences can be observed
in Fig. 10(c), (f) and (i). The errors in surface fraction 6 for MPA1
and MPA2 in Fig. 10(i), which are dominated by the prediction er-
ror, can be significantly reduced to nearly the same magnitude as
the error of MPA3 with an increasing number of sequences, n¢d,
from 10 to 50. Further increase in the number of sequences in-
creases the error.

In contrast, the error in the reaction rate constants for all MPAs
increase with increasing number of sequences (Fig. 10(f)), as this
error is dominated by kMC fluctuations, whose effects are in-
creased by lowering the number of KMC steps. The trends in the
errors for the electrical potential in Fig. 10(c) mostly mirror the
errors for the surface fraction 6, except for stronger error reduc-
tion for MPA3 when decreasing the number of sequences, due to
reduced fluctuation errors.

In general, the trend and magnitude of the errors for MPA1 and
MPA2 are comparable for variations, and confirm that the sequen-
tial order of the stochastic and continuum models was of minor
relevance. Distinct effects could be observed between algorithms
with and without estimation correction and in particular for the
number of sequences and smoothing of the kMC output. In gen-
eral, the accuracy of MPA3 was the highest for all simulations and
configurations shown here. The high accuracy was achieved by cor-
recting the prediction error but with significantly increased com-
putational cost. In summary, these results clearly examined the
origin of the errors of the MPAs for the simulation scenario. The
overall error was dominated by the largest of the three types of
error (prediction, transition, fluctuation), and a reduction of less
dominant errors did not reduce the overall error of the simulation.

3.3. Efficient estimation correction

The estimation-correction loop in MPA3 evaluates the kMC out-
put and iterates until the kMC output is within a defined tolerance

region. The definition of the tolerance and the approach to control
the solution into this tolerance region determines the accuracy and
computational cost of MPA3. The computational cost is strongly re-
lated to the number of iterations needed in each time interval. To
enable cost-effective multiscale simulations, therefore, it is impor-
tant to identify a configuration of the algorithm that minimizes the
number of iterations. This section analyzes the impact of nl, Kp,
and A.

Fig. 11 shows convergence results for the reference configura-
tion, which takes about 450 iterations to reach te™ =20 s. The
reaction rate constants are within tolerance for most of the iter-
ations, because the parameters are independent of time and the
estimation-correction iterations are not needed (Fig. 11(a)). Never-
theless, an output can be outside the specified tolerance because
of stochastic fluctuations. In this simulation, only the kKMC output
6p changes due to its dependency on the applied sinusoidal cur-
rent input. Therefore, Oy is most critical and its progress over the
iterations is shown in detail in Fig. 11(b). Within one sequence,
the estimated value approaches the actual value until it is within
the specified tolerance. The number of iterations needed can con-
siderably deviate between sequences. The probability that one of
the evaluated parameters is outside the specified tolerance because
of stochastic fluctuations increases with the number of evaluated
parameters. As the algorithm needs to hold all the selected out-
put parameters within the specified tolerance, convergence can be
challenging when having more than one interdependent output.
The problem as a whole is similar to a robust control problem
(Rusli et al., 2004).

Fig. 12 shows convergence of the critical variable 6y for vary-
ing simulation parameters. Increasing the field size decreases the
fluctuations of the kMC output (cf. Figs. 11(b) and 12(a)), which
decreases the output uncertainty and in general should help to
control to the tolerance range. However, as tolerance is defined as
a function of standard deviation, as given with Eq. (43), the to-
tal number of iterations increased to almost 600 iterations. More-
over, the computational cost of a single iteration significantly in-
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Fig. 12. Convergence behavior for the kMC output 8 for variations of the algorithm parameter set: (a) increased field size, (b) increased proportional factor, and (c) decreased

tolerance factor.

creases due to increased number of grid elements, resulting in a
total computational time of 42,011 s instead of 8046 s. This factor
of five increase in computational cost only produces a slightly im-
proved accuracy (Fig. 10(a)). As discussed in the previous section,
the overall error of the solution cannot be reduced below the tran-
sition error, which is not affected by increasing the field size. Fur-
ther increasing the field size will thus not further reduce the error
of 0g. Considering the significantly increased computational cost,
the slight improvement of accuracy is not worth the effort for this
example.

Increasing the proportional factor Kp from 0.2 to 0.8 gives faster
convergence (Fig. 12(b)), with a considerable reduction of the num-
ber of iterations compared to the reference configuration. Draw-
backs of the higher proportional factor are overshooting and os-
cillation of the estimation. A systematic optimization of Kp and
K; would lead to a faster convergence without oscillation, i.e. a
further reduction of the number of iterations and computational
cost.

Decreasing the tolerance factor A from 1 to 0.75 increases the
number of iterations increases significantly, from 450 to more than
800 iterations (Fig. 12(c)). In several sequences, the estimation
reaches a steady value, but the tolerance region is not reached,
which suggests that the chosen tolerance is too low compared to
the fluctuation of the kMC output. Although the estimation is good,
the kMC output variables are often outside the tolerance region.
One option for reducing the iterations is to define the tolerance
according to the standard deviation or higher.

4. Conclusions

This article presents a systematic analysis of coupling algo-
rithms for the multiscale simulation of surface processes for elec-
trochemical systems. Any of three presented algorithms can be a
good choice for multiparadigm simulation, depending on the needs
and tradeoffs in numerical accuracy and computational cost. The
coupling algorithms without estimation-correction were more than
an order-of-magnitude less computationally expensive, but also an
order-of-magnitude less accurate. Errors in the coupled simulations
originate from several different causes and are categorized into
fluctuation, prediction, and transition errors. Measures that are ef-
ficient in reducing one error type may be futile or even counter-
productive regarding the other error types. Quantitative analysis as
done in this study should be carried out to learn the underlying
causes of numerical errors to facilitate an efficient and robust de-
sign of the coupling algorithm. While computationally efficient al-
gorithms such as MPA1 and MPA2 can be suitable for some appli-
cations, the sequence size length needs to be considered carefully
to keep fluctuation errors and sequence size-dependent errors in
the same order of magnitude. Algorithms that include estimation-
correction, such as MPA3, are much more robust regarding con-
figuration and possess the highest accuracy for all configurations
evaluated here.

To conclude, this work analyzes coupling algorithms applicable
for multiscale simulations in electrochemical systems. This article
provides a guide for the systematic selection and design of compu-



tationally efficient and accurate coupling simulations. One of the
observations made in this article is that the tuning of the cou-
pling parameters is not as straightforward as in most simulation
algorithms. For example, increasing a simulation parameter such
as the number of sequences may lead to an order of magnitude
reduction in the average errors for some variables while simultane-
ously leading to an order of magnitude increase in average errors
for other variables (cf., Fig. 8(f) and (i)). This behavior is in con-
trast to the simulation of an ordinary differential equation (ODE),
in which increasing the number of sequences within a fixed time
interval is generally considered a reliable approach for reducing av-
erage errors for all variables in the ODE. By taking into account
the findings of this work, inappropriate or inefficient multiscale
simulations can be prevented. Thus the article significantly con-
tributes to the establishment of multiscale simulation techniques
for simulation of electrochemical systems and heterogeneous
catalysis.
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