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Abstract

In this paper we provide a finite set of candidates to be one of the endpoints of an optimal

solution for the problem of locating simultaneously a service facility and a rapid transit line.

1 Introduction

The problem of locating simultaneously a service facility and a rapid transit line was introduced by
Espejo and Rodriguez-Chia [I]. In that paper, the authors present a set of candidates to be one
of the endpoints of an optimal transit line as well as a solution procedure for this problem. Later,
Diaz-Bafiez et al. [2] provided an alternative description of the endpoints of an optimal solution for
this problem because the previous description does not work in general. In this paper, we give a finer
description of this set, actually we provide a set of candidates of finite cardinality to be one of the
endnodes of the optimal segment.

A complete motivation and justification of above mentioned model is given in [I]. Therefore,
we proceed directly with the formulation of the problem. Formally, consider (R?, || - ||1) and let
A ={a1,...,ap} be the set of demand points, w = {wy,...,wp} € RT be the set representing the
intensity of the demand in the elements of the set A and x be the service facility to be located. The
rapid transit line, represented by a segment of given length, ¢, is defined by two extreme points, e
and s, which represent the entrance (access) and the exit, respectively. The distance from e to s
through the rapid transit line is defined as ¢/k, where £ is the length of the rapid transit line and & is
a constant greater than or equal to 1. (Note that it means that the speed within the rapid transit line
is greater than or equal to in the plane). Obviously, the closest extreme point of the segment to the
service facility should be the one representing the exit, that is, || — s||1 < ||x — e]]1. In [I] is proved
that an optimal location for service facility is placed on the exit extreme point of the optimal segment
for the problem of locating simultaneously a service facility and a rapid transit line. Therefore, the
model can be reformulated as the problem of locating a rapid transit line (segment) such that one its
endpoints is the service facility. Thus, the distance between a demand point and the service facility

is given by the function

de,z(ai, x) = min{|lz — ai|1, [[e — ail[s + £/k}.
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Therefore, the problem can be formulated as follows:

M

min  f(e,z) = Zwide,m(aiax) (1)
i=1

st |lz—el|l2=".

Observe that for £ = 0, the classical (weighted) rectilinear median problem in the plane is obtained.
Let W be the solution set of this problem for the case £ = 0 (usually called median, me). Let I be
the set of intersection points (intersection points of the fundamental lines, in this case, horizontal and
vertical lines at demand points, see [3]) and Iy := I NW. An interesting result obtained in [I] states
that the endpoints of an optimal segment are in opposite quadrants with respect to some ¢ € Iy, see
[1] for further details.

In general, the four quadrants defined by a point ¢ € R* will be denoted by C, i = 1,...,4
(to simplify the notation, the quadrants defined by the origin will be denoted by C*, i = 1,...,4).
In what follows, we study the case |Iy| = 1 (notice that in this case |W| = 1, that is, the median
is unique), the remaining cases will be analyzed analogously. Without loss of generality and for a
better understanding, it is assumed that the median point is the origin, i.e., Iyy = me = (0,0) and in
addition, we solve the problem where e is located at the first quadrant defined by the origin, C! (the
analysis of the remaining cases can be analogously addressed). Hence, z will be in C3. In general,
the circumference centered at point = of radius ¢ will be denoted by S, (to simplify the notation, the
circumference centered at the origin will be denoted by S). Let S denote the circle centered at the
origin and radius £, ¢ := S NC% S :=5,NC* C(A):=C"NA,fori=1,234.

In order to analyze Problem (), we recall the definition of captation region:

Definition 1.1 For a given segment with endpoints e and x, the set CRe, := {a = (a1,a2) € A :
llz —all1 > |le — all1 + €/k} is called captation region associated with e. The boundary of CRe 4 1is

defined as OCRy = {a € CRe, : ||z — all1 = |le — all1 + ¢/k} and the relative interior of CR. as
Ti(CRe,z) = CRey \ OCRe 5.
Note that a; € CR, if and only if dc(x,a;) = min {||z — aill1,|le — ai||l1 + £/k} = |le — aill1 + ¢/k.
Therefore, all demand points that belong to the captation region associated with e € S* will use the
rapid transit line to achieve the service facility. The captation region associated with e and x is given
by (see [I] for further details):
-ifz; <ep < ey,
CRey ={a=(a1,a2) € A:ay > 1, az > h::m, ar+az > cegtU{a = (a1,a2) € A: a1 <1, az > h;z},
-ife; <ep < ey,

CRerz={a=(a1,a2) € A: a1 > v:@, as = h:@, a1+ az > Cent,

-ifer <ep <+ 4,

CRey={a=(a1,a2) € At as > 2, a1 > v}, a1tas > ceptU{a = (a1,a2) € A:as < x2, a1 > Ve s

e,x’
— . eiteatl/k To—x1 4+ . —eitext+l/k T1+xo —  ._ eitext+l/k T1—X2 + .
where h,, = 2 e 5 + BT v, = 2 + 852, v, =
e1—ez2+€/k + 1142>I2, Cow 1= e1+e§+€/k + zlgmz and € = (€1, e2), € = (€1,€2) € S, such that (3 — x3) —

(&1 —m) = % (a—xg >e1—x1) and (61 —x1) — (B2 — @2) = % (1 — x1 > €2 — z2). The boundary of
CR.  is defined as CR. ; = {a € CRe : |la — z|]1 = ||a — e|]1 + ¢/k}. A graphical representation

of these captation regions for the case (x1,z2) = (0,0) is given by Figure [l



Figure 1: Geometrical description of the captation region

2 Dominant solutions

In this section, we characterize a finite set of candidates to be one of the endpoints of an optimal
solution of Problem ().

Theorem 2.1 Let e* and x* be the endpoints of an optimal segment of Problem () with e* restricted

to the first quadrant. Then, x* and e*, satisfy one of the following conditions:

i) Bither x* € 83N 1T or e* € S NI (Figure[d shows an example of the possible locations of the

endpoints of an optimal segment).

ii) x} = aj, and ey, = aji for some j,j' € {1,..., M} and k,k'(# k) € {1,2}, such that,bthe angle
of the segment with the positive direction of the x-edge, 0, satisfies that tan(f) = —ZZ% with
wg*,z* > 0 (and consequently wg. ,. < 0), where wg. .. and wg*,z* are defined in th; ;roof of
Lemma 2.

Remark 2.1 The description given by [2] states that either one of the endpoints of an optimal segment
is on an intersection point or both endpoints are placed on fundamental lines at two demand points,
one vertical and the other horizontal. Observe that we have with this description a infinite many
number of candidates to be one of the endpoints of an optimal segment. However, our description is

finer than the one in [Z] because we have reduced this set of candidates to a finite set.

ag

Figure 2: Possible locations of e and x.

In order to prove this result, we will show that for any segment of length ¢ defined by = & SN I and
e & S'N1I, such that, 2 and e do not satisfy condition ii) of Theorem I} we can find another segment



of extreme points 2’ and €’ such that f(z',e’) < f(z,e). Observe that if z € S3N 1T (e ¢ S NI), then
X1 # a1 Or To # a2, Va; € A (e1 # apn or ea # a2, Va; € A). Firstly, the case x1 # a1 and e; # a1,
Va; € A will be considered (Subsection 21]); secondly, 1 # a;1 and es # a2, Va; € A (Subsection

22)). The remaining cases can be analogously studied.
2.1 Case T 7& ;1 and €1 7é A1, ‘v’ai € A.
Let 2/, ¢/, " and e” be such that (see Figure B
¥=x+4+(-)0); € =e+(=X\0); 2"=z+(\0); €' =e+()\0), (2)

where A is a small enough positive value satisfying that:

i) CRe2x\0CRey = CRo y\OCRey = CRur 2/\OCRe, and Ci(A) = Ci,(A) = Ci,(A), i =
1,....,4.

geeey

ii) a;1 # €} and a;n # €Y, for any a; € A.
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Figure 3: e1 # a1, Va; € A. Figure 4: ez # ai2, Va; € A.

Theorem 2.2 Let e, x be the extreme points of a segment of length £ such that ©1 # a;1 and e1 # a1,
Ya; € A. Then, f(e',2') < f(e,x) or f(e”,2") < f(e,x), where ¢/, &', ", 2" were given by (3).

Proof:

Since ||z — a;||1 < ||a; — €l|1 + ¢/k, for all a; € C3(A), the objective function can be expressed as:

fle,z) = wille — ailly £ willle — ailly + ¢/k) = Yoo willr—ailhi+ Y wille—ailh

a;ZCR. a;€CR. 5 a; €(C2(A)\CRe,)UC3(A)  a;€(CL(A)UCE(A)\CRe, s
+ > willle—ailli +4/k)+ > willle — aglly + £/k).
a; €ECRe,z\OCRe » a;€EO0CRe o

From (2)), the definition of A and e # a;1, Va; € A, we obtain the following;:
(1) Va; € C2(A\1i(CR. ) UC2(A): ||l2' — ailli = ||z — ai]|1 — X and ||2” — a;|[1 = ||z — aqi|]1 + A
(2) Vai € (CL(A) UCHANCRe.0): I’ — aslly = |z — aills + X and [l — aglly = |}z — ailly — A

(3) Va; € CRo2\OCRe.p:



(a) a;1 <er: |lef —ail|1 =|le —ai||1 — A and ||e” — ai]]1 = ||e — ai|]1 + A
(b) a;1 > e1: ||e/ —ail|1 = |le — aill1 + X and ||e” — a;]|1 = |le — ail]1 — A
(4) Ya; € OCR. . \ C%(A):
(a) a;1 > e1: |le —ailh +4/k = |le—ai|l1 + A+ €/k = ||z — a;]1 + A = ||’ — a;||1 and
lle” —aills +€/k = [le — aillh = A+ L/k =[x — ail| = A =[|z" — ail|1.
(b) an <er: |le'—ailli +€/k = |le—ail[i —=A+L/k = ||z —ai|[i = A < [[z—ail[1 + A = |[2" —ai| |z
and |le” —a;||1 +4/k = |le—ai|1 + A+ L/k = ||z — ai||1 + A > ||z —ail |1 — A = ||z — a;]|1-

Hence, we get that

! _ 1 2 3 4 + — o+ o— A
f(ZL' ) € ) - f(SC, 6) - (we,m - we,m - we,m + we,m + we,z - we,z + we,z - we,z) A=A )
non _ 1 2 3 4 + — 5+ 5— AN
f((E ) € ) - f(.’L', 6) - (_we,z + we,z + we,z - we,z - we,z + we,z - we,z - we,m) A=A ’
where
1 _ E . 2 _ E . 3 — E . 4 — E .
we,m - w]a we,m - w]a we,m - wj ’ we,m - w],
a; ECL(A)\CRe s a;€C2(A\I1(CR.,.) a; €C3(A) a; €ECA(A)\CRe
+ — E . — — E . [ S E . I § .
we,z - Wis we,z - Wis we,z - Wis we,z - Wi
a; ECRe,z\OCR. z:a51>€1 a; ECRe z\OCR. »:a51<e1 a; EOCRe, - \C2(A):a;1>e1 a; EOCRe, - \C2(A):a1<er

Since A’ = —A” — 2Xw]7, we conclude that:

- If A” <0, then f(a”,e"”) < f(x,e).

- Otherwise, A’ <0 and f(a/,¢’') < f(x,e), and the result follows. O

2.2 Case x; # a;; and ey # a;o, Va; € A.
Let 2/, ¢/, 2" and e” be such that (see Figure @)

=2+ (=X,0); ¢ =e+(0,-p1); 2 =2+ (X\,0); €' =e+(0,53), (3)
where A1, A2, B1, f2 € R are small enough values satisfying that

i) CR.y\OCRey = CRe \OCRey = CRen y\OCRe, and Ci(A) = Ci,(A) = Ci,(A), i =
1,...,4.

s
ii) e} # a;o and €} # a2, for any a; € A.

In order to prove that either f(e’,2’) < f(e,x) or f(e”,2") < f(e,z), we will use similar arguments

as in the previous case, before that we give some technical results.

Proposition 2.1 Let 0, 6’ and 0" be the angles defined by the segment of extreme points e and x, €'

and ', €' and =", and the horizontal line, respectively (see Figure[d)), where €, z', € and z" were

defined in (3). Then

B 20 sin (G_Tel) cos (9'59/) B 1 By 2/ sin (9”2_9) cos (GHTJFH) B 1
A 20sin (289 sin (55Y)  tan(23Y) Ao 20sin () sin (£50)  tan(25E0)

Moreover,



i) If M1 = Ao (B1 = B2) then Ba < B1 (A2 > A1)

Z’L) If9’<9<9"§7r/4 (7T/4§9/<9<9“), then A\ <ﬂ1 and Ao <52 (Al >ﬂ1 and Ao >52).

Proof:
B ﬁQ -

It is consequence of A\; = £(cos@ — cosf), 1 = £(sinf — sind’), Ao = £(cosh — cosf”)
{(sin@” —sin @), and that 0 < ¢’ < # < ” < T and the tangent function is monotonous in (-5, %). O

Lemma 2.1 Let e, 2/, &', 2" be given by (3). Then,
f@' €)= flz,e) = A" and f(a",€") — f(z,e) = A",
where A" = wl A 4wl Br+d and A = —wl Ao —wl  Bo+d", withw? ,,wl . d,d" eR,d, d" <0.

Proof:
Let ¢, 2/, €”, 2" be given by ().

1. If a; € OCR, , \ C%(A), with a;2 < eq, then:
||€/ - ai||1 +£/k3 = ||€ — ai||1 — B —l—f/k = ||$ — ai||1 —p1 < ||$ — ai||1 + A = ||$I - ai||1, ie. a; € CRe/@/,

||€” —ai||1 +£/k3 = ||€— ai||1 + B —l—f/k = ||$ - ai||1 + B2 > ||$ - ai||1 — X = ||$I —ai||1, ie. a; & CRe//@//.

2. If a; € OCR., \ C2(A), with a;s > ea, using similar arguments and by Proposition 2] it can
be proved that:

(a) 0 <0< 0" < 7T/4, then a; € CRellym// and a; g CRe’,:E’-
(b) m/4 <6 <0 <0, then a; € CRer »v and a; € CRes .
(c) 0 <0=m/4<0" then a;  CRe o and a; € CRer 0.

Consider the following notation:

1 _ E . 2 — E . 3 — E . 4 — E .
we,z - Wijs we,z - Wis we,z - Wi we,z - Wjs

a;€CL(AN\CRe » a;€C2(A\Ii(CR.,.) a;€CE(A) a; €ECL(A\CRe »
+ — E L. - — E L. o+ E L. [ — E .
we,z - w]’ we,z - w] ’ we,z - w]’ we,z - w] ’
ajECRE,I\aCRE,I:aj2>62 a]‘GCRE,I\acRE’I:a]‘2<€2 ajEBCRE,I\C?:(A):aj2>62 ajEBCRE,I\Cg(A):a]'2<62

Using similar arguments as Theorem 2:2] we can obtain an expression of f(z/,¢’) — f(z,e) = A’
and f(a”,e") — f(z,e) = A" as follows:

(a) if 0’ <0 <0" <%,

A = (e —wig — Wig Fweg)M + (Wi, - w;m)ﬁ — Wl B+ Wit

= (Whp—wi,—wl,+ wém))‘l +(wl, —wi, +wlh)B —wdiL B+ Wit (A — B1);
A" = (wl,wl, +wl, —wh )+ (—wl, + W;I)BQ — WA — W't By

= (Wi, Fwl, +wl, —wi )+ (—wl, +wo, —wit)Be — wi e,

Therefore, A’ and A” can be expressed as A’ = w? A1 +w?  f1+di and A” = —ws Ao —w?  Bo+
1

dz, where wg,m = We g — wg,z _wg,m +wé,z’ wle),m = w;z We, +we 3] d = we mﬁl +w6+ ()‘1 - 61)

and dy = fwg;/\g. Since \; < 1 (see Proposition 21]), then d;,ds < 0.



(b) if T <6 <6<0,

1 2 3 4 — § 5—
AT = (we - we,m - we,m + we,z))‘l + (w:,z - we,z + we;)ﬁl - we,mﬁl;

s L

1 2 3 4 - 5 o— §
A" = (_we,x + we,m + we,m - we,x))‘Q + (_w(—;z + we,z - we,—;)BQ - we,x)‘Q + we:’;(ﬁQ - )‘2)

Hence, A’ = wd A1+ w21z51 +dy and A" = —w¢ A2 — w27I52 + di,, where d} = fwg;ﬁl and
dy = —wd A2 + wit (B2 — A2). By Proposition 21} Ay > B2 and therefore, df, dy < 0.

(c) If 0" < 0 = F < 0", using similar arguments to the two previous cases, we obtain that A’ =
we AL + wi?,mﬁl +di and A" = —wg Ao — wg,mﬁg + d}. By Proposition 211 Ao > 82, 51 > A1
and therefore, d;,d) < 0. O

Theorem 2.3 Let e, x be the extreme points of a segment of length £ such that T1 # a1, €2 # a2,
VYa; € A as well as x and e do not satisfy condition i) of Theorem[Z1]l Then, f(e',z’) < f(e,x) or

fle’, 2"y < f(e,x), where €, a', ", " were given by (3).

Proof:
By Lemma2.T] f(2',¢')—f(x,e) = A" and f(2",e")— f(z,e) = A", where A" = w A\ +w21151+d/
and A" = —wg g — wg,mﬁg +d”, with d’,d” <0.
1. If ngm < 0, we choose Ay = A2 = A. In this case, f2 < 81 (Proposition [ZT]), then A’ + A" =
Wg,z (81 — B2) +d 4+ d” <0 and the result follows.

2. If wlg,m > 0, we distinguish:

(a) If wg, > 0, we choose 1 = P2 = (. In this case, A2 > A; (Proposition ZT]), then
A+ A" =wg (A — M) +d"+d" <0.

(b) If wg, <0, let 0, 0" and 0" be the angles of the segments defined by e and x, ¢’ and 2/,

and ¢’ and z”, and the horizontal line, respectively.

b b ,

i) If _wojfz < tan (6), since § — 6’ is small enough then _wwe—i < tan (%), equivalently,
—Wew 1 ‘s B _ 1 B —wew
o > tan(ﬂze,). By Proposition 2.1l we get that o= m Then 5t < P

Le., wl A1 +wl,B1 <0. Therefore, A’ <O0.

b b "
ii) If === > tan (¢), since 6 — ¢ is small enough then —== > tan (%). Using similar

,T

arguments as in the previous case, we obtain that A” < 0.

Thus, we have found a movement where the objective function does not increase except for the case

b
:t;w = tan (f) with w?, > 0 and w?, < 0, i.e., the case described by condition ii) of Theorem 2.T]
or whenever one the endpoints of the optimal segment is an intersection point. Therefore the result
follows. O
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