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This is a n  Op e n  Acces s  doc u m e n t  dow nloa d e d  fro m  ORCA, Ca r diff U nive r si ty 's

ins ti t u tion al r e posi to ry:h t t p s://o rc a.c a r diff.ac.uk/id/ep rin t/53 9 6 6/

This  is t h e  a u t ho r’s ve r sion  of a  wo rk  t h a t  w as  s u b mi t t e d  to  / a c c e p t e d  for

p u blica tion.

Cit a tion  for  final p u blish e d  ve r sion:

S mit h-Miles,  Ka te,  Ba a t ar, Dava a t s e r e n,  Wrefor d,  Bre n d a n  a n d  Lewis,  Rhyd  2 0 1 4.

Towa r ds  objec tive  m e a s u r e s  of algo ri th m  p e rfo r m a n c e  a c ross  ins t a n c e  s p a c e.

Co m p u t e r s  & Op e r a tions  Res e a r c h  4 5  , p p .  1 2-2 4.  1 0.10 1 6/j.cor.201 3.11.01 5  

P u blish e r s  p a g e:  h t t p s://doi.o rg/10.10 1 6/j.cor.201 3.11.01 5  

Ple a s e  no t e:  

Ch a n g e s  m a d e  a s  a  r e s ul t  of p u blishing  p roc e s s e s  s uc h  a s  copy-e di ting,  for m a t ting

a n d  p a g e  n u m b e r s  m ay  no t  b e  r eflec t e d  in t his  ve r sion.  For  t h e  d efini tive  ve r sion  of

t his  p u blica tion,  ple a s e  r efe r  to  t h e  p u blish e d  sou rc e .  You a r e  a dvis e d  to  cons ul t  t h e

p u blish e r’s ve r sion  if you  wis h  to  ci t e  t his  p a p er.

This  ve r sion  is b eing  m a d e  av ailabl e  in a cco r d a nc e  wi th  p u blish e r  policies.  S e e  

h t t p://o rc a .cf.ac.uk/policies.h t ml for  u s a g e  policies.  Copyrigh t  a n d  m o r al  r i gh t s  for

p u blica tions  m a d e  av ailabl e  in  ORCA a r e  r e t ain e d  by t h e  copyrigh t  hold e r s .
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❚❤✐s ♣❛♣❡r t❛❝❦❧❡s t❤❡ ❞✐✣❝✉❧t ❜✉t ✐♠♣♦rt❛♥t t❛s❦ ♦❢ ♦❜❥❡❝t✐✈❡ ❛❧❣♦r✐t❤♠ ♣❡r✲
❢♦r♠❛♥❝❡ ❛ss❡ss♠❡♥t ❢♦r ♦♣t✐♠✐③❛t✐♦♥✳ ❘❛t❤❡r t❤❛♥ r❡♣♦rt✐♥❣ ❛✈❡r❛❣❡ ♣❡r❢♦r♠✲
❛♥❝❡ ♦❢ ❛❧❣♦r✐t❤♠s ❛❝r♦ss ❛ s❡t ♦❢ ❝❤♦s❡♥ ✐♥st❛♥❝❡s✱ ✇❤✐❝❤ ♠❛② ❜✐❛s ❝♦♥❝❧✉s✐♦♥s✱
✇❡ ♣r♦♣♦s❡ ❛ ♠❡t❤♦❞♦❧♦❣② t♦ ❡♥❛❜❧❡ t❤❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ❞✐✛❡r❡♥t
♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s t♦ ❜❡ ❝♦♠♣❛r❡❞ ❛❝r♦ss ❛ ❜r♦❛❞❡r ✐♥st❛♥❝❡ s♣❛❝❡✳ ❚❤❡
r❡s✉❧ts r❡♣♦rt❡❞ ✐♥ ❛ r❡❝❡♥t ❈♦♠♣✉t❡rs ❛♥❞ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ♣❛♣❡r ❝♦♠✲
♣❛r✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ❤❡✉r✐st✐❝s ❛r❡ r❡✈✐s✐t❡❞ ✇✐t❤ t❤✐s ♥❡✇
♠❡t❤♦❞♦❧♦❣② t♦ ❞❡♠♦♥str❛t❡ ✐✮ ❤♦✇ ♣♦❝❦❡ts ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❝❛♥ ❜❡ ❢♦✉♥❞
✇❤❡r❡ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ✈❛r✐❡s s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ t❤❡ ❛✈❡r❛❣❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ ❛♥ ❛❧❣♦r✐t❤♠❀ ✐✐✮ ❤♦✇ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥st❛♥❝❡s ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r❡❞✐❝t ❛❧✲
❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ♦♥ ♣r❡✈✐♦✉s❧② ✉♥s❡❡♥ ✐♥st❛♥❝❡s ✇✐t❤ ❤✐❣❤ ❛❝❝✉r❛❝②❀ ❛♥❞ ✐✐✐✮
❤♦✇ t❤❡ r❡❧❛t✐✈❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ✈✐s✉❛❧✐③❡❞
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❖❜❥❡❝t✐✈❡ ❛ss❡ss♠❡♥t ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ✐s ♥♦t♦r✐♦✉s❧②
❞✐✣❝✉❧t ❬✶✱ ✷❪✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❤❡ ❝♦♥❝❧✉s✐♦♥s ❞❡♣❡♥❞ s♦ ❤❡❛✈✐❧② ♦♥ t❤❡ ❝❤♦s❡♥
t❡st ✐♥st❛♥❝❡s ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ♣♦♣✉❧❛r ✉s❡ ♦❢ ❜❡♥❝❤♠❛r❦ ❧✐❜✲
r❛r✐❡s ♦❢ ✐♥st❛♥❝❡s ✭❡✳❣✳ t❤❡ ❖❘✲▲✐❜r❛r② ❬✸❪✮ ❤❡❧♣s t♦ st❛♥❞❛r❞✐③❡ t❤❡ t❡st✐♥❣
♦❢ ❛❧❣♦r✐t❤♠s✱ ❜✉t ♠❛② ♥♦t ❜❡ s✉✣❝✐❡♥t t♦ r❡✈❡❛❧ t❤❡ tr✉❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦✲
♥❡ss❡s ♦❢ ❛❧❣♦r✐t❤♠s✳ ❆s ❝❛✉t✐♦♥❡❞ ❜② ❍♦♦❦❡r ❬✶✱ ✷❪ ♥❡❛r❧② t✇♦ ❞❡❝❛❞❡s ❛❣♦✱
t❤❡r❡ ✐s ❛ ♥❡❡❞ t♦ ❜❡ ❝❛r❡❢✉❧ ❛❜♦✉t t❤❡ ❝♦♥❝❧✉s✐♦♥s t❤❛t ❝❛♥ ❜❡ ❞r❛✇♥ ❜❡②♦♥❞
t❤❡ s❡❧❡❝t❡❞ ✐♥st❛♥❝❡s✳ ■t ❤❛s ❜❡❡♥ ❞♦❝✉♠❡♥t❡❞ t❤❛t t❤❡r❡ ❛r❡ s♦♠❡ ♦♣t✐♠✐③❛✲
t✐♦♥ ♣r♦❜❧❡♠s ✇❤❡r❡ t❤❡ ❜❡♥❝❤♠❛r❦ ❧✐❜r❛r② ✐♥st❛♥❝❡s ❛r❡ ♥♦t ✈❡r② ❞✐✈❡rs❡ ❬✹❪
❛♥❞ t❤❡r❡ ✐s ❛ ❞❛♥❣❡r t❤❛t ❛❧❣♦r✐t❤♠s ❛r❡ ❞❡✈❡❧♦♣❡❞ ❛♥❞ t✉♥❡❞ t♦ ♣❡r❢♦r♠ ✇❡❧❧
♦♥ t❤❡s❡ ✐♥st❛♥❝❡s ✇✐t❤♦✉t ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ t❤❛t ❝❛♥ ❜❡ ❡①♣❡❝t❡❞
♦♥ ✐♥st❛♥❝❡s ✇✐t❤ ❞✐✈❡rs❡ ♣r♦♣❡rt✐❡s✳ ❋✉rt❤❡♠♦r❡✱ ✇❤✐❧❡ t❤❡ ♣❡❡r✲r❡✈✐❡✇ ♣r♦❝❡ss
✉s✉❛❧❧② ❡♥s✉r❡s t❤❛t st❛♥❞❛r❞ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ❛r❡ ✉s❡❞ ❢♦r ✇❡❧❧✲st✉❞✐❡❞
♣r♦❜❧❡♠s✱ ❢♦r ♠❛♥② r❡❛❧✲✇♦r❧❞ ♦r ♠♦r❡ ✉♥✉s✉❛❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠s t❤❡r❡ ✐s
❛ ❧❛❝❦ ♦❢ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s✱ ❛♥❞ ❛ t❡♥❞❡♥❝② ❢♦r ♣❛♣❡rs t♦ ❜❡ ♣✉❜❧✐s❤❡❞ t❤❛t
r❡♣♦rt ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ❜❛s❡❞ ♦♥❧② ♦♥ ❛ s♠❛❧❧ s❡t ♦❢ ✐♥st❛♥❝❡s ♣r❡s❡♥t❡❞
❜② t❤❡ ❛✉t❤♦rs✳ ❙✉❝❤ ♣❛♣❡rs t②♣✐❝❛❧❧② ❛r❡ ❛❜❧❡ t♦ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ♥❡✇
❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜② t❤❡ ❛✉t❤♦rs ♦✉t♣❡r❢♦r♠s ♦t❤❡r ♣r❡✈✐♦✉s❧② ♣✉❜❧✐s❤❡❞ ❛♣✲
♣r♦❛❝❤❡s ✭✐t ✐s ❞✐✣❝✉❧t t♦ ❣❡t ♣✉❜❧✐s❤❡❞ ♦t❤❡r✇✐s❡✮✱ ❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ ✐♥st❛♥❝❡s
❝❛♥♥♦t ❜❡ ❝❤❛❧❧❡♥❣❡❞ ❞✉❡ t♦ t❤❡ ❧❛❝❦ ♦❢ ❛❧t❡r♥❛t✐✈❡ ✐♥st❛♥❝❡s✳

❚❤❡ ◆♦✲❋r❡❡✲▲✉♥❝❤ ✭◆❋▲✮ ❚❤❡♦r❡♠s ❬✺✱ ✻❪ st❛t❡ t❤❛t ❛❧❧ ♦♣t✐♠✐③❛t✐♦♥ ❛❧✲
❣♦r✐t❤♠s ❤❛✈❡ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ♣❡r❢♦r♠❛♥❝❡ ✇❤❡♥ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s ❛r❡
❞r❛✇♥ ✉♥✐❢♦r♠❧② ❛t r❛♥❞♦♠✱ ❛♥❞ ❛❧❧ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ♠❡❛♥ ♣❡r❢♦r♠✲
❛♥❝❡ ❛❝r♦ss t❤❡ s❡t ♦❢ ❛❧❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠s✳ ❉♦❡s t❤✐s ✐❞❡❛ ❛♣♣❧② ❛❧s♦ t♦
❞✐✛❡r❡♥t ✐♥st❛♥❝❡s ♦❢ ❛ ♣❛rt✐❝✉❧❛r ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❣✐✈❡ r✐s❡ t♦ ♦♥❧② ❛
s✉❜s❡t ♦❢ ♣♦ss✐❜❧❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s❄ Pr♦❜❛❜❧② ♥♦t ❬✼❪✱ ❜✉t ✐t st✐❧❧ s❡❡♠s ✉♥✇✐s❡
t♦ ❜❡❧✐❡✈❡ t❤❛t ❛♥② ♦♥❡ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❛❧✇❛②s ❜❡ s✉♣❡r✐♦r ❢♦r ❛❧❧
♣♦ss✐❜❧❡ ✐♥st❛♥❝❡s ♦❢ ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠✳ ❲❡ s❤♦✉❧❞ ❡①♣❡❝t t❤❛t ❛♥② ❛❧❣♦r✐t❤♠ ❤❛s
✇❡❛❦♥❡ss❡s✱ ❛♥❞ t❤❛t s♦♠❡ ✐♥st❛♥❝❡s ❝♦✉❧❞ ❜❡ ❝♦♥❝❡✐✈❡❞ ✇❤❡r❡ t❤❡ ❛❧❣♦r✐t❤♠
✇♦✉❧❞ ❜❡ ❧❡ss ❡✛❡❝t✐✈❡ t❤❛♥ ✐ts ❝♦♠♣❡t✐t♦rs✱ ♦r ❛t ❧❡❛st ✐♥st❛♥❝❡s ❡①✐st ✇❤❡r❡
t❤❡✐r ❝♦♠♣❡t✐t✐✈❡ ❛❞✈❛♥t❛❣❡ ❞✐s❛♣♣❡❛rs✳ ❖✉r ❝✉rr❡♥t r❡s❡❛r❝❤ ❝✉❧t✉r❡✱ ✇❤❡r❡
♥❡❣❛t✐✈❡ r❡s✉❧ts ❛r❡ s❡❡♥ ❛s s♦♠❡❤♦✇ ❧❡ss ♦❢ ❛ ❝♦♥tr✐❜✉t✐♦♥ t❤❛♥ ♣♦s✐t✐✈❡ ♦♥❡s✱
♠❡❛♥s t❤❛t t❤❡ tr✉❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ❛♥ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠
❛r❡ r❛r❡❧② ❡①♣♦s❡❞ ❛♥❞ r❡♣♦rt❡❞✳ ❨❡t ❢♦r ❛❞✈❛♥❝❡♠❡♥t ♦❢ t❤❡ ✜❡❧❞✱ s✉r❡❧② ✇❡
♠✉st ✜♥❞ ❛ ✇❛② t♦ ♠❛❦❡ ✐t ❡❛s✐❡r ❢♦r r❡s❡❛r❝❤❡rs t♦ r❡♣♦rt t❤❡ str❡♥❣t❤s ❛♥❞
✇❡❛❦♥❡ss❡s ♦❢ t❤❡✐r ❛❧❣♦r✐t❤♠s✳ ❖♥ ✇❤✐❝❤ t②♣❡s ♦❢ ✐♥st❛♥❝❡s ❞♦❡s ❛♥ ❛❧❣♦r✐t❤♠
♦✉t♣❡r❢♦r♠ ✐ts ❝♦♠♣❡t✐t♦rs❄ ❲❤❡r❡ ✐s ✐t ❧❡ss ❡✛❡❝t✐✈❡❄ ❍♦✇ ❝❛♥ ✇❡ ❞❡s❝r✐❜❡
t❤♦s❡ ✐♥st❛♥❝❡s❄

❖❝❝❛s✐♦♥❛❧❧② ✇❡ ✜♥❞ ❛ ♣❛♣❡r t❤❛t ♣r❡s❡♥ts ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❝❧❛ss ♦❢ ✐♥st❛♥❝❡s
✇❤❡r❡ ❛♥ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠s ✇❡❧❧✱ ❛♥❞ r❡♣♦rts ✐ts ❢❛✐❧✐♥❣ ♦✉ts✐❞❡ t❤✐s ❝❧❛ss ✭s❡❡
❬✽❪ ❢♦r ❛ r❡❝❡♥t ❡①❛♠♣❧❡✮✳ ❙✉❝❤ st✉❞✐❡s ❛ss✐st ♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠
❛♥❞ ✐ts ❛♣♣❧✐❝❛❜✐❧✐t②✳ ❉♦❡s t❤❡ ❝❧❛ss ♦❢ ✐♥st❛♥❝❡s ✇❤❡r❡ ❛♥ ❛❧❣♦r✐t❤♠ ✐s ❡✛❡❝t✐✈❡
♦✈❡r❧❛♣ r❡❛❧✲✇♦r❧❞ ♦r ♦t❤❡r ✐♥t❡r❡st✐♥❣ ✐♥st❛♥❝❡s❄ ■s ❛♥ ❛❧❣♦r✐t❤♠ ♦♥❧② ❡✛❡❝t✐✈❡
♦♥ ✐♥st❛♥❝❡s ✇❤❡r❡ ✐ts ❝♦♠♣❡t✐t♦rs ❛r❡ ❛❧s♦ ❡✛❡❝t✐✈❡✱ ♦r ❛r❡ t❤❡r❡ s♦♠❡ ❝❧❛ss❡s

✷



✇❤❡r❡ ✐t ✐s ✉♥✐q✉❡❧② ♣♦✇❡r❢✉❧❄ ❍♦✇ ❞♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥st❛♥❝❡s ❛✛❡❝t
❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡❄ ❯♥t✐❧ ✇❡ ❞❡✈❡❧♦♣ t❤❡ t♦♦❧s t♦ ❡♥❛❜❧❡ r❡s❡❛r❝❤❡rs t♦
q✉✐❝❦❧② ❛♥❞ ❡❛s✐❧② ❞❡t❡r♠✐♥❡ t❤❡ ✐♥st❛♥❝❡s t❤❡② ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t♦ ❡♥❛❜❧❡ t❤❡
❜♦✉♥❞❛r② ♦❢ ❡✛❡❝t✐✈❡ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ t♦ ❜❡ ❞❡s❝r✐❜❡❞ ❛♥❞ q✉❛♥t✐✜❡❞ ✐♥
t❡r♠s ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥st❛♥❝❡s✱ t❤❡ ♦❜❥❡❝t✐✈✐t② ♦❢ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡
❛ss❡ss♠❡♥t ✇✐❧❧ ❛❧✇❛②s ❜❡ ❝♦♠♣r♦♠✐s❡❞ ✇✐t❤ s❛♠♣❧❡ ❜✐❛s✳

❘❡❝❡♥t❧②✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ s✉❝❤ ❛ ♠❡t❤♦❞♦❧♦❣②
❬✾❪✳ ■♥st❛♥❝❡s ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s ♣♦✐♥ts ✐♥ ❛ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡✱
✇✐t❤ ❢❡❛t✉r❡s ❝❤♦s❡♥ ✐♥t❡♥t✐♦♥❛❧❧② t♦ t❡❛s❡ ♦✉t t❤❡ s✐♠✐❧❛r✐t✐❡s ❛♥❞ ❞✐✛❡r❡♥❝❡s
❜❡t✇❡❡♥ ✐♥st❛♥❝❡ ❝❧❛ss❡s✳ ❋♦r ♠❛♥② ❜r♦❛❞ ❝❧❛ss❡s ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✱
❛ r✐❝❤ s❡t ♦❢ ❢❡❛t✉r❡s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ ✐❞❡♥t✐✜❡❞ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ s✉♠✲
♠❛r✐③❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✐♥st❛♥❝❡s ❛✛❡❝t✐♥❣ ✐♥st❛♥❝❡ ❞✐✣❝✉❧t② ✭s❡❡ ❙♠✐t❤✲▼✐❧❡s
❛♥❞ ▲♦♣❡s ❬✶✵❪ ❢♦r ❛ s✉r✈❡② ♦❢ s✉✐t❛❜❧❡ ❢❡❛t✉r❡s✮✳ ❘❡♣r❡s❡♥t✐♥❣ ❛❧❧ ❛✈❛✐❧❛❜❧❡
✐♥st❛♥❝❡s ♦❢ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❛ s✐♥❣❧❡ s♣❛❝❡ ✐♥ t❤✐s ♠❛♥♥❡r ❝❛♥ ♦❢✲
t❡♥ r❡✈❡❛❧ ✐♥❛❞❡q✉❛❝✐❡s ✐♥ t❤❡ ❞✐✈❡rs✐t② ♦❢ t❤❡ t❡st ✐♥st❛♥❝❡s✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡
❢♦r s♦♠❡ ♣r♦❜❧❡♠s t❤❛t ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ❛♣♣❡❛r t♦ ❜❡ str✉❝t✉r❛❧❧② s✐♠✐❧❛r
t♦ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ ✐♥st❛♥❝❡s✱ ❡❧✐❝✐t✐♥❣ s✐♠✐❧❛r ♣❡r❢♦r♠❛♥❝❡ ❢r♦♠ ❛❧❣♦r✐t❤♠s✱
❛♥❞ ❛r❡ ♥♦t ✇❡❧❧ ❞❡s✐❣♥❡❞ ❢♦r t❡st✐♥❣ t❤❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ❛❧❣♦r✐t❤♠s✳
❲❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞ t❤❡ ✉s❡ ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❛❧❣♦r✐t❤♠s t♦ ✐♥t❡♥t✐♦♥❛❧❧②
❝♦♥str✉❝t ✐♥st❛♥❝❡s t❤❛t ❛r❡ ❡❛s② ♦r ❤❛r❞ ❢♦r s♣❡❝✐✜❝ ❛❧❣♦r✐t❤♠s ❬✶✶❪✱ t❤❡r❡❜②
❣✉❛r❛♥t❡❡✐♥❣ ❞✐✈❡rs✐t② ♦❢ t❤❡ ✐♥st❛♥❝❡ s❡t✳ ❖♥❝❡ ✇❡ ❤❛✈❡ s✉✣❝✐❡♥t ✐♥st❛♥❝❡s ❝♦✈✲
❡r✐♥❣ ♠♦st r❡❣✐♦♥s ♦❢ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡✱ ✇❡ ♥❡❡❞ t♦ ❜❡ ❛❜❧❡ t♦
s✉♣❡r✐♠♣♦s❡ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤✐s s♣❛❝❡ ❛♥❞ ✈✐s✉❛❧✐③❡ t❤❡ ❜♦✉♥❞❛r✐❡s
♦❢ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡✳ ❯s✐♥❣ ❞✐♠❡♥s✐♦♥❛❧ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s s✉❝❤ ❛s ♣r✐♥❝✐♣❛❧
❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✱ ✇❡ ❤❛✈❡ ♣r❡✈✐♦✉s❧② ♣r♦♣♦s❡❞ ♣r♦❥❡❝t✐♥❣ ❛❧❧ ✐♥st❛♥❝❡s t♦ ❛
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✏✐♥st❛♥❝❡ s♣❛❝❡✑ ❬✾❪ ✇❤❡r❡ ✇❡ ❝❛♥ ✈✐s✉❛❧✐③❡ t❤❡ r❡❣✐♦♥ ✇❤❡r❡
❛♥ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ t♦ ♣❡r❢♦r♠ ✇❡❧❧ ❜❛s❡❞ ♦♥ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ✐ts
♦❜s❡r✈❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ♦♥ t❤❡ t❡st ✐♥st❛♥❝❡s✳ ❲❡ ❝❛❧❧ t❤✐s r❡❣✐♦♥ t❤❡ ❛❧❣♦r✐t❤♠
❢♦♦t♣r✐♥t ✐♥ ✐♥st❛♥❝❡ s♣❛❝❡✱ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ s✐③❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛♥ ❛❧❣♦r✐t❤♠✬s
❢♦♦t♣r✐♥t ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛♥ ♦❜❥❡❝t✐✈❡ ♠❡❛s✉r❡ ♦❢ ❛❧❣♦r✐t❤♠ ♣♦✇❡r✳ ■♥s♣❡❝t✐♦♥ ♦❢
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❢❡❛t✉r❡s ❛❝r♦ss t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞
t♦ ❣❡♥❡r❛t❡ ♥❡✇ ✐♥s✐❣❤ts ✐♥t♦ ❤♦✇ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✐♥st❛♥❝❡s ❛✛❡❝t ❛❧❣♦r✐t❤♠
♣❡r❢♦r♠❛♥❝❡✱ ❛♥❞ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ ✐♥ t❤❡ ❢❡❛t✉r❡
s♣❛❝❡ ✭♦r ✐♥st❛♥❝❡ s♣❛❝❡✮ t♦ ♣r❡❞✐❝t ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ♦♥ ✉♥s❡❡♥ ✐♥st❛♥❝❡s
❬✶✷❪✳ ❖✈❡r t❤❡ ❧❛st ❢❡✇ ②❡❛rs ✇❡ ❤❛✈❡ ❛♣♣❧✐❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤✐s ❜r♦❛❞ ♠❡t❤✲
♦❞♦❧♦❣② t♦ ❛ s❡r✐❡s ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ✐♥❝❧✉❞✐♥❣ t❤❡ ❚r❛✈❡❧❧✐♥❣ ❙❛❧❡s♠❛♥
Pr♦❜❧❡♠ ❬✾✱ ✶✶✱ ✶✸❪✱ ❏♦❜✲❙❤♦♣ ❙❝❤❡❞✉❧✐♥❣ ❬✶✹❪✱ ◗✉❛❞r❛t✐❝ ❆ss✐❣♥♠❡♥t Pr♦❜❧❡♠
❬✶✺❪✱ ●r❛♣❤ ❈♦❧♦r✐♥❣ ❬✶✷✱ ✶✻❪✱ ❛♥❞ ❚✐♠❡t❛❜❧✐♥❣ Pr♦❜❧❡♠s ❬✶✼✱ ✶✽❪✳

❲❤✐❧❡ ♦✉r ♣r❡✈✐♦✉s r❡s❡❛r❝❤ ❤❛s ❣❡♥❡r❛t❡❞ ❛♥ ✐♥✐t✐❛❧ ♠❡t❤♦❞♦❧♦❣②✱ ✐t ❤❛s
r❛✐s❡❞ ❛ ♥✉♠❜❡r ♦❢ q✉❡st✐♦♥s t❤❛t ♥❡❡❞ t♦ ❜❡ ❛❞❞r❡ss❡❞ ❢♦r ❛ ♠♦r❡ ❝♦♠♣r❡❤❡♥s✲
✐✈❡ t♦♦❧ t♦ ❜❡ ❞❡✈❡❧♦♣❡❞✿ ❍♦✇ s❤♦✉❧❞ ✇❡ s❡❧❡❝t t❤❡ r✐❣❤t ❢❡❛t✉r❡s t♦ r❡♣r❡s❡♥t
t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ♠♦st ❡✛❡❝t✐✈❡❧②❄ ❍♦✇ ❝❛♥ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ s✉✣❝✐❡♥❝② ❛♥❞
❞✐✈❡rs✐t② ♦❢ t❤❡ s❡t ♦❢ ✐♥st❛♥❝❡s❄ ❈❛♥ ✇❡ ♠♦r❡ ❛❝❝✉r❛t❡❧② ♣r❡❞✐❝t ❛❧❣♦r✐t❤♠ ♣❡r✲
❢♦r♠❛♥❝❡ ✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡ ♦r t❤❡ ♣r♦❥❡❝t❡❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧
s♣❛❝❡❄ ❍♦✇ s❤♦✉❧❞ ✇❡ ❞❡t❡r♠✐♥❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ ✇❤❡r❡ ✇❡ ❡①♣❡❝t ❛♥ ❛❧❣♦r✐t❤♠
t♦ ♣❡r❢♦r♠ ✇❡❧❧ ❜❛s❡❞ ♦♥ ❧✐♠✐t❡❞ ♦❜s❡r✈❛t✐♦♥s❄ ❍♦✇ ❝❛♥ ✇❡ r❡✈❡❛❧ t❤❡ str❡♥❣t❤s

✸



❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ❛ ♣♦rt❢♦❧✐♦ ♦❢ ❛❧❣♦r✐t❤♠s✱ ❛s ✇❡❧❧ ❛s t❤❡✐r ✉♥✐q✉❡ str❡♥❣t❤s
❛♥❞ ✇❡❛❦♥❡ss❡s ✇✐t❤✐♥ t❤❡ ♣♦rt❢♦❧✐♦✳

❚❤✐s ♣❛♣❡r ❡①t❡♥❞s t❤❡ ♠❡t❤♦❞♦❧♦❣② t❤❛t ❤❛s ❜❡❡♥ ✉♥❞❡r ❞❡✈❡❧♦♣♠❡♥t ❢♦r
t❤❡ ❧❛st ❢❡✇ ②❡❛rs ❜② ❛❞❞r❡ss✐♥❣ t❤❡s❡ ❧❛st r❡♠❛✐♥✐♥❣ q✉❡st✐♦♥s✳ ❲❡ ❞❡♠♦♥str❛t❡
t❤❡ ✉s❡ ♦❢ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❜② ❛♣♣❧②✐♥❣ ✐t t♦ s♦♠❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts r❡♣♦r✲
t❡❞ r❡❝❡♥t❧② ❢♦r ❛♥ ❡①t❡♥s✐✈❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ❤❡✉r✐st✐❝s ❬✶✾❪✳ ❚❤✐s
❝❛s❡ st✉❞② r❡✈❡❛❧s ✐♥s✐❣❤ts ✐♥t♦ t❤❡ r❡❧❛t✐✈❡ ♣♦✇❡rs ♦❢ t❤❡ ❝❤♦s❡♥ ♦♣t✐♠✐③❛t✐♦♥
❛❧❣♦r✐t❤♠s t❤❛t ✇❡r❡ ♥♦t ❛♣♣❛r❡♥t ❜② ❝♦♥s✐❞❡r✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❛✈❡r❛❣❡❞ ❛❝r♦ss
❛❧❧ ❝❤♦s❡♥ ✐♥st❛♥❝❡s✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✿ ✐♥ ❙❡❝t✐♦♥ ✷ ✇❡ ♣r❡s❡♥t t❤❡ ❢r❛♠❡✲
✇♦r❦ ✉♣♦♥ ✇❤✐❝❤ ♦✉r ♠❡t❤♦❞♦❧♦❣② r❡sts ✕ t❤❡ ❆❧❣♦r✐t❤♠ ❙❡❧❡❝t✐♦♥ Pr♦❜❧❡♠
❬✷✵❪ ✕ ✇❤✐❝❤ ❝♦♥s✐❞❡rs t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ✐♥st❛♥❝❡ s❡t✱ ❢❡❛t✉r❡s✱ ❛❧✲
❣♦r✐t❤♠s✱ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✳ ❚❤❡ ❞❡t❛✐❧❡❞ st❡♣s ♦❢ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❛r❡
t❤❡♥ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❛❢t❡r ♣r♦♣♦s✐♥❣ s♦❧✉t✐♦♥s t♦ t❤❡ q✉❡st✐♦♥s r❛✐s❡❞
❛❜♦✈❡✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ♣r❡s❡♥t ❛ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ❝❛s❡ st✉❞② ❜❛s❡❞ ♦♥ t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ♦❢ ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪ ❛♥❞ ❞✐s❝✉ss t❤❡ ♥❡✇ ✐♥s✐❣❤ts t❤❛t t❤❡
♠❡t❤♦❞♦❧♦❣② ❤❛s ❣❡♥❡r❛t❡❞✳ ❖✉r ❝♦♥❝❧✉s✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✱ ❛❧♦♥❣
✇✐t❤ s✉❣❣❡st✐♦♥s ❢♦r ✉s❡ ♦❢ t❤❡ ♠❡t❤♦❞♦❧♦❣② ❛♥❞ ❢✉t✉r❡ r❡s❡❛r❝❤ ❞✐r❡❝t✐♦♥s✳

✷✳ ❋r❛♠❡✇♦r❦✿ ❚❤❡ ❆❧❣♦r✐t❤♠ ❙❡❧❡❝t✐♦♥ Pr♦❜❧❡♠

■♥ ✶✾✼✻✱ ❘✐❝❡ ❬✷✵❪ ♣r♦♣♦s❡❞ ❛ ❢r❛♠❡✇♦r❦ ❢♦r t❤❡ ❆❧❣♦r✐t❤♠ ❙❡❧❡❝t✐♦♥ Pr♦❜✲
❧❡♠ ✭❆❙P✮✱ ✇❤✐❝❤ s❡❡❦s t♦ ♣r❡❞✐❝t ✇❤✐❝❤ ❛❧❣♦r✐t❤♠ ❢r♦♠ ❛ ♣♦rt❢♦❧✐♦ ✐s ❧✐❦❡❧②
t♦ ♣❡r❢♦r♠ ❜❡st ❜❛s❡❞ ♦♥ ♠❡❛s✉r❛❜❧❡ ❢❡❛t✉r❡s ♦❢ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡s✳ ❲❤✐❧❡
❘✐❝❡✬s ❢♦❝✉s ✇❛s ♥♦t ♦♥ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱ ✐♥st❡❛❞ ❛♣♣❧②✐♥❣ t❤✐s ❛♣♣r♦❛❝❤
t♦ ♣r❡❞✐❝t t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ s♦❧✈❡rs ❬✷✶✱ ✷✷❪✱ t❤❡
❢r❛♠❡✇♦r❦ ✐s ♦♥❡ t❤❛t ✐s r❡❛❞✐❧② ❣❡♥❡r❛❧✐③❛❜❧❡ t♦ ♦t❤❡r ❞♦♠❛✐♥s ✭s❡❡ t❤❡ s✉r✈❡②
♣❛♣❡r ❜② ❙♠✐t❤✲▼✐❧❡s ❬✷✸❪ ❢♦r ❛ r❡✈✐❡✇✮✳ ❚❤❡r❡ ❛r❡ ❢♦✉r ❡ss❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts ♦❢
t❤❡ ♠♦❞❡❧✿

• t❤❡ ♣r♦❜❧❡♠ s♣❛❝❡ P r❡♣r❡s❡♥ts ❛ ♣♦ss✐❜❧② ✐♥✜♥✐t❡❧②✲s✐③❡❞ s❡t ♦❢ ✐♥st❛♥❝❡s
♦❢ ❛ ♣r♦❜❧❡♠❀

• t❤❡ ❢❡❛t✉r❡ s♣❛❝❡ F ❝♦♥t❛✐♥s ♠❡❛s✉r❛❜❧❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ✐♥st❛♥❝❡s
❣❡♥❡r❛t❡❞ ❜② ❛ ❝♦♠♣✉t❛t✐♦♥❛❧ ❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥ ♣r♦❝❡ss ❛♣♣❧✐❡❞ t♦ P❀

• t❤❡ ❛❧❣♦r✐t❤♠ s♣❛❝❡ A ✐s ❛ s❡t ✭♣♦rt❢♦❧✐♦✮ ♦❢ ❛❧❣♦r✐t❤♠s ❛✈❛✐❧❛❜❧❡ t♦ s♦❧✈❡
t❤❡ ♣r♦❜❧❡♠❀

• t❤❡ ♣❡r❢♦r♠❛♥❝❡ s♣❛❝❡ Y r❡♣r❡s❡♥ts t❤❡ ♠❛♣♣✐♥❣ ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠ t♦ ❛
s❡t ♦❢ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s✳

❋♦r ♣❡r❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ✜♥❞ ❛ ♠❡❝❤❛♥✐s♠ ❢♦r ❣❡♥❡r❛t✐♥❣ t❤❡
♠❛♣♣✐♥❣ ❢r♦♠ ❢❡❛t✉r❡ s♣❛❝❡ t♦ ❛❧❣♦r✐t❤♠ s♣❛❝❡✳ ❚❤❡ ❆❧❣♦r✐t❤♠ ❙❡❧❡❝t✐♦♥ Pr♦❜✲
❧❡♠ ❝❛♥ ❜❡ ❢♦r♠❛❧❧② st❛t❡❞ ❛s✿ ❢♦r ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡ x ∈ P✱ ✇✐t❤ ❢❡❛t✉r❡
✈❡❝t♦r f(x) ∈ F ✱ ✜♥❞ t❤❡ s❡❧❡❝t✐♦♥ ♠❛♣♣✐♥❣ S(f(x)) ✐♥t♦ ❛❧❣♦r✐t❤♠ s♣❛❝❡ A✱
s✉❝❤ t❤❛t t❤❡ s❡❧❡❝t❡❞ ❛❧❣♦r✐t❤♠ α ∈ A ♠❛①✐♠✐③❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♠❛♣♣✐♥❣

✹



❋✐❣✉r❡ ✶✿ ▼❡t❤♦❞♦❧♦❣✐❝❛❧ ❢r❛♠❡✇♦r❦✱ ❡①t❡♥❞✐♥❣ t❤❡ ❆❧❣♦r✐t❤♠ ❙❡❧❡❝t✐♦♥ Pr♦❜❧❡♠ ♦❢ ❘✐❝❡
✭✶✾✼✻✮✱ s❤♦✇♥ ✐♥ t❤❡ ❜♦①

y(α, x) ∈ Y✳ ❚❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❞❛t❛ ❞❡s❝r✐❜✐♥❣ ④P✱ F ✱ A✱ Y✱⑥ ✐s ❦♥♦✇♥ ❛s t❤❡
♠❡t❛✲❞❛t❛✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ♠❡t❛✲❞❛t❛✱ ✐♥ ♣❛rt✐❝✉❧❛r ✉s✐♥❣ st❛t✐st✐❝❛❧ ❛♥❞ ♠❛✲
❝❤✐♥❡ ❧❡❛r♥✐♥❣ t❡❝❤♥✐q✉❡s t♦ ❧❡❛r♥ t❤❡ ♠❛♣♣✐♥❣ S✱ ❜❡t✇❡❡♥ ❢❡❛t✉r❡s ♦❢ ✐♥st❛♥❝❡s
❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❣♦r✐t❤♠s✱ ❤❛s ❜❡❡♥ ✉s❡❞ ❡✛❡❝t✐✈❡❧② ✐♥ ❛❧❣♦r✐t❤♠ ♣♦rt✲
❢♦❧✐♦ ❛♣♣r♦❛❝❤❡s ❬✶✹✱ ✶✺✱ ✶✼✱ ✷✹✱ ✷✺✱ ✷✻❪ t♦ ♣r❡❞✐❝t t❤❡ ❛❧❣♦r✐t❤♠ ❧✐❦❡❧② t♦ ♣❡r❢♦r♠
❜❡st ❢♦r ✉♥s❡❡♥ ✐♥st❛♥❝❡s✳

■♥ t❤✐s r❡s❡❛r❝❤✱ ✇❡ ✉t✐❧✐③❡ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❘✐❝❡✱ ❜✉t ❡①t❡♥❞ ✐t t♦ ❝♦♥✲
s✐❞❡r ♦✉r ❜r♦❛❞❡r ❛❣❡♥❞❛✿ ✇❡ ❛r❡ ♥♦t s✐♠♣❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ ✐❞❡♥t✐❢②✐♥❣ t❤❡
✇✐♥♥✐♥❣ ❛❧❣♦r✐t❤♠✱ ❜✉t ❤♦✇ t♦ ✉s❡ t❤❡ ♠❡t❛✲❞❛t❛ t♦ ✐❞❡♥t✐❢② t❤❡ str❡♥❣t❤s ❛♥❞
✇❡❛❦♥❡ss❡s ♦❢ ❛❧❣♦r✐t❤♠s✱ ❛♥❞ t♦ ✈✐s✉❛❧✐③❡ ❛♥❞ q✉❛♥t✐❢② t❤❡ r❡❧❛t✐✈❡ ♣♦✇❡r ♦❢
❛❧❣♦r✐t❤♠s✳ ❲❤✐❧❡ ♦✉r ❢♦❝✉s ✐s ♦♥ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱ ✇❡ ✇✐❧❧ r❡t❛✐♥ t❤❡
❣❡♥❡r✐❝ ♥❛t✉r❡ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦✱ ❛♥❞ ❤✐❣❤❧✐❣❤t ✇❤❡r❡ ❞♦♠❛✐♥✲s♣❡❝✐✜❝ ❝♦♥s✐❞❡r✲
❛t✐♦♥s ❛♣♣❧②✳ ❋✐❣✉r❡ ✶ ♣r❡s❡♥ts t❤❡ ❢r❛♠❡✇♦r❦ ❢♦r ♦✉r ♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣②✳

●❡♥❡r❛t✐♥❣ ❛♥❞ ❛♥❛❧②③✐♥❣ t❤❡ ♠❡t❛✲❞❛t❛ ④P✱ F ✱ A✱ Y✱⑥ ✐s ❝❡♥tr❛❧ t♦ t❤❡
❢r❛♠❡✇♦r❦✱ ❛s s❤♦✇♥ ✐♥ t❤❡ s❤❛❞❡❞ ❝❡♥tr❛❧ ❜♦① ❞❡s❝r✐❜✐♥❣ ❘✐❝❡✬s ❆❧❣♦r✐t❤♠
❙❡❧❡❝t✐♦♥ Pr♦❜❧❡♠ ❢r❛♠❡✇♦r❦✱ ❜✉t ✇❡ ❡①t❡♥❞ t❤❡ ❢r❛♠❡✇♦r❦ ✐♥ ❡❛❝❤ ❞✐r❡❝t✐♦♥
✐♥ ♦r❞❡r t♦ ❛❞❞r❡ss ♦✉r ❜r♦❛❞❡r ♦❜❥❡❝t✐✈❡s✳

❲❡ st❛rt ❜② ❛❝❦♥♦✇❧❡❞❣✐♥❣ t❤❛t ❘✐❝❡✬s ♣r♦❜❧❡♠ s♣❛❝❡ P s❤♦✉❧❞ r❡❛❧❧② ❜❡
❝♦♥s✐❞❡r❡❞ ❛s t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ✐♥st❛♥❝❡s ♦❢ ❛ ♣r♦❜❧❡♠✱ ❛♥❞ ♥♦t ❥✉st t❤❡
s✉❜s❡t ♦❢ ✐♥st❛♥❝❡s I ⊂ P ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts✳ ❲❡ t❤❡r❡❢♦r❡
♠✉st ❝♦♥s✐❞❡r ❤♦✇ t❤❡ s✉❜s❡t ♦❢ ✐♥st❛♥❝❡s ✉s❡❞ ❢♦r t❤❡ ♠❡t❛✲❞❛t❛ ❛r❡ s❡❧❡❝t❡❞
♦r ❣❡♥❡r❛t❡❞✳ ■♥ ♦r❞❡r t♦ ❧❡❛r♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✱ ✇❡
♠✉st ✐♥❝❧✉❞❡ ✐♥st❛♥❝❡s t❤❛t ❛r❡ ❡❛s② ❛♥❞ ❤❛r❞ ❢♦r ❡❛❝❤ ❛❧❣♦r✐t❤♠✱ ❛♥❞ ✇❡ ♠❛②
♥❡❡❞ t♦ t❛❦❡ st❡♣s t❤r♦✉❣❤ ❝❛r❡❢✉❧ ✐♥st❛♥❝❡ ❣❡♥❡r❛t✐♦♥ ♠❡❝❤❛♥✐s♠s t♦ ♣r♦❞✉❝❡

✺



s✉❝❤ ✐♥st❛♥❝❡s ✐❢ t❤❡ ❞✐✈❡rs✐t② ♦❢ t❤❡ s❡t ♦❢ ✐♥st❛♥❝❡s I ✐s ✐♥s✉✣❝✐❡♥t✳ ▼❡❛s✉r✐♥❣
s✉❝❤ s✉✣❝✐❡♥❝② ✇✐❧❧ r❡❧② ♦♥ ❜❡✐♥❣ ❛❜❧❡ t♦ ✐✮ ✈✐s✉❛❧✐③❡ t❤❡ ✐♥st❛♥❝❡s ✐♥ ❛ ❝♦♠♠♦♥
s♣❛❝❡✱ ❛♥❞ ✈❡r✐❢② t❤❛t t❤❡② ❛r❡ s♣❛t✐❛❧❧② ❞✐✈❡rs❡ ❛♥❞ t❤❡r❡❢♦r❡ ❞✐ss✐♠✐❧❛r❀ ❛♥❞ ✐✐✮
❡♥s✉r✐♥❣ t❤❛t t❤❡ ✐♥st❛♥❝❡s ❛r❡ ❞✐s❝r✐♠✐♥❛t✐♥❣ ♦❢ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✱ ❛♥❞ ❛r❡
♥♦t ❡q✉❛❧❧② ❡❛s② ♦r ❡q✉❛❧❧② ❤❛r❞ ❢♦r ❛❧❧ ❛❧❣♦r✐t❤♠s✱ ✇❤✐❝❤ ✇♦✉❧❞ t❡❧❧ ✉s ♥♦t❤✐♥❣
❛❜♦✉t t❤❡ r❡❧❛t✐✈❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ❛❧❣♦r✐t❤♠s✳

❚❤❡ ❞✐✈❡rs✐t② ♦❢ t❤❡ ✐♥st❛♥❝❡s ❞❡♣❡♥❞s ♦♥ ❤♦✇ ✇❡ ❛r❡ ♠❡❛s✉r✐♥❣ t❤❡✐r ♣r♦♣✲
❡rt✐❡s ♦r ❢❡❛t✉r❡s✳ ■❢ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② s✐♠♣❧❡ ♣r♦♣❡rt✐❡s ✭s✉❝❤ ❛s t❤❡ ♥✉♠❜❡r
♦❢ ❝✐t✐❡s ✐♥ ❛ ❚r❛✈❡❧❧✐♥❣ ❙❛❧❡s♠❛♥ Pr♦❜❧❡♠ ✐♥st❛♥❝❡✮✱ t❤❡♥ ♠❛♥② ❣❡♥✉✐♥❡❧② ❞✐✲
✈❡rs❡ ✐♥st❛♥❝❡s ✇✐❧❧ ❛♣♣❡❛r s✐♠✐❧❛r✳ ❆s t❤❡ s♦♣❤✐st✐❝❛t✐♦♥ ♦❢ t❤❡ ❢❡❛t✉r❡ s❡t
✐♥❝r❡❛s❡s ✇❡ ❞❡✈❡❧♦♣ ❣r❡❛t❡r ❛❜✐❧✐t② t♦ ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ ✐♥st❛♥❝❡s ✐♥ ❛ ❤✐❣❤
❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡✳ ❲❤✐❧❡ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❝❛♥❞✐❞❛t❡ ❢❡❛t✉r❡s ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❢♦r ♠❛♥② ❝♦♠♠♦♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❬✶✵❪✱ ✐t ❝❛♥
❜❡ s♦♠❡✇❤❛t ♦❢ ❛♥ ❛rt t♦ s❡❧❡❝t t❤❡ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s t❤❛t ❝r❡❛t❡ t❤❡ ♠♦st
✉s❡❢✉❧ ❢❡❛t✉r❡ s♣❛❝❡ ❛♥❞ r❡s✉❧t✐♥❣ ♠❡t❛✲❞❛t❛✳ ❘✐❝❡✬s ❢r❛♠❡✇♦r❦ ♣r♦✈✐❞❡s ♥♦
❛❞✈✐❝❡ ❛❜♦✉t t❤❡ ♠❛♣♣✐♥❣ ❢r♦♠ ♣r♦❜❧❡♠ s♣❛❝❡ P t♦ t❤❡ ❢❡❛t✉r❡ s♣❛❝❡ F ✱ ❜✉t
❛❝❦♥♦✇❧❡❞❣❡s ✏t❤❡ ✇❛② ♣r♦❜❧❡♠ ❢❡❛t✉r❡s ❛✛❡❝t ♠❡t❤♦❞s ✐s ❝♦♠♣❧❡① ❛♥❞ ❛❧❣♦✲
r✐t❤♠ s❡❧❡❝t✐♦♥ ♠✐❣❤t ❞❡♣❡♥❞ ✐♥ ❛♥ ✉♥st❛❜❧❡ ✇❛② ♦♥ t❤❡ ❢❡❛t✉r❡s ❛❝t✉❛❧❧② ✉s❡❞✑
❬✷✷❪✳ ❲❤✐❧❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉✐t❛❜❧❡ ❢❡❛t✉r❡s ❝❛♥♥♦t ❜❡ ✐♥❝♦r♣♦r❛t❡❞ r❡❛❞✐❧②
✐♥t♦ ❘✐❝❡✬s ❛❜str❛❝t ♠♦❞❡❧✱ ❧❛r❣❡❧② ❞✉❡ t♦ t❤❡ ♣r♦❜❧❡♠ s♣❡❝✐✜❝ ♥❛t✉r❡ ♦❢ t❤❡
❢❡❛t✉r❡ ❝♦♥str✉❝t✐♦♥ ♣r♦❝❡ss✱ ✇❡ ❛❝❦♥♦✇❧❡❞❣❡ ❤❡r❡ t❤❡ ❝r✐t✐❝❛❧✐t② ♦❢ t❤❡ t❛s❦ ♦❢
❝♦♥str✉❝t✐♥❣ ❛♥❞ s❡❧❡❝t✐♥❣ s✉✐t❛❜❧❡ ❢❡❛t✉r❡s t❤❛t ❛❞❡q✉❛t❡❧② ♠❡❛s✉r❡ t❤❡ r❡❧❛✲
t✐✈❡ ❞✐✣❝✉❧t② ♦❢ t❤❡ ✐♥st❛♥❝❡s ❢♦r ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s✳ ❚❤❡ ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥
♣r♦❝❡ss ✐s s✉❝❝❡ss❢✉❧ ✐❢ ❡❛s② ❛♥❞ ❤❛r❞ ✐♥st❛♥❝❡s ❛r❡ ❡❛s✐❧② s❡♣❛r❛❜❧❡ ✐♥ t❤❡ ❤✐❣❤
❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡✳ ❖✉r ♠❡t❤♦❞♦❧♦❣② ✐♥❝❧✉❞❡s ❛ ❢❡❛t✉r❡ s✉❜s❡t s❡❧❡❝t✐♦♥
♠❡t❤♦❞ t❤❛t ❛❝❤✐❡✈❡s t❤❡ ❞❡s✐r❡❞ ♦✉t❝♦♠❡s ❢♦r ❛ ✉s❡❢✉❧ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠ s♣❛❝❡ P t♦ t❤❡ ✐♥st❛♥❝❡ ❢❡❛t✉r❡ s♣❛❝❡ F ✳

▼✉❝❤ ❝❛♥ ❜❡ ❧❡❛r♥❡❞ ❢r♦♠ t❤❡ ♠❡t❛✲❞❛t❛ ④P✱ F ✱ A✱ Y⑥ ✭♦r ♠♦r❡ ❝♦rr❡❝t❧②✱
④I✱ F ✱ A✱ Y⑥✮ ♦♣❡r❛t✐♥❣ ✐♥ t❤✐s ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡✳ ▼❛❝❤✐♥❡ ❧❡❛r♥✲
✐♥❣ ♠❡t❤♦❞s ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ t♦ ♣r❡❞✐❝t ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❡r♠s ♦❢ t❤❡
❢❡❛t✉r❡ ✈❡❝t♦r ❞❡s❝r✐❜✐♥❣ ❛♥ ✐♥st❛♥❝❡✱ ❛♥❞ ♦✉t✲♦❢✲s❛♠♣❧❡ t❡st✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ t♦
❞❡♠♦♥str❛t❡ ♣r❡❞✐❝t✐✈❡ ♣♦✇❡r✳ ❋♦r ❡✛❡❝t✐✈❡ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s✐♠✐❧❛r✐t✐❡s ❛♥❞
❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ✐♥st❛♥❝❡ ❝❧❛ss❡s✱ ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❣♦r✐t❤♠s ❛❝r♦ss
t❤✐s ❝♦♠♠♦♥ s♣❛❝❡ ♦❢ ✐♥st❛♥❝❡s✱ ✇❡ ♣r♦♣♦s❡ t♦ ❡♠♣❧♦② ❞✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥ t❡❝❤✲
♥✐q✉❡s t♦ ♣r♦❞✉❝❡ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥st❛♥❝❡s ✐♥ ❛ ❝♦♠♠♦♥
s♣❛❝❡ ❞❡✜♥❡❞ ❜② t❤❡ ❢❡❛t✉r❡s✳ ▼❛♥② ❞✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥ ♠❡t❤♦❞s ❛r❡ s✉✐t❛❜❧❡
❢♦r t❤✐s t❛s❦✱ ✐♥❝❧✉❞✐♥❣ Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s ❬✷✼❪✱ s❡❧❢✲♦r❣❛♥✐③✐♥❣ ❢❡❛✲
t✉r❡ ♠❛♣s ❬✷✽❪✱ ❡t❝✳ ❲❤✐❝❤❡✈❡r ♠❡t❤♦❞ ✐s ❝❤♦s❡♥✱ ❛♥ ✐♥st❛♥❝❡ x ✐s ♣r♦❥❡❝t❡❞
❢r♦♠ ✐ts ❧♦❝❛t✐♦♥ ✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡ ✭❣✐✈❡♥ ❜② t❤❡ ✈❡❝t♦r ♣♦✲
s✐t✐♦♥ f(x) ∈ F✮ t♦ ❛ ♣♦✐♥t ✐♥ R

2 ✈✐❛ t❤❡ ✭❧✐♥❡❛r ♦r ♥♦♥✲❧✐♥❡❛r✮ ♠❛♣♣✐♥❣ g✳ ❚❤✐s
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛♥❝❡ s♣❛❝❡ t❤❡r❡❢♦r❡ ❞❡✜♥❡s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❛❧❧ ♣♦✐♥ts

z ∈ P
f
→ F

g
→ R

2 ✳
❚❤❡ ♦❜s❡r✈❛❜❧❡ ♠❡t❛✲❞❛t❛ ④I✱ F ✱ A✱ Y⑥ ❝❛♥ ❜❡ ✈✐s✉❛❧✐③❡❞ ✇✐t❤✐♥ t❤✐s t✇♦✲

❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛♥❝❡ s♣❛❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ✐♥st❛♥❝❡s x ∈
I ⊂ P ❝❛♥ ❜❡ ✐♥s♣❡❝t❡❞ ✐♥ R

2 t♦ ❝♦♥✜r♠ t❤❛t t❤❡ ❞✐✈❡rs✐t② r❡q✉✐r❡♠❡♥t ❤❛s

✻



❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ ✐♥st❛♥❝❡s ❛♥❞ t❤❡ ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥✳ ❚❤❡ ♣❡r✲
❢♦r♠❛♥❝❡ ♦❢ ❛❧❣♦r✐t❤♠s ❛❝r♦ss t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❝❛♥ ❛❧s♦ ❜❡ ✈✐s✉❛❧✐③❡❞ t♦ ❡st❛❜✲
❧✐s❤ t❤❡ ❞❡❣r❡❡ t♦ ✇❤✐❝❤ t❤❡ s❡❧❡❝t❡❞ ✐♥st❛♥❝❡s ❛r❡ ❞✐s❝r✐♠✐♥❛t✐♥❣ ♦❢ ❛❧❣♦r✐t❤♠
♣❡r❢♦r♠❛♥❝❡✳ ■♥ ❢❛❝t✱ t❤❡ s❡♣❛r❛❜✐❧✐t② ♦❢ ✐♥st❛♥❝❡s ❛♥❞ ❞✐s❝r✐♠✐♥❛t♦r② ❛❧❣♦r✐t❤♠
♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✐s ❛ ❝r✐t❡r✐❛ ✇❡ ✇✐❧❧ ✉s❡ t♦ ❣✉✐❞❡ t❤❡ s❡❛r❝❤
❢♦r ❛♥ ♦♣t✐♠❛❧ s✉❜s❡t ♦❢ ❝❛♥❞✐❞❛t❡ ❢❡❛t✉r❡s✱ ❛♥❞ t❤❡ s✉✣❝✐❡♥❝② ♦❢ t❤❡ s✉❜s❡t ♦❢
✐♥st❛♥❝❡s ✐♥ t❤❡ ♠❡t❛✲❞❛t❛✳

❚❤❡ ♠❡t❛✲❞❛t❛ ❝♦♥t❛✐♥s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♣❡r❢♦r♠❛♥❝❡ t❤❛t ❡❛❝❤ ❛❧✲
❣♦r✐t❤♠ ❡①❤✐❜✐ts ♦♥ ❡❛❝❤ ✐♥st❛♥❝❡ ✐♥ t❤❡ s✉❜s❡t I✳ ▼❡❛s✉r✐♥❣ ❛❧❣♦r✐t❤♠ ♣❡r✲
❢♦r♠❛♥❝❡ ✐s ❛ ❝♦♠♣❧❡① t❛s❦ s✐♥❝❡ t❤❡r❡ ❛r❡ ❢r❡q✉❡♥t❧② ♠❛♥② ❢❛❝t♦rs t♦ ❝♦♥s✐❞❡r
✇❤❡♥ ❞❡✜♥✐♥❣ ❛ s✉♣❡r✐♦r ❛❧❣♦r✐t❤♠✿ t❤❡ t✐♠❡ r❡q✉✐r❡❞ t♦ ✜♥❞ ❛ ❤✐❣❤ q✉❛❧✐t② s♦✲
❧✉t✐♦♥❀ t❤❡ q✉❛❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ ❢♦✉♥❞ ❛❢t❡r ❛ ✜①❡❞ ❛♠♦✉♥t ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧
❡✛♦rt❀ t❤❡ r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r❡❞ t♦ ♦t❤❡r ❛❧❣♦r✐t❤♠s❀ t❤❡ ♣❡r❢♦r♠❛♥❝❡
❝♦♠♣❛r❡❞ t♦ ❛ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞✳ ❙✉♣♣♦s✐♥❣ t❤❛t ❛ ✉s❡r ❤❛s ❞❡✜♥❡❞ ❤♦✇ t❤❡②
✐♥t❡♥❞ t♦ ♠❡❛s✉r❡ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡✱ ✐t ✐s t❤❡♥ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❡✈❛❧✉❛t❡ t❤❡
♠❡t❛✲❞❛t❛ ❛♥❞ ❞❡t❡r♠✐♥❡✱ ❢♦r ❡❛❝❤ ❛❧❣♦r✐t❤♠✱ t❤❡ s❡t ♦❢ ✐♥st❛♥❝❡s ✇❤❡r❡ t❤❡
❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞✳ ❇✉t ✇❤❛t ❛❜♦✉t t❤❡ ♣❛rts ♦❢ t❤❡ ✐♥st❛♥❝❡
s♣❛❝❡ ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ ♦❜s❡r✈❛❜❧❡ ✐♥st❛♥❝❡ ✐♥ t❤❡ ♠❡t❛✲❞❛t❛❄ ❲❤❛t ❝❛♥ ❜❡
s❛✐❞ ❛❜♦✉t ✇❤❡t❤❡r s✉❝❤ r❡❣✐♦♥s ❧✐❡ ✇✐t❤✐♥ t❤❡ ❢♦♦t♣r✐♥t ♦❢ ❛♥ ❛❧❣♦r✐t❤♠❄ ❚❤✐s
✐s ❛ st❛t✐st✐❝❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐ss✉❡✳ ❖✉r ♠❡t❤♦❞♦❧♦❣② ♣r♦♣♦s❡s ❛♥ ❛♣♣r♦❛❝❤ t♦
✐❞❡♥t✐❢② t❤❡ r❡❣✐♦♥s ✐♥ ✐♥st❛♥❝❡ s♣❛❝❡ ✇❤❡r❡ ✇❡ ❤❛✈❡ s✉✣❝✐❡♥t ❡✈✐❞❡♥❝❡ t❤❛t
❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ ❢r♦♠ ❛♥ ❛❧❣♦r✐t❤♠✱ ❛♥❞ ❝❛❧❝✉❧❛t❡s t❤❡ ❛r❡❛
♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ❢♦♦t♣r✐♥t✱ ❛❧♦♥❣ ✇✐t❤ ✐ts ♠❛t❤❡♠❛t✐❝❛❧ ❜♦✉♥❞❛r② ϕ(y, α, x)✳
❚❤✐s ❛❧❣♦r✐t❤♠ ❢♦♦t♣r✐♥t ❡♥❛❜❧❡s ✉s t♦ t❤❡♥ ✐♥❢❡r t❤❡ ♣❡r❢♦r♠❛♥❝❡ t❤❛t ✇❡ ❝❛♥
❡①♣❡❝t ❢r♦♠ ❛❧❧ ✐♥st❛♥❝❡s z ∈ P✱ ❛♥❞ ♣r♦✈✐❞❡s t❤❡ ♥❡❝❡ss❛r② t♦♦❧ t♦ r❡♣♦rt t❤❡
❧✐❦❡❧② str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛❝r♦ss ❛❧❧ ✐♥st❛♥❝❡s✳
❈❧❡❛r❧②✱ t❤❡ ❝♦♥✜❞❡♥❝❡ ✇❡ ❤❛✈❡ ✐♥ t❤❡ st❛t✐st✐❝❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❞❡♣❡♥❞s ✐♠✲
♠❡♥s❡❧② ♦♥ ❡♥s✉r✐♥❣ t❤❛t ♦✉r s❡❧❡❝t❡❞ ✐♥st❛♥❝❡s I ⊂ P ❛r❡ ✉♥❜✐❛s❡❞ ❛♥❞ t❤❛t
♦✉r ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥ ❛♥❞ ❞✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥ ♣r♦❝❡ss❡s ❤❛✈❡ ♣r❡s❡r✈❡❞ ♠♦st ♦❢
t❤❡ ✐♠♣♦rt❛♥t t♦♣♦❧♦❣✐❝❛❧ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ✐♥st❛♥❝❡s✳

■t ✐s ❢r♦♠ ✇✐t❤✐♥ t❤✐s ❢r❛♠❡✇♦r❦ t❤❛t ✇❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞♦❧♦❣②
t♦ ❞❡✈❡❧♦♣ ♦✉r ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s♦✉r❝❡ ❢♦r t❤❡ ♦♣❡r❛t✐♦♥s r❡s❡❛r❝❤ ❝♦♠♠✉♥✐t②✳
■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ♦♥❧② ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❢r❛♠❡✇♦r❦ t❤❛t ✐s s♣❡❝✐✜❝
t♦ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠s ✐s t❤❡ ❝❤♦✐❝❡ ♦❢ ❝❛♥❞✐❞❛t❡ ❢❡❛t✉r❡s t♦ s✉♠♠❛r✐③❡ t❤❡
✐♥st❛♥❝❡s✳ ❆❧❧ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❢r❛♠❡✇♦r❦✱ ❛♥❞ ❝♦♥s❡q✉❡♥t✐❛❧ ♠❡t❤♦❞✲
♦❧♦❣②✱ ❛r❡ ❣❡♥❡r✐❝ ❛♥❞ ❛♣♣❧✐❝❛❜❧❡ t♦ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ ♣r♦❜❧❡♠ ❞♦♠❛✐♥s ❜❡②♦♥❞
♦♣t✐♠✐s❛t✐♦♥✳

✸✳ ▼❡t❤♦❞♦❧♦❣②

❚❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞♦❧♦❣② ❝♦♠♣r✐s❡s t❤r❡❡ st❛❣❡s✿

✶✳ ●❡♥❡r❛t✐♥❣ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✲ ❛ ♣r♦❝❡ss ✇❤❡r❡❜② ✐♥st❛♥❝❡s ❛r❡ s❡❧❡❝t❡❞✱
t❤❡✐r ❢❡❛t✉r❡s ❝❛❧❝✉❧❛t❡❞✱ ❛♥❞ ❛♥ ♦♣t✐♠❛❧ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s ✐s ❣❡♥❡r❛t❡❞
t♦ ❝r❡❛t❡ ❛ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s✉♠♠❛r② ♦❢ t❤❡ ✐♥st❛♥❝❡s ✐♥ ❢❡❛t✉r❡ s♣❛❝❡
t❤❛t✱ ✇❤❡♥ ♣r♦❥❡❝t❡❞ t♦ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛♥❝❡ s♣❛❝❡✱ ❛❝❤✐❡✈❡s ❣♦♦❞
s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❡❛s② ❛♥❞ ❤❛r❞ ✐♥st❛♥❝❡s❀

✼



✷✳ ❆❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥ ✲ ✉s✐♥❣ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❛♥ ✐♥st❛♥❝❡
✇✐t❤✐♥ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✱ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s ❛r❡ ✉s❡❞ t♦ ❝❧❛s✲
s✐❢② t❤❡ r❡❣✐♦♥s ✇❤❡r❡ ❛♥ ❛❧❣♦r✐t❤♠ ✐s ♣r❡❞✐❝t❡❞ t♦ ♣❡r❢♦r♠ ✇❡❧❧ ♦r ♣♦♦r❧②✱
❛♥❞ t♦ ✐❞❡♥t✐❢② ✇❤✐❝❤ ❛❧❣♦r✐t❤♠ ✐s r❡❝♦♠♠❡♥❞❡❞ ❢♦r ✇❤✐❝❤ r❡❣✐♦♥s ♦❢ t❤❡
✐♥st❛♥❝❡ s♣❛❝❡❀

✸✳ ❆♥❛❧②s✐s ♦❢ ❛❧❣♦r✐t❤♠✐❝ ♣♦✇❡r ✲ t❤❡ s✐③❡ ❛♥❞ ❧♦❝❛t✐♦♥ ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠✬s
❢♦♦t♣r✐♥t ❝❛♥ ❜❡ ♠❡❛s✉r❡❞ ♦❜❥❡❝t✐✈❡❧②✱ ❛♥❞ ❝♦♥❝❧✉s✐♦♥s ❝❛♥ ❜❡ ❞r❛✇♥ ❛❜♦✉t
r❡❧❛t✐✈❡ ❛❧❣♦r✐t❤♠✐❝ ♣♦✇❡r✳ ■♥s✐❣❤ts ❝❛♥ ❜❡ ❣❛✐♥❡❞ ❢r♦♠ t❤✐s ✈✐s✉❛❧✐③❛t✐♦♥
t♦ ❡①♣❧❛✐♥ ❛❧❣♦r✐t❤♠ str❡♥❣t❤ ♦r ✇❡❛❦♥❡ss ❜② ✐♥s♣❡❝t✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ ❢❡❛t✉r❡s ❛❝r♦ss t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✳

❉❡t❛✐❧s ♦❢ t❤✐s ♠❡t❤♦❞♦❧♦❣② ❛r❡ ♥♦✇ ♣r❡s❡♥t❡❞✱ ❜❡❢♦r❡ ❛ ❝❛s❡ st✉❞② ✐s ✉s❡❞ ✐♥
❙❡❝t✐♦♥ ✹ t♦ ✐❧❧✉str❛t❡ t❤❡ ♠❡t❤♦❞♦❧♦❣②✳

✸✳✶✳ ●❡♥❡r❛t✐♥❣ t❤❡ ■♥st❛♥❝❡ ❙♣❛❝❡

❚❤❡ ✐❞❡❛❧ ✐♥st❛♥❝❡ s♣❛❝❡ ✐s ♦♥❡ t❤❛t ♠❛♣s t❤❡ ❛✈❛✐❧❛❜❧❡ ✐♥st❛♥❝❡s t♦ ❛ t✇♦✲
❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❡❛s② ✐♥st❛♥❝❡s ❛♥❞ ❤❛r❞ ✐♥✲
st❛♥❝❡s ❛r❡ ✇❡❧❧ s❡♣❛r❛t❡❞✳ ❲✐t❤ t❤✐s ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✱ ✇❡ ❝❛♥
t❤❡♥ ✐♥s♣❡❝t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢❡❛t✉r❡s ❛❝r♦ss t❤❡ s♣❛❝❡ t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡
❢❡❛t✉r❡s ❛✛❡❝t ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ♠✉❧t✐♣❧❡ ❛❧❣♦r✐t❤♠s✱ ❛♥
✐❞❡❛❧ ✐♥st❛♥❝❡ s♣❛❝❡ ❢♦r ♦♥❡ ❛❧❣♦r✐t❤♠ ♠✐❣❤t ♥♦t ❜❡ ✐❞❡❛❧ ❢♦r ❛♥♦t❤❡r ❛❧❣♦r✐t❤♠✱
s♦ ✇❡ ♠✉st ❛❝❤✐❡✈❡ s♦♠❡ ❝♦♠♣r♦♠✐s❡ t♦ ✜♥❞ ❛ ♠❛♣♣✐♥❣ ♦❢ t❤❡ ✐♥st❛♥❝❡s t♦ ❛
s✐♥❣❧❡ ❢❡❛t✉r❡ s♣❛❝❡ ✐♥ ❛ ✇❛② t❤❛t ❛❝❤✐❡✈❡s t❤❡ ❜❡st s❡♣❛r❛❜✐❧✐t② ♦❢ ❡❛s② ❛♥❞ ❤❛r❞
✐♥st❛♥❝❡s ♦♥ ❛✈❡r❛❣❡✳ ◆♦t ♦♥❧② ❞♦❡s t❤❡ ❝❤♦✐❝❡ ♦❢ ❢❡❛t✉r❡s ❛✛❡❝t t❤❡ r❡s✉❧t✐♥❣
✐♥st❛♥❝❡ s♣❛❝❡✱ ❜✉t t❤❡ ❝❤♦✐❝❡ ♦❢ ✐♥st❛♥❝❡s ✲ ❛♥❞ t❤❡✐r ❞✐✈❡rs✐t② ✲ ♣❧❛②s ❛ ♠❛✲
❥♦r r♦❧❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❜r❡❛❞t❤ ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❛♥❞ t❤❡ ✈❛r✐❛❜✐❧✐t② ✐t
❛❝❝♦♠♠♦❞❛t❡s✳ ■❢ ✇❡ ❛r❡ t♦ ❧❡❛r♥ ❛❜♦✉t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠✲
❛♥❝❡✱ t❤❡♥ ✇❡ ♠✉st t❛❦❡ st❡♣s t♦ ❡♥s✉r❡ t❤❛t ♦✉r ✐♥st❛♥❝❡ s♣❛❝❡ ✐s ❛s ❜r♦❛❞ ❛s
♣♦ss✐❜❧❡✳

●❡♥❡r❛t✐♥❣ ❛ s✉✐t❛❜❧❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❢♦r ❛ ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ✐s t❤❡r❡❢♦r❡ ❛ ❝♦♠♣❧✐❝❛t❡❞ ✐♥t❡r♣❧❛② ❜❡t✇❡❡♥ s❡❧❡❝t✐♥❣ ❞✐✈❡rs❡ ✐♥st❛♥❝❡s✱
♠❡❛s✉r✐♥❣ t❤❡ r✐❣❤t ❢❡❛t✉r❡s t❤❛t ❝♦rr❡❧❛t❡ ✇✐t❤ ✐♥st❛♥❝❡ ❞✐✣❝✉❧t②✱ ❛♥❞ s❡❧❡❝t✐♥❣
t❤❡ ♦♣t✐♠❛❧ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s t❤❛t✱ ✇❤❡♥ ♠❛♣♣❡❞ t♦ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛♥❝❡
s♣❛❝❡✱ ♣r♦❞✉❝❡s t❤❡ ❜❡st s❡♣❛r❛t✐♦♥ ♦❢ ❡❛s② ❛♥❞ ❤❛r❞ ✐♥st❛♥❝❡s ❛✈❡r❛❣❡❞ ❛❝r♦ss
❛❧❧ ❛❧❣♦r✐t❤♠s✳ ❲❡ ♣r♦♣♦s❡ t❤❛t ❛ s✉✐t❛❜❧❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❝♦✉❧❞ ❜❡ ❣❡♥❡r❛t❡❞
♦♥❝❡ ❢♦r ❡❛❝❤ ❝❧❛ss ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r❡s❡♥t❡❞
❤❡r❡✱ ❛♥❞ t❤✐s ❝♦✉❧❞ t❤❡♥ ❜❡ ❛✈❛✐❧❛❜❧❡ ❛s ❛ r❡s♦✉r❝❡ ❢♦r ❛❧❧ r❡s❡❛r❝❤❡rs t♦ ❡①♣❧♦r❡
❤♦✇ t❤❡✐r ❛❧❣♦r✐t❤♠s ♣❡r❢♦r♠ ✐♥ t❤✐s s♣❛❝❡✳

✸✳✶✳✶✳ ■♥st❛♥❝❡ s❡❧❡❝t✐♦♥ ♦r ❣❡♥❡r❛t✐♦♥

❙✐♥❝❡ ♦✉r ♠❡t❤♦❞♦❧♦❣② ✐♥✈♦❧✈❡s st❛t✐st✐❝❛❧ ✐♥❢❡r❡♥❝❡ ❛♥❞ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✱
✐t s❤♦✉❧❞ ❛❧r❡❛❞② ❜❡ ❛♣♣❛r❡♥t t❤❛t ✇❡ r❡q✉✐r❡ ❛ ❧❛r❣❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✐♥st❛♥❝❡s ♦❢
❛ ♣r♦❜❧❡♠✳ ❋♦r ♠❛♥② ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✱ ❧❛r❣❡ ❝♦❧❧❡❝t✐♦♥s ♦❢ ✇❡❧❧✲st✉❞✐❡❞
✐♥st❛♥❝❡s ❡①✐st✳ ■❢ t❤❡② ❛r❡ s✉✣❝✐❡♥t❧② ❞✐✈❡rs❡ ❜❛s❡❞ ♦♥ ♠❡❛s✉r❛❜❧❡ ❢❡❛t✉r❡s
t❤❛t ❝♦rr❡❧❛t❡ ✇✐t❤ ❞✐✣❝✉❧t②✱ t❤❡♥ t❤❛t ✐s ♣r♦❜❛❜❧② s✉✣❝✐❡♥t ❢♦r ❣❡♥❡r❛t✐♥❣ ❛
✉s❡❢✉❧ ✐♥st❛♥❝❡ s♣❛❝❡✳ ■❢ ❞✐✈❡rs✐t② ✐s ♥♦t ❛❝❤✐❡✈❡❞✱ t❤❡♥ ✇❡ ♠✉st t❛❦❡ st❡♣s t♦

✽



❣❡♥❡r❛t❡ ❛❞❞✐t✐♦♥❛❧ ✐♥st❛♥❝❡s t❤❛t ❡①t❡♥❞ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✳
■♥st❛♥❝❡s t❤❛t ❛r❡ ❡①tr❡♠❡❧② ❡❛s② ♦r ❤❛r❞ ❢♦r ❛❧❣♦r✐t❤♠s ✐♥ t❤❡ ♣♦rt❢♦❧✐♦ ❝❛♥ ❜❡
❡✈♦❧✈❡❞ ✉s✐♥❣ ❡✈♦❧✉t✐♦♥❛r② ❛❧❣♦r✐t❤♠s✱ ❛s ✇❡ ❤❛✈❡ ❞♦♥❡ ✐♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦
❬✶✶❪✳ ▼❡❛s✉r✐♥❣ t❤❡ ❞✐✈❡rs✐t② ♦❢ t❤❡ ✐♥st❛♥❝❡s ❛s t❤❡② ❛♣♣❡❛r ✐♥ t❤❡ r❡s✉❧t✐♥❣
✐♥st❛♥❝❡ s♣❛❝❡ r❡q✉✐r❡s t✇♦ ❝♦♥s✐❞❡r❛t✐♦♥s✿

✶✳ ✐♥st❛♥❝❡ ❞✐ss✐♠✐❧❛r✐t② ✲ t❤❡ ✐♥st❛♥❝❡s s❤♦✉❧❞ s♣❛♥ ❛ r❡❛s♦♥❛❜❧❡ r❡❣✐♦♥ ✐♥ t❤❡
✐♥st❛♥❝❡ s♣❛❝❡ ❛♥❞ ♥♦t ❛❧❧ ❜❡ ❝♦✲❧♦❝❛t❡❞ ✐♥ ❛ s♠❛❧❧ r❡❣✐♦♥✳ ❙✉✐t❛❜❧❡ ♠❡❛s✲
✉r❡s ♦❢ ✐♥st❛♥❝❡ ❞✐ss✐♠✐❧❛r✐t② ✐♥❝❧✉❞❡ t❤❡ ❛✈❡r❛❣❡ ❞✐st❛♥❝❡ t♦ t❤❡ ❝❡♥tr♦✐❞
♦❢ t❤❡ ✐♥st❛♥❝❡s✱ ♦r t❤❡ r❛t✐♦ ♦❢ t❤❡ ❛r❡❛ ♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧ t♦ t❤❡ ❛r❡❛ ♦❢
t❤❡ r❡❝t❛♥❣❧❡ ❝♦♥t❛✐♥✐♥❣ t❤❡ ✐♥st❛♥❝❡s❀

✷✳ ❛❧❣♦r✐t❤♠✐❝ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✲ t❤❡ ✐♥st❛♥❝❡s s❤♦✉❧❞ ❡❧✐❝✐t ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉rs
❢r♦♠ t❤❡ ❛❧❣♦r✐t❤♠s ✐♥ t❤❡ ♣♦rt❢♦❧✐♦✱ ✇✐t❤ s♦♠❡ ❜❡✐♥❣ ❡❛s② ❛♥❞ ♦t❤❡rs ❜❡✐♥❣
❤❛r❞✱ ✐❢ ✇❡ ❛r❡ t♦ ❧❡❛r♥ ❛❜♦✉t t❤❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ❛❧❣♦r✐t❤♠s✳
❙✉✐t❛❜❧❡ ♠❡❛s✉r❡s ♦❢ ❛❧❣♦r✐t❤♠✐❝ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✐♥❝❧✉❞❡ s✐♠♣❧❡ st❛t✐st✐❝❛❧
♠❡tr✐❝s s✉❝❤ ❛s t❤❡ r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❜❡st ❛♥❞ ✇♦rs❡ ♣❡r✲
❢♦r♠❛♥❝❡ ♠❡tr✐❝ ❛✈❡r❛❣❡❞ ❛❝r♦ss ❛❧❧ ✐♥st❛♥❝❡s✳

❚❤❡ ❞✐✈❡rs✐t② ♦❢ t❤❡ ✐♥st❛♥❝❡s ✇✐❧❧ ♥♦t ❜❡ ❛♣♣❛r❡♥t ✉♥t✐❧ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡
❤❛s ❜❡❡♥ ❝r❡❛t❡❞✱ ✇❤✐❝❤ r❡q✉✐r❡s t❤❡ ❢❡❛t✉r❡s t♦ ❜❡ s❡❧❡❝t❡❞ ❛♥❞ ✐♥st❛♥❝❡s t♦
❜❡ ♣r♦❥❡❝t❡❞ t♦ R

2✳ ■♥ t❤❡ ❡✈❡♥t t❤❛t t❤❡ ❞✐✈❡rs✐t② ♦❢ t❤❡ s❡❧❡❝t❡❞ ✐♥st❛♥❝❡s
✐s ❞❡❡♠❡❞ ✐♥s✉✣❝✐❡♥t✱ t❤❡♥ ❛❞❞✐t✐♦♥❛❧ ✐♥st❛♥❝❡s ✇✐❧❧ ♥❡❡❞ t♦ ❜❡ ✐♥t❡♥t✐♦♥❛❧❧②
❣❡♥❡r❛t❡❞✱ ✉s✐♥❣ ❡✈♦❧✉t✐♦♥❛r② ❛❧❣♦r✐t❤♠s ❢♦r ❡①❛♠♣❧❡✱ t♦ ❛❝❤✐❡✈❡ t❤❡ ♦❜❥❡❝t✐✈❡✳
❚❤✐s ♣r♦❝❡ss ✐s t❤❡r❡❢♦r❡ ✐t❡r❛t✐✈❡✳

✸✳✶✳✷✳ ❋❡❛t✉r❡ s❡❧❡❝t✐♦♥

❚❤❡ ❢❡❛t✉r❡s ❝r❡❛t❡ ♦✉r ✜rst tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✐♥st❛♥❝❡s ✲ ❢r♦♠ ❛ ❝♦❧✲
❧❡❝t✐♦♥ ♦❢ ❚❙P ❞✐st❛♥❝❡ ♠❛tr✐❝❡s ❢♦r ❡①❛♠♣❧❡✱ ❡❛❝❤ ❞❡✜♥✐♥❣ ❛ ✉♥✐q✉❡ ❚❙P ✲
t♦ ❡❛❝❤ ✐♥st❛♥❝❡ ❜❡✐♥❣ ♠❛♣♣❡❞ t♦ ❛ ♣♦✐♥t ✐♥ ❛ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❲❤✐❧❡
♠✉❝❤ ✐s ❦♥♦✇♥ ❛♥❞ r❡♣♦rt❡❞ ❛❜♦✉t t❤❡ ❢❡❛t✉r❡s ♦❢ ✐♥st❛♥❝❡s t❤❛t ❝♦rr❡❧❛t❡ ✇✐t❤
❞✐✣❝✉❧t② ❬✶✵❪✱ ✇❡ ♠✉st ❝♦♥s✐❞❡r t❤❛t t❤✐s ❧✐st ♦❢ ❝❛♥❞✐❞❛t❡ ❢❡❛t✉r❡s ✐s ♣♦t❡♥t✐❛❧❧②
✐♥✜♥✐t❡✱ ❛♥❞ ♥♦t ❛❧❧ ♦❢ t❤❡♠ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❢♦r ♦✉r ❣♦❛❧ ♦❢ ❝r❡❛t✐♥❣ ❛ tr❛♥s❢♦r♠❛✲
t✐♦♥ ♦❢ t❤❡ ✐♥st❛♥❝❡s t❤❛t s❡♣❛r❛t❡s ❡❛s② ❛♥❞ ❤❛r❞ ✐♥st❛♥❝❡s✳ ●❡♥❡r❛❧❧②✱ ❢❡❛t✉r❡
s❡❧❡❝t✐♦♥ ✐s ❛ t✇♦✲st❡♣ ♣r♦❝❡ss✿ ✜rst❧② ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ❤♦✇ ✇❡ ✇✐❧❧ ♠❡❛s✉r❡
t❤❡ ❣♦♦❞♥❡ss ♦❢ ❛ ♣❛rt✐❝✉❧❛r s✉❜s❡t ♦❢ ❢❡❛t✉r❡s✱ ❛♥❞ ♦♥❝❡ t❤✐s ♠❡tr✐❝ ✐s ❞❡t❡r✲
♠✐♥❡❞✱ ✇❡ ❝❛♥ ✉t✐❧✐s❡ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ s❡❛r❝❤ str❛t❡❣② t♦ ✜♥❞ t❤❡ s✉❜s❡t F∗ t❤❛t
♠❛①✐♠✐③❡s t❤❡ ❣♦♦❞♥❡ss ♠❡tr✐❝✳ ■♥ t❤✐s ♠❡t❤♦❞♦❧♦❣②✱ ✇❡ ❞❡✜♥❡ t❤❡ ❣♦♦❞♥❡ss ♦❢
❛ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s ❜❛s❡❞ ♦♥ t❤❡ ❡①t❡♥t t♦ ✇❤✐❝❤ ✐♥st❛♥❝❡s t❤❛t ❡❧✐❝✐t s✐♠✐❧❛r
♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❣♦r✐t❤♠s ❛r❡ ❝❧♦s❡ t♦❣❡t❤❡r ✐♥ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❞❡✜♥❡❞ ❜②
t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r ❛
❝❛♥❞✐❞❛t❡ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s✱ ✇❡ ✇✐❧❧ ♠❡❛s✉r❡ t❤❡ ❣♦♦❞♥❡ss ❜② ❤♦✇ ✇❡❧❧ ❛ ♠❛✲
❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞ ❝❛♥ ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ ❡❛s② ❛♥❞ ❤❛r❞ ✐♥st❛♥❝❡s ✐♥ t❤❡
❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❝♦♥s✐❞❡r ❤♦✇ t❤❡ ❣♦♦❞♥❡ss ❝❤❛♥❣❡s
✐❢ ✇❡ ♠❡❛s✉r❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥st❛♥❝❡
s♣❛❝❡✳ ❲❡ ✉s❡ Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s ❬✷✼❪ t♦ ❝r❡❛t❡ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧
♣r♦❥❡❝t✐♦♥ ❜❛s❡❞ ♦♥ t❤❡ ❝❛♥❞✐❞❛t❡ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s✱ ❛♥❞ ✉s❡ ❛ ◆❛✐✈❡ ❇❛②❡s ❝❧❛s✲
s✐❢❡r ❬✷✾❪ ❛s t❤❡ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ t❡❝❤♥✐q✉❡✱ ❛❧t❤♦✉❣❤ ♦t❤❡r ♠❡t❤♦❞s ❝♦✉❧❞ ❜❡

✾



❡♠♣❧♦②❡❞ ❢♦r ❜♦t❤ st❡♣s✳ ❆ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ❬✸✵❪ ✐s t❤❡♥ ✉s❡❞ t♦ s❡❛r❝❤ t❤❡
❧❛r❣❡ s♣❛❝❡ ♦❢ ♣♦ss✐❜❧❡ s✉❜s❡ts ♦❢ m ❢❡❛t✉r❡s✱ ✇✐t❤ t❤✐s ❣♦♦❞♥❡ss ♠❡❛s✉r❡ ✭t❤❡
❝❧❛ss✐✜❝❛t✐♦♥ ❛❝❝✉r❛❝② ♦♥ ❛♥ ♦✉t✲♦❢✲s❛♠♣❧❡ t❡st s❡t✮ ✉s❡❞ ❛s t❤❡ ✜t♥❡ss ❢✉♥❝✲
t✐♦♥ t♦ ❞r✐✈❡ t❤❡ s❡❛r❝❤ ❢♦r t❤❡ ♦♣t✐♠❛❧ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s F∗ ⊆ F ✳ ❆♠♦♥❣
t❤❡ ❜❡st s✉❜s❡ts ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ m✱ ✇❡ s❡❧❡❝t t❤❡ ♦♣t✐♠❛❧ s✉❜s❡t ❛s t❤❡ ♦♥❡
✇✐t❤ t❤❡ s♠❛❧❧❡st t❡st s❡t ❝❧❛ss✐✜❡r ❡rr♦r✳ ❖t❤❡r r❡s❡❛r❝❤❡rs ❤❛✈❡ ✉s❡❞ s✐♠✐❧❛r
✐♥t✉✐t✐✈❡ ✐❞❡❛s ❢♦r ❢❡❛t✉r❡ s✉❜s❡t s❡❧❡❝t✐♦♥ ❢♦r ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ t❛s❦s ❬✸✶✱ ✸✷❪✱
❜✉t ❤❛✈❡ ✉t✐❧✐③❡❞ ✐♥❢♦r♠❛t✐♦♥ t❤❡♦r② ♠❡tr✐❝s✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r t❤❡ ❞✐s❝r❡t❡ ❝❧❛s✲
s✐✜❝❛t✐♦♥ t❛s❦ ♦❢ ✐❞❡♥t✐❢②✐♥❣ ✇❤✐❝❤ ❢❡❛t✉r❡s ❡♥❛❜❧❡ t❤❡ ❝❧❛ss ❧❛❜❡❧ ❞❡✜♥✐♥❣ ❜❡st
♣❡r❢♦r♠✐♥❣ ❛❧❣♦r✐t❤♠ t♦ ❜❡ ♣r❡❞✐❝t❡❞ ♠♦st ❛❝❝✉r❛t❡❧②✳ ❈❡rt❛✐♥❧②✱ ❛ ✇✐❞❡ r❛♥❣❡
♦❢ ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥ ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡ ❬✸✸❪ ❢♦r ❛
❝♦♠♣r❡❤❡♥s✐✈❡ r❡✈✐❡✇✮✱ ❛♥❞ ❛♥② ♦❢ t❤❡♠ ✇♦✉❧❞ ❜❡ ❛ s✉✐t❛❜❧❡ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡
♠❡t❤♦❞ ❡♠♣❧♦②❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

■t ✐s ❛♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ♦❢ ✇❤❡t❤❡r t❤❡ ♦♣t✐♠❛❧ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s ✐s t❤❡
s❛♠❡ r❡❣❛r❞❧❡ss ♦❢ ✇❤❡t❤❡r ✇❡ ❛r❡ ♠❡❛s✉r✐♥❣ t❤❡ s❡♣❛r❛t✐♦♥ ♦❢ ❡❛s② ❛♥❞ ❤❛r❞
✐♥st❛♥❝❡s ✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡ ♦r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛♥❝❡
s♣❛❝❡✳ ❲❡ ✇✐❧❧ ❡①❛♠✐♥❡ t❤✐s ✐ss✉❡ ✇✐t❤ ♦✉r ❝❛s❡ st✉❞② ❧❛t❡r✱ ❜✉t ♥♦✇ ✜♥✐s❤ t❤❡
❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss ❢♦r ❣❡♥❡r❛t✐♥❣ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❜② ❞❡s❝r✐❜✐♥❣ t❤❡
❞✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥ ♣r♦❝❡ss ❢♦r ✐♥st❛♥❝❡ s♣❛❝❡ ✈✐s✉❛❧✐③❛t✐♦♥✳

✸✳✶✳✸✳ ❱✐s✉❛❧✐③❛t✐♦♥ ✈✐❛ ❞✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥

■❢ ♦✉r ❣♦❛❧ ✇❛s ❥✉st ♣❡r❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥✱ t❤❡♥✱ ♦♥❝❡ ✇❡ ❤❛✈❡ s❡❧❡❝t❡❞ t❤❡
❜❡st m ❢❡❛t✉r❡s ❛s t❤❡ s✉❜s❡t F∗✱ ✇❡ ❝❛♥ s✐♠♣❧② ✉s❡ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s
t♦ ❧❡❛r♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✐♥st❛♥❝❡ ❢❡❛t✉r❡s ✐♥ R

m ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠
♣❡r❢♦r♠❛♥❝❡ ❧❛❜❡❧s ✭❡❛s② ♦r ❤❛r❞✮✳ ❇✉t ✐♥ t❤✐s r❡s❡❛r❝❤ ✇❡ ❤❛✈❡ ❜r♦❛❞❡r ❣♦❛❧s
t❤❛t ✐♥❝❧✉❞❡ ❜❡✐♥❣ ❛❜❧❡ t♦ ✈✐s✉❛❧✐③❡ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦♦t✲
♣r✐♥ts✱ ❛♥❞ s♦ ✇❡ ♥❡❡❞ t♦ ✉t✐❧✐③❡ ❞✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥ t❡❝❤♥✐q✉❡s t♦ ♣r♦❥❡❝t t❤❡
✐♥st❛♥❝❡s t♦ R

2✱ ❡♥s✉r✐♥❣ t❤❛t ✇❡ ❛r❡ ♥♦t ❧♦s✐♥❣ t♦♦ ♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥✳ ❍❡r❡✱
✇❡ ✉s❡ Pr✐♥❝✐♣❛❧ ❈♦♠♣♦♥❡♥t ❆♥❛❧②s✐s ✭P❈❆✮ ❬✷✼❪✱ ✇❤✐❝❤ ❡ss❡♥t✐❛❧❧② r♦t❛t❡s t❤❡
❞❛t❛ t♦ ❛ ♥❡✇ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐♥ R

m✱ ✇✐t❤ ❛①❡s ❞❡✜♥❡❞ ❜② m ♥❡✇ ❢❡❛t✉r❡s
✇❤✐❝❤ ❛r❡ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ m s❡❧❡❝t❡❞ ❢❡❛t✉r❡s ✐♥ F∗✳ ❚❤❡s❡ ♥❡✇ ❛①❡s
❛r❡ ❝❛❧❝✉❧❛t❡❞ ❛s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ m × m ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①❀ ✇❡ t❤❡♥
♣r♦❥❡❝t t❤❡ ✐♥st❛♥❝❡s ♦♥ t❤❡ t✇♦ ♣r✐♥❝✐♣❛❧ ❡✐❣❡♥✈❡❝t♦rs ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ t✇♦
❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ❘❡❞✉❝✐♥❣ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❡❛❝❤
✐♥st❛♥❝❡ ❢r♦♠ ❛ ✈❡❝t♦r ✐♥ R

m t♦ ❛ ✈❡❝t♦r ✐♥ R
2 ❝❡rt❛✐♥❧② ❝♦sts ✉s ❛ ❧♦ss ♦❢ ✐♥✲

❢♦r♠❛t✐♦♥✱ ❛♥❞ ✇❡ ♠❡❛s✉r❡ t❤❡ ❧♦ss ✐♥ t❡r♠s ♦❢ ❤♦✇ ♠✉❝❤ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ❢♦✉♥❞
✐♥ t❤❡ ❞❛t❛ ❝❛♥♥♦t ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ✜rst t✇♦ ❡✐❣❡♥✈❡❝t♦rs✳ ❚❤❡ ✜rst t✇♦

❡✐❣❡♥✈❛❧✉❡s ❡①♣❧❛✐♥ ❛ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❞❛t❛ ❣✐✈❡♥ ❜② (λ1+λ2)∑
m
i=1

λi
✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❛t t❤❡ ♥❡✇ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛♥❝❡ s♣❛❝❡ ✐s ❛♥ ❛❞❡q✉❛t❡
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡ ✐❢ ♠♦st ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❞❛t❛
✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡s❡ t✇♦ ♣r✐♥❝✐♣❛❧ ❛①❡s✳

❚❤❡ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss ✐♥✈♦❧✈✐♥❣ t❤❡s❡ t❤r❡❡ st❡♣s ❡♥❛❜❧❡s ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧
✐♥st❛♥❝❡ s♣❛❝❡ t♦ ❜❡ ❝r❡❛t❡❞ t❤❛t r❡t❛✐♥s ♠♦st ♦❢ t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡
✐♥st❛♥❝❡ s❡t I ⊂ P ❛♥❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ✐♥ t❤❡ s❡t A ♦♥ t❤♦s❡
✐♥st❛♥❝❡s✳

✶✵



✸✳✷✳ ❆❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥

❚❤❡ ♥❡✇❧② ❝r❡❛t❡❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛♥❝❡ s♣❛❝❡ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ♣r❡❞✐❝t✐♥❣
❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✱ ❛s ❝❛♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛♥❝❡ s♣❛❝❡✱ ❜✉t ❤❛s
❛❞✈❛♥t❛❣❡s ✐♥ t❡r♠s ♦❢ ✈✐s✉❛❧✐③✐♥❣ t❤❡ r❡s✉❧ts✳ ❋♦r t❤❡ t❛s❦ ♦❢ ♣❡r❢♦r♠❛♥❝❡
♣r❡❞✐❝t✐♦♥✱ ✇❡ ✉t✐❧✐③❡ st❛♥❞❛r❞ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞♦❧♦❣✐❡s t❤❛t ✉s❡ ❛ s✉❜s❡t
♦❢ t❤❡ ✐♥st❛♥❝❡s ✭t❤❡ tr❛✐♥✐♥❣ s❡t✮ t♦ ❧❡❛r♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✐♥st❛♥❝❡
❢❡❛t✉r❡s ✭✐♥ ❡✐t❤❡r R

m ♦r R
2✮ ❛♥❞ t❤❡ ❧❛❜❡❧ ✇❡ ❛ss✐❣♥ ❡❛❝❤ ❛❧❣♦r✐t❤♠ ❢♦r ❡❛❝❤

✐♥st❛♥❝❡ t♦ ✐♥❞✐❝❛t❡ ❤♦✇ ✇❡❧❧ t❤❡ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❡❞✳ ❆ ✈❛r✐❡t② ♦❢ ♠❛❝❤✐♥❡
❧❡❛r♥✐♥❣ ❝❧❛ss✐✜❝❛t✐♦♥ ♠❡t❤♦❞s ❝❛♥ ❜❡ ✉s❡❞✱ s✉❝❤ ❛s ◆❛✐✈❡ ❇❛②❡s ❝❧❛ss✐✜❡rs ♦r
s✉♣♣♦rt ✈❡❝t♦r ♠❛❝❤✐♥❡s✱ ✐❢ ♦✉r ❧❛❜❡❧s ❛r❡ ❜✐♥❛r② ✭❡❛s②✴❤❛r❞✮❀ ♦r ✇❡ ❝♦✉❧❞ ✉s❡
♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♦r st❛t✐st✐❝❛❧ ♣r❡❞✐❝t✐♦♥ ♠❡t❤♦❞s✱ s✉❝❤ ❛s r❡❣r❡ss✐♦♥ ♦r ♥❡✉r❛❧
♥❡t✇♦r❦s✱ ✐❢ ♦✉r ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝s ❛r❡ ❝♦♥t✐♥✉♦✉s ✈❛❧✉❡❞✱ s✉❝❤ ❛s r✉♥✲t✐♠❡ t♦
✜♥❞ ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✱ ♦r ♦♣t✐♠❛❧✐t② ❣❛♣✳ ❖✉r ❝❤♦✐❝❡ ♦❢ ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝
Y ✐s ✉s❡r✲❞❡✜♥❡❞✱ ❛♥❞ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s ❛r❡ ✉s❡❞ t♦ ❜✉✐❧❞ ❛ ♠♦❞❡❧ t♦
♣r❡❞✐❝t t❤❛t ♣❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝✱ ❡✈❛❧✉❛t❡❞ ♦♥ ✉♥s❡❡♥ t❡st s❡t ✐♥st❛♥❝❡s t❤❛t
❤❛✈❡ ❜❡❡♥ r❛♥❞♦♠❧② ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❛✈❛✐❧❛❜❧❡ ❞❛t❛ I ⊂ P✳

✸✳✸✳ ❆♥❛❧②s✐s ♦❢ ❛❧❣♦r✐t❤♠✐❝ ♣♦✇❡r

❲✐t❤ ❛ ✉s❡r✲❞❡✜♥❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❣♦♦❞ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✱ ✇❡ ❝❛♥ ❧❛❜❡❧
❡❛❝❤ ✐♥st❛♥❝❡✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ✉s❡ ❛ ❜✐♥❛r② ❧❛❜❡❧ ♦❢ ❣♦♦❞ ♦r ❜❛❞ ✭❡❛s② ♦r ❤❛r❞✮
❢♦r ❡❛❝❤ ❛❧❣♦r✐t❤♠ ✐♥ ♦✉r ♣♦rt❢♦❧✐♦✱ ❛♥❞ t❤❡♥ ✈✐s✉❛❧✐③❡ t❤❡ ❜♦✉♥❞❛r② ✐♥ ✐♥st❛♥❝❡
s♣❛❝❡ ❜❡t✇❡❡♥ ❣♦♦❞ ❛♥❞ ❜❛❞ ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❡❛❝❤ ❛❧❣♦r✐t❤♠✳ ■♥st❛♥❝❡s t❤❛t
❧✐❡ ✇✐t❤✐♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ❛r❡ ❞❡❡♠❡❞ t♦ ❜❡ ❡❛s② ❢♦r t❤❡
❛❧❣♦r✐t❤♠✱ ❡✈❡♥ ✐❢ t❤♦s❡ ✐♥st❛♥❝❡ ❛r❡ ♥♦t ✐♥ t❤❡ s❡t I ⊂ P✳ ❚❤❡ r❡❣✐♦♥ ✐♥ ✐♥st❛♥❝❡
s♣❛❝❡ ✇❤❡r❡ ❛♥ ❛❧❣♦r✐t❤♠ ✐s ❡①♣❡❝t❡❞ t♦ ♣❡r❢♦r♠ ✇❡❧❧ ✐s ❝❛❧❧❡❞ t❤❡ ❢♦♦t♣r✐♥t✱ ❛♥❞
t❤❡r❡ ❛r❡ ❛ ♥✉♠❜❡r ♦❢ ♠❡t❤♦❞s ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t♦ ♠❡❛s✉r❡ t❤❡ r❡❧❛t✐✈❡ s✐③❡ ♦❢
♦♥❡ ❛❧❣♦r✐t❤♠✬s ❢♦♦t♣r✐♥t ❝♦♠♣❛r❡❞ t♦ ❛♥♦t❤❡r ❛❧❣♦r✐t❤♠✬s✱ ♦r ❝♦♠♣❛r❡❞ t♦ t❤❡
s♣❛♥ ♦❢ ❛❧❧ ✐♥st❛♥❝❡s✳ ■♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ t❤✐s t♦♣✐❝ ✇❡ ✉s❡❞ t❤❡ ❛r❡❛ ♦❢
t❤❡ ❝♦♥✈❡① ❤✉❧❧ ❝r❡❛t❡❞ ❜② t❤❡ ♣♦✐♥ts ✇❤❡r❡ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ✇❛s ♦❜s❡r✈❡❞ t♦
♠❡❛s✉r❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❢♦♦t♣r✐♥t ❢♦r ❛♥ ❛❧❣♦r✐t❤♠ ❬✾❪✳ ❲❡ ❛❞♦♣t ❛♥ ✐♠♣r♦✈❡❞
♠❡t❤♦❞♦❧♦❣② ❤❡r❡ t❤❛t ❝♦♥s✐❞❡rs t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ♣♦✐♥ts ❞❡✜♥✐♥❣ t❤❡ ❢♦♦t♣r✐♥t✱
❛♥❞ r❡q✉✐r❡s ❛ ❞❡✜♥❡❞ ❧❡✈❡❧ ♦❢ ♣✉r✐t② ✭♣❡r❝❡♥t❛❣❡s ♦❢ ✐♥st❛♥❝❡s ✐♥ t❤❡ ❢♦♦t♣r✐♥t
t❤❛t ❛r❡ ❡❛s② ❢♦r ❛♥ ❛❧❣♦r✐t❤♠✮ ❛s s✉♠♠❛r✐③❡❞ ❜② ❆❧❣♦r✐t❤♠ ✶✳

❚❤❡ r❡❧❛t✐✈❡ s✐③❡ ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠✬s ❢♦♦t♣r✐♥t ♣r♦✈✐❞❡s s♦♠❡ ♦❜❥❡❝t✐✈❡ ♠❡❛✲
s✉r❡ ♦❢ ❛❧❣♦r✐t❤♠ str❡♥❣t❤ ❛❝r♦ss t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✱ ❜✉t ✐t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t
t♦ ✉♥❞❡rst❛♥❞ ✇❤❡r❡ ✐♥ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❛♥ ❛❧❣♦r✐t❤♠ ✐s str♦♥❣✳ ■❢ ❛♥ ❛❧❣♦✲
r✐t❤♠ ✐s str♦♥❣ ♦♥❧② ♦♥ ✐♥st❛♥❝❡s t❤❛t ✇✐❧❧ ♥❡✈❡r ❜❡ ❡♥❝♦✉♥t❡r❡❞ ✐♥ r❡❛❧✲✇♦r❧❞
❛♣♣❧✐❝❛t✐♦♥s✱ ♦r ✐s ♦♥❧② str♦♥❣ ♦♥ ✐♥st❛♥❝❡s t❤❛t ❛❧❧ ❛❧❣♦r✐t❤♠s ✜♥❞ ❡❛s②✱ t❤❡♥
t❤✐s ✐s ✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❤❡❧♣s t♦ ❞r❛✇ ❛ ❝♦♥❝❧✉s✐♦♥ ❛❜♦✉t t❤❡ ♣♦✇❡r
♦❢ ❛♥ ❛❧❣♦r✐t❤♠✳ ❊①t❡♥❞✐♥❣ t❤❡ ♠❡t❤♦❞♦❧♦❣② t♦ ❞❡✈❡❧♦♣ ♠❡tr✐❝s t❤❛t ❡st❛❜✲
❧✐s❤ t❤❡ ❞❡❣r❡❡ ♦❢ ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ ❛♥ ❛❧❣♦r✐t❤♠✬s ❢♦♦t♣r✐♥t ❛♥❞ ♦t❤❡r r❡❣✐♦♥s
♦❢ ✐♥t❡r❡st ✭s✉❝❤ ❛s t❤❡ ❧♦❝❛t✐♦♥ ♦❢ r❡❛❧✲✇♦r❧❞ ✐♥st❛♥❝❡s✱ ♦r t❤❡ ❢♦♦t♣r✐♥ts ♦❢
♦t❤❡r ❛❧❣♦r✐t❤♠s✮ ✐s ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ t♦ ♣r♦✈✐❞❡ t❤✐s ✐♥❞✐❝❛t✐♦♥ ♦❢ t❤❡ ✉t✐❧✐t② ♦❢
❛ ❢♦♦t♣r✐♥t✳

✶✶



❆❧❣♦r✐t❤♠ ✶ ❈❛❧❝✉❧❛t✐♥❣ t❤❡ ❛r❡❛ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠✬s ❢♦♦t♣r✐♥t ✇✐t❤ ❛ ♠✐♥✐♠✉♠
❞❡♥s✐t② ❛♥❞ ♣✉r✐t② r❡q✉✐r❡♠❡♥t✳

❘❡q✉✐r❡✿ α ✭❛ ❣✐✈❡♥ ❛❧❣♦r✐t❤♠✮✱ ρ ✭❛ ❞❡♥s✐t② t❤r❡s❤♦❧❞✮✱ π ✭❛ ♣✉r✐t② t❤r❡s❤♦❧❞✮✱
I = [Ig, Ib] ✭t❤❡ ✐♥st❛♥❝❡ s❡t ❧❛❜❡❧❧❡❞ ❛s ❣♦♦❞ ♦r ❜❛❞ ❢♦r t❤❡ ❛❧❣♦r✐t❤♠✮✱
■♥✐t✐❛❧✐s❡ ❙t❛❣❡

❘❛♥❞♦♠❧② s❡❧❡❝t ❛ ❣♦♦❞ ✐♥st❛♥❝❡ i ∈ Ig❀
❋♦r♠ ❛ ❝❧♦s❡❞ r❡❣✐♦♥ ✭tr✐❛♥❣❧❡✮ ✇✐t❤ t❤❡ t✇♦ ❝❧♦s❡st ✭s♠❛❧❧❡st ❊✉❝❧✐❞❡❛♥ ❞✐s✲
t❛♥❝❡ ✐♥ ❢❡❛t✉r❡ s♣❛❝❡✮ ✐♥st❛♥❝❡s t♦ i ✱ ♥♦t ❛❧r❡❛❞② ♣❛rt ♦❢ ❛ tr✐❛♥❣❧❡❀
❘❡♣❡❛t ✉♥t✐❧ ♥♦ ♠♦r❡ tr✐❛♥❣❧❡s ❝❛♥ ❜❡ ❢♦r♠❡❞✳
▼❡r❣❡ ❙t❛❣❡

❘❛♥❞♦♠❧② s❡❧❡❝t ❛ ❝❧♦s❡❞ r❡❣✐♦♥ J ❀
❋✐♥❞ t❤❡ ❝❧♦s❡st ❝❧♦s❡❞ r❡❣✐♦♥ K ✭♠✐♥✐♠✉♠ ❊✉❝❧✐❞❡❛♥ ❝❡♥tr♦✐❞ ❞✐st❛♥❝❡✮❀

density = |J|+|K|
Ξ(J∪K) ✇❤❡r❡ |J | ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐♥st❛♥❝❡s ✐♥ J, ❛♥❞ Ξ ✐s t❤❡ ❛r❡❛

♦❢ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ❢♦r♠❡❞ ❜② ❛ r❡❣✐♦♥❀

purity =
|Jg|+|Kg|
|J|+|K| ✇❤❡r❡ |Jg| ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❣♦♦❞ ✐♥st❛♥❝❡s ✐♥ J ❀

✐❢ (density > ρ) ❛♥❞ (purity > π) t❤❡♥
▼❡r❣❡ ❝❧♦s❡❞ r❡❣✐♦♥s J ❛♥❞ K t♦ ❢♦r♠ ❛ ♥❡✇ ❝❧♦s❡❞ r❡❣✐♦♥

❡♥❞ ✐❢

❘❡♣❡❛t t❤❡ ▼❡r❣❡ ❙t❛❣❡ ✉♥t✐❧ t❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ ♣❛✐rs t♦ ❝♦♥s✐❞❡r✳
r❡t✉r♥ Area =

∑

Ξ(j) ❢♦r ❛❧❧ ❝❧♦s❡❞ r❡❣✐♦♥s j t❤❛t r❡♠❛✐♥ ❛❢t❡r t❤❡ ♠❡r❣❡
st❛❣❡✳

❚❤❡ ✜♥❛❧ ❛♥❛❧②s✐s t❤❛t s❤♦✉❧❞ ❜❡ ❞♦♥❡ t♦ ❝♦♠♣❧❡t❡ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✐s t♦
❡①♣❧♦r❡ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ t♦ ❣❛✐♥ ✐♥s✐❣❤ts ✐♥t♦ ❤♦✇ t❤❡ ❢❡❛t✉r❡s ❛✛❡❝t t❤❡ ❛❧❣♦✲
r✐t❤♠ ❢♦♦t♣r✐♥ts✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ ❢❡❛t✉r❡ ❛❝r♦ss t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❝❛♥
❜❡ ✈✐s✉❛❧✐③❡❞✱ ✉s✐♥❣ ❝♦❧♦r ❝♦❞✐♥❣ t♦ ✐♥❞✐❝❛t❡ ❤✐❣❤ ♦r ❧♦✇ ✈❛❧✉❡s ♦❢ ❛ ❢❡❛t✉r❡ ❢♦r
❡❛❝❤ ✐♥st❛♥❝❡✱ ❛♥❞ ❝♦♥❝❧✉s✐♦♥s ❝❛♥ ❜❡ ❞r❛✇♥ ❛❜♦✉t t❤❡ ♣❛rt✐❝✉❧❛r ♣r♦♣❡rt✐❡s ♦❢
t❤❡ ✐♥st❛♥❝❡s t❤❛t ❛r❡ ❢♦✉♥❞ ✐♥ ❝❡rt❛✐♥ r❡❣✐♦♥s ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✱ ✐♥❝❧✉❞✐♥❣
t❤♦s❡ t❤❛t ❞❡✜♥❡ t❤❡ ❢♦♦t♣r✐♥t ❜♦✉♥❞❛r✐❡s✳

❆ ❝❛s❡ st✉❞② ♦♥ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ✇✐❧❧ ♥♦✇ ❜❡ ✉s❡❞ t♦ ✐❧❧✉str❛t❡ ❤♦✇ t❤✐s
♠❡t❤♦❞♦❧♦❣② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❞r❛✇ ❝♦♥❝❧✉s✐♦♥s ❛❜♦✉t ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡
✐♥ ❛♥ ♦❜❥❡❝t✐✈❡ ❛♥❞ ✉♥❜✐❛s❡❞ ♠❛♥♥❡r✱ ❛♥❞ t♦ ❣❡♥❡r❛t❡ ♥❡✇ ✐♥s✐❣❤ts ✐♥t♦ t❤❡
str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s✳

✹✳ ●r❛♣❤ ❈♦❧♦r✐♥❣ ❈❛s❡ ❙t✉❞②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ♣r♦❜❧❡♠ ❛♥❞ ❛ s❡t ♦❢ ❛❧✲
❣♦r✐t❤♠s st✉❞✐❡❞ ❜② ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪✳ ❲❡ st❛rt ❜② ❞❡✜♥✐♥❣ t❤❡ ♠❡t❛✲❞❛t❛ ❢♦r
♦✉r st✉❞② ✐♥ ❙❡❝t✐♦♥ ✹✳✶✱ ✐♥❝❧✉❞✐♥❣ t❤❡ s❡t ♦❢ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ✐♥st❛♥❝❡s✱ t❤❡ ❢❡❛✲
t✉r❡s ✇❡ ✉s❡ t♦ s✉♠♠❛r✐③❡ t❤❡ ✐♥st❛♥❝❡s✱ t❤❡ s❡t ♦❢ ❛❧❣♦r✐t❤♠s✱ ❛♥❞ t❤❡ ♣❡r❢♦r♠✲
❛♥❝❡ ♠❡tr✐❝ ❝❤♦s❡♥ t♦ ♠❡❛s✉r❡ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✳ ❲❡ t❤❡♥ ❞❡♠♦♥str❛t❡
t❤❡ ♠❡t❤♦❞♦❧♦❣② ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❜② ❣❡♥❡r❛t✐♥❣ t❤❡ ✐♥st❛♥❝❡
s♣❛❝❡ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ❛♥❞ ✈✐s✉❛❧✐③✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦♦t♣r✐♥ts ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳ P❡r✲
❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥ ✉s✐♥❣ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s ✐s ❞❡♠♦♥str❛t❡❞ ✐♥ ❙❡❝t✐♦♥

✶✷



✹✳✹✱ ❜✉t ❢❛✐❧s t♦ ❝♦♠♣❧❡t❡❧② ✐❞❡♥t✐❢② t❤❡ ♣♦❝❦❡ts ♦❢ ✉♥✐q✉❡ str❡♥❣t❤ ✇❡ ❝❛♥ s❡❡
✐♥ t❤❡ ❢♦♦t♣r✐♥ts✳ ❲❡ t❤❡♥ r❡t✉r♥ t♦ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦♦t♣r✐♥ts ✐♥ ❙❡❝t✐♦♥ ✹✳✺ t♦
♦❜❥❡❝t✐✈❡❧② ♠❡❛s✉r❡ t❤❡ ♣♦✇❡r ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠✱ ❛♥❞ t♦ ❣❛✐♥ ✐♥s✐❣❤ts ✐♥t♦ t❤❡
❝♦♥❞✐t✐♦♥ ✉♥❞❡r ✇❤✐❝❤ ❡❛❝❤ ❤❛s ❞❡♠♦♥str❛❜❧❡ str❡❣♥t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s✳

✹✳✶✳ ●r❛♣❤ ❈♦❧♦r✐♥❣ ▼❡t❛✲❉❛t❛

❆ ❣r❛♣❤ G = (V,E) ❝♦♠♣r✐s❡s ❛ s❡t ♦❢ ✈❡rt✐❝❡s V ❛♥❞ ❛ s❡t ♦❢ ❡❞❣❡s E

t❤❛t ❝♦♥♥❡❝t ❝❡rt❛✐♥ ♣❛✐rs ♦❢ ✈❡rt✐❝❡s✳ ❚❤❡ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ♣r♦❜❧❡♠ ✭●❈P✮ ✐s t♦
❛ss✐❣♥ ❝♦❧♦rs t♦ t❤❡ ✈❡rt✐❝❡s✱ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❧♦rs ✉s❡❞✱ s✉❜❥❡❝t t♦
t❤❡ ❝♦♥str❛✐♥t t❤❛t t✇♦ ✈❡rt✐❝❡s ❝♦♥♥❡❝t❡❞ ❜② ❛♥ ❡❞❣❡ ✭❝❛❧❧❡❞ ❛❞❥❛❝❡♥t ✈❡rt✐❝❡s✮
❞♦ ♥♦t s❤❛r❡ t❤❡ s❛♠❡ ❝♦❧♦r✳ ❚❤❡ ♦♣t✐♠❛❧ ✭♠✐♥✐♠❛❧✮ ♥✉♠❜❡r ♦❢ ❝♦❧♦rs ♥❡❡❞❡❞
t♦ s♦❧✈❡ t❤✐s ◆P✲❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠ ✐s ❝❛❧❧❡❞ t❤❡ ❝❤r♦♠❛t✐❝ ♥✉♠❜❡r ♦❢ t❤❡ ❣r❛♣❤✳
●r❛♣❤ ❝♦❧♦r✐♥❣ ✜♥❞s ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♣r♦❜❧❡♠s s✉❝❤ ❛s t✐♠❡t❛❜❧✐♥❣✱
✇❤❡r❡ ❡✈❡♥ts t♦ ❜❡ s❝❤❡❞✉❧❡❞ ❛r❡ r❡♣r❡s❡♥t❡❞ ❛s ✈❡rt✐❝❡s✱ ✇✐t❤ ❡❞❣❡s r❡♣r❡s❡♥t✐♥❣
❝♦♥✢✐❝ts ❜❡t✇❡❡♥ ❡✈❡♥ts✱ ❛♥❞ t❤❡ ❝♦❧♦r r❡♣r❡s❡♥ts t❤❡ t✐♠❡ ♣❡r✐♦❞ ❛ss✐❣♥❡❞ t♦
❡✈❡♥ts ❬✸✹✱ ✸✺✱ ✸✻❪✳

✹✳✶✳✶✳ ●r❛♣❤ ❈♦❧♦r✐♥❣ Pr♦❜❧❡♠ ■♥st❛♥❝❡s ✭P✮

❚❤❡ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡s ✇❡ ❤❛✈❡ ✉s❡❞ ✐♥ t❤✐s r❡s❡❛r❝❤ ❝♦♥s✐st ♦❢ t❤❡ ❣r❛♣❤
✐♥st❛♥❝❡s ✉s❡❞ ❜② ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪✱ ♦t❤❡rs t❤❛t ✇❡ ❤❛✈❡ s♦✉r❝❡❞ ❢r♦♠ t❤❡ ✐♥st❛♥❝❡
❣❡♥❡r❛t♦rs ♦♥ ❏♦❡ ❈✉❧❜❡rs♦♥✬s ✇❡❜s✐t❡ ❬✸✼❪✱ t❤❡ ✇❡❧❧✲st✉❞✐❡❞ ❉■▼❆❈❙ ✐♥st❛♥❝❡s
❬✸✽❪✱ ◆❡t✇♦r❦❳ ❣❡♥❡r❛t❡❞ ✐♥st❛♥❝❡s ❬✸✾❪ ❛♥❞ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✐♥st❛♥❝❡s t❤❛t ✇❡
❤❛✈❡ ❣❡♥❡r❛t❡❞ ❜② st❛rt✐♥❣ ✇✐t❤ ❜✐♣❛rt✐t❡ ❣r❛♣❤s ❛♥❞ ❛❞❞✐♥❣ ❡❞❣❡s ✐♥ ❛ ❝♦♥tr♦❧❧❡❞
♠❛♥♥❡r t♦ ♣r♦❞✉❝❡ ❣r❛♣❤s t❤❛t ❛r❡ ❧❡ss ❜✐♣❛rt✐t❡✳ ❆❧❧ ✐♥st❛♥❝❡ s❡ts ❛r❡ ❞❡s❝r✐❜❡❞
❜❡❧♦✇✿

• ❇ ✭❇✐♣❛rt✐✈✐t②✲❝♦♥tr♦❧❧❡❞✮✿ ❙t❛rt✐♥❣ ✇✐t❤ ✺✵ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ ❜✐♣❛rt✐t❡
❣r❛♣❤s✱ ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s |V | r❛♥❞♦♠❧② ❣❡♥❡r❛t❡❞ ✐♥ t❤❡ r❛♥❣❡
[100, 1000]✱ r❛♥❞♦♠ ❡❞❣❡s ❛r❡ ❛❞❞❡❞ t♦ ♣r♦❞✉❝❡ ✷✵ ❣r❛♣❤s ♦❢ ❡❛❝❤ s✐③❡✱ ✇✐t❤
t❤❡ ♥✉♠❜❡r ♦❢ ❛❞❞❡❞ ❡❞❣❡s ❜❡✐♥❣ {0, 100, 1000, 2000, 3000, 4000, 5000, 7500,
10000, 15000, 20000, 30000, 40000, 50000, 75000, 100000, 250000, 500000,
750000, 1000000}

• ❈✶ ✭❈✉❧❜❡rs♦♥ ✲ ❝②❝❧❡ ❞r✐✈❡♥ ❣r❛♣❤s✮✿ ❚❤✐s ❣❡♥❡r❛t♦r ❝r❡❛t❡s ❣r❛♣❤s ✇✐t❤
❝②❝❧❡s ♦❢ ❛ s♣❡❝✐✜❡❞ ❧❡♥❣t❤✳ K ❝♦❧♦r ♣❛rt✐t✐♦♥s ❛r❡ ❝r❡❛t❡❞✱ t❤❡ ❛❧❣♦r✐t❤♠
t❤❡♥ ❣❡♥❡r❛t❡s ❛ ❝②❝❧❡ ❜② r❛♥❞♦♠❧② ❣❡♥❡r❛t✐♥❣ ❛ ♣❛t❤ ✇✐t❤ ❡❛❝❤ ✈❡rt❡①
❜❡❧♦♥❣✐♥❣ t♦ ❛ ❞✐✛❡r❡♥t ❝♦❧♦r ♣❛rt✐t✐♦♥ t❤❛♥ t❤❡ ❧❛st✳

• ❈✷ ✭❈✉❧❜❡rs♦♥ ✲ ❣❡♦♠❡tr✐❝ ❣r❛♣❤s✮✿ ❚❤❡s❡ ❣r❛♣❤s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② ❝❤♦♦s✲
✐♥❣ ❛ r❛❞✐✉s r ❛♥❞ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t✐♥❣ n ♣❛✐rs ♦❢ ♥✉♠❜❡rs (x, y) ✐♥ t❤❡
r❛♥❣❡ ♦❢ 0 ≤ x, y < 1✳ ❱❡rt✐❝❡s ✐♥ t❤❡ ❣r❛♣❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ♣♦✐♥ts (x, y)
✐♥ t❤❡ ♣❧❛♥❡✱ ✇✐t❤ ❡❞❣❡s ✐♥❝❧✉❞❡❞ ✐❢ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ ♣❛✐r ♦❢ ✈❡rt✐❝❡s
✐s ❧❡ss t❤❛♥ t❤❡ r❛❞✐✉s r✳

• ❈✸ ✭❈✉❧❜❡rs♦♥ ✲ ❣✐rt❤ ❛♥❞ ❞❡❣r❡❡ ✐♥❤✐❜✐t❡❞ ❣r❛♣❤s✮✿ ❊❛❝❤ ❣r❛♣❤ ✐s ❛ss✐❣♥❡❞
❛ ♣r♦❜❛❜✐❧✐t② p✱ ❣✐rt❤ ❧✐♠✐t g✱ ❛♥❞ ❛ ❞❡❣r❡❡ ❧✐♠✐t δ✳ ❚❤❡ ❣✐rt❤ ❧✐♠✐t ✐♥❞✐❝❛t❡s
t❤❛t ♥♦ ❝②❝❧❡ ✇✐❧❧ ❜❡ ❝r❡❛t❡❞ ✇✐t❤ ❣✐rt❤ ❧❡ss t❤❛♥ g✳ ❍❡♥❝❡ ✐❢ ❛♥ ❡❞❣❡ (v, w)

✶✸



✐s ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♥❡✇ ❡❞❣❡✱ ❡✈❡r② ♣❛✐r ♦❢ ✈❡rt✐❝❡s (x, y) ✇✐❧❧ ❤❛✈❡
❛ ❞✐st❛♥❝❡ ♦❢ ❧❡ss t❤❛♥ g ❛❢t❡r t❤❡ ❛❞❞✐t✐♦♥ ✐s ❜❧♦❝❦❡❞✱ ❛♥❞ ✇✐❧❧ ♥❡✈❡r ❜❡
s❡❧❡❝t❡❞ ❛s ❛ ♣♦ss✐❜❧❡ ♥❡✇ ❡❞❣❡✳ p ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♣♦ss✐❜❧❡ ❡❞❣❡
✇✐❧❧ ❜❡ ✉s❡❞✳ δ ✐s ❛ ❤❛r❞ ❧✐♠✐t ♦♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛✈❡r❛❣❡ ♥♦❞❡
❞❡❣r❡❡ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ ❛♥② ✈❡rt❡①✳

• ❈✹ ✭❈✉❧❜❡rs♦♥ ✲ ✉♥✐❢♦r♠ ♦r ■■❉ ❣r❛♣❤s✮✿ ❡❞❣❡s ❛r❡ ❛ss✐❣♥❡❞ t♦ ✈❡rt❡① ♣❛✐rs
✇✐t❤ ❛ ✜①❡❞ ♣r♦❜❛❜✐❧✐t② p

• ❈✺ ✭❈✉❧❜❡rs♦♥ ✲ ✇❡✐❣❤t✲❜✐❛s❡❞ ❣r❛♣❤s✮✿ ❚❤❡s❡ ❣r❛♣❤s ❝♦♥t❛✐♥ ❝❧✐q✉❡s ❧✐♠✲
✐t❡❞ t♦ ❛ ❣✐✈❡♥ s✐③❡✳ ❊❛❝❤ ❝❧✐q✉❡ ✐s ❣❡♥❡r❛t❡❞ ❜② r❛♥❞♦♠❧② ❝r❡❛t✐♥❣ K ❝♦❧♦r
♣❛rt✐t✐♦♥s✱ t❤❡♥ r❛♥❞♦♠❧② s❡❧❡❝t✐♥❣ ♦♥❡ ♦❢ t❤❡ ✈❡rt✐❝❡s ✐♥ ❡❛❝❤ ♣❛rt✐t✐♦♥
❛♥❞ ❥♦✐♥✐♥❣ ❡✈❡r② ♣❛✐r ❜② ❛♥ ❡❞❣❡✳ ❊❛❝❤ ❝❧✐q✉❡ ✐s ❣❡♥❡r❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✳

• ❉ ✭❉■▼❆❈❙ ❛♥❞ ◆❡t✇♦r❦①✮✿ ❉■▼❆❈❙ ✐♥st❛♥❝❡s ❛r❡ ✶✷✺ ❜❡♥❝❤♠❛r❦ ✐♥✲
st❛♥❝❡s ❝♦♥s✐st✐♥❣ ♦❢ ❞✐✛❡r❡♥t t②♣❡ ♦❢ ❣r❛♣❤s s✉❝❤ ❛s ▲❡✐❣❤t♦♥✱ ✢❛t✱ ▼②❝✐❡❧✲
s❦✐✱ q✉❡❡♥✱ ♠✐❧❡s✱ ❣❛♠❡✱ r❡❣✐st❡r✱ ✐♥s❡rt✐♦♥s ❡t❝✳ ❆ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❉■▼❆❈❙
✐♥st❛♥❝❡s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❤tt♣✿✴✴♠❛t✳❣s✐❛✳❝♠✉✳❡❞✉✴❈❖▲❖❘✵✸✴✳ ❚❤❡
◆❡t✇♦r❦① ❣❡♥❡r❛t♦r ✇❛s ✉s❡❞ t♦ ♣r♦❞✉❝❡ ✻✼✺ ✐♥st❛♥❝❡s✿ ✶✷✺ ✐♥st❛♥❝❡s ♦❢
✸✵✱ ✺✵ ❛♥❞ ✼✵ ✈❡rt❡① ❣r❛♣❤s ✭t♦t❛❧❧✐♥❣ ✸✼✺ ✐♥st❛♥❝❡s✮ ✇❡r❡ ❣❡♥❡r❛t❡❞ ✉s✲
✐♥❣ t❤❡ r❛♥❞♦♠ ❣r❛♣❤ ❣❡♥❡r❛t♦r❀ ❛♥❞ ✶✵✵ ✐♥st❛♥❝❡s ♦❢ ✶✵✵✱ ✶✺✵ ❛♥❞ ✷✵✵
✈❡rt❡① ❣r❛♣❤s ✭t♦t❛❧❧✐♥❣ ✸✵✵ ✐♥st❛♥❝❡s✮ ✇❡r❡ ❣❡♥❡r❛t❡❞ ✉s✐♥❣ t❤❡ ❣❡♦♠❡tr✐❝
❣r❛♣❤ ❣❡♥❡r❛t♦r✳ ❋✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ◆❡t✇♦r❦① ❣❡♥❡r❛t♦rs ❝❛♥
❜❡ ❢♦✉♥❞ ❛t ❤tt♣✿✴✴♥❡t✇♦r❦①✳❧❛♥❧✳❣♦✈✴r❡❢❡r❡♥❝❡✴❣❡♥❡r❛t♦rs✳❤t♠❧

• ❊ ✭❙♦❝✐❛❧ ◆❡t✇♦r❦ ❣r❛♣❤s✮✿ ❚❤❡s❡ ❣r❛♣❤s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s♦❝✐❛❧ ♥❡t✇♦r❦s
♦❢ s❝❤♦♦❧✕❢r✐❡♥❞s✱ ❝♦♠♣✐❧❡❞ ❛s ♣❛rt ♦❢ t❤❡ ❯❙❆✕❜❛s❡❞ ◆❛t✐♦♥❛❧ ▲♦♥❣✐t✉❞✲
✐♥❛❧ ❙t✉❞② ♦❢ ❆❞♦❧❡s❝❡♥t ❍❡❛❧t❤ ♣r♦❥❡❝t ❬✹✵❪✱ ❛♥❞ ✇❡r❡ ✉s❡❞ ✐♥ t❤❡ st✉❞②
♦❢ ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪✳

• ❋ ✭❙♣♦rts ❙❝❤❡❞✉❧✐♥❣ ❣r❛♣❤s✮✿ ❚❤❡s❡ ❣r❛♣❤s r❡♣r❡s❡♥t r♦✉♥❞✕r♦❜✐♥ t♦✉r✲
♥❛♠❡♥ts ✉s❡❞ ✐♥ s♣♦rts ❧❡❛❣✉❡s ❬✹✶✱ ✶✾❪✳ ■♥ s✉❝❤ ♣r♦❜❧❡♠s✱ ✇❡ ❛r❡ ❣✐✈❡♥
❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢ t❡❛♠s n✱ ❛♥❞ ❡❛❝❤ t❡❛♠ ✐s r❡q✉✐r❡❞ t♦ ♣❛rt✐❝✐♣❛t❡ ✐♥ ❛
♠❛t❝❤ ❛❣❛✐♥st ❛❧❧ ♦t❤❡r t❡❛♠s m t✐♠❡s ✐♥ m(n− 1) r♦✉♥❞s✳ ❚❤❡s❡ ❣r❛♣❤s
✇❡r❡ ✉s❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪✳

• ● ✭❊①❛♠ ❚✐♠❡t❛❜❧✐♥❣ ❣r❛♣❤s✮✿ ❚❤❡s❡ ❣r❛♣❤s r❡♣r❡s❡♥t t❤❡ ❝♦♥✢✐❝ts ✐♥
r❡❛❧✲✇♦r❧❞ ❡①❛♠ t✐♠❡t❛❜❧✐♥❣ ♣r♦❜❧❡♠s r❛♥❣✐♥❣ ✐♥ s✐③❡ ❢r♦♠ |V | = 81 t♦
2419 ❬✹✷❪✱ ❛♥❞ ✇❡r❡ ✉s❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪✳

• ❍ ✭❋❧❛t ❣r❛♣❤s✮✿ ❚❤❡s❡ ❛r❡ t❤❡ ✢❛t ❣r❛♣❤s ✉s❡❞ ❜② ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪✱ ❝♦♥✲
str✉❝t❡❞ ❜② ♣❛rt✐t✐♦♥✐♥❣ t❤❡ ✈❡rt✐❝❡s ✐♥t♦ K ❛❧♠♦st ❡q✉✐✲s✐③❡❞ s❡ts✳ ❊❞❣❡s
❛r❡ t❤❡♥ ❛❞❞❡❞ ❜❡t✇❡❡♥ ♣❛✐rs ♦❢ ✈❡rt✐❝❡s ✐♥ ❞✐✛❡r❡♥t s❡ts ✇✐t❤ ♣r♦❜❛❜✐❧✐t②
p ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ✈❛r✐❛♥❝❡ ✐♥ ✈❡rt❡① ❞❡❣r❡❡s ✐s ❦❡♣t t♦ ❛ ♠✐♥✐♠✉♠✳
❋❧❛t ❣r❛♣❤s ✇❡r❡ ❣❡♥❡r❛t❡❞ ❢♦r K ∈ {10, 50, 100}✳ ■♥ ❡❛❝❤ ❝❛s❡ ✇❡ ✉s❡❞
|V | = 500✱ ✐♠♣❧②✐♥❣ 50✱ 10✱ ❛♥❞ 5 ✈❡rt✐❝❡s ♣❡r ❝♦❧♦✉r✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡
❣❡♥❡r❛t❡❞ 41 ✐♥st❛♥❝❡s ❢♦r t❤❡ K = 10 ❛♥❞ K = 100 ❣r❛♣❤s✱ ❛♥❞ ✷✶ ✐♥✲
st❛♥❝❡s ❢♦r K = 50 ❣r❛♣❤s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ p ✈❛❧✉❡s ✐♥ ❛♥❞ ❛r♦✉♥❞ t❤❡

✶✹



■♥st❛♥❝❡ ❙❡t ❙♦✉r❝❡ ◆✉♠❜❡r ♦❢ ■♥st❛♥❝❡s
✭❛❢t❡r ♦✉t❧✐❡r r❡♠♦✈❛❧✮

❇ ❖✉r ❣❡♥❡r❛t♦r ✶✵✵✵ ✭✾✾✶✮
❈✶ ❈✉❧❜❡rs♦♥ ❬✸✼❪ ✶✵✵✵ ✭✶✵✵✵✮
❈✷ ❈✉❧❜❡rs♦♥ ❬✸✼❪ ✾✸✷ ✭✽✵✻✮
❈✸ ❈✉❧❜❡rs♦♥ ❬✸✼❪ ✶✵✵✵ ✭✶✵✵✵✮
❈✹ ❈✉❧❜❡rs♦♥ ❬✸✼❪ ✶✵✵✵ ✭✾✽✼✮
❈✺ ❈✉❧❜❡rs♦♥ ❬✸✼❪ ✶✵✵✵ ✭✾✹✻✮
❉ ❉■▼❆❈❙ ❬✸✽❪ ❛♥❞ ◆❡t✇♦r❦① ❬✸✾❪ ✼✹✸ ✭✼✸✶✮
❊ ❙♦❝✐❛❧ ◆❡t✇♦r❦ ❬✶✾❪ ✷✵ ✭✷✵✮
❋ ❙♣♦rts ❙❝❤❡❞✉❧✐♥❣ ❬✶✾❪ ✽✵ ✭✻✹✮
● ❚✐♠❡t❛❜❧✐♥❣ ❬✶✾❪ ✶✸ ✭✶✷✮
❍ ❋❧❛t ❬✶✾❪ ✶✵✸ ✭✶✵✸✮
■ ❘❛♥❞♦♠ ❬✶✾❪ ✺✼ ✭✺✷✮

❚❛❜❧❡ ✶✿ ●r❛♣❤ ❈♦❧♦r✐♥❣ ■♥st❛♥❝❡s

♣❤❛s❡ tr❛♥s✐t✐♦♥ r❡❣✐♦♥s ✭❡♥s✉r✐♥❣ t❤❡ ✐♥st❛♥❝❡s ❛r❡ q✉✐t❡ ❤❛r❞ t♦ K✲❝♦❧♦r
✐♥ ❣❡♥❡r❛❧✮✳

• ■ ✭❘❛♥❞♦♠ ❣r❛♣❤s✮✿ ❚❤❡s❡ ❛r❡ t❤❡ r❛♥❞♦♠ ❣r❛♣❤s ✉s❡❞ ❜② ▲❡✇✐s ❡t ❛❧✳
❬✶✾❪✳ ❊❛❝❤ ♣❛✐r ♦❢ ✈❡rt✐❝❡s ❛r❡ ♠❛❞❡ ❛❞❥❛❝❡♥t ✇✐t❤ ♣r♦❜❛❜✐❧✐t② p r❛♥❣✐♥❣
❢r♦♠ 0.05 ✭s♣❛rs❡✮ t♦ 0.95 ✭❞❡♥s❡✮✱ ✐♥❝r❡♠❡♥t✐♥❣ ✐♥ st❡♣s ♦❢ 0.05✱✇✐t❤ |V | ∈
{250, 500, 1000}✳

❚❛❜❧❡ ✶ s✉♠♠❛r✐③❡s t❤❡ ✐♥st❛♥❝❡s ❣❡♥❡r❛t❡❞ ❢♦r t❤✐s ❝❛s❡ st✉❞② ❛♥❞ ❛❧s♦ s❤♦✇s
❤♦✇ ♠❛♥② ✐♥st❛♥❝❡s r❡♠❛✐♥ ✐♥ ❡❛❝❤ ✐♥st❛♥❝❡ s❡t ❛❢t❡r ♦✉t❧✐❡rs ❛r❡ r❡♠♦✈❡❞ ✉s✐♥❣
❛ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✳

❊♠♣✐r✐❝❛❧ st✉❞✐❡s ❤❛✈❡ ❛❧r❡❛❞② s❤♦✇♥ ❤♦✇ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ s♦♠❡ ❛❧✲
❣♦r✐t❤♠s ❞❡♣❡♥❞s ♦♥ t❤❡ s♦✉r❝❡ ♦❢ t❤❡ ✐♥st❛♥❝❡s ❬✹✸✱ ✹✹❪✳ ❈✉❧❜❡rs♦♥ ❬✸✼❪ st❛t❡s
❛❜♦✉t ❤✐s r❡s♦✉r❝❡s ❢♦r ❣r❛♣❤ ❝♦❧♦r✐♥❣✱ ✏▼② ✐♥t❡♥t✐♦♥ ✐s t♦ ♣r♦✈✐❞❡ s❡✈❡r❛❧ ❣r❛♣❤
❣❡♥❡r❛t♦rs t❤❛t ✇✐❧❧ s✉♣♣♦rt ❡♠♣✐r✐❝❛❧ r❡s❡❛r❝❤ ✐♥t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ✈❛r✐✲
♦✉s ❝♦❧♦r✐♥❣ ❛❧❣♦r✐t❤♠s✳ ❚❤✉s✱ ■ ✇❛♥t ❣❡♥❡r❛t♦rs t❤❛t ✇✐❧❧ ❡①❤✐❜✐t ✈❛r✐❛t✐♦♥s
♦❢ ✈❛r✐♦✉s ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❣r❛♣❤s✱ s✉❝❤ ❛s ❞❡❣r❡❡ ✭❡①♣❡❝t❛t✐♦♥ ❛♥❞ ✈❛r✐❛t✐♦♥✮✱
❤✐❞❞❡♥ ❝♦❧♦r✐♥❣s✱ ❣✐rt❤✱ ❡❞❣❡ ❞✐str✐❜✉t✐♦♥s ❡t❝✳✑✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡
st✉❞② ♦❢ ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪ ❝♦♥s✐❞❡r❡❞ ♦♥❧② ❛ s♠❛❧❧ s✉❜s❡t ♦❢ t❤❡ ✐♥st❛♥❝❡s ✇❡
❝♦♥s✐❞❡r ❤❡r❡✱ ❛♥❞ ✐t ✇✐❧❧ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✐❢ t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤❛t st✉❞②
❛r❡ ❣❡♥❡r❛❧✐③❛❜❧❡ t♦ ❛ ♠♦r❡ ❞✐✈❡rs❡ ✐♥st❛♥❝❡ s❡t✳

✹✳✶✳✷✳ ●r❛♣❤ ♣r♦♣❡rt✐❡s ♦r ❢❡❛t✉r❡s ✭F✮

❖✉r r❡❝❡♥t s✉r✈❡② ♦❢ ✇❤❛t ♠❛❦❡s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡s ❞✐✣❝✉❧t
❬✹✺❪ s❤♦✇s t❤❛t t❤❡r❡ ❛r❡ ♠❛♥② ❢❡❛t✉r❡s ♦r ♣r♦♣❡rt✐❡s ♦❢ ❛ ❣r❛♣❤ t❤❛t ❝❛♥ ❜❡
❝❛❧❝✉❧❛t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛♥❞ ❝❛♥ ❜❡ ✉s❡❞ t♦ s❤❡❞ s♦♠❡ ❧✐❣❤t ♦♥ t❤❡ r❡❧❛✲
t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ❣r❛♣❤ ✐♥st❛♥❝❡s ❛♥❞ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✳ ▼❛♥② ♦❢ t❤❡s❡
❢❡❛t✉r❡s ❛r❡ ❜❛s❡❞ ♦♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① A ❛♥❞ ▲❛♣❧❛❝✐❛♥ ♠❛t✲
r✐① L ♦❢ t❤❡ ❣r❛♣❤ G(V,E) ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ Ai,j 6=i = 1 ✐❢ ❛♥ ❡❞❣❡ ❝♦♥♥❡❝ts

✶✺



✈❡rt✐❝❡s i ❛♥❞ j✱ ❛♥❞ 0 ♦t❤❡r✇✐s❡❀ Li,i = degree(Vi)✱ Li,j 6=i = −1 ✐❢ ❛♥ ❡❞❣❡
❝♦♥♥❡❝ts ✈❡rt✐❝❡s i ❛♥❞ j✱ ❛♥❞ 0 ♦t❤❡r✇✐s❡✳

●r❛♣❤ t❤❡♦r② r❡s❡❛r❝❤❡rs ❤❛✈❡ ❧♦♥❣ ❝♦❧❧❡❝t❡❞ ✐♥t❡r❡st✐♥❣ ❣r❛♣❤s ❬✹✻❪ ✇❤✐❝❤
❛r❡ ✉s❡❞ t♦ ❞❡✈❡❧♦♣ ♥❡✇ ❝♦♥❥❡❝t✉r❡s✱ ❛♥❞ ♦❢t❡♥ ♣r♦✈✐❞❡ ❝♦✉♥t❡r✲❡①❛♠♣❧❡s t♦
❡①✐st✐♥❣ t❤❡♦r❡♠s✳ ❘❡❝❡♥t❧②✱ s❡✈❡r❛❧ ❡①❝✐t✐♥❣ ❞❡✈❡❧♦♣♠❡♥ts ❤❛✈❡ ♦❝❝✉r❡❞ ✇❤❡r❡
❣r❛♣❤s ✇✐t❤ s♣❡❝✐✜❝ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛♥ ❡①t❡♥❞❛❜❧❡ ❞❛t❛❜❛s❡ ✲
❦♥♦✇♥ ❛s t❤❡ ❍♦✉s❡ ♦❢ ●r❛♣❤s ❬✹✼❪✳ ❚❤❡s❡ ❣r❛♣❤s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ s✉❝❝❡ss❢✉❧❧②
t♦ ❣❡♥❡r❛t❡ ♥❡✇ ❝♦♥❥❡❝t✉r❡s ❜② ❣❡♥❡r❛t✐♥❣ ❧✐♥❡❛r ✐♥❡q✉❛❧✐t✐❡s t❤❛t ❞❡s❝r✐❜❡ t❤❡
r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ s♣❡❝✐✜❝ ❣r❛♣❤ ♣r♦♣❡rt✐❡s ❦♥♦✇♥ ❛s ✐♥✈❛r✐❛♥ts ❬✹✽❪✳ ■♥ t❤✐s
st✉❞② ✇❡ ❝♦♥s✐❞❡r ♠❛♥② ♦❢ t❤❡ ✐♥✈❛r✐❛♥t ❣r❛♣❤ ♣r♦♣❡rt✐❡s r❡❢❡rr❡❞ t♦ ❜② ❍♦✉s❡ ♦❢
●r❛♣❤s✱ ❛s ✇❡❧❧ ❛s s♦♠❡ ❛❞❞✐t✐♦♥❛❧ s♣❡❝tr❛❧ ❢❡❛t✉r❡s ❜❛s❡❞ ♦♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢
t❤❡ ❛❞❥❛❝❡♥❝② ❛♥❞ ▲❛♣❧❛❝✐❛♥ ♠❛tr✐❝❡s ♦❢ t❤❡ ❣r❛♣❤✳ ❋♦r t❤❡ ❣r❛♣❤ G = (V,E),
✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✶✽ ❢❡❛t✉r❡s r❡❧❛t✐♥❣ t♦ ❛✮ t❤❡ ♥♦❞❡s ❛♥❞ ❡❞❣❡s ✭❢❡❛t✉r❡s
✶✲✺✮❀ ❜✮ t❤❡ ❝②❝❧❡s ❛♥❞ ♣❛t❤s ♦♥ t❤❡ ❣r❛♣❤ ✭❢❡❛t✉r❡s ✻✲✶✸✮❀ ❛♥❞ ❝✮ t❤❡ s♣❡❝tr❛❧
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣r❛♣❤ ✭❢❡❛t✉r❡s ✶✹✲✶✽✮✿

✶✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥ ❛ ❣r❛♣❤✿ n = |V |

✷✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ ❛ ❣r❛♣❤✿ |E|

✸✳ ❚❤❡ ❞❡♥s✐t② ♦❢ ❛ ❣r❛♣❤✿ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s t♦ t❤❡ ♥✉♠❜❡r

♦❢ ♣♦ss✐❜❧❡ ❡❞❣❡s ρ = 2|E|
n(n−1) ✳

✹✳ ▼❡❛♥ ✈❡rt❡① ❞❡❣r❡❡✿ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ❢r♦♠ ❛ ✈❡rt❡①✱ ❛✈❡r❛❣❡❞ ❛❝r♦ss
❛❧❧ ✈❡rt✐❝❡s✳

✺✳ ❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ✈❡rt❡① ❞❡❣r❡❡✿ t❤❡ ❛✈❡r❛❣❡ ✈❡rt❡① ❞❡❣r❡❡ ❛♥❞ ✐ts
st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❝❛♥ ❣✐✈❡ ✉s ❛♥ ✐❞❡❛ ♦❢ ❤♦✇ ❝♦♥♥❡❝t❡❞ ❛ ❣r❛♣❤ ✐s✳

✻✳ ❆✈❡r❛❣❡ ♣❛t❤ ❧❡♥❣t❤✿ t❤❡ ❛✈❡r❛❣❡ ♥✉♠❜❡r ♦❢ st❡♣s ❛❧♦♥❣ t❤❡ s❤♦rt❡st ♣❛t❤s
❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ♣❛✐rs ♦❢ ✈❡rt✐❝❡s✳ ■t ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ❡✣❝✐❡♥❝② ♦❢ tr❛✈❡❧✐♥❣
❜❡t✇❡❡♥ ✈❡rt✐❝❡s✳

✼✳ ❚❤❡ ❞✐❛♠❡t❡r ♦❢ ❛ ❣r❛♣❤✿ t❤❡ ❣r❡❛t❡st ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛♥② ♣❛✐r ♦❢ ✈❡r✲
t✐❝❡s✳ ❚♦ ✜♥❞ t❤❡ ❞✐❛♠❡t❡r ✇❡ ✜♥❞ t❤❡ s❤♦rt❡st ♣❛t❤ ❜❡t✇❡❡♥ ❡❛❝❤ ♣❛✐r ♦❢
✈❡rt✐❝❡s ❛♥❞ t❛❦❡ t❤❡ ❣r❡❛t❡st ❧❡♥❣t❤ ♦❢ t❤❡s❡ ♣❛t❤s✳

✽✳ ❚❤❡ ❣✐rt❤ ♦❢ ❛ ❣r❛♣❤✿ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❤♦rt❡st ❝②❝❧❡✳

✾✳ ▼❡❛♥ ❜❡t✇❡❡♥♥❡ss ❝❡♥tr❛❧✐t②✿ ❛✈❡r❛❣❡ ❢r❛❝t✐♦♥ ♦❢ ❛❧❧ s❤♦rt❡st ♣❛t❤s ❝♦♥✲
♥❡❝t✐♥❣ ❛❧❧ ♣❛✐rs ♦❢ ✈❡rt✐❝❡s t❤❛t ♣❛ss t❤r♦✉❣❤ ❛ ❣✐✈❡♥ ✈❡rt❡①✳

✶✵✳ ❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❜❡t✇❡❡♥♥❡ss ❝❡♥tr❛❧✐t②✿ ✇✐t❤ t❤❡ ♠❡❛♥✱ t❤❡ ❙❉ ❣✐✈❡s
❛ ♠❡❛s✉r❡ ♦❢ ❤♦✇ ❝❡♥tr❛❧ t❤❡ ✈❡rt✐❝❡s ❛r❡ ✐♥ ❛ ❣r❛♣❤✳

✶✶✳ ❚❤❡ ❝❧✉st❡r✐♥❣ ❝♦❡✣❝✐❡♥t✿ ❛ ♠❡❛s✉r❡ ♦❢ ❞❡❣r❡❡ t♦ ✇❤✐❝❤ ✈❡rt✐❝❡s ✐♥ ❛ ❣r❛♣❤
t❡♥❞ t♦ ❝❧✉st❡r t♦❣❡t❤❡r✳ ❚❤✐s ✐s ❛ r❛t✐♦ ♦❢ t❤❡ ❝❧♦s❡❞ tr✐♣❧❡ts t♦ t❤❡ t♦t❛❧
♥✉♠❜❡r ♦❢ tr✐♣❧❡ts ✐♥ ❛ ❣r❛♣❤✳ ❆ ❝❧♦s❡❞ tr✐♣❧❡t ✐s ❛ tr✐❛♥❣❧❡✱ ✇❤✐❧❡ ❛♥ ♦♣❡♥
tr✐♣❧❡t ✐s ❛ tr✐❛♥❣❧❡ ✇✐t❤♦✉t ♦♥❡ s✐❞❡ ❬✹✾❪✳

✶✷✳ ❚❤❡ ❙③❡❣❡❞ ✐♥❞❡①✿ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❲✐❡♥❡r ♥✉♠❜❡r t♦ ❝②❝❧✐❝ ❣r❛♣❤s✱
♣r♦✈✐❞✐♥❣ ❛ ♠❡❛s✉r❡ t❤❛t ❝♦rr❡❧❛t❡s ✇✐t❤ ❜✐♣❛rt✐✈✐t② ❬✺✵❪✳

✶✸✳ ❇❡t❛✿ ♣r♦♣♦rt✐♦♥ ♦❢ ❡✈❡♥ ❝❧♦s❡❞ ✇❛❧❦s t♦ ❛❧❧ ❝❧♦s❡❞ ✇❛❧❦s✱ ♣r♦✈✐❞✐♥❣ ❛♥
❛❧t❡r♥❛t✐✈❡ ♠❡❛s✉r❡ ♦❢ t❤❡ ❜✐♣❛rt✐✈✐t② ♦❢ ❛ ❣r❛♣❤ ❬✺✶❪✳

✶✹✳ ❊♥❡r❣②✿ t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❛❞❥❛❝❡♥❝②
♠❛tr✐① ❬✺✷❪✳

✶✻



✶✺✳ ❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐①✿

✶✻✳ ❆❧❣❡❜r❛✐❝ ❝♦♥♥❡❝t✐✈✐t②✿ t❤❡ s❡❝♦♥❞ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥
♠❛tr✐① ❬✺✸❪✳ ❚❤✐s r❡✢❡❝ts ❤♦✇ ✇❡❧❧ ❝♦♥♥❡❝t❡❞ ❛ ❣r❛♣❤ ✐s✳ ❈❤❡❡❣❡r✬s ❝♦♥✲
st❛♥t✱ ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ❣r❛♣❤ ♣r♦♣❡rt②✱ ✐s ❜♦✉♥❞❡❞ ❜② ❤❛❧❢ t❤❡ ❛❧❣❡❜r❛✐❝
❝♦♥♥❡❝t✐✈✐t② ❬✺✹❪✳

✶✼✳ ▼❡❛♥ ❡✐❣❡♥✈❡❝t♦r ❝❡♥tr❛❧✐t②✿ t❤❡ P❡rr♦♥✲❋r♦❜❡♥✐✉s ❡✐❣❡♥✈❡❝t♦r ♦❢ t❤❡ ❛❞✲
❥❛❝❡♥❝② ♠❛tr✐①✱ ❛✈❡r❛❣❡❞ ❛❝r♦ss ❛❧❧ ❝♦♠♣♦♥❡♥ts✳

✶✽✳ ❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❡✐❣❡♥✈❡❝t♦r ❝❡♥tr❛❧✐t②✿ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♠❡❛♥✱ t❤❡
st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❡✐❣❡♥✈❡❝t♦r ❝❡♥tr❛❧✐t② ❣✐✈❡s ✉s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡
✐♠♣♦rt❛♥❝❡ ♦❢ ❛ ✈❡rt❡① ✐♥s✐❞❡ ❛ ❣r❛♣❤✳

✹✳✶✳✸✳ ❆❧❣♦r✐t❤♠s ✭A✮

❲❡ ❝♦♥s✐❞❡r ❛ ♣♦rt❢♦❧✐♦ ♦❢ t❤❡ s❛♠❡ s✐① ❤✐❣❤✲♣❡r❢♦r♠✐♥❣ ❛❧❣♦r✐t❤♠s ❞❡s❝r✐❜❡❞
✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ❛❧❣♦r✐t❤♠s ❜② ▲❡✇✐s ❡t ❛❧✳
❬✶✾❪✱ ❛✉❣♠❡♥t❡❞ ✇✐t❤ ❛ r❛♥❞♦♠ ❣r❡❡❞② ❤❡✉r✐st✐❝ ❛♥❞ t❤❡ ❞❡❣r❡❡ s❛t✉r❛t✐♦♥ ❤❡✉r✲
✐st✐❝ ❉❙❆❚❯❘ ❬✺✺❪✱ ✇❤✐❝❤ ❛r❡ ✉s❡❞ ❛s ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s✐① ❛❧❣♦r✐t❤♠s✳ ❚❤✉s
✇❡ ❤❛✈❡ ❡✐❣❤t ❛❧❣♦r✐t❤♠s r❡♣r❡s❡♥t✐♥❣ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s♦❧✉t✐♦♥ str❛t❡❣✐❡s✿

• ❉❙❆❚❯❘✿ ❇r❡❧❛③✬s ❣r❡❡❞② ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ s❛t✉r❛t✐♦♥ ❞❡❣r❡❡ ♦❢ t❤❡
✈❡rt✐❝❡s ❬✺✺❪✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ❡①❛❝t ❢♦r ❜✐♣❛rt✐t❡ ❣r❛♣❤s ❬✺✻❪✳

• ❇❦tr✿ ❛ ❜❛❝❦tr❛❝❦✐♥❣ ✈❡rs✐♦♥ ♦❢ t❤❡ ❉❙❆❚❯❘ ❤❡✉r✐st✐❝ ✇❤✐❝❤ ❛❧s♦ ✐♥❝❧✉❞❡s
❛♥ ♦♣❡r❛t♦r ❢♦r ❞②♥❛♠✐❝❛❧❧② r❡✕♦r❞❡r✐♥❣ t❤❡ ✈❡rt✐❝❡s ✇❤❡♥ ❛ ♥♦❞❡ ✐♥ t❤❡
s❡❛r❝❤ tr❡❡ ✐s r❡✈✐s✐t❡❞✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ❜② ❈✉❧❜❡rs♦♥
❛♥❞ ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r ❞♦✇♥❧♦❛❞ ❬✸✼❪✳

• ❍✐❧❧❈❧✐♠❜✿ ❆ ❤✐❧❧✲❝❧✐♠❜✐♥❣ ♠❡t❤♦❞ ❬✺✼❪ t❤❛t ♦♣❡r❛t❡s ✐♥ t❤❡ s♣❛❝❡ ♦❢ ❢❡❛s✲
✐❜❧❡ s♦❧✉t✐♦♥s ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ s♦❧✉t✐♦♥ ❜❡✐♥❣ ❢♦r♠❡❞ ✉s✐♥❣ t❤❡ ❉❙❆❚❯❘
❤❡✉r✐st✐❝✳

• ❍❊❆✿ ❆ ❤②❜r✐❞ ❡✈♦❧✉t✐♦♥❛r② ❛❧❣♦r✐t❤♠ ♦❢ ●❛❧✐♥✐❡r ❛♥❞ ❍❛♦ ❬✺✽❪ t❤❛t ♦♣✲
❡r❛t❡s ❜② ♠❛✐♥t❛✐♥✐♥❣ ❛ ✭t②♣✐❝❛❧❧② s♠❛❧❧✮ st❡❛❞②✕st❛t❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❝❛♥✲
❞✐❞❛t❡ s♦❧✉t✐♦♥s ✇❤✐❝❤ ❛r❡ ❡✈♦❧✈❡❞ ✈✐❛ ❛ ♣r♦❜❧❡♠✕s♣❡❝✐✜❝ r❡❝♦♠❜✐♥❛t✐♦♥
♦♣❡r❛t♦r ❛♥❞ ❛ ❧♦❝❛❧ s❡❛r❝❤ ♠❡t❤♦❞✳

• ❚❛❜✉❈♦❧✿ ●❛❧✐♥✐❡r ❛♥❞ ❍❛♦✬s ✈❛r✐❛♥t ♦❢ t❤❡ ❚❛❜✉ s❡❛r❝❤ ❛❧❣♦r✐t❤♠ ❢♦r
❣r❛♣❤ ❝♦❧♦✉r✐♥❣ ❬✺✽❪✳

• P❛rt✐❛❧❈♦❧✿ ❚❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❇❧♦❝❤❧✐❣❡r ❛♥❞ ❩✉✛❡r❡② ❬✺✾❪ t❤❛t ♦♣❡r❛t❡s ✐♥
❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ t♦ ❚❆❇❯❈❖▲ ❜✉t ✇✐t❤ ❛ ❞✐✛❡r❡♥t ♥❡✐❣❤❜♦r❤♦♦❞ ♦♣❡r❛t♦r
t❤❛t ❞♦❡s ♥♦t ❛❧❧♦✇ ✐♠♣r♦♣❡r s♦❧✉t✐♦♥s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳

• ❆♥t❈♦❧✿ ❆♥t ❈♦❧♦♥② ♠❡t❛ ❤❡✉r✐st✐❝✲❜❛s❡❞ ♠❡t❤♦❞ ♦❢ ❉♦✇s❧❛♥❞ ❛♥❞ ❚❤♦♠♣s♦♥
❬✻✵❪ ❝♦♠❜✐♥✐♥❣ ❣❧♦❜❛❧ ❛♥❞ ❧♦❝❛❧ s❡❛r❝❤ ♦♣❡r❛t♦rs✳

• ❘❛♥❞●r✿ ❚❤✐s ✐s ❛ s✐♠♣❧❡ ❣r❡❡❞② ❛❧❣♦r✐t❤♠ t❤❛t t❛❦❡s ❛ r❛♥❞♦♠ ♣❡r♠✉t❛✲
t✐♦♥ ♦❢ t❤❡ ✈❡rt✐❝❡s ❛♥❞ t❤❡♥ ❝♦❧♦✉rs t❤❡♠ ✉s✐♥❣ ❛ ✜rst✲✜t ❣r❡❡❞② ❛❧❣♦r✐t❤♠✳
❚❤✐s ✐s t❤❡ ❤❡✉r✐st✐❝ ✉s❡❞ t♦ ♣r♦✈✐❞❡ t❤❡ ✐♥✐t✐❛❧ ♥✉♠❜❡r ♦❢ ❝♦❧♦✉rs ❢♦r ❜♦t❤
t❤❡ P❛rt❈♦❧ ❛♥❞ ❚❛❜✉❈♦❧ ❛❧❣♦r✐t❤♠s✳

✶✼



❆❧❧ ❛❧❣♦r✐t❤♠s ❛r❡ r✉♥ ✐♥ t❤❡ s❛♠❡ ❡♥✈✐r♦♥♠❡♥t ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❢✉♥❝✲
t✐♦♥ ❡✈❛❧✉❛t✐♦♥s✳ ❆❧❧ ❛❧❣♦r✐t❤♠s ✇❡r❡ r✉♥ ✐♥ t❤❡ s❛♠❡ ❡♥✈✐r♦♥♠❡♥t ✭❲✐♥❞♦✇s
❳P ✉s✐♥❣ ❛ ✸✳✵ ●❍③ ♣r♦❝❡ss♦r ✇✐t❤ ✸✳✶✽ ●❇ ♦❢ ❘❆▼✮ ❢♦r ❛ ✜①❡❞ ❝♦♠♣✉t❛t✐♦♥
❧✐♠✐t ♦❢ 5 × 1010 ❝♦♥str❛✐♥t ❝❤❡❝❦s✳ ❚❤✐s ❧❡❞ t♦ r✉♥ t✐♠❡s ♦❢ ❛♣♣r♦①✐♠❛t❡❧② ✺✲
✶✺ ♠✐♥✉t❡s ♣❡r ✐♥st❛♥❝❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ str✉❝t✉r❡s ♦❢ t❤❡ ❣r❛♣❤ ❝♦♥s✐❞❡r❡❞✳
❋✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤❡ ❛❧❣♦r✐t❤♠s✬ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ✲ t♦❣❡t❤❡r ✇✐t❤ ❞❡s❝r✐♣t✐♦♥s
♦♥ ✇❤❛t ❝♦♥st✐t✉t❡s ❛ ❝♦♥str❛✐♥t ❝❤❡❝❦ ✲ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪✳

✹✳✶✳✹✳ P❡r❢♦r♠❛♥❝❡ ♠❡tr✐❝ ✭Y✮

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ ♠❛♥② ❞✐✛❡r❡♥t ✇❛②s
❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❣♦❛❧s✳ ❲❡ ♠✐❣❤t s❛② t❤❛t ♦♥❡ ❛❧❣♦r✐t❤♠ ✐s ❜❡tt❡r t❤❛♥ ❛♥♦t❤❡r
✐❢ ✐t ✜♥❞s t❤❡ s❛♠❡ q✉❛❧✐t② s♦❧✉t✐♦♥ ✐♥ ❛ ❢❛st❡r t✐♠❡✱ ♦r ✐❢ ✐t ♦❜t❛✐♥s ❛ ♠✉❝❤ ❜❡tt❡r
q✉❛❧✐t② s♦❧✉t✐♦♥ ❢♦r t❤❡ s❛♠❡ r✉♥✲t✐♠❡✳ ❍♦✇ ✇❡ ❞❡✜♥❡ ✏s❛♠❡ q✉❛❧✐t②✑ ♠❛②
✐♥✈♦❧✈❡ s♦♠❡ t♦❧❡r❛♥❝❡✱ ❛♥❞ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤✐s ♠♦r❡ s♣❡❝✐✜❝❛❧❧② ✐❢ ✇❡ ✐♥tr♦❞✉❝❡
❝♦♥❝❡♣ts ❧✐❦❡ ✏t✇♦ ❛❧❣♦r✐t❤♠s ❣✐✈❡ t❤❡ s❛♠❡ r❡s✉❧t ✐♥ t❤❡✐r s♦❧✉t✐♦♥ ❝♦sts ❛r❡
✇✐t❤✐♥ ǫ% ♦❢ ❡❛❝❤ ♦t❤❡r✑✳ ❆❝❦♥♦✇❧❡❞❣✐♥❣ t❤❡ ❛r❜✐tr❛r✐♥❡ss ♦❢ t❤✐s ❞❡❝✐s✐♦♥✱
❛♥❞ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✐♥ t❤✐s ♣❛♣❡r ✇❡ ♠❡❛s✉r❡ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡
❛s ❡✐t❤❡r ❡❛s② ♦r ❤❛r❞✱ ❜❛s❡❞ ♦♥ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❜❡st s♦❧✉t✐♦♥ ✭♥✉♠❜❡r
♦❢ ❝♦❧♦rs✮ ♣r♦❞✉❝❡❞ ❜② t❤❡ ♣♦rt❢♦❧✐♦ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦❧♦rs ♥❡❡❞❡❞ ❜② ❛♥
❛❧❣♦r✐t❤♠ t♦ ♣r♦♣❡r❧② ❝♦❧♦r t❤❡ ❣r❛♣❤ ✇✐t❤✐♥ t❤❡ st❛t❡❞ ❝♦♠♣✉t❛t✐♦♥ ❧✐♠✐t ♦❢
5× 1010 ❝♦♥str❛✐♥t ❝❤❡❝❦s✳ ❲❡ s❛② t❤❛t ❛♥ ❛❧❣♦r✐t❤♠ ✐s ✏ǫ✲❣♦♦❞✑ ✐❢ t❤❡ ♥✉♠❜❡r
♦❢ ❝♦❧♦rs ♥❡❡❞❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ✐s ♥♦ ♠♦r❡ t❤❛♥ ǫ% ❣r❡❛t❡r t❤❛♥ t❤❡ ❜❡st
❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ♣♦rt❢♦❧✐♦ ♦♥ t❤❛t ✐♥st❛♥❝❡✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❜♦t❤ ǫ = 0% ❛♥❞
ǫ = 5%✳

✹✳✶✳✺✳ ❙✉♠♠❛r② ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ♠❡t❛✲❞❛t❛

❚❤❡ ♠❡t❛✲❞❛t❛ ❢♦r ♦✉r ❡①♣❡r✐♠❡♥t❛❧ ❝❛s❡ st✉❞② ♦♥ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ❝❛♥ ♥♦✇
❜❡ s✉♠♠❛r✐③❡❞ ✉s✐♥❣ t❤❡ ❢r❛♠❡✇♦r❦ ♣r♦♣♦s❡❞ ✐♥ ❘✐❝❡ ❬✷✵❪✱ ❛♥❞ ❛❞❛♣t❡❞ ❢♦r t❤❡
st✉❞② ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ❜② ❙♠✐t❤✲▼✐❧❡s ❬✷✸❪✿

• ❚❤❡ ♣r♦❜❧❡♠ s✉❜✲s♣❛❝❡ I ✐s ❛ s❡t ♦❢ ✻✾✹✽ ❣r❛♣❤ ❝♦❧♦r✐♥❣ ✐♥st❛♥❝❡s✱ ❢r♦♠
❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s ❛♥❞ r❛♥❞♦♠ ❛♥❞ ❣❡♦♠❡tr✐❝ ❣r❛♣❤ ❣❡♥❡r❛t♦rs✱ ✇✐t❤
t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐♥ t❤❡ r❛♥❣❡ [11, 2419]✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✶✳

• ❚❤❡ ❢❡❛t✉r❡ s♣❛❝❡ F ✐s ❞❡✜♥❡❞ ❜② t❤❡ ✶✽ ✐♥✈❛r✐❛♥t ❣r❛♣❤ ♣r♦♣❡rt✐❡s ❧✐st❡❞
✐♥ s❡❝t✐♦♥ ✹✳✶✳✷✳

• ❚❤❡ ❛❧❣♦r✐t❤♠ s♣❛❝❡ A ❝♦♠♣r✐s❡s ❡✐❣❤t ❤❡✉r✐st✐❝s ❛s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥
✹✳✶✳✸✳

• ❚❤❡ ♣❡r❢♦r♠❛♥❝❡ s♣❛❝❡ Y ✐s ❛ ❜✐♥❛r② ♠❡❛s✉r❡ ❧❛❜❡❧❧✐♥❣ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠✲
❛♥❝❡ ❛s ✏ǫ✲❣♦♦❞✑ ♦r ♥♦t✱ ❞❡✜♥❡❞ ❛❢t❡r ❛ ♠❛①✐♠✉♠ ♦❢ 5 × 1010 ❝♦♥str❛✐♥t
❝❤❡❝❦s ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ ǫ✳

✹✳✷✳ ●❡♥❡r❛t✐♥❣ t❤❡ ■♥st❛♥❝❡ ❙♣❛❝❡

❋r♦♠ t❤❡ r❛✇ ♠❡t❛✲❞❛t❛ ✇❡ ✜rst r❡♠♦✈❡❞ ❛♥② ♦✉t❧✐❡rs t❤❛t ✇❡r❡ ♠♦r❡ t❤❛♥
t❤r❡❡ st❛♥❞❛r❞✲❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ ♠❡❛♥ ♦❢ ❛♥② ❢❡❛t✉r❡✱ ❛♥❞ t❤❡♥ ❛♣♣❧✐❡❞ ❛ ❧♦❣

✶✽



tr❛♥s❢♦r♠ t♦ ❛❧❧ ❢❡❛t✉r❡s t♦ r❡✐❣♥ ✐♥ t❤❡ ❡✛❡❝t ♦❢ ❛♥② r❡♠❛✐♥✐♥❣ ♦✉t❧✐❡rs ✐♥ t❤❡
✐♥st❛♥❝❡ s♣❛❝❡ ✐♥ ♦r❞❡r t❤❛t ♦✉r ✐♥st❛♥❝❡ s♣❛❝❡ ♥♦t ❜❡ ✉♥❞✉❧② ❞✐st♦rt❡❞ ❜② ♦✉t✲
❧✐❡rs✳ ❆❧❧ ❢❡❛t✉r❡s ✇❡r❡ t❤❡♥ ♥♦r♠❛❧✐③❡❞ t♦ [0, 1] ✉s✐♥❣ ♠✐♥✲♠❛① ♥♦r♠❛❧✐③❛t✐♦♥✳
❋♦r t❤❡ ❢❡❛t✉r❡ s✉❜s❡t s❡❧❡❝t✐♦♥✱ t❤❡ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣
t❤❡ ▼❆❚▲❆❇ ♦♣t✐♠✐③❛t✐♦♥ t♦♦❧❜♦①✳ ❊❛❝❤ s❡❧❡❝t✐♦♥ ♦❢ s✉❜s❡ts ✭✐♥❞✐✈✐❞✉❛❧s✮ ✇❛s
r❡♣r❡s❡♥t❡❞ ✉s✐♥❣ ❛ ❜✐♥❛r② ✈❡❝t♦r t♦ ✐♥❞✐❝❛t❡ ✐❢ ❛ ❢❡❛t✉r❡ ✇❛s ❛ ♠❡♠❜❡r ♦❢ t❤❡
❝❛♥❞✐❞❛t❡ s✉❜s❡t ♦❢ ❛ ❣✐✈❡♥ ❝❛r❞✐♥❛❧✐t② m✳ ■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✉t✐❧✐t② ♦❢ ❛
s✉❜s❡t ♦❢ ❢❡❛t✉r❡s✱ ✇❡ r❡❝♦❣♥✐③❡ t❤❛t ❛ ✉s❡❢✉❧ ✐♥st❛♥❝❡ s♣❛❝❡ ✐s ♦♥❡ t❤❛t ❤❛s ❝r❡✲
❛t❡❞ ❛♥ ❡❛s②✲❤❛r❞ ♣❛rt✐t✐♦♥✐♥❣ ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ t♦ s✉♣♣♦rt ♦✉r ✈✐s✉❛❧✐③❛t✐♦♥✳
❚❤❡ ❝❤♦s❡♥ ✜t♥❡ss ❢✉♥❝t✐♦♥ ✇❛s r❡❧❛t❡❞ t♦ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡rr♦r t❤❛t ❛ ◆❛✐✈❡
❇❛②❡s ❝❧❛ss✐✜❡r ✭❝❤♦s❡♥ ❛s ❛ s✐♠♣❧❡ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞✱ ❛♥❞ ✐♠♣❧❡♠❡♥✲
t❡❞ ✇✐t❤ ❞❡❢❛✉❧t ♣❛r❛♠❡t❡rs ✐♥ ▼❆❚▲❆❇✮ ❝♦✉❧❞ ♦❜t❛✐♥ ✉s✐♥❣ t❤♦s❡ ❝❛♥❞✐❞❛t❡
❢❡❛t✉r❡s t♦ ♣r♦❥❡❝t t♦ ❛ ✷✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛♥❝❡ s♣❛❝❡ ✉s✐♥❣ P❈❆ ❛♥❞ ❝♦rr❡❝t❧②
♣r❡❞✐❝t ✐❢ ❛♥ ❛❧❣♦r✐t❤♠ ❝♦✉❧❞ ♦❜t❛✐♥ t❤❡ ❜❡st r❡s✉❧t ❢♦r ❡❛❝❤ ✐♥st❛♥❝❡✳ ❚❤❡ ♠❡❛♥
❛✈❡r❛❣❡ ❡rr♦r ✭❛✈❡r❛❣❡❞ ❛❝r♦ss t❤❡ ❡✐❣❤t ◆❛✐✈❡ ❇❛②❡s ❝❧❛ss✐✜❡rs tr❛✐♥❡❞ ❢♦r ❡❛❝❤
❛❧❣♦r✐t❤♠✮ ✇❛s ✉s❡❞ ❛s t❤❡ r❡❝✐♣r♦❝❛❧ ♦❢ t❤❡ ✜t♥❡ss ❢✉♥❝t✐♦♥✱ ✇✐t❤ t❤❡ ❡rr♦r ❜❛s❡❞
♦♥ ♦✉t✲♦❢✲s❛♠♣❧❡ t❡st✐♥❣ ✉s✐♥❣ ❛ r❛♥❞♦♠❧② ❡①tr❛❝t❡❞ ✺✵✪ ♦❢ ❡❛❝❤ ✐♥st❛♥❝❡ s❡t
♥♦t ✉s❡❞ ❢♦r ❧❡❛r♥✐♥❣ t❤❡ ◆❛✐✈❡ ❇❛②❡s ❝❧❛ss✐✜❡rs✳ ❚❤✉s✱ t❤❡ ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥ ♣r♦✲
❝❡ss ✐♥✈♦❧✈❡❞ ♣❡r❢♦r♠✐♥❣ P❈❆ ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ s✉❜s❡t ❜❡✐♥❣ ❡✈❛❧✉❛t❡❞ ❜② t❤❡
❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠✱ ❛♥❞ ✉s✐♥❣ ❛ ◆❛✐✈❡ ❇❛②❡s ❝❧❛ss✐✜❡r ✐♥ t❤❡ P❈❆ s♣❛❝❡ ✭❡✐t❤❡r
✐♥ R

2♦r ✐♥ R
m✮ ✐♥ ❛♥ ✐t❡r❛t✐✈❡ ♣r♦❝❡ss t❤❛t r❡❧✐❡❞ ♦♥ ❛♥ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❝❡ss t♦

✜♥❞ t❤❡ ♦♣t✐♠❛❧ s✉❜s❡t ♦❢ ❢❡❛t✉r❡s✳ ❲❡ ❛❧s♦ ❡①♣❡r✐♠❡♥t❡❞ ✇✐t❤ ❝❧❛ss✐✜❝❛t✐♦♥ ✐♥
t❤❡ m✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ s♣❛❝❡✱ ❜✉t ❢♦✉♥❞ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ❡rr♦rs ✇❡r❡ ♠❛r✲
❣✐♥❛❧❧② r❡❞✉❝❡❞ ✐♥ R

2✳ ❲❡ ❛❞❞✐t✐♦♥❛❧❧② ❡①♣❡r✐♠❡♥t❡❞ ✇✐t❤ s❡❧❡❝t✐♥❣ t❤❡ ❢❡❛t✉r❡
s✉❜s❡t t❤❛t ♠✐♥✐♠✐③❡❞ t❤❡ ♠❛①✐♠✉♠ ❡rr♦r ❢r♦♠ ❛♥② ♦❢ t❤❡ ◆❛✐✈❡ ❇❛②❡s ❝❧❛ss✐✲
✜❡rs✱ ❜✉t ❢♦✉♥❞ t❤❛t t❤✐s ✇❛s ♥♦t ❛s ❡✛❡❝t✐✈❡ ❝♦♠♣❛r❡❞ t♦ s❡❡❦✐♥❣ t❤❡ s✉❜s❡t
t❤❛t ♠✐♥✐♠✐③❡❞ t❤❡ ❛✈❡r❛❣❡ ❡rr♦r✳ ❖♣t✐♠❛❧ s✉❜s❡ts ✇❡r❡ ❢♦✉♥❞ ❢♦r ❝❛r❞✐♥❛❧✐t✐❡s
2 t♦ 18✱ ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ❛✈❡r❛❣❡ ❡rr♦r ✭0.146✮ ❛tt❛✐♥❡❞ ❢♦r ❛ s❡t ♦❢ m = 3
❢❡❛t✉r❡s✿ ♥❛♠❡❧② t❤❡ ❞❡♥s✐t②✱ ❛❧❣❡❜r❛✐❝ ❝♦♥♥❡❝t✐✈✐t② ❛♥❞ ❡♥❡r❣② ♦❢ t❤❡ ❣r❛♣❤✳
P❈❆ ♦♥ t❤❡s❡ t❤r❡❡ ❢❡❛t✉r❡s ❝r❡❛t❡s t❤r❡❡ ♥❡✇ ❛①❡s ✲ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢
t❤❡s❡ ❢❡❛t✉r❡s ✲ ❜② ✇❤✐❝❤ t♦ ❞❡s❝r✐❜❡ t❤❡ ♠❡t❛✲❞❛t❛✳ Pr♦❥❡❝t✐♦♥ ♦♥t♦ ♦♥❧② t❤❡
t✇♦ ♣r✐♥❝✐♣❛❧ ❛①❡s ✭✇✐t❤ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s✮ r❡t❛✐♥s ✾✽✳✹✪ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥
✐♥ t❤❡ ❞❛t❛✳ ❚❤❡s❡ t✇♦ ❛①❡s ❞❡✜♥❡ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❛♥❞ ❛r❡ ❛❧❣❡❜r❛✐❝❛❧❧②
❞❡s❝r✐❜❡❞ ❛s✿

[

v1
v2

]

=

[

0.559 0.614 0.557
−0.702 −0.007 0.712

]





density

algebraic connectivity

energy



 ✭✶✮

❘♦t❛t✐♥❣ ❛❧❧ ✐♥st❛♥❝❡s ✐♥t♦ t❤✐s ♥❡✇ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛♥❞ ♣❧♦tt✐♥❣ (v1, v2)
❢♦r ❛❧❧ ✐♥st❛♥❝❡s x ∈ I ⊂ P✱ ✇❡ ❣❡♥❡r❛t❡ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✷✳ ❚❤❡ ❣r❡② ✐♥st❛♥❝❡s s❤♦✇ ❛❧❧ ✐♥st❛♥❝❡s✱ ✇❤❡r❡❛s t❤❡ ❜❧❛❝❦ ✐♥st❛♥❝❡s s❤♦✇ t❤❡
❧♦❝❛t✐♦♥ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥st❛♥❝❡ s❡ts ✇✐t❤✐♥ t❤✐s ✐♥st❛♥❝❡ s♣❛❝❡✳ ❚❤❡ ❝❡♥tr❡ ♦❢
t❤✐s ✐♥st❛♥❝❡ s♣❛❝❡✱ (v1, v2) = (0, 0)✱ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛✈❡r❛❣❡ ✐♥st❛♥❝❡ ✇✐t❤
❛✈❡r❛❣❡ ✈❛❧✉❡s ♦❢ ❞❡♥s✐t②✱ ❛❧❣❡❜r❛✐❝ ❝♦♥♥❡❝t✐✈✐t② ❛♥❞ ❣r❛♣❤ ❡♥❡r❣②✳ ■♥st❛♥❝❡s

✶✾



❋✐❣✉r❡ ✷✿ ❊❛❝❤ ✐♥st❛♥❝❡ s❡ts s❤♦✇♥ ❛s ❜❧❛❝❦ ♣♦✐♥ts ✐♥ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✱ ♦r❞❡r❡❞ ❛❧♣❤❛❜❡t✐❝❛❧❧②
❢r♦♠ s❡t ❇ ✭s❤♦✇♥ ❛t t♦♣ ❧❡❢t✮ t♦ s❡t ■ ✭s❤♦✇♥ ❛t ❜♦tt♦♠ r✐❣❤t✮✳ ❚❤❡ ❣r❡② ♣♦✐♥ts ❞❡✜♥❡ t❤❡
❡♥t✐r❡ ✐♥st❛♥❝❡ s♣❛❝❡✳

t❤❛t ❛r❡ ♥❡❛r ❡❛❝❤ ♦t❤❡r ✐♥ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❤❛✈❡ s✐♠✐❧❛r ✈❛❧✉❡s ♦❢ t❤❡s❡ t❤r❡❡
❢❡❛t✉r❡s ✭❝❤♦s❡♥ ♦♣t✐♠❛❧❧② ❢r♦♠ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❢❡❛t✉r❡s✮✳

❚❤✐s ✈✐❡✇ ♦❢ t❤❡ ✐♥st❛♥❝❡ s❡ts ❡♥❛❜❧❡s ✉s t♦ ❢♦r♠ ❝♦♥❝❧✉s✐♦♥s ❛❜♦✉t t❤❡
❞✐✈❡rs✐t② ♦❢ ❡❛❝❤ ♦❢ t❤❡ ✐♥st❛♥❝❡ ❣❡♥❡r❛t♦rs✳ ❲❡ s❡❡ ❝❧❡❛r❧② t❤❛t t❤❡ ✜✈❡ t②♣❡s ♦❢
❈✉❧❜❡rs♦♥ ❣❡♥❡r❛t♦rs ❛r❡ ✐♥❞❡❡❞ s❡r✈✐♥❣ t❤❡✐r ♣✉r♣♦s❡ ♦❢ ❣❡♥❡r❛t✐♥❣ ✐♥st❛♥❝❡s
t❤❛t ❛r❡ ❞✐✈❡rs❡✳ ❈♦❧❧❡❝t✐✈❡❧②✱ ✐♥st❛♥❝❡ s❡ts ❈✶✲❈✺ ❤❡❧♣ t♦ ❞❡✜♥❡ ♠✉❝❤ ♦❢ t❤❡
s❤❛♣❡ ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✳ ❲❡ ❝❛♥ ❛❧s♦ s❡❡ t❤❛t t❤❡ ✐♥st❛♥❝❡s ✉s❡❞ ✐♥ t❤❡ st✉❞②
♦❢ ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪✱ ✐♥st❛♥❝❡ s❡ts ❊✱ ❋✱ ●✱ ❍ ❛♥❞ ■✱ t❡♥❞ t♦ ❢❛❧❧ ✐♥ ♥❛rr♦✇ ❜❛♥❞s
✇✐t❤✐♥ t❤❡ ❜r♦❛❞❡r ✐♥st❛♥❝❡ s♣❛❝❡ ❞❡✜♥❡❞ ❜② t❤❡ ❈✉❧❜❡rs♦♥ ❣❡♥❡r❛t♦rs✳ ❲❤✐❧❡
▲❡✇✐s ❡t ❛❧✳✬s ❝❤♦s❡♥ ✐♥st❛♥❝❡s ❢❛❧❧ ✐♥ ❞✐✛❡r❡♥t r❡❣✐♦♥s ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ t❤❡✐r
❞✐✈❡rs✐t② ✐s ♥♦t ❛s ❡①t❡♥s✐✈❡✱ ❛♥❞ ❧❛r❣❡ r❡❣✐♦♥s ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✇♦✉❧❞ ❜❡ ❧❡❢t
✉♥❡①♣❧♦r❡❞ ✐❢ ✇❡ ❤❛❞ ♥♦t ❛✉❣♠❡♥t❡❞ t❤❡ ✐♥st❛♥❝❡ s❡t ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ✐♥st❛♥❝❡s✳

✹✳✸✳ ❆❧❣♦r✐t❤♠ ❋♦♦t♣r✐♥ts

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ ❣❡♥❡r❛t❡❞ ❛♥ ✐♥st❛♥❝❡ s♣❛❝❡ ❞❡✜♥❡❞ ❜② t❤❡ ❛①❡s ❣✐✈❡♥ ❜②
❡q✉❛t✐♦♥ ✭✶✮✱ ✇❡ ❝❛♥ ❡①❛♠✐♥❡ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤✐♥ t❤✐s s♣❛❝❡✳ ❙✉♣♣♦s❡
✇❡ ❞❡✜♥❡ ❛♥ ❛❧❣♦r✐t❤♠✬s ♣❡r❢♦r♠❛♥❝❡ ♦♥ ❛♥ ✐♥st❛♥❝❡ t♦ ❜❡ ❣♦♦❞ ✐❢ ✐t ❛tt❛✐♥s
t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❝♦❧♦rs ♦❢ ❛❧❧ ❛❧❣♦r✐t❤♠s✳ ❚❤❛t ✐s✱ ✐t ✐s ǫ − good ✇✐t❤
ǫ = 0✱ s✐♥❝❡ ✐ts ♣❡r❢♦r♠❛♥❝❡ ✐s ✇✐t❤✐♥ ✵✪ ♦❢ t❤❡ ❜❡st s♦❧✉t✐♦♥ ♣r♦✈✐❞❡❞ ❜② t❤❡
♣♦rt❢♦❧✐♦ ♦❢ ❛❧❣♦r✐t❤♠s✳ ❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ ❢♦♦t♣r✐♥t ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠✱ ✇✐t❤
❜❧✉❡ ✐♥st❛♥❝❡s s❤♦✇✐♥❣ ❣♦♦❞ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ ǫ = 0✳ ❲❡ ❝❛♥ ♠❡❛s✉r❡ t❤❡ ❛r❡❛
♦❢ ❡❛❝❤ ❢♦♦t♣r✐♥t ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ✭❆❧❣♦r✐t❤♠ ✶✮✱ ✇✐t❤
♣❛r❛♠❡t❡rs ρ = 50, 000 ❛♥❞ π = 0.95✱ ❛s s❤♦✇♥ ✐♥ t❤❡ ✜rst ❝♦❧✉♠♥ ♦❢ ❚❛❜❧❡ ✷✳
❈❧❡❛r❧②✱ t❤❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❧❛r❣❡st ❢♦♦t♣r✐♥t ✐s ❍❊❆✱ s✐♥❝❡ t❤❡r❡ ❛r❡ ♦♥❧②

✷✵



❆❧❣♦r✐t❤♠ ❆r❡❛ ✭ǫ = 0%✮ ❆r❡❛ ✭ǫ = 5%✮

❆♥t❈♦❧ ✶✾✳✸✺✪ ✸✹✳✾✪
❇❦tr ✶✶✳✻✸✪ ✶✹✳✶✼✪

❉❙❆❚❯❘ ✼✳✶✶✪ ✶✷✳✽✹✪
❍❊❆ ✹✶✳✶✼✪ ✺✼✳✶✹✪

❍✐❧❧❈❧✐♠❜ ✸✷✳✾✼✪ ✺✷✳✵✽✪
P❛rt✐❛❧❈♦❧ ✸✵✳✽✻✪ ✺✶✳✽✹✪
❘❛♥❞●r ✵✳✾✵✪ ✸✳✶✸✪
❚❛❜✉❈♦❧ ✸✻✳✵✺✪ ✹✽✳✼✪

❚❛❜❧❡ ✷✿ ❘❡❧❛t✐✈❡ ❛r❡❛s ♦❢ ❛❧❣♦r✐t❤♠ ❢♦♦t♣r✐♥ts ❢♦r ǫ = 0% ❛♥❞ ǫ = 5% ✱ ❡①♣r❡ss❡❞ ❛s ❛
♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ t♦t❛❧ ❛r❡❛ ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✱ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✶✳

s♠❛❧❧ r❡❣✐♦♥s ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✇❤❡r❡ ✐t ✐s ♥♦t ǫ − good ✇✐t❤ ǫ = 0 ✭✐✳❡✳
✇❤❡r❡ ✐ts s♦❧✉t✐♦♥ ✐s ✇♦rs❡ t❤❛t t❤❡ ❜❡st ✐♥ t❤❡ ♣♦rt❢♦❧✐♦✮✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦
♥♦t❡ t❤❡s❡ r❡❣✐♦♥s t❤♦✉❣❤✱ ❛♥❞ t♦ ♦❜s❡r✈❡ t❤❛t ❍❊❆ ✐s ♥♦t ❜❡st ❡✈❡r②✇❤❡r❡✳ ❲❡
✇✐❧❧ r❡t✉r♥ t♦ ❡①♣❧♦r❡ ❤♦✇ t❤❡ ❢❡❛t✉r❡s ❞❡✜♥❡ t❤❡s❡ r❡❣✐♦♥s ❧❛t❡r ✐♥ ❙❡❝t✐♦♥ ✹✳✺✳

❖♥❝❡ ✇❡ r❡❧❛① t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❣♦♦❞ t♦ ❝♦♥s✐❞❡r ❛♥② ❛❧❣♦r✐t❤♠ t❤❛t ❛❝❤✐❡✈❡s
❛ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤✐♥ ✺✪ ♦❢ t❤❡ ❜❡st ❛❧❣♦r✐t❤♠✱ ✇❡ ♦❜t❛✐♥ ❧❛r❣❡r ❢♦♦t♣r✐♥ts ❢♦r
❛❧❧ ❛❧❣♦r✐t❤♠s✱ s❤♦✇♥ ✐♥ ❝♦❧✉♠♥ ✷ ♦❢ ❚❛❜❧❡ ✷✱ ❛♥❞ ✇❡ ❝❛♥ s❡❡ t❤❛t ❍❊❆ ❧♦s❡s ✐ts
❝♦♠♣❡t✐t✐✈❡ ❛❞✈❛♥t❛❣❡ s♦♠❡✇❤❛t✳ ▼❡❛s✉r✐♥❣ t❤❡ ❛r❡❛ ♦❢ t❤❡ ❢♦♦t♣r✐♥t ♦❢ ❡❛❝❤
❛❧❣♦r✐t❤♠✱ ❢♦r ✈❛r✐♦✉s ❞❡✜♥✐t✐♦♥s ♦❢ ❣♦♦❞♥❡ss✱ ♣r♦✈✐❞❡s ❛♥ ♦❜❥❡❝t✐✈❡ ♠❡❛s✉r❡ ♦❢
t❤❡ ♣♦✇❡r ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠ ❛❝r♦ss t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✱ ❛♥❞ t❤❡ ♠❛r❣✐♥ ♦❢ ✐ts
❝♦♠♣❡t✐t✐✈❡ ❛❞✈❛♥t❛❣❡✳

✹✳✹✳ Pr❡❞✐❝t✐♥❣ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❛✉t♦♠❛t❡❞ ❛❧❣♦r✐t❤♠ s❡❧❡❝t✐♦♥

❋r♦♠ t❤❡s❡ ❢♦♦t♣r✐♥ts ✇❡ ❝❛♥ ❛❧s♦ ❞❡✈❡❧♦♣ ❛✉t♦♠❛t❡❞ ♠❡t❤♦❞s t♦ ♣r❡❞✐❝t
t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❛❧❣♦r✐t❤♠s ♦♥ ✉♥t❡st❡❞ ✐♥st❛♥❝❡s✳ ❈❡rt❛✐♥❧②✱ ✇❡ ❝❛♥ ✈✐s✉❛❧❧②
❡①♣❧♦r❡ t❤❡ ❢♦♦t♣r✐♥t ♦❢ ❛♥ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ ❛♥ ✉♥t❡st❡❞ ✐♥st❛♥❝❡✱
❛♥❞ ✉s❡ s✐♠♣❧❡ ♠❡t❤♦❞s s✉❝❤ ❛s ❛ k✲♥❡❛r❡st ♥❡✐❣❤❜♦r ❛❧❣♦r✐t❤♠ t♦ ❞❡t❡r♠✐♥❡
t❤❡ ❧✐❦❡❧✐❤♦♦❞ t❤❛t ❛♥ ❛❧❣♦r✐t❤♠ ✇✐❧❧ ♣❡r❢♦r♠ ✇❡❧❧ ♦♥ ❛♥ ✉♥t❡st❡❞ ✐♥st❛♥❝❡✳ ❇✉t
♠♦r❡ ♣♦✇❡r❢✉❧ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞s ❝❛♥ ♣r♦✈✐❞❡ ❛ ♠♦r❡ ♦❜❥❡❝t✐✈❡ ❛♥❞
r♦❜✉st ❛♣♣r♦❛❝❤ t♦ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡ ♣r❡❞✐❝t✐♦♥✳

❖✉r ✜rst ❛tt❡♠♣t t♦ ✉s❡ ❛ ◆❛✐✈❡ ❇❛②❡s ❝❧❛ss✐✜❡r r❡s✉❧t❡❞ ✐♥ ❛ ♠♦❞❡❧ t❤❛t
♣r❡❞✐❝t❡❞ t❤❛t ❍❊❆ ✇♦✉❧❞ ❜❡ ❜❡st ❛❝r♦ss t❤❡ ✇❤♦❧❡ ✐♥st❛♥❝❡ s♣❛❝❡✱ ❛♥❞ ❢❛✐❧❡❞
t♦ ❞❡t❡❝t t❤❡ s♠❛❧❧ r❡❣✐♦♥s ✇❤❡r❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s ❛r❡ ❜❡st✳ ❲❡ t❤❡♥ ❡♠♣❧♦②❡❞
❛ ♠♦r❡ ♣♦✇❡r❢✉❧ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞✿ s✉♣♣♦rt ✈❡❝t♦r ♠❛❝❤✐♥❡s ✭❙❱▼s✮✱
tr❛✐♥❡❞ ✐♥ ▼❆❚▲❆❇✳ ❯s✐♥❣ ❛ r❛♥❞♦♠ ❡①t❛❝t✐♦♥ ♦❢ ✺✵✪ ♦❢ t❤❡ ✐♥st❛♥❝❡s✱ ✇✐t❤
t❤❡ r❡♠❛✐♥✐♥❣ ✺✵✪ r❡s❡r✈❡❞ ❢♦r ♦✉t✲♦❢✲s❛♠♣❧❡ t❡st✐♥❣✱ ✇❡ ❜✉✐❧t ❡✐❣❤t ❙❱▼s t♦
♣r❡❞✐❝t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠✬s ❢♦♦t♣r✐♥t✱ ❛❝❤✐❡✈✐♥❣ ❜❡tt❡r r❡s✉❧ts✱
❛❧t❤♦✉❣❤ st✐❧❧ ♥♦t ♣❡r❢❡❝t ❞✉❡ t♦ t❤❡ ♠❛♥② ❝♦♥tr❛❞✐❝t♦r② ✐♥st❛♥❝❡s ✇✐t❤✐♥ ❛
r❡❣✐♦♥✳ ❚❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ t❡st s❡t ❛❝❝✉r❛❝✐❡s r❛♥❣❡❞ ❢r♦♠ ✾✵✪ ❢♦r t❤❡ ❉❙❆❚❯❘
❛♥❞ ❇❦tr ♣r❡❞✐❝t✐♦♥s ✭❡❛s✐❡r t♦ ♣r❡❞✐❝t s✐♥❝❡ t❤❡② t❡♥❞ t♦ ❜❡ q✉✐t❡ ❝♦♥s✐st❡♥t ✐♥
r❡❣✐♦♥s ✇❤❡r❡ t❤❡② ❞♦♥✬t ♣❡r❢♦r♠ ✇❡❧❧✮ ❞♦✇♥ t♦ ✼✸✪ ❛❝❝✉r❛❝② ❢♦r t❤❡ ❆♥t❈♦❧
♣r❡❞✐❝t✐♦♥✳ ❚❤❡ ❙❱▼ ♣r❡❞✐❝t✐♦♥ ♠♦❞❡❧ ❢♦r ❍❊❆ ✇❛s ✽✷✪ ❛❝❝✉r❛t❡✳ ❈♦♠❜✐♥✐♥❣

✷✶



❋✐❣✉r❡ ✸✿ ❆❧❣♦r✐t❤♠ ❋♦♦t♣r✐♥ts s❤♦✇✐♥❣ ✐♥ ❜❧✉❡ ✇❤❡r❡ ❛♥ ❛❧❣♦r✐t❤♠ ❛❝❤✐❡✈❡s ǫ − good ♣❡r❢♦r♠❛♥❝❡✱ ✇✐t❤ ǫ = 0 ✳ ❘❡❞ ✐♥st❛♥❝❡s ❛r❡ ♥♦t ✇✐t❤✐♥ t❤❡
❛❧❣♦r✐t❤♠ ❢♦♦t♣r✐♥t✳

✷✷



❋✐❣✉r❡ ✹✿ ▼❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ✭❙❱▼✮ r❡❝♦♠♠❡♥❞❛t✐♦♥s ❛❜♦✉t ✇❤✐❝❤ ❛❧❣♦r✐t❤♠ t♦ ✉s❡ ✐♥ ❡❛❝❤
r❡❣✐♦♥✳

t❤❡s❡ ❡✐❣❤t ❙❱▼ ♣r❡❞✐❝t✐♦♥s✱ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ❢♦r ❡❛❝❤ ✐♥st❛♥❝❡ t❤❡ ❛❧❣♦r✐t❤♠
t❤❛t ✐s ♣r❡❞✐❝t❡❞ t♦ ❜❡ ❜❡st✳ ■♥ t❤❡ ❡✈❡♥t t❤❛t ♠✉❧t✐♣❧❡ ❛❧❣♦r✐t❤♠s ❛r❡ ♣r❡❞✐❝t❡❞
t♦ ❜❡ ❜❡st✱ ✇❡ r❡❝♦♠♠❡♥❞ ❛❞♦♣t✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❤❛s t❤❡ ❤✐❣❤❡st ♠♦❞❡❧
❛❝❝✉r❛❝② ✭❛❧t❤♦✉❣❤ s❤♦rt❡st r✉♥✲t✐♠❡ ❝♦✉❧❞ ❜❡ ❛♥♦t❤❡r ❝r✐t❡r✐♦♥✮✳ ❚❤✐s ❛♣♣r♦❛❝❤
❧❡❛❞s t♦ t❤❡ ❛❧❣♦r✐t❤♠ r❡❝♦♠♠❡♥❞❛t✐♦♥s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✱ ✐♥❝❧✉❞✐♥❣ ❛ r❡❣✐♦♥
♥❡❛r t❤❡ ✉♣♣❡r r✐❣❤t ♣♦rt✐♦♥ ✇❤❡r❡ ♥♦ ❙❱▼ ♠♦❞❡❧ ♣r❡❞✐❝t❡❞ ❛♥② ❛❧❣♦r✐t❤♠ t♦
❜❡ ❜❡st✳ ❙✐♥❝❡ ❛t ❧❡❛st ♦♥❡ ❛❧❣♦r✐t❤♠ ✐s ❜❡st✱ ❜② ❞❡✜♥✐t✐♦♥✱ t❤✐s ✐s ❝❧❡❛r❧② ❛ ❢❛✐❧✐♥❣
♦❢ ❛ s♦♣❤✐st✐❝❛t❡❞ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤♦❞ ✐♥ t❤✐s r❡❣✐♦♥✳ ❲❤✐❧❡ t❤✐s ❞❡♣✐❝t✐♦♥
♦❢ ❛❧❣♦r✐t❤♠ str❡♥❣t❤ ❛❝r♦ss t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✐s ✐♥t❡r❡st✐♥❣ ❛♥❞ s♦♠❡✇❤❛t
❡♥❧✐❣❤t❡♥✐♥❣✱ ✐t s❤♦✉❧❞ ❜❡ ✉s❡❞ ✇✐t❤ ❝❛✉t✐♦♥✱ s✐♥❝❡ ✐t ✐s ♦♥❧② ❛s ❛❝❝✉r❛t❡ ❛s t❤❡
♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠♦❞❡❧s ✇❡ ❛r❡ r❡❧②✐♥❣ ✉♣♦♥✳

✹✳✺✳ ■♥s✐❣❤ts ✐♥t♦ ❆❧❣♦r✐t❤♠ ❙tr❡♥❣t❤s ❛♥❞ ❲❡❛❦♥❡ss❡s

❚❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❛✛♦r❞s ✉s t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ❡①♣❧♦r❡ ♠♦r❡ t❤❛♥ ❛❧✲
❣♦r✐t❤♠ ❢♦♦t♣r✐♥ts✱ ❜✉t ❛❧s♦ t♦ ❞❡✈❡❧♦♣ ❛ ❣♦♦❞ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤❡r❡ t❤❡
✉♥✐q✉❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠ ❧✐❡✳ ■❢ ❛♥ ❛❧❣♦r✐t❤♠ ✐s ♦♥❧②
❣♦♦❞ ✇❤❡r❡ ♠❛♥② ♦t❤❡r ❛❧❣♦r✐t❤♠s ❛r❡ ❣♦♦❞✱ t❤❡♥ t❤✐s ✐s ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ t♦
❛ss❡ss t❤❡ r❡❧❛t✐✈❡ ♣♦✇❡r ♦❢ ❛❧❣♦r✐t❤♠s✳ ❲❡ ✇✐s❤ t♦ ✈✐s✉❛❧✐③❡ ✇❤❡r❡ ❡❛❝❤ ❛❧✲
❣♦r✐t❤♠ ♦✛❡rs ❛ ✉♥✐q✉❡ ❛❞✈❛♥t❛❣❡✱ ❛♥❞ ✇❤❡r❡ ✐t ♠✐❣❤t str✉❣❣❧❡ ✇❤❡r❡ ♦t❤❡r ❛❧✲
❣♦r✐t❤♠s s✉❝❝❡❡❞✳ ❚❤❡s❡ ❦✐♥❞s ♦❢ ✐♥s✐❣❤ts ❛r❡ ❝r✐t✐❝❛❧ t♦ ✐♥❢♦r♠ ❜❡tt❡r ❛❧❣♦r✐t❤♠
❞❡s✐❣♥✱ ❛♥❞ t♦ ❤❡❧♣ ❛✉t♦♠❛t❡❞ ❛❧❣♦r✐t❤♠ s❡❧❡❝t✐♦♥ ✇❤❡r❡ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ♠❡t❤✲
♦❞s ♠❛② ♥♦t ❜❡ ❛❝❝✉r❛t❡ ❡♥♦✉❣❤✳

❋♦r ❡❛❝❤ ✐♥st❛♥❝❡✱ ✇❡ ♥♦✇ ❝♦✉♥t ❤♦✇ ♠❛♥② ♦❢ t❤❡ ❡✐❣❤t ❛❧❣♦r✐t❤♠s ✐♥ t❤❡
♣♦rt❢♦❧✐♦ ❛r❡ ǫ − good ✇✐t❤ ǫ = 0✳ ❋✐❣✉r❡ ✺ s❤♦✇s t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ✐♥st❛♥❝❡s
t❤❛t ❛r❡ ❡❛s✐❧② s♦❧✈❡❞ ❜② ❛❧❧ ❛❧❣♦r✐t❤♠s ✭s❤♦✇♥ ❛s r❡❞ ♦♥ t❤❡ ❝♦❧♦r s❝❛❧❡✱ ✇✐t❤
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❋✐❣✉r❡ ✺✿ ❚❤❡ ♥✉♠❜❡r ♦❢ ❛❧❣♦r✐t❤♠s t❤❛t ❛❝❤✐❡✈❡❞ ǫ− good ♣❡r❢♦r♠❛♥❝❡✱ ✇✐t❤ ǫ = 0✳

✽ ❛❧❣♦r✐t❤♠s ✜♥❞✐♥❣ t❤❡ ❜❡st ♥✉♠❜❡r ♦❢ ❝♦❧♦rs ♦❢ t❤❡ ❣r❛♣❤✮✱ ❛♥❞ t❤❡ ✐♥st❛♥❝❡s
t❤❛t ❛r❡ ♠♦r❡ ❝❤❛❧❧❡♥❣✐♥❣ s✐♥❝❡ ♦♥❧② ♦♥❡ ❛❧❣♦r✐t❤♠ ❛tt❛✐♥s t❤❡ ❜❡st r❡s✉❧t ✭s❤♦✇♥
❛s ❞❛r❦ ❜❧✉❡ ✐♥ t❤❡ ✉♣♣❡r r✐❣❤t ♣♦rt✐♦♥✮✳ ❋♦r t❤❡s❡ ❤❛r❞❡r ✐♥st❛♥❝❡s✱ ✇❡ ❛r❡ ✐♥✲
t❡r❡st❡❞ t♦ ❦♥♦✇ ✇❤✐❝❤ ❛❧❣♦r✐t❤♠ ♣r♦✈✐❞❡s t❤❡ ✉♥✐q✉❡ ❛❞✈❛♥t❛❣❡ ♦✈❡r ♦t❤❡rs✱
❛♥❞ t❤✐s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳ ❖♥❧② t❤r❡❡ ❛❧❣♦r✐t❤♠s s❤♦✇ ❝❧❡❛r❧② ❝♦♥s✐st❡♥t
r❡❣✐♦♥s ✇❤❡r❡ t❤❡② ❛r❡ ✉♥✐q✉❡❧② ❜❡st✿ ❆♥t❈♦❧ ✭r❡❞✮✱ ❍❊❆ ✭❜❧✉❡✮ ❛♥❞ ❍✐❧❧❈❧✐♠❜
✭❣r❡❡♥✮✳ ❚❤❡s❡ ❛r❡ ❛❧❧ ♠❡t❤♦❞s t❤❛t ❝♦♠❜✐♥❡ ❧♦❝❛❧ s❡❛r❝❤ str❛t❡❣✐❡s ✇✐t❤ ❣❧♦❜❛❧
♦♣❡r❛t♦rs t❤❛t ❛❧❧♦✇ ♠✉❝❤ ❧❛r❣❡r ❝❤❛♥❣❡s t♦ ❜❡ ♠❛❞❡ t♦ ❛ s♦❧✉t✐♦♥✳ ❯♥❞❡rst❛♥❞✲
❛❜❧②✱ ❉❙❆❚❯❘ ❛♥❞ ❘❛♥❞●r ❛r❡ ♥❡✈❡r ✉♥✐q✉❡❧② ❜❡st✱ s✐♥❝❡ t❤❡ ♦t❤❡r ❛❧❣♦r✐t❤♠s
❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❡①t❡♥s✐♦♥s ♦❢ t❤❡♠✳ ❚❤❡ r❡♠❛✐♥✐♥❣ ❛❧❣♦r✐t❤♠s ❛r❡ s♦♠❡t✐♠❡s
✉♥✐q✉❡❧② ❜❡st ❜✉t t❤❡ t②♣❡s ♦❢ ✐♥st❛♥❝❡s t❤❛t t❤❡② ❛r❡ ❜❡st s✉✐t❡❞ t♦ ❛r❡ ♥♦t
✇❡❧❧ ❝♦✲❧♦❝❛t❡❞ ✐♥ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ✐♥t❡r❡st✐♥❣ ✐♥ t❤❡ ❝♦♥✲
t❡①t ♦❢ ▲❡✇✐s ❡t ❛❧✳✬s ❝♦♥❝❧✉s✐♦♥s t❤❛t ❍❊❆ ✇❛s t❤❡ ❜❡st ♣❡r❢♦r♠✐♥❣ ❛❧❣♦r✐t❤♠✳
❈❡rt❛✐♥❧② ♦♥ t❤❡ ✐♥st❛♥❝❡s t❤❛t ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡✐r st✉❞②✱ t❤✐s ❝♦♥❝❧✉s✐♦♥ ✐s
♠♦st ❧✐❦❡❧② ❝♦rr❡❝t✳ ❇✉t t❤❡ ✈✐❡✇ ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ ❛ ❜r♦❛❞❡r
s❡t ♦❢ ✐♥st❛♥❝❡s s❤♦✇s ❝❧❡❛r❧② t❤❛t t❤❡r❡ ❛r❡ ♣♦❝❦❡ts ♦❢ ✐♥st❛♥❝❡s ✇❤❡r❡ ❍❊❆
✐s ♥♦t t❤❡ ❜❡st ❛❧❣♦r✐t❤♠✱ ❛♥❞ t❤❡s❡ ✐♥st❛♥❝❡s ❛r❡ ❝♦✲❧♦❝❛t❡❞ ✐♥ r❡❣✐♦♥s ♦❢ t❤❡
✐♥st❛♥❝❡ s♣❛❝❡ t❤❛t ♠✐❣❤t ❡♥❛❜❧❡ ✉s t♦ ✐♥❢❡r ✉♥❞❡r ✇❤❛t ❝♦♥❞✐t✐♦♥s ❍❊❆ ✐s ♥♦t
❛s ❡✛❡❝t✐✈❡ ❛s ♦t❤❡r ❛❧❣♦r✐t❤♠s✳

❚❛❜❧❡ ✸ s❤♦✇s t❤❡ r❡❧❛t✐✈❡ ✉♥✐q✉❡ str❡♥❣t❤s ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠✱ ❢♦❝✉s✐♥❣ ♦♥
❤♦✇ ♠❛♥② ✐♥st❛♥❝❡s ✇❡r❡ ✉♥✐q✉❡❧② s♦❧✈❡❞ ✇❡❧❧ ❜② ❡❛❝❤ ❛❧❣♦r✐t❤♠✱ ❛♥❞ t❤❡ ❛r❡❛
♦❢ t❤❡ ❢♦♦t♣r✐♥ts ❢♦r ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ǫ✲❣♦♦❞ ✇✐t❤ ǫ = 0% ❛♥❞ ǫ = 5%. ❋♦r ✽✷✳✹✽✪
♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ t❤❡r❡ ✐s ♥♦ ✉♥✐q✉❡❧② ❜❡st ❛❧❣♦r✐t❤♠✱ ❜✉t ❢♦r t❤❡ ✶✶✼✻
✐♥st❛♥❝❡s ✇✐t❤ ❛ ✉♥✐q✉❡ ✇✐♥♥✐♥❣ ❛❧❣♦r✐t❤♠✱ ✐t ✐s ❍❊❆ ✐♥ ✻✼✳✼✼✪ ♦❢ t❤❡ ✐♥st❛♥❝❡s
✭s❤♦✇♥ ❛s ❧✐❣❤t ❜❧✉❡ ✐♥ ❋✐❣✉r❡ ✻✮✳ ❆♥t❈♦❧ ✐s ✉♥✐q✉❡❧② ❜❡st ✐♥ ✶✶✳✷✷✪ ♦❢ t❤❡
✶✶✼✻ ❞✐s❝r✐♠✐♥❛t✐♥❣ ✐♥st❛♥❝❡s ✭s❤♦✇♥ ❛s r❡❞ ✐♥ ❋✐❣✉r❡ ✻✮✳ ❍✐❧❧❈❧✐♠❜ ✐s ✉♥✐q✉❡❧②
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❋✐❣✉r❡ ✻✿ ■♥st❛♥❝❡s t❤❛t ❤❛✈❡ ❛ ✉♥✐q✉❡❧② ǫ − good ✭ǫ = 0✮ ❛❧❣♦r✐t❤♠✱ ❝♦❧♦r✲❝♦❞❡❞ ❜② t❤❡
❛❧❣♦r✐t❤♠✳ ●r❡② ✐♥st❛♥❝❡s ❛r❡ t❤♦s❡ ❢♦r ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♠✉❧t✐♣❧❡ ❛❧❣♦r✐t❤♠s t❤❛t ❛❝❤✐❡✈❡❞ t❤❡
❜❡st ♣❡r❢♦r♠❛♥❝❡✳

❜❡st ❢♦r ✻✳✼✷✪ ♦❢ t❤❡ ❞✐s❝r✐♠✐♥❛t✐♥❣ ✐♥st❛♥❝❡s✳ ❲❤✐❧❡ ❚❛❜✉❈♦❧ ✐s ✉♥✐q✉❡❧② ❣♦♦❞
❢♦r ✶✷✪ ♦❢ t❤❡ ❞✐s❝r✐♠✐♥❛t✐♥❣ ✐♥st❛♥❝❡s✱ ✐ts ❢♦♦t♣r✐♥t ✐s ♥♦t ✈❡r② ❝♦♥t✐❣✉♦✉s✱
❛♥❞ ✇❡ ❝❛♥♥♦t ❡❛s✐❧② ♣r❡❞✐❝t ✇❤❡r❡ ✐t ✇✐❧❧ ❜❡ t❤❡ ❜❡st ❛❧❣♦r✐t❤♠✳ ❚❤❡ r❡❣✐♦♥s ♦❢
✉♥✐q✉❡ str❡♥❣t❤ ♦❢ ❍❊❆✱ ❆♥t❈♦❧ ❛♥❞ ❍✐❧❧❈❧✐♠❜ ❛r❡ ❝❧❡❛r ❤♦✇❡✈❡r✱ ❛♥❞ t❤❡ ❛r❡❛s
♦❢ t❤❡✐r ✉♥✐q✉❡ ❢♦♦t♣r✐♥ts ❛r❡ ✶✺✳✸✽✪✱ ✷✳✽✷✪✱ ❛♥❞ ✷✳✼✽✪ r❡s♣❡❝t✐✈❡❧②✳ ❈❧❡❛r❧②✱
✇✐t❤ ǫ = 0 ❍❊❆ ❤❛s t❤❡ ❧❛r❣❡st ✉♥✐q✉❡ ❢♦♦t♣r✐♥t✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❧❛r❣❡st
❢♦♦t♣r✐♥t ♦✈❡r❛❧❧✳ ❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛ s♠❛❧❧ ❜✉t ✐❞❡♥t✐✜❛❜❧❡ ♣❛rt ♦❢ t❤❡ ✐♥st❛♥❝❡
s♣❛❝❡ ✇❤❡r❡ ❍❊❆ ✐s ♥♦t t❤❡ ❜❡st✳

■❢ ✇❡ ♥♦✇ ♣❡r♠✐t ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❣♦♦❞ ✐❢ ✐t ✐s ✇✐t❤✐♥ ✺✪ ♦❢ t❤❡
❜❡st ❛❧❣♦r✐t❤♠✬s ♣❡r❢♦r♠❛♥❝❡✱ ✭ǫ = 5%✮✱ ✇❡ ✜♥❞ t❤❛t ✾✽✳✶✽✪ ♦❢ t❤❡ ✐♥st❛♥❝❡s ❛r❡
✇❡❧❧ s♦❧✈❡❞ ❜② ♠♦r❡ t❤❛♥ ♦♥❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ✉♥✐q✉❡ ❢♦♦t♣r✐♥t ♦❢ ❡❛❝❤ ❛❧❣♦r✐t❤♠
❞✐♠✐♥✐s❤❡s ❞r❛♠❛t✐❝❛❧❧②✱ s✉❣❣❡st✐♥❣ t❤❛t t❤❡r❡ ✐s ♥♦t ♠✉❝❤ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ r❡s✉❧ts ♦❢ ♠❛♥② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s✳ ❖♥❧② ❛ s♠❛❧❧ ❣r♦✉♣ ♦❢ ✐♥st❛♥❝❡s ❡❧✐❝✐t
❛ st❛♥❞✲♦✉t ♣❡r❢♦r♠❛♥❝❡ ❢r♦♠ ♦♥❡ ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ❣♦♦❞✱ ❛♥❞
♥♦♥❡ ♦❢ t❤❡♠ ❛r❡ ✐♥ ❛ r❡❣✐♦♥ ❝♦♥s✐st❡♥t ❡♥♦✉❣❤ t♦ ❛ttr❛❝t ❛ ❢♦♦t♣r✐♥t t❤❛t ✐s
❞❡♥s❡ ♦r ♣✉r❡ ❡♥♦✉❣❤ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡rs ρ = 50, 000 ❛♥❞ π = 0.95 ✉s✐♥❣
❆❧❣♦r✐t❤♠ ✶✱ ❛♣❛rt ❢r♦♠ ❚❛❜✉❈♦❧ ✇❤✐❝❤ ✜♥❞s ❛ ❢❡✇ s♠❛❧❧ tr✐❛♥❣❧❡s ♦❢ ✐♥st❛♥❝❡s
✇❤❡r❡ ✐t ✐s ✉♥✐q✉❡❧② ❣♦♦❞✳ ✳

❈♦♥s✐❞❡r✐♥❣ ❛❣❛✐♥ t❤❡ ✉♥✐q✉❡ ❢♦♦t♣r✐♥ts s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✱ ❜❡②♦♥❞ ♠❡❛s✉r✲
✐♥❣ t❤❡✐r ❛r❡❛✱ ✇❡ ❛r❡ ❛❧s♦ ✐♥t❡r❡st❡❞ t♦ ❣❛✐♥ ✐♥s✐❣❤t ✐♥t♦ ✇❤❛t t❤❡ ❧♦❝❛t✐♦♥ ✐♥
t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ t❡❧❧s ✉s ❛❜♦✉t t❤❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❛♥ ❛❧❣♦r✐t❤♠ ❤❛s
❛ ✉♥✐q✉❡ str❡♥❣t❤✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s ✐♥s✐❣❤t✱ ✇❡ ✐♥s♣❡❝t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❛❝❤
♦❢ t❤❡ t❤r❡❡ ❢❡❛t✉r❡s ❛❝r♦ss t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✱ ❧♦♦❦✐♥❣ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❝❧✉❡s
❛❜♦✉t ✇❤② ❍❊❆ s❡❡♠s t♦ str✉❣❣❧❡ ✐♥ t❤❡ ✉♣♣❡r r✐❣❤t ♣♦rt✐♦♥ ♦❢ t❤❡ ✐♥st❛♥❝❡
s♣❛❝❡ ✇❤❡r❡ ❆♥t❈♦❧ ❡①❝❡❧s✱ ❛♥❞ ✇❤② ❍✐❧❧❈❧✐♠❜ ✐s s♦ ❡✛❡❝t✐✈❡ ♦♥ t❤❡ ✐♥st❛♥❝❡s

✷✺



ǫ = 0% ǫ = 5%

❆❧❣♦r✐t❤♠ ■♥st❛♥❝❡s ✭✪✮ ❋♦♦t♣r✐♥t ❆r❡❛ ■♥st❛♥❝❡s ✭✪✮ ❋♦♦t♣r✐♥t ❆r❡❛
❆♥t❈♦❧ ✶✸✷ ✭✶✶✳✷✷✪✮ ✷✳✽✷✪ ✺ ✭✹✳✶✵✪✮ ✵✪
❇❦tr ✼ ✭✵✳✵✻✪✮ ✵✪ ✶ ✭✵✳✽✷✪✮ ✵✪

❉❙❆❚❯❘ ✵ ✭✵✪✮ ✵✪ ✵ ✭✵✪✮ ✵✪
❍❊❆ ✼✾✼ ✭✻✼✳✼✼✪✮ ✶✺✳✸✽✪ ✺✹ ✭✹✹✳✷✻✪✮ ✵✪

❍✐❧❧❈❧✐♠❜ ✼✾ ✭✻✳✼✷✪✮ ✷✳✼✽✪ ✶✷ ✭✾✳✽✹✪✮ ✵✪
P❛rt✐❛❧❈♦❧ ✷✵ ✭✶✳✼✵✪✮ ✵✪ ✻ ✭✹✳✾✷✪✮ ✵✪
❘❛♥❞●r ✵ ✭✵✪✮ ✵✪ ✵ ✭✵✪✮ ✵✪
❚❛❜✉❈♦❧ ✶✹✶ ✭✶✶✳✾✾✪✮ ✵✳✽✻✪ ✹✹ ✭✸✻✳✵✼✪✮ ✵✳✶✹✪
❚❖❚❆▲ ✶✶✼✻ ✭✶✼✳✺✷✪✮ ✶✷✷ ✭✶✳✽✷✪✮

❚❛❜❧❡ ✸✿ ◆✉♠❜❡r ✭P❡r❝❡♥t❛❣❡✮ ♦❢ ✐♥st❛♥❝❡s✱ ❛♥❞ r❡❧❛t✐✈❡ ❛r❡❛ ♦❢ ❢♦♦t♣r✐♥ts ✇❤❡r❡ ❡❛❝❤ ❛❧✲
❣♦r✐t❤♠ ✐s ✉♥✐q✉❡❧② ǫ− good✱ ❢♦r ǫ = 0% ❛♥❞ ǫ = 5%

❢♦✉♥❞ ♦♥ t❤❡ t❤✐♥ r✐❣❤t✲♠♦st ❡❞❣❡ ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡✳ ❋✐❣✉r❡ ✼ s❤♦✇s t❤❛t
t❤❡s❡ ✐♥t❡r❡st✐♥❣ r❡❣✐♦♥s ♦❢ ✉♥✐q✉❡ str❡♥❣t❤ ♦❢ s♦♠❡ ❛❧❣♦r✐t❤♠s ❝♦rr❡s♣♦♥❞ t♦
❡①tr❡♠❡ ✈❛❧✉❡s ♦❢ t❤❡ ❢❡❛t✉r❡s ❞❡✜♥✐♥❣ t❤❡ ✐♥st❛♥❝❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❆♥t❈♦❧
❛♣♣❡❛rs t♦ ♦✉t♣❡r❢♦r♠ ❛❧❧ ❛❧❣♦r✐t❤♠s ✭✐♥❝❧✉❞✐♥❣ ❍❊❆✮ ✇❤❡♥ t❤❡ ❡♥❡r❣② ♦❢ t❤❡
❣r❛♣❤ ✐s ❡①❝❡♣t✐♦♥❛❧❧② ❤✐❣❤❀ ❍✐❧❧❈❧✐♠❜ ✐s t❤❡ ♠♦st ❡✛❡❝t✐✈❡ ♠❡t❤♦❞ ❢♦r ❣r❛♣❤s
✇✐t❤ ❤✐❣❤ ❛❧❣❡❜r❛✐❝ ❝♦♥♥❡❝t✐✈✐t② ❛♥❞ ❤✐❣❤ ❞❡♥s✐t②❀ ❛♥❞ ❍❊❆ ✐s ✉♥✐q✉❡❧② ❜❡st
✇❤❡♥ t❤❡ ❣r❛♣❤ ❤❛s ♠♦❞❡r❛t❡ ❡♥❡r❣② ❛♥❞ ♠♦❞❡r❛t❡ ❞❡♥s✐t②✳ ■♥ ❛❧❧ ♦t❤❡r ❝❛s❡s✱
t❤❡r❡ ✐s ♥♦ s✐♥❣❧❡ st❛♥❞✲♦✉t ❛❧❣♦r✐t❤♠✳ ❚❤✐s ❦✐♥❞ ♦❢ ✈✐s✉❛❧✐③❛t✐♦♥ ❡♥❛❜❧❡s ✉s
t♦ ✐❞❡♥t✐❢② t❤❡ ✉♥✐q✉❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ❛❧❣♦r✐t❤♠s ✐♥ ❛ ✇❛② t❤❛t ✐s
♥♦t ♣♦ss✐❜❧❡ ✐❢ ✇❡ ❞♦♥✬t ❝♦♥s✐❞❡r t❤❡ r✐❣❤t ❢❡❛t✉r❡s ❛♥❞ ❛ ❞✐✈❡rs❡ ❡♥♦✉❣❤ s❡t ♦❢
✐♥st❛♥❝❡s✳

✺✳ ❈♦♥❝❧✉s✐♦♥s

❚❤✐s ♣❛♣❡r ❤❛s ♣r♦♣♦s❡❞ ❛ ♥❡✇ ♠❡t❤♦❞♦❧♦❣② ❢♦r ♦❜❥❡❝t✐✈❡ ❛ss❡ss♠❡♥t ♦❢
t❤❡ r❡❧❛t✐✈❡ ♣♦✇❡r ♦❢ ❛❧❣♦r✐t❤♠s✱ ✐♥ ❣❡♥❡r❛❧✱ ❛♥❞ ❤❛s ❢♦❝✉s❡❞ ♦♥ ♦♣t✐♠✐③❛t✐♦♥
❛❧❣♦r✐t❤♠s ✐♥ ♣❛rt✐❝✉❧❛r✳ ■t ✐s ❛ ♠❡t❤♦❞♦❧♦❣② ❜❛s❡❞ ♦♥ r❡♣r❡s❡♥t✐♥❣ ✐♥st❛♥❝❡s
t♦ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❛s ♣♦✐♥ts ✐♥ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣❧❛♥❡✱ ✇❤✐❝❤ ♦♣❡♥s ✉♣
t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ✈✐s✉❛❧✐③❡ ✐♥st❛♥❝❡ ❞✐✈❡rs✐t② ❛♥❞ ♦❜s❡r✈❡ ❛♥② s❛♠♣❧❡ ❜✐❛s❀ t♦
✐❞❡♥t✐❢② t❤❡ r❡❣✐♦♥s ♦❢ ✐♥st❛♥❝❡ s♣❛❝❡ ✇❤❡r❡ ❛❧❣♦r✐t❤♠s ❤❛✈❡ ✉♥✐q✉❡ str❡♥❣t❤s
❛♥❞ ✇❡❛❦♥❡ss❡s❀ ❛♥❞ t♦ ❣❡♥❡r❛t❡ ♥❡✇ ✐♥s✐❣❤ts ❜❛s❡❞ ♦♥ t❤❡ ✐♥st❛♥❝❡ ❢❡❛t✉r❡s
❞❡✜♥✐♥❣ t❤♦s❡ ✐♥st❛♥❝❡s t❤❛t ❧✐❡ ✇✐t❤✐♥ ❛♥ ❛❧❣♦r✐t❤♠✬s ❢♦♦t♣r✐♥t✳

■t ❤❛s ❜❡❡♥ ♥❡❛r❧② t✇♦ ❞❡❝❛❞❡s s✐♥❝❡ ❍♦♦❦❡r ❬✶✱ ✷❪ ❝❛❧❧❡❞ ❢♦r ❛ ♠♦r❡ ❡♠♣✐r✐❝❛❧
❛♣♣r♦❛❝❤ t♦ t❡st✐♥❣ ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❛♥❝❡✳ ❇② ❜✉✐❧❞✐♥❣ ✉♣♦♥ t❤❡ ❢r❛♠❡✇♦r❦
♦❢ ❘✐❝❡ ❬✷✵❪✱ ✇❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛ ♣❛t❤✇❛② t♦ ❞❡✈❡❧♦♣ t❤❡ t♦♦❧s r❡q✉✐r❡❞ ❢♦r
s✉❝❤ ❛♥ ❡♠♣✐r✐❝❛❧ ❛♣♣r♦❛❝❤✳ ❚❤✐s ♣❛♣❡r ❤❛s ❛❞❞r❡ss❡❞ s♦♠❡ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣
q✉❡st✐♦♥s ✐♥ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✇❡ ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣✐♥❣ ♦✈❡r r❡❝❡♥t ②❡❛rs✱ ❛♥❞
❤❛s ❞❡♠♦♥str❛t❡❞ t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤❡ ❛♣♣r♦❛❝❤ ❜② r❡✈✐s✐t✐♥❣ t❤❡ ❝❛s❡ st✉❞② ♦❢
▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪✳ ❲❤✐❧❡ ♦✉r ♠❡t❤♦❞♦❧♦❣② s✉♣♣♦rts t❤❡ ❜r♦❛❞ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡✐r
st✉❞② ✲ t❤❛t ❍❊❆ ✇❛s t❤❡ ❜❡st ❛❧❣♦r✐t❤♠ ✐♥ t❤❡✐r ♣♦rt❢♦❧✐♦ ♦♥ ❛✈❡r❛❣❡ ✲ ✇❡ ❤❛✈❡

✷✻



❋✐❣✉r❡ ✼✿ ❉✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t❤r❡❡ s❡❧❡❝t❡❞ ❢❡❛t✉r❡s ✭❞❡♥s✐t②✱ ❛❧❣❡❜r❛✐❝ ❝♦♥♥❡❝t✐✈✐t② ❛♥❞ ❡♥❡r❣②✮ ❛❝r♦ss t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡

✷✼



❛❧s♦ ❜❡❡♥ ❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❛❞❞✐t✐♦♥❛❧ ✐♥s✐❣❤ts t❤❛t ✇❡r❡ ♥♦t ♦❜s❡r✈❛❜❧❡ ❢r♦♠ t❤❡✐r
st✉❞②✱ ✇❤✐❝❤ ❝♦♥s✐❞❡r❡❞ ♦♥❧② ❛ s✉❜s❡t ♦❢ t❤❡ ✐♥st❛♥❝❡s ✉s❡❞ ✐♥ ♦✉r ♠❡t❛✲❞❛t❛
❛♥❞ ❞✐❞ ♥♦t ❤❛✈❡ ❛❝❝❡ss t♦ t❤❡ t♦♦❧s t❤❛t ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s r❡s❡❛r❝❤✳
■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② t❤❡ r❡❣✐♦♥s ✐♥ ✐♥st❛♥❝❡ s♣❛❝❡ ✇❤❡r❡
❍❊❆ ✐s ♥♦t t❤❡ ❜❡st ❛❧❣♦r✐t❤♠✱ ❛♥❞ t♦ ❞❡✜♥❡ ❝❧❛ss❡s ♦❢ ✐♥st❛♥❝❡s ✇❤❡r❡ ♦t❤❡r
❛❧❣♦r✐t❤♠s✱ s✉❝❤ ❛s ❆♥t❈♦❧ ❛♥❞ ❍✐❧❧❈❧✐♠❜✱ ❝♦♥s✐st❡♥t❧② ♦✉t♣❡r❢♦r♠ ❍❊❆✳ ▼♦st
s✐❣♥✐✜❝❛♥t❧②✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ r❡❧❛t❡ t❤❡ ✐♥st❛♥❝❡ ❢❡❛t✉r❡s t♦ t❤❡s❡ ❝❧❛ss❡s✱ ❛♥❞
s❤♦✇ t❤❛t ❍❊❆ ✭♦r ❛t ❧❡❛st t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❍❊❆ t❤❛t ✇❡ ✉s❡❞✮ ❤❛s ❛
r❡❧❛t✐✈❡ ✇❡❛❦♥❡ss ♦♥ ✐♥st❛♥❝❡s ✇✐t❤ ❡①tr❡♠❡ ✈❛❧✉❡s ♦❢ t❤❡ ✐♥st❛♥❝❡ ❢❡❛t✉r❡s✳ ❖❢
❝♦✉rs❡✱ ❛♥ ❛❧❣♦r✐t❤♠ ✐s r❡❛❧❧② ❥✉st ❛ ♣❛rt✐❝✉❧❛r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛♥ ❛❧❣♦r✐t❤♠✐❝
str❛t❡❣②✱ ✇✐t❤ ♣❛r❛♠❡t❡r ✈❛❧✉❡s t❤❛t ❛r❡ t✉♥❛❜❧❡ ❛♥❞ ❝❛♥ ❛✛❡❝t t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ ❛❧❣♦r✐t❤♠✳ ❲❡ ❛r❡ ♥♦t ❛tt❡♠♣t✐♥❣ t♦ ❞r❛✇ ❛♥② ❝♦♥❝❧✉s✐♦♥s ❛❜♦✉t ❛♥②
♣❛rt✐❝✉❧❛r ❛❧❣♦r✐t❤♠✬s ♣♦t❡♥t✐❛❧ ✇✐t❤ t❤✐s ❛♥❛❧②s✐s✳ ■♥❞❡❡❞✱ t❤❡ s❛♠❡ ❛❧❣♦r✐t❤♠
✇✐t❤ ❛ ❞✐✛❡r❡♥t ♣❛r❛♠❡t❡r ❝♦♠❜✐♥❛t✐♦♥ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ♥❡✇ ❛❧❣♦r✐t❤♠✱
✇✐t❤ ✐ts ♦✇♥ ❢♦♦t♣r✐♥t✱ ✇✐t❤✐♥ t❤✐s ♠❡t❤♦❞♦❧♦❣②✳ ❲❡ ❛r❡ s✐♠♣❧② ❞❡♠♦♥str❛t✐♥❣
t❤❛t✱ ✉s✐♥❣ ❡①❛❝t❧② t❤❡ s❛♠❡ ❛❧❣♦r✐t❤♠✐❝ ✐♠♣❧❡♠❡♥t❛t✐♦♥s ❛s ✉s❡❞ ✐♥ t❤❡ st✉❞②
♦❢ ▲❡✇✐s ❡t ❛❧✳ ❬✶✾❪ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛❞❞✐t✐♦♥❛❧ ✐♥s✐❣❤ts t❤❛t ✇❡r❡ ♥♦t ♦t❤❡r✇✐s❡
❛♣♣❛r❡♥t ✉s✐♥❣ ❛ st❛♥❞❛r❞ ❛♥❛❧②s✐s ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ r❡s✉❧ts✳

❖❢ ❝♦✉rs❡✱ ♦✉r ❛♥❛❧②s✐s ❛❧s♦ ✐♥❝❧✉❞❡❞ ❛ ♠✉❝❤ ❜r♦❛❞❡r s❡t ♦❢ ✐♥st❛♥❝❡s t❤❛♥
t❤♦s❡ ✉s❡❞ ❜② ▲❡✇✐s ❡t ❛❧✳✱ ❛♥❞ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✇❡ ❝r❡❛t❡ ✐s ❝❡r✲
t❛✐♥❧② ❞❡♣❡♥❞❡♥t ✉♣♦♥ t❤❡s❡ ✐♥st❛♥❝❡s ❛♥❞ t❤❡✐r ❞✐str✐❜✉t✐♦♥s✳ ❆ ✈❡r② ❞✐✛❡r❡♥t
s❤❛♣❡ ❢♦r t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❣❡♥❡r❛t❡❞ ❤❛❞ ✇❡ ♦♥❧② ✉s❡❞ ✐♥✲
st❛♥❝❡s ✭❢r♦♠ ❝❧❛ss❡s ❊✱ ❋✱ ●✱ ❍✱ ❛♥❞ ■✮ ✉s❡❞ ❜② ▲❡✇✐s ❡t ❛❧✳✱ s✐♥❝❡ ✐t ✐s ♣r✐♠❛r✐❧②
t❤❡ ❈✉❧❜❡rs♦♥ ✐♥st❛♥❝❡s ✭❈✶✲❈✺✮ t❤❛t ❞❡✜♥❡ t❤❡ s❤❛♣❡ ♦❢ ♦✉r ✐♥st❛♥❝❡ s♣❛❝❡✱
✇✐t❤ ♦t❤❡r t②♣❡s ♦❢ ✐♥st❛♥❝❡s ❧②✐♥❣ ✇✐t❤✐♥ t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤✐s s♣❛❝❡✳ ❚❤❡
s❤❛♣❡ ❛♥❞ ❞❡♥s✐t② ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✐s ❛❧s♦ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
t❤❡ ✐♥st❛♥❝❡s✳ ❆❞❞✐♥❣ ❛❞❞✐t✐♦♥❛❧ ✐♥st❛♥❝❡s ❢r♦♠ ♦♥❡ ❝❧❛ss✱ ❢♦r ❡①❛♠♣❧❡✱ ✇♦✉❧❞
♣♦t❡♥t✐❛❧❧② ❝❤❛♥❣❡ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ ❝❡rt❛✐♥ ❢❡❛t✉r❡s✱ ❝r❡❛t✐♥❣ ❛ r❡s❝❛❧✐♥❣ ♦❢
t❤❡ s♣❛❝❡✱ ❛♥❞ ✇❤✐❧❡ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✇♦✉❧❞ ❝❤❛♥❣❡ ✐❢ ♥❡✇ ✐♥✲
st❛♥❝❡s ❢r♦♠ ♦♥❡ ❝❧❛ss ✇❡r❡ ❛❞❞❡❞✱ t❤❡ ❧♦❝❛t✐♦♥s ♦❢ t❤❡ ✐♥st❛♥❝❡s r❡❧❛t✐✈❡ t♦ t❤❡
♥❡✇ ♠❡❛♥ ✇♦✉❧❞ ♥♦t ❝❤❛♥❣❡ s✐❣♥✐✜❝❛♥t❧②✱ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ❛r❡❛ ♦❢ t❤❡ ❢♦♦t♣r✐♥t
s❤♦✉❧❞ ❜❡ ❧❛r❣❡❧② ✉♥❛✛❡❝t❡❞✳ ❲❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡ ✇❡ ❤❛✈❡ ❣❡♥❡r✲
❛t❡❞ ✐s ❛ ❣♦♦❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❛❧❧ ❣r❛♣❤s t❤❛t ❛r❡ t②♣✐❝❛❧❧② st✉❞✐❡❞
❢♦r ❣r❛♣❤ ❝♦❧♦r✐♥❣✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ❛♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ❢♦r ♦✉r ❢✉t✉r❡
r❡s❡❛r❝❤ t♦ s❡❡ ✐❢ ✇❡ ❝❛♥ ❡✈♦❧✈❡ ✐♥st❛♥❝❡s t❤❛t ❧✐❡ ♦✉ts✐❞❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡
♣r❡s❡♥t❡❞ ✐♥st❛♥❝❡ s♣❛❝❡✱ ❛♥❞ ✐❢ ✇❡ ❝❛♥✬t t❤❡♥ t♦ ❝♦♥❥❡❝t✉r❡ ✇❤② s✉❝❤ ❣r❛♣❤s
♠✐❣❤t ♥♦t ❡①✐st ✐♥ t❡r♠s ♦❢ t❤❡✐r ❢❡❛t✉r❡s ❬✹✽❪✳

❚❤❡ ♥❡①t st❡♣s ❢♦r t❤✐s r❡s❡❛r❝❤ ✐♥❝❧✉❞❡ ❞❡✈❡❧♦♣✐♥❣ t❤❡ ✐♥st❛♥❝❡ s♣❛❝❡s ❢♦r ❛
✈❛r✐❡t② ♦❢ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✱ ❛♥❞ ♠❛❦✐♥❣ t❤❡♠ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ♦♣❡r❛t✐♦♥s
r❡s❡❛r❝❤ ❝♦♠♠✉♥✐t② ✈✐❛ ❛ ✇❡❜ t♦♦❧✳ ❘❡s❡❛r❝❤❡rs ✇✐❧❧ t❤❡♥ ❜❡ ❛❜❧❡ t♦ ❣❡♥❡r❛t❡
❢♦♦t♣r✐♥ts ❢♦r t❤❡✐r ❝❤♦s❡♥ ❛❧❣♦r✐t❤♠ ✐♥ t❤✐s ✐♥st❛♥❝❡ s♣❛❝❡✱ ❛♥❞ ❝❛♥ ❝♦♠♣❛r❡
t❤❡ ❛r❡❛ ❛♥❞ ❧♦❝❛t✐♦♥ ♦❢ ❛❧❣♦r✐t❤♠ ❢♦♦t♣r✐♥ts t♦ ❞r❛✇ ❝♦♥❝❧✉s✐♦♥s ❛❜♦✉t t❤❡
♣♦✇❡r ♦❢ ♥❡✇ ❛❧❣♦r✐t❤♠s t❤❡② ❛r❡ ♣r♦♣♦s✐♥❣✱ ✇✐t❤♦✉t ❝♦♥❝❡r♥ ❛❜♦✉t s❛♠♣❧❡
❜✐❛s✳ ❯♥❞❡rst❛♥❞✐♥❣ ✐❢ ❛♥ ❛❧❣♦r✐t❤♠✬s ❢♦♦t♣r✐♥t ♦✈❡r❧❛♣s r❡❣✐♦♥s ♦❢ ✐♥t❡r❡st✱
s✉❝❤ ❛s r❡❛❧✲✇♦r❧❞ ✐♥st❛♥❝❡s ♦r ❝❤❛❧❧❡♥❣✐♥❣ ❜❡♥❝❤♠❛r❦ ✐♥st❛♥❝❡s✱ ✐s ❛ ❦❡② st❡♣
✐♥ ❞❡s✐❣♥✐♥❣ ❛❧❣♦r✐t❤♠s t❤❛t ❛r❡ ❛♣♣❧✐❝❛❜❧❡ ❛♥❞ ❝❛♥ ❛✈♦✐❞ ❞❡♣❧♦②♠❡♥t ❞✐s❛st❡rs

✷✽



❬✶✽❪✳ ❲✐t❤ ♥❡✇ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ tr✉❡ str❡♥❣t❤s ❛♥❞ ✇❡❛❦♥❡ss❡s ♦❢ ♦♣t✐♠✐③❛t✐♦♥
❛❧❣♦r✐t❤♠s ♣♦ss✐❜❧❡ t❤r♦✉❣❤ t❤✐s ♠❡t❤♦❞♦❧♦❣②✱ ❡♥❛❜❧✐♥❣ ✉s t♦ ♠❛t❝❤ ❛❧❣♦r✐t❤♠
❝❤♦✐❝❡ t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐♥st❛♥❝❡s✱ ✇❡ ❤♦♣❡ t♦ t❛❦❡ ❛ st❡♣
❝❧♦s❡r t♦ ❛ ❢r❡❡ ❧✉♥❝❤ ❢♦r ♦♣t✐♠✐③❛t✐♦♥✱ ❛t ❧❡❛st ✇✐t❤✐♥ ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠ ❞♦♠❛✐♥✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤✐s r❡s❡❛r❝❤ ✐s ❢✉♥❞❡❞ ❜② t❤❡ ❆✉str❛❧✐❛♥ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✉♥❞❡r ❣r❛♥t
❉P✶✷✵✶✵✸✻✼✽✳ ❚❤❡ ❛✉t❤♦rs ❛r❡ ❣r❛t❡❢✉❧ t♦ ●♦r❞♦♥ ❘♦②❧❡ ❢♦r ♣r♦✈✐❞❡❞ ✉s❡❢✉❧
❞✐s❝✉ss✐♦♥s ❛❜♦✉t t❤❡ ❡♥❡r❣② ♦❢ ❛ ❣r❛♣❤✳ ❚❤❡② ❛r❡ ❛❧s♦ ❣r❛t❡❢✉❧ t♦ t❤❡ t✇♦
r❡✈✐❡✇❡rs ✇❤♦ ♠❛❞❡ ✉s❡❢✉❧ s✉❣❣❡st✐♦♥s t♦ ✐♠♣r♦✈❡ t❤❡ ❝❧❛r✐t② ♦❢ t❤❡ ♣❛♣❡r✱ ❛♥❞
t♦ ❙✐♠♦♥ ❇♦✇❧② ❢♦r ❤✐s ❛ss✐st❛♥❝❡ ✇✐t❤ s♦♠❡ ♦❢ t❤❡ ✜❣✉r❡s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❏✳ ❍♦♦❦❡r✱ ◆❡❡❞❡❞✿ ❆♥ ❡♠♣✐r✐❝❛❧ s❝✐❡♥❝❡ ♦❢ ❛❧❣♦r✐t❤♠s✱ ❖♣❡r❛t✐♦♥s ❘❡✲
s❡❛r❝❤ ✭✶✾✾✹✮ ✷✵✶✕✷✶✷✳

❬✷❪ ❏✳ ❍♦♦❦❡r✱ ❚❡st✐♥❣ ❤❡✉r✐st✐❝s✿ ❲❡ ❤❛✈❡ ✐t ❛❧❧ ✇r♦♥❣✱ ❏♦✉r♥❛❧ ♦❢ ❍❡✉r✐st✐❝s
✶ ✭✶✮ ✭✶✾✾✺✮ ✸✸✕✹✷✳

❬✸❪ ❏✳ ❇❡❛s❧❡②✱ ❖❘✲▲✐❜r❛r②✿ ❉✐str✐❜✉t✐♥❣ t❡st ♣r♦❜❧❡♠s ❜② ❡❧❡❝tr♦♥✐❝ ♠❛✐❧✱
❏♦✉r♥❛❧ ♦❢ t❤❡ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❙♦❝✐❡t② ✭✶✾✾✵✮ ✶✵✻✾✕✶✵✼✷✳

❬✹❪ ❘✳ ❍✐❧❧✱ ❈✳ ❘❡✐❧❧②✱ ❚❤❡ ❡✛❡❝ts ♦❢ ❝♦❡✣❝✐❡♥t ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ✐♥ t✇♦✲
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