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Abstract

A numerical recipe is given for obtaining the density imagarinitially compact quantum mechanical wavefunction
that has expanded by a large but finite factor under free flifi recipe given avoids the memory storage problems
that plague this type of calculation by reducing the probiertne sum of a number of fast Fourier transforms carried
out on the relatively small initial lattice. The final expamtstate is given exactly on a coarser magnified grid with the
same number of points as the initial state. An importantiapfion of this technique is the simulation of measured
time-of-flightimages in ultracold atom experiments, esglgcwhen the initial clouds contain superfluid defectdslt
shown that such a finite-time expansion, rather than a flt-digproximation is essential to correctly predict images
of defect-laden clouds, even for long flight times. Examleswn are: an expanding quasicondensate with soliton
defects and a matter-wave interferometer in 3D.
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1. Introduction

The free flight expansion of a quantum wavefunction, thougysjzally very simple, is often a troublesome com-
putational problem if the state that is required is not quéein the far field regime. The snag is that a computational
lattice that both resolves the small initial cloud and enpasses the large expanded cloud can be prohibitively large.
Here, it will be described how to overcome this while stilingsstandard discrete fast Fourier transform (FFT) tools.

For example, this is commonly desired when simulating erpemts in ultracold atoms. A ubiquitous experi-
mental procedure in this field is the release of the atoms fidmap and the subsequent observation of the density
of a strongly expanded cloud. Given that the imaged expaolded is usually much larger than the initial one pre-
release, the observed expanded atom density correspamasapately to the velocity distribution in the initial aldl.
More precisely, it corresponds to the velocity distribattbat is formed early on after release, when the interatomic
interaction energy has been converted into kinetic endrigig is the picture that is often used to interpret the data.

This interpretation assumes that the detection is ocaumithe far field where all structure is large compared to
the initial cloud. However, in practice this is often not aogdanough approximation, particularly if one is interested
in fine structure inside the atomic cloud, such as defectsterparticle correlations. The reality is that the expansi
is usually by a factor of tens or hundreds, so that intergdgatures such as defects or correlations that are of the
order of 10% or 1% of the initial cloud in size have not yet ydiaed a velocity profile at the time of detection. They
are already distorted from their spatial profile in the adittloud, but their shape has not yet stabilized to its fadfiel
form. Some examples where a long but not quite far-field egiparoccurs include the interference pattern generated
after release of a pair of elongated Clodaﬂl, 2], the stddyambury Brown-Twiss correlations in expanding clouds
[E,Q] and two-particle correlations in a halo of supersaltjcscattered atomE[El 6].

The basic numerical task here is to predict the detectedtgiémmage based on whatever model we are using for
the atomic field. For excited or thermal gases an ensemblassdical fieId|I|7@3] or truncated Wigner wavefunctions

Email addressdeuar@ifpan.edu.pl (P. Deuar)

Preprint submitted to Elsevier October 13, 2018


http://arxiv.org/abs/1602.03395v2

[IE—E'}’] are often used. The straightforward approach idaogthe whole fieldV'(x, t) from the outset in an x-space
large enough to accommodate the whole expansion. Howeverdrely technically feasible to carry out the entire
expansion by this method in three dimensions despite thraiagéy trivial physics. A good description of the initial
state in a three-dimensional lattice can easily reqGif®0°) lattice points or more, and an expansion by a factor
of 10-100 in each direction would lead to®.0 10! lattice points. This is either intractable or impractical @
simple computer, and even more so for studies of defecs8tatior correlations which require surveys of hundreds
or thousands of realizations.

Barring access to supercomputing resources, a standand irethis case is to make a somewhat unsavory com-
promise: Simulate the expansion as far in time as the complitevs, and assume that the neglected later changes
are not qualitatively important. It will be shown here howeteid this while still using standard discrete FFT tools
on a simple computer.

In Sec[2 the basics of the problem are described, and if_Sg¢anZstimate is made of the the time regime over
which a careful exact expansion of clouds with defects iessary. Se€]3 demonstrates this with an example. The
numerical difficulty is examined in more detail in SEL. 4, émelsolution derived in Selc.5.1. The paper concludes in
SedT with some discussion of practicalities and applicatio

The prescription that constitutes the main result is brigfien in a stand-alone form in Séc.b.2.

2. The matter at hand

The aim is to calculate what is actually measured, the dpgiasity distribution at the detectqi(r, tina)). We
assume that just before the trap is switched off at0, the trapped state is described by a complex figjft) that
has the form of a single-particle wavefunction.

2.1. Conversion phase

Typically the expansion can be considered as consistingmphases: An initial “conversion” phase during which
the interaction energy between the atoms is converted &tikienergy, and later free flight of the atoms. Since the
interaction energy per particle is proportional to the dgnan expansion in three-dimensional space by a factor of
two in size will reduce this interaction energy per partiolea factor of eight. This initial expansion can be done in
a straightforward way until interactions are diluted anapécome negligible. One just takes a computational lattice
X in x-space that is 2—4 times wider than the initial clokig] and evolves on that. In ultracold atoms, the workhorse
Gross-Pitaevskii Equation (GPE) is typically used — seeet@nple in Se¢.]6.

The end result of this phase (at timagsay) is that we have a partly expanded wavefunclmts). Numerically,
it is described as a table of complex numb®fsindexed by the set of integers= {ny,...,ny} in d-dimensional
space, that enumerate the points on the numerical lattioe laktice spacings arex; = L;/M; whereL is the length
of the box in thejth direction, andM; the corresponding number of lattice points, so that 0,1,...,(M; - 1). The
lattice positions are

Xj=4aj+ AX]'I"IJ' (1)

with offsetsa;. i.e.x = a+ Ax-n.
Note that the wavefunctionB(r) are not in general the complete quantum many-particle fuaetion unless the
particles are non-interacting. For interacting partiotes usually works witl’ in some kind of c-field approximation

[10-113[ 15[ 16).

2.2. Lattice notation
Several numerical lattices will appear in what follows. Tokowing notation will be used:
e Quantities with a tilde, such aﬁ(k), are in k-space.

o Bold quantities are vectors thdimensions (usuallgi = 3), with elements indexed byas inx = {X4,..., X ..., Xd}.

e Undecorated quantities, such #¢x) denote the lattice used to represent the starting state athis has a
manageable number of poinid,



e Barred quantities, such &4x) will be on a magnified numerical latticethat can describe the expanded state,
but is too coarse to describe the starting state at

e Underlined quantities such a¥(x) will be used to denote a sufficiently huge lattice that bathampasses
the expanded state 4 and resolves the starting statetgtwhen this lattice is different from the starting
undecorated one.

e The position coordinate is a continuum quantity, as opposedxtavhich are corresponding lattice positions.
Similarly, x is a continuum wavevector, whileis discretized.

2.3. Free flightinto the far field
The remaining evolution afte, the “starting time”, is just free flight. Each particle of mentum#x flies a
distanceik tiigne/m, where the flight time is
tright = tinal — ts - ()
Then with a far field assumption, i.e. that the initial stagtposition ats is irrelevant because they have flown so far,
the position of a particle is
I = Dtfiightk/m. (3)

An estimate for the final density can then be obtained fi(m ts), the momentum-space wavefunction at the end of

The prefactor is for normalization purposes, so tﬁdf‘x |‘AI7(1<)|2 = fddr [¥x(r))°. Notably, this discards any phase
information. However, the usual imaging in ultracold ataxp@&iments is insensitive to that.
The starting momentum wavefunctiifx) atts is obtained with a norm preserving Fourier transform:

Y(k) = (Zﬂ—l)d/z f dr e (r). (5)

Numerically, the conversion is best made with a discretaieotransform (DFT). The DFT of a fiel® is
d
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2

(4)

pu(r) = [P () = (

. (6)

Qm = DFT[Quls = ) Quexp

with indicesm; = 0,1,..., (M; — 1) labeling the position on the k-space lattice which hasisgaAk; = 27/L;. The
sum is over the whola range.
In what follows, we will always be using the physical freeasp wavevectorsy ordered as:

— - m; for m; < M;/2
kj(my) = Akl :Akix{ m}—M,— for h‘w; > M};Z (7)
The integer multipliers can also be writtenlas= mod['rﬁ,— +IMj, M,—] — M. For simple transformations such as
(®) and [), a set of monotonically ordered non-negativeawagtorsm - Ak is equivalent operationally tgl(7) because
AKjMj(x; — a;) is an integer multiple of 2 However, such equivalence no longer holds for calculatiegkinetic
energy or upon changing the lattice offsgboth of which will be needed for expansion.

Using [3) and the DFTL{6), as well as taking care of a possifftetin (1), the discrete momentum wavefunction
atts is AV

Pa(ts) = We_'a'k”'” DFT [Wn(ts)] - (8)
with lattice point volumeAV = []; Ax;. This is readily implemented using standard fast Four@mdform (FFT)
libraries EM_TLb]

In most cases in the literature, the short initial expansidg and conversiori{4) to obtain the detected density is
all that is done. This is fine provided that we are only intexésn momentum differencé& much larger than those
corresponding to the widttVs of the converted cloud d@. That is, whersk| > mWs/Zitgigne. Or, alternatively, that
we are only interested in spatial resolutions/s in the final expanded cloud.
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2.4. Free flight without a far field assumption
To avoid making the rather uncontrolled far field assumpf@nand get results for a well defined final tifga,
consider first that in principle, the free flight evolutiontb&é wavefunction in k-space is straightforward:

— — 2
K tina) = Pk, 1) €xp| -itrign - ] ©)

2m

In principle, all one then needs to obtai(r, tfn) IS to inverse Fourier transforfﬁ(k,tﬁnm) back into x-space. Gen-
erally:

W tinal) = f o €7 Tk, tna). (10)

o
The discrete implementation like i (6) and (8) is

d
2
n=DFT* [Qmln = Z Qn exp[ Z V im; (11)
M = []; Mj is the overall lattice size. With volumé = [T; L,
2r
‘yn(tflnal) = %DFT_l[ m('[flnal)eI ] (12)

This step can, however, be hard on computational resougrees,with an FFT because a very large latfités often
needed to fully describe the final time St&tésiny)).

2.5. Continued defect dynamics during free-field expansion

Expansions of clouds containing narrow mobile defects g@palar experimental topic in recent yeﬂéﬂ,@—%].
These are systems for which the transition from the stattistate to the far-field is nontrivial.

Let the overall width of the cloud dt in a chosen direction b¥/s, and consider defects of widthqyy < Ws
and typical speed. Speed differences between different defects are therralsoThe velocity distribution in the
gas, however, is dominated by the shortest length scaleeirsybtem. This is usually given by the half-width of
individual defects, giving a typical velocity, ~ 2h/mwger. After significant expansion, the width of the cloud will
beWiinal = 2tfightov = 4htfight/ MWger.

It takes a timd, = Ws/or, for a rough semblance of the velocity/momentum distributmform in real space due
to expansion (this is the time for a typical particle to moweoas the initial cloud). Remnants of defects can continue
to rearrange until a time when their relative speed wouldlhathem to move as far as Ws, which is a typical initial
spacing between them:

W,
tarrange ™ Ts > 1y. (13)

For clearly recognizable defects to be present, one shawd tefects slower than particlas:< ¢. Due to this
slowness, there is a peridgd< thignt < tarangeduring which complicated rearrangement of defect remneantstake
place even though the gross shape of the cloud already résethle far-field velocity distribution. The simple far
field expressiori{4) is not appropriate during this time.

This is not an uncommon situation in ultracold atom expentseand has relevance for interpretation of experi-
mental data. For an initially trapped thermal gas in a ctaddield regime where its dynamics is quite well described
by the Gross-Pitaevskii equati 10/ 5, @—29], typiedkdts are solitons in 1D and vortices in 2D. In this regime,
wheng is the s-wave scattering length amthe typical density, the chemical potentiakis: gp, giving defect width
Wyet ~ 211/ AfMu and a speed of sourd= \/y/—m Major defects are much slower, i.e= ec with € < 1. With a trap
frequency ofw, the initial cloud width isWs ~ (2/w) +/2u/m. This lets us estimatg = V8/w andtarange and one
finds that the timesign: during which rearrangement is still taking place in a clouatiooks to be already far-field

in its gross features is

t .
- Wilight < } (14)
V8 €

tv < thight < tarrange ie. 1

This can be a significant period.



3. Example: soliton dynamics during expansion

Let us consider an example of complicated free evolutiom exdimes that would naively be considered to be in
the far-field: the expansion of an elongated 1D ultracoldig#se quasi-1D regime. We take physical parameters like
in a series of recent experiments|[d, 2], where clouds inldmsacal field regime were prepared. An initial c-field state
of the 1d system is generated at temperaiure80nK = 260iw/kg using the stochastic Gross-Pitaevskii equation

0¥(x, 1)

2
B 5 = —i(1-iy) —g—mvz + 01X )P — 1| WX 1) + 2yRksT n(x, 7) (15)
.

by taking a sample of the fieMfi.(x) = ¥(x, 1) att = 10/w, once the ergodic ensemble is reached. The simulation
grows the field from the vacuum(x, 0) = 0. Here,g: = 0.54hwan, is the 1D s-wave scattering length ffRb in
terms of the harmonic oscillator lengh, = VA/mw. The bath coupling = 0.02 has a typical valug, = 90hw is a
chemical potential chosen to gie= 3000 particles on average in the stationary ensemblep@nd) is a Gaussian
complex white noise field with variangg(x, 7)*n(X’, 7)) = §(x— X)é(r — 7). The lattice cutoff in a plane-wave basis
is chosen agkmax = 0.65v27rmksT, according to the optimum values obtained.in [29]. The gath@n of Pic(X) was
carried out usind(d5) on an initial lattice witfl = 2'* points and. = 60ano.
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Figure 1: Evolution of the density(x) = [¥(X)I? (in units ofa;}) after release, calculated directly accordinglid (1), &) [I2). The vertical
scale is narrowed down compared to the computational éattwith L = 2400, to show the most interesting region.

A proper treatment of the conversion phase will be done iBhexampléb. Here, let us just do an immediate
free-field expansion o¥i.(x) from the moment the trap is switched off@t= to = 0. The 1D density(x) =
['P(X)|? approximates the marginal density of the 3D cloud when iatiegl over transverse directions. The fully free
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expansion can be quite a good approximation for a very tigikial trap that has the initial gas in a quasi-1d regime
(tight transverse trap frequenay ). Release causes a very rapid expansion in the transveestiains on a timescale

of 1/w,, with width o (1/w,) /1 + w?t2 [30]. Accordingly, the density drops as 1/(1 + w?2t?), and so does the
relative strength of interparticle interactions. Afteirag¢ of several 1w, (short compared tg), the gas is effectively
non-interacting.
The evolution of the field is shown in Figl 1. Here in 1D, it is#yadone directly using the equation
oP(xt) . h _,
o IZmV (X, 1) (16)

and the DFTH(B.12). The initial stat.(x) was padded with vacuum and evolved on a lattic®lof 81920 points on
a simulation region of length = 2400, with a = —L/2. The purpose is to see defect evolution during expansion.
Indeed, we see that appreciable defect evolution occuitumés of about~ 30/w. This can be compared to the
values of the crude estimates bf(13) obtained for this systben takings = 0.1: t, = 2.8 for significant expansion
andtarange= 28 for end of rearrangement. A very good match.
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Figure 2: True density (blue) and its far-field estimate ¢gdegiven by[(}#) after long times of flight.

In Fig.[2, the central section of the expanding cloud is shfawtwo long times = 10/w andt = 40/w. The figure
also compares to the far-field estiméie (4) given by a maghifiementum distribution. The far field estimate is found
wanting even at the otherwise very long tilne 10/w, and becomes only passablé at40/w. For comparison, note
that the detection time in the reference experirﬂant [1] tugs = 0.65/w < ty, which places it even well before any
significant expansion.

4. A closer look at the numerical difficulty

Consider now calculations, e.g. in 3D, for which a latticattbroperly describes both the small starting and large
expanded state is extremely large.

4.1. Computational effort

Let the energy per particle in the trapped statedhe.e. it will be ¢ per degree of freedom in free space. This s all
converted to kinetic energy by the end of the conversionghéis so that a typical wavevector kg pical = V2ms/ .
For good measure, and particularly to allow for energy flattns above the mean, one needs to include higher
valueskmax ~ 'k kypical With rg ~ 2. The spacing on the lattice needed to resolve the resuwitivglengths (Nyquist-

Shannon theorem) is going to Bemin < 7/kmax = 77/ (rk V2me). Now, when the widths of the starting cloud in the
jth direction aré/;, the widths after free flight expansion will be approximsptel

Wi = W + 2ritiignt v 2&/m, (17)

allowing again for wavevectors of up tehax. We use the underlined notation for final quantities in apéton of
a large lattice. The minimum number of lattice points neeiteglach direction for the expanded cloudﬂ'lﬁ”'“ =
V_VJ'/Axmin = (rk /mR)[W; V2me + 4rctagnee]. To have an accurate calculation extra padding and réealusually has
to be included, givinM; ~ raM™" with another factora ~ 2.
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After significant expansion, when th&; have become negligible, the required lattice size appmam ~
4r§rAtﬂights/nh. Thus the overall required si2d = []; M,— will be
& thight )d (18)

Mzc(
L A

whereC = (4r2ra/n)® ~ O(10%), which is about a thousand in 3D.

Memory requirements for double precision arithmetic wédl 6x M in bytes, while the time to carry out a FFT
will scale asM log M, and the time to do the evolutidfl (9)4sM. Defect experiments tend to hasgign: /2 ~ O(100).
For example, in the[[l] experiment considered as an exangg ¢tqign /2 ~ 60. While the time for carrying out
such an FFT on desktop computers is manageable (of the drderfmur forM = 5 x 10° on one processor core),
the real problem are memory requirements. Foe 5 x 10°, having sufficient RAM memory (75GB) on a desktop
becomes troublesome.

4.2. Information in the wavefunction

What can be done? One can see that the effort involveldin §18&8niost all wasted because there is no new
information about the cloud in the final stai€x) that was not in the initial’(k). The evolution[(P) and DFTs
between x-space and k-spakck (B)] (10) are deterministicesedsible. Also, we know that the final not-quite-far-field
densityp(x) is going to be at least qualitatively similar {d (4) whichtaibed via a simple magnification of the starting
momentum wavefunction (see FIg. 2). This suggests thatleistructures will be much broader than in the initial
state. The trouble of course is that while the density getgmifiad during the free flight by factors

W, 2 thight V2e
Aj=— =1+ ——, (29)
W; W Vm

the velocity remains encoded in a wavelength that remainstaat. As long as velocity information is kept, the
size of the computational lattice must grow by these samerfss ; to keep resolving the largely unchanged phase
oscillation. The wastefulness amounts to at least a fadtare []; Aj.

Clearly the thing one must do is avoid storing the entire fatdde of sizeM, and abandon knowledge of the
properly sampled phase profile @ata, leaving only density information on a coarser lattice. Ti#al converted

state¥(x, ts) can be fully defined on a smaller lattice with

d
M rark v2me
M:UMj:XN(T ij (20)

points and the usual spacingg, which comes from[(18) an@(]L9). The right hand expressisoragsAj > 1. A
magnification of the initiaM lattice by a factor ofA; in each direction, while keeping the number of points cantsta
should be possible in principle without adversely affegtine quality of the final density profile.

Let us first consider an overly simple approach that triesotthés but fails in an instructive way:

4.3. Naive DFT
Since the positions appear explicitly [n110), it is temptto proceed as follows:
1. Obtain with the k-space wavefunctiontatepresented a8 on the smalM lattice.
2. Apply evolution[[9) to obtait¥ (tina)m after whatever timéyign is necessary.

3. Carry outthe sumin the return transformat(od (10) usiagnified lattice values ofand automatically keeping
the same relatively small number of poinité,= M.

An appropriate magnified lattice would have the same numbgoiats as the starting statﬁj = M;j, but larger
spacingAX; = AjAx;, as well as appropriately shifted zero poiats The new positions would be

Y:5+A-(x—a) ; 7(j=§j+ﬁjA7(j (21)



indexed byn; = 0,..., (M; — 1). For step 3, the discrete exponentinl (10) is
4\ 2n
ik-yzik-anzmmjmﬁj. (22)
=1

To use the convenient DFT forfi{11), the factor§; need to be integers. Hence, the scale fagtpneeds to be
an integent; for all points on the finaX lattice to be calculated this way. Since phases that are tpteubf 27 are
equivalent, a value of;fi; > M; will lead to the samé& as one below;. This makes any value @ correspond to
an element of a DFT that sums ovay. Let us define an auxiliary index

n'j' = mod[ﬁj/l,-, Mj] (23)

dependent oi;, which indicates the element of the final inverse DFT thausthto be used to obtain a particular
point on the finak lattice. One obtains the following:

—(naive) A(2r)9/?

¥y (tina) = —~,—DFT [ ¥ (tina)e™ | (24)

o
which is very similar in form to[{112), except for the indexibgn”, shifta andA prefactor. The last is put in by hand,
to keep the amplitude of the original cloud unchangeti apon magnification of the lattice. The numerical effort
required by[(21) is small, with the largest matrix to be stiasaly of sizeM , i.e. []; Aj times less than the brute force

case of[(IB).

(a) tigne = 0.2 (b) taigne = 0.5
0.8t ® {  ost h
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Figure 3: Initial (blue) and final (magenta) densities aftex naive attempt at expansion in 1D with prescriptlod ()e initial state iSP(x) =
exp(—x?/2) coskox with kg = 5, defined on the rangee [-3, 3] indicated with gray bars, witM = 600. Expansion times are given on the plots.
The true final state obtained usilig]12) on a larger lattidmeleé onx € [-6, 6] is shown in green.

The results for a 1D test case can be seen iffrig. 3. They agondt This is of course because DFTs correspond
to the correct Fourier transform only for the specific relaship between x- and k-space lattices that is described in
Sec[2.B, and not the wishful one that step 3 implies. Whattisadly being carried out by (24) instead, is the free
evolution for a timetsign: Of an infinite number of copies of the stakgx, ts), repeated in a tiling pattern because of
the periodic boundary conditions assumed by the DFT. As ssdhe cloud begins to expand, it overlaps around its
own edges and everything gets scrambled.

In k-space, the picture is that the flight time is so long thatggthase winding caused Y (9) advances so much that
aliasing occurs. The phase difference between neighbbigigk points is ZAtsignikmax/mL; which is

V_Vj -W
Aa(_) (25)
Lj
after substituting fokmax. As a result, the phase variation withis not resolved and the state is scrambled[hy (24)
whenever the starting bdy; is appreciably smaller than the expanded widlt
The moral from this naive approach is that the data in theista¥,, lacks the crucial physical information that
the area beyond the edges of the starting lattice is suppodmrivacuum.



5. Solving the memory problem

5.1. Derivation

To utilize the physical information about the system thatlihckground over which the cloud expands is vacuum,
let us define a buffered starting fieda(r, ts):

| Wty ifVj gy <ry<(aj+L)
o(r,ts) = { 0 otherwise. (26)
Also, to take advantage of the highly optimized FFT alganigh the exponent ifi(11) should contain only integer
multiples of 2ri/M; in each directionj. We will henceforth assume the magnification factagsto all be positive
integersi;, as in Sed_4]3, which suffices to obtain this condition. T¢tea cloud need not expand by an integer
value, only the numerical lattice. It may also be possibiepiinciple, to translate cases of fractiong| into an
algorithm containing FFTs, when ti\; andA j are appropriately matched. However, this would lead to doatbrial
complications in the algorithm. We will refrain from conseithg this as it does not appear to offer any significant
computational advantage.
As usual, the general procedure to obtain a final state is pteiment the time evolution in k-space aslih (9), then
use a DFT to obtain the final x-space wavefunction. This fitedkds to be on the magnified lattice whose points are

Xj = @j + NjajAX;, (27)

lying AX; = 1jAx; apart.nj = 0,...(M;j — 1) is the index for the final “small coarse” lattice, like [Il)2 Its volume
isV = [1; Lj, afactor ofd = []; 2; greater than the initial volumé.

This last immediately presents a problem, because to ohtéiral state on an x-space lattice of Ien@;hwith
an FFT requires transforming a k-space wavefunction thetésolution 2/L; = Akj/4;. This is; times finer than
what is available in the starting staix). Fortunately, the vacuum assumptiénl(26) provides sefficinformation
to reconstruct the fine scale structure in k-space, as wesegllbelow.

Time evolution must also occur on this fine lattice, and toaenexact, it must not cut off high momenta, so the
huge latticeM will be required, at least formally. The required k-space@sfanction of the initial state is, generally,
obtained with the transforrhl(5). Discretizing it onto tklelattice gives

Tk 1) = s D, Ot €% (29)

The initial points in x-space are the while the k-space lattice has fine spaciklg = Akj/1; and valuek; = I_~J.AI_<j
indexed bym, = 0,..., (4;M; - 1) Withﬂl_vj = mod[@j +3M;, M,—] - 3M;. One in everyl; values ofk; will fall on a
k; value that is also present in the small lattice of the stgrsirate. In particular, instead of using the large inoex
its values can be alternatively enumerated by a pair of @rtem the following way:

m, = 4;m; +qj, (29)

where the coarse inder; = 0,..., (M; — 1) runs over the same set of momenta as in the starting stateeamall
lattice M, while a fine structure index; = 0, .. ., (1; — 1) counts the sma11‘I_<j steps within the larger momentum step
Ak;. The k values themselves are
+~ . 4

ki=Akj|lj + — 30

2 ] ( ] /lj) ( )
when the small lattice siz®l; is even (as is usual). Odd; introduces a minor but distracting complication, so from
here until [38) we will assume evem; and return to this matter at the end of the section. It is coieve to define a
vector of fractional momentum steps

_ 0jAk
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so that the fine-grained momenta can be written in a conseig®notation:
ki=ki+aj(@) ; k=ks+aq (32)

in terms of the coarse starting momektand the fine grained shidt.

Now luckily, the majority of the elements in the sum over gsixin (28) can be discarded because they are in
vacuum and contribute zero. Provided we make the commoaseassmption that the large lattice includes the entire
latticex for the small starting cloud, then this leaves just the susr the usual starting state indiaeslefined in[(1).
With this, and substituting (1), (26) ard {30) infa}(28), ateains:

d
Pk ts) = (Zn)d/zzwn(ts) exp{ IZZ:,'—n(m j‘)

i= J

—|k -a (33)

which is just a sum over the small lattice. In fact, any elenudthe k-space wavefunction is given by an appropriate
DFT on the small lattice:

Flk.to) = &% DFT | W (t) e vt | (34)

A
(Zﬂ)d/z
with the help of the coars@ and fineq indices. To get the entire wavefunction, a separate FFTqjsired for each
differing value ofq.

The time evolution between the DFTs is just

(35)

Ik?
\}l(k tfinal) = _mq(tf|na|) = \P(k ts) exp[ fllg:; }

To obtain the final state in x-space, one discretizek (10patains the following expression on the fine lattice:

272.)d/2
AV

Y(X, tfina) = ( gkx Em,q (tfinar)- (36)

mJq

We don't need the entire huge lattigeonly the coarsened version with selected sparse poirgndiy [2T). Taking
only the subseX of points from thex lattice and substituting according fo{27) ahd (30) gives

d —

. 2rminid; . _ . -

P(X, thina) = /lV Z_mq(tfinal) exp{lz % +iag - X +iks - @|. (37)
=1 J

This can almost be written as a sum of DFTs, except for ondlde&d was seen already in Séc.14.3: For a DFT
over the small k-space lattica of sizeM, normally the “x-space” indices should run over the range @M; — 1).

Here instead, in the relevant part of the expom@‘;ﬁ z"m'—:”' we have the quantm;! (nj4;) which increments in
jumps: N =0,4;,24j,.. ,[1j(M; = 1)]. Fortunately, the whole exponent is unchanged upormaddi to n;. Hence
we can defme the auxmary numbers like in (23), which will index the output of the DFT. Then, tfieal result for

the coarse-grained wavefunction after flight can be writea sum of inverse DFTs on the small lattdde

(2n)"

Wi(thinal) = AV

X pDFT1 [W,—ﬁ,q(tﬁna|)é"m'§]n,, : (38)

Note how the proper expressidn138) differs from the ndiv® (& having a sum of similar DFTs indexed hy
that account for the fine-scale fractional k-space shifts To calculate these, only FFT® the small lattice Mare
required. There is never a need to store the Hddattice.

Finally, returning to the unusual case of olt], (30) and [(3R) also apply to all points except for a few with
m; = (Mj — 1)/2 that end up wittk; > k" = 7M;/L;. For these, one should substltlh;e—> I’ = (I - M;j) in (30)
andk; — (kj — M;Ak;) in (32) to carry out the umklapp flipping to negative waveees on the fine momentum grid.
It turns out that the onIy change in the intervening expmssabove is that one should repl&ge- (kj — MjAk;) in
thekg of (37) and[(3B) for the several points whem = (M; — 1)/2 andq; > 1;/2. This actually makes very little
difference in practice provided that al] < M.
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5.2. The prescription

This is a summary of the main result that gathers the abovétséegether. One starts from the initial wavefunc-
tion Y(X, ts) = Wn(ts) described ird dimensions on an x-space lattice wNly points in each dimensiop=1,...,d
of lengthL;. The region outside this lattice is initially vacuum. Thesjions of the points are

njL;

Xj = aj+
i =4 ,
M;

(39)
with indicesn; = 0, ..., (M; — 1). The momentum spacing i&&k; = 2r/L;. Free flight occurs for a time interval
taight = trinal — ts. Subsequently the lattice spacing on which the wavefunésialescribed in x-space is magnified by
integer factorsl;, giving lattice points
N4l
M;
with indicesn; = 0, ..., (M;j — 1). The volume of the initial lattice i¥ = []; L;, the number of point&! = []; Mj,
the volume magnification = []; 4;. The fractional momentum steps

7(] = 5.]‘ + (40)

;= ﬂ—’Jq' € [0, )AK; (41)

form a vectoq that is enumerated by the indiogs= 0,1, ..., (1; — 1). Bold quantities are vectors thdimensional
space. The final x-space wavefunction on the magnified ¢aigigiven by:

Vr (i) = . 9 BY (42a)
q
1 . _ htgi
fﬁ(q) = 7 exp[m/q . (xﬁ -a-aq ;E’}ht)] (42b)
. _ Rt
Béq) — FFT—l [A(rg)e'km'[a_a_(km*'zaq %1] (42C)
p
A9 - FFT | Wn(ts)e ] (42d)

when allM; are even, with the elements of the auxilliary indexXin {42sihg
n/ = mod[ﬁj/lj, Mj], (42e)

and FFT indicating fast Fourier transforms. The wavevedtgrare given by[(I7).
If any M; are odd, then in th&y of (42d) one should further umklapp the maximum k value inheaicthose
dimensionsg wheng; > 4;/2. Thatis, form; = (M; — 1)/2 andq; > 2;/2, replacek;(m;) by —Ak;(M; + 1)/2.

6. 3D Example

As an example of a calculation that cannot be done by brutefon a PC, consider a full simulation of the relative
phase measurements in the Vienna experinﬂant [1]. Here, éighbouring ultracold atomic clouds #Rb, ¥&), are
initially populated in quasi-one-dimensional harmonapis that are elongated in thalirection, as seen in Fifl 4(a).
Trap frequencies ar@ = 2r x 6.4 Hz in thex direction, andw, = 27 x 1400 Hz in the transverse directions. The
clouds are initially separated by a small gapbt 2.75nm= 0.645a;, in they direction. The traps are released at
t = 0, and rapid expansion takes place inytendz directions. The clouds soon interfere, forming a fringegrat as
shown in (Figsll(b-c))). The local displaceménix) of the fringes in they direction from the middle positiop = 0
corresponds to the phase difference that existed locatlyd®n the two initial clouds dt= 0.

8Y(X) o Abo(x) = 25 (%) — 2957 (%) (43)
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The fringe pattern is detected after 16ms of free fligit (= 0.65/w) at a detector. This is basically an integral of the
final density over the direction. In this way, a local phase difference measuremeihe initial clouds can be made.
There is of course some distortion during flight, as was se&etc[B, and a simulation of the expansion can be
necessary to see quantitatively how the pattern at the tdetearresponds to the initial phase profile. Here the case
where the two clouds are populated by independent thernsaisgaill be considered. The one-dimensional c-field
WavefunctionSPi(ci)(x) are generated using the same SGPE method as ihlSec. 3 ardnb@arameters. Eq._{15) is
run separately with independent noises for each of the tawdd. As these are quasi-1D traps, the wavefunction in
they andzdirections is well approximated by just the harmonic oatilt ground state. The initial state (see Elg. 4(a))

consists of two terms: ,
_ My ) _ ( E) mw,
Po(X) = 4/ g Zi:‘f’ic (x)exp[ { t5)+7 5| (44)

p(z,y) [ pm=? ]
100
50
-100 -50 0 50 100
x [pm] é 0
(b) t =ts =1.2ms =
-50
x [pm] -100
-100 -50 0 50 100
 [um]

Figure 4: Density patterns during the free flight descrive8éc[5. Shown is the y densityp(X, y) = fdzl‘l’(r)lz. Panel (a): initial state released
from the traps at = 0. Panel (b): The “starting” state for the free expansion,-ats = 1.2ms, after the conversion phase. Panel (c): The state at
the detector at = tfng = 16mMs.

The conversion phase is simulated with the 3D Gross-Pikéieaguation (GPE)

d¥.t) _ [ Pop glP(x, )° [ F(x,1) (45)

h
ot 2m

using with a semi-implicit split-step algorithm [31]. Itigan until 1.2ms, which i$s = 0.05/w. The s-wave scattering
length is 5.24nm, giving a value of = 0.01544wa?  for the interaction strength in 3D in terms af, = VA/mw.
The lattice used has dimensiong= 67.5an, Ly, = 8.26an,, andM = 2304x 256x 256 points. The calculation took
1lhour 20 mins on an Intel 2.4 GHz CPU using the FFTW library,[48d used 8% of the 96GB RAM memory on
the PC. The situation &t is shown in Fig[4(b).

Subsequently, th&(x, ts) were fed into the free flight prescriptioin_(42) developedshéor expansion out to the
detector at 16ms. The lattice expansion factors wigre 1, = 8 andA, = 1, i.e. no expansion in the direction.
However, the initialx lattice was slightly buffered with vacuum at the edges wéhpect to the one used for the
conversion phase, having a lendth = 94.92a,,. This was to allow some natural spreading, which was tooIsmal
to make a lattice expansion by = 2 worthwhile. The final coarse lattice h&dl = 3240x 256 x 256 points. The
calculation took 64 minutes on the same PC and used 14% of RARIresulting predicted detector image is shown
in Fig.[(c).

For comparison, a brute force calculation using the plaR) (#as not able to reach the detection time. The
best that was obtained on the aforementioned PC withouggoio swap space was expansion out te 0.40/w,
corresponding to 10ms, or 62% of the flight. This took 3 houra® = 2880x 1350x 1350 lattice, and used 88%
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of RAM, as well as requiring special additional work with tb@de to pass 64 bit pointers into the FFTW library. 64
bit pointers were required whevl > 23,

20 . .
-30 -20 -10 0 10 20 30
z [pm]

Figure 5: Phase differences alorgn the central region of the cloud, after unwrapping modutd®remove sudden jumps greater thenThe
black line shows the actual phase differente. (x) — Z®_(x) between the initial clouds. The blue squares and greelesishow the apparent
phase differences inferred from the fringe shifi§x) in the density images of Fifl] 4(b,c), respectively, us@8)( The yellow diamonds show
what would be inferred from the very late density image of Bgt 62ms.

Fig.[J shows the apparent phase differences that can beddfieom the free-expansion at different times, and the
true initial phase difference. The fringe shift(x) was estimated from thg position of the maximum density peak
for a givenx. The proportionality constant if_.(#3) can be estimated bsitering the free flight evolution di(4#4) in
they direction only, ignoring other effects. One finds

(46)

¥ 2
by = |

1
Vitiot Z As eXp[_ 8h(1+ iw, 1)

whereA. = (%)1/4 lI’E)i)(x). We are most interested in the limit,t > 1 andy > D. We expand the exponents in
the densityly(y)|* to lowest nontrivial orders in the small quantitigs= 1/w,t andny = D/y: that is,O(n?, 77;2) for
the amplitude and (1, 77;1) for the phases. This gives

eXp[— ;my? ] D
2 w, ? { 2 2 my _ ] }
ly(y, HI° ~ 71 @02 [AL° + [A-I” + 2|AL|A_| cos Tt Abo(X)| ¢ - (47)
Hence, the phase difference estimate (modaja®
mD

whereypeakis the location of the peak nearestyto= 0. What we see in Fid]5 is that the global long-wavelength
behaviour of the phase difference is generally predictdtibwehe fringes in the expanded cloud. This is apart from
some remnant localized shifts of modulothat move an entire segment by ®ithout affecting the long-wavelength
phase trend. These shifts are atdand 2&m for the early cloud ats, and near 10m for the cloud at the detector.
However, one can also see that true to the behaviour seee iiiticase of Sef] 3, the prediction of local details in the
phase difference is largely scrambled during the time offilig

The effort required by[{42) for even very long expansiondesceelatively graciously. For example, continuing
the expansion out to = 62ms= 2.5/w is also possible. This is shown in F[g, 6 and the yellow plofinand one
sees continuing change in the fringe profile. In particulae, phase difference estimate is starting to become bad,
with large long-scale discrepancies. This because nowxpansion has lasted long enough that a lot of movement
of the defects in the direction has occurred. This is expected, since the estifoaformation time of a momentum
distribution from Sed_Z]5 i§ = V8/w = 70ms here. The final cloud is now a relatively hug&»0.6 x 0.6 mm in
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t = 62ms plz,y) [ pm=2]

400 0.8

200

y [pm]

-200

-400

-100 -50 0 50 100

Figure 6: The density pattern that would be seen afte62ms of free flight, details as in Figl 4, except for a 1:4 asg® between the axes.

size, having expanded by a factor of about 0they andz directions since release from the trap. The final lattice is
scaled by, = 2, anddy = A, = 30 from that ats. This calculation took 18 hours on the reference PC, and t6&li
of memory. The direct approach with thé lattice would have needed 4000GB.

7. Discussion

7.1. Efficiency

To take advantage of the memory savingdin (42), one shoualdi@e each term in the suln_(42a) labeledgby
sequentially, and accumulate its contribution®g(tina). This way, memory requirements will be 2M complex
numbers [3%M bytes for the usual double precision] — one array of $izéor carrying out the FFTs, and one to
store the accumulated su(tina). Some time efficiency can be gained by using a third arrayzefd to store the
starting staté¥,(ts), but using 4&M bytes in total.

The computational load in terms of operations scales as

AM log M (49)

which is slightly faster than the brute force approach thatileh use [[IR) directly on a vacuum padded latfitend
take~ AM log(AM) operations. The speed-up is mostly marginal — an impromtimea factor of (1+ log 1/ log M).

The somewhat surprising result that there is any speed upaimapared to the highly-optimized FFT dvi is due

to the fact that so much of the initial system is vacuum and ahae contribute. For this reason, there is no advantage
to be gained by trying to use the maximum starting lattice Mzthat will fit in memory (perhaps after padding the
nonzero part of the field that comes out of the conversiong@héth vacuum), and minimum magnificatidn

The memory needed is of course strongly reduced — by a fattdrleasti/2, comparing to the most memory-
efficient in-place FFT on the hugdé lattice.

An expansion ird directions requires summing of a number of terms that grasmgign)®. This can eventually
become fairly time intensive as was seen for the calculatfdfig.[8. Memory use never budges above the baseline
no matter how long the flight takes.

The time needed can be alleviated by an extremely basicl@laration. Namely, distributing the evaluation of
the B{@ on many processing cores. Up.aores could be used to obtain the result in a timil log M. However, a
significantly smaller number will be optimal sinde=FTs in parallel will require- AM numbers stored in memory
again, which is what one is trying to avoid.
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7.2. Relationship to fast Fourier transforms

The algorithm presented ih{(#2) bears some rough resenetarcCooley-Tukey FFT aIgorithrﬂSZ] with radix-
A;. The similarity is that the end results of the FFTs on the fenM lattice are multiplied by twiddle factors in{(42b).
These involved® ™ that introduces fractional phase shifts compared to thea#ahle on the FFT lattice. However,
the overall procedure is quite different to Cooley-Tuked aelies heavily on the vacuum padding assumpfionh (26).
This allows it to e.g. perform the two sequential FFTs on eg¢h term in the final suni{42a). This is also what
allows the effort to scale asinstead of thel? that would be expected from a manual summation of smlesize
FFTs.

Looking at [42k), one can see that wheandM have common factors, thig’ index only accesses a part of the
field Bf)q). One can try to gain some computational advantage from thising a pruned FF‘@?J] for thE(4i2c) step,
to calculate only the requirgg values. The advantage of pruned FFTs is not huge though. widutd reduce the
overall computational effort at most fronM2logM to 2M logM — M log A .

7.3. Loss of phase information

3000 , p , , 3000
(b) L (a) s
25007 e 1 2500 -
= 2000] ' = 2000f :
1 S
= 1500/ = 1500
IS ISy
1000( 1000/
500/ 500
0 LT o 1 2
E/aho

Figure 7: Loss of momentum information in the final wavefioretgenerated by (42). The plot shows: In blue: the true lesmiensityp(k) =
[P(K)12 in the cloud on the initial ¥1) lattice. Physically, this is preserved during free eviokit In green and red: The apparent k-space density

(k) = W(K)? , inferred by a DFT[{5D) of the coarse grained final wavefumc# (X, tina) in x-space. Green is for a magnification .bf= 8 at
tiight = 10/w, while red is for a longer time dfjigne = 40/w with 1 = 40. Other parameters as in Sek. 3. Panel (b) is a magnificatipart of
Panel (a).

An important feature of the algorithri(42) to be aware of isttwhile the density in x-space &q is calcu-
lated precisely, th&x(tina) is not generally viable for further evolution, and does store the correct momentum
distribution. This is because of the phase aliasing (25udised in Se€. 4.3.

The wavefunction that can be reconstructed fNg(tsina) is:

= AAV

¥z = (27)972

e %5 DFT[ %, | (50)

==

This sits on a fine k-space lattikg(;) = I; (2r/L;) with I; = mod|; + 1M;, M;| - $M;. The resulting momentum
distribution is shown in Fid.]7, for the same 1D system that stadied in Se€]3. This time, the initial wavefunction
Wic(x) was evolved to times;gn: Using the prescriptiofi{#2) on the initid = 2048 lattice rather than the standard
step-by-step evolutiori (16) okl = 81920 that was used in Séd. 3. The green cadggat = 10/w might still
be passable for some purposes, though the high momentareagalost. The red longer-time case is completely
scrambled.

The fact that the phase structure in x-space remains scal-slespite a magnification of the density stymies
several superficially promising ideas on how to increasetfigency of the expansion calculation:

First, one could be tempted to try to reduce the processiad o only~ logA FFTs onM-points instead of the
present FFTs, by implementing several sequential expansiods (#2niall factors, sayl; = 2. However, at each
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such step we are left with a discretized wavefunction thattas its momentum-space tails truncated. This will soon
come to resemble the red line in Aig. 7 and become uselessrtbef evolution.

Another approach that has been discussed in the field wopla tintroduce a time-dependent lattice spacing
AX(t) = F(t) that would track the expected density structure while kegphe lattice sizeM constant. The hope
is that it would allow one to keep the full nonlinear equat{@8) at the cost of some additional correction terms
dependent oif-(t). However, one can see that this will be unsuccessful as asdhe phase structure becomes too
fine for the growingAx(t).

7.4. Generalizations

The algorithm is readily adapted to cases where several lecawplued fields are present. One such case that
may be aided with the algorithm presented here are postisinulations of supersonic BEC colIisioB;[[__e_l —36].
Here, two independent complex-valued fiele) andy+(x) that correspond to th&(x) and¥(x) Bose fields are
used, and allow for the exact treatment of quantum fluctnatidhe comparison of calculated and experimental pair
velocity correlation widths has been problematic in thestesns , because of the narrowness of the correlation peak
in velocity [B]. The detected peak is distorted in compariaath its k-space prediction due to not yet being in the
far-field regime. There is no hope of a direct calculatiorheffree flight because the quantityign:/% of (18) is very
high (up to~ 10%) in BEC collision experiments.

The approach can also be trivially adapted to cases of gtieetrs than the free particle one. This simply requires
a modification of[(P) to?(k, tfinal) = ‘T’(k, ts) exp[—itﬂightwk], with appropriate tweaks if_(4Rb) arid (#2c). The crucial
element is the presence of the vacuum assumgtidn (26).

7.5. Conclusions

To conclude, an algorithri (#2) has been presented thatatloevexact calculation of the density of a wavefunc-
tion freely expanding into vacuum for practically arbifrdlight times without filling up the computer memory. The
memory requirements do not depend on flight time and are the si&e as the initial input state. Computation time
is slightly faster than using an FFT on a large vacuum padaléidé. It is implemented using standard FFT libraries
and some summing of terms. The approach relies cruciallymonpthysical inputs: (1) That the initially compact
wavefunction expands into vacuum, and (2) that the densitgth scale of the expanded cloud grows approximately
linearly with time. The approach makes no assumptions atymmetries of the system or about the input wave-
function, so that it is a black box tool that can be immediaggiplied to general cases. This makes it well suited to
the study of wavefunctions containing defects or samplestbkrmal ensemble, a topic of many recent experiments
[ﬂ,@-ﬁé]. The flight times over which nontrivial defect &uion occurs during free flight are estimated in $ecl 2.4.
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