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EFFICIENT NUMERICAL METHODS FOR THE
NAVIER-STOKES-NERNST-PLANCK-POISSON EQUATIONS*

XIAOLAN ZHOU'! AND CHUANJU XU*'2

ABSTRACT. We propose in this paper efficient first/second-order time-stepping schemes for the
evolutional Navier-Stokes-Nernst-Planck-Poisson equations. The proposed schemes are constructed
using an auxiliary variable reformulation and sophisticated treatment of the terms coupling different
equations. By introducing a dynamic equation for the auxiliary variable and reformulating the
original equations into an equivalent system, we construct first- and second-order semi-implicit
linearized schemes for the underlying problem. The main advantages of the proposed method are:
(1) the schemes are unconditionally stable in the sense that a discrete energy keeps decay during
the time stepping; (2) the concentration components of the discrete solution preserve positivity and
mass conservation; (3) the delicate implementation shows that the proposed schemes can be very
efficiently realized, with computational complexity close to a semi-implicit scheme. Some numerical
examples are presented to demonstrate the accuracy and performance of the proposed method. As
far as the best we know, this is the first second-order method which satisfies all the above properties
for the Navier-Stokes-Nernst-Planck-Poisson equations.

1. INTRODUCTION AND MOTIVATION

The Navier-Stokes-Nernst-Planck-Poisson (NSNPP) coupling system is a popular model for
describing the electro-hydrodynamic phenomenon, which is originated in bio-electronic application.
It is also known as the electro-fluid-dynamics, used to study the dynamics of electrically charged
fluids, the motions of ionized particles or molecules and their interactions with electric fields and
the surrounding fluid. In electro fluid dynamics, ions of different valences suspended in a fluid are
carried by the fluid flow and an electric potential, which results from both an applied potential
on the boundary and the distribution of charges carried by the ions. In addition, ionic diffusion is
driven by the concentration gradients of the ions themselves. In turn, fluid flow is forced by the
electrical field created by the ions. These situations arise frequently in a large number of physical,
biophysical, and industrial processes. For more details of the physical background issues of this
system, we refer the reader to [2, 24] and the references therein.

The mathematical property of the NSNPP system has been investigated in a number of papers.
Local existence of solutions in the whole space was obtained in [14]. Schmuck in [26] established
global existence and uniqueness of weak solutions in a bounded domain in two and three dimensions
for blocking boundary conditions on the ions and homogeneous Neumann boundary condition on the
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potential. Ryham [25] considered the homogeneous Dirichlet boundary conditions on the potential,
and gave the global existence of weak solutions in two dimensions for large initial data and in
three dimensions for small initial data and forces. Bothe [3] studied the Robin boundary conditions
for the electric potential, and showed the global existence and stability in two dimensions. Zhao
et al. [35] proved the local well-posedness for any initial data and global well-posedness for small
initial data in the critical Lebesgue spaces. Deng et al. [9] extended this result to Triebel-Lizorkin
space and Besov space with negative indices. Zhang [34] proved the global existence for the Cauchy
problem in two dimensions and established the L? decay estimates of solutions by using the Fourier
splitting method. Constantin [7, 8, 22] investigated the global existence of smooth solutions for
different boundary conditions.

Numerical methods for the NSNPP system have also been subject of several works. Yang et
al. [32] proposed an artificial compressibility method and a finite difference/alternative direction
method. Tsai et al. [31] employed this method in capillary electrophoresis microchips, and tested
some injection systems with different configurations. Prohl and Schmuck [23] used finite element
method for spatial discretization and an implicit time discretization which preserves the non-
negativity of the ionic concentrations. They also considered a projection method without non-
negativity preserving. He and Sun [11] proposed some time stepping and finite element methods
for NSNPP, which preserves the positivity and/or some form of energy dissipation under certain
conditions and specific spatial discretization. The drawback of these methods is the need to solve
nonlinear equations at each time step. Liu and Xu [20] proposed numerical methods of different
orders by combining several finite difference schemes in time and a spectral method for the spa-
tial discretization. The proposed schemes result in several elliptic equations with time-dependent
coefficient to be solved at every time step. The positivity-preserving of the first-order scheme was
proved.

The scalar auxiliary variable approach, often called SAV [28, 29], has received much attention
recently. It has been proved to be a powerful tool to design unconditionally stable schemes for a
large class of problems [5, 6, 12, 15, 16, 18, 19, 33, 36]. The aim of this paper is to make use of
the auxiliary variable approach to construct highly efficient time-stepping schemes for the NSNPP
equations. Precisely, our idea is to find a suitable auxiliary variable to treat the nonlinear terms
involved in the equations, and employ a splitting strategy to decouple different unknowns in the
Navier-Stokes part. A function transform approach for Nernst-Plank-Poisson will be also employed

in the construction. We will show that the resulting scheme possesses the following properties:

it is positivity preserving;

it is mass conservative;

it is unconditionally energy dissipative;

it can be implemented in an efficient way: the computational complexity is equal to solving

several decoupled linear equations with constant coefficient at each time step.
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The spatial discretization will make use of a spectral-Galerkin method in [27], for which fast
solvers exist for elliptic equations with constant coefficients. We emphasize that the above attractive
properties remain held at the full discrete level.

The remainder of this paper is structured as follows. In Section 2, we first describe the NSNPP
system, and the reformulation based on auxiliary variable approach. In Section 3, we construct and
analyze first /second order, linear, decoupled, and unconditionally stable scheme for the reformulate
NSNPP equations. We describe in Section 4 the implementation details of the proposed schemes,
and show that the schemes can be efficiently implemented through solving a set of decoupled, linear
elliptic equations with constant coefficients. In Section 5, we present numerical examples to validate

our schemes. Some concluding remarks are given in Section 6.

2. GOVERNING EQUATIONS AND REFORMULATATION

2.1. Navier-Stokes-Nernst-Planck-Poisson equations. Let 0 € R? be a bounded Lipschitz
domain and T > 0. Given initial conditions u(x,0), ¢;(x,0) (i = 1,...,m). We look for the velocity
field u(z, t), the pressure p(x,t), the mass concentration of ions ¢;(x,t) (i = 1,...,m), and the elec-
trostatic potential ®(x,t), satisfying the following Navier-Stokes-Nernst-Plank-Poisson equations
(NSNPP) in Q x (0,T7:

ou+ (u-V)u—vAu+ Vp = —(Z 2i¢;) VO, (2.1a)
i=1
V-u=0, (2.1b)
Oic; = D;V - (VCZ + ZZ‘CZ'V(I)) - V. (uci), 1=1,....m, (2.10)
m
—eAD = Z 2iCi, (2.1d)
i=1

where z; € R are the ionic valences, D; denote the positive constant diffusivities, ¢ > 0 is a small
positive dimensionless number representing the ratio of the squared Debye length to the physical
characteristic length, v > 0 is the kinematic viscosity.

We consider the blocking boundary conditions, i.e., vanishing of all normal fluxes for the ionic
concentrations:

(uci —Di(Ve; + zlclV<I>)) =0,i1=1,...,m, (2.2)

0|0
where n is outer normal on the boundary of 92. The boundary condition on the velocity u and

the potential ® is respectively

ul,, =0, (2.3)
and

0P

— = 2.4

onloq (2.4)
Under the conditions (2.3) and (2.4), noticing the identity Ve = ¢V loge, it follows from (2.2):

d(logc; + zP) ~0c ' 0@ ~ 0g
€ on o0 (ain * Z’cl%))an " on

=0,:=1,...,m. 2.5
90 y U ) , M ( )
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It is readily seen that in the governing equations (2.1a)-(2.1d), the pressure p and electrostatic
potential ® are determined up to an arbitrary constant. In order to fix this constant, we impose

the following zero mean conditions:

/ pdx =0, / ddx = 0. (2.6)
Q Q

We define two partial energy functionals Fys, Fpp:

1
E,s = Eps[u] := 2/ lu|?de,
Q
m

Enpp = Enppl{ci}, @] := /Q {Zci(log ¢ —1)+ ;(izzcz)é} dx.

=1

The total energy functional is defined as the sum of these two partial functionals:
E = Efu,{c¢}, ®] := Eps + Eppp. (2.8)
Using V - u = 0 and the boundary conditions (2.3), (2.4), and (2.5), we have

m
df;;s :/Qatu-uda::/g[—(u-V)u—l—uAu—Vp—(;zi@)v@} . ude

:_y/ﬂyvu\2dw—/g(Zm:zicz-)Vi%udw. (2.9)

i=1

Taking the inner product of (2.1c¢) with log¢; + z;®, summing up for ¢ = 1,...,m, and using (2.1d),

we obtain the following equality:
dE = =
% = Z/ —D;ci|V(log ¢; + 2z ®)|2da + Z/ —V - (uc;)(loge; + z;P)dx. (2.10)
=174 =17
Furthermore, for the second term in the right hand side, we have

Z/ -V - (ug)(logc; + 2z,®)dx = Z / (uc) - V(log e + 2®)dx
=179 =179

:Z/ u-VcZ-dw—l—/(Zzici)u-V(I)dac:/(Zzici)u'vfbd:c.
=179 Q= Q=

(2.11)
Then, combining (2.9), (2.10), and (2.11) gives
dE 2 S 2
it |Vul|“dx — Z D;ci|V(logc; + z®)|“dz. (2.12)
Q — Ja

Lemma 2.1. The NSNPP problem (2.1)-(2.4) satisfies the following properties:

1) Mass conservation:

/ci(w,t)dw:/c,-(a:,O)dm, vt > 0. (2.13)
Q Q

2) Positivity: If the initial condition c¢;(x,0) > 0 a.e. x € Q, then ¢;i(x,t) >0 ae. x € Q, t €
[0,T].
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3) Energy dissipation:

dE
s <0. (2.14)
Proof. The proof is simple, and can be found in the literature. We give a proof sketch here for the
convenience of the reader.
1) Integrating (2.1c) over €2, and using (2.1b), we obtain immediately (2.13).
2) A proof of the positivity was given in [26].
3) (2.12) leads to the desired result (2.14). O

2.2. Auxiliary variable reformulation. Observing that [, >, ¢i(log¢; — 1)dax is convex, so
there is a constant Cy > 0, such that E,,,[{c;}, ®] + Cy > 1. We introduce the time-dependent

auxiliary variable (AV) as follows:

1) =/ Euppl{c:}, ®] + Co. (2.15)

Then we have

dr 1 By

dt — 2\/Epy, + Co dt

Insert (2.10) into the above equation, add the zero-valued item fQ u - Vu - udz, and multiply by

the factor NI &i?L T the governing equation for the auxiliary variable r(¢) can be obtained
as follows:
dr(t) 1 [ /
= Dic;|Vu;|“de—
At~ 2/Fupp + Co L/ Erpyl {cz} B+ Cp & Z Vil

/Q(;Zici)vq)-udm—/g(u.v)u,udm}

For the Nernst-Plank-Poisson part, in order to preserve the positivity of the concentrations c¢;, we
consider the variable transformation technique, which has already been used in a number of papers;
see [1, 4, 13, 21}

¢i =T(0;) ' =exp(oi), i=1,..,m, (2.16)

where {0;}, are the new unknown functions to be determined. Using this variable change, the

boundary conditions (2.5) are switched to

60' I3
on 169

=0,i=1,..m. (2.17)
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With the auxiliary variable ~ and the additional unknown variables {o;}!", we have the com-

plete set of equations as follows:

r(t) S
ou+ ——((u-V)u+ 2;¢;)V® ) —vAu+ Vp =0, 2.18a
g (T () V) (2.189)
V-u=0, (2.18b)
Ooi = DiAo; + Di(|Voi|* + z(Vo; - VO + AD)) — V - (ou), (2.18¢)
ci =exp(o;), i=1,..,m, (2.18d)
—eAD = Z 2iCi, (2.18e)
i=1
dr(t) = 1 { r®) / Dici|V(log ¢; + z®) |2 da
dt 2\/Enpp )+ Co \/Enpp t) + C'0
= / (Z 2i¢;)V® - ude — /(u -V)u- udw], (2.18f)
o Q
YL U N 3 (2.18¢)

Enpp(t) + Co
subject to the boundary conditions (2.3), (2.4), (2.17), and the initial conditions:

u(z,0) = ug(x), (2.19)
0) =/ Enppl{ei(,0)}, ®(,0)] + Co. (2.20)
r(t) o .
Noticing that [y(u-V)u-ude = 0 and o 0iG 1, it is not difficult to check that the

reformulated system (2.18) is strictly equivalent to the original system (2.1) at the continuous
level.
Taking the L? inner products of equation (2.18a) with u, equation (2.18f) with 27 respectively,

then summing the resultants together, we obtain the following energy dissipation law:

d

1
dt</92|u|2d$+r2> _—I// |vu’2d$—‘\/m‘ Z/DCAV,UA dx < 0.

Next we focus on the equivalent system (2.18) and construct numerical methods for this system.

3. UNCONDITIONALLY STABLE TIME-STEPPING SCHEMES

Let At be the time step size, n > 0 denotes the time step index, and (-)"” denotes the variable
() at the time step n. Let

w =u(z,0), &

= ¢i(x,0), 70 =r(0). (3.1)

®° and p° are obtained by solving the equations (2.1d) and (2.1a) at ¢t = 0 under the constraint

(2.6), which read respectively in their weak forms:

e/v¢>0-quw:/ Zzz qdz, Vqe HY(Q). (3.2)
Q
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/ Vp? - Vgdx = / (— (Z zic?)vqﬂ —u’. Vu0> -Vqdx, Yqe HY(Q). (3.3)
L & i=1

3.1. Time stepping schemes. We now propose different schemes using first/second order BDF
for the equivalent system (2.18).

Schemel: The first scheme is constructed by making use of BDF1 and some first order approx-
imations to different terms in (2.18a)-(2.18g): given the initial data (u®,p°, ®°, {cV},7°), compute
(untt prtl @t LY pn D) for n > 0 successively by solving

g'n+1 —oh 1
£t A7 L — DAt =
dot
Di[|Vol? + 2(Vol - VO + A®™)] — V - (oFu™), with ‘gn =0, (3.4a)
o0
et = exp(ot), (3.4b)
)\;H-l/ gl / =0, (3.4c)
Q Q
Tt = APt =1 m, (3.4d)
m _
_ _ aq)n—‘rl
— AP =N "zt with / o dx =0, =0, (3.4e)
i=1 Q o [y
ﬁ"HA— u” 4 rrtl [( " V)u Zz’ n+1 vq)n-l-l]
t Eﬁ;pl + Coh i=1
~ntl _ T A
vAa"T 4+ Vp" =0, with a" ‘89 =0, (3.4f)
1 n+1
Ayttt = —v.a"t with o0 =0,
At on |y
un+1 — ﬁn—I—l o AtV’(/Jn+1 pn—H — an—’—l _i_pn’ (3‘4g)
,rn—f—l _ rn
D n+1 v n+1 de
= [ [ ot
2 Enpp + Cy Enpp + Cy
- / Z zicl vt antlde — / (u" - V)u" - a"dx|, (3.4h)
Q Q
Tn+1
Pl = o, (3.4i)

Eﬁ;pl + C

For simplification of presentation, we have used in the above scheme two additional notations ﬂ?“

n+1.
and Enpp

M?H log c;"H + @ i =1,...,m, (3.5)
EZ;I} = Enppl{c ™}, @"H1]. (3.6)
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Scheme?2: The same idea can be used to construct second order schemes. For ease of notation

we will use f*"*! to mean 2f™ — f*~!. We propose the following second order scheme:

30;”1 — 4o + O';lil

_ DiAO.iTH-I — D’L |:’VO.;<7TL+1|2+

2AtL
n+1
Zi(vo.;"»n-i-l . V(I)*’n+1 + A(I)*,nJrl)} . v (O_;,n-i-lu*,nJrl)’ with g — 07 (37&)
oo
&t = exp(of™), (3.7b)
Antl /Q gl /chz — 0, (3.7¢)
A= AP, (3.7d)
B m 3 opn+1
— eAPHL = Z Ziclth with (@711, 1) =0, =0, (3.7e)
i=1 on s
~ _ m
3antl _24;1: 4! pntl [u*’”*l Vu*’”+1+(z Zic?—&-l)vi)n—&-l} .
Ent 4+ Co i=1
vAR"t + Vp" =0, with a"|,, =0, (3.7f)
3 awn—i—l
AyYtt = v . a"t with =0,
2At on |y
un+1 _ ﬁn+1 itvwn+1’ pn+1 — wn-‘rl +pn o l/v . ﬁn-f—l (37g)
> _24AT: s { / ZD (e Vg Pdae
2\/Eﬁl;§31 + Cy \/En+1 + Cy
m
- / (Z chn+1)v(i)n+1 e — / (u*,n+1 . v)u*,nJrl S Uan 7 (37h)
Qi Q
,rnJrl _
Pt = ol (3.71)

Eﬁ;%l + Cy

Notice that the discretization of the Navier-Stokes equations, i.e., (3.7f)-(3.7g) in Scheme2
without the auxiliary variable r, is the so called rotational pressure correction method (RPC)
[10, 30]. For the Navier-Stokes equations alone, it has been proved in [17] that the time semi-
discretization using the RPC and auxiliary variable approach is unconditionally stable. However,
our analysis shows, as we will see in the next section, that the unconditional stability of the full
discrete scheme using spectral method for the spatial discretization necessitates modifying the RPC.
That is why we propose an alternative of second order scheme using a modification of RPC (termed
as MRPC hereafter) below.
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Scheme2b: Almost same as the scheme Scheme?2, except of (3.7f)-(3.7g), which is modified

as
3~n+1 — A" n—1 n+1 m B
u 2Xt +u 1 77' |:u*,n+1 ) vu*,n+1+(z ZiC?+1)V(I)n+1:|
Entt +Co i=1
—vAR"T VY (p" 0V - 0") =0, with ", =0,  (3.70)
3 ~ 8an+1
APt = v . " with =0,
2At on |y
2
un+1 — pntl @an-i-l, pn+1 — ¢n+1 +pn N v ot -V - ﬁn'f'l‘ (37g’)

The motivation of this modification will be explained in Remark 3.1, and become more clear in the

stability analysis that follows.

Remark 3.1. Before analyzing the stability property, it is worth noting a number of points about

the above schemes, comparing with the existing schemes for the NSNPP system.

i)

ii)

iii)

iv)

We will show below that the proposed schemes satisfy the following properties: (1) concen-
tration positivity preserving; (2) mass conservation; (3) unconditional stability; (4) resulting
in decoupled linear equations with constant coefficient to be solved at each time step. In
particular, to the best of our knowledge, the scheme (3.7) is the first in the literature de-
veloped for the NSNPP system, which is second order convergent and possesses all these
advantages.

The schemes constructed in [20] led to some linear equations to be solved at each time step.
However these equations involve time-dependent coefficient, thus need re-computations of
the coefficient matrices every time step. Moreover there is a lack of stability analysis for
these schemes. A time-stepping scheme was also proposed in [11], but it is fully coupled
and nonlinear.

The key to achieving the desirable properties in the schemes (3.4) and (3.7) lies in the intro-
duction of suitable auxiliary variables, which allow to decouple different unknown variables
and to eliminate the undesirable nonlinear terms in the proof of the stability.

Compared to (3.7f)-(3.7g) in Scheme2, we have technically introduced the additional term
vV-u" in (3.7")-(3.7¢’) in Scheme2b. This term is helpful in establishing the unconditional
stability of the full discrete version of Scheme2b. However our numerical test (see Table 5.1
for example), shows that this additional term has essentially no impact on the stability and
convergence order. Therefore its presence in the scheme seems to be of a purely technical

nature.

3.2. Unconditional stability. In this subsection, we prove the unconditional stability of the

proposed schemes by analyzing the decay behavior of the discrete energy. For simplification of

notation, we will use "1 to denote

,,,,n+1

o We start with proving the main properties of the
npp 0

first order scheme in the following theorem.
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Theorem 3.1. Given {c'}, ®",u",p",r" o' =logc}'. Suppose ¢ >0 and [, cidx = [, ddx,i=
0,...,m. Then the solution ({cI™'}, w1, p" 1 r" 1) of the discrete problem (3.4) satisfies the fol-

lowing properties:

i) Positivity preserving: C”+1 > 0.
i1) Mass conserving: fQ Z'Hd:l: = ch ,1=1,...,m.

iii) Energy dissipation:
gt _gn <o, (3.9)

where
g’n+1 = Hun+1”2 +At2”vpn+1”2 + ‘Tn+1‘2‘
iv) The quantities ||u™||, |r"|, and |£"] are bounded for all n > 0.

Proof. We first prove the positivity preserving and mass conservation. By (3.4b), we have E?H > 0.
Then it follows from (3.4c) and the positivity of the concentration at the previous step, i.e, ¢} > 0,
1=1,...,m

/\n+1 fQ ¢ dx

>0, 21=1,...,m.
T on+1 g 9 ) )
Jo&de

Thus we derive from (3.4d) the positivity of the concentration:
= \otletl s 00 i=1,...,m.

The mass conservation ii) is given by

cildx
/C?Hdw fﬂ_nH /?Hdw—/c?dw, i1=1,...,m.
Q Joci " dz Q

Now we turn to prove the energy dissipation. Taking the L? inner product of equation (3.4f) with
2Ata™ !, by using the identify 2 (a" 1, af 1 — a¥) = |a"T12 + [aFTT — aF|? — |a¥|?, we get

@2 — lu™|)? + 2A4¢(Vp™, @) + 248" (u” - Vu” + (i ziclthvortt gntt)
— oAl Va2 — et — 2. - (3.10)
Furthermore, we deduce from (3.4g)
a2 4 A2 [P = @ + 288 (VR &) £ AZ V2. (3.11)

Summing up (3.10) and (3.11), we obtain

a2 — a2 + A [[Vpm |7 - A (| vp"?
m

286" (" Va4 () zdP T Ve At = —2A| Va2 — [l —ut|?. (3.12)
=1
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The last (undesirable) term in the left hand side can be cancelled by subtracting (3.12) from (3.4h)
multiplied by 2A¢rn*1:

a2 = (| 4 A8 [[Vpm [P — A [Vt 4 [ - e

m
= 2AW VA2 — [ -t - ALY Dy (VR —
i=1
Then the energy dissipation law (3.9) follows from the fact that the right hand side of the above
equality is non-positive.
Finally the boundedness of ||u”||, |r"|, and |¢"| follows directly from the boundedness of £", Vn > 0.
The proof is completed. O

The similar results for the second order scheme is given in the next theorem.

Theorem 3.2. Given {cf}, Ok uk pk ok, af‘ = log cf’, k=mn,n—1. Suppose cf >0 and fQ cf’d:n =
Joddx, i =0,...,m; k=n,n—1. Then the solution ({crthy artt untt pntl e of the discrete
problem (3.7), both Scheme2 and Scheme?2b, satisfies the following properties:
i) Positivity preserving: c?'HL > 0.
i) Mass conserving: |, e = Joctdz, i=1,...,m.
i11) Energy dissipation:
gt _gn <o, (3.13)

where in Scheme2,

1 1 2
SnJrl — 5Hun+1H2 + §H2un+1 _ unH2 + §At2HVp”“ + I/wnJrlHZ
1 1
4 R e e ? (3.14)
with {w"™t} being recursively defined by
W =0, " =W+ V- a"t; (3.15)

and in Scheme2b,

1 1 2
= S+ S 20— 4 SAR V(T oV a2
1

1
+§|1~”+1|2 + 5\2r"+1 — "2, (3.15)

i) The quantities [[u™||, |r"|, and |£™| are bounded for all n > 0.

Proof. The positivity preserving i) and mass conservation ii) can be proved in the exactly same
way as in Theorem 3.1 for the first order scheme.
Next we demonstrate the discrete energy dissipation law iii). We first do it for Scheme2. Taking
the L? inner product of equation (3.7f) with 2Ata™*!, we obtain

(3u"*! —4u™ + " A"t 4 2A¢(Vp", @)

m B 3.16
+ 2At§n+1 (un . vu® 4 (Z Zic?-i-l)v(pn-i-l’ ﬁn-i-l) — _QAtVHvﬁn-i-lH2 ( )

=1
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Applying the well-known identity
2(ak+1’3ak+1 _ 4ak +ak—1) — ’ak+1|2 + ’2ak+1 _ ak:|2
+ |ak+1 _ 2ak _|_ak:—1|2 _ |ak:|2 _ |2ak _ ak—l 2’

we have
(31~1n+1 — 4u™ + un—l’ ﬁn—}—l) —_ (3 (ﬁn—i-l o un+1) + 3un+1 —4u™ + un—171~1n+1)
—3 ( n+1 un—i—l,ﬁn—i—l) + (3un+1 _ 41,1” + un—17un+1) + (3un+1 o 4un + un—l’ﬁn—ﬁ—l _ un+1)

= 5 (P = a2 et = 2) S o — e )

% Hu”"’l—Qu"—ku”_le. (3.17)

In the last equality, we have also used the fact

= SO + 2 — w7 +

(Bt ) = (a2

2At
3

Furthermore, let H"*! := p"*1 4 "1 with w™*! being given in (3.15), we have

v(pn—i-l _ pn))

= (V . (Su”“ 4qu” +u" 1) (anrl _pn)) = 0.

pn+1 _pn + V- ﬁn—i—l —_ Hn+1 _ Hn,

\[ ntl \[ AtVH" ! = \[ a"t! \/> AtVH". (3.18)

Now, taking the inner product of (3.18) with itself on both sides and noticing that (VH"*1 u"t1) =
(H"1 V- u"!) = 0, we obtain

and rewrite (3.7g) as

B nr12 , 242 n1)2 _ S lantl)2 | 2 A2 n2
5 [T+ A [VHT = S {7+ SAr VA"

(3.19)
+2At (Vp™, 0" h) + 2Atw (Vw™, a1 .
On the other side, it follows from (3.15)
2Aty (0", Vw") = — 20AL (V- 4"t w")
= — At (W — W™, Ww")
vt ([l = o + ot - o)
—vAt|lW"|? = vAE [P + At ||V - @t (3.20)

Using the identity
IV xv|? + V- vI? = [[Vv]?,  ¥v e Hy(),
we get

20ty ("1, Vw") = vAt W | — vAt o™ * 4+ vAt Vet ? - vAt |V x @t tPL (3:21)
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Combining (3.19) and (3.21) yields

2800 (T, &) = 2 w2 a4 2 A [VE - 2 v A
+uAtHw"+WE——VAthﬂ|——VAtHVuﬁ+W‘—%VAtHV:Kﬁ"+W‘. (3.22)
Finally, multiplying (4.2h) by 2Atr%™ | and using (3.16), (3.17), and (3.22), we obtain
S R+ 2t — ) - §< o2 [2u" — w1 ) + S A [VE - A VA
o [ = At P 4 S (T 2 r"|2)—%(|r”|2—]27“”—7“"_1|2)

— A vart - g ZDc"Wwﬁ“Pdw et
i=1
_ % Hun+1 _ou 4+ un—1H — UAL||V % un+1H it gy 12, (3.23)

This gives the energy dissipation law (3.13) and (3.14).
For Scheme2b, denote

§ = pl oV -
Taking the L? inner product of equation (3.7f") with 2Ata"*! gives the counterpart of (3.16):
(3" —4u™ +u At 4 2A¢(Vp" At

" - 3.16’
+ 2At§n+1 (un i vun + (Z 2 n+1)v(pn+17 ﬁn+1> — _QAtV”vﬁn+1||2 ( )

i=1
The equality (3.17) remains true for Scheme2b by using the fact
1 2
3

= (V- (3u™™ —4u" +u" 1),

VE -p")

2At, .
T(p t—p") =0.

(3un+1 o 4un 4 unil, ﬁn+1 o u’ﬂ+1) — (3un+1 4u Tu

Equation (3.7g’) can be rewritten as

2 2
\/gu’”rl + \/7Ath”+1 = \/gﬁ”“ + \[Ath”.

Now, taking the inner product of the above equality with itself and noticing that (Vp"+!, u"*!) = 0,

we obtain
3 2 3 ~ 2 3 ~n Y
5Hun-i-l“Q_i_gAtZHVﬁn-i-lH?: §Hun+1H2+§At2HV H +2A¢t (Vp +1) (3.19)
Finally, multiplying (3.7h) by 2Atr"*! and using (3.16"), (3.17), and (3.19’), we get

%( Hun+1H2 + qun+1 _ unHQ) _ 1( Hun”2 + qun B un,1H2) + %AtQ van+1H2

1
3At2 Hv—nH 4= (‘7’”+1|2 + ’27,n+1 7"”‘2) o 7(‘7,11‘2 o ‘27’” _ Tn_1’2)
72AtuHVu”+1||2 At’gn—i—l 2/ ZD Cn+1|vlun+1 2d:L' H ~n+1 n+1”2
L 1
— = 2wt P = St 2 2 (3.24)

2
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The right sides of (3.23) and (3.24) are both non-positive, which directly leads to the energy

dissipation law (3.13).
The boundedness of ||[u”||, |r"|, and |£"| follows directly from the boundedness of £", Vn > 0, as

shown in (3.13). The proof is completed. O

4. FuLL DISCRETIZATION AND IMPLEMENTATION

In this section, we consider a spectral method for the spatial discretization, and analyze the

stability of the full discrete problems.

4.1. Full Discretization. To fix the idea, we take Q = (—1,1)2. Let Py (Q) be the space of polyno-

mials of degree < N with respect to each variable in 2. We introduce the following approximation

spaces:

Xy =Py(Q), Xy=Xg,
X9 = HY(Q) NPy (Q) = {u €PN (Q) 0]y, = o}, X9 = (X9)°,

My = {v e Py(9) : /

de:l: = O}.

Let (-, -)n denotes the discrete inner product using the N + 1-point Legendre-Gauss-Lobatto quad-
1/2
rature. Let || - |lon = (-, )y -
Schemel-SM: The full discretization of the first-order scheme in time/spectral method in

space reads: with the solutions known at the previous time steps, find a?j{,l,c?}l € Xy,t =
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1o B0 0T € My @ € X0 ult € Xv; o, ptl € My, such that
Ny Uy PN

TN TN )y~ DVl V)

= (D-UVU?N\Q—l—zi(VJZ»,N-V@%—%ACI)%)] — V. (ofuR), wn),y, Ywn € Xy, (4.la)
c?# = exp(o ”'H) (4.1b)
N (ER )y = (n 1)y =0, (4.1c)
an =NNaR, i=1..m, (4.1d)
e(VOR, Van) v Zz ttan) g, Van € My, (4.1¢)

ﬁn+1 . un n+1 m B
(i vn) y o+ e (k- V) + (X 23 VR v)
BN+ Co i=1

+r(Vay ™, Vvy) y + (Vo vy) y =0, Vvy € XY, (4.1f)

1 .

(an""l VQN) At ( 7]’L\f—i_17vq1\7)]\[7 VQN € MN—27

uptt = Ayt - ARt T =R 4, (41g)
Xfﬂ - 7"?\7 [ Rrﬂ Z 1 +1 )
Di(ci N IV ) =
At ¢E:;;N +Co LBty + Co i
Zzl POVeRL antt) - ((ufy - V)uR, ayt) o | (4.1h)
Tn-‘,—l _
(I)T;if-i-l — N (P?V-H’ (411)
where ,u"“ and E;”;}N are defined by

uf']t,l log c"+1 + zz@”“ =1,....,m,
1 1 1
Epon = Euppl{ci '} O

Scheme2-SM: The spectral method in space for the second-order semi-discrete problem (3.7)

reads: find of{', IR € Xy,i = 1,..,m; L O € My; ! € X ui € Xy Yt €



16 XIAOLAN ZHOU! AND CHUANJU XU%2

Mpy_o and p"“L such that

3an+1 40 N+J N
) 1 *,n+1,2
(g wuw) y = Di (Vo V) = (D[ 9o+
zi(VJ;’]?,H VO 4 A@E”H)] -V (Jjﬁ“u}"“) wy) s Vwn € Xy, (4.2a)
C?;(,l = exp(o "+1) (4.2b)
)‘n+1(_?]4\_]17 1) ( 2N7 1)]\[ = Oa (42C)
0214\_71 /\?}'{,1_?]4\}1, i=1,..,m, (4.2d)
e(VOR™, Van) v Z z2d N )y, Van € My, (4.2e)
3ﬁ’n+1 4u 4 un 1
(=X QAQV ) +I/(Vu"+l VVN)N—i- (Vp?V,VN)N
n+1
+ Nl—((u}kvn—l-l wir Z’Z’ nil) <Dn+1,VN)N =0, VvyeXy, (4.20)
3
(vwnﬂ VQN)N = 2At ( it VQN)N7 VQN € MN—Q:
l‘lT]t/ri»1 N?V+1 vwn+17 pn+1 - T,ZJR?FI —I—pN — I/HN QV Lln+17 (42g)
1 1 1
By Ayt s ZD n+1 Nﬂnﬂ 2
nppN+ 0 nppN+ 0 i=1
Zz@ PAOVERTL ) ¢ = (T Wy A | (42n)
1 T%H =n+1
Pt = T@ﬁ : (4.2i)
Eopp.N T Co

where ITy_s is the L?-projection operator onto My _s.
Scheme2b-SM: same as Scheme2-SM with the exception of (4.2f) and (4.2g), which are
replaced by

3~n+1 4“1\7 +un 1

( 2At ’VN)N+V(Vﬁ?V+17VVN)N+ (v(p%+yv'ﬁ?V)’vN)N
n+1 m
+ T—((u}"“ Vuy™ 4+ (Y e ) vert v ) =0, YvyeX%, (4.20)
EZ;}N + Co i—1 N

3 +1
N:2At( uy VQN)Na \V/QNGMN—%

2At
wt = antt - = VR’ R e G S A VAR L A VR e (428

(V¢n+1 qu)

It is generally believed that the stability of the full discretization follows directly from the one of
the time semi-discretization once the spatial discretization is of Galerkin-type. However, as we are

going to see, while this is true for the first order scheme Schemel-SM, the full discrete version of
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the second order schemes needs care. In fact we are unable to establish the stability for Scheme2-
SM. The unconditional stability of the schemes Schemel-SM and Scheme2b-SM is given in the

following two theorems.

Theorem 4.1. Given {C?N} O, uly, Py, Ty Suppose ¢y > 0, and (C?,N’ )y = (CRN,l)N,i =
1,...,m. Then the solution ({c"“} u”+1, pR,H ”+1) of Schemel-SM satisfies the following prop-

erties:
i) Positivity preserving: c"+1 > 0, 1,...,m.
it) Mass conserving: (c ?El, )y = ( s 1)N, i=1,..,m.

i11) Energy dissipation:

ENT - ER <0, (4.3)
where
ExTh =G N + A IVER G N + [P

iv) The quantities ||uf;|lo.n, |T}], and |£Y| are bounded for all n > 0.

Proof. Almost exactly as established in Theorem 4.1 for the time semi-discrete scheme (3.4), the
properties given in Theorem 4.1 can be likewise proved. We present here only the key step: eq.(4.1g)
gives
(ul™, V™) n =0, Van € My _s.
We then derive from the above and (4.1g) that
1 1 ~n+1 =1 2
™l AL VPR [ = 18R gy + 2408 (ToRe B3 o+ A2 VBRI

which is the discrete version of (3.11). The other details are more or less the same as the semi-

discrete version, which are omitted. O

Theorem 4.2. Given {cf N} ok ak uk, k., rk k=n,n — 1. Suppose c¥ in >0 and (ck N Iy =
Ay, Dy, i=0,...,m; k=mn,n—1. Then the solution an un+1 ”Jr17p"Jrl Y of the full
G N N

discrete problem Scheme?b-SM satisfies the following properties:

i) Positivity preserving: c”Jrl >0 in .
i1) Mass conservation: ( ?El, Dy = (N DNy i=1,..,m.

iii) Energy dissipation:

ENT - &R <0, (4.4)
where
2 -
Eptl = *H n+1”0 N T *”2un+1 nNH%N + gAtQHV(PR/ﬂ +vV - n+1)”0 N
1 1
ol S22

iv) The quantities ||[uly|o.n, |TN], and || are bounded for all n > 0.
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Proof. 1t follows from (4.2g’) that
( el VqN)N =0, Vgy € Mn_».

We denote pR; := ply, + vV -ul;,n > 2. Let 151\/ = pN € Mpy_2 be the first step pressure solution of
Schemel-SM, then we have from (4.2g") that pR, € My_2,n > 1, and thus

\[”“ \[Atv—”“ \/i”“ \/;Atvﬁfv

Now, taking the discrete inner product of the above equality with itself on both sides, we obtain
2 2 3 2 2
+1 2 || sntl _ ~ 1 2 1o |2 =n41
5 H A HO,N + §At HVPT& HO,N ~ 9 Hu’]@ HO,N + gAt VDX lon + 24t (Vo ay )N'

Th1s is the discrete analog of (3.19). The remaining of the proof is similar to the semi-discrete case
Scheme2b. We omit the details. g

However we got stuck in proving the stability of Scheme2-SM. The obstacle comes from the

discrete counterpart of (3.20). Let
Wit = Wl + Ty oV -5, n > 0; Wl = 0. (4.5)
Then p + vwh, € My_2. It follows from (4.2g):

(Wy, Van)n =0, Ygn € My_o,

and
e H n+1H0N + At? Hv n+1 + an-‘rl)
(4.6)
H ~nHHo Nt At2 V(PN + ’/WN))HO N 288 (B, Vi) + 28tw (a3, V) v
Although we can use the discrete Stokes formula (u”Jrl Vw N) (V u’”’1 ]’{,)  to treat the

last term of (4.6). In order to get the discrete counterpart of (3.20),

20ty (W5, Vi) y = vAE [whe |3 — vAt w5 + vAt |V - a5

we would need the relationship

v - ~n+1 — ’U)R[—H o U)R[,

which is not true according to (4.5).
4.2. Implementation. Implementation of the first-order scheme is essentially the same as that of

the second-order schemes, we only present the implementation of the second-order full discretization
Scheme2b-SM as follows.

Step 1: Solve the elliptic problem: Find a”+1 € Xy such that

Q%t(a;f;l, un)N + DYoL, Von)n = (3" on)w Yow € Xy, i=1,.m,
4o — ot
with gt = % + ‘(0:]\}“ 5" ™). Then compute an by
_n+1 +1 +1 (c N D +1 _ yntlontl
TN —exp( ) A :("#71)7 ZN >‘n ?N
7 )
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Step 2: Find &' € My such that
(VO Van )y = (0 zic PN hav)n, Van € My.

Step 3: Find 0"}, 2 ~"+1 € X9 such that

1N U
3 n+1 ~n+1 0
oAz LN V)N o+ v(Vay N, Vvn)n = (Fy ,va)n,  Vvn € XYy,
3
2At(u2JfrV ,VN)N + V(VUSJJF\},VVN)N = —(wn,vN)N, Wvy € X%,
where
n+l 1 n—1 —n
fn 2At(4uN uy ) — Vpy,
WRI—H _ u*]\,[n+1 a* n+1 Z 2icl n+1 V‘I’n+1

Step 4: Compute &%"': once uznkl (i = 1,2) are known, we determine explicitly ¢t from
(4.2h) as follows:

n 1,.n—1 At n+1 ~n+1
2ry —s'n s — (W', aj N )N
TL+1 2 Enpp N+CO

1 ! 1)2 1 |
\/mﬂLW[(ZZ 1 Dilei N iy 2 )N_(WN’HQE)N]

Then compute 7%“, CI>§(,“, and ﬁ?VH by

n+1 n+1 n+1
TN N Y Enpp N + CO’

(I)nJrl é-nJrl (I>n+1

ﬁrli;rl _ ~n+1 +£n+1 n+1

Step 5: Find 1/1"“ € Mpy_o such that

(Vo™ Van) = (O}, Van), Van € My_o.

3
2At

Then update the velocity and pressure by

n+1 ~n+1 n+1
uy; V@ZJ
—n+1 __ n+1
pN - +pN7

n+1 —n+1 ~n+1
PNy =pPN —VV: .

The above algorithm shows that the computational complexity of the proposed method is equal
to solving several decoupled linear elliptic equations with constant coefficient at each time step.
In the spatial discretization, we use the Legendre modal basis [27], for which fast solvers exist for

elliptic equations with constant coeflicients in a rectangular domain.
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5. NUMERICAL RESULTS

In this section, we present several numerical examples to validate the proposed method. We
first present the numerical results for the equation with two species to examine the accuracy and
stability of the schemes. We will also investigate the convergence order, mass conservation, positivity
preserving, and energy dissipation. Then, we present an example with three species. In all our

calculations, we fix Cy = 100.

5.1. Case with two ions.

Ezxample 1. We employ a manufactured analytic solution to the NSNPP equations to investigate
the temporal and spatial convergence rates of the developed schemes. Some suitable forcing terms

are added in the equations such that the problem (2.1) admits the following exact solution:

u = (wsin(2my)sin®(rz) sin? t, — sin(27x)sin® (ry) sin® ¢)
p = sin(wz) sin(my) sin® ¢

¢1 = 1.1 4 cos(mz) cos(my) sin?

co = 1.1 — cos(mz) cos(my) sin® t

1 .92
o = = cos(mx) cos(my) sin” t.

Set the parameters z1 = 1,20 = —1,D1 =Dy =1,and e =1, v =0.1.

Firstly, we investigate the spatial convergence order by checking the error behavior of numerical
solutions with respect to the polynomial degree. In Figures 5.1 and 5.2, we present the errors as
a function of the polynomial degree N for two values of At : 0.001 and 0.0001 at time 7" = 0.1
for Schemel-SM and Scheme2-SM, respectively. The straight lines error curves in this semi-log
representations indicates the exponential convergence until the temporal error dominates.

In the temporal convergence tests, we fix the spatial polynomial degree N = 64, which is large
enough such that the spatial discretization error is negligible compared to the temporal error. We
present in Figure 5.3 (Scheme1-SM) and Figure 5.4 (Scheme2-SM) the L?-errors with respect
to At in log-log scale. The expected convergence rate in time is clearly observed, as predicted by

the theoretical analysis.
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c1, BDF1 c2, BDF1 ®, BDF1
—=At=0.001 107 —=At=0.001 10 —=At=0.001
——At=0.0001 —-At=0.0001 —-At=0.0001
s
510°
N_l
100
6 8 10 12 14 16 18
N

Velocity, BDF1

Pressure, BDF1

1072 . 107 .
—=At=0.001 - At=0.001
——At=0.0001 - At=0.0001
10°
<
5
o~
-
10
10 10
6 8 10 12 14 16 18 8 10 12 14 16

N

FIGURE 5.1. (Example 1) Errors in L?-norm as functions of N in semi-log scale for At =

0.001, 0.0001 using the 1st-order scheme.

c1, BDF2 c2, BDF2 @, BDF2
10° 10%
—=—At=0.001 —=—At=0.001
104 —=-At=0.0001 108 --At=0.0001
10° 10
8 8
G 10 G 107
~ ~
- -
107 108
10 10
' ' 10-9 ' ' 10-10 ' ' ' '
8 10 12 14 16 18 6 8 10 12 14 16 18 6 8 10 12 14 16 18
N N N
102 Velocity, BDF2 Pressure, BDF2
10°
——At=0.001 —=—At=0.001
103 —=-At=0.0001 —=-At=0.0001
10 10
8 8
@ 10° )
~ ~
. -
107 10°
107
108 I | 10 . |
6 8 10 12 14 16 18 6 8 10 12 14 16 18

N

FIGURE 5.2. (Example 1) Errors in L?-norm as functions of N in semi-log scale for At =

0.001, 0.0001 using the 2nd-order scheme.
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FIGURE 5.4. (Example 1) L2-errors as functions of At in log-log scale for the second order scheme.
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TABLE 5.1. Velocity L?-error and pressure L?-error with respect to time step size
at T'= 1, computed by Scheme2-SM and Scheme2b-SM, respectively.

L? velocity error L? pressure error
Scheme2-SM | Scheme2b-SM | Scheme2-SM | Scheme2b-SM |

1071 1.26768E-02 1.26935E-02 5.33609E-02 5.33894E-02
1072 | 9.92445E-05 9.90649E-05 2.58586E-04 2.57952E-04
1073 | 9.92721E-07 9.92952E-07 2.34312E-06 2.34164E-06
1074 | 9.93110E-09 9.93277E-09 2.31898E-08 2.31877E-08

At

An accuracy comparison between Scheme2-SM and Scheme2b-SM is given in Table 5.1. The
velocity L2-error and pressure L2-error listed in the table indicates that the two schemes are almost
equal in term of the accuracy. The error comparison for the other variables (not shown here) has

given similar results.

Example 2. Set z1 = 1,20 = —1,D1 = Dy = 1, ¢ = 1, v = 0.01, and N = 64. This example
has a purpose to verify the positivity preserving, mass conserving and stability property. We run
Scheme2b-SM with the initial conditions:

u(zx,0) = (msin(2my)sin?(rz), —m sin(27z)sin? (ry))
ci1(x,0) = 1.1 + cos(mz) cos(my)
co(x,0) = 1.1 — cos(mz) cos(my).
Figure 5.5 plots time evolution of the discrete masses fQ cidx, i = 1,2 computed by using
Scheme2b-SM, which demonstrates the mass conservation property of the scheme. Figures 5.6 - 5.9
present the snapshots at t = 0, 0.1, 0.6, 1.0 of the variables c¢;, c2, and two components of the

velocity u; and wg, respectively. It is observed from Figures 5.6 and 5.7 that the concentrations

{¢i} preserve the positivity during the time evolution.

Ex2: f”c1dx with At=0.01 Ex2: f(zczdx with At=0.01
5 - T T 5 T — T
45 1 45
4 4
357 1 35k
3 3
25+ 1 251
2 2
15+ 1 151
1 . . . . 1 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
time time

(a) (b)
FIGURE 5.5. (Example 2) Time evolution of the discrete mass [, cide (a) and
Jo codx (b) computed with Scheme2b-SM.
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15, 15,
1

| 051 051
1 1
0 05 0 05 0 05
o o o

- -05 - -05 - -05
yoooa X y oA X y oA x

(b) ¢1 at t =0.1 (¢) c1 at t=10.6 (d) cratt=1
FIGURE 5.6. (Example 2) Snapshots of ¢;.

15,
1

- &
0.l 051 05.L
1
0 05
0

0 05 0 05

0 0
~ -05 ~ -05 ~ -05
yoooa x y oA x y oA x

(a) coat t =0 (b) c2 at t =0.1 (c) c2 at t=0.6 (d) coatt=1
FIGURE 5.7. (Example 2) Snapshots of cs.

(a) up att=0 (b) w1 at ¢ =0.1 (¢) ui at ¢ =0.6 (d) uwratt=1
FIGURE 5.8. (Example 2) Snapshots of u;.

(b) uy at ¢ =0.1 (c) ug at t =0.6 (d) ugatt=1
FiGURE 5.9. (Example 2) Snapshots of us .

5.2. Case with three ions.
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Ezample 8. Set z1 = 1,290 = —1,23 = 2, D1 = Dy = D3 = 1,¢ = 0.5, v = 0.1, we verify the

temporal convergence rates of the proposed schemes using the following fabricated exact solution:

u = (wsin(2my)sin®(rz), —7 sin(27z)sin? (7y))e ™
p = sin(mz) sin(my)e ™"

c1 = cos(mz) cos(my)e ™t + 2e

co = —2cos(mx) cos(my)e " + e

c3 = — cos(mx) cos(my)e "t + 27!
1 —t

o = = cos(mx) cos(my)e ".

The source terms are obtained from the exact solution. Figures 5.10 and 5.11 present the L? errors
of the ions, the electrostatic potential, the velocity, and the pressure as functions of the time
step size, computed from Schemel-SM and Scheme2-SM respectively. As observed from the
figures, the convergence rates are respectively first order for Schemel-SM and second order for

Scheme2-SM. This in a good agreement with the theoretical prediction.

5
—-—C,] L -<—C2 / —6—C3
. Py .
—line of slope 1 . o —line of slope 1
/’//,
g, 5
P/ 8107
b -
//// 1073,
///
> p
104 <~
1073 102 107 10 103 102 107
At At
102 7 107" o'l ]
- // -e-y -=p
——line of slope 1 ——line of slope 1

L2 errors
L2 eror-u
5]
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FIGURE 5.10. (Example 3) L? error versus At in log-log scale using the first order
scheme with NV = 64 at each spatial direction.
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FIGURE 5.11. (Example 3) L? errors versus At in log-log scale using Scheme2-SM
with IV = 64 at each spatial direction.

6. CONCLUDING REMARKS

In this paper, we have developed efficient time-stepping schemes for the Navier-Stokes-Nernst-
Planck-Poisson equations. The proposed schemes are constructed based on an auxiliary variable
approach for the Navier-Stokes equations and a delicate treatment of the terms coupling the Navier-
Stokes equations and the Nernst-Planck-Poisson equations. By introducing a dynamic equation for
the auxiliary variable and reformulating the original equations into an equivalent system, we have
constructed first- and second-order semi-implicit linearized schemes for the underlying problem. A
rigorous analysis was carried out, showing that the overall schemes are unconditionally stable, and
preserve positivity and mass conservation of the ionic concentration solutions. The implementation
showed that it can be implemented in an efficient way: the computational complexity is equal to
solving several decoupled linear equations with constant coefficient at each time step. A number of
numerical examples were provided to confirm the theoretical claims. We emphasize that the above
attractive properties remain to be held at the full discrete level. As far as the best we know, this is
the first second-order method which satisfies all the above properties for the Navier-Stokes-Nernst-

Planck-Poisson equations at the discrete level.
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