Available online at www.sciencedirect.com

SCIENCE@DIREOT“ COMPUTATIONAL
STATISTICS
& DATA ANALYSIS

sl
ELSEVIER Computational Statistics & Data Analysis 47 (2004) 123147 _—
www.elsevier.com/locate/csda

Consistent estimation in an implicit quadratic
measurement error model
Alexander Kukush', Ivan Markovsky*, Sabine Van Huffel
K.U. Leuven, ESAT-SISTA, Kasteelpark Arenberg 10, B-3001 Leuven-Heverlee, Belgium

Received 1 November 2002; received in revised form 30 October 2003; accepted 30 October 2003

Abstract

An adjusted least squares estimator is derived that yields a consistent estimate of the parameters
of an implicit quadratic measurement error model. In addition, a consistent estimator for the
measurement error noise variance is proposed. Important assumptions are: (1) all errors are
uncorrelated identically distributed and (2) the error distribution is normal. The estimators for
the quadratic measurement error model are used to estimate consistently conic sections and
ellipsoids. Simulation examples, comparing the adjusted least squares estimator with the ordinary
least squares method and the orthogonal regression method, are shown for the ellipsoid fitting
problem.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

A parameter estimation problem occurs when the relation among some observed
variables xj,...,x, is described by a parameterized model. The parameters identify a
unique model in a given model class, and the problem is to choose a model from the
model class, given a set of observations {x()}7_, where x() := [x\"...x{"1T is the Ith
observed vector of variables. The model is selected according to certain performance
criteria, specified later.
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We consider an implicit quadratic model, x" Ax +b"x+d =0, A symmetric, relating
the variables x := [x; ---x,] . It describes a second order surface

S(4,b,d):={xeR" x"Ax+ b"'x +d =0} (1)

in R”. The model is called implicit because there is no difference between dependent
and independent variables. The parameters are the symmetric matrix 4, the vector b,
and the scalar d and the model class is the set of all quadratic equations with an
n-dimensional variable.

If A=0 and b # 0, then surface (1) is a hyperplane, and if A is positive definite and
4d < b"A7'b, then (1) is an elliptic surface. The set S(4,b,d) might be disconnected.
Initially we will not make assumptions on the surface under estimation apart from the
requirement of being a non-empty set. Later on we will specialize the results for the
cases of conic section and ellipsoid estimation.

Without additional constraints imposed on the parameters, given a model in the
model class, the model parameters are not unique: any multiple of a set of parameters
defines the same model. This makes the quadratic model, parameterized by 4, b, and
d non-identifiable. To resolve the problem, we impose a normalizing condition, e.g.,
the parameters are assumed to satisfy the constraint

4]I7 + [16]% +d* = 1. 2)

With this normalizing condition, the parameters are unique up to a sign.

The vector of variables x is observed with additive error e=[e; - - -en]T and the error
is described stochastically. The true value ¥ = [ - - -X,] ' of the measured variables
is assumed to satisfy the model for some unknown true values A, b, and d of the
parameters. This assumption defines a true model in the model class. Models in which
the variables are measured with additive noise x =x + e are called measurement error
models. Thus the model considered in the paper is an implicit quadratic measurement
error model.

The quadratic model is linear in the parameters, so that the linear least squares
technique can be applied. This corresponds to estimation criterion:

m
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We will call the resulting estimator the ordinary least squares (OLS) estimator, in
order to distinguish it from the adjusted least squares estimator, introduced later.

Due to the normalizing condition imposed on the parameters, the OLS problem is
a quadratically constrained least squares problem and the necessary computation is to
find the smallest eigenvalue/eigenvector of a self-adjoint and positive definite linear
operator. The presence of measurement errors in all the covariates, however, makes
the OLS estimator biased, see, e.g., Carroll et al. (1995).

Another approach is the orthogonal regression estimation. Let dist(x,S) be the dis-
tance from the point x to the set S. The orthogonal regression estimator is defined as
a global solution of the following optimization problem:

. . ) 2
min ; dist(x'), S(4, b,d))>.
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The non-linearity of the model with respect to the measurements, implies the incon-
sistency of this estimator as well, see the classical paper of Neyman and Scott (1948)
and the discussion in (Fuller, 1987, p.250).

We assume that the measurement errors e(!), ..., e(™ are centered, uncorrelated among
the measurement, and normally distributed, e’ ~ N(0,5%/) for all /, with noise
variance 6°. We consider both cases, when G2 is given, and when &> is unknown.
The stochastic description of the measurement errors can be viewed as a model
with parameter ¢>. Then the noise variance ¢® is a nuisance parameter of the
model.

Using the noise model assumptions, we apply an adjustment procedure, see
Naidu (1990), that takes into account the quadratic structure of the model and cor-
rects the OLS estimate appropriately. The resulting estimator, called an adjusted least
squares (ALS) estimator, is consistent. Similar approach for consistent estimation is
used in a bilinear model, see Kukush et al. (2003).

A nice feature of the ALS estimator is that its computation also requires the small-
est eigenvector of a self-adjoint linear operator. This operator is obtained from the
self-adjoint and positive definite operator used in the computation of the OLS estima-
tor by applying the correction. If the measurement error variance ¢ is a priori known,
we give the correction operator in terms of ¢2. If however, &2 is unknown, then it has
to be estimated together with the model parameters. We propose a consistent procedure
to estimate the unknown measurement error variance.

We use the ALS estimator, derived for the quadratic model, to solve the conic fitting
and the ellipsoid fitting problems. In the ellipsoid fitting case, we obtain consistent
estimators for the parameters 4. and c¢ of the ellipsoid described by the quadratic
model (x — ¢) " 4.(x — ¢) =1, with 4, positive definite.

We point out several papers in which the ellipsoid fitting problem is considered.
Gander et al. (1994) consider algebraic and geometric fitting methods for circles and
ellipses and note the inadequacy of the algebraic fit on some specific examples. Later
on, the given examples are used as benchmarks for the algebraic fitting methods.
Ellipsoid specific, as opposed to the more general conic fitting method is first pro-
posed in Fitzgibbon et al. (1999). The method incorporates the ellipticity constraint
into the normalizing condition and thus gives better results when an elliptic fit is de-
sired. In Nievergelt (2001), a new algebraic fitting method is proposed that does not
have as singularity the special case of a hyperplane fitting; if the best fitting manifold
is affine the method coincides with the total least squares method. Geometric meth-
ods, minimizing the sum of absolute values of orthogonal deviations, are discussed in
Nyquist (1988).

A statistical point of view on the ellipsoid fitting problem is taken in Kanatani
(1994), Cabrera and Meer (1996), and Zhang (1997). Kanatani proposed an unbiased
estimation method, called a renormalization procedure. He uses an adjustment similar to
the one in the present paper but his approach of estimating the unknown noise variance
is different. Moreover, the noise variance estimate proposed in Kanatani (1994) is still
inconsistent; the bias is removed up to the first order approximation. We note, however,
that in the context of the quadratic measurement error model, the notion of bias is
inappropriate, see the discussion in Section 5.
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Standard notation used in the paper is: R for the set of real numbers, Ee for the ex-
pectation of the random variable e, O,(1) for a sequence of stochastically bounded ran-
dom variables, N(0, /') for the zero mean normal distribution in Euclidean space with
variance—covariance matrix ¥, Apin(¥) (Amax(¥)) for minimum (maximum) eigenvalue
of the self-adjoint linear operator ¥, ||4||r for the Frobenius norm of the matrix 4,
and dist(x, y) is defined as |x — y|, where the norm is understood from the context.
Throughout the paper S denotes the space of the n x n symmetric matrices. Specific
notation is introduced in the text.

Section 2 defines the quadratic measurement error model. Sections 3 and 4 present,
respectively, the OLS and the ALS estimators. In Section 5, we state the consistency of
the ALS estimator with known noise variance, and in Section 6, we consider the noise
variance estimation problem. The proofs of all results in Sections 5 and 6 are included
in the Appendix. Sections 7 and 8 consider two special cases of the quadratic model
estimation problem: conic section and ellipsoid fitting. Section 9 shows simulation
examples for the ellipsoid fitting problem. Conclusions are given in Section 10.

2. Quadratic measurement error model

Let AcS, beR", and d €R be such that the set S(4, 5,(?_),_ defined in (1), is
non-empty and let the points #1,...,%", lie on the surface S(4,b,d), i..,

FOTARD 45750 +d =0, forI=1,...,m. (3)
The points x1, ... x") are measurements of the points X1, ..., "), respectively, i.e.,
x(/):f(l)—&—e(l), for [=1,...,m, 4
where e(l), ..., e(™ are the corresponding measurement errors. We make the following
assumptions:
(1) the measurement errors e(!),...,e™ form a sequence of independent identically

distributed random vectors, and
(2) the distribution of e, for all /=1,...,m, is normal N(0, 5%1,).

Here 6% > 0 is the noise variance and I, is the n x n identity matrix.

The matrix A€ S is the true value of the parameter A, while beR", and d e R
are the true values of the parameters b and d, respectively. We assume that the true
values of the parameters satisfy the normalizing condition (2).

3. Ordinary least squares estimator

The elementary OLS cost function is

Gois(A, b,d;x) = (x"Ax +b'x +d)* forall AcS, beR", deR.
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It measures the discrepancy of a single measurement point x from the surface S(4,b,d).
The OLS cost function/ is the sum of the elementary cost function for all data points,

Qois(4.b,d) 1= " qoi(4,b,d.x")), forall A€ S, beR", d€R. (5)
=1

The OLS estimator Aqs, 15018, 62015 is defined as the global minimum point of (5),
subject to the normalizing constraint (2).
We consider the parameter triple

pi=(4,b,d)eV
as a vector in the Hilbert space V := S x R” x R with inner product

((A1,b1,d1), (A2, by, dy)) = trace(4] Ay) + b] by + d d>,

for all (41,b1,d1)€V, (42,br,d2) € V.

With this notation, the optimization problem, we want to solve, is

mﬁin Qus(B) st (B, ) =1. (6)
The cost function in (6) is a quadratic form of f,

Qois(B) = (Yorsh. B)
where ¥ is a self-adjoint linear operator on V. Therefore the global minimum point

Aos:: A?OSsbAosa(jos = ar min ols
Bots := (Aols, bots> dols) g(ﬁ,ﬁ)lel(ﬁ)

is a normalized eigenvector of ¥, corresponding to the minimum eigenvalue
Amin(Wois). In order to find the operator ¥, : V — V, we calculate the derivative

(l)ls = dQOlS/dﬁ'
The derivative of ¢q5(f;x) with respect to f is

@ (Bix) =2(x"Ax + b x + d)(xx " ,x, 1)
=2((x T,x, 1), ) (ex Tux, 1),
It defines a self-adjoint and positive semidefinite linear operator ygs(x) on V,
Yois(0)p == (Gex T,x, 1), B) (ex,x,1)  for all fe V.

Thus

'Pols = Z l//t)ls(x(]))- (7)

=1

Remark 1. The cost function Qs is quadratic in the parameters f5, so that it has a
matrix representation. For 4 € S, let vecy(4) denotes the ny := n(n+ 1)/2 dimensional
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vector of the elements in the upper triangular part of 4 taken column-wise. There exists
a matrix M € RO+ DX(utnt1) ag0ciated with the operator Qoys, such that
vees(A)] T [vecs(4)
Oos(p) = b M b forall A€S, beR", deR. (8)
d d

Using the matrix representation (8), the whole derivation of the OLS estimator,
and subsequently the one of the ALS estimator, can be carried out in linear algebra
notation. We use the matrix representation approach in Markovsky et al. (2002), where
the computation of the estimators is treated. In this paper, we use the abstract operator
notion.

4. ALS estimator with known noise variance

The OLS estimator is readily computable but it is inconsistent. We propose an
adjustment procedure, that defines a consistent estimator. The proposed approach is
due to Kukush and Zwanzig (2002), and it is related to the method of corrected score
functions, (see Carroll et al., 1995, Section 6.5). The model (3) is quadratic and similar
adjustment for a bilinear model, arising in motion analysis, is proposed in Kukush
et al. (2002)

We define the elementary ALS cost function qus(f;x) by

Equs(B; X +e) = qos(f; %) for all eV and xeR”, )

where e is N(0,5%1,) distributed. The ALS cost function is the sum of the elementary
ALS cost functions for all data points

Ous(B) = > _ qus(p:x")  for all V.

=1

The ALS estimator ﬁals is defined as the global minimum point of the following
optimization problem:

mﬁin Ous(f) st (B.B)=1. (10)

The solution of (10) is described in the following theorem.
Theorem 2. The ALS estimator Bals is the normalized eigenvector of

Vas i= Z lﬂals(x(l)),
=1

corresponding 10 Jmin(Was), where
Yais(X)B = (91(x)[A4] + g2(x)[b] + g3(x)[d],
ga(X)[A] + gs(x)[b] + xd, go(x)[A] +x b+ d), (11)
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the functions g5, s=1,...,6 are defined by

(911, = Y @i fijpg(x)  for all A€S,

i,j=1
[92()[B1] g = > bifipg(x)  for all bER",
i=1

g3(0)[d] = (xx" —&L,)d  for all dER,

[94(x)[A]]p = Z a;j fijp(x)  for all A€S,

ij=1

gs()[b] = (ex" —G%1,)b  for all beR",

gs(x)[A] =x " Ax — &% trace(4d) for all A€,
the functions fi;,, in (12) are defined by

ifall i, j, p, q are different, then fjjpq(x) = xix;x pxg;
ifi=j=p, q#i (with permutations), then fi;,(x) = x4t3(x;);
ifi=j=p=q, then fiu(x)=1ts(x;);

lfl:j’ pP=q, i 7& b, then fiipp(x) = tZ(Xi)tZ(xp);

ifi=jand i, p, q are different, then fiip,(x) = X pxqta(x;);

the functions fi;, in (13) and (15) are defined by

o ifi=p=q, then fii(x)=t:(x;);
o if i=p, p#q (with permutations), then fij,(x)= tr(x;)xy;
o if i, p,q are different, then fi,,(x)=xixpxy,

and the functions ty, k =1,...,4 are defined by
n@=¢& n@=88-6, n(o== 387
and  #4(8) = & — 68267 + 36*.

129

(12)

(13)

(14)

(15)

(16)

(7)

(18)

Proof. Consider Eq. (9), which implicitly defines g,. It is the following deconvolution

problem:

1 n/2 o) 0o _ n
() [ [ s oTTewn(-

2
€
262

> de;---de, = qols(ﬁ;f)'

(19)

Since goi5(f;X) is quadratic in f, Eq. (19) holds for all § in V, and the integral does

not depend on f, g, must be quadratic in f for all x. Thus

Gas(P;x) = (Yas(x)p, p)  for all f€V and x € R



130 A. Kukush et al. | Computational Statistics & Data Analysis 47 (2004) 123147

where yg5(x) is a self-adjoint linear operator on V, such that
Evis(x + e) = Yuis(x)  for all xe R". (20)
Then Qg is also quadratic in f3,

Qais() = (YusB, p)  for all BV,

where Vs 1= > 1, Yus(x?), and the ALS estimator /?als is the normalized eigenvector
of ¥y, corresponding to Amin( Pars)-

Now, we describe the operator ygs(x) that solves (20). Solving a general deconvolu-
tion problem is not possible analytically. In our case, however, the normality assumption
for the noise makes the problem tractable. Looking at the right-hand-side of (20),

Yors()f=(x"Ax +x"b+d)xx",x,1) where f=(4,b,d),
we see that the problem splits into six independent problems

Euis(x + e) = hy(x)[p] for all ¥€ R" and for s =1,...,6, 21)
where /4;(x)[f] are the summands in the expansion of yg5(x)f:

)[A] = xx " (x"Ax),  h()[b] :=xx"(x"b), h3(x)[d] :=xx'd,

ha(X)[A] :=x(x"Ax), hs(x)[b] :=xx b, he(x)[A] :=x' Ax.
Let

g1:S — S, g R 5 S, g3:R—'S,

gs:S = R g R 5 R, g6:S - R,

be the solutions of (21), then the solution of (20) is given by (11).

Some of the functions g; can be found by inspection. For example, the solution of
the deconvolution equation for /3 is (14). Similarly, the solution of the deconvolution
equation for /g is (17). Due to the symmetry, g, = (g4)* and g3 = (g¢)*, where g*
denotes the conjugate operator of g.

Next, we describe the other functions g,. Let 4 = [a;;]. Then

(A ()41l ,, = Z ajxix;x,x, for all 4€S.
Lj=1

Therefore the solution of the corresponding deconvolution problem is (12), where f;,,
is a polynomial of the fourth order with the property

Efijpg(X + ) = Xix;x Xy (22)
The polynomials # :R — R, £ =1,...,4, defined in (18), have the property
En(E+ &) =&, fork=1,...,4, and for all € R, and & ~ N(0,5°).

Then the functions fj;,, defined in the theorem have the desired property (22).

Similarly for

[ha(x)[b]1,, Z bixix pXg,



A. Kukush et al. | Computational Statistics & Data Analysis 47 (2004) 123147 131

the solution of the deconvolution problem (21) is (13), where f;,, are defined in the
theorem. Finally,

n

[ha()A1], = Y ayix,
ij=1
and the solution of the deconvolution problem (21) is (13). Thus the adjusted operator
Yas(x) in V is described thoroughly. [J

Remark 3. If the given data is noise free, i.e., ¢ =0, then x() =% for all /, and
the solution of the deconvolution equation (19) is g. In this case, the ALS estimator
coincides with the OLS estimator.

5. Consistency of the ALS estimator

Let ng :=dimV =n(n+1)/2+n+1=(n+1)n+2)/2, and let
j-1('I-’()ls/7n) = )~2('I-lols/m) =z lnﬁ(lpols/m) =0

be the eigenvalues of W./m, where W is given in (7) with ). We need the
following assumptions:

(iii) There exists my > 1 and & > 0, such that
Jng—1(Wors/m) = &9 for all m > my.

(iv) There exists a constant ¢ > 0 and a number y € [0, 1), such that

1 % LYl
- E ||>5(1)||6 <em’ for all m > 1.
m

=1

Assumption (iii) is a contrast condition, see the discussion in Kukush and Zwanzig
(2002). Similar condition is used in Kukush et al. (2003). Assumption (vi) is a re-
striction from above. If 4 is positive definite and 4d < b' A~'b, then S(/T,I;,J ) is an
elliptic surface, which is bounded, and (iv) holds with y = 0.

Let

dist(f1, f2) == [|p1 — fallv

and
dist(B1, {£p2}) := min{dist(B1, f2), dist(B1, —f2)}.

Theorem 4 (Strong consistency). Assume that conditions (1)—(iv) hold. Then the ALS
estimator s and the true value f = (A,b,d) satisfy the following convergence
property:

dist( Bas, {£f}) =0 as m — oo, as.
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Corollary 5. Under the conditions (i)—(iv),

l
dist(Burs, {+}) = Op(1), (23)
and for each 6 > 0,
dist(Baiss {£pm =270 50 as m— oo, as. 24)

Corollary 5 shows that for unbounded sequence {#"), /> 1}, there may be a loss
of order in the rate of convergence of the estimator. But if y =0, then the estimator is
\/m-consistent, i.e.,

dist(Bas: {£B}) = Op(1)/v/m. (25)

The statement of Theorem 4 is one of the main contributions of the paper. Adjust-
ment procedures, similar to the one described in Section 4, already appeared in the
literature; first proposed in Kanatani (1994) and later developed in Cabrera and Meer
(1996) and Zhang (1997). In these papers, however, consistency of the ALS estimator
is not proven. Instead the notion of unbiasedness is used, i.c., Eﬂals = f. In the present
context, however, bias is not well defined for the reason that the expectation of the
ALS estimator does not exist.

Suppose we draw N realizations of the measurement errors and compute the ALS
estimates, for the corresponding data sets. Let fasx be the estimate for the kth data
set. Then

N

1 A

N E |Baskl] = 0o as N — oo.
=1

In the context of a linear measurement error model, the fact that E[}als does not exist
is stated in (Fuller, 1987, Exercise 13, p. 28). It is proven for a multivariate linear
measurement error model in the unpublished manuscript Cheng and Kukush (2001).

6. Consistent estimator in the case of unknown noise variance

Suppose we misspecified the noise variance. The true value is 6> and we construct

the operator ¥,. := Wy, regarding 62 to be the true value of that parameter. We study
the difference
E(fﬂﬁaz(f + 6) - Eazlpaz(-f + e)r
where Ex and E,. denote the expectation with e ~ N(0,G%1,) and e ~ N(0,d°1,),
respectively.
Consider the polynomials #% (&), k =2,3,4, given in (18). Assuming a2 to be the
true value of the noise variance, we have

n(é) =& -d°

which can be written as

0(&) =& -3 +(3" - d),
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so that for & =&+ ¢, with & ~ N(0,52)
Epty(E+ &) =Ep(((+ ) -6 + (5 — "))
=& 4 (6> —g%) forall (€.
Next, for the polynomial 73, we have
15(8)=¢& -3¢0’
=& =385 43¢ —d°),
so that
Ept3(E+ ) =En((¢+E) —3(E+ )i +3(E+ )6 — %)
=& +347 - o).
Finally for the polynomial #;, we have
14(8) = & —68%6% 430"
=& — 68267 + 36 4+ 682(6% — 0°) — 3(6* — o*),
so that
Enty(E+ &) =E+6(6" — 0”)En(E+ )’ —3(6* — o*)
=& +6(6" — *) (& + ) —3(5" — a*).
Thus
Enti(E+ &) =3+ (6> — eP)z(E; 62 — 6?),  for k=2,3,4,
with
z5(x; G — 0'2) =1, z3(x; G — 0'2) = 3x,
and
z4(x; 6% — 6%) = 6(x* + &) — 3(6° + ¢°)
= 6x% +3(* — o).
For the polynomials f7;,, defined in Section 4, we have
Eg [ijp( +e) = %ifif, + (37 — 0%)z;p(%; 3° — 0%),

2

where z;;, does not depend on - — a? or the dependence is linear, e.g., for i =j # p,

we have
Eg fip(x + e) = (Epn(Xi + €)X,
= (@)% + (& — o")%,
then z;, = X,. Similarly, the polynomials z;;,,(¥; 6> — 0) are defined by

- - =2 2 ) 2
Eg fijpg(X +e) = xix;X pXy + (67 — 07)zijpg(X;6° — 7).
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For the operator ;2 (x), which is constructed starting from the value o2, we have

Exp (X + €) = Yo (X) + (6% — 02)z(%; 6° — a°),

where z= : (zA,zb,zd) is a certain self-adjoint operator on V, which either depends
linearly on ¢*> — ¢ or does not depend on 6> — ¢?. For example z; does not depend
on ¢*> — ¢°. Indeed

zqff = trace(A4),
because for x =x + e,
Ex(gs(x,A)+x'b+d)= (X AT +x'b+d) + (6% — 6%) trace(4).

Now, for the sum over m observations, the operator Z(G> — ¢?) is defined by

m

2(6* = 0%) =y _z2(#D:6° — %),

=1
and then

ExV,. = Vs + (6% — 62)Z(6* — ¢°).

We need the following assumptions in order to estimate G°:

(v) There exists a number x( € [1,n] and & > 0, such that
— Z('U) <ég forall m=>1.

We define
Fp(o) = for x € R.

(vi) For each v > 0 and ¢ € (0,v),

(lpols + OCZ(OC))
m

lim inf mln | Amin(Fm(2))] > 0.

m—00 Me

We introduce the score function

'4
Up(6?) := Jmin () for 0 < 6% < . (26)
m

Lemma 6. Assume that conditions (1)—(iii) and (vi) hold. Then with probability one
Un(0)=0 and lim U,(c*)= —oo.
02—00

We define an estimator 62, as a random variable, such that
Un(6*)=0, as. (27)

The function U, is continuous in ¢ € [0, 00), and by Lemma 6 there exists a solution
(may be not unique) of Eq. (27).
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The reason in definitions (26) and (27) is as follows. For large m,

b4
Um(o_-z) ~ j-min (ols> =0.
m
On the other hand, for large m and misspecified noise variance o> # G2,
U, (0_2) ~ (lpols + (52 _ 02)2(62 B 02))
m ~ /‘min .

m

By condition (vi), U,(¢?) is asymptotically separated from 0. Thus we expect that the

solution of (27) is close to 2.

Now, we prove that the estimator o2

is bounded in m, a.s.

Lemma 7. Assume that conditions (1)—(v) hold. Then

sup 62 < oo,  as.
m=1

Lemma 8. Assume that conditions (i)—(vi) hold. Then
6> = &%, as m— oo, as.,

where G is the true value of the parameter ¢°.
vii) There exists an &3, such that 1/m>7 . [[¥D]|? < &3, for all m > 1.
=1

With unknown 7%, the ALS estimator ﬁ is defined as a normalized vector satisfying
P.p=0.
Theorem 9. Let 6> be unknown. Assume (i)—(iv), (vi), and (vii). Then
dist(B, {£f}) = 0 as m — oo, as.

7. Fitting conic sections

Now, we suppose that the true surface belongs to the class of surfaces
C(de,c)={xeR" (x —¢) " 4e(x —c) =1} (28)
for some true values 4. and ¢ of the parameters 4. and c. Here 4. (“c” stands for
conic) is a non-singular symmetric # X n matrix, and ¢ € R” is the center of the surface.
The equation defining C(4,c) can be written as
xTAcx — 2(Acc)Tx + cTACc —1=0
or, with 0 := (||4c|% + [|124cc|> + (¢ TAce — 1)?)12,
x T (Ae/0)x — 2(4ec/0) T x + (¢ T dcc — 1)/0 = 0.
Define the new parameters
Ac Acc cT4ec—1
A:=—, b:=-2 d di=———.
0 o " 0
As defined, 4, b, and d satisfy the normalizing condition (2).
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We can renew the original parameters A, and ¢ from A4, b, and d, that satisfy (2)
by

1 1
C=— EA b, and AC = m A. (29)
Note that 0 = ¢"Ac — d is non-zero.
Now suppose that we observe the points x!,...,x", given in (4). The true values
x',..., %", satisfy
G —&)T4.ExD —é)=1 forI=1,...,m. (30)

We rewrite (30) in the form
FOTARD 425 TiD 4+ d=0 for I=1,...,m,
where
N . Ac crde—1
A== h=22Z B
0 b 6 b 0 b

and

0= IVl + 12AIP + (@ Ac — D2,
Let the noise variance ¢> be unknown. Assume (i)—(vi). Then
dist(f,{£f}) = 0 as m — oo, as., (31)

where [} = (/1,15,6? ) is the ALS estimator of the parameters A, b, and d. The estimator
of the parameters A, and ¢ is

1

~ ~ ~ 1 N
é:fEA*Ib and A, = )

— (32)
ct4ac—d
Under (i)—(vi), the estimators are well defined for m > my(w), a.s., and

e — || +||é —¢|> = 0 as m — oo, as.

Indeed from (31), we have, see the formulae in (29), that

| A 1 -_,-
f=——-A""o > —=-A4"'"b=¢ asm— oo, as.
2 2
And
N 1 n 1 - =
C:,\ ~ - ~ T —A: C
ETAé —d c'dc—d

It is important here that /]E is non-singular. If 4 is singular, then the estimators A, and
¢ are not defined, and if 4 is non-singular but b"(4)~'b =d, then A, is not defined.
But that does not happen for m = my(w), a.s.
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8. Estimation of ellipsoid

We specialize the case described in Section 7 for elliptical surface. Let in (28)
A, = A., where 4. (“e” stands for elliptic) is a positive definite matrix. Then C(4,,c)
is an elliptical surface. The true value 4. of the parameter 4. is positive definite.

We can improve estimator (32) in this case. The problem is that 4. can be indefinite.
We do the following additional step. Let

A—E:}”T

be the EVD of A, given in (32). Then we set

= > it/

l.i,>0

The estimator 4. is positive semidefinite. Moreover as A is positive definite now,
we have

1de = Aellr < e — AellF,

and the estimator Ae is a strongly consistent estimator of A, ie., /ie — 4., as m — oo,
a.s.

9. Simulation examples

In this section, we show simulation examples for the ellipsoid fitting problem. The
aim is to illustrate the consistency results of the paper and to compare the ALS es-
timator with the OLS and the orthogonal regression estimators. All experiments are
carried out in the environment of MATLAB.

Define the (truncated) average relative errors of estimation by

N A _
E: [ de.x — Acllr -1 -(k%—ﬂ )
mn|{ ——,1], é,:=— min{ ————,1 |,

1 4ell 7 N llell

k=1
and

= limin Lk_é' 1
N po O_— s s

where /ie,k, ¢, and 6y are the estimates obtained on the kth repetition of the estimation
experiment. In each repetition, different noise realization is used. The reason for using
the truncated average of the relative errors of estimation is that the expectation of the
relative errors does not exist, see the discussion in Section 5. We have selected the
truncation level to 100%.

In Fig. 1, we show asymptotic plots of &4, é., and &, as a function of the sample size
m. The true data points ¥/} are equidistantly spaced on the boundary of the ellipsoid
and the noise variance is > = 0.36. In the experiment N = 1000 repetitions are used
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Fig. 1. Asymptotic plots of the average relative errors of estimation as a function of the sample size.

OLS—ordinary least squares, OR—orthogonal regression, ALSI—ALS estimator with known &2, and

“ALS2”—ALS estimator with estimated noise variance.
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8.1 0.2 0.3 04 0.5 0.6 8.1 0.2 0.3 0.4 0.5 0.6

Fig. 2. Average relative error of estimation as a function of the noise standard deviation ¢. OLS—ordinary
least squares, OR—orthogonal regression, ALS1—ALS estimator with known G2, and “ALS2”—ALS esti-
mator with estimated noise variance.

for each value of m. The initial approximation for the computation of the orthogonal
regression estimator is the OLS estimate.

The OLS estimator is clearly biased and the error of the ALS estimator is
/m-consistent. Note that the ALS estimator with unknown true noise variance (ALS2)
performs consistently better than the ALS estimator with known true noise variance
(ALS1).

Fig. 2 shows the relative errors of estimation as a function of the noise standard
deviation. The setting of the experiment is as before. The noise standard deviation is
increased from 0.1 to 0.6 and the sample size is fixed to m=100 data points. The initial
approximation for the computation of the orthogonal regression estimator is again the
OLS estimate.

The last experiment shows the performance of the estimators on a test example from
Gander et al. (1994). The example is used in Gander et al. (1994) to illustrate the
inadequacy of the algebraic fitting method and to show the advantage of the orthogonal
regression method.

Given are data points only; even if they are generated with a true model, we do
not know it. For this reason the comparison is visual. Fig. 3, left, shows the data
points with the estimated ellipses superimposed on them. The dashed line represents
the OLS estimate, the dashed—dotted lines, the orthogonal regression estimates (when
initial approximation is the OLS estimate and the ALS estimate), and the solid line,
the ALS estimate. The data points are marked with circles (o) and the centers of the
estimated ellipses are marked with crosses ().

The orthogonal regression estimator is influenced by the initial approximation. Us-
ing the OLS estimate as initial approximation, the optimization algorithm (MATLAB’Ss
fminsearch function) converges to a local minimum. The resulting estimate is the
dashed—dotted ellipse closer to the OLS estimate. Using the ALS estimate as initial
approximation, the algorithm finds the global minimum point, which corresponds to
the dashed—dotted ellipse closer to the ALS estimate. Although the sample size is only
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Estimates and data points Noise standard deviation estimate

6 =0.4272

0.1 0.2 03 04
o

Fig. 3. Test example from Gander et al. (1994). Dashed line—OLS estimate, dashed—dotted lines—orthogonal
regression estimates (with initial approximation, the OLS estimate and the ALS estimate), solid line—ALS
estimate, o—data points, x—centers of the estimated ellipses.

m = 8 data points, the ALS estimator gives good estimate and is comparable with the
orthogonal regression estimate, corresponding to the global minimum point.

Fig. 3, right, shows the functions U, used for the estimation of the noise vari-
ances. From the given data, we compute an upper bound of the true noise standard
deviation

m 1/2
1 (1

1
- (2 : 2 ) .— (D )
v: " E [Ixe7] | min [l where x;” (= x kglx ,

I=1
and use a bisection method, see Gill et al. (1999), to find a zero of U, in the interval
o €[0,v]. For the example there is a unique zero in the interval [0, v], which corresponds
to the noise standard deviation estimate.

10. Conclusions

We have presented a consistent estimator for the parameters of an implicit quadratic
measurement error model. The method used is the adjustment procedure is due to
Kukush and Zwanzig (2002). We give conditions, under which the estimator is strongly
consistent. The adjustment needs the true noise variance. We show, however, a pro-
cedure to estimate the noise variance. This procedure defines a consistent estimator
of the model parameters with unknown noise variance. The quadratic model is used
for the conic section and ellipsoid fitting problems. We give simulation results for the
ellipsoid estimation that illustrate the consistency of the ALS estimator.

The results are derived under the assumption that the measurement errors are nor-
mal. They can be generalized, however, for homogeneous errors described with one
parameter density function. A procedure, similar to the one presented in the paper,
can be derived for the estimation of the noise parameter. An open question is how
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the normalizing conditions for the parameters affects the efficiency of the estimator. In
particular, what is the optimal normalizing condition in terms of efficiency.
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Appendix.
Proofs of the statements
Proof of Theorem 4. Under assumption (iv),

1 m . 1 m
= Liipg @+ D) = =D E fijp70 + ) 50 as m — oo, ass.
m m

=1 =1

To show this, we will restrict our attention to the most unfavorable case i=;= p=gq.
Then fi(x)=x} — 6x?G> 4+ 36* and we have to show that

1 & 1 &
= =675 + 36 — =D @) =0 asm o0, as. (33)
m m
=1 =1
Now, xfl) :)Ef»l) + e,(-l). Then
(i)t = 6076 +36* — @)
=45 el + 6(5") (") — &)
+470(eDy — 1280 4 () - 6el"3? + 36). (34)
Dy3elh

Here the most unfavorable summand is 4()E§ . We consider

L D (D)
nm:;;(xi yei”.
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By the Rosenthal inequality, see Rosenthal (1970), we have that

2+p

24p _ =(1)\3 (1)
E|’7m|+p—27+p i)e

| m 2+0)/2
S e (Z (ff-”)6> Cp.6),
=1

for arbitrary p > 0, where the constant C(p,d) depends only on p and . Next, by
(iv) we have

1+p/2
Bl = const - ( Z I ””6>

< const PREETTy TR

We choose and fix p large enough in order to have the inequality (1+p/2)(1—y) > 1.
Then > E[n,[*"” < oo, therefore by the Chebyshev inequality and the Borel-
Cantelli lemma, see Papoulis (1991), 1, — 0, as m — oo, a.s. In a similar way
the other summands of (34) being averaged for / =1,...,m, tend to zero as m — oo,
a.s., e.g., for

1 & .
= @) - %)
=1

we have

1+p/2
E|t,[*™ < const ——— l+p/2 ( Z ||_(l)||4>
4/6(1+p/2)
< const ——— 1+p/2 ( Z ||_(l)||6>

1
< const —————~— for p >0,

m(1+p/2)(1-27/3)
and the inequality (1 + p/2)(1 —2y/3) > 1, which holds for large p, implies t,, — O,
as m — oo, a.s. Thus (33) holds.
But Efj,,(F) + e!)) = igl)fﬁl)f(p”fgl), therefore

1 m m
=3 fiipgED + D) — Zf(l)x(l)f(l) ?) 50 asm— oo, as. (35)
m

=1
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Similar convergence holds for f;;,(x(")). This implies that for

q—/ols = Z %IS()E);
=1

we have

1

1 -
— W — —Pois|| — 0, as m— oo, as. (36)
m m

Let
j-l(qlals/m) = iZ(lPals/m) Z = )vn,f(qlals/m)

be the eigenvalues of Wq/m. Suppose that ||Wus/m — Pos/m|| < e, and & < &, where

& comes from assumption (iii). Then
- 1 -
’ﬂvn/;(ll/als/m) - ;”n,;(lpols/m)’ <

1
- lPals - 'Pols < &,
m m

therefore |4, 5 (Wais /m)| < &. By making use of the perturbation theorems of eigenvectors,
as given in Wedin (1972) and Davis and Kahan (1970), we have for the corresponding
normalized eigenvectors ﬂals and f that

&
d als>s 1T = 7 Z
lst(ﬁl { B}) S ﬂn/;*l(ayols/m) _)“”ﬁ(lpals/m)
< & _ : L(e), 47
& — &

and lim,—,o L(¢) = 0. This relation and convergence (36) prove the statement. [J

Proof of Corollary 5. The convergence of (35) was studied in the proof of Theorem 4.
Consider for the most unfavorable summands

1< !
M= @) e,
=1

It was shown that for each p > 0, there is a constant ¢,, that depends only on p, for
which

2+p &p
Eln[™7 < S (38)

Therefore
P 002 Z 0 (1),

and

1
Nm = (17 /2 p(l)

The other summands in (35), which have expectation zero, also satisfy this relation.
Then

[

1
- ‘Pals - lPols
m m

ZWOP(I)»
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and from (37), we have

. = 1 1 -
dlSt(ﬁals’ {iﬁ}) = H 'Ilals - ll/ols Op(l)
m m
= ! O,(1
= sz Op(l):
Now, we show (24). From (38), we have
E(m? ") < & for & > 0.

me+p—p2—e’
For large enough p, we have
C+p)d=p))2-e>1,

and then by the Chebyshev inequality and the Borel-Cantelli lemma, see Papoulis
(1991),

me 7P — 0 as m — oo, as.,
and
[|m?CHP) 0 as m — oo, as.,
when ¢ < (24 p)(1 —y)/2—1. Fix 0 < < (1 —y)/2. Then
e/2+p)=~1-7)/2-2/2+p),
and
2/24+p)=96 for p=2/6—2.
Then

|17,,,|m(1_7)/2_‘5 —0 asm— oo, as.,

and
1 1 - N
H Yais — — WPols mI=2=0 50 asm— 00, a.s.
m m

Then (37) implies statement (24). [

Proof of Lemma 6. We have
Y, =Y, foro>=0,

therefore
ols
Um(o) - lmin < ! >
m

(In practice, for noisy observations and for m > ng, ¥ is strictly positive definite
operator, thus U, (0) > 0.)

0.

\Y
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Now introduce the unit vector 7€V,
h:=(0,e;,0),

where e; € R"*! is ¢ :=[1 0---0]". We have for the scalar product in V,

1 1
< 'szh,h> = < qj(lzzh,h> +6— 02,
m m

1
< 'Pazh,h> — —00 as g% — 00, as.
m

Jmin (1 W) < <1 avhh>
m m

and this implies the second statement in Lemma 6. [

and

But

Proof of Lemma 7. Let x, be the constant from condition (v) and let 4y € V be the
unit vector

hO = (O, eKU, 0))

where e, €R" is ey, :=[0---0 1 O-~-O]T, with 1 on the xgth position. From the
definition of 62, we have

1 1
0< < q](;zho,h0> = < 'P&zho,ho> +6%— &2,
m m
and, see (36),

1
62<62+<

m

Yois ho,ho> +o(1) as m— oo, as.
Then by condition (v),
&2<52+;;;@$f+oa)
<G +e+o(l). O
Proof of Lemma 8. It can be shown that for each v > 0,
E,(v,0):= sup
0<a2<?

We fix o € Q, for which 62 (w) is bounded in m, and for which the convergence (39)
holds for every v€ N. The sequence {G%(w), m > 1} belongs to the interval [0,v%].

Here v =v(w) € N, and we assume that v > . We have from (27) and (39) that
En(0,®) = |Zmin(Fu(6” — 6%))|. (40)

1
‘ V() — Fpu(6* — 6%)
m

‘ —0 asm—o0, as. (39)
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Consider any convergent subsequence {cﬁn(k)(w), k > 1}, say aAfn(k)(a)) — 0%, as k —
oo. Suppose that 62 # 2. Then for certain m; = m;(w) and § = §(w) > 0, we have
for all m(k) = m, that

|}~min(Fm(k)(O_-2 - O’:2))‘ > min |}~min(Fm(k)(OC))|' (41)

02 < o] <0?
But from (40) and (41), we have for m(k) = m,, that

- min  |Amin(Fney(2))] < Engoy(v,0) = 0 as k — oo.

0 < o] <0?
This contradicts assumption (vi). Therefore 62, =G>. Thus each convergent subsequence
of {6%(w), m > 1} converges to G2, therefore ¢%(w) — G2, as m — co. We fixed o
from the set Qy of probability one, therefore 62, — G2, a.s. [J

Proof of Theorem 9. The proof is similar to the proof of Theorem 2 of Kukush et al.
(2003). Due to the quadratic structure of ¥, with respect to ¢ and due to (vii), we
have for each v > 0,

1 1
sup sup — V- —Y,l| =0 asd— oo, as.
m=10<a<?, 0<ai<s? |[m 71 om 72
ot o3| <6

This means that the functions {¥,./m, ¢ €[0,0*]; m > 1} are equicontinuous, a.s.
Therefore, see Lemma 8, for v*(w) := sup,,~ | 62,(w) we have

1 1 - 1 1 1 1 -
— 'Il(fz - WO]S < ’ - WO—"Z - WG‘Z + H 'P(;z —_ — lIlOlS
m m m m m m
1 1
< sup sup —VYpe——Y¥x
m=1  0<d* <’ () m m

1 -
11/6-2 - — Yo
m

I
+||—
m

Then like in the proof of Theorem 4, we obtain that dist(ﬁ,{iﬁ_}) — 0, as m — o0,
as. O
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