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Abstract

Linear mixed-effects models involve fixed effects, random effects and covariance structure, which
require model selection to simplify a model and to enhance its interpretability and predictability.
In this article, we develop, in the context of linear mixed-effects models, the generalized degrees
of freedom and an adaptive model selection procedure defined by a data-driven model complexity
penalty. Numerically, the procedure performs well against its competitors not only in selecting
fixed effects but in selecting random effects and covariance structure as well. Theoretically,
asymptotic optimality of the proposed methodology is established over a class of information
criteria. The proposed methodology is applied to the BioCycle study, to determine predictors of
hormone levels among premenopausal women and to assess variation in hormone levels both
between and within women across the menstrual cycle.
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1 Introduction

In clinical or epidemiologic studies, linear mixed-effects models (LMMs) (Laird and Ware
1982; Longford 1993) are commonly used in analyzing clustered data (repeated measures
data, longitudinal data) with continuous outcomes and multiple covariates. LMMs are
attractive because they can effectively model the dependence structure that arises from
repeated measures for the same cluster by appropriately using random effects and
covariance structure. Despite a large body of literature on LMMs, the issue of selecting their
fixed effects, random effects or covariance structure has not received much attention.
Incorrect inclusion of fixed or random effects, or incorrect specification of covariance
structure can result in biased results and false interpretation. Therefore, accurate model
assessment and precise model selection procedures are essential for improving the
performance of LMMs. In this article, we focus on model selection in LMMs and develop a
competitive methodology for selecting LMMs.

Specialized model selection methods for LMMs were rarely proposed in the literature,
although information criteria have been extensively applied in data analysis where LMMs
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are used. Most information criteria select the optimal model M among candidate models
{M,,y € I'} by minimizing a model selection criterion of the form

_[My +/l(n, kMy ) . kMT s (1)

where n is the total number of observations, ky,, is the number of independent parameters in
a candidate model M,, and ¢y, is the log-likelihood given by M,. Akaike's information
criterion (AIC) in Akaike (19%3) uses the expected Kullback-Leibler information with A(n,
km.,) = 1; a bias-corrected version of AIC, called AICc (Hurvich and Tsai 1989), with A(n,
kMy) = nkMy/(n - kMy — 1) estimates the expected Kullback-Leibler information directly in a
regression model where a second order bias adjustment is made; Bayesian information
criterion (BIC) in Schwarz (1978) uses an asymptotic Bayes factor and advocates A(n, kMy) =
log(n)/2; risk inflation criterion (RIC) in Foster and George (1994) is based on the minimax
principle, and adjusts the penalization parameter to be A(n, kMy) = log(p), where p is the
number of available covariates; covariance inflation criterion (CIC) in Tibshirani and Knight

X
(1999) with /1=2Z,f; log(n/1)/k,, adjusts the prediction error by the average covariance of
the predictions and responses when the prediction rule is applied to permute the data set; and
many others are available. The total number of unknown parameters ky,,, in the information
criteria characterize the model complexity that the information criteria intend to penalize on.
Increasing number of unknown parameter in either random effects or the variance-
covariance structure of random effects or within-cluster errors in LMM indeed increases the
model complexity. Therefore, as suggested by Pinheiro and Bates (2000), Diggle et al.
(2002), and Wolfinger (1997), the total number of unknown parameters k., used to compute
information criteria includes not only the parameters introduced by fixed eizfects but also the
ones introduced by random effects and variance-covariance structure. However, in (1), the
penalization parameter A(n, kMy) penalizes an increase in the size of a model only through a
fixed penalization parameter, in the sense that it is pre-determined by n and k., and
therefore it is not adaptive to various model structures. The model selection procedures with
form (1) are hereby referred as nonadaptive selection procedures. The nonadaptive model
selection procedures with a large penalty often yield an optimal model whose size is small,
and the nonadaptive procedures with a small penalty often yield an optimal model whose
size is large. Consequently, a large penalty is likely to perform well when the true model has
a parsimonious representation, and is likely to perform poorly otherwise. This feature of
nonadaptive model selection procedures results in large selection bias in LMMs. Shen and
Ye (2002) and Shen, Huang, and Ye (2004) confirmed the disadvantages of those
nonadaptive procedures in linear regression, logistic regression and Poisson regression.
They showed that, with the inflexibility of the penalization parameter, information criteria
ignore the uncertainty of data and fail to adjust the penalization parameter for better
performance. The need is compelling for a data-adaptive model selection procedure that can
reduce the selection bias and essentially performs well over a variety of situations.

In this article, we derive the generalized degrees of freedom (GDF) (Ye 1998; Efron 2004)
in LMMs, and discuss how to use data perturbation (Shen, Huang, and Ye 2004; Shen and
Huang 2006) to estimate the GDF. Through the GDF, we extend the adaptive model
selection procedure proposed by Shen and Ye (2002) and Shen, Huang, and Ye (2004) to the
context of LMMs. In simulations, we evaluate the finite sample performance of the proposed
methodology in selecting fixed effects, random effects and covariance structure of LMMs.
We establish the large-sample asymptotic optimality of the proposed procedure. The
asymptotic properties are in agreement with our numerical examples that the proposed
methodology approximates the best performance over a class of information criteria with
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form (1). Finally, we apply the proposed adaptive model selection procedure to the BioCycle
study, to determine factors that influence hormone levels of premenopausal women and to
assess variation in hormone levels both between and within women across the menstrual
cycle.

The rest of the article is organized as follows. Section 2 presents the GDF and the adaptive
model selection for LMMs. Section 3 discusses the data perturbation estimation for the GDF
and establishes the asymptotic optimality of adaptive model selection. In Section 4,
numerical studies with small sample simulation datasets are performed to demonstrate
advantages of the proposed method over information criteria. In Section 5, we demonstrate
the adaptive model selection by applying it to hormone levels data in the BioCycle study.
The last section is devoted to a discussion and technical proofs is in appendix.

2 Generalized Degrees of Freedom and Adaptive Model Selection

2.1 Generalized degrees of freedom

Suppose that data are collected from m independent clusters (or subjects in longitudinal
data) with response variable Yjj, covariates Xij 1,"*, Xjj p that are associated with fixed
effects, and covariates Zj; 1+, Zij q that are associated with random effects bj, where i =1,
2,++, mindicates clusters and j = 1, 2,---, n;j indicates observations within the ith cluster.
LMMs specify the response vector Yjj as

’

Yij=X,‘v,‘B+Z,jbi+6ijs 2)

where Xjj = (Xjj,1,"*, Xij, p)"is a fixed-effects covariate vector, £ is a fixed-effects coefficient
vector, Zjj = (Zjj,1,, Zij,q)' is @ random-effects covariate vector, and €; = (€j1,", €jn;)’ is @
within-cluster error vector that follows N(0, a2A;). The random effects b; are independent
and identically distributed and follow N(0,%). The within-cluster errors €;j are assumed to be
independent for different i. The random effects b; and the within-cluster errors €;j are
assumed to be independent. LMMs assume the Gaussian continuous response to be a linear
function of covariates with regression coefficients that vary over individuals, which reflects
natural heterogeneity due to unmeasured factors. They allow flexible correlation structures
by assuming appropriate random-effects covariates Zjj and covariance matrices ¥ and Aj's.

In (2), the Kullback-Leibler (KL) loss can be used to measure the accuracy of maximum
likelihood method. The KL loss measures the deviation of the estimated likelihood from the
true likelihood as if the truth were known. Let y = vech(¥) be a vector that contains the
distinct components of ¥, let ¢ = vech(A1,-*,Ap) be a vector that contains the distinct
components of Aq, -+, Ay, and let &= (8",w', a, ¢')’ be the vector that contains all the
parameters in (2). Let Y; :A(Yil,---, Yin))s Xi = (Xiz,*, Xiny)" and Z; = (Zjg,**, Ziny)"- The
performance of estimator £ in the ith cluster can be evaluated by its closeness to & in terms of
the clusterwise KL loss of & versus & /p(yilé)[log p(yil&) — log p(yild))]dy;, where p(y;l&) is
the likelihood function of the observations in the ith cluster. This yields the total KL loss for
all independent clusters:

LEH=) . [poifoliog p(rfé) - log plyfENdy:,
i=1
which, after dropping the terms that are only related to ¢, reduces to
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5 DI

1 m ’A—l
LED=5), [ @i~ ) ), (i — i) +log
i=1

(4)

S _ ) )
where zj = X3 and Zflﬁ’l i+ Ai are the clusterwise mean and covariance matrix,
respectively; x; and Z; are the corresponding estimates with & replaced by & The KL loss
& (& &) compares different LMM estimations in virtue of the true parameter value &. If &
were known, then we could select the optimal model by minimizing (4) with respect to
candidate models.

Motivated by the information criteria (1), we now consider a class of KL loss estimators of
the form

m

—Zlog p(Y,-[jc’A)+h.
i=1 (5)

Members of this class penalize an increase in the size of a model used in estimation, with %
controlling the degree of penalization. Clearly, different choices of 7 yield different model
selection criteria; for instance, when 7 is the number of parameters, (5) becomes AIC.

Theorem 1—(optimal KL loss estimation). The optimal 7 that minimizes

EL.L (8 - (—Zizllogp(YiI_fA)Jrh)];, the expected ¢, distance between the KL loss (4) and
the class of loss estimators (5), is

R S W |
i=1 -

(6)

The optimal 7, the g in (6), which measures the degrees of freedom cost in model selection
or statistical uncertainty of model selection, is thereby defined as the generalized degrees of
freedom or the GDF of LMMs. When LMMs (2) degenerate into linear models by
discarding random effects, the proposed GDF (6) becomes the GDF discussed in Ye (1998),
which is a generalization of the degrees of freedom of fit in linear models (Weisberg 2005).
In the rest of the article, we use ¢ to denote the GDF, and denote as ¢(M) the GDF of a
specified model M. Moreover, by Theorem 1, the performance of M can be assessed through
its optimal KL loss “estimator”

> log pYfE, 1+G(M),
=1 (7)

and, for any M,

E[LEEN=E |- ) log p(YiE, )+G(M))| .
i1 (8)
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The optimal KL loss estimator (7) measures the divergence between the true likelihood and
the estimated likelihood by M. It can be used to assess and compare various models. In
Section 2.2, (7) will be used to develop our adaptive model selection procedure in LMMs.

The optimal KL loss estimator (7) would be an unbiased estimator of £(&, &) if it were
independent of the true parameters. However, it usually depends on unknown parameters
through ¢(M), and therefore needs to be estimated by data. We will develop in Section 3 the
data perturbation estimate of g(M), denoted by ¢(M), in order to fully realize adaptive model
selection. Prior to that, we will describe the procedure of adaptive model selection in Section
2.2 assuming ¢(M) is available.

2.2 Adaptive model selection

Now consider a class of model selection criteria in the form of

m
= log pYifEM,)+2 -k, . A € (0,00),
i=1 (9)

for selecting the best model from a class of candidate models {M,, y € T'}. To achieve the
goal of adaptive selection, we choose the optimal /. from data by selecting the optimal model
selection procedure from a class of information criteria (9) indexed by A € (0, o). First, for
each fixed A € (0, ©0), one model, denoted by M(A), is selected from candidate models such
that it miniAmizes (9).ALet the parameter estimates for M(%) be EQMAU-)' and let the estimated
GDF for M(Z) be ¢(M(A)). Second, the optimal 4, denoted by 4, is obtained such that it
minimizes the estimated loss of M(%)

My

= logp(YifE,, )+G(M (1)
i=1 (10)

with respect to 4 € (0, 00). Finally, inserting /1 back into (9) yields the adaptive model
selection procedure: the adaptive selection procedure chooses the optimal model M(£) by
minimizing the adaptive model selection criterion

m
—Zlog PE A K,
=1 (11)

over the candidate models {M,, y € I'}. In (11), the /1 is data-dependent as well as our
selection procedure. The adaptive penalty [ estimates the ideal optimal penalization
parameter over the class (9); its value varies depending on the data and the size of the true
model. Therefore, it permits an approximation to the best performance of the class of model
selection criteria (9).

3 Estimation of Generalized Degrees of Freedom

3.1 Estimation through data perturbation

This section estimates the GDF for LMMs through the data perturbation technique (Shen,
Huang and Ye 2004; Shen and Huang 2006). Data perturbation assesses sensitivity of the
estimated parameter through the pseudo response vector
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Y =(Y), Yy, - Y )=Yir(Yi = Yo, i=1, -+ ,m, (12)

which is generated from the original response vector Y; and a perturbed vector ¥; with
perturbation size t € (0,1]. To generate Y;, data perturbation samples ¥; are taken from the
distribution of Y; with the unknown distribution mean replaced by Yj; that is, if we denote as
Pyi (1) the distribution of Y; with distribution mean y, ¥; is sampled from py; (-1Y;), fori =
1,2---, m. In the logistic models and the Poisson models, data perturbation can be
implemented directly because of the absence of dispersion parameters (Shen, Huang and Ye
2004). But in LMMs, the distribution of Y; depends on unknown dispersion parameters v, o,
and ¢, besides u. Thus, more precisely, we may denote the distribution of Y; as pyi (:li, v, o,
¢). To sample Y¥; in LMMs, we suggest to use the most complex model among all candidate
models to obtain estimates y, o, and ¢, and then sample Y; from py; (1Y;, v, o, 9).

To estimate the GDF, we can rewrite the GDF in (6) to be the summation of the difference
of two covariance penalties (Efron 2004):

Q=ZZI Z;ik:] [cov(T (i j(Y), Yir) — cov(oyx(Y), YijYi)/2] where Y=(Y1, ", Yo'

—-1
denotes the response vector, a}jk(Y) is the jkth element of Zi (¥), and ;Zij(Y) is the jth
element of 4;(Y). The response vector Y in the parenthesis indicates that the estimates depend
on the response vector Y. With perturbed Y} with perturbation size z, let E*, var*, and cov*
denote the conditional mean, variance, and covariance, respectively, given Y;. For any
combination of i j, and k, note that the first covariance penalty term cov(&ijk(Y)yij(Y),Yik)

— * e 0 —
equals 7 (E"var Yok 5y @ik ki;(Y), which can be approximated by

—2 a - H N~ * * * -2 * N * *
T°E aT;O'[jk(Y i (Y )var” (Y,)=1""cov (o (Y " Jui j(Y™), Y,k); whereas the second
covariance penalty cov(&ijk(Y), YijYik)/2 equals

E var (Yi.iYik)Emmf’*(y)"ar(yf/m)/z‘ar Yi5¥i) which can be approximated by

Ed * * * 6 - * * £ * * * * * * *

(ﬁ?jk/Zvar Y Y))E T oY )var(Yini',\_)szék/Zvar'(Yi_iYik))COV'(O',jk(Y ), Y Y5)
ij* ik )

where ﬁk:@(yijyik) is the estimated variance of Yj;Yjx. For our implementation, we use a

Monte Carlo numerical approximation. We sample Y*/=(v;4,v;¢,--- v, d=1,2, - D,

independently from the distribution of Y*=(¥;, Y3, --- , ¥;,) as described earlier. Note that ¥;*

follows the conditional distribution of Y7 given Y;,i=1,2,--, mandd = 1, 2,---, D. Then the
GDF is approximated by

D
TV () = DTN F (Y ()
d=1

ijk

D
vl - D! Zyﬂ 72, D
d=1 |

D
T(yHh - D! ZE.;,-k(Y*")
, =1

where D is chosen to be sufficiently large to ensure an adequate Monte Carlo approximation.
By the law of large numbers, the proposed Monte Carlo approximation of the GDF via data
perturbation converges to the true GDF as D — 0. However, both our simulation studies and
Shen, Huang and Ye (2004) found that the Monte Carlo approximation of (M) is
sufficiently accurate if we choose D to be greater or equal to the number of observations.
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m

Therefore, we recommended that D be at least Zi:lni for the model selection problems that

m
we consider in LMMs. We will choose D to be Z,.:]"i in our simulations and data analysis.

In data perturbation (DP) technique, the parameter z with ¢ € (0,1] is called perturbation
size. In the literature, the choise of r and the sensitivity of the performance of the adaptive
model selection (or model assessment) to ¢ has been thoroughly investigated in linear
models, logistic regression, Poisson regression. Please refer to Ye (1998), Shen and Ye
(Shen2002), Shen, Huang and Ye (2004), and Shen and Huang (2006) for more details. We
have performed the sensitivity study to  in LMMs for the adaptive model selection
procedure, and find that the choice of = does not affect the performance of the adaptive
selection procedure in selecting either fixed-effects covariates, random effects, or covariance
structures. We follow Shen and Huang (2006) and use z = 0.5 in our simulations and data
analysis.

3.2 Asymptotic optimality

In what follows, we investigate theoretical aspects of M(/), the optimal model selected by
adaptive model selection criterion, based on properties of data perturbation. Particularly, the
asymptotic optimality of M(1) is established in Theorem 2; that is, M(/) approximates the
best performance among all models selected by the procedures with form (9).

Theorem 2—(asymptotic optimality). Assume that: (1) (integrability) for some 6 > 0 and 4
€ (0, @), Esup: e (0, 5) | ¢(M(2))! < 0o; (2) (identifiability) inf; ¢ 0, 00 1L (&, EM‘@))I >0; (3)
(finite variance estimation) for any i, j, and k,

lilnln.ln—)colimr—»()"'E [(\Ta\r(yljylk) - Var(Yinik))COV*(a:ijk(Y*)s YLY;\)/VaI‘(Y;Y;\)] =0, Let /T be
the minimizer of (10), then

E(L(E;,)
lim lim - —— =1
mn—cor—0+ 1nf,l€(0,&>o)E('Z('f’ 'Efi(.z . )) (13)

If it is further assumed that (4) (loss and risk) limmy ni—0oSUP; € (0,00)| L (¢, EMA(l))/E(oC(é,
El\il(i))) =11 =0, then

) ) LE )
lim lim -

mpn—oor—0+ inf,le((),oc)g(gﬁ fﬁ(,n) (14)

Theorems 2 establishes asymptotic optimality of the proposed adaptive model selection
procedure in LMMs. The selected model M(£) by the adaptive selection procedure is optimal
in the sense that M(f), the model that minimizes (11) with a data-adaptive £, asymptotically
achieves the minimal loss among all models selected by procedures with form (9).

4 Simulation Studies

In this section, we access the finite sample performance of the proposed selection procedure
for LMMs through simulations. The numerical studies focus on three aspects in selecting
LMMs: (1) selecting fixed-effects covariates in the mean structure, (2) selecting random
effects for the covariates and (3) selecting covariance structure for within-cluster errors. By
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repeating each simulation 500 times, we compare the performance of AIC, BIC, and
adaptive model selection procedure. AIC and BIC are directly applicable. The proposed
adaptive procedure is implemented as described above, with [ in (11) computed through a
fine grid search of a large interval (0, C) instead of (0, ©0), where C is sufficiently large. In

. . m .
our simulations, we use C=310g(2,.:,nf).

Example 1 (fixed effects selection for longitudinal data). This simulation example considers
the LMM

10
Yij=(Bo+bio)+Xij 1 (B1+bir )+Xij.:ﬂ2+ZX1_,;kﬁk+6ij,
k=3 (15)

which contains a “within-cluster time-covariate” Xjj 1, a “cluster-level covariate” X; », and
other 8 covariates Xij 3,...,Xjj 10- The within-cluster time-covariate Xjj 1 = Xjj takes values Xij
= (j=1)/n;,j = 1,...,n;. The covariate X; » = x; takes binary values 0 or 1 with equal
probabilities. The covariates (Xjj 3,..-,Xjj,10)' follow the multivariate normal distribution with
zero mean and covariance between the kjth and kyth element being p'k17k2! k; k, = 3,..., 10.
Three values of p are examined: 0.5, 0, and —0.5. The random effects bjg, bj; and within-
cluster errors ejj are mutually independent and follow the standard normal distribution. The
simulation data are generated from (15) with m = 20 clusters and n; = 5 observations for
each cluster. In this example, two cases are examined: (1) g = 2.5, 1 =3.75, fo = 1.5, 7 =
2, and px = 0 otherwise; and (2) o = 2.5, f1 = 3.75, B4 = f5 = fg = —1.25, fg = fg = P10 =
1.75, and po=p3=p7=0.

Based on the criteria of AIC, BIC, and the adaptive model selection, we perform backward
stepwise selection to select fixed-effects covariates in the simulated datasets generated from
each case. The random effects bjg and bjq are forced into each candidate model as we are
examining the performance on selecting fixed-effects covariates. The simulation results are
summarized in Table 1. In the first case, AIC with 4 = 1 selects the highest number of fixed-
effects covariates on average. Because of the large number of incorrectly selected
covariates, the proportion of correct fit (exactly selecting the fixed-effects covariates in true
model, see Zou and Li 2008) by AIC is the lowest. In contrast, BIC has fewer both correctly
and incorrectly selected covariates and produces 0.6 correct-fit rate. Our approach with
flexible data-adaptive penalization parameter in (1), however, acts between AIC and BIC in
terms of correctly selected fixed-effects covariates and performs the best in terms of the
correct-fit rate, the KL loss, and the number of incorrectly selected covariates. It introduces
0.8 correct-fit rate and the lowest averaged KL loss. In the second case, three criteria
correctly identify the true nonzero fixed-effects coefficients. Unsurprisingly, AIC collects
the most incorrect nonzero coefficients, BIC does less than AIC, and the adaptive procedure
collects almost no incorrect fixed-effects covariates.

Example 2 (fixed effects selection for longitudinal data). This simulation example considers
the LMM

30
Yii=(Bo+bio)+Xij1(B1+bi )+2Xij.kﬁk+€ij,
= (16)

which contains one “within-cluster time-covariate” Xjj 1 taking values xj; = (j — 1)/n;, j =
1,--,nj and other 29 covariates Xijj 2, -+ Xij 30. The covariates (Xjj 2, "+ Xij 30)' follow the
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multivariate normal distribution with zero mean and covariance between the k;th and koth
element being p'k17%2! k; ky = 2, 30. Three values of p are considered: 0.5, 0, and —0.5.
The random effects bjg, bj; and within-cluster errors €;; are mutually independent and follow
the standard normal distribution. The simulation data are generated from Model (16) with m
= 20 clusters and n; = 5 observations from each cluster. In this example, two cases are
examined: (1) fg = 2.5, 1 = 3.75, f10 = —f20 = P30 = 1.25, and Sy = 0 otherwise; and (2) So
=25, =375, fp="=Pg =125, f11 == Prg = —1.25, fo1 == fag = 1.25 and B0 =
P20 = P30 = 0.

Based on the criteria of AIC, BIC, and the adaptive model selection, we perform backward
stepwise selection to select fixed-effects covariates to examine the performance of AIC,
BIC, and the adaptive model selection. The random effects bjg and bj; are forced into each
candidate model. The simulation results are summarized in Table 2. In the first case, all
three criteria are able to identify the true covariates. However, AIC adds several incorrect
fixed-effects covariates in the selected model, whereas BIC collects fewer than AIC. The
adaptive procedure achieves exact selection in every simulation replication. Due to the non-
adaptive penalization parameters, AIC and BIC have less than 0.03 and 0.5 correct-fit rate,
respectively. In the second case, the adaptive model selection procedure performs the best
by offering the lowest KL loss and the highest correct-fit rate. BIC performs better than AIC
when correlation coefficient p = 0.5 or p = 0. When p = —0.5, BIC selects much less than 27
fixed-effects covariates in some simulation replications, and therefore dramatically reduces
the numbers of incorrect and correct selected covariates.

Example 3 (random effects selection for clustered data). This simulation example considers
the LMM

10
Yij=(,30+bi0)+in_,'_k(ﬂk+(5kbik)+€ij,
= a7

which contains 10 covariates Xij 1, Xij 10 With possible random effects bj, -+, bj 10.
Whether or not covariate Xjj x has random effect is determined by the corresponding
indicator variable dy, which takes values either 0 or 1. The covariates (Xjj 1, -+ Xij 10)' follow
the multivariate normal distribution with zero mean and covariance between the kyth and
koth element being p'k1=k2! k;, k, = 1, ---,10, where p takes 0.5, 0, and —0.5. The random
effects by, follow a normal distribution with mean zero and standard deviation 0.5, the
within-subject errors e;; follow the standard normal distribution, and bj and e;j are mutually
independent. The simulation data are generated from (17) with m = 10 clusters and n; = 25
observations from each cluster. In this example, four cases are examined: (1) 61 = do = 1,

and Jy = 0 otherwise; (2) J1 = ---=d4 =1, and Jx = 0 otherwise; (3) Jy ==~ =dg =1, and d =
0 otherwise; and (4) 0, = --= dg = 1, and dx = 0 otherwise. Throughout the four cases, the
fixed-effects coefficients are assigned values as Sy = 1.5, 1 =---= f10 = 1.25.

We conduct the best subset search for 10 random effects bj, -+, bj 10. We always include the
fixed-effects coefficients of ten covariates and the random intercept in the candidate models.
The simulation results are summarized in Tables 3 and 4. Our proposed method achieves the
best performance in all cases in terms of the number of correctly selected random effects,
the KL loss and the proportion of correct fit (exactly selecting the random effects in true
model). In Cases 1 and 2, BIC with fixed penalization parameter 1=2.76 selects smaller
number of both correct and incorrect random effects than AIC, and it also produces higher
correct-fit rate. As a comparison, AIC with fixed penalization parameter =1 does much
better than BIC in terms of the proportion of correct fit in Cases 3 and 4, because the large
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number of random effects in the true models prefers relatively small penalties. However, the
adaptive model selection outperforms AIC and BIC in all cases.

Example 4 (covariance structure selection). This simulation example considers the LMM
Yii=(Bo+bio)+X;j(B1+bi1)+€ij, (18)

which contains a “within-cluster time-covariate” Xij 1 taking values xjj = (j —1)/n;, the
random effects bjg and bj; independently following N(0,0.5), and correlated within-cluster
errors that are generated from a mixed autoregressive-moving average (ARMA) model (Box
and Jenkins 1994)

r r
fi,'=Z¢>/1 €j-1, +Zglgai_j_[2 +aij,
=1 h=1

with homoscedastic noise ajj independently following N(O, 0.5), ry autoregressive
parameters g1, and r, moving average parameters fj,. The simulation data are generated
from (18) with m =5 clusters and n; = 50 observations from each cluster. The goal of the
correlation structure selection is to determine parameters rq and rp. Five correlation
structures are examined: ARMA(s,5), s =1, 2, -+, 5. For implementation, ry and r; are
assumed to potentially take values 0, 1, ---, 10. We conduct an exhaustive search for LMMs
with all possible ARMA(rq,r) structures. Throughout the simulation study, o= 1 =1 and
@11 = 012 = 0.5 for any I, and I,. The simulation results are summarized in Table 5. The
proposed procedure yields the best performance in five situations in terms of the KL loss,
the average rq and ry in the selected models, and the proportion of correctly selecting the
true covariance structure. It is evident from Table V that AIC and BIC, with a nonadaptive
penalty, cannot simultaneously perform well for both large and small s.

5 Application: Estradiol Levels in the BioCycle Study
5.1 The BioCycle study

The BioCycle study is an epidemiologic study of menstrual cycle function among healthy,
regularly menstruating women. It was conducted by the Eunice Kennedy Shriver National
Institute of Child Health and Human Development and the State University of New York at
Buffalo from 2005 to 2007. One of the objectives was to study endogenous reproductive
hormone levels and their association with other covariates across the menstrual cycle. The
BioCycle Study followed 259 regularly menstruating premenopausal women from New
York for up to two menstrual cycles. The study population, materials, and methods have
been previously described in detail (Wactawski-Wende at el. 2009). In summary, healthy
women between the ages of 18-44 had to be regularly menstruating (self-reported cycle
length between 21 and 35 days for each menstrual cycle in the past 6 months) in order to
participate. Women with conditions known to affect menstrual cycle function such as
polycystic ovary disease, uterine fibroids, or current use of hormonal contraception (i.e., 3
months prior to study entry) were excluded. Eligible participants visited the study clinic 8
times during each menstrual cycle, at which time fasting serum samples were collected. The
visits were scheduled to occur during specific phases of the menstrual cycle, based on an
approximate 28-day cycle length. Hormones levels, including estradiol levels, and other
biological markers, including insulin and lipoprotein cholesterol levels, were measured from
serum samples collected at each visit. Participants were asked to complete standardized
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questionnaires at the baseline visit on lifestyle, physical activity, and reproductive history.
Dietary intake was assessed four times per cycle using the 24-hour dietary recall
methodology and the Nutrition Data System for Research software version 2005 developed
by the Nutrition Coordinating Center, University of Minnesota, Minneapolis, MN. Physical
and anthropometric measures were done according to standardized protocols and included
height and weight for the calculation of body mass index.

Due to the considerable variability in hormone levels both between women and within a
woman from cycle to cycle, LMMs with random effects and complex within-cluster
covariance structure have typically been used to account for the correlations between and
within women in the analysis of factors associated with hormone levels and menstrual cycle
function (Schisterman at el. 2010; Mumford at el. 2010). One of the challenges during the
data analysis was the demand of precisely selecting covariates in LMMs as well as their
random effects and covariance structure. However, traditional model selection methods for
LMMs have major drawbacks and sometimes fail to identify the associated factors and
correlation structure, which can induce inaccurate prediction of hormone levels and
incorrect interpretation of the association between hormone levels and the predictors. This
motivated us to propose a novel model selection procedure with better performance, so as to
benefit not only the BioCycle study, but also other clinical or epidemiologic studies in the
future that will use LMMs.

5.2 Modeling estradiol levels

One of the hormones that is of particular interest is estradiol, as estradiol is the primary
estrogen secreted by the ovary and the predominant sex hormone present in females.
Estradiol plays a key role in reproductive function, as well as in the development and
recurrence of breast cancer and other chronic diseases. Understanding the factors associated
with estradiol levels may aid in understanding an individual's susceptibility to disease, as
well as offer potential strategies for disease prevention. It has also been argued that
differences in breast cancer incidence between populations could be due to differences in
demographic characteristics associated with estradiol levels. Here we are interested in
identifying factors that are associated with estradiol levels and accessing variation in
estradiol levels both between women and within a women across the menstrual cycle. The
main outcome of interest is the logarithm of estradiol levels as measured in fasting serum
samples in the BioCycle study. Potential biological factors that might influence estradiol
levels include age (Xage), body mass index (Xpm;), race (white, black Xac1, other Xaco), past
use of oral contraceptives (yes or no, Xqc), age at menarche (Xmen), parity (Xpar), marital
status (married/living as married or single/separated/divorced, Xmar), physical activity (low,
moderate Xphy1, high Xpny2), smoking status (ever or never, Xqmo), insulin levels (Xjys), the
logarithm of total cholesterol levels (Xgho), the logarithm of luteinizing hormone levels (X)),
dietary fat intake (X¢51), dietary fiber intake (Xsip), and total energy intake (Xgne). We
consider LMMs that include an intercept and a subset of the 19 covariates: aforementioned
17 covariates plus the standardized cycle day (Xpay) and the quadratic term of standardized

cycle day (X,fay). We allow the intercept, Xage, Xih, Xpay, and X]iy to potentially have random
effects and allow correlated within-cluster errors modeled by ARMA(rq,rp) with rq and ry
possibly taking values 0, 1, - - -, 5.

We implement the best subset selection with AIC, BIC, and our proposed procedure.
Selected fixed effects, random effects, autoregressive parameters, and moving average
parameters by the three selection procedures are summarized in Table 6. Figure 1 shows the
numbers of selected fixed effects, selected random effects, selected autoregressive and
moving average parameters by the information criteria (1) with the penalization parameter 4

changing from 0.1 to 10.0. All three procedures select fixed effects Xage, Xih, Xpays X?;_.,y and
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the intercept. AIC selects three more fixed effects, namely Xyar, Xfin, and Xpny1, while BIC
selects only one more fixed effect, namely X,ny1. The adaptive model selection procedure
with penalization parameter /4 = 2.25, however, selects Xgjp, and Xphy1. The previous
literature scientifically supports the conclusions of the proposed method. In particular, the
lack of association between parity and estradiol is consistent with Westhoff et al. (1996).
Moreover, high fiber intake has been associated with lower levels of estradiol in many
studies (Bagga et al 1995; Gann et al 2003; Goldin et al. 1994) presumably due to a
reduction in S-glucuronidase activity in feces in response to fiber intake, which subsequently
leads to a decline in the reabsorption of estrogen in the colon. For random effects selection,
all three methods select a random coefficient for the intercept. BIC and the proposed method

select an additional random effect for Xiay, while AIC selects additional random effects for

both X?;_.,y and X,. For within-cluster covariance structure selection, the proposed method,
AIC, and BIC select ARMA(1,1), ARMA(2, 2), and ARMA(0,1), respectively. From the
simulation studies and theoretical properties shown in the previous sections, the LMM
selected by the proposed methodology has the best prediction performance and the highest
probability of correct-fit.

6 Discussion

Appendix

Lemmal

In the analysis of biomedical data, LMMs are useful models. For data like hormone levels in
the BioCycle study, linear mixed models provide an attractive framework. Sophisticated
model selection procedures can help LMMs to improve their interpretability and
predictability. This article develops the concept of GDF for LMMs, as well as a data
perturbation estimation procedure of the GDF of LMMs. As a model complexity
measurement of LMMs, the GDF permits adaptive model selection, in which the
penalization parameter is estimated from data. We show the adaptive model selection
procedure approximates the best performance of nonadaptive alternatives within the class
(1) in model selection. We examine performance of the proposed model selection procedure
in fixed effects selection, random effects selection and covariance structure selection.
Numerical examples suggest that it performs well against information criteria with form (1)
in terms of the KL loss and correct-fit rate. As seen from the simulations and theoretical
results, the adaptive model selection has advantages over its nonadaptive counterparts in
LMMs.

We have concentrated on developing the adaptive model selection procedure for LMMs.
The idea of data-adaptive selection can be extended to other models such as survival models
and generalized linear mixed models. Such extension works may require deriving the GDF
and the optimal loss estimators for those models.

The proof of the Theorem 1 is straightforward. Before we present the proof of Theorem 2, a
lemma is presented.

Under the Assumptions (1) and (3) in Theorem 2, the data perturbation estimator ¢(M(4)) of
the GDF of M(%) in Section 3.1 satisfies

lim _lim EG(M()= lim G(M(Q)), ¥ € (0, co).

mni—oor—0+

(19)
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Proof of Lemma 1
First note that the left hand side of (19) is equal to

lim limZZE [ var(Y,/) T (YO (YNY, - E*Y;)]

mni—0or—0+ var* Y*
U Ay iy ( )

Y;:Y;
+ lim llmZZ [var( Vi) cov' ([@u(Y"), Y;; :A)]

mni—007—(0+4 var*(Y i 4

) ) var(Y;;Ya) —var(Yy;Ya)
+m‘1n‘,~‘£‘mlf£iz; ;E [ ar () @Y. Vi)
i=1 jk= ijti

(20)

By the Assumption (3), the last term in (20) can be dropped. By assumption (1) and
dominated convergence theorem, the first term in (20) is equal to

m n;

tim 53 tim £ [ S0 g o0 07|

mni—e0;=1 j =170+ var* (V)

m  n;

= lim 3 3 E xal(Y,o(E*war(YpL,, TV V)

m.n; _)ml—ljlx 1

= lm 3 % E | var(Yio) 5=V )iz (Y)

mn;—00;_ ljk 1

= lim Z Z EL =iV (V) (Vi = EYi).

Moo k=1

Similarly, the second term in (20) is equal to

& var(YiiYin) s 9 = *
lim Z lim E{Var,(y’,yﬁ)E a_y?TO'ijk(Y*)Var (Y; Y,\)

mni—00;— j k= 11'—>O+

= lim Z Z an YAO-UA(Y)(}/'IIYII\_EYIJ}/IA)

mn,—mo,_”,\_

Therefore, (19) holds.

Proof of Theorem 2

Suppose Agpt Minimizes &(&, &viyy) in terms of Agpt = inf) € (0,00) E(X(E dviy))- By the
definition of Zqpt, We have

lim _lim E(Z(, )

m,n;—0or—() M)

= lim lim E
mn—oor—0+

= lim lim E zloap(YFM VW GMQ)) - Q(M(/l))+g(M(/l))]< lim 11mE[ ilogp(Y,*IEm‘U’r‘)+é(ﬁ(/lop,))— GM))+G(M

m,nj—oor—0+ @ nj— 0o —0).
lim lim E ZlOgP(Y[A,,T)+Q(M(/lopr)) Q(M(/lopr))+Q(M(/lopr)) Q(M(/l))'FQ(M(/l))]

mni—ocor—0+
= lim _lim E(.i”(f &, limTim (EG(M(Ap) = GM(Aop))+ lim _lim (EG(M(R) ~ GM(D)
m,n;—007r—0+ mn;—00r—0+

mn;—0or—0+ Ml

zmgp(Y D,_HQ(M(/I))J
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By Lemma 1, limp ni—colim,—o*(E 4(M(Aopt))— $(M(Aopt))) = 0, and limp nicolim,_,o+(E ¢
(M(X) — ¢(M()) = 0. Therefore,

lim lim E(Z(&,&--))= lim lil(])] E(ﬂ(.f,;,i ),

m,nj—cor—0+ ° M) 1,1j— 00T — 7 MQopr)

which implies (13). With Assumption (4), (14) can be further concluded.
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Figure 1.
Numbers of selected fixed effects, numbers of selected random effects, numbers of
autoregressive (AR) parameter and numbers of moving average (MA) parameter, by
information criteria (1) with the penalization parameter 2 changing from 0.1 to 10.0 (grid
length 0.1).
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Table 6

Page 22

Estimated fixed-effects coefficients (the estimated standard deviations in parentheses), estimated standard
deviations of random effects, estimated autoregressive and moving average parameters from selected LMMs

for hormone levels data in the BioCycle study via different methods.

Intercept

Olntercept
ODay
UDayZ
Olh

Oscr

91
92
?3
P4

123

0

Adaptive({ = 2.2500) AIC(4= 1.0000)

Fixed effects coefficients

25995 1137) 2.4953(0. 1262)
0.1558¢,0069) 0.15020,0067)
~0.0042(0.0002) —0.0040(0.0002)
0.25219,0172) 0.25980.0172)
0.0112 (9,0029) 0.0169 (0.0040)

- —0.0494(0.0260)

—0.01090 0041) —0.0111(0.0042)

0.26230 0624) 028110 0629)

Random effects standard deviations

0.2945 0.3013
0.0004 0.0004
- 0.0460

Autoregressive parameters
-0.3163 -0.7187

- —-0.7239

Moving average parameters

0.5730 0.9266
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BIC(/ = 3.7826)

2.4599¢ 0994
0.1572(00070)
—0.0042(0 0002)
0.2502(9,0173)
0.0105 (0.0030)

0.2885(0'0515)

0.2865

0.0003

0.2949
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0, - 0.7172 -
03 - - -
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