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Abstract

A multivariate stochastic volatility model with dynamic equicorrelation and cross leverage ef-
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Carlo algorithm is described where we use the multi-move sampler, which generates multiple
latent variables simultaneously. Numerical examples are provided to show its sampling effi-
ciency in comparison with the simple algorithm that generates one latent variable at a time
given other latent variables. Furthermore, the proposed model is applied to the multivariate
daily stock price index data. The model comparisons based on the portfolio performances

and DIC show that our model overall outperforms competing models.
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1 Introduction

Over the last several decades, various multivariate volatility models have been proposed
to model asset returns with time-varying variances. Two popular examples are general-
ized autoregressive conditional heteroskedasticity (GARCH) models (Bauwens, Laurent, and
Rombouts (2006)) and multivariate stochastic volatility (SV) models (Asai, McAleer, and
Yu (2006), Chib, Omori, and Asai (2009)).

They are proposed to model the volatility clustering and the dynamic correlations, which
are found to exist in empirical studies of financial time series (Bauwens, Hafner, and Laurent
(2012)). Dynamic conditional correlation (DCC) models (Engle (2002)) and BEKK models
(Engle and Kroner (1995)) are such widely used multivariate GARCH models. They simplify
the multivariate covariance structure since there is an increasing difficulty in estimating too
many parameters for dynamic correlations for high dimensional data. To overcome the diffi-
culty, Engle and Kelly (2012), Vargas (2009), Jin and Tang (2009) and Clements, Coleman-
Fenn, and Smith (2011) proposed the dynamic equicorrelation (DECO) model, which is based
on a DCC model with all correlations equal but time-varying. Making reference to Elton
and Gruber (1973), they argue that the dynamic equicorrelation assumption gives a superior
portfolio allocation. In a Bayesian context, Ledoit and Wolf (2004) proposed the covariance
matrix estimator obtained by shrinking the sample correlation matrix to an equicorrelated
matrix for the purpose of the portfolio optimization. Hafner and Reznikova (2012) applied
the shrinkage methods to the DCC models and improved the estimation results of the DCC
model. Lucas, Schwaab, and Zhang (2012) proposed the dynamic generalized hyperbolic
(GH) skew-t-error model with generalized autoregressive score (GAS) equicorrelation struc-
ture. For an asset allocation, an equicorrelated factor model is sometimes considered as a
mean of dimension reduction (e.g., McNeil, Frey, and Embrechts (2005)).

In volatilities of stock returns, we often observe the asymmetry or the cross leverage effect,
which implies a decrease in the i-th dependent variable at date ¢ followed by an increase in
the j-th latent stochastic variance at date (¢ + 1). The simple univariate SV model with

leverage effect is given in a state space form as:

Yt =m+ exp(ht/Q)Et, t=1,...,n, (1)

ht+1:ﬂ+¢(ht_/j’>+77t7 t:17"'7n_17 (2)



hy ~ N(M’ 1_(252)7 (3)

() ~(6)-G ) @

9l <1, (5)

where y; denotes a (univariate) asset return, h; is a log-variance of y;. The negative value of ¢
implies the existence of the leverage effect. It can be extended to the multivariate SV model
with cross leverage effect (Danielsson (1998), Asai and McAleer (2006), Asai and McAleer
(2009), Chan, Kohn, and Kirby (2006), Ishihara, Omori, and Asai (2011), Ishihara and
Omori (2012) and Nakajima (2012)). The major difficulty in constructing such multivariate
models is to make the covariance matrices positive definite, especially when some dynamic
correlation structure between the asset returns is incorporated. It is desirable to model the
dynamic covariance structure as simply as possible since the parameter estimation becomes
difficult in the sense that there are too many latent variables to be integrated out analytically
to obtain the likelihood function.

In this article, we propose the multivariate SV model with dynamic equicorrelation and
cross leverage effect (DESV model) and describe an efficient Bayesian estimation using the
Markov chain Monte Carlo (MCMC) method to generate the latent stochastic volatilities and
dynamic equicorrelation from the posterior distributions. As discussed in Shephard and Pitt
(1997), Watanabe and Omori (2004) and Omori and Watanabe (2008), we divide all latent
variables into several blocks and generate one block given other blocks (multi-move sampler
or block-sampler). This is known to be more efficient than the simple single-move sampler,
which draws the single latent stochastic volatility (the single dynamic equicorrelation factor)
at a time given the other latent variables and the parameters. It means that we only need
to generate a fewer number of MCMC samples to estimate the posterior distribution of the
interested parameters.

The rest of this article is organized as follows. In Section 2, we propose the multivariate
stochastic volatility model with dynamic equicorrelation and cross leverage effect. Section
3 describes an efficient Bayesian estimation method for the proposed model using a multi-
move sampling method. A single-move sampling method that is simple but inefficient is also
described as a benchmark. In Section 4, we illustrate our estimation method using simulated

data and show that our MCMC algorithm is efficient. Section 5 applies our proposed DESV



model to the trivariate asset return data based on industrial sector indices of TOPIX (Tokyo

stock price index). Section 6 concludes this article.

2 Equicorrelation model

2.1 Equicorrelation matrix

Suppose that a p-dimensional random variable has an equicorrelation structure where the

P X p equicorrelation matrix takes the form

L p p
ol )
p ... p 1
=(1—p)I,+ pJp, (7)

I, is a unit matrix of size p, and J, = 1101;7 (1, denotes a p-dimensional vector with all
elements equal to one). The matrix R is positive definite if and only if p satisfies the condition
—(p—1)"! < p < 1. Tt is noted that the lower bound of p is depending on p, that is, as
p becomes larger the lower bound approaches to zero. The determinant and the inverse are
given by

Rl = (1= p) {1+ (p— 1)p}, (8)

_ 1 p
R1:<I—J>. 9

We note that the eigenvalues of R are 1 — p (multiplicity p — 1) and 1+ (p — 1)p. The
eigenvector & = (1, ...,x,) associated with 1 — p satisfies the condition Y ?_; z; = 0, while
the eigenvector associated with 1+ (p — 1)p satisfies the condition z1 = --- = x,. Thus the

spectral decomposition of R is given by
R={1+(p—Dptriri + (L = p)rary + -+ + (1 = p)rpr),

where 7rq,...,7, are the associated orthonormalized eigenvectors.

Let Rp = diag{1+(p—1)p,1—p,...,1—p} and Ro = (r1,...,7,). Then, R = RoRpRy,
and we denote R'/? = ROR}:)/2 where R}D/z = diag{(1+ (p—1)p)Y/2, (A —p)'/2, ... (1—p)'/?}.
Alternatively we could decompose as R = R.R. (e.g., Choleski decomposition), but the
spectral decomposition is advantageous in that it does not depend on the order of the random

variables in the vector.



2.2 Multivariate SV model with dynamic equicorrelation

Let y: = (yit,---,Ypt)" denote a p-dimensional asset return vector at time ¢ (¢ = 1,...

).

Let my = (mag, ..., mp)" and hy = (hyy, . .., hy)' denote p-dimensional vectors of unobserved

variables and g; an unobserved variable. We consider the multivariate SV model given by

Y = My + ‘/;1/2615, € ~ Np(Op,Rt), t= ]., o,y

ht+1 =pn+ (I)(h‘t - /J’) + e, M~ Np(0p79)7 t= 17

h’l =H + Mo, 7o ~ Np(Opvgo)a
g1 =7 +0(ge — )+ &, ¢~ N(0,0%),
g1 =7+, ¢ ~N(0,0%/(1—6%),

M1 = My + Nint, ’r’thNp(Opan)’ tzlv"'an_la

mi = Mmo, Tmo ™~ Np(opa ’in)7

where 0, is a p-dimensional zero vector,

Vi = diag{exp(hit),...,exp(hp)}, t=1,...

Rt:(l—Pt)Ip+Pth, t:1,...,n,

= 7exp(gt) 5 = ]_, e ,TL,
exp(gs) + 1
M= (Mla B 7/'Lp)/7
¢ = diag(¢1,...,¢p),
Q= diag(w?, . . .. ,w?np),
_1
(Rtn2€t> ~ Nop(09p, ), t=1,....n—1,
¢

(L,
v=(6 7).

’n7

(24)

and g, the covariance matrix of the initial latent variable hi, satisfies the stationary condi-

tion Qp = ®QyP + Q2 such that

vee(Qo) = (L2 — @ ® @) 'vec(Q).

(25)

We also set Var(g1) = 02/(1 — 62), the variance of the initial latent variable g;, for assuming

the stationary condition and set x, the variance of the initial latent variable m;; (j =



1,...,p), equal to some large known constant. The latent vector, h;, is a vector of log-
variances of the returns, and the latent variable, g, is the transformed equicorrelation of y;.
For the identifiability, we set the diagonal elements of the covariance matrix of €; equal to 1.

Notice that we define p;, t = 1,...n, so as to take values on the unit interval, (0,1). As
shown in the previous subsection, the equicorrelation matrix R; is positive definite if and
only if p; is in (—(p — 1)71,1). It means that as p becomes large, the negative region of the
parameter space becomes smaller. Therefore it is reasonable to restrict the parameter space
of p; to the positive region so that the parameter space is independent of p.

We assume, for simplicity, that {m}}" ;, the latent sequence of the expectations of y;, ¢ =
1,...,n, follows a simple random walk. Empirical studies suggest that the expectation of the
asset return is nearly 0 in most cases (e.g., McNeil, Frey, and Embrechts (2005)), but it is
practically important to include non-zero asset means especially for portfolio optimizations

as we shall see in Section 5.3.

3 Bayesian estimation

3.1 Priors and posterior densities

For prior distributions of {u,~, ®,0, 02, O}, we assume that

p ~ Np(mpuo, Suo), (

7 ~ N(mao, 530), (
(63 +1)/2 ~ Be(ag, b,), 5 =11, -
(9-+ 1)/2 ~ Be(as, by). (
0?2 ~ 1G(v20/2, Br20/2), (

( (

wi, ~1G(m0/2, Bmyo/2), G=1,...,p,

where Be(a,b) denotes a beta distribution with parameters a,b and IG(«, 3) denotes an

inverted gamma distribution with shape parameter o and scale parameter 5. For a prior

B \IIH \1112
vl = <\1,21 \1,22> )

distribution of ¥, we let



where W W12 and W22 are px p matrices, respectively. Noting that Ul = Ip+\1112(\1’22)_1\1121,

we assume

U2 ~ Wp(no, So), (32)

T2 W22 o Ny (T2 A0, Ag @ T22), (33)

where W(n, S) denotes a Wishart distribution with parameters (n, S).

Then, the joint posterior density function is

F@O ety {ge e {me iz {ye i)

o 7(9) X exp (Zz) il b exp { — 31— 05" - )}

n—

n—1
_n-1 1 _
<105 oxp | = 5 Yo thesr = Bl )0 (B — = 00— )]
=1
o’ 172 (91 - ’7)2 2y— L Z?:_f{gtﬂ —(1—=0)y— Qgt}Q
“\1-e2 XD T g2 gy <) T e | - 202
1 —1 1 nol
X exp < — 2Hmllml) X |Qm| 2 exp{ ~3 (M1 —my)'Q,,, (M1 — mt)}, (34)
=1
where
Lr—3.-3% 1o-1 !
b= =3[RV e = mo) = QQ  huw — = 0y — )
11
x (I, - QU 'Q) "R, 2V, *(yr — mu) — Q' QA H{hyy1 — p— ©(hy — p)}
1 _ 1
=5 log{(1 = p)P (1 + (p = Do)} = 5350 hyes (35)

and ¥ = {“7 Y, q>7 97 Qv Q: 027 Qm}
We implement the MCMC algorithm in twelve blocks:

1. Initialize {h¢}7 1, {g: )1y, {me}iy, 11,7, ®,0,9Q,Q, 02, Q.

[\)

. Generate “Hyt}g:l’ {ht}?:p {gt}?:la {mt}?:h ?,0,Q.

w

. Generate 7| g}y, {90}y, 0, 02

4. Generate (I)Hyt}?:la {ht}?:p {gt}?:lv {mt}?:la K, Qv Q

ot

. Generate O|{y:}7_y, {9t}i=1,7,0°



6. Generate Q, Q{y:}71, {he )i, {ge )iy, {me iy, 11, .
7. Generate o2|{y:}1 1, {gt}7 1,7, 0.
8. Generate Qp, [{y:}1q, {me}] .
9. Generate {h;}_i[{ye iy, {ge}ir, {mu}ii, . .9, Q.
10. Generate {g:}p—y [{ye}roy, {he} oy, {muioy, 1,7, 2, 60,9, Q, 0.

11. Generate {mt}?leyt}?:l? {ht}?:lﬂ {Qt}?:p K, P, Q? Q7 Q’m'

12. Go to 2.

3.2 Generation of latent variable {h,}}

3.2.1 Single-move sampling method

A simple sampling method for {h;}}" , is a single-move sampler that draws a single latent
variable h; at a time given the other h;’s and the parameters. The other method is a multi-
move sampler that draws multiple h;’s simultaneously. A single-move sampler is simpler than
a multi-move sampler, but a multi-move sampler is known to be more efficient (Shephard
and Pitt (1997), Watanabe and Omori (2004) and Omori and Watanabe (2008)). As a
benchmark, we first describe the single-move sampling method. The conditional posterior

density of h; is

(hy — mht)/sﬁtl(ht - mht)},
(36)

s ()i, (oY ()i 9) o o) s { = 5

where

Spe = {®Q710 + (2 - QQ") 1},

Mht = Sht [ - %110 + @ H{hi — (I, = ®)p} + (2 — QQ) H{u+ ®(hi1 — p) + tal}] :
g(ht) = exp [ - %[zt — QU Hhpy — p— 0(he — )} (L, - QQ'Q)!

e QU Yhi1 — p— O(hy — )},

zp = 3;1/2‘/1:1/2(% —my).



We propose a candidate hI]{hS}_t, {ye e g e, {mu iy, ¥ ~ N(mp, Spe) and accept it
with probability min][1, g(h;r )/g(h¢)] using Metropolis-Hastings (MH) algorithm, where h; is

a current value.

3.2.2 Efficient multi-move sampling method

A simulation smoother, an efficient sampler for the state variables was proposed by de Jong
and Shephard (1995) and by Durbin and Koopman (2002) for the linear Gaussian state space
model. However, such a simulation smoother cannot be applied directly to our nonlinear
model. As discussed in Shephard and Pitt (1997), Watanabe and Omori (2004) and Omori
and Watanabe (2008), we approximate the nonlinear Gaussian likelihood function by the
linear Gaussian likelihood function and implement the MH algorithm.

In this algorithm, we first divide {h;}}_; into K + 1 blocks, (hg,, ,+1,...,hg,), m =
1,...,K with kg = 0, kx4+1 = n, ki — ki—1 > 2, using stochastic knots k,, = int[n(m +
Un)/(K + 2)], where Up,’s are independent uniform random variables on (0,1). Next, we
generate (hg,, 41, .-, hg,, ) given other blocks by generating (ﬂkm—17 . ,ka_l), where n, =
012,

The conditional posterior density of n = (ﬂ’s e ’Q/s +r_1)’ is given by

fmg-om Hydis b hopga, {ge iy, {ma ey, 9)
s+r s+r—1
o [ [ F@ielbe, {giYicr Amadics, ®) T Fml9) X (F (Bsiria|sir, ) ssrsnt
t=s

t=s
1 s+r—1
X exp <L -5 Z n;nt>,
t=s
where

s+

1 _
Z Iy — Q{herr‘Jrl — (Ip — ®)p — Physyr 'O l{hs+r+1 — (Ip — ®)p — Phyy,}
t=s

L= if s+r<mn,

n

th ifs+r=n.
t=s

Using Taylor expansion around the conditional posterior mode of = (Q; ey ﬂ/s +7“—1)/ ,

we approximate L and construct a proposal density (linear and Gaussian state-space model)

as



log f(m, - m .,y 1hss hstri1, Ys, o Ystr)

s+r—1 2
1 , . 0L . 1 N 0°L .
~ L= = L+ — — —(n—n)El —— —
const. =3 2w F LGl o)+ () ( anW)‘ (n-1)
s+r—1 ) . N A 1 . aQL .
= IOg f*(ﬂ57 .. 7Q8+r_1‘h87 h8+7‘+17y57 ey y8+7’)7
where h = (b ,...,h} )" and
d=( 'S+1,...,d;+T)/, dy = OL/0Ohy, (37)
At Bg+2 O cee O
Bt As+2 B;+3 0
0’L . .
-E hon ) — O  Bsig Asgpz - S (38)
L B,
) e ) Bs+7‘ As+r
O’L
A= —-E| ——— ), t= 1,...
t <8htah2>7 S+ y ,S+T, (39)
B— p( ZL o +2 47, Boyr1 = O (40)
t = ahtahé_l , L=2S8 yeeey S r, s+1 =

(see Appendix A.1 for the derivation of d;, Ay, B). We generate {n ; str=1in two steps:

Step 1 (Disturbance smoother).
(a) Initialize N, t=s,...,5+r—1L
(b) Compute di, Ay, By, t=s+1,...,s+r. (dy, Ay, By evaluated at ﬁt)
(¢c) Fort=s+2,...,s+r, compute
Cy = Ay — BiC By, Coy1 = Ay, Cp = FiF],
My = BiF'[ Y, Myyy =0, Myiri1 = O,

by =d; — MF b1, bsy1 = dsi1.

(d) Fort =s+1,...,s+r, define
Gr =5+ Cr by, A =hy + F{_IM{Hibtﬂ-



(e) Consider the linear and Gaussian state-space model:

Yt = Ziht + Grug,
hiy1 = (I, — ®)p + ®hy + Hyuy,
Zy = I, + F"'M| ., ®, Gy = F{"'[I,, M/,,chol(Q)],

H; =[O, chol(92)].

(chol(£2) denotes Choleski decomposition of §2.)
(f) Apply Kalman filter and disturbance smoother (Koopman (1993)) and update 7.
(g) Go to (b) until ) converges to the mode.
Step 2. (a) Update 1 using the disturbance smoother and find a linear and Gaussian state-
space model (41)-(44).

(b) Generate n' ~ f* (the linear and Gaussian state-space model) using Kalman filter
and simulation smoother (de Jong and Shephard (1995) or Durbin and Koopman
(2002)). Conduct Accept-Reject MH (AR-MH) algorithm (Chib and Greenberg
(1995)).

3.3 Generation of latent variables {¢;}} ; and {m,}},

We consider the two following sampling methods for {g¢:}}"; corresponding to the last sub-

section.

Single-move sampling method. Generate g; given {gs}—¢, {ye}iq, {Pe}1q, {m+}}_1, 9 using

a random walk MH algorithm for t =1,...,n.

Multi-move sampling method. We divide {g:}}; into K + 1 blocks using stochastic knots
and generate one block given other blocks using the block sampler as mentioned in the last

subsection. See Appendix A.1 for the derivation of d;, A; and Bs.

We generate all of m;’s simultaneously using a simulation smoother (de Jong and Shep-

hard (1995) or Durbin and Koopman (2002)).

10



3.4 Generation of u,v,®,0,0% O,

Generation of p. The conditional distribution of p is
Y i {he bz {9t i, {ma i, ©,9Q, @ ~ N(my, Sp), (45)
where
Su=1{Su + Q' + (= 1), - ©)(Q - QQ) (L, - ®)} (46)

n—1
m, = Su{Su&muo + Q5+ (I, = ) (2= QQ) D (hyyy — hy — ta)}.
t=1

Generation of ~v. The conditional distribution of ~ is

Wyt {ge} i1, ,0° ~ N(my, 57), (47)

where
2 ={sd+1—-0"0"7+(n-1)(1-0)c 2} (48)
my = 85 850my0 + (1= 6%)o g1 + (1 — 0 {th Hzgt}] (49)

Generation of ®. The conditional posterior density of ¢ = ®1,, is given by

FOHY s Ui (oY, (el is, 0, 9,Q) o 9(8) xexp { - (8- ma) 5,1 (9 m) |
()

where

n—1 —1
S ={ (he — 1) (s — w)) © (Q—QQ’)‘l} , (51)

1

n—1
(mig)i = {(Q—QQ") (her1 — = Qz)(he — )/}, ;, mg =S5 mug,  (52)
t=1

L ! 1
— Hﬂ'((bj) X ’Q0|_§ eXp{ — 5(’11 — [J,)/Qal(hl — [J;)}, (53)
j=1

and ® denotes Hadamard product. Generate a candidate from a truncated normal distribu-
tion over the region {¢;|¢;| < 1, i —1,...,p}, ¢’ ~ TN(_1,1y(mg, Sg), and accept it with
probability min[1, g(¢7)/g(e)]-

11



Generation of 6. The conditional posterior density of 8 is given by

F O {0 7. 0) ox g(60) x exp { - Qigw - ma>2}, (54)
where
n—1 -1 n—1
$=o{ Yo -2} mo=sF Y o~ o) (55)
t=1 t=1
N2
g(0) = m(0) x (1 —6%)1/2 exp{ — M} (56)

Generate a candidate 07 ~ TN(_1,1)(1ng, 53) and accept it with probability min[1, g(0")/g(0)].

Generation of 0. The conditional distribution of ¢ is

UzHyt}?:h {gt}?zla Y, 0~ IG(@021/2, 5021/2)7 (57)

where a,2; = a,2g +n and

n—1
By21 = Bo20 + (91 — ’7)2(1 - 92) + Z{Qtﬂ -7 —0(g — ’Y)}Q‘ (58)
t=1
Generation of Qyp,. The conditional distribution of wznj, j=1,...,p,is
Wi, {yeHers fmad iy ~ 1G(im;1/2, Bimj1 /2), (59)

where Qi1 = Qmu0 +n—1 and

n—1
Bt = Bmyo + > (mjer1 —mye)*. (60)
t=1

3.5 Generation of (2, @)

The conditional posterior density of W!? and ¥?? is given by

f(\I/12> \Ij22|{yt}?:1a {ht}?:p {gt}?zlv {mt}?:h H, (I))

n—1

o [ f(zemil®) x w(@?, 0?2)
t=1

1, S 1
x |Qo\71/2 exp ( - 577690 1770) X \\1’22|( 1-p—1)/2 exp{ — §tr(S1 1\1122)}

1
X ‘@22’—17/2 exp |:— §{V6C(\I/21 - \:[122A1)}/(A1 X ‘;[/22)_1V6C(\I/21 — \P22A1):| (61)

12



(see, e.g., Gupta and Nagar (2000) and Ishihara, Omori, and Asai (2011)), where
ni=ng+n—1, 8 = (55" +Za2 + Aoy AL — AjATTAD T (62)
A=Ayt +E10)7Y A= (=B + AgAg DA, (63)
- n—1 /
-2 2)-%0)G) ®

We generate a candidate ¥ in three steps:

[1]
[11 [1]

1. Generate (¥22)T ~ W(nq, S1).
2. Generate (U21)T|(U22)T ~ Ny, (U22)TA1, Ay @ (U22)1).

3. Compute Qf = —((¥2)NH~L@2H Qf = (¥2)H)~1 + QT (QT) and accept ¥ with

probability

min

1 1 _ 1 1 _
17eXP{ T 9 log \QI)\ - 5”6(98) 1770 + 5 log [ + 577690 1770}] .

4 Illustrative example using simulated data

This section illustrates our proposed DESV model using simulated data. We consider a
trivariate case (p = 3) and investigate the efficiency of our multi-move sampling method in
comparison with the single-move sampling method. Using the following parameters based on

our empirical studies in Section 5,

ps =03, v, = 1.7, &, = 0.97I3, 0, = 0.97, 2, = 0.015I5 + 0.015.5,

Q. = (—0.1 x 13,03,03), 02 = 0.05, Qs = 0.00113,

we generate 2,000 observations (n = 2000). For prior distributions, we assume

1
p ~ N(ps, 10013), v ~ N(74, 100), ¢’; ~ Be(20,1.5), i =1,2,3,
0+1 ) 5 302\ 5 3w\
—5 ~ Be(20,1.5), o ~IG<2,2 ; Wi, ~ 1G 35 )= 1,2,3,

T2 ~ W(6,6710), 2?2 ~ N3y3(0, 1013 @ U22),

We set k = 10. Using the single-move sampler, we generate 200,000 MCMC samples after

discarding the first 10,000 samples as the burn-in period. Also, the multi-move sampler is

13



Table 1: Posterior means, 95% credible intervals, p-values of convergence diagnostic test and

inefficiency factors.

True Mean 95% interval ~ CD IF

(m-move) (s-move)

1 0 -0.062 (-0.433, 0.322) 0.065 3.9 31.2

142 0 -0.055 (-0.372, 0.277) 0.393 5.9 56.2

3 0 0.094 (-0.134, 0.331) 0.460 11.2 137.2

vy 1.7 1.597  (1.319, 1.873) 0.226 8.4 173.5

01 0.97 0.979 (0.966, 0.989) 0.280 46.7 145.0

®2 0.97 0.976 (0.962, 0.988) 0.212 50.7 140.8

3 0.97  0.966 (0.948, 0.981) 0.616 98.8 467.5

0 0.97  0.959 (0.935, 0.978) 0.130 73.6 787.7

Q11 0.03 0.028 (0.018, 0.042) 0.264 136.2 627.2

Qo1 0.015 0.011 (0.004, 0.019) 0.509 128.1 843.8

Q31 0.015 0.015 (0.006, 0.024) 0.320 147.2 1006.0

Qa2 0.03 0.025 (0.016, 0.037)  0.560 137.3 412.8

Q32 0.015 0.011 (0.004, 0.019) 0.980 135.9 496.4

Q33 0.03 0.027  (0.016, 0.041) 0.431 172.4 771.2

Q1 -0.1 -0.065 (-0.094, -0.035) 0.333 69.0 308.7

Q21 -0.1 -0.062 (-0.092, -0.034) 0.953 89.4 365.9

@31 -0.1 -0.081 (-0.111, -0.051) 0.555 87.2 367.4

Q12 0 -0.008 (-0.042, 0.026) 0.215 86.3 237.2

Q22 0 -0.007 (-0.041, 0.030) 0.016 105.2 554.2

Q32 0 -0.016 (-0.050, 0.019) 0.380 96.4 625.0

Q13 0 -0.006 (-0.044, 0.031) 0.038 99.4 108.0

Q23 0 -0.030 (-0.065, 0.004) 0.360 106.6 177.6

Q33 0 -0.008 (-0.041, 0.028) 0.135 91.6 319.2

o? 0.05 0.051 (0.029, 0.078) 0.213 133.7  1098.0

w2, x 10 1 0897  (0.502, 1.419) 0.881 112.5 97.8

w2, x 103 1 0695 (0.391, 1.110) 0.776 110.9 218.5

way, % 10 1 0838  (0.497,1.341) 0.758 115.4 176.6

The maximum IF’s are indicated in bold type.
Table 2: Inefficiency factors.

(m-move)  (s-move) (m-move) (s-move) (m-move)  (s-move)
h1,500 35.8 331.2 | h1,1000 8.2 313.9 | h1,1500 43.9 966.5
ha 500 37.5 453.5 | h2,1000 15.4 376.0 | h2 1500 46.4 697.7
h37500 31.5 424.9 h3,1000 15.2 488.3 h3,1500 73.5 1138.7
9500 18.7 811.0 | g1000 8.7 330.4 | g1500 33.0 1396.9
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used to generate 40,000 MCMC samples after discarding the first 5,000 samples as the burn-in
period. We set the number of the blocks to 301 (K = 300) based on several trials.

Table 1 reports the true values, posterior means, 95% credible intervals, p-values of con-
vergence diagnostic test (CD) by Geweke (1992) and estimated inefficiency factors (IF'). The
inefficiency factor is defined as 142372, p(g), where p(g) is the sample autocorrelation at
lag g. This is interpreted as the ratio of the numerical variance of the posterior mean from
the chain to the variance of the posterior mean from hypothetical uncorrelated draws. The
smaller the inefficiency factor becomes, the closer the MCMC sampling is to the uncorrelated
sampling.

The posterior means are all close to the true values, which suggests that our proposed
algorithms work well. All p-values of convergence diagnostic (CD) tests are greater than 0.01,
suggesting that there is no significant evidence against the convergence of the distribution
of MCMC samples to the posterior distribution. The inefficiency factors for the single-move
sampler (the maximum is 1098.0) are larger than those for the multi-move sampler (the
maximum is 172.4). Further, Table 2 shows inefficiency factors for the latent variables hy
and g¢, t = 500, 1000, 1500. For h; (g¢), t = 500, 1000, 1500, the inefficiency factors for the
single-move sampler are about ten (forty) larger times than those for the multi-move sampler,
which suggests that our proposed multi-move sampling method is efficient compared with

the single-move sampling method®.

5 Empirical study

5.1 Data

This section applies our proposed model to returns of subindices of Tokyo stock price index
(TOPIX) — three industrial sector indices: (1) Machinery, (2) Electric Appliances and (3)
Precision Instruments. The sample period is from January 4, 2005 to December 28, 2012
(1964 observations in total). The asset return is calculated as y; = (logp; — logpi—1) x 100,
where p; is the asset price at time t. Figure 1 shows the time series plot of the three returns.

The trajectories are relatively similar to each other, so it is expected that the equicorrelation

'The acceptance rates for {h;}? ; and {g:}7_, are 0.643 and 0.803 using the multi-move sampler
and 0.748 and 0.615 using the single-move sampler. The elapsed time for the simulation using the
multi-move (single-move) sampler is 3.00 (0.23) hours per 10,000 iterations with Intel Core i7 3970X
Extreme Edition (3.5GHz).
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parameters are estimated to be positive.

20 TOPIX(Machinery)
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Figure 1: Time series plot of TOPIX.

5.2 Estimation results

Using the same prior distributions for the parameters as in Section 4, we implement the
MCMC algorithm to conduct a Bayesian inference on the parameters of interest. We generate
100,000 MCMC samples from the posterior distributions of the parameters in the model after
discarding the first 10,000 samples as the burn-in period.

Table 3 reports the summary of the estimation results. Figure 2 shows the posterior
means of exp(h;./2), square root of the estimated time-varying variances and p;, the dynamic
equicorrelation of y;.

The posterior means of y;’s are similar and the levels of the volatilities are not different
from one another. We also find that the posterior means of the diagonal elements of () are
similar and it is consistent with the observed fluctuations shown in Figures 2. The credible

intervals of off-diagonal elements of {2 are positive and do not include zero, which means that
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Table 3: Posterior means, 95% credible intervals, p-values of convergence diagnostic tests
and inefficiency factors.

Mean 95% interval CD IF

n 0.767  (0.478,1.040) 0.002 28.6
12 0.614  (0.268,0.939) 0.796 17.3
3 0.683  (0.375,0.973) 0.219  33.1
v 1.724  (1.491, 1.946) 0.016 19.4
b1 0.971  (0.959, 0.982) 0.618 450.1
b2 0.978  (0.968, 0.987) 0.104 476.0
b3 0.976  (0.965, 0.985) 0.970 360.3
0 0.943  (0.897,0.975) 0.013 315.7
Q11 0.030  (0.020, 0.043) 0.502 259.7
Qo1 0.027  (0.018, 0.038) 0.252 269.9
Q31 0.026  (0.017,0.037) 0.794 239.9
Qoo 0.025  (0.016, 0.037) 0.121 393.0
Q39 0.024  (0.015, 0.035) 0.394 351.9
Q33 0.024  (0.015, 0.036) 0.890 422.6
Qu -0.108 (-0.138, -0.080) 0.839 262.0
Q21 -0.086 (-0.113,-0.060) 0.045 240.7
Q@31 -0.084 (-0.110, -0.059)  0.095 193.0
Q12 -0.015  (-0.039, 0.012) 0.396 186.7
Q22 -0.005  (-0.032, 0.021) 0.209 368.1
Q32 -0.002  (-0.029, 0.024) 0.895 372.8
Q13 0.008  (-0.026, 0.043) 0.366 178.3
Q23 0.004  (-0.031, 0.039) 0.838 582.5
@33 -0.014  (-0.047, 0.019) 0.496 255.9
o? 0.061  (0.028,0.111) 0.011 361.1
wz, x10% 0.261  (0.131, 0.486) 0.856 166.0
wZ, x10% 0.205  (0.110, 0.364) 0.102 130.0
w2, x 10° 0.224  (0.118, 0.408) 0.049 250.8

unobserved volatilities are correlated positively each other.

The posterior means of autoregressive coefficients (¢;’s) are very high (over 0.97), which
shows that the log volatilities follow highly persistent processes. In addition, the top three
panels of Figure 2 indicate the comovement of the volatilities. The trajectories sharply
increased in September 2008, corresponding to the financial crisis during which Lehman
Brothers filed for Chapter 11 bankruptcy protection (September 15, 2008). We also observe
the increase in March 2011, resulted from Tohoku Region Pacific Coast Earthquake.

The posterior means of autoregressive coefficient () is very high and the equicorrelation

parameter is highly persistent, too. The bottom panel of Figure 2 shows that the equicor-
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Figure 2: Posterior means (solid lines) and 95% credible intervals (between the two outmost
dotted lines) of square root of the variances and the dynamic equicorrelation.

relation parameter varies at a high level (far from zero) and greatly, which means that it is
time-varying and far from constant.

The posterior probability with which Q)11 is negative is over 0.975 and this is similar for
Q21 and Q31. The 95% credible intervals of the other elements of () include zeros. As stated
in Section 2, @) is the covariance between z;, the transformed error term in the observed
equation of our model and 741, the error term in the state equation fort =1,...,n—1. To
verify the existence of the cross leverage effects, we should transform @ using R; and 2 to
obtain the posterior means of the (time-varying) correlations between €; and 7.

Figure 3 shows the posterior means of dynamic correlations between the return of i-th
asset at time ¢ (y;¢) and the j-th log variance at time ¢ + 1 (hj+y1). Their trajectories are
negative and far from zero, which indicates the existence of the cross leverage effect.

We note that the leverage effect of asset 1 is the strongest (the mean is —0.617) and

the leverage effect of asset 3 is the weakest (the mean is —0.492) among the cross leverage
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Figure 3: Posterior means (solid lines) and 95% credible intervals (between the two outmost
dotted lines) of correlation of (yit, hj¢+1)-

effects. In addition, the correlations between yi; and hg 41 is apparently weaker than the
correlations between yo; and hy¢41. It indicates that cross leverage effects from asset ¢ to j,
i # j, are not symmetric.

In conclusion, using our multivariate DESV model, we can therefore detect the volatility
clustering, the dynamic equicorrelation and the cross leverage effects of the three subindices.

Figure 4 shows the posterior means of the expectations of the asset returns. We find
that the 95% credible intervals include zero at almost all of the time points as expected. It
seems to fluctuate slowly, which is consistent with the small values of the variances (w?nj ’s)
reported in Table 32.

Note that the acceptance rates for {h:}}"; and {g:}}; in the independent MH algorithms
are 0.645 and 0.791, respectively. It indicates that the generated candidates are accepted with

relatively high probability and our sampling algorithm works well.

2Although the estimation results of w?nj ’s may be affected by the selection of hyperparameters of the
corresponding prior distributions, the posterior estimates of other parameters are not affected.
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Figure 4: Posterior means (solid lines) and 95% credible intervals (between the two outmost
dotted lines) of the expectations.

5.3 Model comparison

This subsection conducts a model comparison of our proposed model and the competing
models based on forecasting and the DIC (Spiegelhalter, Best, Carlin, and van der Linde
(2002)).

Forecasting. In modeling time-varying variances of asset returns, it is important to forecast
the future covariance matrices of the time series for the financial risk management. To
evaluate such a forecasting performance, we conduct out-of-sample covariance forecasts and
give the minimum variance portfolios. It has often been implemented to investigate such
a forecasting performance by the well-known mean-variance optimization (e.g., Luenberger
(1997)).

Suppose that E(yi11|F:, ) and Var(y:yi1|F:,9) denote, respectively, the conditional
mean and covariance of a p-dimensional vector y;11, the asset return at time ¢ 4 1, given
Fi, the information at time ¢, and 9. In this study, we make two hedge portfolios: a global
minimum variance (GMV) portfolio and a minimum variance (MV) portfolio. The GMV

portfolio weights (w) are obtained as the solution to the problem:

min w'Var(y41|F, 9)w s.t. w'l, = 1. (65)
w
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We set the MV portfolio weights (w) as the solution to the problem:
min w'Var(y;1|F, 9)w s.t. w'l, =1 and w'E(ye+1|F:, 9) > qo, (66)

where qg is the target value. It indicates that we make the expected returns exceed qq for

this case. The optimal weights are given by

1 _

WweMvV = 5Var(yt+1|}"t, ’19) llp’ (67)

c— qob _ goa — b _
wyry = — 22 Var(y,1|F,9) 11, + ﬁV&r(yHﬂ}}, 9) 'E(yi 1| F,9),  (68)

where

a =1 Var(y;+1|7,9) " '1,, (69)
b =1/ Var(yi41|F:,9) ' E(ye41| 7, 9), (70)
¢ = E(yi1|F, 9) Var(yi1|Fe, 9) ' E(yi1 | F, 9). (71)

We implement the rolling forecast as follows:

1. Estimate the parameters of interest using the data from January 2005 to December

2010. (We set the data as {y:}}_; and the posterior mean of the parameter as 19.)
2. For the next 3 months including n; trading days, i.e., t=n+1,...,n+n; — 1,

(a) use the particle filter (e.g., Doucet, de Freitas, and Gordon (2001)) to compute
E(yi11|F:, 9) and Var(y;41|F, 9) numerically (Note that they cannot be obtained

analytically). See Appendix A.2 for details.

(b) compute the two hedge portfolio weights described above and the “realized” re-

/ /
turns, wenyYi+1, Wy Yeti-

3. Include the new observations of the next three months to our estimation period and
remove the old observations of the first three months. Re-estimate the parameters of

interest using the six-year-data (relabeled as {y:}} ;).
4. Go to 2.

This is repeated until all one-step-ahead forecasts and portfolio choices are conducted through

December 2012. In the end, we calculate the standard deviations of the “realized” returns
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(493 in total). The numerical standard error of the estimate is obtained by repeating the
particle filter forty times.

As a benchmark for the model comparison, we also estimate the univariate SV model
with leverage effect introduced in Section 1 and the two multivariate GARCH-type models,
the dynamic equicorrelation (DECO) model proposed by Engle and Kelly (2012) and the
asymmetric diagonal BEKK model (see Appendix A.3 for details). We set the number of
particles M = 100,000 and the target value go = —10,0, 10, 20 annually.

Table 4: Out-of-sample portfolio standard deviations (standard errors in parentheses).

GMV MV(-10) MV(0) MV(10) MV(20)
DESV 1.477 1.745  1.835 2094  2.446
(0.001)  (0.053) (0.072) (0.115)  (0.154)
univariate SV 1.484 2581  3.158  3.935  4.756
(0.000)  (0.062) (0.109) (0.153)  (0.194)

DECO 1.576 2.606 2194 1973  1.942
(0.000)  (0.034) (0.022) (0.013)  (0.011)
BEKK 1.543 2.920 2349 2368  2.665

(0.000)  (0.246) (0.176)  (0.160)  (0.248)

Table 4 reports the out-of-sample portfolio standard deviations using the six-year rolling
estimation window. The prior distributions for each estimation are the same as those of
the previous subsection. For each of the hedging strategies, the standard deviation based
on our multivariate model is smaller than that of the univariate model. We note that MV
portfolio strategy with gy = 20 (annually) makes the biggest difference between the two and
GMYV portfolio strategy makes the smallest difference between the two. For GMV strategy,
the standard deviation based on our multivariate model is also smaller than those of the
DECO model and the BEKK model. However, with respect to MV strategy, our model may
not necessarily outperform the DECO model and the BEKK model for very large qo, taking

account of standard errors.

Model selection based on DIC. The Deviance Information Criterion (DIC) is used as a

Bayesian measure of fit or adequacy and is defined as
DIC = Eyyy, [D(9)] + pp, (72)
where D(9) = —2log f(Yn|9), pp = Eg)y, [D(9)] — D(Eg)y, [9]) represents model complexity
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as a penalty. We estimate Eyg|y, [D(1)] using the sample analogue W(d)) = di* Zg;l D(94)),
where ¥g)’s are resampled from the posterior distribution. We set d* equal to 100. Because
we need to compute D(¥) numerically, we use the particle filter, where we set the number of
particles M = 10,000 (see Appendix A.2 for details). The numerical standard error of the

estimate is obtained by repeating the particle filter ten times.

Table 5: The means of DIC estimates, their standard errors, the maximum and minimum of
DIC values.

DIC (s.e.) DICmax DICmin
DESV 16311.8 (1.3) 16320.7 16305.9
univariate SV 21774.4 (1.3) 21781.4 21769.6
DECO 16598.8 (0.8) 16604.9 16595.5
BEKK 16393.0 (1.0) 16398.8 16389.1

Table 5 shows the sample means of ten DICs, their standard errors, the maximum and
minimum of ten DICs for each model. The DIC of the DESV model is the smallest and our
model outperforms other competing models. We also note that the DICs of the DECO model
and the BEKK model are smaller than that of the univariate SV model.

In summary, our proposed model with the time-varying covariance structure shows good
out-of-sample forecasting performance with respect to dynamic GMV portfolio, and our mul-
tivariate model, the DECO model and the BEKK model show good out-of-sample forecasting
performances with respect to dynamic MV portfolios. In addition, the DESV model attains
the smallest DIC. It suggests that, for asset returns with time-varying variances, we should
model the covariance structure among the asset returns and the one-step-ahead variances
including the dynamic correlations between the asset returns. Furthermore, in comparison
with the univariate SV and the two multivariate GARCH-type models, our method is shown
to perform well regarding both one-ahead predictions and goodness-of-fit in the analysis of

multivariate stock returns.

6 Conclusion

This article proposed the novel multivariate stochastic volatility model with dynamic equicor-
relation and cross leverage effect. We took a Bayesian approach and described the efficient

MCMC algorithm by dividing the latent variables of our nonlinear model into several blocks

23



and approximating them to those of linear Gaussian state-space models. Its sampling effi-
ciency is illustrated using simulated data in comparison with the single-move sampler.

An empirical study is provided using industrial sector index data of TOPIX. We find the
persistence in the volatilities and equicorrelations and the existence of strong cross leverage
effects. Model comparisons are conducted and our DESV model is found to outperform the
univariate SV model and the multivariate GARCH-type models.

Our proposed model may be extended to the block-equicorrelation model. As shown
in this article, the equicorrelation assumption is very simple but useful. Meanwhile, the
assumption seems to be too strong and runs counter to the intuition, especially when the
number of dependent variables is very large. However, this is beyond the scope of this paper

and is left for our future work.
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Appendix
A.1 Computations for the block-sampler

Noting that

—1/2 3
o1 _ L g [~ DAL+ (0= Do} =21 = pi)pr
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agt 2 _(1 _ Pt)_1/2pt . ]-pfl ROv (73)
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_ L [ =10 (0= Dpd P = ppe+ (0= D{L+ (0= Do 21 =201)]
= 1ag 1 —-3/2 —-1/2 - Ro,
2 2 =p) = (L= p) 77} 1
(74)
v, E 1 1 ,
a;ljlt = dlag{O’, —3 exp < — zhjlt),O'}, ji=1,...,p, (75)
o2V, \r 1 1 ,
#?ﬂ :dlag{0/74exp<_2hj1t)50/}a J1 = ]-7"'apa (76)
and
82‘4_1/2
_Oa jl_]-a -'>p7j2:17"'apaj17éj27 (77
6hj1tahj2t )
we compute d;, A, By as below.
A.1.1 Computations for {h:}}
Deriwation of dy, t =s+1,...,s+ r. We can obtain
ol; oly_1 )
(dt) = ) ]1:1,“'71)) (78)
) Ohj¢  Ohj¢
where
_1 !
ol -1V, ? 1. Ohy IR
=R, —-my) + Q' Qe L, —Q'Q)!
8hj1t { t 8hj1t (yt t) Q ahjlt ( p Q Q)
1 1 1
IRV e = m) = QO b —p— @b -} — 5, (79)
i1 ( 11 Oy ) IO—10)-1
= Q I, —Q'Q
ahjlt Q ahjlt ( p Q Q)
_1 1
: [Rt—zlvt—f (Y1 —my—1) — QQ {hy — p— ®(hy_1 — N)}} : (80)
Deriation of Ay, t=s+1,...,s+r. We can obtain
021, 0%l
A 1= —F - . ji=1,...,p, 81
( t)[jl,jl] <ah321t> 3h§1t J b ( )
0?1, 0%l
A 1= —E — h=1,... o =1,... ] ] 2
( t)[31,]2] <ahj1t8hj2t> 8hj1tahj2t’ J ’ y Dy 5 J2 ; Py J1 7&]27 (8 )
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2= R PV Py - my) ~ N(QQ Ry — p— ®(hy — )} 1, — QQ7'Q),

and hence that

E(y: — my) = V2 RQ'Q byt — p— ®(hy — )},
Var(y, — my) = V>R (1, - QQ'Q) (R V2,

E{(y: — my)(y: — my)'} = Var(y, — my) + E(y; — my)E(y, —my)'.
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Derivation of By, t =s4+2,...,s+r. We can obtain

9l_q
B, iy=—-E| —— h=1,... o =1,...
( t)[JIJZ] (ahjltahjg,tl)’ J1 ) Dy J2 5 2

(90)
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A.1.2 Computations for {¢;}}",; (block-sampler)
Derivation of di, t =s+1,...,s+r. We can obtain
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d = —* 92
where
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Derivation of Ay, t=s+1,...,s+r. We can obtain
0%,
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' (3%2)’ ©4)
where
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1\
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t
+ 50 = Vi1 = p){1+ (0= Do} {2+ (0 = Dpe}- (95)

Derivation of By, t =s+2,...,s+r. We can obtain B; = 0.
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A.2 Particle filter

Let f(h¢|Y:, ) denote the density function of h; given (Y;,9) where Y; = {y1,...,y:}, and
let f(h¢|Y;,®) denote the discrete approximation to f(h|Y;, 9).
We draw M samples from the conditional joint distribution of (h¢11, bty Gry1, Ge, M1, M)

given (Y;11,9) with the density

f(hit1, bty Ger, g, M1, my|Yig1,9)
o f(Yer1lPert, ger1r, mig1, Yo, 9) f(higlhe, g6, e, Y, 9) f (9641196, ) f (Mg 1|, 9)

X f(h’tagtumtn/;fvﬂ)' (96)
We implement the particle filter:

1. (a) Generate
hgl) ~ Np(uhnzfu)? g§1) ~ N(N917021)7 mgl) ~ NP(NTn17Zm1)7 i = 1’ t 7M’

where ptp,, b, are some constant vectors, Xp,, Xy, are some constant positive-
definite matrices, p4, is some constant and 031 is some positive constant (we adopt
the posterior mean vectors of hq,mq, the posterior covariance matrices of hy, m-,

the posterior mean of g1 and the posterior variance of g), respectively.
(b) Compute
M - flyilhi, 91, m1,9) f(h1, 91, m1]9)

%’ o g(h1,91,m1]9)

: (97)

T =

where g(+) is a density generating hgi), gt(i) and mgi).

()Setf( 1791 7m1 Dfla )_ﬂ-i-
2. Fort=1,...,n+n; — 1,

(a‘) generate h‘( )7gt(1)7mt ~ f(ht7 gt mt’va )
(b) generate hm ~ [ b ol m v, 9), oy ~ floeale”,9), mi), ~
f(mt-i-l’mt 719)

c) compute
(c) D

Ti=S3f =0 7 (yt+1|ht+1v gt@lv mgl’ Y, ). (98)
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(d) set f( t+1791§4217mt+1|)/t+1719) = Ti.

Note that y;1|Piy1, gie1, M1, ~ Np(mygya, V;gi/thJer;i/f)a t=1,...,n+n; — 1.
For t =n,...,n+ny — 1, we obtain
Bigp1ye = thﬂ — E(yi 1| Fe, 9), (99)
1/2(i 1/2
Et+1|t = Z V;Jr/1 )R§11V;:+/1( D Qo Var(y;41|Ft,9). (100)

A.3 Benchmarking multivariate GARCH models
A.3.1 Dynamic equicorrelation (DECO) model

As a benchmark for the model comparison, we consider the following dynamic equicorrelation

(DECO) model discussed in Engle and Kelly (2012):

Yt :mt+et, €t NN(OP,Et), t= 1,...,77,, (101)
myyq :mt+nmt; Mt NN(Op,Qm), t = 1,...,7’L— ]_, (102)
mi1 = Tmo, Tlmo ~ N(0p7 KIP)? (103)
where

Yt = DRy Dy, (104)

. 1/2 1/2
Dy = diag(hy)”,... . 1)), (105)
Ry = (1= p) Iy + piJi, (106)

1
— 1, RPCC1, — p), 107
= - ) 1om
~_1 ~_1

RPOC = Q, 2Q:Q, 2, (108)

Qt _ (1 _ aDCC _ BDCC)@

~1 1 11
+aP°Q7 1D, A (yr-1 — mu—1)(ye—1 — mu—1)' D, 3Q7, + BPCQi-1,  (109)
Q1 =Q, (110)
@t replaces the off-diagonal elements of @; with zeros but remains its main diagonal, Q is a

positive definite matrix,

DCC

0<a <1, (111)

29



0 < pPC <1, (112)
aPCC 4 gPCe . (113)

Q= diag(w?,,, ..., w2, ). (114)

» *my,

For simplicity, we assume that all the diagonal elements of @ are 1 and all the off-diagonal
elements are the same positive constant, say, g. It is reasonable to make the assumption
because @ is the unconditional covariance matrix of D; 1(y,g —m;) and we apply the data
which is expected to be positively correlated.

Following Engle and Kelly (2012), we assume that hg, ¢ = 1,...,p have asymmetric
GARCH or GJR structure (Glosten, Jagannathan, and Runkle (1993)):

hy = wiGARCH n aiGARCH(yZ‘?t_l _ mi,t—l)Q
AR (g — i 1)Ly e, 1 <oy + BEAE MRy, (115)
hi = wiGARCH/(l _ aiGARCH _ BiGARCH _ ,inARCH% (116)
0 < oGARCH 1, (117)
0< aGARCH+,YGARCH < 17 (118)
0 < BEARCH ) (119)
0< QSARCH—F,BZ-GARCH—F%GARCH < 17 (120)
0 < wHARCH, (121)

Priors. The prior specifications are noted as follows: aFARCH ~ (0, 1), yGARCH|qGARCH

GARCH GARCHY 3GARCH|.GARCH .GARCH GARCH . GARCH) ~GARCH _
U(—a; - )s B; | ' Vi ~ U(0, 10y 7 )s W =

log(wHARCH)  N(mg,, 5%1) fori=1,...,p, aP°C ~ U(0,1), BPCC|aPCC ~ U(0,1 — aPCC),

q =log{q/(1 —q)} ~ N(mg, 82), and wfnj ~1G(am;0/2, Bm;0/2), j=1,...,p, where U(a,b)

denotes a uniform distribution on (a, b).

Estimation. For the restriction of the parameters in the model, we consider the transfor-

~GARCH _

mation a; = log{aGARCH /(1 _ aiGARCH)}’ %GARCH

i

= log{ (aPARCH 1 yARCH) /(1

aiGARCH . %'GARCH)}’ BiGARCH — log{ﬁiGARCH/(l _ aiGARCH _ @GARCH _ %GARCH)} for
i = 1’ D aDCC — log{aDCC/(l o aDCC)} and 5DCC — log{ﬁDCC/(l _ aDCC o 5DCC)}.

We implement the MCMC algorithm described as follows:
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GARCH BGARCH ~GARCH aGARCH)
i s Mg s g g

¢ 5 DCC GDCCY,

1. Initialize {m,}7_,, (& Jfori=1,....p, (a

q and Q.

2. Generate the model parameters given {m,};" ; using the random-walk MH algorithm
except for Q,. Generation of Qy, given {m;}}" ;| is implemented similarly as DESV

model.

3. For {my;}},, we divide it into several blocks using stochastic knots, generate a can-
didate for one block given other blocks and the parameters with fixed ¥;’s using a
simulation smoother (de Jong and Shephard (1995) or Durbin and Koopman (2002)),

and accept it with the calculated acceptance rate.
4. Go to 2.
Estimation results for the DECO model are omitted to save space.

A.3.2 Asymmetric diagonal BEKK model

We also consider the following asymmetric diagonal BEKK model (see, e.g., Kroner and Ng

(1998), Asai and McAleer (2011) and Ishihara, Omori, and Asai (2011)):

Yt :mt+eta €t NN(Opazt)ﬂ t= 17"'7”7 (122)
myyq :mt+nmt; Mt NN(Op,Qm), t = 1,...,7’L— ]_, (123)
mi1 = Mmo, Tlmo ~ N(0p7 KIP)? (124)
where

S, =W + Ae_1€, A+ BS, B +Cet_ el | C, (125)
€ = €itl{e, <0} (126)
W =Q— AQA' — BOB' — CQC’ (127)
Q= (Q0 L,)*{0.51, + RO (1,1, — I,)}Q o I,)"/? (128)

1
(R)ij = L{piz) - pij + 5-/1 = Pijs (129)

1 e a? — 2pry + ¢
L = / / ex {— }dzd , 130
(v) 21/1 — p? Joo J—oo P 2(1 - p?) Y (130)

pij = Corr (e, €¢), (131)
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I

QN = E(X) = E(ee;), Q = E(efef ), A = diag(ay,...,ap), B = diag(by,...,b,), C =

diag(c1, ..., cp) and Qg = diag(w?, , ... ,wfnp). We assume that
0<a;<1,0<b;<1,0<¢ <1, a?4+b2+c7<1,i=1,...,p, (132)

and that, for simplicity,

1 1
Q=ViRV?, (133)
V = diag{exp(@1),...,exp(@p)}, (134)
R=(1-pu)lp+ pudp, (135)
exp(@p+1) (136)

1+ exp(@pi1)’

(see Rosenbaum (1961) and Tallis (1961)).

Priors. a; ~ U(0,1), b;la; ~ U0, (1—a2)"/?), ¢;la;, b ~ U(0, (1—a?—b2)/?) fori=1,...,p,

@=(@1,...,0p41) ~ Npy1(mg, Se) and w?nj ~1G(am;0/2, Bm;0/2), j=1,...,p.

Estimation. For the restriction of the parameters in the model, we consider the transfor-
mation a; = log{a?/(1 — a?)}, b = log{b?/(1 — a? — b?)}, & = log{c?/(1 — a? — b? — c2)}.
We implement the MCMC algorithm described as follows:

1. Initialize {m}} 4, (Ei,gi,Ei) fori=1,...,p, @ and Q.

2. Generate the model parameters given {m;};" ; using the random-walk MH algorithm
except for . Generation of {,,, given {m;}; ; is implemented similarly as DESV

model.
3. Generate {m;};; similarly as noted in the last subsection.
4. Go to 2.
Estimation results for the BEKK model are omitted to save space.
References
Asai, M. and M. McAleer (2006). Asymmetric multivariate stochastic volatility. Econo-

metric Reviews 25, 453-473.

32



Asai, M. and M. McAleer (2009). Multivariate stochastic volatility, leverage and news

impact surfaces. Fconometrics Journal 12, 292-309.

Asai, M. and M. McAleer (2011). Dynamic conditional correlations for asymmetric pro-

cesses. Journal of the Japan Statistical Society 41, 143-157.

Asai, M., M. McAleer, and J. Yu (2006). Multivariate stochastic volatility: A review.
FEconometric Reviews 25, 145-175.

Bauwens, L., C. M. Hafner, and S. Laurent (Eds.) (2012). Handbook of Volatility Models
and Their Applications. Wiley.

Bauwens, L., S. Laurent, and J. V. K. Rombouts (2006). Multivariate GARCH models: a
survey. Journal of Applied Econometrics 21, 79-109.

Chan, D., R. Kohn, and C. Kirby (2006). Multivariate stochastic volatility models with

correlated errors. Econometric Reviews 25, 245-274.

Chib, S. and E. Greenberg (1995). Understanding the Metropolis-Hastings algorithm. The
American Statistician 49, 327-335.

Chib, S., Y. Omori, and M. Asai (2009). Multivariate stochastic volatility. In T. G. An-
dersen, R. A. Davis, J. P. Kreiss, and T. Mikosch (Eds.), Handbook of Financial Time
Series, Volume 4, pp. 365-400. Springer-Verlag.

Clements, A. E., C. A. Coleman-Fenn, and D. R. Smith (2011). Forecasting equicorrelation.
NCER Working Paper Series 72.

Danielsson, J. (1998). Multivariate stochastic volatility models: Estimation and a compar-

ison with VGARCH models. Journal of Empirical Finance 5, 155-173.

de Jong, P. and N. Shephard (1995). The simulation smoother for time series models.
Biometrika 82, 339-350.

Doornik, J. A. (2007). An Object-oriented Martriz Programming Language: Oz 5. Tim-

berlake Consultants Press.

Doucet, A., N. de Freitas, and N. Gordon (Eds.) (2001). Sequential Monte Carlo Methods

in Practice. Springer.

Durbin, J. and S. J. Koopman (2002). A simple and efficient simulation smoother for state

space time series analysis. Biometrika 89, 603—615.

33



Elton, E. J. and M. Gruber (1973). Estimating the dependence structure of share prices—
implications for portfolio selection. The Journal of Finance 28, 1203-1232.

Engle, R. (2002). Dynamic conditional correlation: A simple class of multivariate gen-
eralized autoregressive conditional heteroskedasticity models. Journal of Business &

Economic Statistics 20, 339-350.

Engle, R. and B. Kelly (2012). Dynamic equicorrelation. Journal of Business & Economic
Statistics 30, 212-228.

Engle, R. F. and K. F. Kroner (1995). Multivariate simultaneous generalized ARCH.
Econometric Theory 11, 122-150.

Geweke, J. F. (1992). Evaluating the accuracy of sampling-based approaches to the calcu-
lation of posterior moments. In A. P. D. J. M. Bernardo, J. O. Berger and A. F. M.
Smith (Eds.), Bayesian Statistics, Volume 4, pp. 169-188. Oxford University Press.

Glosten, L. R., R. Jagannathan, and D. E. Runkle (1993). On the relation between the
expected value and the volatility of the nominal excess return on stocks. The Journal

of Finance 48, 1779-1801.

Gupta, A. K. and D. K. Nagar (2000). Matriz Variate Distributions. Chapman and
Hall/CRC.

Hafner, C. M. and O. Reznikova (2012). On the estimation of dynamic conditional corre-

lation models. Computational Statistics € Data Analysis 56, 3533-3545.

Ishihara, T. and Y. Omori (2012). Efficient Bayesian estimation of a multivariate stochastic
volatility model with cross leverage and heavy-tailed errors. Computational Statistics

& Data Analysis 56, 3674—-3689.

Ishihara, T., Y. Omori, and M. Asai (2011). Matrix exponential stochastic volatility with

cross leverage. Discussion Paper CIRJE-F-812.

Jin, X. and Y. Tang (2009). The conditional dynamic dependence between herding and
return: Evidence from US equitty market. Working Paper.

Koopman, S. J. (1993). Disturbance smoother for state space models. Biometrika 80, 117
126.

34



Kroner, K. F. and V. K. Ng (1998). Modeling asymmetric comovements of asset returns.

Review of Financial Studies 11, 817-844.

Ledoit, O. and M. Wolf (2004). Honey, I shrunk the sample covariance matrix. The Journal
of Portfolio Management 30(4), 110-119.

Lucas, A., B. Schwaab, and X. Zhang (2012). Measuring credit risk in a large banking

system: econometric modeling and empirics. Discussion Paper.
Luenberger, D. G. (1997). Investment Science. Oxford University Press.

McNeil, A. J., R. Frey, and P. Embrechts (2005). Quantitative Risk Management: Con-

cepts, Techniques And Tools. Princeton University Press.

Nakajima, J. (2012). Bayesian analysis of multivariate stochastic volatility with skew dis-
tribution. Working Paper.
Omori, Y. and T. Watanabe (2008). Block sampler and posterior mode estimation for

asymmetric stochastic volatility models. Computational Statistics € Data Analysis 52,

2892-2910.

Rosenbaum, S. (1961). Moments of a truncated bivariate normal distribution. Journal of

the Royal Statistical Society, Ser. B 23, 405-408.

Shephard, N. and M. K. Pitt (1997). Likelihood analysis of non-Gaussian measurement
time series. Biometrika 84, 653—667.

Spiegelhalter, D. J., N. G. Best, B. P. Carlin, and A. van der Linde (2002). Bayesian
measures of model complexity and fit (with discussion). Journal of the Royal Statistical

Society, Ser. B 64, 583-639.

Tallis, G. M. (1961). The moment generating function of the truncated multi-normal dis-
tribution. Journal of the Royal Statistical Society, Ser. B 23, 223-229.

Vargas, G. A. (2009). Dynamic equicorrelation with non-Gaussian innovations. Working

Paper.

Watanabe, T. and Y. Omori (2004). A multi-move sampler for estimating non-Gaussian

time series models: Comments on Shephard & Pitt (1997). Biometrika 91, 246-248.

35



