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Abstract

In multivariate density deconvolution, the distribution of a random vector needs to be
estimated from replicates contaminated with measurement errors. This article presents a
novel approach to multivariate deconvolution by stochastically rotating the replicates to-
ward the corresponding true latent values. The method further accommodates conditionally
heteroscedastic measurement errors commonly observed in many real data applications. The
estimation and inference schemes are developed within a Bayesian framework implemented
via an efficient Markov chain Monte Carlo algorithm, appropriately accommodating uncer-
tainty in all aspects of the analysis. The method’s efficacy is demonstrated empirically
through simulation experiments and practically in estimating the long-term joint average
intakes of different dietary components from their measurement error-contaminated 24-hour
dietary recalls.
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1 Introduction

Many practical applications require the estimation of the unknown density of a vector-
valued random variable x. The variable x, however, may not be observed precisely, rather
surrogate replicates w contaminated with measurement errors u may only be available. The
replicates w are then generated from a convolution of the density of x and the density of
the measurement errors u, and the problem of estimating the density of x from available
contaminated measurements w becomes a problem of multivariate deconvolution of densities.
Such problems routinely arise in diverse application areas, including especially in nutritional
epidemiology (Bennett et al., 2017; Keogh et al., 2020 [Shaw et al.,2020), where the problem
of estimating long-term average intakes of different dietary components from their error-
contaminated 24-hour recalls is of fundamental importance.

This article proposes a robust approach to multivariate density deconvolution in the
presence of conditionally heteroscedastic errors u from an unknown probability law, relying
on the idea of probabilistically rotating the replicates w toward the underlying latent x in a
statistically principled manner.

Throughout this article, for random vectors s and t, we denote the marginal density
of s, the joint density of (s,t), and the conditional density of s given t, by the generic
notation fs, fs¢ and fg, respectively. Likewise, for univariate random variables s and ¢, the
corresponding densities are denoted by f, fs; and f,;, respectively.

The literature on density deconvolution is really vast (Carroll et al., 2006; Buonaccorsi,
2010). The early literature focused primarily on univariate problems with a single con-
taminated measurement for each subject and the measurement errors independently and
identically distributed according to some known probability law f,, often normal. Deconvo-
luting kernel-based approaches have been studied by Stefanski and Carroll (1990); Devroye
(1989); |[Fan| (1991ab)), among others. See also |Madrid-Padilla et al.| (2018)); Newton| (2002).
The distribution of measurement errors is, however, rarely known in practice. Robust decon-
volution methods with the unknown aspects of the error density estimated using replicated
proxies w for the unknown values of = have thus been considered (Li and Vuong, 1998; Diggle
and Hall, 1993} |Delaigle et al., 2008, and others). A Bayesian likelihood-based approach with
an unknown but symmetric unimodal density f, has recently been developed in Su et al.
(2020)).

The assumption of independence of u from x is also often highly impractical, especially in
nutritional epidemiology applications, where patterns of conditional heteroscedasticity can
be very prominently seen. Bayesian hierarchical frameworks and associated Markov chain
Monte Carlo (MCMC) based computational machinery have recently been shown to provide
powerful tools for solving complex deconvolution problems under more realistic scenarios,
including when the measurement error distribution can be asymmetric, heavy-tailed, condi-
tionally heteroscedastic, etc. (Staudenmayer et al., [2008; Sarkar et al., 2014} 2018, 2021]).
In their seminal work, [Staudenmayer et al| (2008) assumed the errors u to be normally
distributed but allowed the variability of u to depend on x, employing positive mixtures of



B-splines to flexibly characterize both f, and the conditional variability var(u|z). Sarkar
et al| (2014)) further relaxed the assumption of normality of u, employing flexible mixtures
of normals (Escobar and West,, 1995} |Frithwirth-Schnatter, 2006 to model both f, and f,,.

In stark contrast to the univariate setting, the multivariate problem has garnered little
attention in the literature. Masry| (1991); Youndjé and Wells (2008)); (Comte and Lacour
(2013); Hazelton and Turlach| (2009, [2010)); Eckle et al| (2017) considered scenarios with
errors u from a known probability law, independent from x. Bovy et al|(2011) obtained a
Bayesian maximum-a-posterior: estimate of fy modeled by flexible mixtures of multivariate
normal kernels, assuming f, to be multivariate normal, independent from x with subject-
specific but known covariance matrices. Utilizing the flexibility of Bayesian hierarchical
frameworks, Sarkar et al.[ (2018} 2021)) developed robust multivariate deconvolution methods,
relaxing the restrictive assumptions of known error probability laws, homoscedasticity, and
independence from x, etc. Sarkar et al| (2018) modeled fx and fyx using flexible mixtures
of multivariate normals whereas Sarkar et al| (2021) adopted a complementary approach,
modeling the marginals f,, and f,,,, first and then building the joint distributions fyx and
fujx by modeling the dependence structures using Gaussian copulas.

The focus of this article is also on multivariate deconvolution with conditionally het-
eroscedastic measurement errors from an unknown distribution in the presence of replicated
proxies for each subject. To that end, we propose a novel approach to multivariate density
deconvolution that assumes the replicates w to be generated by first stochastically rotating
the underlying true x and then stochastically stretching or contracting their lengths. This
is achieved by multiplying each x first with an orthogonal rotation matrix Q and then with
a scalar length adjustment factor r. Going a significant step further, we also accommodate
conditional heteroscedasticity by allowing the distributions of both the rotation matrices
and the length-adjusting factors to flexibly depend on the latent true x’s. The conditional
distributions fyx, and hence fyx, are then obtained as novel functions of the Q’s. For the
main density of interest fy, we adopt a copula-based approach with the marginals mod-
eled by flexible mixtures of truncated normals with shared atoms as in [Sarkar et al. (2021).
We take a Bayesian route to estimation and inference, implemented via an efficient MCMC
algorithm, appropriately accommodating uncertainty in all aspects of our analysis. We illus-
trate our method’s empirical efficacy through simulation experiments. Its practical utility
is demonstrated in nutritional epidemiology applications in estimating the long-term joint
average intakes of different dietary components from their measurement error-contaminated
24-hour dietary recalls.

Traditionally, the literature on deconvolution almost exclusively assumes the measure-
ment errors to be additive. In Section of this paper, we show that our rotation-based
model can be reformulated as a classical additive model. What the rotation-based view
does still is to provide a new perspective on measurement errors leading to a new way of
constructing the likelihood function and resulting in new algorithms for inference.

Rotation-guided modeling of multivariate data is indeed getting increasing popularity in



statistics (Hoff, 2009alb; McCormick and Zheng;, |2015; Mukhopadhyay et al.l [2020; |Song and
Dunson), 2022). In the deconvolution literature, stochastic rotations have been proposed for
directional data in [Kim| (1998)), where the latent objects of primary interest, as well as the
observed replicates, were all orthogonal matrices, with additional theoretical insights into
this setup provided in |Kim and Richards| (2001). Our work, however, is focused on Euclidean
deconvolution problems in the presence of replicates contaminated with conditionally het-
eroscedastic measurement errors. The deconvolution problem we consider and the solution
we propose are thus very different from [Kim| (1998]).

Overall, this article makes several important contributions to the literature on multivari-
ate density deconvolution - (a) we introduce a new framework for multivariate deconvolution
via stochastic rotation of the error-contaminated replicates toward their underlying true
values, (b) additionally, we also address the significantly challenging problem of accommo-
dating conditionally heteroscedastic errors in this newly introduced framework, and (c) we
introduce HMC-based advanced MCMC methods to the deconvolution problem, significantly
improving computational efficiency.

The rest of this article is organized as follows. Section [2| presents some important pre-
liminary results used in the construction of our likelihood function. Section |3| details our
proposed stochastic rotation-based approach to multivariate deconvolution, including like-
lihood construction, prior specification, and outline of posterior computation. Section
presents the results of some simulation experiments, illustrating the method’s empirical per-
formances. Section [5| presents the results produced by the proposed method applied to the
problem of estimating the true long-term average intakes of different dietary components
from their measurement error-contaminated 24-hour recalls. Section [6] contains concluding
remarks. Substantive additional details are presented in the supplementary materials.

2 Preliminaries

2.1 Geometry of Vector Rotations

To motivate our modeling framework, we first discuss some geometric properties of vector
rotations. For any two vectors a € R? and b € R%, there exists a d x d orthonormal rotation
matrix Qq such that - = Qabﬁ, where || - |2 stands for the Euclidean norm. We can
thus establish that

a = SQabb, (1)
for the scalar s = ||a||2/||b||2. Geometrically speaking, the orthonormal matrix Qg rotates
the unit vector ﬁ towards the unit vector m and the scalar s takes care of the change in

magnitude due to this transformation from b to a. Let @ = a/||a|; and b = b/||bl|s. Then,



using the Householder reflection result (Householder} [1958)) for total internal reflection under
Snell’s law, a solution for Qg is Iy — 2vv" /||v||2, where v = a —b. However, since it is based
on a single Householder transformation, the solution is always symmetric, hence making it
difficult to impose any distributional assumption. We thus consider a different solution based
on a frequently used technique in numerical analysis to compute the orthogonal component
@ in the @ R-decomposition of a matrix (Stewart, |1980). The exact expression of Qg is
established in the following theorem.

Theorem 1. For any i = 1,....d, let a; = a + ||aljze; and b; = b + ||b||2e;, where e; is
the unit vector with 1 at the i place. Then, for H(a) = I; — 2a;a} /||a;||3 and H(b) =
I, — 2b;b} /||bi|13, Qu = G(a,b) = H(a)H(b) satisfies (1]).

The result above is crucial in computing the likelihood function of our proposed model.
The proof is based on some results from Euclidean geometry. If the singular value decompo-
sition of ab™ is UXVT with the singular values in ¥ = diag(oy1,...,044), then a solution
for Qs is the orthogonal matrix UV, The matrix abT has only one non-zero singular value,
|lall2]|b]|2, which we can assume to be ¢;,; without any loss of generality. Based on a similar
reflection argument as before, we can then compute U and V as functions of a and b ex-
plicitly. Specifically, we take a; = a+ ||a||e;, the bisector of the angle between a and the i
unit vector e; on the reflecting surface. Then the Householder transformation matrix based
on this bisector, I; — 2a;a} /||a;||3, is a possible solution for U as this Householder reflection
will transform a to —||a||ze; and thus Ua = —||a||;e;. It can be verified easily by noting that
aja = ||al|,ale;. Similarly, we can compute V from b. With H(a) = I; — 2a;a} /||a;||3 and

H(b) = I; — 2b;bl /||b;||%, we then have Q. = G(a,b) = H(a)H(b) (Figure |1).
Remark 1. [t is easy to check that H(a)H(b) =1, if and only if a/||alls = b/||b]|2.

For the rest of the paper, without loss of generality, we use the result of Theorem
with the first unit vector e; = e;. Numerical experiments with other choices produced near-
identical results. In the next section, we use the result to compute the likelihood function of
the replicates in our multivariate density deconvolution model introduced in the next section.

2.2 von-Mises Fisher and Matrix von-Mises Fisher Dstributions

The von-Mises Fisher distribution (vMF) and the matrix von-Mises Fisher distribution

(MvMF) play important roles in our model construction and computation. We thus provide

a brief description of these distributions here, starting with the vMF first, for easy reference.
The vMF distribution for a d-dimensional vector w is defined as

f(w) = Calc)exp(cp’w), w € {z:|z]> =1}, (2)

where p is a unit vector signifying the mean direction of w and ¢ > 0 stands for a scalar

d/2—1
. oL where [, denotes

concentration parameter. The normalizing constant Cy(c) = FEU e
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Figure 1: Rotation by total internal reflection via Householder transformations.

the modified Bessel function of the first kind at order v. The maximum likelihood estimates
for p and c¢ are obtained in |Jupp and Mardial (1979).

We next review the MvMF' distribution for orthogonal matrices on the Stiefel manifold.
The distribution was first proposed in |Downs (1972)) and thoroughly studied in Khatri and
Mardia (1977). Since then, it has become a popular distributional choice for random matrices
supported in the space of orthogonal matrices.

The MvMF distribution for a ¢ x d matrix Q = ((Q,.4,)), with ¢ < d and QQT =1, is
defined as

Q)= etr(FQY), Q€ Oy, (3)

M(F)

where etr(-) = exp{trace(-)}, F is ¢ x d dimensional parameter matrix, O, 4 is the set of all
q x d orthogonal matrices (i.e., the ¢ x d Stiefel manifold), and M (F) is the normalization
constant. To keep the description simple, we only consider the case directly relevant to
our deconvolution problem, namely ¢ = d with a diagonal F, and review some key results
from [Khatri and Mardia| (1977). The MGF of Q is given by E{etr(TQT)} = M&;?). Let
T, = diag(ti1,...,t14) and Ty = diag(tes, ..., t24) be matrices such that ¢; . = 1/to, for
all £ = 1,...,d. Thus, the distributions of Z = T;QT, and Q are identical when F is

diagonal. Hence,

E(Qe ) = E(20,0,) = (1 —t14t20)E(Qp ) =0 and
E(Qe.0,Qe ) = E(20y 0,20 0,) = (1 —tietantietoe)E(Qe Q) = 0.

This implies E(Qy, ¢,) = 0 for all k # ¢ and E(Qy, ¢,Qe r,) = 0 for either £y # {y or £} # (5.
To compute the expectation of the diagonal entries, we can take the derivative of the MGF



: al ol
with respect to T. Hence, we get E(Qy, »,) = %ﬁl‘“) and E(Qe, 0,Quy0,) = %.

3 Deconvolution via Stochastic Rotation

Our main objective is to estimate the density of a d-dimensional vector x. However, we do
not have accurate measurements of x. For each unobserved x;, we instead have m; replicated
proxies w; ;'s contaminated with some error where7 =1,... ,nand j =1...,m;, and m; > 3
for all 7. Each observation w; ; may be viewed as a point in the Cartesian co-ordinate system.
A representation of w; ; can then be obtained in terms of its norm ||w; ;|| and its direction
from the origin w; ;/||w; ;2. In this paper, our characterization of w; ; takes inspiration from
the above representation and the relation in . Specifically, our model for the replicates
w; ; conditional on the underlying true x; is

Wi = Ti,jCiQi,th
Qi,j ~ MVMF(Fz) [0¢ etr(Fngj), F,L = diag{m(:c17i), ce /ﬁd(xd7¢)},
log(ri,;) ~ Normal{—s*(||x;||2/d)/2, s*(|[xill2/d)},

re(x) = 3320 BrewBi(@), s (|xill2/d) = 3252, BsxBi(lxill2/d)-

Here 7; ;s are scalars with E(r; ;j|x;) = 1 and var(r, ;|x;) = exp{s*(||xi]l2/d)} — 1, Qi; =
((Qeer45))'s are d x d rotation matrices, and By(z) are B-spline bases spanning the interval
[A, B] (de Boor, [1978). The d x d dimensional scaling matrices C; = ((Cy s ;)) ensures that
the replicates w; ;’s are stochastically centered around the corresponding true x;. Specifically,
we set C; = {E(Q,;]x;)} 7, so that E(w, |x;) = E(r; ;|x:)E(C; Qi j|xi)xi = 1 x Iy X x; = x;.
As seen in Section , for a diagonal F;, the Euclidean expectation of Q; ; is also diagonal.

Based on the results of Khatri and Mardia (1977), we specifically have E(Qus;i|xi) =

—1 _ dlog{m®,)}
i T T dm
allowed to vary around I, larger values of ,(-) inducing greater concentration of the Q; ;s

. The matrices F; also determine how far the corresponding Q;;’s are

around I;. Throughout the paper, we often keep the x;’s implicit in F; = F;(x;) and
C; = C;(F;) = C;(x;) to keep the notation simple.

Rewriting the model as C;'w;; = r;;Q;;x; and following Theorem (1| in Section ,
o/||x:||2, respectively. The

the solutions for Q;; and r;; are G (C;'w;;,x;) and ||C;'w,;
conditional likelihood of the replicates is therefore given by

_ etr{g(c wiyxi)Fi} il {log(l1C;  wi lla/lxill2)+s2(Ixill2/d)/2}
Fuope(Wijlxi) = M(F,) V2rIC; "o llas(iliz/d) P | T 252 (i 2/d) ‘

Although M (F;) is computationally intractable, depending on the magnitudes of the



Figure 2: In the classical view of measurement error models, an observation w for an un-
derlying latent x is obtained by contaminating x with additive measurement error u. In
the alternative view adopted in this article, w is generated by first rotating x to Qx and
then stretching (left panel) or contracting (right panel) it to w. The 3-dimensional case is
shown here, the shaded spheres representing the set of all vectors that can be generated by
orthogonal rotations of x.

elements in F;, efficient approximations are available in |[Khatri and Mardia (1977)). In most
practical applications, including ours, the replicates w; ; are expected to lie in the general
direction of the underlying x;, which implies that the Q; ;’s shouldn’t deviate too far from
the identity matrix I;. Throughout this article, the functions ;(+)’s are thus assumed to take
large values which result in a higher concentration of Q;; around I;. Thus, it is reasonable
to consider the following approximation from Khatri and Mardia (1977)) for large diagonal
entries in F;

9—d(d+5)+3d> d d— 1
M(Fgw{_ ooty TTr (=) |
7j=1

HHW 20:) +ko(ze )}z | (5)

[NJisH

™

=24l
In what follows, for brevity, sometimes we also use the notation F; = diag(f;) where
£ = (fri,-- fai)t = {k1(214),. .., ka(zas)}". Also, when we say F; is large, we mean

its diagonal entries f; are all large.

Following [Sarkar et al. (2021)), we model the joint density fx of x using a Gaussian copula
with component-wise univariate marginals characterized by flexible mixtures of truncated
normals, truncated to their common support [A, B]. Specifically, we let

fX(X> = R;1 €Xp {_YE(R;1 - Id)YX} H?:l fX,E(xf)v
Fro(@e) = g mor TN (2|, 02, [A, B]),



where yx = (Yu1,- s Yra)® with Fyo(x) = ®(yu ) for each £ = 1,...,d, where F,, is the
cumulative distribution function (cdf) corresponding to f,,. Our model for the correlation
matrix Ry considers the spherical coordinate representation of Cholesky factorization. In
this representation, the correlation matrix Ry is written as Ry = VVT, where the m-th row
of Vis V,,.1 = [11 sm((m s)s Ving = H;”:_lk_l sin(Gm.s) €08(Crm—k—1) for k = 2,....m
The rest of the entries are all zeros. Thus, V is a lower triangular matrix. The angles G, s
are supported on [0, 7] for s < m — 1 and the (,, m-1’s are supported on [0, 27].

The truncated support [A, B] for the marginals is consistent with modeling conditional
heteroscedasticity later in Section by mixtures of B-splines which by definition have
bounded local supports spanning a finite interval. Having a common unit free support
[A, B] for all components ¢ also greatly simplifies assigning priors on the parameters of the
mixture components as well as the choices of these prior hyper-parameters. This is often easy
to achieve in practice via simple linear transformations of the originally observed proxies.
See, e.g., Section S.5. in the supplementary material.

3.1 Conditional Heteroscedasticity Characterization

There are two different ways we accommodate conditional heteroscedasticity in the mea-
surement errors in our model - (a) by allowing the distribution of length adjustment fac-
tors 7;; to depend on the underlying latent x; via the function s?(||x;||2/d), and (b) by
allowing the x, parameters to vary flexibly as functions of the corresponding latent z;.
The part s%(||x|l2/d) accommodates our expectation that larger adjustments are needed
for larger true latent vectors x; whereas the functions ky(x,;)’s accommodate the expecta-
tion that larger deviations of wy;; should be allowed around larger values of x,;. More
specifically, we have cov(w;;|x;) = cov(r;;C;Q; x;|x;) = E{cov(r;;C;Q xi|xi,7:;)} +
cov{E(r;;CiQuxilxi,7i) } = exp{s?(||xil|2/d) }var(C; Qi xi|x;)+[exp{s®([[xill2/d) }—1]xix] .
As seen in Section , for a diagonal Fy, E(Qy, ¢,,:,;Qe ¢,i5) = 0 except for {1 = by = £ = 05,
Thus we have cov(C;Q; ;x;|x;) = C;diag(x;)V,diag(x;)C;, where V; = ((Vy¢;)) is the co-
variance matrix for the diagonal entries in Q; ;. From equation (2.11) of |[Khatri and Mardia
(1977), we have

2

0O

Vi = log[M{diag(f;) }].

For a large F;, relying on the approximation of M (F;), we can compute the entries V4 ; as

1
Viei, % —————— for ¢ #£ 1,
o 2(foi+ fori)? #

1
;# 2(foi + furi)?

Q

for ¢ = 1'.



To simplify notation, let us denote cov(w; ;|x;) also by S; = ((S¢e.i)). The other approxi-
mations are then

_ 1
Copi =~ 1/ {1 - ZZ#’ 2(fz—+fg/)}’

. exp{s®(IIxill2/d)}ze,izp 1 __ 1
Sé’zl’i ~ 2(feitfor )2 / [{1 B Z@é@ 2(f£,i+fg/,i)} {1 B Z@;éé’ 2feitTer i) }]

Hlexp{s*(IIxill2/d)} — Nzeize s,

S expls” (Ixilla/d)}ef; [ f 4 1 ? 2 DY — 1122
0,0~ Zg#/ 2 foitfo ) - Zz#/ 2(Jeitle ) + [exp{s®([|xill2/d)} — ]xé,i'

For a large F;, the covariance matrix V; is thus diagonally dominant. If f,; is very large, then
C[’L,l,i ~ 1and Sye; =~ [exp{s®(||x]|2/d)} —1]x7,. Due to the latter component, alarge f;; may
not always ensure low conditional variability in wy; ;. If, however, smaller x,;’s correspond
to larger values of f;;, then we have smaller conditional variability in w; ;. As discussed in
detail in Sarkar et al|(2018]), by the very nature of such problems, the conditional variability
of each component wy; ; should depend primarily on the corresponding latent component ;.
Interestingly, however, unlike |Sarkar et al.| (2018)), in our model the expected component-
specific conditional variances Sy, ; of wy; ; involve contributions from all entries of x;. This is
not surprising as our characterization of the joint distribution of w rely on two conditionally
independent distributions, namely the distributions of its norm and its direction given the
unobserved x. And the norm and direction of a vector are functions of all of its entries.
Primary dependence of Sy ,; on xy; is, however, still accommodated via the functions k()
and the resulting diagonally dominant nature of V;. [Staudenmayer et al.| (2008); Sarkar
et al.| (2014, 2018, 2021)) also showed that the variability in wy, ; usually increases with zy;,
especially in dietary recall data. It would have thus been ideal to have the functions k,(zs;)’s
be non-increasing in z,; and the function s?(||x||2/d) increasing in ||x||. Although we have not
imposed such shape constraints explicitly in our model, the estimated functions do exhibit
such behaviour in all our simulated and real data applications. Even greater flexibility in the
conditional covariance structure may be obtained by taking mixtures of MvMF distributions
instead of one single MvMF. Such extensions will, however, be pursued elsewhere.

3.2 Connections with Classical Models

Our proposed model can be rewritten as a classical additive measurement error model as
wij = 1;CiQixi = xi + (ri;CiQiy — La)xi = x; + w5 with u;; = (;C,Qi; — La)x;
satisfying E(u;;|x;) = 0. The additive measurement error u;; is thus the vector joining
the tips of x; and w; ; (Figure . However, unlike previous works on conditionally varying
measurement errors such as Sarkar et al.| (2018| [2021)), the entries of w; ; and hence those of
u, ; are allowed to depend on all components of x;.



The proposed model also has a resemblance with classical multiplicative measurement
error models w;; = x; o u,;; where o denotes element-wise product and the errors u, ;
are distributed independently of x; with E(u;;) = 1. In our model, however, we have
u;; =r;;C;Q; ;x;, where C; = diag(1/x;)C

In both specifications, the scalar part r; ; is shared by all components of the measurement
errors u; ; and u; ;. However, further interactions between the entries of x; and the entries of
u, ; or u; ; may be observed depending on the concentration of Q; ; around I;. For example,
when Q;; = I for all j, there is only an element-wise effect of x;’s on the errors. However,
as Q; ; moves away from I, there is more inter-component associations between the x;’s and
the associated errors u;; or u; ;.

In the following subsection, we show that a classical additive normal measurement error
model can be obtained as a meaningful limiting case of our rotation-based model.

3.2.1 Limiting Equivalence with a Normal Error Model

To reduce notation complexity, we initially fix r;,; = 1 for all 4,7 in this section. The
MGF of Q;; is E{etr(Q;,T)} = % We recall that F; = diag(f;) and we have ar-

gued that in practice its entries are expected to be large. We now study the limiting
distribution of each coordinate of uj; = Hg/ Q(CiQi,j — I,)x;, where H; = diag(h;) with

2
hei =z { Zk# m} {Zk# m} . It is easy to see that hy; — oo as all
the entries in f; — oo.

Without any loss of generality, we set t = (¢1,0,...,0). We have E{exp(tTH,}ﬂCiQi,jxi)} =

4% 12¢, . . .
E{etr(QiijitTH;/zCi)} = M(FZJFM;:;})IZ C)  When F; is large, F; + XitTH,}/zCi will be di-

agonally dominant and its off-diagonal entries will be very small. Hence, the eigenvalues of

F,+ xitTH; / °C; will be its diagonal entries. Applying the approximation from , we then
have

M(FZ + XltTHZI/QCz)
M(F;)

IIk#l(fli%-fki) }1/2
[T (fri + fri + hll C11i71,it1)

/ : Ot
= eXP(h1 i Cl 1:%1,t1) exp§ —= Zlog 1 _|_ fl e

~ eXp(hi/fCl,l,ixl,itl) {

k:;él
12 1/2 2
12 10y Cr 1wty 1 [ hy Crar ity 1
~ ex h ; C ir ’Lt exX - s— 5 — + 1 T L + O maX 7
p( 1 CriiT1ity) exp ; 2 fri+ fra ; 4 Jri + fri f;?/f

applying Taylor series expansion. Since C;,; ~ 1 / {1 - 1 m}, we can simplify

2
: C1,1,i%1,: :
the above expression further to exp(h}(ile,itl) exp { Dkt (#) } which reduces

10



to

1 1
eXp(hi,/f%,ih) exp {§h1,i012,1,¢93ii75% Z W} = eXp(h},/fl"Lih) exp(t/2).
k£l 1,0 ki

Hence, each coordinate of uj; marginally approaches to Normal(0,1). Thus, in a limit-
ing sense, the ¢ coordinate of % marginally reduces to a normally distributed classical

7

measurement error model with mean x,; and variance h[il.

3.3 Error Distribution Generating Function

To characterize the distribution of u;;, we can compute the moment generating function
(MGF) of (u;|x;) using the MGF result in equation (2.7) of Khatri and Mardia (1977) as

E{exp(tTum)|xi} = exp(—tTXi)E[exp{traee(riﬁjxitTCiQm)}|Xi]

M(F; + i xt7C;)
— —tT . E (A Z,] T T
exp( X;) { M(F)

1
|XZ} = exp(=tx:) s E{M(Fi 4 1ixit "C)lxi}

where M (-) is the normalizing constant whose approximation is given in for large F;. To
study the tail properties of each component in u;;, we can consider different choices of t.
Specifically, for studying the ¢ component, the choice is t, = (0,...,#;,...,0)T. Assuming
F; is large, the approximation in gives us

exp(—thi)ﬁE {M(FZ + Ti,jxitTCi)|xi}

1
~ exp(—t"x;)E |exp(r; ;tTC;x;) H;l:z {1 + %} ’ |xz} .
Explicit characterization of the MGF beyond the above expression is difficult to obtain. We
see, however, that the MGF might be undefined for positive valued t for the heavy-tailed log-
normal distribution on the r; ;’s. Other light-tailed choices, such as a gamma distribution
with the rate parameter modeled as a function of ||x;|[2, may also be considered. In this
article, however, we focus on the log-normal.

3.4 Bayesian Inference

While the main idea underlying our rotation-based approach to multivariate deconvolution is
clearly statistical paradigm generic, in this article, we adopt a Bayesian route to estimation
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and inference. The rest of this section discusses prior specification, posterior computation
and posterior convergence in such settings.

3.4.1 Prior Specification

Since the functions s%(-) and ry(-)’s are strictly positive, we put truncated normal pri-
ors, truncated to [0,00), on the associated B-spline coefficients: [ ~ TN[O,m](usyk,a‘f)
and Bree ~ TNo,oo) (L, ks 0',3’[). We assign Gamma priors on the inverse variances o, 2 ~
Ga(as, bs) and 0;? ~ Ga(a,, bsr). For the component specific parameters (i, o7) of the
truncated normal mixtures characterizing the marginals f,,, we assign semi-conjugate inde-
pendent priors yy, ~ Normal(gg, 02) and o, > ~ Ga(ao, by). We assign independent Dirichlet
priors on the mixture probabilities 7y = (71,..., 7 k)T ~ Dir(a/K,...,a/K), and inde-
pendent uniform priors on the polar angles ¢, ; ~ Unif]0, 7] and (-1 ~ Unif[0, 27r]. The
choice for the hyper-parameters are a; = b; = a, ¢ = b, ¢ = 0.1. The hyper-parameter choices
for ps 1 and p,, ¢ are obtained based on the estimated x;’s from the univariate sampler. The
hyper-parameters po and oy from the copula model of x are also set based on these uni-
variate estimates. The other two hyper-parameters ag and by are set as ag = by = 1. The

univariate sampler follows the additive model of [Sarkar et al.| (2021). Details are provided

in Section 3.4.2

3.4.2 Posterior Computation

Our inference is based on samples drawn from the posterior using an MCMC algorithm. The
joint log posterior distribution of the model parameters is given by

> [Flog{MF)} + {G (C;'wijoxi) Fi}] — %Z10g{||C{1Wi,j||§/||Xz-||382(||Xz-||2/d)}

A7j
- —Z{log 1C wiillz/lIxill2) + s*([Ixillo/d) /232 /5% (|xi]l2/d) — Zlogfx X;)
1
B 5 Z(ﬁfi,e,k - Mm,f,k)Qlﬁﬁ,ge[D,oo]/o-i,é . Z(/Bs,k - MS,]{Z)ZIBS’]QE[(),OO]/O-g
k

2
0k

1
3 Z(Mk — p0)?/ 5 — Z(ao + 1log(a}) Zbo/%
k k

It is possible to efficiently calculate the derivatives of the above likelihood with respect
to B, ek, ouk, etc. These parameters may therefore be updated using HMC algorithms
(Neal, 2011; Betancourt and Girolami, 2015; Betancourt|, [2017). HMC has been shown
to draw posterior samples much more efficiently than traditional random walk Metropolis-
Hastings in complex Bayesian hierarchical models (Betancourt and Girolami, 2015) by more
efficiently exploring the target distribution under local correlations among the parameters.
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A short review of HMC sampling is provided in Section S.2 in the supplementary materi-
als for easy reference. The x;’s, and the parameters specifying the Ry of fx(x;), can be
updated using random walk Metropolis-Hastings steps. The parameters 3, are updated us-
ing adaptive Metropolis-Hastings. Other parameters have closed-form full conditionals and
can be straightforwardly updated. Details are deferred to Section S.5 in the supplementary
materials.

4 Simulation Experiments

In this section, we evaluate the performance of our proposed method, referred to in the tab-
ular result summaries below as the DeStoR method, short for ‘Deconvolution via Stochastic
Rotation’. We compare with the method of [Sarkar et al.| (2021), referred to as the SPMC
method here following the first letters of the authors’ last names, which was shown to vastly
outperform the only two previously existing multivariate deconvolution methods accommo-
dating heteroscedastic measurement errors, namely the pseudo-Bayesian two-stage method
of Zhang et al. (2011) and the multivariate mixture normal based method of |Sarkar et al.
(2018). We consider two different simulation scenarios - (a) a well-specified case; and (b) a
mis-specified case. For both scenarios, we consider the same fy to generate the true latent
x;’s but use different choices for fy|x to generate the replicates w;;’s. Our choice for the
well-specified case conforms to our the proposed formulation for fyx in in Section .
The mis-specified case is designed to evaluate the robustness of the proposed method to de-
viations from model assumptions and considers additive measurement errors generated from
a Gaussian copula model with a mean restricted mixture of normals for the marginals from
Sarkar et al| (2021) to produce the replicates w; ;’s.

While our proposed method scales well to much higher dimensional problems, we con-
sider a relatively low d = 3 dimensional problem here as the computation of the joint
density on a 3 dimensional grid remains manageable and the results for (g’) = 3 bi-
variate marginals can also be conveniently graphically summarized. We generate the
true ;s for ¢ = 1,....d as follows. We (a) first sample x° ~ MVN4(0,Ry), (b)

then, set XiA

A A - AN

= O(x;), (c) finally, set xp; = FTﬁ,ymix(xM |70, iy gy 054, A, B), where
Frymiz(X|m, 0% xp, 2p) = Zszl e Frn (X |pr, 02, 21, ). This way, the marginal distri-
butions are mixtures of truncated normal distributions and hence can take widely varying

shapes while the correlation between different components is Ry. We set

1 07 072 0.25 e 2 2 3
R, = 107 | mee=| 050 | foralld, pe=| pr, [=] 23 5 |,
1 0.25 s 2 25
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and A=0,B =6,02,, = 0.75% for all {, k.

To generate w; ; for the well-specified case based on , we need to generate Q;; and
r;; given x; that are generated in the previous step. We use the R package rstiefel
(Hoft and Franks, 2019) to generate Q,; with concentration parameters ry(zy;)’s where
ke(xe;) = 60/xs,;. The scalars r; ;’s are generated from log-normal distribution with mean =
s2(||xill2/d)/2 and variance = s%(||x;||2/d), where s(||x;||2/d) = ||xi]|2/150.

While generating w; ; for the mis-specified case based on Sarkar et al|(2021), we consider
the additive model w; ; = x; + s1(x;) o €; j, where s1(x;) = x;/4 and the €; ;’s are generated
from a standard multivariate normal distribution.

The integrated squared error (ISE) of estimation of fx by fx is defined as ISE =
[{fx(x) = fx(x)}2dx. A Monte Carlo estimate of ISE is given by ISEey = S M { f(Xm) —
Fx(m) Y2/ 10(X0m), where {x,, }M_, are random samples from the density po. We used the true
densities fy for pg and the true values of the x;’s for the x,,’s. For the univariate marginals,
a Monte Carlo estimate of ISE is given by SI { f,(z2) — ]?x(:cf)}QAi, where {22} are a

A

set of grid points on the range of x and A; = (z — 22 ) for all 4.

Table 1: Median integrated squared errors (MISE) of estimating fy by our method (DeStoR)
and the method of [Sarkar et al.| (2021) when the replicates w; ; are generated from (a) our
model (well-specified case), and (b) the model of [Sarkar et al.|(2021) (mis-specified case).

MISE x1000
Method \ Comp 1 Comp 2 Comp 3 \ 3D-joint

Well Specified Case
DeStoR 0.10 0.39 2.12 0.96
SPMC 0.95 1.68 3.08 3.79
Mis-specified Case
DeStoR 1.77 1.62 0.68 2.95
SPMC 0.94 3.99 2.71 1.14

Table |1 reports the median ISEs (MISEs) for estimating the trivariate joint densities and
the univariate marginals obtained by our method and the method of [Sarkar et al| (2021)).
The reported MISEs are all based on 100 simulated data sets. In the well-specified case,
when the data-generating mechanism conforms to our proposed model, our method signif-
icantly outperformed Sarkar et al. (2021) in estimating the three-dimensional joint density
and as well as all univariate marginals. In the mis-specified case, when the data generat-
ing mechanism conforms to the model of Sarkar et al.| (2021), our method still performed
competitively with Sarkar et al.| (2021) for the three-dimensional joint density estimation
problem and actually outperformed Sarkar et al.| (2021) for some of the univariate marginal
density estimation problems. We attribute this to our more efficient MCMC sampling of the
posterior via HMC samplers.

Figures [3| and 4] show the estimates of the univariate marginal and bivariate joint densi-
ties obtained by our method for the data set that produced the 25 percentile ISE and the
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Figure 3: Results for the simulated data with n = 1000 subjects and m; = 3 replicates
per subject when true data generating process follows the structure (4f) proposed in this
article. The figures in the diagonal panels illustrate the true marginal densities fx (z¢) in
red and the corresponding estimates produced by our method in blue. The figures in the
off-diagonal panels depict the contour plots of the true two-dimensional marginals (upper
triangular panels) and the corresponding estimates obtained by our method (lower triangular
panels).
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Figure 4: Results for the simulated data with n = 1000 subjects and m; = 3 replicates
per subject when true data generating process follows the additive model from
. The figures in the diagonal panels illustrate the true marginal densities fx(z¢) in
red and the corresponding estimates produced by our method in blue. The figures in the
off-diagonal panels depict the contour plots of the true two-dimensional marginals (upper
triangular panels) and the corresponding estimates obtained by our method (lower triangular
panels).
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corresponding truths for the well-specified and the mis-specified cases, respectively. The es-
timates clearly provide excellent fits to the truths. Additional plots comparing the estimates
of the univariate marginals produced by our method with those obtained by the method of
Sarkar et al. (2021]) are presented in Figures S.3 and S.4 in Section S.9 of the supplementary
materials.

We also evaluate the numerical performance of the proposed method in some higher
dimensional cases, namely d = 5 and d = 10. We maintain a similar structure for Ry and
set 02, = 0.75% for all the univariate components as before. The mixture probabilities
are also kept the same, as the univariate distributions are again assumed to be mixtures
of three univariate normals. However, since it is difficult to set the mean parameter pu, in
higher dimension explicitly, we set the components of p, using random numbers generated
from Unif(1,10). We summarize the results in Table 2] For clarity of our presentation, here
we only present the MISEs for the d-dimensional joint densities. The results show patterns
similar to that previously observed for the d = 3 case.

Table 2: Median integrated squared errors (MISE) of estimating fyx by our method (DeStoR)
and the method of Sarkar et al|(2021) when the replicates w; ; are generated from (a) our
model (well-specified case), and (b) the model of Sarkar et al.| (2021) (mis-specified case).

Joint MISE x1000
Method‘d:5‘ d=10
Well-specified Case
DeStoR | 1.72 1.62
SPMC 2.58 2.79
Mis-specified Case
DeStoR | 3.68 3.91
SPMC 2.71 2.54

5 Real Data Application

The estimation of the joint and marginal distributions of long-term average daily intakes of
different dietary components is a fundamentally important problem in nutritional epidemi-
ology. The long-term average daily intakes of the dietary components, x, can not, however,
be directly measured. Data are thus often collected via nutritional surveys in the form of
dietary recalls, the subjects participating in the study remembering and reporting the type
and amount of food they consumed in the past 24 hours. The problem of estimating the
joint consumption pattern of the dietary components from the contaminated 24-hour recalls
then becomes a problem of multivariate density deconvolution.

One such large-scale nutritional survey is the Eating at America’s Table (EATS) study
(Subar et al. [2001)) conducted by the National Cancer Institute where n = 965 participants
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were interviewed m; = 4 times over the course of a year and their 24 hour dietary recalls w; ;
were recorded. The goal is to estimate the joint and marginal consumption patterns of the
underlying true daily intakes x;. In this article, we focus particularly on the average daily
intakes of three minerals, namely, iron, magnesium, and sodium.

Figure [5| presents the estimated univariate and bivariate marginals obtained by our pro-
posed method and the method of Sarkar et al.| (2021). The estimates of the univariate
marginals produced by the two methods are quite similar. The estimated bivariate densities,
however, although share some commonalities across the two methods, are not exactly the
same. Specifically, the estimates produced by the method of |Sarkar et al.| (2021) are more
strongly correlated than ours.

We conducted a formal model comparison exercise to identify which model fits the EATS
data set better. Since the competing methods are both Bayesian, we compared them in
terms of the Bayes factor (Kass and Raftery, [1995). The Bayes factor comparing the two
%. We calculated the numerator and denominator from
the posterior samples using the harmonic mean identity of Neton and Raftery (1994)). Based
on the suggestions in |Kass and Raftery| (1995), the evidence in favor of our proposed DeStoR

methods is given by B =

is ‘decisive’ as we obtained B > 100.

6 Discussion

In this article, we developed a novel method for multivariate density deconvolution in the
presence of conditionally heteroscedastic measurement errors and the availability of repli-
cated proxies for the unknown values of the variable of interest. Our proposed method relies
on stochastically rotating the observed replicates toward the underlying true values and then
stochastically adjusting their lengths to match the lengths of the true values. We took a
Bayesian route to estimation and inference, implemented via an efficient MCMC algorithm.
In synthetic numerical experiments, the proposed method showed excellent performance in
recovering the true density of interest. The method’s practical utility was demonstrated
in a nutritional epidemiology application in estimating the joint distribution of the true
average long-term intakes of three different dietary components from their measurement
error-contaminated 24-hour recalls.

In Section S.6 of the supplementary materials, we show that the posterior of our model
convergences to the true unknown density of the observed data w; as the sample size grows to
infinity. There is substantial literature studying the convergence properties of the posteriors
in ordinary density estimation problems where fy is directly modeled. Our results are,
however, established under a conditionally heteroscedastic measurement error setting as
described in , where fy, is obtained by a convolution of the models for fyx and fyx. To our
knowledge, our results are novel to the literature, especially under dependence between the
measurement error u and the unknown true vector of interest x. In the context of density
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Figure 5: Results for the EATS data with n = 965 subjects and m; = 4 recalls per subject
for three minerals, namely, x; = iron, x5 = magnesium, and z3 = sodium. The figures in
the diagonal panels illustrate the estimated marginal densities fx,(z,), obtained from our
method in blue and the method of Sarkar et al.| (2021)) in red. The figures in the off-diagonal
panels depict the contour plots of the estimated two-dimensional marginals obtained from our
method (upper triangular panels) and the method of [Sarkar et al| (2021) (lower triangular
panels).

deconvolution, however, our results lack strong inferential merit as the notion of recovery is
in terms of f but not fy. In the future, we hope to study posterior consistency with a more
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appropriate notion of recovery, that of the density of interest fx, under density deconvolution
with conditional heteroscedastic matrix vMF distributed measurement errors.

While this is our first work in this line of research, our proposed approach is already quite
general, not only allowing completely unknown measurement error distributions but also
accommodating unknown conditional heteroscedasticity patterns. We thus believe the work
contributes a novel and significant addition to the existing sparse literature on multivariate
density deconvolution.

Directions for methodological extensions and topics of our ongoing research include ex-
ploration of other distributions on the Stiefel manifold, including mixtures of MvMF, adap-
tations to regression problems with errors-in-covariates, etc.

Supplementary Material

The supplementary material presents brief reviews of copulas, and Hamiltonian Monte Carlo,
and also the explicit formula of cubic B-splines for easy reference; discusses model identi-
fiability; and details the choice of hyper-parameters, the MCMC algorithm used to sample
from the posterior, and some convergence results for the posterior and their proofs. The
supplementary material also presents some additional figures summarizing the results of the
simulation experiments. R programs implementing the deconvolution methods developed
in this article are included in the supplementary material. The EATS data analyzed in
Section 5| can be accessed from National Cancer Institute by arranging a Material Transfer
Agreement. A simulated data set, generated using the estimates produced by our method
for the EATS data set, and a ‘readme’ file providing additional details are also included in
the supplementary material.

Acknowledgements

We thank two anonymous referees for constructive suggestions that led to significant im-

provement in the exposition of the manuscript.

References

Bennett, D. A., Landry, D., Little, J., and Minelli, C. (2017). Systematic review of statistical
approaches to quantify, or correct for, measurement error in a continuous exposure in

nutritional epidemiology. BMC medical research methodology, 17, 146.

20



Betancourt, M. (2017). A conceptual introduction to Hamiltonian Monte Carlo. arXiv
preprint arXiw:1701.02434 .

Betancourt, M. and Girolami, M. (2015). Hamiltonian Monte Carlo for hierarchical models.
Current Trends in Bayesian Methodology with Applications, 79, 2—4.

Bovy, J., Hogg, D. W., and Roweis, S. T. (2011). Extreme deconvolution: Inferring complete
distribution functions from noisy, heterogeneous and incomplete observations. The Annals
of Applied Statistics, 5, 1657-1677.

Buonaccorsi, J. P. (2010). Measurement Error: Models, Methods, and Applications. Chap-
man & Hall/CRC interdisciplinary statistics series. CRC Press, Boca Raton.

Carroll, R. J., Ruppert, D., Stefanski, L. A., and Crainiceanu, C. M. (2006). Measurement
Error in Nonlinear Models: A Modern Perspective, Second Edition. Chapman and Hall,
Boca Raton.

Comte, F. and Lacour, C. (2013). Anisotropic adaptive kernel deconvolution. Annales de
IHP Probabilités et statistics, 49, 569—609.

de Boor, C. (1978). A practical guide to splines. Springer-Verlag, New York.

Delaigle, A., Hall, P., and Meister, A. (2008). On deconvolution with repeated measurements.
Annals of Statistics, 36, 665—685.

Devroye, L. (1989). Consistent deconvolution in density estimation. The Canadian Journal
of Statistics, 17, 235-239.

Diggle, P. J. and Hall, P. (1993). A Fourier approach to nonparametric deconvolution of a
density estimate. Journal of the Royal Statistical Society, Series B, 55, 523-531.

Downs, T. D. (1972). Orientation statistics. Biometrika, 59, 665-676.

Eckle, K., Bissantz, N., and Dette, H. (2017). Multiscale inference for multivariate deconvo-
lution. FElectronic Journal of Statistics, 11, 4179-4219.

Escobar, M. D. and West, M. (1995). Bayesian density estimation and inference using
mixtures. Journal of the American Statistical Association, 90, 577-588.

Fan, J. (1991a). Global behavior of deconvolution kernel estimates. Statistica Sinica, 1,
041-551.

Fan, J. (1991b). On the optimal rates of convergence for nonparametric deconvolution
problems. The Annals of Statistics, 19, 1257-1272.

21



Frithwirth-Schnatter, S. (2006). Finite Mizture and Markov Switching Models. Springer,
New York.

Hazelton, M. L. and Turlach, B. A. (2009). Nonparametric density deconvolution by weighted
kernel estimators. Statistics and Computing, 19, 217-228.

Hazelton, M. L. and Turlach, B. A. (2010). Semiparametric density deconvolution. Scandi-
navian Journal of Statistics, 37, 91-108.

Hoff, P. and Franks, A. (2019). rstiefel: Random Orthonormal Matriz Generation and
Optimization on the Stiefel Manifold. R package version 1.0.0.

Hoff, P. D. (2009a). A hierarchical eigenmodel for pooled covariance estimation. Journal of
the Royal Statistical Society: Series B (Statistical Methodology), 71, 971-992.

Hoff, P. D. (2009b). Simulation of the matrix Bingham-von Mises-Fisher distribution, with
applications to multivariate and relational data. Journal of Computational and Graphical
Statistics, 18, 438-456.

Householder, A. S. (1958). Unitary triangularization of a nonsymmetric matrix. Journal of
the ACM, 5, 339-342.

Jupp, P. E. and Mardia, K. V. (1979). Maximum likelihood estimators for the matrix von
Mises-Fisher and Bingham distributions. The Annals of Statistics, 7, 599-606.

Kass, R. E. and Raftery, A. E. (1995). Bayes factors. Journal of the American Statistical
Association, 90, 773-795.

Keogh, R. H., Shaw, P. A., Gustafson, P., Carroll, R. J., Deffner, V., Dodd, K. W,
Kiichenhoff, H., Tooze, J. A., Wallace, M. P.; Kipnis, V., and Freedman, L. S. (2020).
STRATOS guidance document on measurement error and misclassification of variables

in observational epidemiology: Part 1—basic theory and simple methods of adjustment.
Statistics in Medicine, 39, 2197-2231.

Khatri, C. and Mardia, K. V. (1977). The von Mises-Fisher matrix distribution in orientation
statistics. Journal of the Royal Statistical Society: Series B, 39, 95-106.

Kim, P. T. (1998). Deconvolution density estimation on SO(N). Annals of Statistics, 26,
1083-1102.

Kim, P. T. and Richards, D. S. P. (2001). Deconvolution density estimation on compact Lie
groups. Contemporary Mathematics, 287, 155-172.

22



Kostantinos, N. (2000). Gaussian mixtures and their applications to signal processing. In
Advanced signal processing handbook: Theory and implementation for radar, sonar, and

medical imaging real time systems, pages 3—32. CRC Press.

Li, T. and Vuong, Q. (1998). Nonparametric estimation of the measurement error model
using multiple indicators. Journal of Multivariate Analysis, 65, 139-165.

Madrid-Padilla, O.-H., Polson, N. G., and Scott, J. (2018). A deconvolution path for mix-
tures. FElectronic Journal of Statistics, 12, 1717-1751.

Masry, E. (1991). Multivariate probability density deconvolution for stationary random
processes. IEEE Transactions on Information Theory, 37, 1105-1115.

McCormick, T. H. and Zheng, T. (2015). Latent surface models for networks using aggregated
relational data. Journal of the American Statistical Association, 110, 1684—1695.

Mukhopadhyay, M., Li, D., and Dunson, D. B. (2020). Estimating densities with non-linear
support by using fisher—gaussian kernels. Journal of the Royal Statistical Society, Series
B, 82, 1249-1271.

Neal, R. M. (2011). MCMC using Hamiltonian dynamics. Handbook of Markov chain Monte
Carlo, 2, 2.

Neton, M. and Raftery, A. (1994). Approximate Bayesian inference by the weighted likelihood
bootstrap (with discussion). Journal of the Royal Statistical Society: Series B, 56, 1-48.

Newton, M. A. (2002). On a nonparametric recursive estimator of the mixing distribution.
Sankhya: The Indian Journal of Statistics, Series A, 64, 306-322.

Sarkar, A., Mallick, B. K., Staudenmayer, J., Pati, D., and Carroll, R. J. (2014). Bayesian
semiparametric density deconvolution in the presence of conditionally heteroscedastic mea-
surement errors. Journal of Computational and Graphical Statistics, 24, 1101-1125.

Sarkar, A., Pati, D., Chakraborty, A., Mallick, B. K., and Carroll, R. J. (2018). Bayesian
semiparametric multivariate density deconvolution. Journal of the American Statistical
Association, 113, 401-416.

Sarkar, A., Pati, D., Mallick, B. K., and Carroll, R. J. (2021). Bayesian copula density
deconvolution for zero-inflated data in nutritional epidemiology. Journal of the American
Statistical Association, 116, 1075-1087.

Shaw, P. A., Gustafson, P., Carroll, R. J., Deffner, V., Dodd, K. W., Keogh, R. H., Kipnis,
V., Tooze, J. A., Wallace, M. P.; Kiichenhoff, H., and Freedman, L. S. (2020). STRATOS

23



guidance document on measurement error and misclassification of variables in observa-
tional epidemiology: Part 2 — more complex methods of adjustment and advanced topics.
Statistics in Medicine, 39, 2232-2263.

Song, H. and Dunson, D. B. (2022). Curved factor analysis with the ellipsoid-gaussian
distribution. arXiv preprint arXiv:2201.08502.

Staudenmayer, J., Ruppert, D., and Buonaccorsi, J. R. (2008). Density estimation in the
presence of heteroscedastic measurement error. Journal of the American Statistical Asso-
ciation, 103, 726-736.

Stefanski, L. A. and Carroll, R. J. (1990). Deconvolving kernel density estimators. Statistics,
21, 169-184.

Stewart, G. W. (1980). The efficient generation of random orthogonal matrices with an
application to condition estimators. SIAM Journal on Numerical Analysis, 17(3), 403—
4009.

Su, Y., Bhattacharya, A., Zhang, Y., Chatterjee, N., and Carroll, R. J. (2020). Non-
parametric Bayesian deconvolution of a symmetric unimodal density. arXiv preprint
arXiw:2002.07255 .

Subar, A. F., Thompson, F. E., Kipnis, V., Midthune, D., Hurwitz, P., McNutt, S., McIntosh,
A., and Rosenfeld, S. (2001). Comparative validation of the Block, Willett, and National
Cancer Institute food frequency questionnaires - The Eating at America’s Table Study.
American Journal of Epidemiology, 154, 1089-1099.

Youndjé, E. and Wells, M. T. (2008). Optimal bandwidth selection for multivariate kernel
deconvolution density estimation. Test, 17, 138-162.

Zhang, S., Midthune, D., Guenther, P. M., Krebs-Smith, S. M., Kipnis, V., Dodd, K. W_,
Buckman, D. W., Tooze, J. A., Freedman, L., and Carroll, R. J. (2011). A new multivariate
measurement error model with zero-inflated dietary data, and its application to dietary
assessment. Annals of Applied Statistics, 5, 1456—1487.

24



SUPPLEMENTARY MATERIAL

S.1

Supplementary Material for

Bayesian Semiparametric
Multivariate Density Deconvolution via
Stochastic Rotation of Replicates

Arkaprava Roy
ark007@ufl.edu
Department of Biostatistics, University of Florida
2004 Mowry Road, Gainesville, FL 32611, USA

Abhra Sarkar
abhra.sarkar@utexas.edu
Department of Statistics and Data Sciences, The University of Texas at Austin
2317 Speedway D9800, Austin, TX 78712-1823, USA

Supplementary material presents brief reviews of copula basics, Hamiltonian Monte Carlo,

and cubic B-splines to make the article relatively self-contained. Supplementary material also

discusses model identifiability; and presents details of the MCMC algorithm we designed to

sample from the posterior; some convergence results for the posterior and their proofs; and

some additional figures. Separate files additionally include a synthetic data set, generated
using the estimates produced by our method for the EATS data analyzed in Section 5 of the

main paper, and R programs implementing the proposed multivariate density deconvolution

model developed in this article.
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S.1 (Gaussian Copula

The literature on copula models is enormous. See, for example, 7?7 and the references
therein. For easy reference, we provide a brief review of the basics here.
A function C(u) = C(uy, ..., up,) : [0,1]7 — [0, 1] is called a copula if C(u) is a continu-
ous cumulative distribution function (cdf) on [0, 1]? such that each marginal is a uniform cdf
n [0,1]. That is, for any u € [0,1]?, C(u) = C(wy,...,u,) = Pr(Uy < uy,...,U, < u,)
with C(1,...,1,u;1,...,1) = Pr(U; < w;) = w,i = 1,...,p. If {X;}}_, are abso-
lutely continuous random variables having marginal c¢df {H;(x;)}?_; and marginal proba-
bility density functions (pdf) {h;(z;)},_,, joint cdf H(z1,...,x,) and joint pdf h(zy, ..., x,),
then a copula C can be defined in terms of H as C(uy,...,u,) = H (x1,...,2,) where
w; = Hi(z;),i = 1,...,p. It follows that h(zy,...,2z,) = c(ui,...,u,) [[5; hi(z;), where
c(uy,...,up) = 0PC(uy,...,uy)/(Ouy ...0up,). This defines a copula density c(u) in terms of
the joint and marginal pdfs of {X;}¥_; as

c(uy,...,up) = h(zy, ..., xp)/ [T-; hi(zs). (S.1)

Conversely, if {V;}._, are continuous random variables having fixed marginal cdfs { F;(v;)}7_;,
then their joint cdf F'(vy,...,v,), with a dependence structure introduced through a copula
C, can be defined as

F(uy,...,v,) = C{Fi(v1),..., Fy(vy)} = C(uy,...,u,), (S.2)

where u; = F;(v;),i = 1,...,p. If {V;}}_, have marginal densities { f;(v;)}\_,, then from (S.2)
it follows that the joint density f(vyi,vs,...,v,) is given by

flo, o) =clur, .. up) [T, filw). (S.3)

With Fj(v;) = w; = Hi(x;),i = 1,...,p, substitution of the copula density (S.1)) into (S.3])

gives
Fors- ) = clun,. Hm_{ }Hm (5.4

1= 1

Equation can be used to define flexible multivariate dependence structure using
standard known multivariate densities (?). Let MVN,(p,X) denote a p-variate normal
distribution with mean vector p and positive semi-definite covariance matrix 3. An im-
portant case is X = (X1,...,X,)T ~ MVN,(0,R), where R is a correlation matrix. In
this case, C(uy,...,uy|R) = ®,{P (w1),..., 2 (u,)|R}, where ®(z) = Pr{X < z|X ~
Normal(0,1)} and ®,(xy,...,2,R) = Pr{X; < x1,..., X, < 2,/X ~ MVN,(0,R)}. If
X ~ N,(0,%), where ¥ = ((0;;)) is a covariance matrix with o; = o7, then defining
A = diag(of,...,00) and Y = A"2X and noting that ¥ = AY?RAY2, we have
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c(ut, - .., up) = MVN,(x]0, 2)/MVN,(x|0,A) = [A["?[S] 2 exp { —xT (7' — A H)x/2}
= [R|"exp{—y"(R™! = L,)y/2} = MVN,(y|0, R)/MVN,(y|0, L,,).

Sticking to the standard normal case, a flexible dependence structure between random vari-
ables {V;}!_, with given marginals {F;(v;)}¥_; may thus be obtained assuming a Gaussian
distribution on the latent random variables {Y;}”_; obtained through the transformations
Fy(v;) =u; = ®(y;),i =1,...,p. The joint density of V = (V4,...,V,)T is then given by

P MVN,(y]0,R) {£
Flonssvp) = el [0 = et ylgl [[ 4

i=1
We have
Pr(Vy <wvy,...,V, <w,) =PrlY <& HF (v)},....Y, <& HE,(v,)}[Y ~ MVN,(0,R)].

For ¢ < p, with (Y3,...,Y,)" ~ MVN,(0,R,), we then have
Pr(Vi <wvy,...,V, <wv,) =Pr[y; <O H{F(v)},...,Y, <O {F,(v,)}]Y ~ MVN,(0,R,)],

implying that the density of (V1,...,V,) will be

00 = Sn e T e

flor, .. vg) = c(ug, . .., uy Vi) = MVN,(y|0,1,) o
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S.2 Hamiltonian Monte Carlo

In this section, we present a brief review of the Hamiltonian Monte Carlo (HMC) sampling
algorithm for easy reference. Our presentation of HMC is inspired from Neal (2011)) and
Betancourt and Girolami (2015). Let us assume that we want to draw samples of ¢ from
7(q). The HMC algorithm adds an additional momentum variable p and considers following
joint density

m(p,q) = 7(plg)7(q).

The Hamiltonian H(p,q) of a system is defined as the sum total of the kinetic energies
and the potential energies of all the particles in the system. Liouville’s theorem on phase
space equation from statistical mechanics states that the probability density of phase space
is time-invariant along the trajectory. Based on that, it can be shown that for multivariate
normal initial distribution the joint density

m(p, q) oc exp{—=H(p,q)}

Thus we get

H(p,q) = —log{n(p,q)} = —log{n(plq)} —log{n(q)} = K(plq) + Ul(q),

where K(p|q) is the kinetic energy and U(q) is the potential energy. The first step of the
HMC algorithm is to draw the momentum variable p such that p ~ m(p|q). The changes in
p and ¢ over time are governed by the following Hamiltonian’s equations

dg _ O _ | 0K
dt_+8p_+8p’

dp _ _9H _ _ 9K ou

dt — 8¢ Oq oq °

Computational implementation of these equations requires discretization of time, with small
step size € and evaluate the states at t = €, 2¢, . .., so on. Neal| (2011) showed the superiority
of the leapfrog method in producing excellent solution to a system of differential equations.
In most applications, including our own, p is assumed to be independent of ¢ and is generated
from a Normal(0, 1) density. The leapfrog method then proceeds as follows

Pt +¢/2) = pit) — (¢/2) L,
q(t+¢€) =q(t) + et +¢/2),
p(t+e) = p(t+¢/2) — (¢/2) 5.
We iteratively compute the states at ¢t = ¢€,2¢, 3¢, ..., Le, where L stands for the number

of leapfrog steps. Neal (2011) showed that if we take two choices of L and e such that
Lyey = Lyesy, the solution due to larger L and smaller € works better. In our application, we
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keep L fixed and tune e within our MCMC implementation to achieve an acceptance rate
between 0.6 to 0.9 which exhibits good mixing and efficiency in posterior sampling. After
running the iteration from L-many steps, we obtain an updated ¢* and p*. The acceptance
probability for the new ¢* is

exp{U(q) —U(q") + K(p) — K(p")},

where U(q) stands for the negative log-posterior and K(p) = %p2 is the Gaussian kinetic

energy term.
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S.3 Cubic B-splines

Consider knot—points t o=t 1=tg=th =A<ty <---<B=tg= tk+1 = tr4o = Tiys,
where t.x are equidistant with § = (t3 —¢1). For j = 1,2,..., (K + 3), cubic B-splines b3 ;
are defined as

;

sl —tj—9)} if t; 0 <@ <tjy,
a5 {0° +3(x — t;-1)0% + 3(x — t;-1)%0 — 3(x — t;1)%} ift; ; <z <ty

bsj(x) =9 &{0® +3(tj1 —2)8 +3(t11 — )20 = 3(tj —2)*}  ift; <@ <ty
o Ltz — @)} if tj11 <o <tjo,
0 otherwise.

Cubic B-spline Bases

1.0

0.6

0.4

0.2

0.0
|

I I | | I I |
< N N < 0 © ™~ @ R -
o o o o o o o o o

Figure S.1: Plot of 13 cubic B-splines on [0, 1] defined using 10 knot points that divide [0, 1]
into K = 10 equal sub-intervals.
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S.4 Model Identification

The additive zero mean error formulation of our model in Section 3.3 of the main paper
readily establishes the identifiability of fy when the joint and conditional distributions of
w,x are all bounded, the characteristic function of (x|w) is non-vanishing everywhere and
m; > 3 replicates are available for each subject i (7). Broadly speaking, if the density fyjw
varies with x, its characteristic function does not vanish. With sufficient variability of the
density of x|w, the observations w have enough information to allow the recovery of the
density of x (Sarkar et al., 2018).

S.5 Posterior Computation

We now discuss our MCMC algorithm to draw posterior samples of the model parameters.
We shall provide full conditionals for all the parameters. In addition, we also provide explicit
expressions of the derivatives for the parameters that are updated using HMC.

Choice of Hyper-parameters and MCMC Initial Values

The starting values of some of the parameters for the multivariate problem are determined
by first fitting the univariate sub-model of Sarkar et al| (2021). We describe the hyper-
parameter choices and the initial values for the sampler for the marginal univariate models
first. Unless otherwise explicitly specified, the prior hyper-parameter choices for similar
model components for the multivariate model remain the same as that used for the univariate
models. We only detail the sampling steps for the multivariate method. To make the recalls

for all the components to be unit free and have shared support, we transformed the recalls
We,i,j

maX{’wg’,"j}

simplifying model specification and hyper-parameter selection.

as wy,;; = 20 x . The latent z,,’s can then be safely assumed to lie in [0, 10], greatly

For the univariate samplers, we then used the subject-specific sample means wy 1., as
the starting values for xy;.,. The appropriate number of mixture components in a mixture
model depends on the flexibility of the component mixture kernels as well as on the specific
demands of the particular application at hand. With appropriately chosen mixture kernels,
univariate mixture models with 5-10 components have often been found to be sufficiently
flexible. Similar observations have also been made for penalized mixtures of splines (?).
Detailed guidelines on selecting the number of mixture components for the specific con-
text of deconvolution problems can be found in Sections S.1 and S.6 in the supplementary
material of Sarkar et al.| (2018). Based on these guidelines and extensive numerical exper-
iments, we used 10 equidistant knot points for the B-splines supported on [A, B] = [0, 10]
for modeling the functions s*(||x|| /d) and r(x,). Thus there are K, = K, = 13 many
basis functions. We used K = 10 mixture components for the truncated normal mixtures
modeling their densities. For the Dirichlet prior hyper-parameter, we set & = 1/K. The
hyper-parameters for the smoothness-inducing parameters are set to be mildly informative
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as ag = ag = ay = 10,by = bg = be = 1. Introducing latent mixture component allocation
variables C; 1:41:m, Ce1:a,1:8 and €2 1.41:n5, We can write the univariate sub-model of Sarkar
et al. (2021) as

(Ztg’i Cm,é,z' = k, ,ux,g’k, Ui,ﬁ,k) ~ TN($g7i|,LLx7g’k, O'i&k, [A, B]), f = 1, . ,d, and

(EZ»L]"CE?ZJ»J' = k’ CQE,Z,i,j = t’ ME7£7k9t7 J?,Z,k,t) ~ Normal(e‘&l:.]’/j/eagvkvt’ O’z,ﬁ,k‘,t)’
(=1.....d

The mixture labels ¢, ¢;’s, and the component-specific parameters p, ¢x’s and 0, ’s are
initialized by fitting a k-means algorithm with £ = K. The parameters of the distribution
of scaled errors are initialized at values that correspond to the special standard normal case.
The initial values of the smoothness-inducing parameters are set at o , = 07, = 07, = 0.1.
The associated mixture labels ¢ ; ;’s are thus all initialized at c.¢; ; = 1. The initial values
of ¥,’s are obtained by maximizing

9P 1 “
0|02 ), W) = ——o—— — _—E Wei; — We;)?
el Wein) = = 2 5, 0,) & i )

with respect to 9.

We now discuss how we set the initial values of the sampler for the multivariate method.
The starting values of the z,,;’s were all set at the corresponding estimates returned by the
univariate samplers. The initialization of the B-spline coefficients of k,(-)’s and s*(-) were
done based on the estimated x,;’s from the univariate sampler as described below. We first
normalize w; ; as W; ; = W, ;/||[W; j||2. Similarly, we also obtained X;’s. Then, for each indi-
vidual 7, we assume w; ; ~ VMF(f;), where vMF stands for the von Mises-Fisher distribution
(Jupp and Mardia, [1979)) and obtain maximum likelihood estimates £ = (ﬁz, e fAd,i)T us-
ing the R package movMF (7). Based on these estimates we set kg ;(zs;) = ﬁz /Ty ;. Similarly
for each individual, we calculate the variance of v; = {1og (%) ,j=1,...,m; ¢ and set
s*(||xi|l2/d) = v;. Using the R package nnls (?), we then fit the non-negative least squares
to obtain the B-spline coefficients 8, , and 3, for cubic splines with 10 knots. For 3, ,, the
first input in nnls is the matrix M, of dimension n x 13, where M;; = By(x,;) and the
second input is {ke;(z¢;) : ¢ = 1,...,n}. Similarly, to estimate B, the corresponding first
matrix input My is of dimension n x 13, where M, » = By (||xi]|2/d) and the vector input
is {s*(||xil|2/d) :i=1,...,n}.

We set the number of shared atoms of the mixture models for the densities f,, at K = 10.
The shared atoms of the mixtures of truncated normals for the marginal densities fx, are
initialized by iteratively sampling them from their posterior full conditionals 500 times,
keeping the z,;’s fixed at their estimated initial values.

Finally, the parameters specifying Ry were set at values that correspond to the special
case Ry = I,,. In our sampler for the multivariate problem, we first update the parameters
specifying the different marginal densities using a pseudo-likelihood that ignores the con-
tribution of the copula. The parameters characterizing the copula and the latent x;’s are
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then updated using the exact likelihood function conditionally on the parameters obtained
in the first step. The results of ? suggest that such two-stage approach performs just as
good as joint estimation procedures, validating their use for computational simplicity. We
then update the parameters of the marginal densities again and so forth. Lastly, we update
the B-spline coefficients involved in our measurement error model using an HMC sampler.

MCMC Iterations

Our sampler for the multivariate model iterates between the following steps.

1. Updating the parameters specifying f,,,{ =1,...,d: We modelled the marginal
densities of the components ¢ = 1,...,d using mixtures of truncated normals with shared
atoms. We update the mean and variance of the mixture normal components using HMC.
The mixing probabilities and mixture indicators are updated using the full conditional con-
jugate posterior distributions.

Specifically, the full conditional of 7, ¢ is given by

p(meel€) = Dir{age+nge(l),. .., ape+ ngo(K)}.
where n, (k) = > 1(cy0; = k) as before. The full conditional of ¢, ; is given by
P(Cori = K|C) o Tapn X TN(@,HMz,k,Uik, [A, B)),
a standard multinomial. The full conditional of p, j is given by

d
) X pO(:uI,k) X HZ:l H{i:cm,g’i:k} TN(:EZ,Z'LU%,k’ Ji,k? [A7 B])a

which gives the following negative log-likelihood

%(Nm k%uxo) 4+ 1 Ze . Z{z B (we, Nac k)?

e Bl {0 (82) -0 ()}

where ®(-) stands for the standard normal cdf and the derivative is given by

() ()

p(

Tx.k x,k

(Mz E— Bz0) (0,0 —Ha k)
ZE 1 Z{z ¢y 0,i=k} Uik - - {cD(B_Nz,k) Q(A_“z,k)}
g .k )=

T,k 9.k

Similarly, the full conditional of o2 ; is given by

d
p(agvk\(:) X pO(Ui,k) x [Ty H{z‘:cmﬂzk} TN (@i e 1 Uz,kv [A, B]).

which gives the following negative log-likelihood

_ d Ty, Mz, 2
210g(0§,k) + Ux,i + % Zf:l Z{i:cw,gﬂ-:k} %

N —Max A— x
i+ casi = R} log {@ (222t ) — @ (L) |
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and the derivative with respect to o2, is given by

— d Ty 45— T, 2 -
2/0-57]9 - 0-557217 - % Zé:l Z{izcz Zi:k} % + |{Z “Cai = k}’/(20§7k>

isen .kt {0 222 ) (Boia )0 27224 ) (A-pn)}

Tz k
B—pup A—p
203k{q>( xyk)ié( x’k>}
Ty Txk Txk

These parameters are updated by HMC with Gaussian kinetic energy as described in Sec-

tion [S.2) in the supplementary materials.

2. Updating the B-spline coefficients specifying s> and r, for £ = 1,...,d: These
parameters are also updated using HMC sampler. We provide below the associated negative
log-likelihood functions and the corresponding derivatives.

(a) The negative log-likelihood to update the B-spline coefficients 3, is

Lneg,lzg%log{s (Ixillo/d)} + = Zz{log IC: W”Hségﬁcjju);jf (Ixill2/d)/2}

K
1 Bsk ,Us k)
52 1/8,5 ke[o OO]

8

And the derivative is

oL, . 101G wila/ 1 l2) + 2 (3¢ 12/d) /2
Tt = 2 im Belllxill2/d) 252 [zs%nxiu/d) + CEIEA Iy

{log(ic; willa/Ixilla)+s2(xillz/d)/2} | (Base pes)
B 257(Jxi12/d) + 0 L, efo.col-

(b) The negative log-likelihood to update the B-spline coefficients 3, , is

Lyego = Z Z log{M(F;)} — trace {G (C;'w;;,x;) F; }| + Z Z log(]|C; 'wi j|2)

i=1 j=1 i=1 j=1

Ky

ZZ {log (| C wiglla/IIxill2) + s*(xillo/d)/2}* | L 3 (Brth = pme)®
2 ([Ixill2/d) 2 ory e
i=1 j=1 k=1 Ky

We consider adaptive random-walk MH sampling for 3, , using a multivariate normal

proposal with a covariance matrix being set based on the generated posterior samples

adaptively.

3. Updating the values of x: The full conditionals for x; are given by
(X2|C) X fx(xz|C) X H;n:11 fw|x(wi,j|xia C)
o [Rux| 72 exp { 3y 5 (R = L)y } [T0ny foe(eil€)
_ 2
[[]]2 {log(IC7 ' wijll2/lIxill2) + s*(|Ixill2/d) /2}

1
——etr<§g C;lwi,»,xi F,; — exp | —
HM(Fz‘) ol i»%i) }HCZ- 'wijll2s(]1%]]2/d) 252([|%i|2/d)

J
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where F, o(244]¢) = ®(yre:). These full conditionals do not have closed forms. Metropolis-
Hastings (M-H) steps with independent truncated normal proposals for each component are
used within the Gibbs sampler.

4. Updating the parameters specifying the copula: We have F, ,(zy;

C) = (I)(ym,z,z')
for all « = 1,...,n and ¢ = 1,...,d. Conditionally on the parameters specifying the
marginals, yxi.41., are thus known quantities. We plug-in these values and use that
(vxi|Rx) ~ MVNy(0,Ryx) to update Ryx. The full conditionals of the parameters speci-
fying Ry do not have closed forms. We use random walk M-H steps to update the d(d—1)/2
set of polar angles. Since polar angles have bounded support, they are proposals generated
from truncated normals, supported according to the respective polar angles. The angles
{Gnm-1 : m = 1,...,d} are supported in [0,2r], whereas other angles are supported in
[0, 7]. We discretized the set of possible values of each ¢, s with M = 41 equidistant grid
points covering its support. A new value (s ey is proposed at random from the set com-
prising the current value and its two neighbors. Their proposed values are accepted with
probabilities min{1, a(Gm.snew)/@(Cm.s) }» Where

a(gm,s) = det(zjx(gm,s))id/2 exXp {_(1/2) Z?:l ZT:H yg,i,j{zx(gaﬁ,s)}il}'vx,i,j} .

With carefully chosen initial values and proposal densities for the M-H steps, we were able
to achieve quick convergence for the MCMC samplers. We also automatically tune the step
lengths for all the Metropolis proposals to achieve acceptance rates within a pre-specified
range, namely, 0.4-0.5 for the M-H steps and 0.6-0.9 for HMC. For our proposed method,
5,000 MCMC iterations were run in each case with the initial 3,000 iterations discarded
as burn-in. The remaining samples were further thinned by a thinning interval of 5. We
programmed in R. With n = 1000 subjects and m; = 3 proxies for each subject, on an
ordinary laptop, 5,000 MCMC iterations required approximately 4 hours to run.

S.6 Computational Cost and Complexity

We also determine the time complexity of the proposed method in the increasing d regime
via simulations. Specifically, we run the proposed method for three choices of d, namely
d = 3,5,10, and 30 simulation replications. We repeat the same steps for SPMC as well.
For a fair comparison, we run both of the two methods for 2000 MCMC iterations. Our
final computation times are averaged over all 30 replications. Subsequently, we fit the model
log(t) on log(d) to compute a such that ¢ = O(d*), where t is the computation time when
the data is d-dimensional. The results are shown in Figure The solution of a turns out
to be 1.49 for our method. For SPMC, the order of computation turns out to be 1.51 which
is almost the same as our proposed method. However, our proposed method converges faster
and requires fewer MCMC steps, likely due to the use of more efficient gradient-based MH
proposals for some of the parameters.
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-| —— DeStoR
— SPMC

40

35
|

Computation time in minutes
20 25
|

15

10

Dimenstion d

Figure S.2: Computation time with increasing dimension d.
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S.7 Posterior Consistency

We study the posterior consistency of the proposed model as the sample size increases to
infinity. We make following assumption for true distribution of fj«

fOx( ) Oxexp{ yx RO}(_Id YX}Hg 1f0r€(x€)

with Fo . 0(ze) = ®(yue), where Fy, 0 is the cdf corresponding to fo .., and the univariate
densities fo..(-)’s are supported in [A, B] such that fo,,(-) € F where F is the class of
square-integrable functions. Convex combinations of Gaussians are dense in L, meaning
they can approximate any square-integrable function with arbitrarily small approximation
error (Kostantinos, |[2000). One may vary the support of fjx, with ¢, for example, the support
for x, may be [Ay, B;|]. However, choosing A = min, A, and B = max, By, the proofs will
remain the same with minor technical modifications. We present here the main results. To
save space, detailed proofs are deferred to Section of the supplementary materials. Let
0 = {r(): 0 =1,...,d,8(), K, K} U{K,Rx, fxr : L = 1,. d} = (0',8") denote the
complete set of parameters The marginal density for w is fw = [} fwix(W|x) fx(x)dx
We have x € X = [A, B]?. Also, let the replicates w € W C ]Rd. We have Fix(X) = 1
and Fy(X) = 1. Let Oy = (6;,0;) be the true value of 8. We make the following set of
assumptions.

ffO w\x(w|x)f0 x X)dx
infx fO w\x(w|x)

dw < 00.

Assumptions 1. [ fow(w)log

Assumptions 2. For any compact set wo C W, e := infyew, [ fowx(W[X) fox(x)dx > 0.

Assumptions 3. The coefficient functions ko(-)’s are Hélder smooth with regularity ¢ and
the function s3(-) is also Holder smooth with reqularity /. We further assume 0 < m, <
Koe(+) < My < oo for all € and 0 < mg < s2(-) < M, < o0.

Assumption [I] and Assumption [2] are in line with other existing posterior consistency
results for mixture models (??). Assumption [3| ensures that for some 0 < M < oo,
sup{ fo,wjx(W[x) : (W, x) € Wy x X'} < eM.

For the sake of generality, we also put priors on K,, Ky and K with probability mass
functions given by

(K, = k) = bey exp{—buok(logk)?3}, TI(K, = k) = by exp{—bsok(logk)b=},
and II(K = k) = by exp{—byk(logk)®},

where b1, b.o, bs1, bsa, b1,b0 > 0 and 0 < b,.3,bs3,b3 < 1 for i = 1,2. As special cases of the
above, we can obtain the Poisson and geometric probability mass functions respectively for
bk3,bs3, b3 = 1 or 0. However, for computational simplicity, we do not consider these priors
while fitting the model but propose to tune K, K, and K based on the sample size.



SUPPLEMENTARY MATERIAL S.14

Posterior consistency theory studies recovery of the ‘true’ parameter 8, with increasing
sample size when the data is sampled from the distribution characterized by 8,. Our notion
of recovery is based on following L;-distance metric

d(01,05) = || fro — fonll = / i — fowdw.

Theorem 2. Under Assumptions 1-4, 11,{0 : d(8,0y) > e|wi.,} — 0 as n — oo almost
surely in Py, . for every e > 0.

The proof is based on Theorem 2 of 7. In the context of density deconvolution, a slightly
more appealing notion of recovery could be in terms of a distance metric involving 8 alone.
To show posterior consistency in terms of a distance metric involving 6 alone such as the
Wasserstein metric as in ?2Su et al.| (2020), we need to establish an inversion inequality.
However, such inversion inequality is difficult to formulate unless @’ is known. Since, our
proposed model does not assume 0’ to be known, establishing such consistency result in our
setting is beyond the scope of this paper. Our notion of recovery thus involves the complete
set of parameters that focuses on the estimation of all parameters simultaneously.
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S.8 Proofs of Theoretical Results

We first establish that, under the assumptions described in Section [S.7] the truth belongs to
the Kullback-Leibler (KL) support of the prior. We rewrite the KL as

KL () fw(w)} = [ log { Sttt

f)( fw\x W|X)fx( )
= [, § e Fomx (W) fox (x)dx oo [ f S Jowie(Wx) f(x)dx
-/ lg{foOW.x (W) o () }f‘”( v+ [ lg{fxfmx(vv\x)fx(x)dx

}fovw(w)dw
=1+ 1.

We can further rewrite the first term as

. f fo w\x(w|x fOx f fo w\x(wlx fO x(x)dx}
1= o Yo { e S | o (wiw o [ toa { F e RS b o (w)idw
We can then choose a compact set W, such that
fxfOW\x(Wlx fOx }
Jwg log { T o WP R G0 | J0w (W)dW

S fwg log{fX Jo,wix(WIx) fo,x (x }f()w( )dW S 6/4 (85)

infx fO w\x(w|x)

Existence of such an W, follows from Assumption [T}
Under Assumption [3 for U = {fx : || fx — fox|| < €/(8M)}, we have

|f fO,W\X(W|X)fX<X)dX_ ffo,w\x(W|X)f07x(X)dx‘
< er |fX(X) - fO,X(X)| dx = eMfo - fO,XH < 66/& (86)

When € < 4, we have

WX X d
J fowix(W]x) fx(x)dx T 1= E/8
Combining (S.5) and (S.7), we have I} < €/2 for fy € U. For the second term I, we first

note that

0,wlx(W[x)
fX fO,W|x(W|X)fx(X)dX _ fX ffW|L(w\x fw|x(W‘X)fx( ) X < sup fO’W‘X(W|X)

S Forie(WIx) fre(3) dx Jo Foe(WIX) f(X)dx 7 fape(WIx)

Since x is in a compact compact support, we have E(w) = E{E(w|x)} = E(x) < co. Given

this bounded expectation and the monotonicity of the logarithm function, an application of
the dominated convergence theorem gives us Iy — 0 as 8 — 0. Choose a neighborhood

={0":||0'—0;||c < 1} of Oy, such that for 8’ € Ny, I, < ¢/2. Combining the results for
I and I, we have KL{ fo w(W), fw(W)} < € when 8’ € N; and fg" €U, where 6 = 0'\Je".
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Let us define

forex(x) = det(Rox) 2 exp { —yT (Rox — La)yx } TTo_s fo.rcme(e)
with  foxxe(20) = gy Tex TN (2| i, o3y [A, B]) and Fy o o(w0) = ®(yes), L=1,...,d.

By universal approximation theorem, there exists K. such that for all K > K., we can

bound the approximation error due to a mixture fy k. by €/(16M&d) for each ¢, where

E=J X %%dx By Cauchy—Squartz mequahty, we have for positive valued func-

tions a(t) and b(t) of ¢, [a(t)b(t)dt < ([ \/a(t)b(t)dt)*> < [a(t)dt [b(t)dt. Using that we

have the followmg,

MVN(y | 0, Rox)
MVN(y | 0,1,)

| fo.xx — foxll < dm?X | fo.xcze — fozell dx < (e/16M¢§)E < €/(16M).
X

We thus have

1fx = Jox|l < I foxx — Jox|l + [|fx = foxxl < €/(16M) + || fx — fo,xxll-

Here we consider the same set of locations and scales for all the components. In the worst
case, the mixture approximation of each component is equivalent to an approximation with
K /d many truncated normal distributions. Due to continuity, there exists dy, ds, 03, 04 such
for |1 — pollee < 01, [0 — 00llee < 2, [T — Tolloe < 03, [[Rx — Rox|leo < d4, we have
| fx — foxxl| <€/(16M) and take K > K.. Therefore,

@) > (|| = pollse < 01)T(Jlo = 0lloe < 02)TI([| — 7olloo < 03)T(|[Rxc — Roxlloo < da)TI(K > K).

The approximation error for a Holder smooth true function with regularity ¢ using K many
B-spline bases is bounded by K~*. Thus we have ||rko; — Killoo < K7* + [|Bg 0 — Brtlloo-

Similarly |[s2 — s*||lc < K" + [|B0s — Bsllo. Take K, > (61/4)7", K, > (6;/4)~". Hence

TI(Ny) > {TI(K, > (6:1/4)" }dHH (1B0.sa = Bralloo < 81/HI(K, > (61/4) (IBg,« — Billoe < 01/4).

Hence, the KL-support Condition is satisfied noting that II(N;) > 0 and II(U/) > 0.

The KL-support condition ensures weak consistency of the posterior distribution (7). To
establish strong consistency for the posterior distribution of f, we apply Theorem 2 of ?7,
stated below for easy reference.

Theorem 3 (?). Let I1 be a prior on F. Suppose fo € F is in the KL support of I and let
U=A{f:|f— foll <e€}. If there is a § < €/4,c1,c0 > 0,8 < €2/8 and F,, C F such that, for
all n large:

(i) TI(FC) < ¢y exp(—ncy), and
(i1) J(6,F,) < np,

then IL(U| X4, ..., X,) = 1 a.s. Py,.
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The constants 0, ¢y, ¢o, 5 and the subset &, may depend on €. In the above theorem, the
strong consistency is handled based on conditions in terms of L;—metric entropy J(9,F,).
We are showing strong consistency for fy, here. Thus our U = {fy : || fw — fowl| < €}

Consider the sieve in the parameter space

Ho= {0:]Blloc < Min,B; € [anvMQn]KS7 [ftlloo < Man, may < [|o]|co < Miyn,
K, < Nip, Kg < Nopy, K < N3n} and F, = {few 10 € g_cn}

Let us also define

Hin = 10" [|Brlloc < Min, [IBslloc < Man, Ky < Nip, K < Non},
and JFy, = {f01,w\x 10, € Hy, b,
Hop ={0" : || 1t]| o0 < Mzp, Man < ||0||ce < Mun, K < N3, },
and Fy, = {f02,x 10y € Hop b

We have

| fiw = fowll < [ [ fiwixlfix = foxldwdx + [ [ fox|fiwix — fowlx|dwdx
< [ fiwixlfix — foxldwdx + [ fox [ fiwx — fowix|dwdx
< fix = faxll + supy [| frwix — fowixl]
< 2dy(fix; fox) + SUpPx Hfl,WIX - f27W\XH' (S.8)

Here dy(f1, f2) stands for the Hellinger distance between two densities f; and fs. The L; dis-
tance between two normal densities can be bounded as |[Normal(j1, 01) — Normal(us, 02)|| <
Clw for some constant C';. To bound the L; distance between two MvMF densities, we

og1/\oo
first apply Pinsker’s inequality. We have from the results of MvMF that E(Qy,) = %JY(F)),

where Q ~ MvMF(F) with F = diag(f). Since E(Qg,) < 1, we have aloga(—jc\j(]?)) < 1. Thus,
in light of the mean value theorem, we have |log(M(F;)) — log(M(F5))| < ||F1 — Fa|co-
Hence, we have
IMvMF (Fy), MvMF(F5)||? < 2KL(MvMF(F;), MvMF(F3))
< 2[log(M (F1)) — log(M (F2))[ + 2[[Fy — Faloc < 4[[Fy — Fal|.

As fw|x is product of two densities MVMFE' and log-normal, combining the above bounds, we

have
22|12
Sup”fl,w\x_f2,w|x||2 S Cf%_‘_LLHFl _FQHOO (89)
< B Bulle 1 g8, — B, | (5.10)
Using Theorem 1 of ?, we have following bound for the bracketing number with some con-
2k
stant ¢ as exp(Jy (01, Fon, dgr)) < SO eME, (%::) 5?1%1, where J; stands for logarithm

of minimum number of brackets of size §; required to cover F,. For sufficiently large
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n, we have Ms, > 1 and n]\f—f > 1. Thus for §; < 1, we have exp(Ji(d1, Fon,dy)) <

n

2N3n
N3nM§7Vf" (%) : ﬁ It is easy to see that J(0/4, Fon, dy) < J1(8/2, Fon, dy) as balls

Man )

of radius of §/4 can be covered by brackets of length /2. To calculate the covering number,
we first note that from ([S.8)) we have

J(8,Fpn,d) < J(0/2,F1n,d) + J(6/4, Fon,dy) < J(6/2,F 1, d) + J1(6/2, Fop, dgr), (S.11)
J<5/27 371?,“ d) S J(m2n5/017 {/637 Ks : /83 € [an, MQ”]KS7 Ks S N2"}’ H ’ HOO)
+J(6/16,{By, Ky : [|Bylloc < Min, Kie < Nin}, || - |loc)
S Nznlog{BclNgnMgn/(mgn(S)} + Nlnlog(48N1nM1n/5), (812)
The prior probability of the sieve-complement can be bounded as, II(H¢) < II(3, ¢
[0, My ]V ) +TL(B, & [man, Map)¥>r) + 11 (0 ¢ [— M, Man] V) +11(0 & [man, Man)™) +TI(K, >
Nin) + I(Ks > Ny,) + II(K > Nj,). Combining all of these prior probabilities, we get
H(30;) < Noyexp(~Ri M) + Nay exp(— RabMf2) + Nan{expl(~ RaM3) + exp(~ RaMED)
+ eXp{_Nln(logNln)bH?’} + eXP{_Nzn(IOgNQn)bSS} + exp{_NZSn(logNSn)bB}:
for some constants Ry, t1, Ry, ts, R3,t3. As per the requirements in Theorem , for § < €/4
and 8 < €2/8 we need

Ngnlog{301N2nM2n/(m2n§)} -+ NlnlOg(48N1nM1n/6) -+ 10g<N3n) -+ NgnlOg(Mgn)
+2N3,log( My, /may) + (3Ns, — 1)log(2/0) < nf, and
Ny exp(—RiM{),) + Noyp exp(—Ry M3 ) 4 Ny, {exp(— Ry M) + exp(—Ry M)}
+ exp{— Ny, (logNy,,)%3} + exp{—Nan (logNoy, )?3 } + exp{— N3, (logNs, )%} < 1 exp(—ncs).
If we choose Ny, My, Nop, Ms,, N3,, Ms,, and My, as positive polynomial of n depending

on the constants in above equations and choose ms, and my, as negative polynomials of n,
we are done.
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S.9 Additional Figures

05
1

0.4

03
1

0.2
1

0.1

000 005 010 015 020 0.25 030 035

Figure S.3: Estimated densities for simulated data with n = 1000 subjects and m; = 3
replicates per subject when the true data generating process follows the proposed structure
from model (4) in the main paper. We present the estimates from our proposed method (in
black) and the method of Sarkar et al. (2021)) (in green) along with the truth (in red).
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Figure S.4: Estimated densities for simulated data with n = 1000 subjects and m; = 3
replicates per subject when the true data generating process follows the additive model from
Sarkar et al.|(2021)). We present the estimates from our proposed method (in black) and the
method of [Sarkar et al| (2021) (in green) along with the truth (in red).
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