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Abstract

In this paper, we propose a new test for checking the parametric form of the conditional
variance based on distance covariance in nonlinear and nonparametric regression models. Inherit
from the nice properties of distance covariance, our test is very easy to implement in practice
and less effected by the dimensionality of covariates. The asymptotic properties of the test
statistic are investigated under the null and alternative hypotheses. We show that the proposed
test is consistent against any alternative and can detect local alternatives converging to the null
hypothesis at the parametric rate 1/4/n in both the nonlinear and nonparametric settings. As
the limiting null distribution of the test statistic is intractable, we propose a residual bootstrap
to approximate the limiting null distribution. Simulation studies are presented to assess the
finite sample performance of the proposed test. We also apply the proposed test to a real data
set for illustration.
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1 Introduction

Regression models usually assume homoscedastic error which usually makes the statistical in-
ference substantially simplified in many scenarios. While real data from applications often admit
some heteroscedastic structures. Efficient statistical inference in homoscedastic cases may fail to
work for models with heteroscedastic structure. Thus it is importance to test heteroscedasticity in
regression models. Consider the heteroscedastic regression model

Y =m(X)+o(X)e, (1.1)

where (Y, X) is a random vector with real-valued response variable Y and p-dimensional predictor
vector X, m(z) = E(Y|X = x) is the regression function, the error term ¢ is independent of X with
E(e) =0 and Var(e) = 1, and 02(X) = var(Y|X) is the unknown conditional variance function.

There exist tremendous works in the literature on testing heteroscedasticity for model (LIJ).
Early tests in this field usually utilized parametric methods to construct test statistics, see Bickel
(1978), Breusch and Pagan (1979), White (1980), Cook and Weisberg (1983), among many oth-
ers. All parametric tests are based on residuals obtained after fitting a model with a specified
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conditional variance function. Thus these tests may lose power when the parametric form of the
variance function is misspecified. Later works for testing heteroscedasticity considered more robust
nonparametric tests. Examples include Dette and Munk (1998), Zhu, Fujikoshi, and Naito (2001),
Dette (2002), Zheng (2009), Su and Ullah (2013), Guo et al. (2020), Tan et al. (2021), and Xu
and Cao (2021).

Some authors further considered a more general problem of checking the parametric form of
the conditional variance function in regression models. Wang and Zhou (2007) proposed a non-
parametric test based on kernel method for accessing the adequacy of a given parametric variance
function. Samarakoon and Song (2011) developed a test for the parametric form of the variance
function based on the minimized Lo distance between a nonparametric variance function estimator
and the parametric variance function estimator. Samarakoon and Song (2012) further considered a
nonparametric empirical smoothing lack-of-fit test for checking the adequacy of a given parametric
variance structure. These methods use local smoothing estimation to construct the test statistics
which are usually called local smoothing tests. This type of tests can only detect the local alter-
natives that depart from the null at the rate 1/vnh?/2. This rate can be really slow for large p
which causes the power of these tests dropped very quickly. Here n is the sample size and h is the
bandwidth in the nonparametric estimation. Another method for testing the parametric form of
the variance usually constructed the test statistics based on empirical processes. Dette et al.(2007)
constructed a Kolmogorov-Smirnov and a Cramér-von Mises test based on the difference between
the empirical distributions of residuals under the null and the alternatives. Koul and Song (2010)
proposed a consistent test for checking the parametric form of the conditional variance based on the
Khmaladze martingale transformation of a marked empirical process of calibrated squared residu-
als. This type of tests are functionals of the averages of empirical processes of residuals which is
usually called global smoothing test as averaging is a globally smoothing step. They usually can
detect the local alternatives departing from the null at the parametric rate 1/y/n. Although this
convergence rate is not related to the dimension p, global smoothing tests also suffers severely from
the dimensionality problem in practice due to the data sparseness in multidimensional spaces.

In this paper we proposed a new test for checking the adequacy of the parametric form of the
conditional variance in the nonlinear and nonparametric regression models. Our method is based
on a measure of dependence between the covariate X and the residual obtained after fitting a para-
metric variance function. One of the most popular measure of dependence in statistical community
is the approach of distance covariance (dCov) proposed by Székely et al. (2007). The distance
covariance admits some nice properties: (i) it is dimension free in the sense that the dimensions of
random vectors can be arbitrary; (ii) it is nonnegative and is zero only if the random vectors are
independent; (iii) it has a closed form expression and is very easy to implement in practice. Thus we
utilize the distance covariance in this paper to construct the test statistic. Sen and Sen(2014) and
Xu and He (2021) also adopted this method to construct goodness-of-fit tests for linear regression
models. We investigate the asymptotic properties of the test statistic under the null and the al-
ternative hypotheses. Interestingly, our test can detect the local alternatives distinct from the null
at the parametric rate 1/y/n in both the nonlinear and nonparametric regression models. Further,
inherit from the nice properties of distance covariance, our test is easy to compute in practice and
is less effected by the dimensionality of the covariate. Since the limiting null distribution of the
proposed test is rather complicated, we propose a residual bootstrap to approximate the limiting
null distribution. The validity of the residual bootstrap is also investigated.

The rest of this paper is organized as follows. In Section 2, we give a short review of the



distance covariance and then construct the test statistic. In Section 3, we investigate the asymp-
totic properties of the test statistic under the null and alternative hypotheses in nonlinear and
nonparametric regression models. In Section 4, a residual bootstrap is proposed to approximate
the limiting null distribution and its validity is also established in this section. In Section 5, we
study the finite-sample performance of our tests by simulations and a real data analysis. Section 6
contains a discussion. All technical proofs are included in the Appendix.

2 Test statistic construction

Let M = {0%(-,0) : 6 € © C R?} be a given parametric family of functions. We are interested
in testing whether the conditional variance ¢?(X) in (1)) belongs to M or not. Thus, the null
hypothesis can be restated as

Hp: 0%(X) = 0%(X,6p), forsome fy € © C RY,
whereas the alternative hypothesis is

Hi:0%(X) # 0%(X,0), VHco.

Y —m(X)

X éo) , where éo is defined as the

To illustrate our methodology, consider a random variable n =
same way in (2.3) of Dette et al. (2007), i.e.,

fo = argmin E[(Y — m(X))? — 0%(X,0))? = argmin E[o?(X) — ¢%(X,0)]? (2.1)
fcO 0O

Under the null Hy, it follows from Assumption 4(a) in Section 3 that 0y = 6y and n = £. Note that
Hy is tantamount to 11l X, where Il denotes the statistical independence. Then we can construct
the test statistic by any criterion that measures the dependence of n and X. Székely et al. (2007)
proposed the distance covariance and distance correlation to test and measure dependence between
two random vectors. As the measure of distance covariance is dimension free in the sense that the
dimensions of random vectors can be arbitrary and very easy to implement in practice, it becomes
very popular in the statistical community. Thus we in this paper construct the test statistic based
on the measure of distance covariance.

First we give a short review of the method of distance covariance. Let Z € RP and W € R? be two
random vectors. According to Székely et al. (2007), if E(||Z| + |W]) < oo, then dCov*(Z, W) =0
if and only if Z and W are independent, where dCov?(Z, W) is defined by

2 1 / \fzw (t,s) = fz(t) fw(s)|?
dCov*(Z,W) = e . TEIPED dtds, (2.2)

fzw is the joint characteristic function of Z and W, fz(t) and fu (s) are respectively the char-

acteristic functions of Z and W, ¢, = WHTP/F(#), I'(+) is the gamma function, and || - || is the
Euclidean norm. Székely and Rizzo (2009) further obtained an analytic form of dCov?(Z, W):

dCov*(Z,W) = E[U(Z,Z"\V (W, W")], (2.3)
where

U(z.2) = |1Z-Z|-E(1Z-212) - E(I1Z - Z'1Z') + E(| Z - Z'|)),



VI, W') = W =W = E(W - W|[[W) - E(|]W — W'[[[W") + E(|W - W|))

and (Z',W') is an independent copy of (Z,W). Let (Z;, W;),i = 1,...,n be an independent and
identically distributed sample from (Z,W). Székely and Rizzo (2014) proposed an unbiased esti-
mator of the distance covariance dCov*(Z, W):

dCov’ (Z, W) = ( Z ZiiWij, (2.4)
1<27$j<n

where

Zi; = 1Zi = Zj|| = 355 ki V2 = Zikll = 555 il 125 — Zill + ey okt 126 — Zil|
Wi = Wi = Wjll = 725 ko Wi = Wil = 555 01 W5 = Wil + gy et | W — Wl

Now we give the construction of the test statistic. Suppose that {(X;,n;),i = 1,...,n} is an
independent and identically distributed sample from the distribution of (X, 7). Recall that the null
hypothesis Hy is equivalent to dCov?(X,n) = 0, then we can construct the test statistic based on

déovi(X, 7). Set

1 n
Aij = [ Xi = X\I—H—ZIIX XkH_—ZHX Xz\|+( 1 Xk — X
k,l:l

Bjj = |mi — 77;|——Z|77z 77k|_—2|77j_771|+( Z|77k_77l|-

According to the assertion (Z4]), an unbiased estimator of dCov?(X,n) is

dCov’ 2(X,n) = ( Z A;;Bi; (2.5)

1<z;£]<n

Note that dCov" ~(X,n) involves the unknown regression function m(-) and parameter fy. They
should be substituted by their empirical analogues. Thus, our final test statistic is

U, = ( Z A;;Bij (2.6)

1<27é]<n

Yi—m(Xi)
(X:,00)

, where 70(-) is a consistent estimator of the regression function m(-) and 6, is the

where Bij is defined in the same way as B;; except 7; =
o Yi—m(Xi)
= (X 6m) i
nonlinear least squares estimation of 6, that is,

being replaced by its estimator

n
A~

0, = arg gélél 2 1[(YZ —m(X;)? - o (X;,0)]) (2.7)



3 Main results

3.1 Asymptotic properties in nonlinear regressions

In this subsection, we consider the nonlinear regression model Y = m(X, fy) + o(X)e in (L),
where m(X, 5y) is a given function with unknown parameter ;. Let ﬁn be any +/n-consistent
estimator of By. Then our test statistic U, is given in (2.6]) with 7; and 0, respectively replaced by

Yi — m(Xi, £n)

= ————20 and 6, = argmin }/i—mXiyAn 2 — 0% (X, 0)]
= P o> (i = mlXi ) = 0% )

To derive the asymptotic properties of U, in nonlinear settings, we assume the following regularity
conditions. Let F(-) and f.(-) be the cumulative function and the density function of &, respectively.

Assumption 1. The true parameter 3y lies in the interior of the compact subset of R? and the
estimator 3, of By satisfies

V(B — Bo) = Zz (Yi, Xi, o) + 0p(1),

P

where [(-) is a vector function such that E[I(Y, X, 8p)] = 0 and E[I(Y, X, Bo)l(Y, X, By) '] exists and
is positive definite.

Assumption 2.

(a). The functlon m(x, 3) is twice continuously differentiable in 5. Let m(z, 8) = 8m§;’6 ) and
m(z,B) = ) Moreover, E|m(X,Bo)||* < oo, m(z, )| < k(z), and | (z, B)|| < k(x) for all

a aﬁT
B € U(By), where U(fy) is some neighborhood of 5y and x(x) is a measurable function such that

E|lx(X)|[** < oo for some 7 > 0.
(b). E(Y*) < 00 and E(|| X[|*t7) < oo.

Assumption 3. Let f.(t) = df;—f) be the derivative of the density function f.(t). f-(-) satisfies
the unjform Holder continuity condition, i.e., there exist two positive constants Mo and mg such
that | f2(t1) — f=(t2)] < Molt; — ta|™ for any ty,ts. Furthermore, [* fo(t)|f-(t)|dt < oc.

Assumption 4.

(a). The vector f lies in the interior of the compact subset © in R? and is the unique minimizer

of ([2.1).

(b). info?(z,0) > 0 for all € © and inf E[0?(X,0) — 0*(X,0)]> > 0 for any § > 0.
v 116—80l|>5

(¢). The function o?(x, ) is third order continuously differentiable with respect to  and z. Set

5(x,0) = 2700 and &(2,0) = 222D e have E||¢(X, fp)|[* < co and El|o(X)5 (X, 00)[|* < oo.

(d). [|6(z,0)|| < K(x) and [[o(x)5(z,0)[| < k(z) for all 0 € U(fy), where U(fy) is some neigh-
borhood of y and k(z) is a measurable function such that E|x(X)||**" < oo for some v > 0.



(). The matrix ¥ = E[62(X,00)6%(X,00) "] — E[(c%(X) — 0%(X, 0))5%(X, 0p)] is non-singular.

Assumptions 1, 2 and 4 are commonly used in the literature of testing heteroscedasticity, see
Dette et al. (2007) and Zheng (2009) for instance. Assumption 3 is similar to the regularity
condition 4 in Xu and Cao (2021) which is used to investigate the convergence rate of the empirical
U-process in the decomposition of U,.

The next theorem gives the asymptotic properties of U, under the null hypothesis Hy. Its proof
will be given in the Appendix. To facilitate the statement, let Z = (¢, X) and let Fz(-) be the
cumulative distribution function of Z.

Theorem 3.1. Suppose that Assumptions 1-4 hold. Then under the null Hy, we have in distribution
nUp — > Me(ZZ=1)HAN TP +AW TS Py 8A W TS P+ 2A W TS ML ST WHQN T M,
k=1
(3.1)

where A. = E[eF.(e)], ¥ = E[6%(X;,00)5%(X;,00)T], Qe = E[f-(¢)], 21,22, are independent
standard normal random variables, the eigenvalues {\,}3, are the solutions of the integral equation

/Ca(é?uEj)Cx(XiaXj)¢k(Zj)dFZ(Zj) = \¢i(Zi)
with {¢r(-)}32, being orthonormal eigenfunctions and

Celeie;) = lei —gjl — E(lei — gjlles) — E(lei — €5le5) + E(|ei — €51)
Co(Xi, X;) = X = X5l — E(1X: — X;]1X:) — E(IX, — X511X5) + E(1X; — X)),

M, = E[{m(xl,ﬁo m(X2,60) }{m(XLBO m(X2,60) }TC (X1, X5)], My = E[{d(Xlﬂo Xzﬂo }{ X1,90

o(X1,00) 0(X2,00) (X1,60) o(X2,00) o(X1,00) O'(X2 9() o(X1 9()
0(;(2’22 W CL(X1, X2)], and (Z;, N, W, Py, Pa, P3) € RP*L are an zero-mean Gaussian random vec-

tor. The covariance matriz of (Z;,N',W,P1, P2, P3) is rather complicated and postponed to the
Appendiz.

Now we discuss the asymptotic properties of U,, under the global alternative and the local alter-
native hypotheses. Consider the local alternative hypotheses converging to null at the parametric

rate 1//n:
1

Hy, : 0%(X) = 0%(X,0)) + ﬁs(X)
for some function s(-) with E[s2(X)] < co. To derive the asymptotic properties of U, under the
local alternatives Hi,, we require some further regularity conditions.

Assumption 5. E|s(X)5(X,6p)||* < oo and ||s(z)5(z,0)| < w(x) for all § € U(fy), where
U(fp) is some neighborhood of fy and () is a measurable function such that El/x(X)||*T < oo
for some small v > 0.

The next theorem states the asymptotic properties of U, under various alternative hypotheses.
Its proof will be given in the Appendix.



Theorem 3.2. (1). Suppose that Assumptions 1-5 hold. Then under the local alternative Hy,, we
have in distribution

nUp — > M(ZR = 1)+ AN TP+ AWTS 1Py + 8AW TSPy + 24 WS M2~ WY
k=1

+QNTMN +4E[s(X)62(X;,00)] ' S Py + 4AWT MyX L E[s(X) 6% (X5, 00)]
+8A.E[s(X)6%(X;,00)] "X Ps + 24, E[s(X) 6% (X5, 00)] TS My X E[s(X) 62 (X3, 60)]

where ¥ = E[6%(X;,00)5%(X;,00)T] and the quantities A, Q-, i, Zi, N, W, Py, P2, P3 and M are
defined in Theorem 3.1.

(2). Suppose that Assumptions 1-4 hold. Then under the global alternative Hy, we have in distri-
bution

\/E[Un - dCOU2(T,7 X)] — N(07 U%)v
where 0-% = 4”‘“"{g(77, X) + KlTl(Y: X, ﬁO) + [0-2(X)€2 - 02(X7 50)]K2TE_10.-2(X7 50)} with

Xy, Bo) (X, Bo)
Ky = —E[ o(X1.00)  0(X0.00) M (1 > n2)Cr(X1, X)),
mo(X1,00)  126(Xa,00)
o(X1.00) (X, f0) M (m > 12)Ce (X1, X2)],
G(ni, Xi) = E[Cy(ni,n;)Ca(Xi, X;)ns, Xi] — dCov®(n, X),

Comisng) = i —nil = E(|ni — nyllmi) — E(Ini —njling) + E(Ini — n;1),

Ky = —E[(

and Cy(-,-) giving in Theorem [31].

It follows from Theorem [3.2] that under the global alternative Hy, our test statistic nU, diverges
to infinity in probability at the rate y/n. Furthermore, our test statistic can detect the local
alternative distinct from the null at the parametric rate n~/2 in nonlinear settings. This is the
fastest convergence rate in hypothesis testing.

3.2 Asymptotic properties in nonparametric regressions

Now we consider a nonparametric regression model Y = m(X) + o(X)e in (IL1]), where m(-)
is the unknown regression function. To construct the test statistic, we need to estimate m(-) by a
nonparametric method such as the Nadaraya-Watson estimator. Set

Z?:l,j;éi Kp(Xi — Xj)Yj

Zj:l,j;éi Kn(Xi — Xj)

where h is the bandwidth, Kj(-) = K(-/h)/hP, and K(-) is a kernel function. Let 7; = }Z(_Xm%(;{;)’

then the test statistic U, is given in (ZB). To derive the asymptotic behaviors of U, in the
nonparametric regression model, we impose some extra regularity conditions. Let fx(-) be the
density function of X.

Assumption 6.



(a) fx(-) has a compact support © and is k-times continuously differentiable on ©. Let f )(f )(x)
be the k-th derivatives of fx(x). There exists a neighborhood of 0, say U(0), such that |f)(?) (x +
u) — fgf)($)| < ¢||lu|| for all u € U(0), where ¢ is a positive constant.

(b) The regression function m(-) is k-times continuously differentiable and its k-th derivative is
continuous and bounded. Let m®)(x) be the k-th derivatives of m(z). There exists a neighborhood
of 0, say U(0), such that [m® (z + u) — m® (z)| < ¢||ul| for all u € U(0), where ¢ is a positive
constant.

(¢) The continuous kernel function K (u) is bounded and satisfies [ K (u)du = 1, K (u) = K(—u),
fulllulf-"ui,”K(u)du =0forall 0 <l +---+1, <k, and fulllulf"'ufnpK(u)du # 0 for all
L+ +1l, =k

(d) The bandwidth satisfies that h — 0, nh** — 0 and nh? — oo as n — oo.

Assumption 6(a) is typical in the nonparametric estimation which avoids the boundary effect
problem. Assumptions 6(b)-(d) are commonly used in the literature of testing heteroscedasticity
in nonparametric models, see Zhu et al. (2001) and Zheng (2009) for instance.

The following theorem presents the limit distribution of the test statistics U, under both the
null and alternative hypotheses. Its proof will be given in the Appendix.

Theorem 3.3. (1). Suppose that Assumptions 2(b), 3, 4 and 6 hold. Then under the null Hy, we
have in distribution

nUn = Y M(ZR = 1) + VTSP, + BAWTS 1P + 24 W TS MS W + 4AE|| Xy — Xo|
k=1

where Z1, 29, -+ are independent standard normal random variables, the eigenvalues {)\q}gil are
the solutions of the integral equation

/H(Zi, Zi)g(Z5)dF7(Z5) = Agtbe(Z:)

with Z; = (g4, X;), and (Z;, W, Pa, P3) € R¥TL s a zero-mean Gaussian random vector. Here
the kernel function H(-,-) and the covariance matriz of (Z;,W,Pa, P3) are complicated and are
postponed in the Appendiz.

(2). Suppose that Assumptions 2(b), 3, 4 and 6 hold. Then under the local alternative Hy,, we
have in distribution

nUp — Y N(Z7 = 1) + 4WT S Py + 8BAWTS 1Py + 4E[s(X) 6% (X5, 60)] £ P
=1
+ 8E[s(X)6(X4,00) 27 P + 4AE(| X1 — Xa) +4AWT MoX T E[s(X) 62 (X5, 60)]
+ 24, E[s(X)62(X;,00)] TS Moy X E[s(X) 6% (X5, 00)] + 24 W TS 1M R~

where ¥ = E[6%(X;,00)6%(X;,00)"] and the random vector (Z;, W, Pa, P3) is the same as in (1).
(8). Suppose that Assumptions 2(b), 3, 4 and 6 hold. Then under the global alternative Hy, we
have in distribution

VnlU, — dCov?(n, X)] — N(0,03),



where o3 = dvar{G(n, X)+ T (n, X) + [0%(X)e? — 02(X, 00)| KIX"16%(X, 0y)}, Ko and G(n, X) are
defined in Theorem 3.2, and Iy(n, X) is rather complicated and will be given in the Appendiz.

According to Theorem B3] it is readily seen that the test statistic nl, is consistent with
asymptotic power 1 under the global alternative H;y and can detect the local alternative Hi,
departing from the null at the parametric rate n~1/2 in nonparametric regression settings, even
though the nonparametric estimation is involved in our test statistic. This convergence rate is
in line with the result in Dette et al. (2007) where they proposed a Kolmogorov-Smirnov and a
Cramér-von Mises type of test statistic for the parametric form of the variance function based on
residual empirical processes in nonparametric regressions. Note that nU, is also a Cramér-von
Mises test statistic based on an empirical process of characteristic functions. Thus our test can be
also viewed as a global smoothing test.

4 Bootstrap approximation

It follows from Theorems B2 and B3/ that the test statistic U, is not asymptotically distribution-
free as its limiting null distributions depend on the unknown data generating process. To determine
the critical value for our test, we suggest a residual bootstrap to approximate the limiting null
distribution of nU,. This method is also used by Wang and Zhou (2007), Sen and Sen (2014), Guo
et al. (2020), and Tan et al. (2021). The algorithm of residual bootstrap is as follows.

1. Generate the bootstrap errors {7} ; by randomly resampling with replacement from the
standardized variables (9; —n)/{n~! 22:1(77 —7)2}/2 1 < i < n, where i; = [Y;—m(X;)] /o (X, 0n)

and n=n"13" 0.

2. Generate a bootstrap sample according to the model Y;* = ( D)+ 0(Xi,0,)er. Let m*(X;)

and o%(X;,0%) be the bootstrap estimators based on {(¥;*, X) =1,---,n} and let & = [V* —
i (X:)]/o(Xi,07,).
3. Define the bootstrap version of the test statistic U} based on (X1,£7), -, (Xn,€)):
U:; ( Z AZ] K
1<27$j<n

where BZ*] is defined in the same way as B;; with 7; replacing by £;.

4. Repeat the above steps a large number of times, say B times. The critical value for a given
significant level « is determined by the upper o quantile of the bootstrap distribution {nU;iZ =
, B} of the test statistic.

Here m(X;) = m(X;, Bn) and m*(X;) = m(X;, %) in the nonlinear regression case and m(X;) =
E];ﬁz Kh(X X )Y/Z];éz Kh(X - Xj ) and m ( ) Z];ﬁz Kh(X - X )Y*/Z]#z Kh(X - Xj )
in the nonparametric regression case. In the next theorem, we establish the asymptotic validity of
the residual bootstrap approximation for our test statistic. Its proof will be given in the Appendix.

Theorem 4.1. Suppose that Assumptions 1-6 hold.
(1). Under the null Hy and the local alternative Hyy,, nU) given {(Y;, X;) :i=1,--- ,n} converges



in distribution to the limiting null distribution of nU, in probability.
(2). Under the global alternative Hy, nU} given {(Y;, X;) : i =1,--- ,n} converges in distribution
to the limiting null distribution of nU,, in probability, except for Z = (¢, X) replacing by Z = (n, X).

5 Numerical studies

5.1 Simulations

In this subsection, we conduct detailed simulation studies to investigate the finite sample per-
formance of the proposed test statistics U,. We also make a comparison between our test, the
Dette et al. (2007) test TCUM | and the Wang and Zhou (2007) test TV in both the nonlinear
and nonparametric regression settings. The Cramér-von Mises (CvM) test statistic of Dette et al.
(2007) is defined as

TOM — / Fa(y) — By(y)2dFx(y),

where Fi(y) = 230 I(3; < y) with & = [Y; — m(X:)]/6(X,), Fy(y) = 230 I(7; < y) with
i = [Vi — m(X;)]/o(X;,0,), and 6(-) is a nonparametric estimator of o(-). The critical value of
TS”M is determined by the smooth residual bootstrap as suggested by Dette et al. (2007). The
test statistic of Wang and Zhou (2007) is

T, = m Z K(@){[Yi —m(X;)]* = 0% (X4, 0,) H[Y; — m(X;)]* — 0*(X;,0)},
1<i#j<n

where K () is the kernel functions and h is the bandwidth. For the kernel function and the
bandwidth selection in the nonparametric estimations of Dette et al. (2007) and Wang and Zhou
(2007), one can refer their papers for details.

In the following simulation examples, a = 0 and a # 0 correspond to the null hypothesis and the
alternative hypotheses respectively. The significant level is set to be 0.05. The simulation results
are based on the average of 1000 replications and the bootstrap approximation of B = 500 samples.
The sample sizes are 50 and 100 in each model. The dimension p of covariates is set to be 2,4, 8 to
see how the performance of these tests is affected by the dimensionality.

For our test in nonlinear regression models, we use the least square method to estimate the
unknown parameter 5y in the regression function. In the nonparametric regression case, we adopt
the standard normal density function as the kernel function. To assess the effect of bandwidth
h for our test U, in nonparametric cases, we conduct a simple simulation for a large bunch of
bandwidths. This strategy was also adopted by Zhu, Fujikoshi, and Naito (2001), Wang and Zhou
(2007), Khmaladze and Koul (2009), among many others. Let h = cn~Y/#+4) where ¢ varies from
0.6 to 1.4. Figures 1-2 give the empirical sizes and powers of our test in nonparametric settings
for model Hyy : YV = X + (1 + (01 X)? + asin(01 X)|Y/2e. Here By = 6y = (1,1,...1)T /\/p and
X ~ N(0, I,) independent of the standard normal error term e. Simulation results for other models
in the following are very similar. Thus we omit them for brevity. From these figures, we can see
that when the bandwidth is relatively small, our test U, is conservative and have very low empirical
powers. While if the bandwidth is too large, our test can not control the significant level either.
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Thus, we adopt h = 1.2n~Y/®+4) in nonparametric settings in the following simulation examples.

Figures 1 — 2 about here

Example 1. The data are generated from the following regression models:

Hiyp:Y = BEX 4 (1+[60X + aexp(6] X)|)"/2e
His:Y = BTX + 1+ 07X+ a(67 X))V 2,

where X ~ N(0,I,) independent of the standard normal error term ¢, fy = (1,1,--- ,1)T/\/]_9,
Op=(1,1,--- , )7/ /p,and 6; = (1,--- ,1,0,--- ,0)T/\/p/2.
0= ( ) /P 1= ( ) /\/p/

p/2

The simulation results are reported in Tables 1 —4. We can see that all these tests can maintain
the significance level very well in both the nonlinear and nonparametric regression models when the
dimension p = 2,4. While the empirical sizes of these tests become unstable for large dimension
(p = 8). For the empirical power, it is easy to see that our test works better than the other
two competitors in most cases. However, all these tests have bad power performance when the
dimension becomes large, especially in nonparametric settings. This may be due to the curse of
dimensionality resulting from the nonparametric estimate of the regression function.

Tables 1 — 4 about here

In the next simulation, we consider regression models with a slightly more complicated variance
functions under the null hypotheses.

Example 2. The data are generated from the following regression models:

Ho Y = BEX + 14 07 X)? + asin(6f X)|V/2%,
Hy:Y = BEX+(1+|sin(0F X)| + aexp(6d X))e,

where the predictor vector X, the error term e and the parameters Sy and fy are the same as in
Example 1.

The simulation results are presented in Tables 5-8. We can observe that for model Hsq, all the
tests can control the empirical size very well in both the nonlinear and nonparametric cases. The
empirical powers of our test for model Hy; grow very quickly in most cases. While 7¢"™ has the
worst power performance in this model. For model Hso, all the tests can maintain the significant
level very well for p = 2. When p is relatively large, the empirical sizes of TnC M and TWZ are
slightly far away from the significant level. For the empirical power in model Hao, TS"M beats the
other two competitors and the Wang and Zhou (2007) test 7)'V'Z performs the worst, especially in
nonparametric cases.

Tables 5 — 8 about here

5.2 A real data example

In this subsection we apply the proposed test to the Esterase count data set that is obtained
from Example 2.2 in Carroll and Ruppert (1988). This data set contains 108 observations obtained

11



from a calibration experiment for measuring the concentration of an enzyme esterase with the
radioimmunoassay (RIA) counts as the response variable Y and the concentration of esterase as
the predictor variable X. Carroll and Ruppert (1988) first suggested to fit this data set by a
linear regression model Y = Sy + ﬁlX + €. To see whether there exist heteroscedastlclty in this
model, we give a scatter plot of Y — Bo — B X against the fitted values Y in Figures 3(a), where
Y = 50 + BlX This plot clearly indicates the existence of heteroscedasticity. Wang and Zhou (2007)
further analysed the Esterase count data set and suggested to use a heteroscedasticity regression
model for data fitting:

Vi = Bo+ 1 Xi + (B + p1Xi)e;, i=1,---,108. (5.1)

When applying our tests to model (5I), we find that the p-value is about 0.968. This indicates
that the model (5.1]) may be plausible to fit the Esterase count data set. To further visualize this
YjBOjBl){

&(Bo+B1X)0"
This plot also shows that there exists no trend between the residual 9 and the predictor X. Thus
the heteroscedasticity model (5.1]) is reasonable for fitting the Esterase count data.

fit, Figure 3(b) gives the scatter plot of 7 against the predictor variable X where 7 =

Figure 3 about here

6 Discussion

In this paper we proposed a new test based on distance covariance to check the adequacy of
the parametric form of the variance function in nonlinear and nonparametric regression models.
Inherit from the nice properties of distance covariance, the proposed test is very easy to implement
in practice and is less sensitive to the dimension of covariates. The asymptotic properties of the test
statistic is investigated under the null and the alternative hypotheses. It has been shown that the
proposed test is consistent against any alternative and can detect the local alternatives distinct from
the null at a parametric rate 1/4/n, even in nonparametric regression settings. As the proposed
test is not asymptotically distribution-free, we suggested a residual bootstrap to approximate the
limiting null distribution of the test statistic. Simulation results show that our test can control the
nominal level very well and has good power performance.
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Table 1: Empirical sizes and powers of ﬁn, TT(LJ vMand TV for Hyp in nonlinear cases in Example
1.

a Un T7?v]\1 T,,‘L/VZ
n=50 n=100 n=>50 n=100 n=>50 n=100
p=2 0.0 0.037 0.040 0.041 0.051 0.049 0.050
0.5 0.102 0.202 0.095 0.109 0.112 0.216
1.0 0.210 0.466 0.109 0.164 0.222 0.449
1.5 0.322 0.629 0.119 0.219 0.290 0.625
2.0 0.379 0.727 0.168 0.239 0.374 0.698
2.5 0.452 0.798 0.170 0.255 0.378 0.738
p=4 0.0 0.054 0.044 0.058 0.061 0.058 0.052
0.5 0.091 0.139 0.087 0.120 0.093 0.135
1.0 0.154 0.314 0.113 0.161 0.115 0.227
1.5 0.215 0.464 0.120 0.192 0.155 0.347
2.0 0.255 0.556 0.124 0.191 0.197 0.359
2.5 0.285 0.652 0.168 0.205 0.205 0.398
p=2_8 0.0 0.046 0.055 0.087 0.095 0.051 0.043
0.5 0.111 0.126 0.117 0.136 0.073 0.103
1.0 0.115 0.241 0.133 0.196 0.076 0.093
1.5 0.155 0.346 0.145 0.206 0.089 0.120
2.0 0.186 0.402 0.147 0.184 0.082 0.141
2.5 0.218 0.481 0.134 0.180 0.103 0.160

Table 2: Empirical sizes and powers of ﬁn, T nC”M , and TWZ for Hy; in nonparametric cases in
Example 1.

a Un TEvM vz
n=>50 n=100 n=>50 n=100 n=>50 n=100
p=2 0.0 0.036 0.053 0.039 0.048 0.032 0.044
0.5 0.085 0.185 0.097 0.119 0.079 0.111
1.0 0.159 0.435 0.149 0.182 0.119 0.285
1.5 0.268 0.636 0.183 0.260 0.208 0.378
2.0 0.327 0.755 0.193 0.318 0.234 0.481
2.5 0.415 0.843 0.225 0.378 0.287 0.569
p=4 0.0 0.041 0.052 0.048 0.045 0.033 0.053
0.5 0.044 0.093 0.088 0.114 0.053 0.067
1.0 0.081 0.174 0.134 0.163 0.061 0.111
1.5 0.084 0.291 0.152 0.222 0.089 0.157
2.0 0.127 0.375 0.165 0.258 0.099 0.192
2.5 0.153 0.470 0.153 0.266 0.123 0.227
p=2_8 0.0 0.032 0.066 0.021 0.052 0.026 0.043
0.5 0.039 0.092 0.051 0.087 0.031 0.039
1.0 0.055 0.149 0.066 0.122 0.033 0.055
1.5 0.060 0.185 0.067 0.158 0.038 0.068
2.0 0.063 0.257 0.084 0.190 0.047 0.066
2.5 0.080 0.256 0.081 0.195 0.045 0.080
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Table 3: Empirical sizes and powers of U,, TS"M | and TW# for Hi, in nonlinear cases in Example
1.
a Un TSM ™vZ

n

n=>50 n=100 n=>50 n=100 n=>50 n=100

p=2 0.0 0.049 0.048 0.049 0.043 0.029 0.049
0.2 0.050 0.047 0.049 0.059 0.042 0.069

0.4 0.062 0.091 0.052 0.058 0.045 0.083

0.4 0.079 0.162 0.048 0.080 0.093 0.128

0.6 0.135 0.287 0.086 0.088 0.111 0.248

1.0 0.219 0.474 0.075 0.143 0.153 0.383

p=4 0.0 0.043 0.045 0.052 0.051 0.047 0.045
0.2 0.047 0.052 0.067 0.067 0.059 0.050

0.4 0.058 0.071 0.055 0.084 0.058 0.069

0.6 0.089 0.133 0.081 0.081 0.057 0.115

0.8 0.102 0.242 0.103 0.114 0.085 0.152

1.0 0.185 0.396 0.120 0.145 0.113 0.203

p=2_8 0.0 0.029 0.050 0.083 0.075 0.055 0.057
0.2 0.052 0.061 0.100 0.099 0.045 0.053

0.4 0.073 0.076 0.086 0.096 0.060 0.065

0.6 0.074 0.120 0.114 0.135 0.077 0.072

0.8 0.102 0.176 0.117 0.176 0.095 0.083

1.0 0.140 0.320 0.151 0.211 0.087 0.090

Table 4: Empirical sizes and powers of Un, T nc oM and T XV Z for Hi in nonparametric cases in
Example 1.

a Un, T M ™wZ

n=>50 n=100 n=>50 n=100 n=>50 n=100

p=2 0.0 0.053 0.072 0.047 0.051 0.044 0.042
0.2 0.070 0.098 0.051 0.057 0.040 0.066

0.4 0.074 0.108 0.053 0.079 0.046 0.079

0.6 0.101 0.161 0.067 0.097 0.062 0.134

0.8 0.129 0.230 0.082 0.140 0.093 0.217

1.0 0.163 0.350 0.086 0.196 0.112 0.329

p=4 0.0 0.049 0.063 0.046 0.050 0.040 0.048
0.2 0.053 0.067 0.058 0.072 0.042 0.039

0.4 0.053 0.075 0.046 0.070 0.045 0.057

0.6 0.070 0.106 0.058 0.098 0.046 0.075

0.8 0.103 0.128 0.077 0.125 0.062 0.093

1.0 0.105 0.200 0.126 0.161 0.062 0.134

p=2_8 0.0 0.047 0.077 0.015 0.048 0.018 0.039
0.2 0.044 0.059 0.018 0.033 0.023 0.029

0.4 0.038 0.080 0.013 0.039 0.034 0.035

0.6 0.047 0.075 0.025 0.051 0.025 0.038

0.8 0.043 0.072 0.033 0.078 0.034 0.040

1.0 0.054 0.085 0.045 0.116 0.033 0.061
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Table 5: Empirical sizes and powers of ﬁn, TE"M and TWZ for Hy; in nonlinear cases in Example
2.

a Uy, T.,?UA{ TnZH
n=>50 n=100 n=>50 n=100 n=>50 n=100
p=2 0.0 0.052 0.047 0.042 0.053 0.037 0.051
0.5 0.053 0.090 0.053 0.047 0.064 0.067
1.0 0.079 0.163 0.065 0.065 0.087 0.164
1.5 0.176 0.409 0.066 0.084 0.164 0.339
2.0 0.422 0.777 0.098 0.132 0.289 0.617
2.5 0.666 0.960 0.140 0.205 0.400 0.749
p=4 0.0 0.045 0.040 0.065 0.048 0.048 0.043
0.5 0.052 0.065 0.049 0.047 0.060 0.053
1.0 0.061 0.124 0.057 0.073 0.074 0.083
1.5 0.129 0.320 0.083 0.086 0.114 0.158
2.0 0.301 0.622 0.101 0.109 0.130 0.269
2.5 0.480 0.903 0.115 0.119 0.190 0.369
p=2_8 0.0 0.050 0.048 0.077 0.065 0.057 0.044
0.5 0.061 0.058 0.076 0.078 0.074 0.050
1.0 0.077 0.084 0.097 0.107 0.068 0.065
1.5 0.115 0.201 0.123 0.137 0.096 0.103
2.0 0.191 0.434 0.145 0.146 0.091 0.127
2.5 0.386 0.729 0.162 0.157 0.137 0.167

Table 6: Empirical sizes and powers of Un, T nc oM and T XV Z for Hs; in nonparametric cases in
Example 2.

a Un, M TZH
n=>50 n=100 n=>50 n=100 n=>50 n=100
p=2 0.0 0.032 0.048 0.043 0.056 0.035 0.050
0.5 0.046 0.079 0.054 0.063 0.046 0.076
1.0 0.103 0.194 0.046 0.077 0.065 0.180
1.5 0.209 0.453 0.079 0.132 0.117 0.413
2.0 0.440 0.805 0.171 0.320 0.222 0.652
2.5 0.711 0.971 0.302 0.632 0.312 0.789
p=4 0.0 0.034 0.042 0.042 0.044 0.037 0.045
0.5 0.042 0.053 0.031 0.041 0.040 0.055
1.0 0.060 0.104 0.051 0.057 0.043 0.083
1.5 0.109 0.243 0.075 0.101 0.056 0.124
2.0 0.252 0.524 0.115 0.167 0.100 0.231
2.5 0.443 0.808 0.199 0.310 0.132 0.326
p=2_8 0.0 0.023 0.059 0.025 0.023 0.029 0.038
0.5 0.041 0.065 0.028 0.033 0.034 0.025
1.0 0.046 0.082 0.035 0.037 0.029 0.031
1.5 0.049 0.129 0.038 0.087 0.043 0.051
2.0 0.073 0.226 0.088 0.110 0.051 0.077
2.5 0.129 0.420 0.151 0.218 0.072 0.085
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Table 7: Empirical sizes and powers of U,, TS"M | and TW# for Hy, in nonlinear cases in Example
2.
a Un TSM TZH

n=>50 n=100 n=>50 n=100 n=>50 n=100

p=2 0.0 0.047 0.044 0.047 0.046 0.056 0.053
0.5 0.319 0.632 0.778 0.970 0.334 0.733

1.0 0.601 0.901 0.993 1.000 0.610 0.843

1.5 0.754 0.988 0.999 1.000 0.692 0.839

2.0 0.860 0.993 1.000 1.000 0.679 0.810

2.5 0.890 0.998 1.000 1.000 0.685 0.799

p=4 0.0 0.062 0.043 0.114 0.165 0.094 0.133
0.5 0.237 0.471 0.669 0.950 0.066 0.316

1.0 0.426 0.789 0.986 1.000 0.232 0.572

1.5 0.586 0.928 1.000 1.000 0.315 0.607

2.0 0.676 0.974 1.000 1.000 0.342 0.587

2.5 0.728 0.981 1.000 1.000 0.348 0.549

p=2_8 0.0 0.059 0.043 0.104 0.166 0.077 0.112
0.5 0.108 0.278 0.541 0.940 0.019 0.081

1.0 0.222 0.596 0.972 1.000 0.051 0.223

1.5 0.287 0.732 0.999 1.000 0.114 0.344

2.0 0.337 0.835 1.000 1.000 0.171 0.388

2.5 0.401 0.888 1.000 1.000 0.207 0.406

Table 8: Empirical sizes and powers of Un, T nc oM and T XV Z for Hy in nonparametric cases in
Example 2.

a Un, M TZH
n=>50 n=100 n=>50 n=100 n=>50 n=100
p=2 0.0 0.044 0.055 0.047 0.065 0.040 0.045
0.5 0.169 0.405 0.551 0.927 0.227 0.601
1.0 0.362 0.751 0.964 1.000 0.500 0.762
1.5 0.527 0.905 0.998 1.000 0.623 0.797
2.0 0.632 0.958 1.000 1.000 0.676 0.800
2.5 0.698 0.979 1.000 1.000 0.666 0.790
p=4 0.0 0.052 0.056 0.084 0.097 0.070 0.098
0.5 0.085 0.217 0.312 0.815 0.016 0.170
1.0 0.194 0.465 0.893 1.000 0.089 0.425
1.5 0.257 0.685 0.997 1.000 0.176 0.518
2.0 0.317 0.775 1.000 1.000 0.261 0.565
2.5 0.404 0.832 1.000 1.000 0.336 0.623
p=2_8 0.0 0.020 0.038 0.032 0.073 0.053 0.093
0.5 0.053 0.114 0.023 0.202 0.004 0.009
1.0 0.062 0.196 0.401 0.970 0.009 0.047
1.5 0.077 0.273 0.827 0.998 0.029 0.095
2.0 0.077 0.355 0.967 1.000 0.062 0.177
2.5 0.125 0.384 0.996 1.000 0.121 0.259
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Figure 3: (a) is the scatter plot of Y — By — 41X against the fitted values Y and (b) is the scatter
plot of 7 against the predictor variable X for the Esterase count data set.
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Appendix

The Appendix contains the proofs of the theoretical results stated in the main context.

}/z_m(X}7ﬁO)
o(X;,00)

Yi_m(Xi 7Bn)

- in nonlinear cases.
O'(X,L ,Gn)

Proof of Theorem 3.1. Recall that n; =
It follows that

and 7; =

i — = ——— 0 ' ! + R, (6.1)
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where

gilo(Xi,00) — 0(Xi,0,) | m(Xy, Bo) — m(Xy, Bn)

R; = o (X;. B0 (X, én) + o2(X;.0) [0(X;,00) — o(Xi,0,)]
+ m(Xi7 /80) — m(Xl B ) [ (XZ7 90) (Xi7 én)]2
o?(X;, éo) J(Xi,ﬁn) .

According to the identity in the proof of Theorem 1 in Knight (1998), if x # 0, then we have
Y
o —y| — o] = —y{I(x > 0) — I(z < 0)} + 2/ {I(z < 5) — Iz < 0)}ds. (6.2)
0

Here I(A) is the indicator function of the set A. Note that n; = ¢; under the null Hy. It follows

from (6.1]) and (62)) that
|9 — 751
e {m(Xi,Bn) —m(X;, Bo) m(X;, Bn) — m(X;, Bo) . eilo(Xi,0n) — 0(X;,00)]
C o(Xi,0o) (X}, 6o) (X, 00)

m(XiBn) —m(Xy,80) _ mXin)=m(X;.80) | eilo(X4,0n)—0(X;,00)] _ 510 (Xj.0n) (X, .60)]
o(X;.00) o(X;,00) o(X;,00) o(X;,00)

+Ri—Rj
+2
0

[es —er < z2) —I(es < &1)]dz.
Recall that Un == m Zlgi;ﬁjgn AijBij with

Ay =X = Xl — — Z [ X5 — Xill = — Z X5 = Xill + ——% = 1 X% — X
)i

Bij = | — 77;|——Z|77z 77k|_—2|77j 771|+ Z|77k—77l|-

By Lemma 1 of Yao et al. (2018), we can rewrite U, as

" i<j<k<l
where
1 (2,5,k,0) 1 (4,5,k,0)
ho(Zi, Zj, 2, 21) = & > st (Xl + 1 X)) — 1 > Ihselll Xeull, (6.4)
s<t,u<v (s,t,u)

Z; = (M3, Xi), Xst = Xs— Xy, and 7gy = 75 —1);. Here the summation in (6.4) is over all permutations
of the 4-tuples of indices (i, j, k,1). Combining (6.3) and (6.4), we have

(i7j7k7l) ( 7] k l)

. 1 1 1
Un = @ 2 g 2 lesl(Xal +1Xuwl) = 55 D2 lewll Xl

" i<j<k<l s<t,u<v (s,t,u)
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1 Ry | (k)
+_4 Z 6 Z 515t ||XStH+||XUU|| 12 Z 5lst||Xsu||

" i<j<k<l s<t,u<v (s,tu)
1 1 (4,9,k.0) 1 (4,5,k,0)
+—% Z 6 Z 5251& ||XstH + ||Xuv|| 12 Z 52st||Xsu||
1<j<k<l s<t,u<v (s,t,u)
— UnO + Unl + Un27 (65)
where
51 o [5S(U(XS7 én) B U(Xsa ONO)) gt(U(Xtv én) B U(Xtv éo)) + m(XS7 Bn) B m(X87 50)
st — =~ - = —
o(Xs, 00) o (X¢,0o) o(Xs, 00)
m( Xz, 3,) —m X4,
(X1, Bn) = (X, Bo) + (Rs — Rp){I(es > &) — I(es < &¢)}
U(Xtv 00)
e ) L ) oo (e )=l eI LI R Ry
528t = 2

{H(ZS —et < z) — (g5 < &) }dz.

First we deal with Uy. By Taylor’s expansion, we have

m(X87 /371) - 7~n(X57 /80) N m(Xta /371) - 7~n(Xt7 BO)
o(Xs, 60) o(X¢,00)
_ (B 50)T77'1~(Xs, Bo) (B — 50)TT"E(Xt, Bo)
o(Xs,60) o(X¢,00)
h g (X (Ba = Bo)CH Bo) (X, (Bu = Bo)C+ Bo)y s
+27(Bn — Bo)" [ (Ko 00) o (X.0) 1(Bn — Bo),
and
(X5, 0n) — 0(Xs,00)  o(Xe,0n) — o(Xy,00)
o (X5, 00) o(Xy,00)
_ (00— 00)"5(Xs:00) (B — 00)"(Xs, 60)
O-(XS79~0) O;(Xta §0~)
216, — )" (X5, (0n — 99)C +0) 5(Xs, (0n — 00)¢ + o) b, — By).
+27( o) [ o (Xo ) o (X0.00) It 0)
where ¢ € (0,1). Then we have
U = (Bn—5o) % Z hi1(Zi, Z;, Zy,, Zy)
" i<j<k<l

Z h12 Zz, Zlle)(Bn _50)

" 1<j<k<l

V27 B o) G S has(Zi, 25, 2 2B o)

1<j<k<l

1
+271(B, — Bo) T
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1
+(0, — 6)" o Z ha(Zi, Zj, Zy, Z))

z<]<k<l

0= 00" D has(Zi, Z, Zi, Z0) (0, — o)
" 1<j<k<l

b —00" 5 D Mel(Ziy Zj, Zi, Z0)(Bn — 6o)
" i<j<k<l

> (2, Zj, %k, Z1)
N i<i<k<l
=: Iy + Lo+ Lig+ Iy + Lis + Lie + L7, (6.6)

where Z; = (g;, X;),

him (Zi, Z, Zy, Zp)
(i,5,k,1)
= 67! Z S1mst{l(es > €¢) — I(es < &) M| Xstl| + || Xuoll)
s<t,u<v
(i.3,k,0)
1270 Y ial{l(es > &) — Les < )M Xoul, form=1,--- .7
(s,t,u)

and
P Xs, o) 1i(Xy, o)
o(Xs, 60) o(X¢,00)
P i(Xs, (B — Po)C +Bo) (X, Bo) [m(Xt, (Bn — Bo)C + Bo) m(Xt,?o)]
o(Xs,60) o(Xs, Bo) o(Xt,0) o (X, 0)
O13st = X bo) _ m(Xh?O)
o(Xs, 60) o(X¢,00)
5  es0(Xs,00) e (Xy,60)
T (X, o) o(X¢,0o)
by = S0 Xe O = 00)C +00) 26X, b0) (216X, (On = B0)C +00) _ =15(Xe, o),
o(Xs,0p) o(Xs,0p) o(X¢,6p) o(X¢,6p)
Sion = e56 (X5, 00) 5t5(Xt,~9~0)

517st = Rs_Rt'

For the term I, recall that

1,5 1 R
Lo =2"" 60— B0 g D hialZis Zj, 2, Z)(Bn — o).
" i<j<k<l
Next we will show that é > ha(Zi, Zj, Zy, Z;) = op(1). For this, set B = {8 : y/n||f — Bol| <
"i<j<k<l
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C}7 UlQ(B) - % Z h12(57 Zi,Zj,Zk,Zl), and

n

i<j<k<l
(4,5.k,0) .. .. .. ..
h ,Zi,Z',Z ,Z — _6—1 m(X&ﬁ) B n}(XsaﬁO) o m(Xtvﬁ) - T?(Xtyﬂ(])
12(/8 ! ' l) 8<tz,u:<v[ U(XS790) U(Xt790) ]
x[I(es > er) — Ies < &) (| Xstll + [[ Xuoll)
it SR X B0) X)X,
(s,t,u) (Xs’ 00) O-(Xta HNO)

x[I(es > er) — L(es < ep)]|| Xsull-

It is easy to see that

> ma(Zi, Z, Zr Z) = Ura((Bn — Bo)C + Bo)-

" i<i<k<l

To show that 7 S ha(Zi, Zi, Zi, Z)) = 0,(1), since /n(By — o) = Op(1), it remains to show
"i<j<k<l
that U2(8) = 0p(1) uniformly in 5 € B. By Assumption 2, we have

(X, B) — (X, fo) (X, B) — (X, Bo)

| - -
o(Xs, 00) o(Xt, 00)

| < Clri(Xs) + m(Xo)],

whence

1h12(B, Zi, Zj, Zi, ZD)|| < Cra(Xe) + #1(X5) + w1 (Xg) + ma (X)) (1Kl 4 12X+ 1 Xl + 1 X21])-
El|m2(8. Zi, Zj, Zi, Z1)|IP) < CE{[#7(X) + &1 (X)) B[ X|*} < o0

Note that {Uy2(8) : 8 € B} is a non-degenerate U-process of order 4. Together with lemma
2.13 of Pakes and Pollard (1989), we obtain that {Uj2(5) : f € B} is Euclidean for a squared-
integrable envelope. Then it follows from the main corollary and corollary 4 of Sherman (1994)
that U2(8) = 0p(1) uniformly in 5 € B. By Slutsky’s theorem, we obtain that

1
n112—§(5 — Bo)" ci > malZi, Zj, Zk, Z1) (B — Bo) = 0p(1).
<j<k<l

For the term I3, it is readily seen that %; > his(Zi, Zj, Zi, Z;) is non-degenerate U-statistic
"i<i<k<l
of order 4. By the independence between ¢ and X, we have

(X1, fo) (X, Bo)

E{l3(Zi, Zj, Zi, Z1)} = E( o(X1,00)  o(Xy,60)

)(H(&l > 62) — 1(61 < 62))090(X1,X2)] = 0,

where Cx(Xl,Xg) = HXl - X2” - E(HXl - X2|HX1) - E(”Xl — X2|HX2) +E(HX1 — XQH) By the
law of large numbers for U-statistics, we obtain that

> ms(Zi, Zy, Zi, Z) = op(1).

" i<i<k<l
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Combining this with \/7(8, — o) = Op(1), we have

” 1
nh = n(fn — Bo)" i > ms(Zi, Zj, 2k, Z) (Bu = Bo) = 0p(1).
" i<i<k<l

Similarly to the arguments for I1o and I3, we can show that
nlis = op(1), nlig =o0p(1), and nli7 = op(1).

Consequently, we obtain that

A A 1 A ~ 1
nUp1 = n(ﬂn — 50)T@ Z hll(Zia Zj, Zy., Zl) + n(@n — Qo)T@ Z h14(ZZ', Zj, Zy., Zl) + Op(l)(6.7)
" i<j<k<l " i<i<k<l

Next we deal with the term Ung. Decompose it as

U = =3 Y, hlZ2;,%2)+ =5 Y. ho(Zi 25, 2 2)
z<]<k<l z<]<k<l
= Una1 + Unaa,

where

1 (7‘7-]7k7l) (7‘7-]7k7l)
ho(Zis 25, 2 Z1) = 5 D B(0ast| Xy X (| Xatll + X)) = 15 D BlO2stl Xo, X0) | Xull,

s<t,u<v (s,t,u)

1 (7'7]7k7l) 1 ('7j7k7l)
hoa(Zis 25, 2, Z1) = & D [Gast = B(baatl Xo, X)J(1Xatll + [ Xunll) = 55 D 1825t = B(B2stl X, X)) Xou

s<t,u<v (s,t,u)

For the term Ungl, similar to the arguments in Theorem 1 of Xu and Cao (2021), we can show
that uniformly over 1 < s,t < n,

E(528t‘X87 Xt)

m(Xs.Bn)=m(Xs.80) _ m(Xg.Bn)—m(Xy.80) | es(0(Xs.0n)=0(Xs.00)) _ et(o(Xp.bn)—o(Xe.00) 1 p _p,
o(xs,00) o (X¢,00) 7(Xs,00) o (X¢,00) s

Yo /0
Mes —er < 2) — l(eg < &y)]dz| X, Xi}

m(Xs,fn)=m(Xs,B0) _ m(Xy,Bn)—m(Xyt,B0)
o(Xs,00) o (X¢,00)

= 2E[/ I(es —er < 2) — (g5 — &1 < 0)dz| X, Xy]

0

7”(Xs»5’n)*7fl(Xs»ﬂ()) m(Xg,Bn)—m(Xy, [30)_,’_65(47(){5 0n)—0(Xs,00)) Et(U(Xt;én)iU(Xt;éo))
o(Xs,00) o (X¢,00) o (Xs,00) o (X¢,00)

28

m(Xs»Bn)*@(Xsﬁ())_m(XtaBn)*ﬁl(Xtﬁo)
o(Xs,00) o (X¢,00)
I(es —er < 2) — l(eg — & < 0)]dz| X5, X¢]
7”(Xs»5’n)*7f(Xs»ﬂ()) m(X¢,Bn)—m(Xy, [30)_,’_65(47(){5 ,0n)—0(Xs,00)) Et(U(Xt;én)*_U(Xt;éo)) +YR—Ry

—I-QE[/ o(Xs,00) o(X¢,60) o(Xs,00) o (X¢,00)

m(Xs »Bn)*’fb(Xs vﬂ()) _ ””(Xtﬁn)*”ll(xtﬁo) + Es(U(Xsﬂn)*_U(Xs;éO)) _ Et(U(Xt;én)*_U(Xt)éO))
o (Xs,00) o (X¢,00) (Xs,00) o (X¢,00)

I(es —er < 2) — l(eg — & < 0)]dz| X5, X¢]
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_ m(X&ﬁO) o m(XhﬂO) Tip 2 T RYA j
% (GRs e Grm ) st —ACREg S
= ~ 2
d’(Xsa@o) é'(Xt,eo) T /A ~ 1
+24. <[O'(Xs,9~0) + O'(Xt,éo)] (en - 90)) +0p(ﬁ)’

where Q. = E[f-(¢)] and A. = FE[eF.(¢)]. Consequently, we obtain that

Ut = Q(Bn—Bo) % Z ho11(Zi, Zjs Zey Z1) (B — Bo)

2<j<k<l
+24.(0, Z ho12(Zi, Zj, Zx, Z1)
" 1<j<k<l
1 N ~ 1
+2A.(6,, — 0p)" ol Z ho13(Zi, Zj, Zy, Z1) (0 — o) +0p(;)v
" i<j<k<l

N 1
= Q.Unai1 +24.Upng1a + 2A4.Upaiz + Op(g),
where

ho11(Zi, Zj, Zx, Z1)

s S et) )y () K0y 1)
s<t,u<v U(X5790) U(Xt790) U(X8790) U(Xtae())
L (X Bo) (X Bo) (X, ) 1i(Xe, Bo)

F 1 Xl

1
—12 Z o(Xs,00) (X, 600) H o(Xs,00)  o(Xi,00)

stu
ho12(Zi, Zj, Z, Z1)
(4,7,k,0)

5(Xs,00) (X0
- Z (&Ko) T B0y ek X )
s<tu<v (XS’HO) U(Xtaeo)
(2,5,k,1)

_ XS,H 7 (X, 6
gt S (Pl SO,
o (X5, 00) U(Xtﬁo)

stu
h213(ZZ7Z]7Zk72l)
(igkd) . I _ , :
_ o(Xs,0 ,00),  0(Xs, 0 o(Xy,0
= ot ST (HEnt) o) Sb) | SOy )
s<t,u<v U(X5760) ( 9) U(X8760) Xt790)
(Zvjkl . . o . ~ .
X, 0 X,,0 X,,0
191 Z{ U( ts ~0)}{0( ~0)+U( t 0)}THXsu”
(s.t0) ) U(Xt,eo o0(Xs,00)  o(Xy, 00

For the term Ungn, it is easy to see that % > hon(Zi, Zj, Zi, Z;) is a non-degenerate
"i<j<k<l
U-statistic. By the law of large numbers, we have

" hon(Zi, Z;, Zk, Z1) — My, in probability,
" i<j<k<l
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where

My = E[{m(Xlw?O) _ m(X27/~80) m(Xh?O) o (X2750)
O’(Xl,e()) o(Xa,6p) o(X1,6p) (XQ,HO)

where Cx(Xl,Xg) = HXl — X2” — E(”Xl — X2|HX1) — E(”Xl — XQH‘XQ) +E(HX1 — Xg”) COI]SG—
quently, we obtain that

FrCo (X1, Xo)],

nUno11 = V(B — Bo) " Miv/n(Bn — Bo) + 0,(1). (6.8)

For the term Un212, by the standard theory of U-statistics (see Subsection 5.3.1 in Serfling
(2009),for instance), we have

nUnoia = +/n(f, — o) f Z ho12(Zi, Zj, Zi, Z1)

z<]<k<l

= Vn(0, —0y) ZEh212 Zi, Zj, Zy, Z1)| Zi] + 0p(1) }

o . XmBO) (X /80) 0
—ﬂe%fz i+ . (X X)X 40,1, (69)

For the term Unglg, similar to the arguments for U'ngll, we have

> hns(Zi, Zj, Zy, Z1) —> Ma,  in probability,

"i<i<k<l
where . - ~ ~
o(X41,0 0(Xo,0 o(X4q,0 0(Xo,0
My = g 7L | I ) O ) HZ0 Wy, ()
o(X1,00) 0(X2,00)" o(X1,60p) (X2,
Consequently,

nUp213 = v/n(0,, — 00)" Man/n(B,, — 0o) + op(1). (6.10)
Thus we obtain that
nUna1 = Qev/n(Bn — 50)TM1\/_(B — Bo) + 2400 — 00)" Mar/n(6,, — o)

XmBO) (X /80)
+24.v/n(0,, —HO\FZ (XZ’GO)JF X )

1Oz (Xi, X)|Xi] + 0p(1).

For the term Umg, following the same line as Theorem 1 inXu and Cao (2021), we can show
that nU,gs = op( ). Altogether we obtain that

N N 1
nUy, = nUpg + 1(Bn — Bo) TC Z h11(Zi, Zj, Zy, Z)
N i<i<k<l

1
1l —00)" 57 Y malZi Zj, 2. Z1)
Ca i<j<k<l (6.11)

R
+2A4./n(0,, — 90)% Z AE[ho12(Zi, Zj, Zi, Z1)1 Zi)
i=1

+ Qs\/ﬁ(ﬁn - 50)TM1\/H(BTL - 50) + QAE\/E(én - 90) M2\/_( ) + O;D(l)

27



where Elhao12(Zi, Z, Zy, )| Zi] = E{[‘;gi’gg)) + jg’gg;]cw(xi,)()|xi}. For the term U, recall

that
) ) 1 (3,3,k,1) 1 (4,4,k,1)
Up = ot Z G Z ‘Est‘(”Xst”"‘”XuvH)_ﬁ Z |est | Xsull
ni<i<k<l s<t,u<v (s,t,u)
1
= Z ho(Z;, Zj, Z, Zy).
" i<j<k<l

It is easy to verify that Uy is degenerate. By Hoeffding decomposition in the technical appendix of
Yao et al. (2018), we can show that

1
Eho(Zi, Z;, Zy, Z))| Zs, Zj] = ECe(ﬂﬁj)Cm(Xi,Xj),

where

Ceeives) = lei — il — E(lei — gjllei) — Elei — €jlley) + E(lei — €51)
Co(Xi, X;) = [1Xi = X — BE(|X; — X;[1|Xs) — E(|X: — X;[11X5) + E(1X; — X))

It follows from the arguments in Section 5.3 of Serfling (2009) that

R 6 n n
nUnO = n_lZZE{hO(ZijvZkvzl)|ZZ7Z]}+OP(1)
i=1 j#i
1 n n
= 7 Z ZC’s(€i7€j)Cw(Xi7Xj) +0p(1).
i=1 j#i
For the second and third terms in (611]), set
A 1
Ui = & > wi(Zi, 2y, %k, %)
n .~
1<j<k<l
A 1
Una = =3 Z ha(Zi, Zj, Zk, Z0).
"i<j<k<l

By some elementary calculations, we can show that Unll and Un14 are non-degenerate and

Elhi (21, Z2, Z3, Z4)| Z1] = —(Fe(e1) — 1/2)E[{TZ((§11:§;)) - ?((j((j,’g;)))}cm(Xl,XzﬂXﬂ

1 ero(x ,9~ g90 (X ,9~
Elhiu(Z1, Z, Z3, Z4)|Z1) = —=E{[= ( 1~0) _ &0l 2~0)
O-(leeo) O-(X2700)

where Z; = (X, ;). By the standard theory of U-statistics (see Section 5.3 in Serfling (2009), for
instance), we have

][H(El > 62) — ]I(El < Eg)]Cx(Xl,Xg)le},

4 n
VnUpin = —ZE{hll(Ziaijzkazl)’Zi}+Op(1)

Vi
= Rz - RGBT (x, 1] + 0,01
i=1 i RASEE

28



VU = ZE{hM Ziy Zj, Zn, Zi)| Zi } + op(1)

\/_2—1
- 7 Zw[{iﬁfi’éﬁ) - gif’gff}{n@ > £) ~(ei < )} (Xi, X)IZ] +0p(1).
i=1 v S

To obtain ~the limiting distribution of nﬁn, it remains to derive the asymptotic expansion of ﬁn —Bo
and 6, — 6. By Assumption 1 and Proposition 3 of Tan et al. (2022), we have

VB — o) = %Zl(n,xi,ﬁo)wp(l)

Vv, —0y) = \FZ De? — (X4, 00)] 2716 (X5, 00) + 0,(1).

Altogether we obtain that

nU,

(Zi, Zj, Zy, 21)| Z;, Z }
i=1 j£i

+4—Zl Y;,Xz,,B() \/—ZE hll ZuZkaaZl)‘Z]

n

1
+4—Z (Xi,00)(e2 — 1)]6%(X;,00) T2~ 1\/,ZEh14 Zi, Z;, Ty Z0)| Zi]

8A5% Z[OQ(XZ-, 00)(e? — 1)]6*(Xi, 00) " S Elhor2(Zi, Z;, Zi, Z1)| Zi)
Ag%i[gz(&’%)@?—1>]<'72(Xi=50) DRI EH: (X, 80) (7 — 1)]6° (X, o)
i=1

1 « 1 —
— > Y0, Xi, o) My —= ) U(Y;, X, 1).
+Qaﬁ;< X3, fo) 1\/ﬁ;< Bo) + 0p(1)
Since E[ho(Zi, Zj, Zy, Z1))* < CE||X||?E(?) < o0, it follows that

nUp — > Me(ZE—1D)+HANTPL+AW TS Py 8A W TS P+ 2A W TS ML ST WHQN T M,
k=1

where Z1, Z9,- -+ are independent standard normal random variables, the eigenvalues {)\q}gil are
the solutions of the integral equation

/c (66,£,)Co( X, X;)$(Z3)AF(Z;) = Ngby(Z0),

{¢i(-)}2, are orthonormal eigenfunctions and F(-) is the cumulative distribution function of of Z,
and (Z;, N, W, Py, P, P3) € R%T! are jointly Gaussian random variables with zero-mean and the
covariance matrix satisfying

var(Z;) = 1, var(N) = var(l(Y;, X;, Bo))
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var(P1) = wvar(E{hn1(Z;, Z;, Zy, Z1)|Zi})

var(P2) = wvar(E{ha(Z;, Z;, Zi, Z1)|Zi })

var(P3) = var(E{hmg(ZZ,Zj,Zk,Zl)|ZZ-})

var(W) = war([o*(Xi,00)(e? — 1)]6%(X;,60))
cov(Zi, P1) = cov(¢i(Zi), E{h11(Zi, Zj, Zy, Z1)| Zi})
cov(Zi, P2) = cov(¢i(Zi), E{h1a(Zi, Zj, Zy, Z1)| Zi})
cov(Z;, Ps) = cov(oi(Z;), E{hglg(ZZ,Z],Zk,Zl)]Z b
cov(Zi, N) = cov(di(Z;), 1(Y5, X5, Bo))
cov(Z;, W) = cov(pi(Z;), [0*(Xs,00)(e7 — 1)]6% (X5, 600))
cov(P1,N) = cov(l(Y;, X, B0), EXh11(Zi, Z;, Zx,, )| Z; }
cov(P2, N') = cov(l(Y;, X, Bo), E{h14(Z;, Z;, Zk,, Z))| Z;}
cov(P3,N') = cov(l(Y:, Xi, Bo), E{hglg(zi,Zj,Zk,Zl)|Zi}
cooW,N) = cov([o*(Xs,00)(? — 1)]62(X;,00),1(Ys, X5, Bo))
cov(P1,P2) = cov(E{h11(Z;, Z;, Zi, Z1)| Zs, E{h14a(Zs, Z;, Z, Z1)| Zi })
cov(P1,Ps) = cov(E{h11(Zi, Zj, Zi, Z1)| Z;, E{h212(Zi, Zj, Zi, Z1)| Z; })
cov(P3, Pa) = COU(E{hglg(ZZ,Z' Zk,Zl)|Zi},E{h14(ZZ-,Zj,Zk,Zl)|ZZ-})
cooW,P1) = cov([o*(X;,00) (e — 1)|6*(X;,00), E{h11(Zi, Zj, Zky Z1)| Zi})
cooW,Pa) = cov([o*(Xi,00)(e? — )]0 (Xs,00), E{h14(Zi, Zj, Zi, Z1)| Zi})
cooW,P3) = cov([o*(Xi,00)(e? — )]0 (X4, 00), E{h12(Zi, Zj, Zn, Z1)| Zi }).

Hence we complete the proof of Theorem 3.1.

O

Proof of Theorem 3.2. (1) Under the local alternatives Hj,, recall that o2(X) = o2(X, 6p) +

%S(X ) and 7; = % in nonlinear cases. It follows from (6.2)) in the proof of Theorem 3.1
that ’
% — 1]
= lei— ¢l
£i5(Xi)[0(Xi,0n) — 0(Xi,00)]  £55(X;)[0(X;,0n) — (X5, 60)]
{ J+ 2ﬁ03(Xi790) 2ﬁ03(Xj790) }[ (5 >€j) (6 <€J)]
P..+sis(xi)[o(Xi,én)fo(Xiﬁo)]_ij(XﬂlG(Xj79n>*0<va9o>1
(%] no3 (X, nos i
42 / et to) T (e — gy < 2) — I < £5) Y, (6.12)
0
where
p. m(Xi, Bn) — m(Xy, Bo) B m(X;, Bn) — m(X;, Bo) i ei(0(Xi,0,) — 0(X;,60))
Y O’(Xi,e()) O’(Xj,eo) O’(Xi,e())
~j(0(X;,0n) — 0(X;,60)) o
) )
. . _ 0 ]2 3 .
RZ’ EZ[U(X’MHQ) U(XZ: 971)] (Xla/BO) m(szBn) [O-(XZ,HO) o O'(Xl,en)]
O'(XZ',HQ)O'(XZ',HH) ( 2790)
_'_m(XZ)ﬁO) B m(Xan) [ (leeo) J(X )]
o%(X;,6) o(X;,0) '
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Similar to the arguments for (G.5]) in the proof of Theorem 3.1, U, can be decomposed as

(3,5,k,0) (3,5,k,0)
N 1 1
U = oz Z 6 Z lest| (1 X st || + | Xuoll) — Z |est | Xsull
"i<j<k<l s<t,u<v (s,t,u)
1 1 (4,9,k.0) 1 (4,9,k.0)
+a Z 6 Z 5lst ||XstH+||Xuv|| 12 Z 5lst||Xsu||
" i<j<k<l s<t,u<v (s,t,u)
1 1 (4,3,k.0) 1 (4,3,k.0)
tar 2 | 2 SwllXal + 1Xuwl) ~ 5 D Saull Xuul
" i<j<k<l s<t,u<v (s,t,u)
1 1 (4,3,k.0) 1 (4,3,k.0)
""@ Z 6 Z 535t |’XstH+”Xuv” 12 Z 53st”Xsu”
i<j<k<l s<t,u<v (s,t,u)
= [jnO + ﬁnl + Un2 + Uni’n (613)
where
by = [22l0Xs b )—a(Xs,eo» eu(0(Xe, 0n) — (X, 0)) | (X, Bn) = Mo, o)
’ o(Xs,60) o (Xt 60) o(Xs,60)
n Xt,
_miXe i) - ( ! BO) + (Rs — Ry){Il(es > e¢) — (e < &)}
o (Xt 0o)
£ss(Xo)(0(Xs,0n) — 0(Xs,00)  £8(Xy)(0(Xy,0n) — (X4, 60))
Oost = — I(eg > —I(es < .
2st { 2\/—0_ (X8790) 2\/50-3()(1‘,700) }[ (E Et) (E Et)]
Pst+sss(xs);kaz,éy;dxs,eo)) _ qs(Xﬁéof(Xg@);oéXn@o))
b = 2 / o R0 ey — ey < 2) — (e, < 2)de.
0

First we deal with the term U,s. By Taylor expansion, U, can be decomposed as

R 1
Unz = \/—(9 — o) T > han(Zi, Z4, Zn, 4)
" i<j<k<l
1 ~ T 1 ~
to =00 5 Z ha2(Zi, Z;, Zi, Z1) (0 — o)
N i<i<k<l
1 . 1
+—(9n—00 V=7 Z h23 227Z]7Zkazl)(0 _90)
2\/ﬁ Cn i<j<k<l
=: Iy + oo + I3,
where Z; = (g;, X;),
(i7j7k7l)
h2m(Ziyzja ZIle) = _6_1 Z 62m5t{H(Es > Et) - H(Es < Et)}(HXstH + ”XuvH)

s<t,u<v
(i7j7k7l)

1270 3" St {l(es > &) — I(es < ) Xeull,  form=1,2,3
(s,t,u)
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and
533(Xs)0.-(X87 00) o 5tS(Xt)O.-(Xt7 90)

5218t - 20’3(Xs, 90) 20'3(Xt, 00)
5o Es8(Xo)F(Xs, (0 — 00)¢ +00)  £55(X5)5(Xs, 60)
2t 203(X5, 6p) 203(X5, 6p)
es(X)3 (X, (0n — 00)C +60)  ers(X1)F (Xt 60)
20'3(Xt, 90) 20'3(Xt, 00)
5 _ €55(X5)0(Xs,60)  e15(Xe)5 (X, bo)
23st 20’3(Xs, 90) 20'3(Xt, 00)

for some ¢ € (0,1). For the term I5;, we have
- 1
nlyy = /n(, - 90)Tm > hn(Zi, Z4, 2w, Z),
" i<j<k<l
Note that

Elho1(Zi, Zj, Zx, Z))
B [{Els(Xl)O"(Xl,eo) _ EgS(Xg)é’(XQ,@o)
N 203(X71,6)p) 203(X2,6)p)

ElS(Xl)d(Xl’HO)}{H(El > 52) _ ]I(El < EQ)}Cx(X17X2)]

203(X71,6p)
S(Xl)d'(Xl, 90)
203(X71,6))

HI(e1 > e2) — (1 < €2)}C (X1, X2)]

= 28|

= —2E[€1{H(61 > 62) — ]I(El < EQ)}]E[ E{Cx(Xl,Xg)’Xl}] =0.

where C3 (X1, X3) = || X1 — Xo|| — E([[ X1 — Xa|[X1) — E([| X1 — Xof||X2) + E(|| X1 — Xal]). Since
Vn(0n — 00) = Op(1), it follows that nly; = o,(1). For the terms Izy and Iy3, similar to the
arguments for I;2 and I3 in the proof of Theorem 3.1, we can show nly; = 0,(1) and nlyz = 0,(1).
Consequently, we obtain that

nUng = nlay + nlag + nlaz = oy(1).

Next we deal with the term Ung, decomposed it as
. 1 1
Us = &1 > MlZiZ5 26 2)+ 55 D haa(ZiZj 2k 20)
" j<j<k<l i<j<k<l

=: Upg1 + Up32,

where
1 (4,5,k,1) 1 (4,5,k,1)
har(Zis 25, 2, Z1) = & D B(ast | X X (| Xatll + 1 X)) = 5 D BOsstl Xo X0) | Xull,
s<t,u<v (s,t,u)
L (kD | (kD
hso(Zis Zj, 2 Z) = = Y [03st — B35t X, X0)] (| Xt | + | X)) — B D (035t — B33t X o, X)) | Xull.
s<t,u<v (s,t,u)
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qu the term Ungg, similar to arguments for the term U'ngg in the proof of Theorem 3.1, we have
nUps2 = op(1). For the term U3, following the same line as Theorem 1 of Xu and Cao (2021), we
can show that uniformly over 1 < s,t < n,

E(53st’X57 Xt)

£55(Xs)(0(Xs,0n)—0(Xs,00)) _ e45(X¢)(0(X¢,0n)—0(X¢,00))

(Pst"l‘ o3 s mod )+Rs_Rt
_ 2E[/ 2/ B) 2/ (Xt o) [(es — &1 < 2) — I(es < &)]d2|Xs, XI]
0
m(Xs,Bn)—m(Xs,B0) _ m(X¢,Bn)—m(X¢,B0)
o(Xs,00) o(X¢,00)
= 2E[/ I(es —er < z) —I(es — & < 0)dz| X5, Xi]
0

m(Xs,Bn)—m(Xs,80)  m(X¢,Bn)—m(Xs,B0) + £5(0(Xs,0n)—0(Xs,00)) _ £t(0(X¢,0n)—0(Xy,0p))
7(Xs,00) o(Xt,00) (Xs,90) o (X¢,00)

+2F X .
[ m(Xs,Bn)—m(Xs,Bg)  m(Xt,Bn)—m(Xt,Bp)
o(Xs,00) o (X¢,00)

[es —er < z) —I(es — & < 0)]dz| X5, X¢]

m(Xs,Bn)—m(Xs,B80)  m(X¢,Bn)—m(Xe,B0) | £s(0(Xs,0n)—0(Xs,00))  et(0(X¢,0n)—0(X¢,0p)) _
(X5,00) o(Xeho) T o (Xs700) o(Xt.0) +Rs— R

+2FE A ) X R
[ m(Xs,Bn)—m(Xs,Bg)  m(Xt,Bn)—m(Xt,Bp) + es(0(Xs,0n)—0(Xs,00))  et(a(X¢,0n)—0(X¢,00))
7(Xs,00) o(Xt,00) (Xs,90) o (Xt,00)

Mes —er < 2) — (g5 — &1 <0)]dz| X, X¢]

£55(Xs)(0(Xs,0n)—0(Xs,00)) _ e45(X4)(0(Xy,0n)—0(X4,60))

Ps
+2E[/( o 2v/no3(Xs,60) 2v/no3(Xy,00) )
Pst

{I(es — ¢ < 2) — (g5 < &) }dz| X5, X¢]

_ m(Xs, Bo) (X, B0) 7,5 2 o 0(Xe60) | 5(Xe,60)
- <[U(Xs,90) (%0, 00) ) P 50)) +24:(0n — b0)” [ + o0 ]

. . 2

v, (24 2T 6, —60) ) +24.0, - 60}
5(X:)0(Xs,00) | s(X)o( Xt 00) 7 5 Ll

2l oty * s O =) otz

where Q. = E[f:(¢)] and A, = E[¢F.(¢)]. Consequently, we obtain that

+

~ A~

Uzt = Qa(ﬂn_BO)T% > hs11(Zi, Zj, Zi, Z) (B — Bo)

" i<i<k<l

n 1
—|—2A5(0n—90)T@ Z hs12(Zi, Zj, Zy, Z1)

" i<j<k<l
~ 1 ~
+24.(0,, — HO)T@ Z h313(Zs, Zj, Zy, Z1) (0, — 6o)
ni<i<k<l
A 1 1
+2A4.(0, — 90)T—n@ Z h314(Zi, Zj, Zx, Z1)
ni<i<k<l
X rl1 i 1
+2A:(0n — o) ! Z h315(Zi, Zj, Zi, Z1)(0n — 00) + 0p(—)
& i<j<k<l "
N N A A N 1
= QcUpnsi1 +2A.Upzi2 + 2A.Upz13 + 2A.Upzia + 2A.Upzis + Op(ﬁ), (6.14)

where

h311(Zi, Zj, Zi, Z)
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(m k1)

XS7BO (thBO) m(X&BO) m(XhBO) T
== - Xs + Xuv
Z{ ) ) et YT (] + X
(4,4,k.0) . .
XS7/80 (thBO) m(XS7BO) m(thBO) T
—12— 1 - Xsu 9
g;{ Rt oKt oot oK) X
h312(Zs, Zj, Zy, Z)
(wkl . (4,5.k,0) . .
XS,90 (X ) 1 (X 90) O'(Xt,eo)
— Xt + [| Xuwl|) — 12 + Xsull,
S TR g el 1) — 127 3 (S TRt
S YUV (s,t,u)
ho13(Zs, Zj, Zy, Z)
(wkl . . .
X8790 (Xtaeo) U(Xsaeo) O-(Xtaeo) T
= + Xst|l + | Xuw
Y G e e e 1l 1
(4,4,k.0) . . .
X8790 (Xtaeo) U(X8760) U(Xtaeo) T
—12— 1 + Xsu 9
g%{ oo o) a(Xte) T oK) Il
h314(Z7,7Z]72k7Zl)
(wkl
(X, o) ( +)o (Xt o)
= Xs Xuv
Z { 20_3 XS,HO) 3(X 9) }(” t|’+” H)
s<t,u<v
(4.3,k,1) .
_ o(Xs,00) | s(Xi)o(Xy,0)
1 s V0 )
- Xsu ’
? (;{ TR s et
h315(Zi, Zj, Zi, Zz)
(4,9,k.0) . .
6(Xs,00) | 5(X¢)d (X, 00), 5(Xs)o(Xs,00) ( )0 (X4, 00) | 7
= XS Xuv
S<t§u:<v{ 20_3 X5760) 20’3(Xt,90) }{ 203(X5700) 3(X 0) } (H t”+H H)
ikl . ) .
—191 jz: { (X, bo) S(Xt)U(Xtveo)}{ ( 5)0 (X5, 00) S(Xt)U(Xt760)}THX ”
oo 203 (X5, 60) 203 (X4, 6p) 203(Xs, 6p) 203(X¢, 6p) sl

For the terms Ups11, Upsiz and Uysys, similar to the arguments for .8), 3) and @I0) in the

proof of Theorem 3.1, we have

nﬁn?»ll - \/ﬁ(/én - /BO)TMl\/ﬁ(/én - /80) + Op(l)'
R A
nUps1z = V/n(0, — 90)% ; 4E[h312(Z;, Zj, Zy,, Z1)| Zi] + 0p(1).
nUnsiz = V(0o — 00)" May/n(0, — 6o) + 0p(1),
where Elh312(Z;, Z;, Zy, Z1)| Zi] = E[{Zgzgg)) + Zg:gg;}Cx(Xi,X)\Xi], M, and My are given in

Theorem 3.1.

For the term Un314, recall that

N 1
nUpsis = /(0 — 00)" o1 > hs14(Zi, Z4, Zn, Zy).

1<j<k<l
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By some elementary calculations, we have

s(X1)o(X1,60) . 5(X2)d(X2,60)

a3(X1, 0p) 3 (X, 00) FCo(X1, X5)] =0

Elhs14(Zi, Zj, Zk, Z1)] = E[{

with Cx(Xl,Xg) = ”Xl—XQH—E(HXl—X2”’Xl)—E(UXl—XQH‘X2)+E(HX1—X2”). Consequently,
we obtain that nU,314 = 0p(1). Similarly, we have nUy,z15 = 0,(1). Hence we obtain

nUps = Qv/n(Bn — /BO)TMl\/_(Bn — Bo) 4 24:v/1 (0, — 00)T Ma/n(8,, — 6o)

+2A4./n(6,, — 6) f Z4E hs12(Zi, Zj, Zy, Z1)| Zi] + 0p(1).

According to the arguments in Theorem 3.1, we have

R 6 n n
nUnO = n_l;;E{hO(ZijvZkvzl)|ZZ7Z]}+OP(1)
n

nUn = V(B — 50)T% ZE{hn(Zi, Zj, Zi, Z1)| Zi} + 0p(1)

\/7(9 —9() \/—ZE{hl4 ZprZkyZl)’Z}—’_OP( )

with E{ho(Zl, Zo, 43, Z4)|Z1, Zg} = 6_105(61,62)Cm(X1,X2) and

(X1, B0)  m(Xa, fo)
o(X1,600)  o(Xz,60)
1 610"(:171,90) 62@(X2,90)

Elhia(Z1, 23, Z3, Z4)|Z1] = _QE{[ o(X1.00)  o(X2.00)

Elh1(Z1, 29, Z3, Z4)| 2] = —(Fe(e1) —1/2)E[{

FCOx(X1, X2)|X4]

][H(El >e9) — (e < Eg)]Cx(Xl,Xg)le}.

Altogether we obtain that

R 6 n n
nU, = — 1z;%;E{ho(Zqu,Zlle)’Zth}
=1 j#i

\/ﬁ(/én - /BO)T

n

4
% ZE{hll(Zza Z]7 Zk? Zl)’ZZ} + Op(l)
i=1

i, — e@T% S B{hi(Zi. 25, 2. 20)|2:}
=1
Qs\/ﬁ(Bn - 50)TM1\/H(BTL - 50) + 2A€\/E(én - éO)TM2\/ﬁ(én - 00)

. 1 &
+2A./n(6,, — Ho)ﬁ Z 4Eh312(Z;, Z5, Zy, Z1)| Z;] 4 0p(1).
i1

By Assumption 1 and Proposition 4 of Tan et al. (2022), we have

Vil — o) = %;l(m&,ﬁo)ﬂpﬂ)
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Vb, —6) = 72 (Xi,00) (2 — D)]Z, 6% ( X5, 00) + X, E[s(X) 6% (X4, 00)] + 0p(1).

Consequently,
nU,
6 n n

n
i=1 j#i

+4—Zl Yi, X4, Bo)

WZE hll Z27Z]7Zk7Zl)‘Z]

+4—Z (Xi,00)(] — 1)]6% (X, 00)" S 1WZE (h14(Zi, Zj, Zi, 21)| Zi)
8A€% ;[02(&-, 00) (2 — 1)]6%(X;,00) S,  Elhs12(Zi, Zj, Z1, )| Z4]

+8A.E[s(X)6%(X;,00)] 2t P ZE ha12(Ziy Zj, Z, 21| Z:))

) 1
+4E[S(X)O‘2(X“ 00 TE 1 \/ﬁ Z E h14 ZZ, Zk, Zl|ZZ)]
1 O . _ L1 '
A ;[UQ(XZ-, 00) (] — 1)]6”(X;, 90)T201M2201% ;[02(&-, 80) (=2 — 1)]62(X;, 6o)

1 n
4. D 16X, 00)(eF — D)6 (X5, 60)" 55 Mo, Bls(X)6% (X5, 60)]
i=1
+2A.E[s(X)6* (X4, 00)]" 5 Mo X, Els(X)6% (X5, 60)]
1 < P
Q= ;Z(K,Xuﬁo) M= ;l(Yz,Xuﬁo) +0p(1).
Since Elho(Zi, Zj, Zi, Z1))* < CE|| X ||*E(g?) < o0, it follows that

U, — > M(ZL = 1)+ 4N TP+ AW S Py + 8A WS Py + 24 W S Mo S WY
k=1
+QNTMN +4E[s(X)6%(X;,00)] "S5 Pa + 8AE[s(X)6%(Xi,600)] ' 2, 1Ps
+2A.E[s(X)6?(X;,00)) T S My T E[s(X) 6% (X, 60)]
HAAWT MY E[s(X) 62 (X3, 00)]
where ¥, = E[6%(X;,00)0%(Xs,00)7], Ac, Qcy Niy Zi, NoW, Py, Po, P3, My and My are defined in
Theorem 3.1. Hence we complete the proof of the first part of Theorem 3.2.

(2) Recall that n; = Yizm(Xibo) and N = Yizm(X:Pn) in nonlinear cases. Under the global

O'(Xi,eo) O'(X,L,Gn)
alternative Hp, we have 7; = %. It follows from (6.1 and (6.2)) in the proof of Theorem 3.1
that
|9 — 7]
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m(Xi, Bn) = m(Xi, Bo)  m(Xj, B,) —m(X;, o) n £10(X)(0(Xi, 0n) — 0(Xs, 60))

= i =gl = | (X, 00) o(X;,00) o2(X,, 00)
g;0(X;)(0(X;,0,) — 0(X;,00))
I ’ + (Ri — By)|[I(ni > n;) — L(mi < nj)]
9 (XJ'?eO)
m(Xi,Bn)fm(Xi,Bo)_m(Xan)*m(ijBO)_i_s o (X3)(0(X4,0n) =0 (X;,00)) _ €59(X;)(0(X;,0n)—0(X;,60)) VYR.—R,
o (X;.00) o (X;,00) o2(X;,00) 2<X 00) v
+2
0
[I(mi —m; < 2) —L(mi < my)ldz. (6.15)
where

é )]2 m(XHB ) - m(XHBn) n N
R; _Gilo N + US(XZ.7 50) [0(Xi,60) — o(X;,0,)]
m(XZ-, Bo) — (X Ba) [0(Xi,00) — o(Xi, 0,))?
o2(X;,0p) o(Xi,6,) '

By the analog to (6.5) in the proof of Theorem 3.1, U, can be decomposed into three parts:

. 1 1 (4,5,k,1) (4,5,k,0)
U = 1 2 g 2 Wal(IXal +1Xwl) =35 D2 Inel 1 Xeul
ni<i<k<l s<t,u<v (s,t,u)
1 1 (4.3,k,0) 1 (4,9,k.0)
—I—@ Z 6 Z 55st ||XstH + ||Xuv|| 12 Z 558t||XSU||
T i<j<k<l s<t,u<v (s,t,u)
1 1 (3,7,k,0) 1 (3,5,k,0)
+a Z 6 Z 568t ”XstH + ”Xuv” 12 Z 565t”Xsu”
" i<j<k<l s<t,u<v (s,t,u)
= [7n4 + [jng, + Unﬁ, (6.16)

where 1y = 15 — 1,

£s0(Xo)(0(Xs,0n) — 0(Xs,00)  £00(Xy)(0(Xs,0n) — o(x4, 60))

Isst = —| _ |
) (X, 00) 02X, 60)
m(Xs, Bn) = m(Xs, Bo)  m(Xy, Ba) — m(Xe, Bo
+ ( s n) ~( s )_ ( t n) ~( t )+(R8_Rt)m1(773>’I’}t)—}1(773<77t)]7
o(Xs,00) o(Xy,60)
m(Xs,Bn)—m(Xs,B0)  m(X¢,Bn)—m(Xs,B0) | £s0(2s)(0(Xs,0n)—0(Xs,00)) 10 (Xe)(0(Xe,0n)—0(X4,00))
o(Xs.60) : o o) e+ o2(X5.00) Sk %) L02 L Rs— Ry
5651& = 2
0

L(ns —ne < 2) = L(ns < me)]dz.

For the term Un5, similar to the arguments for U, in the proof of Theorem 3.1, we have

N 1
Us = Bu—80"=5 Y. ha1(Zi, Zj, 20, Z0)
" i<j<k<l

1 1
—i—(@n—@o m Z h52 Z17Zj7Zk=Zl)+0p(n)
" i<i<k<l
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where

h51(Zi7 ij Zk:7 Zl)
(i7j7k7l)

_ -l (X, fo) (X, Bo)
> [U(Xs,éo) o (X, 60)

1I(ns > ne) — L(ns < 0e) ([ Xsel| + | Xuol])

s<t,u<v
412! (Z:z: ) Tt > 1) T, < )}
hsao(Z;, Z, Zy, Zp)
1,7,k,l . ~ . o
- (Z)[“ggf“g‘;) ) oA, > ) =10 < nl1 Xl + Kol
+1z—1(2§l o Etag@gf‘%’éO)][H(ns>m>—ﬂ<ns<m>mxsu||.

It is easy to see that 04 > hsi(Zi, Zy, Zy, Z)) and &7 > hsa(Zi, Zj, Zy, Z;) are non-degenerate
"i<j<k<l Cn i<j<k<l
U-statistic of order 4. By some elementary calculations, we have

(X1, Bo) (w2, Bo)

o(X1,00)  o(Xa,60))

e10(X1)a (X1, 00) _ £20(Xp)d (Xa,0p)
o2(X1,00) o2(Xs,09)

(1 > n2)Cr (X1, X2)] = 2K,

Elhsi(Zi, Z;, 26, 2))] = —2E(

def

Elhs2(Zi, Zj, Zy, Z1)] = —2E[( A > n2)Ca (X1, Xo)] = 2Ky,

where Cy (X1, X2) = [|[ X1 — Xo| — E(|| X1 — Xof[|X1) — E([|[ X1 — Xa||[X2) + E(|| X1 — Xaf]). Thus
we obtain that

Us = (B — 60) K + (B — )7 Ko + Oy,

Following the same line for the term U, in the proof of Theorem 3.1, we can show that \/ﬁﬁnﬁ =
op(1). Altogether we obtain that

. . . - 1
Up = Una+2(Bn—Bo) K1+ 20, — 00)" Kz + Op(%)
. ~ ~ 1
Z ha(Ziy Zjy Ziey 1) + 2(Bn — Bo) T K1 + 2(6y, — 0) T Ko + 0p(%)7
z<]<k<l

1,7,k,1 J5ks1)
where Z; = (1, X;) and ha(Zi, Zj, Z, Z1) = 5 S0, 10t (1t |41 X ) — 75 S0 It X
Consequently,

VU, — dCov®(n, X)] = /n[Una — dCov®(n, X)] + 2v/0(Bn — Bo) K1 + 2v/1(6,, — 00)T Ko + 0,(1).

By Assumption 1 and Proposition 3 of Tan et al. (2022), we have
. 1 &
VB =) = —= ;z(n,xi,ﬁo) +0p(1)
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Vn(6, — 7; )e? — o (X4,00)]2 162X, 00) + 0,(1).

It follows that

A

VnlU, —dCov*(n, X)]
_ \/ﬁ% S (ha(Zi Zj, Z Z2) — dCou(n, X))

n z'<j<k<l

f Z KTi(Y;, X, Bo) + Z )2 — o(X;,00)] 2 KT 623X, 00) + 0,(1).

It is easy to verify that Elhs(Zi, Z;, Zk, Z1)] = dCov?(n, X) and U, is non-degenerate. According
to technical appendix 1.1 of Yao et al. (2018), we can obtain

Elhy(Z1,Z2, Z3, Z4|Z1)] = —{E[ (01, 1m2)Ca (X1, X2)| Z1] + dCov®(n, X)}
where dCov?(n, X) = E[Cy(ni,1;)Co(Xs, X;)],

Comisng) = Ini —nil = E(|ni —njllni) — E(ni — nillng) + E(Ini — n;1)
Co(Xi, Xj) = [ Xi = X5/ = E(IX: — X;[|X:) — E(1Xs — X5[[1X5) + E([| X — X5]).

According to the formula (2) in Section 5.3.4 of Serfling (1984), we have
\/_[U — dCov?(n, X))

22{9 03, Xi) + Ki U(Yi, X, Bo) + [0 (Xy)e} — o*(Xi, 00)| K3 B 162 (X5, 00)} + 0p(1),

it follows that R
\/H[UTL - dcovz(nv X)] — N(Ov 0-%)7

where 07 = 4var{G(n, X) + KT1(Y, X, Bo) + [0%(X)e? — 0%(X, 00)| KT 2~162(X, 0y)} with

K, = —pXS) X Bo)yp e (xy X)),

o(X1,00) o(X2,00)

mo(X1,00)  126(Xa,00)
— — — I (n1 > n2)Cr(X1, Xo)],
O'(Xl,eo) O'(XQ,H(]) ) (Tll 772) ( ! 2)]

G(m,X1) = E[C,y(m,n2)Cu(X1,X2)|Z1] — dCov?(n1, X1)
Cpmismg) = | — il — E(|ni — nillmi) — E(|ni — nsllng) + E(|ni — n;),

K, = —E[

Hence we complete the proof of Theorem 3.2. U

Proof of Theorem 3.3. (1) First we discuss the asymptotic properties of nU,, under the
Y, —m(X;) Yi—nm(X)

U(Xiyé()) and M= S

null hypothesis in the nonparametric models. Recall that 7; = o (Xe.00)
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nonparametric cases. It follows from (6.I]) and (6.2)) in the proof of Theorem 3.1 that

|%; — 5]
—|€ €'| o [m(XZ) B ’I’NYL(XZ) o m(Xj) - TIL(Xj) + ( ( 9 ) — O'(XZ‘,H()))
’ 7(X;,00) (X;.00) o(X;,00)
i (0(X;,0n) — o(X;,60))
+ (R; — R)||I(g; <e;) —(g; > ¢, 6.17
s (R = R < &) =1 > &) (6.17)
m(X;)-m(X;) m(Xj)-m(X;) | e (0(X;,0n)—0(X;,0 j(0(X,6n)—0(X;,00))
(f(}){iyé;)X)_ U(ij,e‘())J n ((XU?X;@O()X 00) _<j Lo 0) | p, R,
+ 2
0

[H(&i —&j < Z) — 1(62' < ej)]dz.

where

[0(X;,00) — 0(Xi,0,)]

eilo(Xi, 00) — o(Xi,00))* | (X, —m(X)
(XZ,HO) (X én)

1<j<k<l
where
1 (4,5,k,0) 1 (4,5,k,0)
ho(Zi, Z;, 2, Z)) = 8 > sl (1Xat | + 1 X)) — 1 > sl Xl (6.18)
s<t,u<v (s,t,u)

Zi = (71, X;), Xe¢ = Xy — X, and fjy = 7l — 7. Here the summation in ([GIR) is over all
permutations of the 4-tuples of indices (i, 7, k,1). By the analog to (6.35]) in the proof of Theorem
3.1, we have

. 1 p kD | (i
U = G 2 |5 2 lesel(IXul +1Xuwl) = 55 D2 lesellXaul
" i<j<k<l s<t,u<v (s.t0)
1 (z,]kl ] (i3, k,0)
+@ Z Z 07t (1 Xst | =+ | Xwo|]) — 12 Z O ot [| X su
" i<i<k<l s<t u<v (5412)
1 1 @2kD | @3kD
tar 2 g 2 SallXall+ 1Xwl) 55 D2 Sl Xl
i<j<k<l s<t,u<v (s,t,)
=: U;:O_‘_ﬁ:;l"i'ﬁ;za (6.19)
where
5* - [ES(U(Xsaén) - O'(Xméo)) Et(O’(Xt,én) — O'(Xt,éo)) m(XS) — m(XS)
st — —

o(Xs,0p) o(Xy,00) o(Xs, 0p)
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m(Xe) —m(Xy)

+ (Rs — Ry)[{l(es > 1) — I(es < &1)}

(Xt7 00)
m(Xs)—m(Xs)  m(Xg)—m(X¢) ESU(Xs,én)*f(XSvé())) et (0(Xt,0n)—0(X4,00)) R.—R
o (Xs,00) o(X+¢,90) a(Xs,00) o(X¢,00) * ¢

62st -

|
A \

—er < z) —I(es < &) }dz.

First we deal with the term U*,. Recall that §(X;) = ﬁ Z?zl,j;ét Kp(X: — X;)Y, fx(Xy) =
A Y Kn(Xe = X), and ii(Xy) = §(X;)/ fx (Xy), it follows that

9(Xi) — g9(Xy) Fx(Xy) — fx(Xy)

m(Xt) — m(Xt) = —— 5 — m(Xt)

fx(Xy) ) fx(Xy) )
15X = g(X)Ifx (X)) = fx (X)) | m(XD)[fx(Xe) — f ¥ (X)) (6.20)
fx (X) fx (Xe) fx (Xe) fx (Xi)
where h is the bandwidth, Kp(-) = K(-/h)/hP, and K(-) is a kernel function.
For g(X;) — g(X}), we have
9(Xe) — 9(Xy)
= Y K- XY - g(X)
J=Llj#t
= Y Kl Xm(X) - g(X) + 5 DT KX Xp)a(X)es
J=Llj#t j=1,j#t
= ni 1 Z Kp( Xy — Xj)m(X;) — E[Kp(Xe — X;)m(X;)| Xy
J=Llj#t
BIKu(X — X)m(X)|X] (X0 + = 3 KX~ X)o(Xy)ey.  (621)

J=1j#t
Using Taylor expansion, we obtain that
E[Kp(Xe — X;)m(X;)|Xe] — 9(X3)

h
= /Kh Xt ( )fX( )dl‘—g(Xt)
_ /K Xt —|—’LLh)h

du — g(X¢)

5 W(X) !

= C / ultul? - wf K (u)du + o, (h¥)
k! ozl al ---(%ci,” b . .

— BEDy(X0) + o).

Similarly, we have

Fx(Xy) — fx(Xy)
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= L ST (KX = X)) — B (X — X)) X0} + B (X — X)X — f(X)

-1
[
hk (9f(k) (Xt) 11 1 l 1 -
= C— X ufu - K(w)du + —— > (K (X - X;)
| 1 1 %2 P — 7
kYT oalroxlz - oxp n—1 Pyl

—E[Kn(X; — X;)| X4} + op(h*)

- nil > AKX - Xj) = B[Kp(X; — X;)|Xi]} + h*Da(X0) + 0, (BF).
j=1,j#t

Consequently,

m(Xy) — m(Xy)
1

n n

1

= 3 > {wiym(X;) — Elwm(X5)| X} + 1 D (Wi — Blw| Xi)m(Xy)
J=Llj#t j=1,j#t
1 n
t— > wijo(Xj)ej + hED(Xe) + op(h"),

J=Lj#t

where D(X;) = Dl(Xt);f&f)t)m(Xt) and w; j = % By Taylor expansion and the decompo-

sition of m(Xy) — m(Xt), we can decompose U*| as

Too= = > WNN(Z 2,2 2+ = Y Wa(Zi 24, 2k Z)
” 2<J<k<l ” i<j<k<l
Y hs(Zi,Z, 26 Z) + = Y hiu(Zi, 2, 2k, )
" i<j<k<l ” i<j<k<l
1
(0 _GOT Z h 227 Zk,Zl)
z<]<k<l
+271 (0, — 60)" @ > hi6(Zi Zj. Zi, Z) (0 — o)
ni<i<k<l
1 A N
+271 00— 00" =5 D Pie(Zin Zj 2, 20)(0n — B0)
n2<]<k<l
= > Wis(Zi, Z5, %k, %)
"z<]<k<l

=0 I{y + Iy + I3 + Iy + Ifs + Iig + 17 + I,
where Z; = (;, X;) and

>{771(27:72]'7Z/</‘7Zl)
(i7j7k7l)
- —67! Z Oimst{l(es > €¢) — Ies < &) H([[ Xst || + [ Xuo|l)

s<t,u<v
(i7j7k7l)

+1270 3 5 {lles > &) — Ies < e} Xoull, form=1,2,--- .8
(s,t,u)
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with
D(Xs) _ D(Xt)

W 6(Xa00)  o(Xe,00)
. B ﬁ Z:l,p;és ws,pU(Xp79~0)5p B ﬁ ZZ:Lq;ét Wt,qU(XqﬁNO)Eq
fest (X, 00) o (Xt 00) ’
§lay = ﬁ zzzl,p;és(ws,pm(Xp)~_ Elws pm(Xp)| X)) B (ﬁ ZZ:Lq;ﬁt Wt,qm(Xq)~_ Elw gm(Xq)| X))
o(Xs,0p) o(X¢, 6p)
L Ay W — Blwspl X)) BEL YR (g — Blwnel X))
et o(Xs,00) o (Xz, 6o) 7
S = 6357(Xs,~éo) - 5td(Xt,~é0)
o (X, 00) o(Xy,6)
. £s0(Xs, (O = 00)C +00)  £:6(Xs,00) [at&(xt, (0, —00)¢ +00) _ at&(Xt,Néo)]
! o (X, o) (X, fo) o (X, 00) o (X1, 00)
* es0(Xs,00)  5(Xy,0)
517st = -

o(Xs,00) o(Xt,00)
I8st = RS—Rt'

For the term I7;, it is easy to see that E[h},(Z;, Z;, Zy, Z;)] = 0 and 514 Y. W (Zi,Zj, Zy, Zy)
"i<i<k<l
is non-degenerate. Combining this with the assumption 6(d), we have

nIll - \/_hk\/_ Z h 227 Zk:7 Zl) = Op(l)'
" 1<j<k<l
For the term I7,, decomposed it as
Ity

Wp,iO Xp,9)
= n(n—l)( Z Z Z Z Z Z { Xz,eo(;

i=1 j=1.j#i k=1k#4,j I=1,l#4,5,k p=1,p#i q=1,g#]

wq.i0(Xy,00)e
—M}{H(a S ;) —T(es < )1 |+ 1 Xetll = 20Xl
(Xj790)

w0 (X, ,9~0) Ep wqu(Xq,éo)sq

= ZZ Sy (el ety fos,

n(n—1)° (n =2 =3 S ks (X 0) o(Xj 0o)
x{I(ei > &) — H(Ei < EJ)}(”XU” + HXle —2[ X))

w;,io (X wma(Xi, 50)52-
3 ZZ SDIDHN [0y
n(n—1) ( i=1 j#i ki jl#i,5,k p=j q=i X“e ) (Xj,60)
x{I(ei > €5) — H(ffz' < €j)}(||Xw|| + \|Xkl|| - 2||sz||)

Wp i Xp,00 ija(Xp,Ho)ap
e e e DI IP D I M U L

i=1 j#i k#i,j 14,5,k p=j q#i,j 70 0
x{I(ei > ¢5) — H(e-:i < &) X | + 1 Xwall — 2/ Xk ]])

_|_
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Wp O Xp,Ho ija(Xp,Ho)sp
+n(n—l)(n—2 ZZZ Z ZZ{ o(X;,0 X;,0 J

=1 jAi k#i,j 14,5,k p#i,j =i i) o(X;, 00)
x{I(ei > &) — H(Ei < Ej)}(HXmH + HXMH - 2”sz”)

- Wy (Xp, bo)ey
Ty ZZZZ > oY (X o)

i=1 j#i k1,5 10,5,k pFi jERFEL qFi#j#kF#IFp

_|_

wq.i0(Xg,00)e
—JLLLQJHMﬁwﬁ—MwwMW&M+Mm%ﬂww)
U(Xj790)

=1 Iy + Iog + Iy + Iioy + Iiog

For the term I7,,, we decompose it as

) - wp,aXp,H)
Ity = n(n—1)3 (n—2 n_3 ZZZ Z Z{ Xzyeo(;

i=1 j#i k74,5 l#i,5,k p=q=k

wq.i0(Xg,00)e
90K bo)eay ey 1 < (1 1+ Xl — 21Xl
U(vaeo)

Wp,i0 Xp,ﬁg)
+n(n_1)( ZZZ OID PRI (X 5o

i=1 j#i k#1,j 1#£4,5,k p=q=l

wq. i0(Xy,00)e
—éiiiéiQM@>q%ﬂ@<q»%@Wﬂwm—mwmw
O-(vaeo)

prO' Xp,eo)
+n(n_1) ( ZZZ Z Z { (XZ,GO)

=1 j;ﬁ’l k);él,] l#%] kp Q7é7/7.77[7k

w -aX,é €
—Jiiiéi%w@>q»ﬂ@<q»%@%ﬂmw—w&m>
U(vaeo)

=t Loy + Iig19 + o3
For the term Iy,
. wi,i0(Xx, 0o )ex Wk i0(Xk, 00)er
nlig; = { : = }
(n—1)3 (n —2)( 2 ;kgj lg;k o(X;,00) o(X;,0)
X{H(Ei > Ej) —I(ei < &) bUIXisll + (| Xmall — 201 Xk 1)

- n—1 2(;'4 222251211 Ziy Ly, Ly, 2),

no1<i<j<k<I<n

where
(4,7,k,0) ~
Way,s0 XU760) wu tU(XU760)€u
Yo11(Zi, Z5, Zy Zy) = : - I(es >ep) —l(es < €
1211( Jr 4k l 24 (Stzuzv { Xs,90) U(Xt,t%) }{ ( t) ( t)}

Since E|0i4911(Zi, Zj, Zy, Z;)| < oo, it follows from the law of large numbers for U-statistics that
nl{y; = op(1). Similarly, we can show that nljy5 = 0p(1) and nliy 3 = 0p(1). Consequently,

nlisy = nliyy + nliyy + nlis g = op(1).
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For the term Iy, recall that

. w;,i0(X;,00)¢; Wi, o(X;,00)e;
nlip = (n—1)3 (n—2 n—3 ZZZ Z{ . XZ,H) ;(Xj,éo) }

i=1 j#i k#i,j 1#i,5,k
x{I(ei > €5) — Uei < ;) HIXij | + [ Xnall — 2/ Xix]])

By the law of large numbers for U-statistics, it is readily seen that nljy, = op(1).
For the term Ij,5, recall that
. wp.i(X,, 00)e, w0 (X, ,0o)e
iy = e ZZZ >y Xpe) P
i=1 i kg 115,k p=i a7 Y0 oA o
x{I(ei > 5) — }1(52- < €g)}(\|XuH F I Xwall = 2[Xir[)-

Decompose 7,5 as follows,

Iy = ZZ Z Z ZZ{"‘}PN (Xp, fo)ep Wq,jJ(Xq,?O)gq}
n(n_l) ( i=1 j#i k#i,j 1#1,5,k p=J q=k XZ’HO) O'(Xj,@(])
*{L(ei > €5) = H(ei < 6;)}(\|ng || + ||Xkl|| = 2[[ X))

wy.io(X ,90 W o (X, ,é())&“
n (“r P 4,J @ 20)%qy

nn—1)° (n_Q ned ;;kgjz;k;}; o (Xi,00) o(Xj;00)
x{U(ei > &5) — H(ei < €j)}(HXZJ || + IIXklII —2[ X))

Wp,iT Xp=90) qujU(XméO)Eq
TR YL Y ST F ¢etds et b,

=1 j#i k0,5 176,53,k p=j q7#i,5,k,l 70 370
x{I(e; > ¢5) — H(ei <) X | + 1 Xl = 2/ X )

. * * *
=t 931 + Iia30 + L1233

Similar to the arguments for I7y,y, we have nljys; = o0p(1) and nljysy = 0p(1). For the term Iy35,

. wp,io (Xp, o)ep
e zzz Y XZ’QO(;”

1=1 j#i k#1,j 1#1,5,k p=J q#1,7,k,l

wq.i0(Xg,00)e
—M}{M@ > 5) — I(er < )} (1 XKl + Xl — 20X
(vaeo)

- n—l 2 5 2222251233 Ziy Ly Ly, 21, Zy),

noI<i<j<k<i<r<n

where
(1,3:k,0,9) (X,,0 <. d
*va3(Zis 25, Zios 2y, Z) Z {wtsU 1, 00)er _wrto( i O)g,,}
1233 y Ly y s 120 (s.tmor) (Xs,e(]) U(Xt,90)

x{l(es > &) — I(es < &) FII Xstll + | Xuwll = 2[| Xsul])-

By the law of large numbers for U-statistics, it follows that nljygs — 2A.F| X, — X3/, where
A. = E[eF.(e)]. Consequently, we obtain that nlj,; — 2A.FE|X; — X||. Similarly, we can show
that

nliy, — 2A.E| X, — Xs.
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For the term Iy, recall that

n n n

wp,io (Xp, 90)517
{(———
;Z Z Z >

k1,5 14,5,k p#iF#j7#k#l qFi#j#k#I1F#p 7(Xi, 00)

Ioe =
125 n(n —1)3 (n—2 —

—w—q’ja(@q’gi(;)gq}{m > )~ Tes < o)Xl + Xl - 20Xl

n— - wpiaXp,é Ep
LABIIYYY Y Yy et

Un (5 57 i s wptisiintlapiss ity O (Xir00)

Wy i0(X, ,HN €
@ad?Xa 000y e oy (e < ) 11X+ 1Kl — 20X ])

(X]7 é())
(n—4)(n—5)
(n—l C6 2222225125 Zi, Zj, Z, Zyy Zin Ziy),
1<i<j<k<l<r<m<n
where
(i7j7kvlvp7Q) ~ ~
. 1 Wy s0( Xy, 00)er Wm0 (X, 00)em
(5125(Zi,Zj,Zk,Zl,ZT,Zm) = = Z { ) ( ~0) _ b ( 4 0) }
0 (X, bo) o(X¢,0)

' (s7t7u7v7r7m)

x{l(es > &) — Ies < &) FI1 Xsell + | Xuw |l = 2[| Xsul])-

Some elementary calculations show that I7,5 is degenerate of order 1. By the arguments in Section
5.3.4 of Serfling (2009), we can obtain

0l = ﬁ SOST Wi (% Z5) + 0p(1),

1<i<j<n
where hi(Z;, Z;) = %(Hlij + Ho;j),
(k,1,p,q) 5 A
1 Wp1,10 (Xp,, 00)e wj ;o (Xi,00)ei
Hy; = ZE[ > x plé B = X0 HI(eq > &5) — Ieq, <¢5)}
T (k1lupnar) J( q1> 0) 0( Jo 0)
X ([ Xqujll + 1 Xkl = 201 Xgu k)12, Z5]
1 Lpa) w;i0(X;,00)e;  Warp0(Xgr,00)e
Hy = B Y (L0l o Ee bl s o) 1 <))

(k1,l1,p1,q1) o (Xi, o) U(Xm ,00)
X (| Xipy |+ [ X by || = 20| Xy (D Z55 Z5]-

Hence we obtain that

nliy = ———= > > hi(Zi, Zj) + 4A.E| X1 — Xa|| + 0p(1).
(n—1) 1<i<j<n

For the term I{3 and I, similar to the arguments for I7,, we can show that

* 2 *
nhy=— >N h3(Zi, Z5) + 0p(1),

1<i<j<n
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* 2 *
nly, = S ZZ h3(Zi, Zj) + op(1),

1<i<j<n
where h;(ZZ, Z]) = %(H:gij + H4ij)a hg(ZZ, ZJ) = %(Hm’j + Hﬁij),
(k,1,p,q)

Hs;;j = i Z E|( (wjvim(Xj) - E[wj,im(Xj)|Xi]) o (wm,plm(qu) - E[wm,plm(Xm”Xpl]))

| 5 —
4 (k1,l1,p1,91) O-(leeo) O'(Xj,e(])

k
x{I(ei > &p,) — L < &) HUXEV I + 1XGIN = 21X 5 D121, 250,
(k7l7 ’ )
Hij = 1 iq E[((thmm(Xm) — E[sz,qlm(Xpl)’XqJ) _ (wjim(X;) — E[W~1'7im(Xj)‘Xi]))
o 7 (Xg1,0) o (X3, 6o)
{l(eq, > €5) —I(eg, < Ej)}(”X (q1) H)

(k7l7 ) )
1 e (wji — E[Wj i| Xi])m(X;) (wa p1 E[thm ’Xm])m(Xj)

Hsy = —=E[ Y {2 ek _ Wa, | )
B i o (X, 60) (X5, 00)

l
M+ IX G = 21X 1123 23],

(q1)

{I(ei > ep,) — Uei < epy) U Xapy |+ 11Xk, | = 201 X, (D123, Z51,
(k7l7 ’ )
Heii = 1 —E| iq {(Wpun — Blwpq ]:qu])m(qu) _ (wj,i — E[w]ﬂ]{(Z])m(X,)}
U 4 a(Xq,00) o(Xi,00)

(k1,01,p1,q1)
{I(eq > €5) — Ueq <€) I Xqusll + 1 X [| — 201 Xgur (D125 Z5]-

For the term I7s, Iy, 177, Iig, similar to the arguments for 114, 115, I16, I17 in the proof of Theorem
3.1, we can show that nlj; = 0,(1),nlj; = o,(1),nljg = 0,(1), and
. ol
Iis = (6, —4 > B5(Zi, Z, Zn Z) + 0p(1).
Cn 1<j<k<l

Hence we obtain that

ok 2 * * *
nUp = — ZZ[hl(Ziv Z;) + ho(Zi, Z;) + h3(Zi, Z;)]
1<i<j<n
+n(0,, — > Wis(Zi, Z, Zk, ) + AAE| X1 — Xa| + 0p(1)
" i<j<k<l

Now we consider the term U?*,. Recall that

1 1(Jkl) 1 (4,5,k,1)
*
n2 - o4 Z 6 Z 35 (| Xt | + | Xuol]) — 12 Z St Xsull |
" i<j<k<l s<t,u<v (s,t,u)
where
m(Xs)—m(Xs)  m(Xg)—m(Xy) EsU(Xs»én)*f(Xs,éO))_Et(U(Xt,én)*_U(Xt,éO)) _
5* — 9 o (Xs,0p) o(X¢,00) (Xs,00) o (X¢,00) +Rs— Ry
2st T 0

{I(es — ey < 2) — (e < &) }dz.
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Following the same line as that for the term U,2 in Theorem 3.1, it can be decomposed as

- | . 1 .
n2 - @ Z h21(Zivzj7Zkvzl) +@ Z h22(Zi7Zjvzkyzl)
i<j<k<l ni<i<k<l

. Ok Crk
=: Upgy + Uy,

where
1 (4,5,k,0) (4,5,k,0)
hn(Zi 25, 21, 21) = & > E (0251 X5, Xe) (1 Xt | + 1 Xuwll) = 15 D E(S54|Xs, X0) | Xl
s<t,u<v (s,t,u)
1 (4.5,k,1) 1 (4,4,k,1)
Wo(Zi, 25, 2 21) = = Y (026 = E (025t | X, Xe)|(1Xst | + [ Xuwll) = 75 Y (050 — B85 Xs, XTI Xoull
s<t,u<v (s,t,u)

For 0;:217 similar to the arguments in Us; in Theorem 3.1, we have uniformly over 1 < s,t < n,

B[t X, Xt]

m(Xs)—m(Xs) ﬁ’L(Xt)fﬂ:L(Xt) SS(U(XSVén)7~U(XS’éO)) _ St(U(Xtaé’fl)*f’(Xt’éO)) +Rs—Re
o(Xs,00) o (X¢,00) o (Xs,00) o (X¢,00) ®

= 2E|
0

—I(es < &) }dz| X, Xy
_ (P& D) g DY) DX
T 0(Xeb0)  o(Xibo) Co(Xs00) (X, 60)

e, D(Xs) B D(Xy) \r ﬁZ;l:l,paés,tws,pU(XpﬁO)Ep B ﬁZZ:l,q;és,twt,qU(XméO)Eq
+Q:h"( )" (

{I(es —er < 2)

0(Xs,00)  o(Xy,00) o(Xs, 0p) o(Xy,600)
_’_Qa(ﬁ Z;LZI,p;ﬁs,t Ws:pU(Xp’éO)gp B ﬁ ZZ:Lq;és,t wtiqU(Xq’éO)gq T
o(Xs,6p) o(X¢,00)
(ﬁ ZZ:l,p;és,t Ws:pU(Xpa 50)5;» B ﬁ Zgzl,q;és,t WtLqU(an 50)&1
o(Xs,00) o (Xt 0o)
Lot (P DX i S oK) — Blosym(X)|X]
o(Xs,00)  o(Xt,6p) o(Xs,00)

B ﬁ Zgzl,q# wi,gm(Xq) — Elwr,gm(Xg)| Xy
O'(Xt, 90)

)

D(X,)  D(X) T(”:ffﬁ Sptpgs(Wsp = Elwspl X)) B2 Eimtpi(a — Bl X))

+QhM( K N - - !
T o(Xs,00)  o(Xe,60) o (X, 00) (X4, 0o)
+Q (ﬁ ZZ:Lp;és ws pm(Xp) — Elws pm(Xp)| Xs] B ﬁ Zgzl,q# wt,gm(Xg) — Elwg,gm(Xq)| Xi] )T
) o(Xs,00) o(Xt,0o)
x(ﬁ ZZ:I,p;ﬁS ws p(Xp) — Elws pm(X;)|Xs] B ﬁ ZZ:Lq;ét w,gm(Xgq) — E[wt,qm(Xq)’Xt])
o(Xs,00) o (X, 0o)
m(Xs) n E X m(X¢) n B X
+O.( n—1 Zp:l,p;ﬁs(w&f = Elwsp| X)) _ Tamd Zq:l,q#t(wt7g — Elwt gl t]))T
: o (X4, 00) o(X¢,00)
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m(Xs n m(X. n
(o Do ppop — Bleongl Xol) B T gl = Elengl Xi),

o(Xs,0p) o(Xy,00)
+Q (ﬁ ZZ:Lp;ﬁs ws pm(Xp) — Elws pm(Xp)|X] B ﬁ Egzl,q# wi,gm(Xq) — Elwi,gm(Xq)|Xi]
: (X5, 0p) o (Xy,00)
m(Xs) X m(X¢) n - B X
«( n—1 Zp 1,p7£s(w8p Elws p| Xs]) Tl Zq:l,q;ﬁt(wt,q [wi,q] t]))
(X87 90) U(Xta 90)
+0 (ﬁ Zzzl,p;és ws pm(Xp) — Elws pm(X;)| Xs] B ﬁ 22:1,#15 wi,gm(Xq) — Elwg,gm(Xq)|Xi]
: o (X, 60) o (X, 00)
x(ﬁ ZZ:I,p;ﬁ&t ws,p0 (Xp, 0o)ep B ﬁ ZZ:l,q;és,t wt,q0(Xq,00)gq
o(Xs,60) o(X¢,00)
m(XS) X m(Xy¢) n _E X ])
—|—Q ( Zp 17p7é5(w37117 [w57p| S]) o n—1 Zq:l,q;ﬁt(wtﬂ [wt,q| t )T
- _
(X5, 0p) o(X¢,0)
x(ﬁ ZZ:LP;AS,t Ws,pU(Xm to)ep B ﬁ ZZ:I,q;ﬁs,t Wt,qU(Xm to)eq
o(Xs, éo) (X, 9~0)

o(Xs,00) (X, 0p)

é'(XméO) + (Xtaeo) i
o(Xs,00)  o(Xe,00)

24 <[U(XS, bo)  o(Xy,00)

2
17 (0 — 90)) + 24 (0, — 00)T

where Q. = E[f-(¢)] and A. = FE[eF.(¢)]. Consequently, we obtain that

Trot = h2kQ€ Z ho11(Zis Zj, Zy, Z1) ‘|’th€ Z ha19(Zi, Zj, Zy, Z1)
” z<j<k<l " z<]<k<l
+th€ > Wsi3(Zi, Zy, Zk, Z1) + WP Qe T Y hu(Zi, Z5, 2, Z)
z<j<k<l z<j<k<l
+Q C > hi5(Zis 25, 2k Z1) +Qac > Wi6(Zi, Z4, Zn, Z)
N i<j<k<l ni<i<k<l

Z h217 ZZ?ZJ7Zkazl)+Q€C Z h218 ZZ,Z],Zk,Zl)
1<j<k<l n i<j<k<l

Z ha9(Zi, Zj, Zi, Zi) +Qs Z hovi0(Zi, Zj, Zi, Z1)
" i<j<k<l " i<j<k<l

1
+2A.(6,, HOTC > W5111(Zi, Z5, 2. Z)
ni<i<k<l

A 7 1 ~ 1
+24.(0, — 00)T o > Bs119(Zis Z5, Zis Z1) (0 = 00) + 0p(=),
noi<i<k<l

=: h2kQ6U:;211 + th€U;212 + thsUﬁkm:& + th€UZ214 + Q5U2215 + Q€U7>:216 + QeU;:m?
ok Sk ok ok Sk 1
+Q:Upors + QcUporg + QcUporno + 2A:Uporny + 2A:Upongo + Op(ﬁ% (6.22)

’fL

where

h;lm(Zia ZJ7 Zk)v Zl)
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and

*
5211315

*
52125t

*
52135t

*
5214315

*
5215315

*
52165t

*
5217st

*
52185t

*
5219315

*
521105t

(4,3,k,0) (4,3,k,0)
6" Z 031mest ([ Xst |l + [ Xuol]) — 127! Z Simst | Xsull,  form =1,---,12

s<t,u<v (85t,u)

D(Xs) DXy , DIXs) DXy \p
0(Xs,00)  o(Xy,00) 0(Xs,00)  o(Xt,00)
L Z;:l,p;és,tw&pa(XP?eo)EP ﬁ22:1,q¢s,twt7qU(Xq790)Eq D(X) D(X;)

n—1 _ _ T
{ o(Xs,00) o(Xy,00) }{U(XS, 0o) o(Xy, éo)}

D(X) B D(X;) )T(n;(ff) ZZ:l,p;és(w&pm(Xp)_E[wsvpm(Xp)‘XS])
o(Xs,00)  o(Xy,60) o(Xs,00)

m ot — Bleng(X)/ X))

(

O'(Xt,e())
m(Xs n m(X, n
( D(XS) - D(Xt) T( n(—l) Zp:l,p;ﬁs(wS,P - E[w37P|XS]) N n(—lt) Zq:l,q;ﬁt(wt,q - E[wt,q|Xt]))
o(Xs,00)  o(Xy,00) o(Xs, 00) o(Xt,6)
{ﬁ Z;:l,p;ﬁs,t wsp0 (Xp, Oo)ep B ﬁ ZZ:l,q;éS,t wi,q0(Xg,00)q
o(Xs,60) o(X¢,00)
x{ ﬁ ZZ’Zl,p’yﬁs,t ws 0 ( Xy, 00)ep B ﬁ ZZ’ZI,q’;és,t wtq0( Xy, bo)ey T
o(Xs, 6p) o(X¢,00)
(ﬁ Zzzl,p;és ws,pm(Xp) — Elws pm(Xp)|X] B ﬁ Zg:l,q;ét wt,gm(Xg) — Elwy,qm(Xq)| Xi] )T
o(Xs,60) o(X¢,00)
x(ﬁ ZZ:Lp;és Ws,pm(Xp)~_ Elws pm(X,)| X B ﬁ Zzzl,q;ét Wt,qm(Xq)~_ E[Wt,qm(Xq)|Xt])
o(Xs,60) o(X¢,00)
) S s (Wsp — Blwspl X)) BELTR | (wig — Elwigl X))
( n—1 p=1,p#s 3{7 spl<tsl) Tp—1 g=1,q#t tvi] t,qlt )T
O-(Xsye(]) O'(Xt,eo)
) S pts(wsp = ElwsplXs))  BEL S| (g — Blwrgl X))
><( n—1 p=1,p#s s,f spl<tsl) p—1 q=1,q#t t,iz t,ql<dt )
o(Xs, 6o) o(Xt,00)
(ﬁ Zzzl,p;és ws pm(Xp) — Elws pm(Xp)|X] B ﬁ Zg:l,q;ét w,gm(Xq) — Elwggm(Xq)|X¢] )T
o(Xs,6p) o(X¢,60)
) S 1 s W = Blwspl X)) BELYR | (wig — Elwrg X))
x( n—1_ Zup=1lp#s\¥sP SPIRs) | Tn=T £eq=1,q£1\F 14 tglat )
o(Xs,60) o(Xy,00)
(ﬁ ZZ:l,p;és ws,pm(Xp) — Elws pm(Xp)|X] B ﬁ Zgzl,q# wt,gm(Xg) — Elwy,gm(Xq)| X] )T
O-(Xsye(]) O-(Xtaeo)
x(ﬁ ZZ:l,p;ﬁs,t wspo (Xp, 0)ep B ﬁ Zgzl,q;és,t wi,q0(Xq, 00)gq
o(Xs,0p) o(Xy,00)
T St pes(@ap — BlwsplXa]) I S (g — Blwngl Xi])
( n—1 p=1,p#s Svf’ spl<sl) Tp—1 q=1,q#t fqi] t,ql<Xt )T
o(Xs,0p) (X, 6p)
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1 1 ~
= 2= Lp;éstwsm"(vaeO) a1 D aet,qst Whao(Xq: 00)eq

>< ~
7(Xs, bo) o (Xt 0o)
* 90X, 00) | a(Xy,60)
Oo111st = — + ~
0'(ij 0) U(Xt,eo)
‘X87~ X,é ‘X576 X,é
031125t = {U( ~0) +U( ¢ NO)}{ ( ~0) +U( t ~0)}T
0(Xs,0p)  o(Xt,00) o0(Xs,00)  o(Xy, )

For the term Uy, by the law of large numbers, we have
> W511(Zi,Z, Zy, Z) — Elhyy,(Zi, Z;, Zk, 1)), in probability,
” i<j<k<l

where

D(X))  D(Xp) . D(X1)  D(Xp)
o(X1,00)  o(Xa,00) o(X1,00) o(Xs,00)

Elhyn(Zi, Zj, Zi, 1)) = E( )T Cu( X1, Xo)],

and Cm(Xl,XQ) == HX1 — XQH - E(HX1 —X2H|X1) - E(HX1 - X2H|X2) +E(HX1 - XQH) Together
with the assumption 6(d), we have

nh* Q.U = nh%QaC Y W5ulZin 2y, 2k, Z) = 0p(1).
" i<i<k<l

For the term Uy, it can be decomposed as

~ wp,io(Xp, 6
Usora = n(n_1)2( Z )SIEDSIED SEED SEED DI Xz,eo(;)

i=1 j=1.j#i k=1k#4,j I=1,1#4,j,k p=1,p#i,j q=1,q#1,j

_ Wq,jJ(queO)gq H D(X5) D(Xt)

o (X, 90) (Xs,90) (Xt,90)

_ . ZZ Z Z Z {wpﬂ (Xp,00)ep wq,jU(Xq7~9~o)€q}
n(n—1) (n o(Xi,00) o(X;,00)

i=1 j#i k71,5 11,5,k p=q7#i,j

Y5+ 1 Xall = 1 X))

D(Xs) o D(Xt)
o(Xs,00)  o(Xy,60)

wr,i0(Xk, 0o)e _ Wg,jO Xq,é g
+n(n—1)2( ZZ Z Z Z Z{ - X:Ho()]) 0_(( ~O)E}

im1 1 ko] g,k p=k q gk Xj, o)

x{ Y51+ 11Xl = 201 X )

D(Xs) o D(Xt)
o(Xs,00)  o(Xy,60)

Wp O Xp,H W, O'(Xp,e)gp
+ n(n—1)32 (n—2 n—3 ZZZ Z Z Z{ X@,HO(; J( 0)py

i=1 Ji ki gk p=l g i »00)

Y51+ 11Xl = 201 X )

D(Xs) o D(Xt)
o(Xs,00)  o(Xy,00)

x{ Y51+ 11Xl = 201 X )

o1



Wp,i0 Xp=9 )€p WqJU(ané )€q
a1 (n—2 ZZZ ZZZ{ Xz,eo(; ——1}

i=1 j#i k#i,j 17,5,k =k p#i,j.k (X;,60)

D(X,)  D(X) .y
o(X,,00) (Xt790)} X1+ 11Xl = 201 X))

praXp,é o wq,jan,é g
T T L L 3 X 3 (e el

i=1 j##i ki,j 14,5,k q=1 p#i,j,l a(X;00)

x{

D(X,) D( )
o(X,,00) (Xt,e(])} (115 1+ 11Xk | = 211 X )

n

wpio(Xp bo)ep
+n(n—l) (n—2 ZZ Z Z Z Z { o(X;,600)

i=1 jF#i k1,5 10,5,k pFit jFRFEL qFi#j#kFIFp
_w47jO-(XQ’~90)€q }{ ( ) D(Xli)
o(X;,00) o(Xs,00) o (Xe,00)

1 Ok
= Op(;) + Upoi215

Y5+ 1 Xall = 201 Xax )

where
Tk - W 7Z’O’()( ,éo)&‘
e Sy Y e
i=1 j#i k.5 10,5,k pAiFj#k#L qFiFj#k#IFp 70
wq.;0(Xy,00)e D(X,
=Y DiX,) _ _DiX) P+ 11Xkl — 211 X )
(Xj760) (XS,Q()) (Xt790)
(n—4)(n—5)
- (n—1)(n—2) CG 22222252121 Ziy Zj, Zi, L1, Zp, Zg),
n 1<i<j<k<l<p<q<n
with

05191(Zis Zj, Zey 21, Zp, Zg)

o (z-,j%p,q>{wT,sa(Xmgo)gr_wm,ta(Xm,éo)sm}{ D(Xs) _ DXy
6! W o(Xs,0p) o (X, 00) o(Xs,00)  o(X1,60)

U Xstll + [ X || = 2[[ Xsul])-

}T

Note that E[6%,9;(Zi, Zj, Zis Z1y Zpy Z4)] = 0, it follows that nh*Uzy 5, = 0,(1). Consequently, we
obtain that
nh*Uys = op(1).

Similarly, we can show that

nh* Upgrs = op(1) and nh* Uy = op(1).

For the term U* »o15, Tecall that

. 1 1 kD) y (kD)
n2l5 = o1 Z 6 Z 315 (1 Xt + [[ Xuol]) — I Z 315 /| Xsul

" i<j<k<l s<t,u<v (s,t,u)
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with
1 7] 1 7]
71 ZZ—Lp;és twspo (Xp,o)ep 77 ZZ:l,q;és,t wi,q0(Xq,00)gq

83y = —Logst®s - i
2 { o(Xs,00) o(Xt,0)
X{ ﬁ E;lelypl7é57t wsip/O'(Xp/, 90)619/ B ﬁ ZZ/:Lq/#&t Wtiqlo-(Xq,’ 90)6[1/ }T
o(Xs,00) o(Xt,0)

By some tedious calculations, we have

215
SE—_—— S S SHID SHID SR S 3

i=1 j=1,j7#1 k=1,k#i,j I=1,l#4,j,k p=1,p#4,j ¢=1,qg#i,j p'=1,p'#1,j ¢'=1,¢' #i,j

{wp,ia(XpLHo)sp B quJ(XqL@o)sq}{wp/,ia(XprLHO)spr _ wy o (Xy ,00)ey V(|

o (X, 00) o(X;,6o) o (X, 00) (X, 60)

- o G S XS S SN S el 5 B B ) ()

1<i<j<k<l<p<p'<q<q'<n

| Xisl| 1 Xkl = 21 X))

. 1
=: Upoi; + Op(ﬁ%

5515(2“ Zj’ Zka Zl7 ZP7 Zp'7 an Zq’)

(4,9,k.4.p.p",q,q") ~ ~ ~ -
1 wrs0( Xy, 00)er Wm0 (X, 00)em wn,sO'(Xn,@o)?Sn_we,tO’(Xe,Go)ee

_ L i foler _ Oo)em ~ ~
8! (s,t,u,§m,n,e) o(Xs,0p) o (X, 6p) o(Xs,00) o(Xt,60p)

X (1 X st + | X o || = 2[| Xsul])-

Some elementary calculations show that E[03,5(Z;, Z;, Zy, Z;, Zp, Zy , Zg, Zg)] = 0 and U;2151 is
degenerate of order 1. By the arguments in Section 5.3.4 of Serfling (2009), we can obtain

Ok 2 7 *
nUpais1 = =1 SN hi(Zi, Z5) + 0p(1),

}

1<i<j<n
where h§(Zi, Z;) = §(Hrij + Hsi;) and
k,Lp,q.p’, - . B
Heyi = iE[ ( Ii:p “ {wi,p10'(Xi790) q17p/10'(Xq1790)EQ1 }{w]pl (X],Ho) wqi pllU(X HQ)qu
iy =
6! (k1,01,p1,q1,9,41) O-(Xpl’eo) ( P'l’eo) (XZH?HO) ( pl,eo)
k
XTI+ X = 20X 112, 25),
kl.p,q.p', ~ ~ _
Hgii = lE[ | Ig:p q) {wivpla(Xiveo) 417qﬁU(XQ1790)EQ1 Wyl p1 @ (X 90)519’1 B wj,qllU(Xj,eo)Ej
ij =~ =
6! (k1,01,p1,91,0%,47) U(Xpl’oo) (XQQ’QO) (XP1790) U(Xqiaeo)
k
XN+ XN = 21X 54 D126, 23]
For the term U,,,,,m = 6,--- , 10, similar to the arguments for U* no15, We have
- 2 -
nUpo16 = o1 ZZ he(Zi, Zj) + 0p(1),
1<i<j<n
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1<z<]<n

218 = — 7 ZZ hi(Zi, Zj) + 0p(1)
1<i<j<n

U219 = 5(Zi, Zj) + op(1),
1<z<]<n

2 T *
nUpa110 = SS  hio(Zi, Z;) + 0p(1),

1<i<j<n

\theI'e Bé(ZuZJ) = %(Hglj +I{~10@J), ]NI;(ZZ,ZJ) = %(Hllw + H12ij)> Bg(Z“ZJ) = %(H13Zj +H14ij)>
hi(Zi, Zj) = 5(Hisij + Hisig), hio(Zi, Z5) = 5
k7l7 bl &) /7 !
_ o1 PR m(X0) — Bl m(Xa) [ Xp] @t ™(Xp) — Bl g m(Xp) | X
Hy;; aE[ Z { ~ 5 _ -
C (kL) o( p1> 0) o q1s 0)
X{wj7p1m(Xj) — Elwjp,m(X;)|Xp,] Wt g1 M Xqp) = Elwgy qm(Xgp )| Xy, ]
7 (Xp1,60) o(Xq,,00)
_2|’XP11€1H)’ZZ'7Z]']7

k7l7 1. ,7 !
P lE (k.Lp,ap'd') wWip (X)) — Elwip,m(Xi)| Xp,] wWpl g1 MU X)) = Elwpr g, m(Xp )| Xo,]
w0 = gFl > {

(k1,01,p1,91,P%,4%) 7 (Xp1,60) o(Xg,,00)
X{wlﬁ le(Xlﬁ) - E[wal,le(XqiNXm] _ wj7q1m(Xj) — E[wj,qlm(Xj)|qu]

U(Xp179~0) U(XQ179~0)
_2”Xfl71k1 H)’Z“ Zj]?

}

X g [+ 11Ky

}

X g [+ 11Xy,

(k,L,p,q,p’.q")
Hllij _ —E[ Z {(wiml - E[wi,p1|Xp1])m(XP1) _ (wpll q1 E[ Wp Q1|Xf11]) (qu)}

! (k1,01,p1,q91,p7,4}) U(Xpl ,00) (qu ) 90)

X{(Wj,m — E[WJ,M‘XM])m(Xm) . (wlﬁ,lh E[wq/l7Q1‘XQ1])m(X )
U(Xp1700) U(Xth’e(])
F X kst | = 2[| Xy s (D1 23, Z51,

(k,l.p,a:p",q")
Hiygj = 1E[ Z {(wz}m — Elwip, [ Xp, )m(Xp, ) _ (w:n’l q — Elw Wp! qlquJ) (qu)}

(k1. 1,p1,01.04.d4) 7(Xp1, 60) o(Xq,00)
X{(wqi,pl Elwg; p, [ Xp,))m(Xp,) - (W — E[wj,q1|)§'q1])m(qu)
(XP1700) U(XQ1700)
N Xkyir | = 21 Xpy 1 D1 235 Z5],
(k7l7 1. ,7 ,)
His = lE[ Zg:p ! {wi’le(Xi) - E[wiflm(XiﬂXm] _ wP'lem(Xp’l) E[wp’l,ql (Xp’l)|Xq1]
] 6! (Xp1,60) (Xg,,60)

(k1,01,p1,91,P%,4})
X{(Wj,m - E[wj,Pl‘)fpl])m(Xm) _ (wfﬁ,fh - E[wq’l,q1|Xq1])m(Xq1)
o(Xp,,00) (queo)
—=2|| Xp, kD123, Z51],

F (X100

} (X paa |

}

3 X paga I+ 11X,

o4



(CREXRND! wy oom(X,y ) — Elw

P'17Q1m(Xp’1)|XII1]

Higj = lE[ Z {Wi,plm(Xi) - E[Wi,gnm(XiNXm] %o P} i
(k1,l1,p1,91,P1,4}) U(Xpl ,00) J(th ,6o)
X{(wqi,pl — Elwg; p, | Xp,)m(Xp,) _ (wjg — E[wj,ql\qu])m(qu)}T(
(XP1790) U(XQ1790)
_2|’XP11€1H)’ZZ'7Z]']7

1 (k,lp,q,0",q")

[ Xprgr |+ 1 Xraty |

wi,le(Xi) — E[”me(Xi)‘Xm] . wp'lﬂlm(Xp’l) - E[wp’l,mm(Xp’l)’Xm]

Hysi5 = gE[ Z {

(k1,01,p1,q1,P,4})

U(XP17§0) U(XQ176~0)

% { Wi,p1 U(Xj 7~9~0)5j . Wel,q1 @ (X 90)
U(Xp1760) (XQ1790)
(kLp,a,p',q")

q
X |+ 1 Xkt | = 201X D123, 251,

wiyplm(Xi) - E[wi7p1m(Xi)‘Xp1] . wp/17Q1m(Xp/1) E[wp’l q (Xp’l)’Xm]

Hy; = —E L
w = gBl o DA (X1, 00) (Xq1,00)

(F1,01,p1,q91,0%,4%)

« Wt 910 (Xgy 790)% _ Wiag o(X;,00)e; V7

I Xpran |+ 1 Xk | = 211Xy D155 251,

(Xpl > 90) (Xth > 90)
k7l7 s4HF
Hyzii = lE[ ( :zg::n " {(Wi,pl _E[Wi,plpgm])m(Xm) _ (wp’l o~ Elw Wpi al Xa])m (qu)}
N 6! U(Xpl ) 90) (qu s 90)

(k1,l1,p1,91,9,4})

. X é . [} o )(/70~ E 1
X{w“”la( hole; oy, o) Y X prqull + 1 Xkt | = 201 Xpi5 D123, 2514

O-(XPwéO) U(Xthvéo)
k7l7 .4, /7 /
Hig;i = ! E[ ( Zg:p " {(wivpl _E[wi,p1|Xp1])m(XP1) _ (wpﬁvql - E[ Wy q1’XQ1]) (Xth)}
Z] 6! U(Xpl ) 90) (Xq1 ) 90)

(k1,l1,p1,91,9,4})

Wy O'(X/,é(])€/ w i, 0o)e
i "X 0I5 000G 0005 X = 20X D16 2]
U(Xp1790) (XQNHO)

For the last two terms 022111 and U;;2112, similar to the arguments for Up212 and Unglg in the
proof of Theorem 3.1, we can obtain that

Ok N n 1 . *
Ui = Vil = o) 7= > 4B (2, 2, 2 21 Z0)) + 05 1)
1=1

Uy = Vn(0n — 00)" May/n(0, — 6o) + 0,p(1).

where

Elh111(Zis Zj, Zy, 1) | Zi) = E[{Zgé’gg; + j_g? ggi O (X, X)X
(
(

5(X1,00) . d(X2,§0)}{5f X1,6) . (X, 0p)
o(X1,00) o0(X2,00) o(X1,600) o(X2,6p)

with Cx(Xl,Xg) = HXl — Xg” — E(”Xl — X2|HX1) — E(HXl — XQH‘XQ) + E(”Xl — X2”) Hence
we obtain that

*
nUpa

M, = E[{ WV OL(X, X))
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2Q 7 % 7 % 7 % 7 % 7 * 7 *x
= = _81 N (20 Z)) + hi(Zi, Z5) + 15(Zi, Z5) + B5(Z, Z5) + Bis(Zi, Z5) + Bio(Zi, Z5)
1<i<j<n

R .1 & . . _ . -
+\/7_’L(9n - 60)% Z4E[h2111(Zi7 Z]7 Zk, Zl)‘ZZ] + \/ﬁ(en — HO)TMQ\/E(HW, - 00) + Op(].).
i=1

For the term Uy, similar to the arguments in Theorem 1 of Xu and Cao (2021), we can also show
that nU 59 = 0,(1). Hence we obtain that

10 n
Ak 2@ 7 * N N 1 *
Ui = - _61 SN k(2 Zj) + Vo0 - 90)% > AE[h31,(Zi, Z, Zn, Z0)) Zi)

1<i<j<n k=5 i=1

/10, — 00)" Man/n(8,, — 0o) + 0,(1).

For the term U;;O, note that it is the same as the term U, in the proof of Theorem 3.1.
Consequently,

A* 6 n n
nU*, = n_lZZE{ho(zi,zj,zk,zl)yzi,zj}+op(1)
i=1 j;éz'
- n_lzZC i,25)Cal( X, X;) + 0p(1).
i=1 j#i

k,0) kD)
Here ho(Zi, Z;, Zi, 21) = 5 X050 eaul (1Kt | 4+ 11X uol) = 35 0D e[ Xl Hence we obtain
that

nU: = 1220 £i,65)Co(Xi, X;) + 2 - SN hi(2i,25)
ey R P Py |
+n(6, — 6o) i4 > Ws(Zi 25 2 2) + ZQf ZZZh (Zi, Z;)
z<]<k<l 1<z<]<nk 5

+/n(60, — ) WZM 5111(Zi, Zj, Zn, Z1)| Zi)

\/E(en _90) 2\/ﬁ(en _90) +4AE|| X1 — Xo| +0p(1)-

To obtain the limiting distribution of nUn, it remains to derive the asymptotic expansion of én —by.
By proof of theorem 1 in Appendix A of Dette et al. (2007), we have

Vb, —6y) = \FZ )e2 — o2(X;,00)]2 162 ( X5, 00) + 0,(1).

Altogether we obtain that

A

nU,

n

5 1
Ty —1 %

2
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1 & ~ . ~ _ .
SAE% Z[UZ(XMO)(E? — 1)]6*(X;,00) " ST ERS11(Zi, Z, Zr, 2)| Zi)

1 & - - 1 & - -
Ac—= [03(Xi,00) (2 — 1)]62(X;,00) TS M2 = T[02( X5, 00) (2 — 1)]62(X5, 6)
“Vn ; v ;
H4AE| X — Xo| + 0,(1),
where H(Z;, Z;) = Ce(e4,65)Cu(Xi, Xj)+ S0y hi(Ziy Z5) + Qe 42 s Bi(Zi, Z;). Finally, we obtain
that

o0
nUp — > M(Z7 1) +4WVTS Py + 8A WS Py
k=1
F2AWTSTIMLETIW +4ALE || X, — Xo|,
where Z1, Z,.. are independent standard normal random variables, the eigenvalues {)\q}gil are
the solutions of the integral equation

/ H(Zi, Z;)g(Z;)dF (Z;) = Aibg(Zs),

with {1;(-)}32; being the orthonormal eigenfunctions and Fz(-) being the cumulative distribution
function of Z, and (Z;, W, Ps,P3) € R¥%*! is a Gaussian random vector with zero-mean and the
covariance matrix satisfying

var(Z;) = 1
var(P2) = wvar(E{hi5(Zi, Z;, Zi, Z1)|Zi })
var(Ps) = war(E{hy11(Zi, Zj, Zk, Z1)| Zi})
var(W) = wvar([o*(X;,00)(e? — 1)]6%(X;,6p))
cov(Z;,P2) = cov(yi(Z;), E{h15(Z;, Z, Zy, Z1)| Zs})
cov(Zi,P3) = cov(vi(Z;), E{h2111(ZZ7Z]7Zk7Zl)|Zi})
Cou(Z W) = cov(ti(Z0), [0%(Xi, 00) (2 — D]G*(X1,60))
cov(Pe, W) = cov(E{h}5(Zi, Z;, Z1, Z1)| Zi}, [0% (X4, 00) (67 — 1)]6%(Xi, 0p))
cov(Ps, W) = cov(E{hy11(Zi, Zj, Zy, Z1)| Zi}, [o 2(Xi,00)(e7 — D]o* (X3, 60))

CO’U(PQ, 7)3) = CO’[)(E{}‘L15(ZZ', Zj, Zk, Zl)’Zi}, E{hzm(Zi, Zj, Zk, Zl)’ZZ})
Hence we complete the proof of the first part of Theorem 3.3.

(2) In this part we discuss the asymptotic properties of nU, under the local alternatives Hi,.

Recall that n; = %ﬁg){fg) and 7; = % in nonparametric cases. It follows from (6.1]) and (6.2))
that

%: — 15

= lei — &

gis(X; UX',é —o(X;,0 eis(X; UX',é —o(X;,0
—{P;;—F Z( Z)[ ( 7«3”)' ( 2 0)]_ J( J)[ ( ]3“)' ( J 0)]}[H(€Z>€])_H(€Z<€j)]
203X, o) 2/0(X ;1 0o)
P*+5is(X,L-)[J(Xi,én)fo'(Xi,QO)]_EjS(Xj)[J(Xj,én)—o-(xj,eo)]
ij o3 (X, o3 (X,
. 2/ J 2 (X4,00) 2v/mo3(X;,60p) (I(e; — g; < 2) — I(e; < &)},
0

(6.23)
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where

J 2 - m(X;) —m(X;) _ m(X;) —m(X;) | elo(X;, én) — 0 (Xi,00)) & (0(X;,0n) — 0(X;,600))
* o (X, 00) o(X;,60) o (X, 00) o(X;,60)
+(R; — R;).
&0 (X, 60) — <X On)* (X)) —m(Xi) A
R; 0 + 72(X:,00) [0(Xi,00) — 0(X;,0,)]

o (Xi,00)0(Xi,0n)

LX) - m(XZ-) [0(Xi,00) — o(Xi, 0,,)]2
o%(X;, 0) o(X:,0,,) '

Similar to the arguments for (6.5]) in the proof of Theorem 3.1, nU, can be decomposed as

(i7j7k7l) (Z7J7k7l)
~ 1 1 1
U = o Z G Z |est | (| Xt + | Xuoll) — 1 Z |est /|| Xsull
"i<i<k<l s<t,u<v (s,t,u)
1 1 (4,5,k,1) 1 (i,3,k,0)
""@ Z 6 Z 5lst |’XstH+”Xuv” 12 Z 5lst”Xsu”
" i<j<k<l s<t,u<v (s,t,u)
1 1 (4,5,k,1) 1 (4,30
""@ Z 6 Z 52st |’XstH+”Xuv” 12 Z 523t”Xsu”
i<j<k<l s<t,u<v (s,t,u)
1 1 (,3,k:0) 1 (,3,k:0)
+@ Z 6 Z 53st ||XstH+||Xuv|| 12 Z 533t||XSU||
T i<j<k<l s<t,u<v (s,t,u)
= UAv;:O + UAv;:l + U:;2 + U:;g, (624)
where
— _[ss(a(Xs,én) —0(X,00)  eelo(Xy,0n) — 0(X1,00)) | m(Xe) —m(Xs) (X)) —m(Xy)
st U(XS760) U(Xt760) O-(Xsaeo) U(Xt760)
+(Rs — Ry){l(es > 1) — I(es < &)}
c¢8(Xs O'Xs,én —o(Xs, 0 e18( X, O'X,én —o(Xy, 6
5>2kst — _{ ( )( ( ) ( 0)) <t ( t)( ( t ) ( t 0))}[]1(53 > €t) —H(€s < €t)]'

2\/50-3()(87 60)

£55(Xs)(0(Xs,0n)—0(Xs,00)) _ £45(X4)(0(X¢,6n)—0(X¢,60))
2 7L<73(XS,00) 2 7L<73(Xt,90)

Ps*t+
* j—
53st - 2/

0

For the term U;, decomposed it as

Tk 1 *
n3 = o4 Z h31(Zivzj7Zkvzl)+

" i<i<k<l n

= 02314‘&;327
where

1 (Z7]7k7l)
h5i(Zi, Zj, Z, Z1) = A >

s<t,u<v

o8

2v/no? (X, 00)

Mles —er < 2) — Ies < &4)]dz.

> h5(Zi Zj, %k, Z)
i<j<k<l

(i7j7k7l)

* 1 *
E(ésst’X&Xt)(”XstH + ”Xuv”) - E Z E(53st‘X87Xt)HXsu”7

(s,t,u)



(4,3,k,0) (4,5,k,0)
* 1 * * 1 * *
h3o(Zs, 25, 2k, 21) = ¢ Y~ (055 — B(551 Xe, XN Xt | + 1 X)) — 3 Y (655 — B0 X X)) | Xu |-
s<t,u<v (s5t,u)

For the term U,’;gl, similar to the arguments for U%,, in the proof of Theorem 3.2(1), we have
uniformly over 1 < s,t < mn,
E[5§8t|XS7Xt]

m(Xs)—m(Xs)  m(Xe)—m(Xy) | es(0(Xs,0n)—0(Xs,00))  e(0(X,0n)—0(Xt,00)) _
o (X5,00) s(X00) T o (Xs00) o (X1,00) +hs— R

_ 2E[/0
—I(es < ) }dz| X, Xy

38(X3)(0(X,0n) =0 (X;,00)) _ £55(X;)(0(X;,0n)=0(X;,00))

(PStJ’_ ] . nod .
28] / Bvnen(Xito) Bvmet (X 00) (I(ey — &1 < 2) — Ies < &) }d2| Xy, X/]
0

_ oy D(Xs) — D(Xy) \p, D(Xs) — D(Xy)
= @eh (U(XS,HQ) a(Xt,éo)) (U(XS,HO) J(Xt,HO))

D(XS) D(Xt) T( ﬁ Z;LZI,p;ﬁs,t wS,PU(XW HO)EP ﬁ ZZ:Lq;ﬁs,t wt,qU(XQ7 HO)Eq

{I(es — ¢ < 2)

+Q:hF e — —
Qa (O'(Xs,e()) U(Xt790) O-(Xsaeo) O-(Xtaeo)
40 (ﬁ ZZ:Lp;éS,t ws,p0 (Xp, bo)ep B ﬁ ZZ:Lq;és,t wi,q0(Xq,00)eq T
: U(st 90) J(Xt7 00)
ﬁ ZZ:Lp;és,t wspo (Xp, 0o)ep ﬁ Zgzl,q;és,t wt,q0 (Xg,b00)eq
( _
o(Xs,00) o(Xt,00)
1 n
Q. hE( D(Xy) B D(Xy) 7, w1 Zp:Lp;és ws pm(Xp) — Elws pm(Xp)| Xs]
0(Xs,00)  o(Xi,00) o(Xs,00)
_ ﬁ Zgzl,q# w,gm(Xg) — E[Wt,qm(Xq)|Xt])
O-(Xta 00)
m(Xs n m(X n
o PO DO g S T pelny — BleonplXol) 55 Y g — Bleng Xi)
° o(Xs,00)  o(Xy,00) o(Xs,00) o(Xt,6)
+0 (ﬁ ZZ:L;D;ES ws pm(Xp) — Elws pm(Xp)|Xs] B ﬁ ZZ:l,q;ét wi,gm(Xq) — Elwg,gm(Xq)|Xi] )T
: o(Xs,00) o(Xt,0)
x(ﬁ ZZ:L;D;ES ws p(Xp) — Elws pm(Xp)|Xs] B ﬁ ZZ:I,q;ﬁt wt,gm(Xg) — E[Wt,qm(Xq)’Xt])
J(X8790) O'(Xt,eo)
m(Xs) <n B X m(Xt) - B X
+O.( n—1 Zp:l,p;ﬁs(w&p [ws,p| Xs]) Tl Zq:l,q;ét(wuq [wt,ql Xi]) )T
c o(Xs,6p) o(X¢,00)
m(Xs) < m(Xt) n
«( n—1 Zp:Lp;As(ws,p — Elws p| X)) Tl Zq:l,q;ﬁt(wt,q - E[wuq‘Xt]))
o(Xs, 6o) o(X¢,00)
+0 (ﬁ Z;Zzl,p;és ws pm(Xp) — Elws pm(X;)|Xs] B ﬁ 22:1,#15 wr,gm(Xq) — Elwg,gm(Xq)| Xi] )
c o(Xs,0p) o(X¢, 6p)
o n;(ff) Zgzl,p;és(ws,p — Elwsp| X)) B n;bl(i(lt) ZZ:l,q;ﬁt(wt,q ~ E[wuq‘Xt]))
U(Xsa 00) U(Xta 00)
+0 (ﬁ D op—t1 s Wepm(Xp) — Elws ym(Xp)| X,] - o D q—1,q2t Weam(Xq) — Elwr,gm(Xq)| Xy] )
c o(Xs,0p) o(X¢, 6p)
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1 1
(=1 ZZ:I,p;ﬁs,t wspo(Xp,bo)ep 77 ZZ:l,q;és,t wt,q0(Xq,b0)gq

( (Xs,e()) O'(Xt,e())
) S pa@sp — Blwspl X)) ZELS L (wrg — Elwr gl Xi))
+Qa( p=1,p#s 2 P _n—1 q=1,q#t »q »q )T
o(Xs, 00) o (X, 00)
x(ﬁ ZZ:Lp;AS,t ws,p0 (Xp, 0o)ep B ﬁ ZZ:Lq;és,t wi,q0(Xq,00)gq
o(Xs,00) o(Xt,00)

2 : )
(6, — eo>> +24:(0n — 90>T[Z§§§ZZZ§ * Zgﬁﬁi]

0(Xs,60) | 0(X¢,00)

A <[U(Xs,90) " o(Xt,6o)

$(X5)0(Xs,60) | s(Xi)o (Xt,90)

2vno?(Xs,60)  2v/no®(Xy, 60)

$(Xo)5(Xs,00) | s(X2)o (X, 00) 7 tLo]

24 <[2ﬁa X oo Xy O _9°)> Ton)
where Q. = E[f-(¢)] and A; = E[eF.(¢)]. Consequently,

+2A4.(6, — 00)"[2

]

Tnat = h%Qs > min(Zi Zj, 2, Z) + hF Qe Y Wel(Zi Z5, 2k, Z)
z<j<k<l z<j<k<l
+theCn > has(Zi 2y 2, Z) + 1 Qacn > hulZi 25 2, Z)
1<j<k<l 1<j<k<l
+Q Cn > b ZZ,ZJ,Zk,ZmQa o1 > W6(Zi, Z4, Zn, 1)
1<j<k<l 1<j<k<l

> W27 Zk,Zz+Qs > Wis(Zi, 2y, Zi, 2)

" i<j<k<l " i<j<k<l
> W519(Zi, Z4, 2k, Z1) +Qs T D Muo(Zi 25, 2, Z)
z<j<k<l z<]<k<l
1
+2A4. (6, — 69) Tc > W511(Zi Z4, Zn, 20)
N i<i<k<l
+2A4. (6, — 60)T —4 > W19(Zis Zj, Zr Z) (6n — B0)
" i<j<k<l
A 1
+2A.(0, — TT— Z h3113(Zi, Zj, Zx, Zp)
" 1<j<k<l
A 11 N A 1
+24:(0n = 00)" ~=1 > M311a(Zir Zj, Zi, 21)(On — B0) + 0p( =),
T i<j<k<l

= W*Q.Usy + W QUsarn + W QU3 + W Q:Uz1s + Q: Z Unaii
k=5

1
+24, Z 31k+0p
k=11

where

h:"k,lm(Zia ZJ7 Zk)v Zl)
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(i7j7k7l) (i7j7k7l)
= 6_1 Z 531mst(HXst|| + HXuvH) - 12_1 Z 531mstHAXVsuH7 for m = 17 e 714

s<t,u<v (85t,u)

and
5 _ (DX DXy DXs) DXy 7
3list o(Xs,00)  o(Xe,00) 0(Xs,00) o(Xe,6p)
5% o {ﬁ ZZ:l,p;és,t vaPU(XP’ 00)517 - ﬁ Zgzl,q;és,t wtqu(Xm 90)511 }{ D(Xs) o D(Xt) T
slast O-(Xsye(]) O-(Xtye(]) O-(steo) O-(Xtaeo)
5 — D(Xs) _ D(Xy) )T ﬁ Z;Z:l,p;ﬁs Ws,pm(Xp) - E[Ws,pm(Xp)‘Xs]
Blast O-(steo) O-(Xtaeo) O-(Xsye(])
B ﬁ ZZ:l,q;ét w,m(Xq) — E[Wt,qm(Xq)’Xt])
U(Xt7 00)
m(Xs n m(X n
5% _ ( D(Xs) o D(Xt) )T( n(—l) szl,p;és(wsyp - E[wsvp’XS]) _ n(—lt) Zq:l,q;ﬁt(wt,q - E[wt,Q‘Xt]))
Bldst O'(Xs,é()) O'(Xt,é()) O'(Xmeo) U(Xt,90)
5 _ {ﬁ Zg:l,p;és,t ws,p0 (Xp, bo)ep B ﬁ zg:l,q;és,t wt,q0(Xq,b0)eq
st U(XS7 90) U(Xt7 90)
><{ ﬁ Z;L’:l,p’;és,t LUS’p/U(Xp/, 90)51)’ B ﬁ ZZ/:qu;ési wuq/a(Xq/, 90)511’ T
U(X87 90) U(Xta 90)
5 _ (ﬁ ZZ:l,p;és ws,pm(Xp) — Elws pm(Xp)|X] - ﬁ Zgzl,q;ét wt,gm(Xg) — Elwy,gm(Xq)| Xi] )T
Blbst U(XS7 90) U(Xta 90)
x(ﬁ ZZ:I,p;ﬁS ws,pm(Xp) — Elws pm(X;)| X] B ﬁ ZZ:Lq;ét wt,gm(Xg) — E[Wt,qm(Xq)|Xt])
o(Xs, 6o) o(X¢,00)
m(Xs n m(X n
5 — n(i(l) Zp:l,p;ﬁs(wsﬁn — Elws p|Xs]) B n(_lt) Zq:l,q;&t(wt,q — Elwi,q|X¢]) )T
31Tst U(X87 00) U(Xt7 00)
m(Xs n m(X n
X( n(—Xl) Zp:l,p;ﬁs(wS,P - E[w37P|XS]) . n(—lt) Zq:l,q;ﬁt(wt,q - E[wt,q|Xt]))
O-(st 00) O-(Xta 00)
5 _ (ﬁ Dot pots WepMU(Xp) — Elws pym(Xp)| X _ T D=t gt WM (Xq) — Elwy,gm(Xq)| X] T
318st = o(X,, 00) o(Xt,6p)
m(Xs n m(X, n
X( n(i(l) Zp:l,p;ﬁs(wS,P - E[w37P|XS]) o n(—lt) Zq:l,q;ﬁt(wt,q - E[wt,q|Xt]))
O’(Xs’@o) O'(Xt,eo)
5 - (ﬁ Dot pts Wepm(Xp) — Elws ym(Xp)| X B ﬁ D g1, Weam(Xq) — Elwy,gm(Xq)| X] )7
319st = o(X,, 00) o(Xt,6p)
«( ﬁ ZZ:I,p;ﬁs,t ws po (Xp, 0o)ep B ﬁ ZZ:l,q;és,t wi,q0(Xq,00)gq
J(X37 00) O-(Xta 00)
m(Xs n m(X¢ n
5 e Tl = BlelX)) | B S e = BlenalXil)
3110st U(X87 00) U(Xt7 00)
% ( ﬁ ZZ:I,p;ﬁs,t vaPU(XW QO)EP _ ﬁ zgzl,q;és,t wt,qU(X% HO)EQ)
U(X87 90) U(Xta 90)
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. L 0(Xs,00) | (X4, 00)

031115t = {U(XS,HO) + U(theo)}

5 B {d(Xs,90)+d(Xt,90) {é(Xs,60)+d(Xt,90)}T
slizst = Yo(X,,00) | o(Xy,00)) ‘o(Xs,00)  o(Xy,00)

S(Xs)é'(Xs, 90) 4 S(Xt)é'(Xt, 90)

031135t = 203(X,, 0p) 203( Xy, 0p)
s S(X)o(Xa ) | s(X)5(Xt0) 5(Xa)o(Xa,00) | 5(X1)o(Xy,00)"
3114st 203(X,, 00) 20%(Xy,0p)  203(Xs, 0) 203(Xy,600)

For the term U;;,, by the law of large numbers and some elementary calculations, we have

1 x D(X,) D(Xs) ., D(X1) D(X5)
C_3i<j§<%<lh3ll(zi’zj’zk’zl) — E[(U(leeo) - a(Xg,Ho))(a(Xl,Ho) - O_(X2790))TC$(X17X2)]7

in probability, where

Elbiu1 (23,23, 21 2] = Bl — 222 - ELTe, (3, )

and Cm(Xl,XQ) == HX1 — XQH - E(HX1 —X2H|X1) - E(HX1 - X2H|X2) +E(HX1 — XQH) Together
with the assumption 6(d), we have

Sk 1 *
nh2kUn311 = nh2km Z h311(Zi7 Z], Zk, Zl) = Op(].).
" i<j<k<l

10_, . similar to the arguments for {Uz,;, }19_, in the proof of Theorem 3.3(1),

For the term {U75,, }10
we have nh*U*;, = 0,(1) for m = 2,3,4 and

2

n—1

~ -
nUn31m -

S (2 Zy) +0p(1), m=5,---,10,

1<i<j<n
where h¥,(Z;, Z;) is given in the first part of this proof.

For the terms Uyy;q, and Uy, similar to the arguments for Usyyq, and Uy, 1y in the proof of
Theorem 3.3(1), we have

ok N N 1 - *
nUpsinn = vVn(fn — 90)%Z4E[h3111(Zi7Zj=Zlle‘Zi)] + op(1).
i=1

Uiy = Vn(0n —00)" Ma/n(0y, — 00) + 0p(1).
where
0(Xi, o) | (X, Bo)
O-(Xia 00) O-(Xv 00)
d'(Xl,H(]) d(X2790) d-(X1790) O.-(X2790)
O'(Xl,e(]) O'(XQ,H(]) O'(Xl,e(]) 0(X2,90)

E[h§111(2i7 Zjv Zk7 Zl)|ZZ] = E[{

PO (X, X)|Xi]

My, =E W OL(X, X))

with Cp (X1, X2) = || X1 — Xaof| — E(|| X1 — Xaof[|X1) — E(|| X1 — Xof[|X2) + E(|| X1 — Xaf]).
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For the term U}y, and Ugy,p, similar to the arguments for Uy, and Upy,s in the proof of
Theorem 3.2(1), we have

nU;s113 = 0p(1), and  nU;siq4 = 0p(1).

Thus we obtain that

10
i = Qe SN S h(27)

1<i<j<n m=5
+vn(0, — ) f Z AE(WS 1\ (Zi, Z, Zi, Z0)| Zi)

+v/n(0, — QO)TMQﬁ(on — 0p) + 0p(1).

Following the same line as U, in the first part of this proof, we can show that U, = 0,(1). Tt
follows that

10
W = Qe SN S W (207)

1<i<j<nm=5
. 1 — .
+84:v/n(6n — 90)% > Bl (Zi, Zs, Zr, Z1)| Zi)
i=1

+\/ﬁ(én — HO)TMQ\/E(HA” — 90) + Op(l).

Note that ﬁ;o and U*, are the same as the terms U;ZO and U*, in the first part of this proof.
Consequently,

nUs, = n_lzZO €i,€5)Ce(Xi, Xj) + 0p(1),
1=1 j#i
Sk 2 * * *
nUp = S ZZ[hl(Zth)‘th(Zth)+h3(Zi=Zj)]
1<i<j<n

1
+n (0, —eoT > Wis(Zi, Z Zr, Z) + AAE| Xy — Xa| + 0p(1).
z<]<k<l

For the term U,, similar to the arguments in Theorem 1 of Xu and Cao (2021), we have
nUsy = 0,(1).
Altogether we obtain that
nU, = n—lZZC €i,€;)Ca(Xi, Xj)
i=1 j#i

2 S (2 %)) + (20, Z5) + B2, )

1<i<j<n

1
+n(0, — 0p)" & > Wis(Zi,Z, Zr, Z) + 4AE| Xy — X
"z<]<k<l
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1<i<j<n m=>5
. 1 <& .
+84.v/n(6,, — 90)% > Ehgi01(Zi, Zj, Zi, 21\ Z:)
=1

+24:/1(6y, — 00)T Mon/n (0, — 60) + 0,(1).

According to the proof of theorem 1 in Appendix A of Dette et al. (2007), we have
. 1 &
Vi, —0y) = NG 2[02(&-, 00) (7 — 1|2 02%(Xi, 00) + X5 E[s(X) 6% (X4, 00)] + 0,(1),

where ¥, = E[62(X;,00)5%(X;,00)"]. Hence we obtain that

A

nUn

n

1
s WZ (Xi,00)(e? — 1)]62(X;,00) "2 1\/,ZE 5(Zis Z, Zne, Z0)| Zi]

=1 jF#i

1 « . TN
Ae% Z[O’z(sz 00) (e — 1)]6*(Xi,00)" 25 Elhi11(Zi, Zj, Zi, Z0)| Zi)
Z (Xi,00) (2 — 1)]62(Xi,00) T8 M X! Z (Xi,60)(? — 1)]62(Xi,600)

Ae% Z[UQ(Xi, 0o) (e} — 1)]6%(X;,00) TS, MaX Es(X)67 (X5, 0)]
+2A.E[s(X)6? (X5, 00)) S My Y E[s(X) 6% (X5, 60)]

. IETI R .
+8A. E[s(X)&* (X, 90>]T201{% > EB{h511(Zi, Zj, Zi, 21| Zi)} + 4AE| X1 — Xo|
=1

FAE[s(X)62 (X, 00)) S, ' — ZE{h (Ziy Zjs Zxy 211 Zi)} + 0p(1),

whence

nUp — > (27— 1)+ AVTS TPy + BA WIS 1P3 + 24 W TS I MLE W + 4AE[| X — Xo|
k=1
+HAE[s(X)6%(X;,00)] ' ST Pa + 8AE[s(X)6%(X;,00)] ST Ps + 4AAWT My X E[s(X)67 (X5, 0)]

+2A.E[s(X)6* (X4, 00)]" 55 Mo X, Els(X)6% (X3, 60)],

where H(Z;, Z;), Az, Qe, Niy Zi; N, W, Pa, P3 and My are defined in Theorem 3.3(1). Hence we
complete the proof of the second part of Theorem 3.2.

(3) Now we discuss the asymptotic properties of nU, under the global alternative H; in non-

~ = = iIl non arametric cases.
o(Xifo)  o(Xi00) o (X:,0n) P

and 7; =

parametric models. Recall that n; =
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Under the global alternative Hi, applying (G and (G2]) in the proof of Theorem 3.1 again, we
have

|7 — 7]
i — il — [m(Xz‘) —m(Xy) () = mX;) | eio(Xo)(o(Xi, bn) — 0(Xi, b))
=|n; _ _ _
’ o(X;,0o) a(Xj,0) o?(Xi,0o)
gio(X;)(o X-,é -0 X-,éo
- SO, ) 005, %0)) | (g, mplans > ny) — 1ns < )} (6.25)
g (Xj,@o)
m(X;)—m(X; m(X;)—m(X;) g0 o n)—o U(X )(U(X Qn) U(X 0 )
(ic())(iﬁo(;m_ Tl (X,)( (X(Xe 9)0) (Xi.00) T 0) . p,—R
+2
0
{I(ni —mj < 2) = L(mi < mj)}dz,
By the analog to (6.13]), U, can be decomposed into three parts:
1 1 (27]7k7l) 1 (Z7J7k7l)
Un = & > 6 > Insel (Xt | + [ Xuol) — - > sl Xsul
" i<i<k<l s<t,u<v (s,t,u)
1 1(2]kl) 1(1]kl)
2 2 5 D SNl Xl = 5 3 Sl Xead
" i<j<k<l s<t,u<v (s,tu)
1 1 (4.5,k,1) 1 (4.3,k,0)
+@ Z Z 565t [ Xstl] + ([ Xuol]) — 12 Z 565t||XSU||
T i<j<k<l S<t u<v (s,t,u)
= Upy+ U5 + U, (6.26)
where
5 - _[esU(Xs)(J(Xs,én) —0(Xs,00)  e0(X0)(0(Xt,0n) — 0(Xi,00)) (X)) — m(X;)
bt 02(Xs,6p) 02(X¢,6) o(Xi, 0o)
m(X,;) —m(X;
) =) (R - Ry, > ) — T <m0}
U(vaeo)
* m(f&:;mo(;m_m(f&;;}gﬂ+s5a<xs)<o<§<&zngo)o<xs 80)) sw(xt)(a(gc&in;o)dxt %)\ R, R,
568t = 2 0

{I(ns —ne < 2) —1(ns < m¢)}dz.

For the term U;:5, similar to the arguments for U, in the proof of Theorem 3.3(1), we have

Trs = =1 > WRE(Z,Z5, 2, 2) + =Y hialZi 2y, ks 2)
z<]<k<l Z<J<k<l
Z hgg(ZZ, Zk;,Zl Z h54 Z7,7 ZkHZl)
" i<j<k<l " i<j<k<l
R - 1 1
(0 — 00" =7 Y his(Zi Zj, Zn, Z0) + 0p(—=)
C” i<j<k<l \/ﬁ
Frsk rx Ok Ok Tk 1
= hFULs + Upsy + Upiss + Upisg + Upiss + Op(%)
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where

gm(Zw Zja Zk7 Zl)

(i7j7k7l)
= =67 > 02,1 > n) = Lms < 1) HIX st + [ X))
s<t,u<v
(i7j7k7l)
+12_1 Z 5;mst{]1(778 > 7715) - H(Us < 7715)}||XSUH7 for m = 1,2, 374
(s,t,u)
with
. D(X) D)
51st =~ ~
U(Xsa 90) U(Xta 90)
5 _ ﬁ Z:Lp;és ws,p0 (Xp, bo)ep B ﬁ ZZ:I,q;ét wt,q0(Xq,b0)eq
o2t U(st HNO) O-(Xta ONO) 7
5t B ﬁ ZZ:l,p;és(wS,pm(Xp) — Elws pym(X,)|Xs]) B (ﬁ ZZ:l,q;ét wt,gm(Xg) — Elwr,gm(X,
oast 0(X87 é(]) O-(Xty é(])
m(Xs n m(X¢ n
o e e — BlusyX])  BEE Y ln — Blnal X))
o o(X,,00) o(X¢,0o) ’
« o ESO'(XS)é'(XS,H()) EtU(Xt)é'(Xt,eo)
5555t - { - }

02(X,,0p) 02(Xy,0p)
For the term U;;m, by the law of large numbers for U-statistics and the assumption 6(d),we have

\/_hk n5l — \/ﬁth[ ;l(Zi’ZJ'?Zk’Zl)] = Op(l)'

For the term U;;52, similar to the arguments for I}, in the proof of Theorem 3.3(1), U;;52 can be
decomposed as
Tnso
1 S - wp.io( Xy, 00)e,
B CEN D DRSSP DI SR C e (X o)

i=1 j=1.j#i k=1,k#4,j I=1,1#i,5,k p=1,p#i q=1,q#]

—W}{H(a > &) = e < &) H(Xi | + Xl — 21X

_ ZZ Z Z Z {wp 0 ( Xpaéo) Ep qujU(quéO)Eq}
n(n - 1)3( =1 j£i ki j 140,k p=q#i,j XZ,G(]) O'(Xj,@(])
x{I(ei > ¢g5) — H(ei < 59)}(||Xw|| + Hszll — 2| Xirll)

Wy, ZU X]760 wi,jU(XiyéO)Ei
+n(n—l) (n—2 ZZZ ZZZ{ o(X;,00) J

1=1 j#i k#1,j 11,5,k p=J q=i 7> Y0
x{1(ei > ;) — H(Ei < Ej)}(HXmH + HXMH - 2”sz”)

Wp i Xp,Ho ija(Xp,Ho)ap
Ry (n_z "3 ZZZ DD (X ) ErarAE

i=1 j#i ki, 1#1,5,k p=j q#i,j
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x{l(e; > ;) — H(Ei < Ej)}(HXz'jH + HXMH - 2|!Xz'k|!)

wp.io(X,, 00)e, prJ(Xp,Ho)ep
Ty ZZZ >33 (X, o) o))
i=1 jF#i k#i,5 17465,k p#i,j 4=1 ’
x{1les > 5) — H(ei < 5j)}(||Xw|| + HszII - 2IIXmII)

" prO'(Xp,éo)Ep
L o ZZZZ > ooy o Xd)

i=1 j#i k71,5 74,5,k pAi#j#RF#l q#i# i F#k#lF#p

_|_

w -UX,H~ €
~@ad? X b0y gy e, < )} (1X 1+ 1Kl — 201X
U(vaeo)
i

* Pk Pk Pk Pk
n521 T Unsaa + Upsos + Upsos + Upsos

For the term {Ufs,,, }2 _,, similar to the arguments for {I},,,}% _, in the proof of Theorem 3.3(1),
we obtain that /nUss,, = 0p(1),m = 2,3,4.

For the term U,’{525, we have
A n—4)(n—>5) 1
s = e e Y S S S S S s 23 20 12 )
n 1<i<j<k<l<r<m<n

where

5;25(22'7 Zj7 Zka Zla Zr: Zm)

_ i (i’jg:’p’q) {wr,sU(XméO)er . wm,tU(Xm’éo)em
6! (X, 0o) o (X, 60)

(s,t,u,v,r,m)

HI(s > ne) = 1ns < ne) ([ Xt |l + [ X || = 2[ Xsul)-

Some elementary calculations show that U,’{525 is non-degenerate. By the standard theory of U-
statistics (see Section 5.3 in Serfling (2009), for instance), we have

Sk 1 . *
ViUrsss = %ZE[%%(ZZ-,ZJ,Zk,zl,zr,zm)lzi]+op(1>
i=1

1 n
- % Z(Hlli + H12i) + Op(l)
=1

where

(4:k.0p,q)
1 w,-7 O’(Xi,e())&“i w J (X ,90)
Hiyy = 5 Z E[{ D1 _ Wq 510 (A gy

" (G1k1lp,ar) (Xpy,00) o 11’90)
+HXk111H - 2”XP1/€1H)’ZZ']
(jvkvlvpvq)
Wp1,1 0 (Xpy, 00)e wi 10 (X, 00)ei
Hipy = o Z B[ n p1 Wi HIMg, > 151) — Ing < 130) 1 X g |
o (1.kl1,p1,1) 7(Xq., 00) (X, 60)

Xy | = 201 X g1 (D] 2]

&
LM L(np, > 150) — Uy < 050) H[ Xpr0 |

Similarly, we have

- 1 n . 1 n
VnUss = 7 ZE[5535(Zz’, Zjy Zyy Ziy Zivy Zn )| Zi] + 0p(1) = 7 Z(Hlsz‘ + Hi;) + 0p(1)
i=1 i=1
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Vil = \/_ZE a5 i 2y, 2 20, 2 Z) 2] 01 Z (Hus + Hig) + 0p(1)
where
(j7k7l7p7q)
;= 1 wi’plm(Xi) — E[wivplm(Xi)’Xpl] _ WQ1,j1m(XQ1) — E[wthm (Xth)‘le]
Hyzi = 5l Z E[{ (X, 60) X, },
(41,k1,01,01,91) p1o Jio
X{L(npy > n50) — Lmpy <13 H Xpuju | + 1 Xk | = 20 Xp1 k0 (D1 Z4],
('7kvl7 ’ )
Hy; = 1 ' iq E[{wplmm(Xpl) — Blwpy,qm(Xp )| Xqy]  wijim(Xi) — Elwij,m (Xi)\le]}
i 5! o(Xgq,00) o(X;,,00)

" (J1,k1,0,p1,q1)
X{L(ng, > n51) — Igy < n5) HI X qugin | + 1 Xk [| = 21 X gy ()1 23],

(j7k7l7p7q)
Wipy — Elwip | Xp]  wgjim(Xq,) — Elwg 1| X1 ]
His = = Z E[{ p10(X 0101) ril %1, Q(l 9)%]1 J1 }{H(np1>77j1)
" (rskalp,an) P12 70 Xi1: 60
~I(py < 1) ([ Xpugu | + 1 Xkata | = 20 Xy (DI Zi1,
(j7k7l7p7q)
Hiygg = — Z E[{wphmm(Xm) _E[WP17Q1‘XQ1] _ Wigy _E[wi,h‘le]}
' 5! U(qu,eo) ( ]1790)

" (Jr,k1,l,p1,q1)
X{L(ngr > n51) — Lngy < Mj0) FUXqujn | + 1 Xk [| = 201 X gy ke [1)] Z3]-

For the term U,’{55, it is easy to see that %; > hss(Zi, Zj, Zi, Zy) is non-degenerate U-
" i<j<k<l
statistic of order 4. By some elementary calculations, we have
Elo'(Xl)O"(Xl,éo) EQO'(XQ) (XQ,HQ)
o2(X1,6p) 02(Xs,0p)
where Cx(Xl,XQ) = ”Xl - XQH - E(HXl - X2|HX1) — E(HXl - X2|HX2) + E(”Xl - XQH) Thus
we obtain that

Elhss(Zi, Zj, Zy, Z1)] = —2E|(

(1 > 12)Ca(X1, Xo)] < 2K,

VU, 5_\/_ZZHM+2\/_(9 —00)" Ky + 0p(1).

=1 k=1

Following the same line for the term UZ, in the proof of Theorem 3.3(1), we can show that /nUs =
op(1). Altogether we obtain that

VU, = aU', + ZZH1k2+2\/_(9 —00)" Kz + 0,(1)
i=1 k=1
n 6

1
> hiZi 25, 7, Z) + nZZHm”f(@ — 00)" K2 + 0p(1),

"oi<j<k<l i=1 k=1

* s kl s kl
where Z; = (1, X;) and hj(Zi, Zj, Z, Z1) = 3 S22, 10t (1t |41 X )= 75 S0 It X
Consequently,

Vn[U, — dCov?(n, X)] = /n[Ups — dCov?*(n, X Z ZHlkz + 2v/n(0p, — 00)T Ky + 0,(1).

zlkl
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To obtain the limiting distribution of nUn, it remains to derive the asymptotic expansion of én —bp.
According to the arguments of Theorem 1 in Appendix A of Dette et al. (2007), we have

A~

Vb, —6y) = \FZ )2 — 02 (X4,00)| 2162 (X4, 00) + 0p(1).

Altogether we obtain that
\/_[U — dCov®(n;, X))
- 7 Z 2{G (i, Xi) + Zi(mi, X;) + [02(X;)e? — 0%(Xi, 00)| K3 2716 (X3, 00)} + 0p(1),
it follows that

VnlU, — dCov?(n, X)] — N(0,03),
where o3 = dvar{G(1, X) + 1 (n, X) + [0*(X)e? — 0*(X, 0)| K3 = ~"6°(X, 60)} with

G(m, X1) E[Cyy(m1,12)Co (X1, X2)| Z1] — dCov® (1, X1)
Co(nisng) = |ni —njl = E(Ini —njllm) — E(lni = njlln;) + E(|n: — njl)
Co(Xi, X5) = X = X5l — E(I1X: — X5 11X:) — E(1Xi — X5[11X5) + E(1X: — X;11)
dCov*(n, X) = E[C,(mi,n;)Co(Xs, X;)],

Th(ni, X5) = % 22:1 Hyy; and Ko are defined in Theorem 3.2(2). Hence we complete the proof of
Theorem 3.3. (]

Proof of Theorem 4.1. This proof follows the same line as Theorem 4 in Xu and Cao (2021).
Thus we omit the details here. U
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