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Abstract

A set S of vertices of graph G is a defensive alliance of G if for every v € S, it holds
IN[v] 0S| > |N[v] — S|. An alliance S is called global if it is also a dominating set.
In this paper, we determine the exact values of the global defensive alliance number of

lexicographic products of path and cycles.
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1 Introduction

We consider only finite, simple, and undirected graphs. Given a graph G = (V, E), open
neighborhood and the closed neighborhood of a v € V' are denoted by N (v), N[v], respectively.
Given a set S C V, the subgraph of G induced by S is denoted by G[S]. If v € S and
|IN[v]NS| > | N[v] =S|, then v is said to be defended in S. We say that S is a defensive alliance
if all vertices of S are defended. Note that if v is defended in S, then |S N N(v)| > L@J
The set S is a dominating set of G if every vertex of GG belongs to S or has a neighbor is S.
A defensive alliance is global (GDA) if it is also a dominating set of the graph. The minimum
cardinality of a global defensive alliance of G is its global defensive alliance number and is
denoted by 7,(G).

The lexicographic product of graphs G = (V}, E1) and G? = (Va, E) is the graph G =
(V,E) = G' o G? such that V = V) x Vy and E = {(u1, us)(vy,v2) : (u1vy € Ey) or (up = vy
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and wusvy € Ey)}. Given a graph F = G' o G* where the orders of G' and G? are n and
m, respectively, it is clear that F contains n disjoint copies of G2, which will be denoted by
G%,G3,...,G%. Furthermore, for a set S C V(G), we will denote by S; the set SNV (G?) for
ie{l,...,n} and s; = ||

In this work, we present formulas that allow one determining the global defensive alliance
number of a graph F' = G' o G? where G' and G? are cycles or paths within a constant
number of operations. In Section 2l we present a general characterization of ,(G' o G?) for
G' € {P,,C,}, n > 3, and any graph G? % K,,. Such characterization will be useful for the
proposed solution presented in next sections. Section [3] contains useful properties of minimum
global defensive alliances of the lexicographic product of paths and cycles. In Section 1] we
present the formulas for n < 7 while the solution for n > 8 is given in Section In Section [B]
we explore the homogenous bevavior of 7,(G! o G?), when the orders of G; and G, change,
for obtaining more structural results. The conclusions are in Section [l We finish this section
presenting related works.

The definition of alliances in graphs first appeard in [9]. Since then many variatons appeared.
The most extensively studied are defensive alliances [9] [8, T3], 19} 21], offensive alliances [7, 12,
18] and powerful or dual alliances [2,3,22]. A more generalized concept of alliance is represented
by k-alliances [1, 15, 16, 17, 19], and Dourado et al. presented a new definition of alliances,
namely, (f, g)-alliances [6], that generalizes previous concepts. In [23], Yero and Rodriguez-
Velazquez published a summary of the major results obtained concerning defensive alliances
up through 2013.

Since the decision problems of computing the minimum cardinality of these concepts for
general graphs are NP-complete [4, [T1], 14], several studies of alliances in graphs have been
developed in graph classes and product of graphs; these advances are described in detail in
[23, [10].

Haynes, Hedetniemi and Henning [9] determined the cardinality of the minimum set that
can constitute a global defensive alliance for several classes of graphs and presented some limits
on the minimum GDA in cubic, bipartite graphs and trees.

The initial studies of defensive alliances in Cartesian products were done by Brigham, Dut-
ton and Hedetniemi in [2], and several parameters were also presented in [I], 19, 20] for Cartesian
products of graphs for k-alliances. Following this trend, there is also the work by Chang et
al. in 2012 [5], which presented some upper bounds for Cartesian products between paths
and cycles. In 2013, Yero and Rodriguez-Velazquez [24] obtained closed formulas for the GDA

number for several classes of Cartesian products of graphs.

2 Characterization of ~,(G! o G?) for G' € {C,, P,}

In this section, we present a characterization of v,(G' o G?) for G' € {P,,C,}, n > 3, and
any graph G? # K,,. Let S be a GDA of F' = G' o G The spectrum of S in F, spe(S, F),

is a sequence obtained in the following way. If G?> = C,, and there is S; = 0, we assume that



Sp=0:1f S; #0 for 2 <i < n—1, then spe(S, F') = (n); otherwise let i > 3 be the minimum
number such that S; = 0. If S;y; = 0, then k; = ¢; otherwise k; = ¢ — 1. In both cases,
spe(S, F) = (ky)spe(S’, F') where S' = SNV(F') and F' = F —(V(G})U...UV(G},)). When
there is no doubt about which is the graph F', we can use spe(S) to represent the spectrum of
Sin F.

We say that a sequence w = (ky,...,k;) is feasible for G' o G? for G' € {C,, P,} and
G? # K,, if there is a GDA S of G' o G? whose spectrum is w. We denote maz(w) = n}gx{kz}

and say that w is an n-sequence if k; = n. Observe that we can see w as a t-partition
1<i<t

(Vi,...,V;) of V(F) where each part is associated with an element k; and F[V;] ~ P, o G*. We
call each such subgraph by a section of F. If G* ~ P, and Fj is a section for ¢ € {1,t}, then
we say that F; is an external section; otherwise it is an internal section.

Given elements k; and k; of a sequence w = (ky, ..., k) for j > i, the sequence formed by
the elements that are between k; and k; in w will be denoted by w;t1 -1 = (kit1, ..., kj_1), the
sequence formed by the elements that preceed k; by wy;_1 = (k1,...,k;_1), and the sequence
formed by the elements that succeed k; by wji1; = (Kji1,..., k). The concatenation of se-
quences w and w’ will be denoted by ww’. If all elements of w are equal, then we can write
w = ([t]k1). This definition allows one to write w = ([t1]k1, ..., [t,]k,), which means that, for
1 <4 < p, there are t; consecutive occurrences of k; and t;k; = n. The feasible sequences are

1<i<p
characterized in the following result.

Proposition 2.1 For G' € {P,,C,} and G* # K,,, a sequence w = (ki, ..., k;) is feasible for
G o G* if and only if ky > 2, k; > 3 fori € {2,...,t}, and > k; = n.

1<i<t
Proof. Let S be a GDA of F such that spe(S) = w. By the construction of a spectrum, it is

clear that > k; = m. Since every vertex of S has a neighbour outside the copy of G? that it
1<i<t
belongs, every k; > 2. Since the definition of spectrum guarantees that for every k;, for i > 2,

the first copy of the section associated with it has no vertex of S, k; > 3 for i > 3.

Conversely, let F; = F[V(G?)U...UV(G3,,,_,)] be the section associated with k;. If k; > 4,
add V(G3,,)U...UV(G3,, 5) to S. If k; = 3, add V(G3,,) UV(G3,) to S. If ky = 2, add
V(G3)UV(G3) to S. Tt is clear S is a dominating set, every vertex of S is defended, and that
spe(S) = w, then w is feasible. O

For the characterization of minimum GDA in terms of feasible sequences, we need some

definitions. Given a positive integer k, we define

o for k > 4, val;(k,G?) as the cardinality of a minimum GDA S of P, o G? such that

s1= sk = 0;
o for k € {2,3}, val;(k, G?) = val;(4, G?);

o for k > 3, val.(k,G?) as the minimum GDA S of P, o G? such that s; = 0;



e val.(2,G?) = val.(3,G?).
For a sequence w = (ky, ..., k;), we define

o val(P,, G* w) = val.(k1,G*) + . wali(ki, G*) + val.(ky, G?);

2<i<t—1

e val(C,,G*,w) = > wval;(k;, G?).
1<i<t
Proposition 2.2 If S is a GDA of F = G' o G? for G* € {C,,, P,} and G* # K,,, then |S| >
val(GY, G2, spe(S)) for G € {P,CY}. Furthermore, there is GDA of F of size val(G*, G?, spe(S)).

Proof. Write w = (ky,..., k) and let F; = F[V(G?)U...UV(G3,, )] be the section asso-
ciated with k; and S" = S N F,. First, consider G = C. For k; > 4, since s;44, = 0, it holds
|S'| > wal;(k;, G*). For k; = 3, since s; 13 = 0, it holds |S’| > val;(4, G?). Finally for k; = 2,
since s3 = s, = 0, it holds |S’"| > val;(4, G?). Then, the result holds for G = C. Now consider
G = P. For k; > 3, since s; = 0 or s, = 0, it holds |S’| > val.(k;, G*). Finally for k; = 2,
since s3 = 0, it holds |S’| > val.(3, G?), completing the proof. O

Corollary 2.3 Let F = G'oG? for G' € {C,,, P,} and G* % K,,,. Then ,(F) = min{val(w)}

where w is a feasible sequence for G*.

As a byproduct, we have that, for G* € {C,, P,} and G* % K,,, if the number of feasible
sequences w that can reach the minimum GDA of G' o G? is bounded by a polynomial on n and
m, one can determine them efficiently, and the values val;(k, G*) and val.(k, G*) are known for
every k < maz(w), one can find v,(G"' 0 G?) efficiently. We show in next sections that this does
hold for G? € {P,,,C,,}. The last result of this section deals with the external sections.

Corollary 2.4 Ifw is a feasible sequence of F = P,0G? for G* % K,, such that val(P,, G?, w)
Yo (F'), then the following hold:

e if 3 occurs in w, we can assume that k; = 3;
) )

o if k1 # 2 and there are two occurrences of 3 in w, we can assume that ky = ky = 3.

3 Properties of global defensive alliances

In this section, we present some bounds and properties of GDAs that will be useful in the

remaining sections.

Proposition 3.1 Let S be a GDA of GtoG? for G € {P,,C,}, G* € {P,,,Crn,}, n > 3,m > 3,
and i be an integer such that 2 < i <n — 1. Then, the following setences hold

(i) If G* ~ {C,,, Ps}, then s;_1 + 8; + Sip1 > m +2;
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(it) If G* ~ P, for m >4, then s;_1 + s; + six1 > m + 1;
(13i) If s; > 1, then s;_1 + s;ip1 > m — 1; and

() If 1 < s; <m, then s;_1 + ;41 > m.
Proof. Let v € S; and d be the number of neighbors of v in §;.

(1) Since d(v) = 2m + 2, S must contain at least m + 1 neighbors of v. This means that
Si—1 + Si + Sit1 > m+ 2 because N[v] C V(GZ,) UV (G?) UV (GZ,).

(#7) Since d(v) = 2m + 1, S must contain at least m neighbors of v. This means that s; | +
$; + 8i41 > m+ 1 because N[v] C V(G7 ) UV(G;) UV (GL,).

(iii) Consequence of (i), (1), and 1 < |N(v) N V(G?)| < 2.

(1v) Consequence of (i7i) and the fact that v can be chosen as a vertex having a neighbor in

V(G2)\ S. O

Proposition 3.2 Let S be a GDA of G' o G? for G* € {P,,C,}, G* € {P,,Cp,}, n = r
mod 4, and m > 3 such that s; > 1 for every 2 <1 <n — 1. Then the following hold.

(i) If r =0, then |S| > (2m — 1)

1
(i) Ifr € {1,2,3} andn > 8, then [S| > (2m — 1)[ %] +t, where
m+1 ,ifr=3and G*~ P,
t=<m+2 ,ifr=3andG*~C,,
r ifre{1,2}

r+2 ,ifre{l,23}

(4ii) Ifn > 6 and m = 3, then |S| > 6| %] +t, where t =
0 ,ifr=20

(iv) If n >9 and m =4, then |S| > 2n for G* ~ C,, and |S| > 2n —2 for G* ~ P,

Proof. (i) By PropositionB1], s;+s3 > m—1 and so+s4 > m—1. If s+s3 = s9+s4 = m—1, then
S is not a GDA because some vertex of Sy is not defended in S. Then s; +s9+S3+54 > 2m —1.

In fact, we can conclude that s; + s;11 + Sij12 + si13 > 2m — 1 for every ¢ € {1,...,n — 3}.

(17) Since n > 8, n — 4 — r = 4k for some positive integer k. If suffices to show that for
T=(V(G})U...UV(GZ,,_;))NS it holds |T'| > ¢t. If r < 2, then |T| > r because s; > 1 for
every i € {2,...,n—1}. If r =3, then |[T| >m +1if G* ~ P,, and |T| > m +2if G* ~ C,
due Proposition B.11



(77) By Proposition Bl (@), it holds s; + si11 + Sis2 + Siys > 6 for every i € {1,...,n — 3}.
Then, the result is clear for r = 0. Case r = 1 is consequence of the fact that s; +...+s9 > 15,

case r = 2 because s; + ...+ sg > 10, and case r = 3 because s; + ...+ s7 > 11.

(iv) Tt suffices to prove for G* ~ P,,. We prove that if s; = 1, then s;;1 > 3 or s;41 + Sj42 > 5
Or Sit1 + Sixo + Sivg > 7. If 5,41 > 3, we are done. If s;1; =1, then s;,5 > 3. If then s;,9 = 3,
then there is a vertex of degree 2 in S; 5 having a neighbor in V(G3) \ S, therefore s;13 > 3.
Then consider s;,3 =4 and s;.1 + S;12 > 5. Then consider s;;1 = 2. This means that there is a
vertex of degree 2 in S;;; having a neighbor in V(G%)\ S, therefore s;,5 > 3 and s;,1+S;42 > 5.

Now, it remains to recall that s; + sy + s3 > 6 and s,_9 + s,_1 + S, > 6 for G? ~ C, and
$1 4+ 89+ 83 >5and s,_9 + S,_1 + 5, > 5 for G2 ~ Py. O

Proposition 3.3 If G is a spanning subgraph of G' and S is a minimum GDA of G such that
no vertex of S is incident to any edge of E(G')\ E(G), then S is also a minimum GDA of G'.

Proof. Consequence of the fact that the neighborhood of each vertex of S is the same in G and
in G'. O

4 Determining v, for paths and cycles

For n > 3 and m > 2, we show in this section that v,(Gy,Gs) for G, G?* € {C,, P} is
the minimum among at most four values. Since these values are easily evaluated, one can
determining ~,(G', G?) within a constant number of operations. We consider first the case

where G' has order at most 7.

4.1 Casen<T7

Let F=G'oG? for G' ¥ P,, G* ~C,,,n€{2,...,7}, and m > 3. We define X,,,, C V(F)

as follows:

o Xo3 = V(G?). For m > 4, define Xom = T1 U T, where T7 and T5 are the vertex sets of

paths of order | 2] of G} and G3, respectively.

o X3, = V(G%) UT,, where Ty is the vertex set of a path of order = of G3 where z =
max{2, ["-2]}.

o Xy, =V(G3)UV(GE) — {u}, for some vertex u € V(G3).

o X5, = V(Gg) U T, U Ty where T, contains two adjacent vertices of G3 and T} contains

the vertices of a path of G7 of size max{2, m — 3}.



o Xs3 = V(G?) UV(G2) UTy, where Ty is a pair of vertices; for m > 4, define Xg,, =
V(G2) U V(G%) U Ty, UTs, where Ty and Ty are two adjacent vertices of G3 and G2,

respectively.

o X7, =V(G3)UV(GE) UT,UT, UTs, where Ty and Tg are two adjacent vertices of G3

and G2, respectively, and T} is the vertex set of a path of order m — 3 of G3.

n|P,oCs| P,oC,,m2>4
23 22 ]

315 m + max{2, ["-2]}
415 2m —1

517 max{m + 4,2m — 1}
6|8 2m +4

7110 Im +1

Table 1: P,o0(,,,2<n <7and m > 3.

n|C,oC3|C,oC,,,m>4
315 [3I%

415 2m —1

517 max{m + 4,2m — 1}
6 | 10 2m +4

7110 3m+1

Table 2: C,,0(C,,,3<n <7 and m > 3.

Let F = G'oG? for G' ~ P,, G* ~ P,,,n € {2,...,7},and m > 3. We define Y,,,,, C V(F)

as follows:

o Vo3 =V(G?)\ {v1} U{v}. For m > 4, define X,,, = T} U Ty, where T} and Ty are the

vertex sets of paths of order 2] of Gf and G3, respectively.

e For m € {3,4}, Y3, = V(G3) U {vy} for vy € V(G3); Va5 = V(G32) \ {u} UTy where T
contains two adjacent vertices of G3; for m > 6, Y3, = V(G3) UTs, where T is the vertex
set of a path of G3 of order |52 .

b }/4,m = X4,m-

o Vi3 =V(GHU{vi}U{vy}; Ysu=V(GE) U {va} U{vg,vi}; for m > 5, Vs, = X5

o Vo3 = V(G2) UV(G?) U {v} U{uvs}, where d(vy) = d(vs) = 7; for m > 4, define
Xom = V(G3) UV(G]) U{v2} U{vs}.

o Yo, = V(G UV(G2) U{vy} UT, U {uve}, where T} is the vertex set of a path of order
m — 2 of G3.

Denote @ = [ Xim| and i m = [Yim|-



wo Py | P,oP,,m>4
3 23]

4 m+ |52
5 2m — 1

5 2m — 1
8

9

C,

2m + 2
3m

n
2
3
4
5
6
7
3:

Table o P,,2<n<7andm > 3.

nOP3 C'noPm,mZZl

P,

N EE
5 2m — 1
5) 2m —1
8 2m + 2
9 3m

n
3
4
5
6
7
4:

Table 4: C,, 0 P,,,3 <n <7 and m > 3.
Proposition 4.1 Forn € {2,...,7}, v.(P, 0 Cy,) is given in Table[ and v,(P, o Py,) is given
in Table Bl

Proof. Tt is easy to check that X isa GDA of F = PoG? fori € {2,...,7} and G* € {C,,, P}

For the converse, let .S be a minimum GDA of F.

Case i = 2. For m = 3, it is easy to check that there is no GDA of size 2 and that V(G?) is a
GDA of the graph. Then assume m > 4. Since V(G%) is not a GDA, (V(G?) \ {vi}) U {vo} is
not a a GDA for v; € V(G3) and vy € V(G3), and 25 < m, it holds 2 < sy <mand 2 < sy <m
for a minimum GDA S. Then, we can assume that there is a vertex v € SNV (G?) such that
d(v) = m + 2 and having a neighbor in V(G}) \ S. Therefore, we have s, > ["2] — 1 = |Z].

Since the same does hold for s, the result is true.

Case i = 3. Suppose that |S| < m + max{2, |Z2]} = 27" < 2m. If s = 0, then we can
assume that v € V(G?) has at most one neighbor in S, then v is not defended in S. Hence
sy > 1. First, consider m € {3,4,5} and Gy ~ C,,. Since d(v) = 2m + 2 for v € V(G3),
we have |S N N(v)| < @, a contradiction. Case m € {3,4,5} and Gy ~ P, is direct from
Proposition B.] (i7).

Now, consider m > 6. We can now write |S| < m + ["-2]. By Proposition B}, s + s3 >
m — 1. Since m — 1 > [™=2] for m > 4, we have s, < m. Consequently, by Proposition B1]
again, we have m < s + s3 < 2m. Then, without loss of generality, there is a vertex in V(G%)
having at most one neighbor in S N V(GF). Therefore so > |Z#2] — 1 = | 2], which means

that |S| > m + || > x3, a contradiction.

Case i = 4. First, consider s = 0 and s3 = 0. Then m = 3, s; = s4 = m, and |S| = 6 >
r3 = 5. Next, consider s, = 0 and s3 > 1. Then m = 3, s; = m and, using Proposition 3.1}

Sy + s34+ s4 > m + 2 = 5. Which means |5)| 28>xi:5. The case s > 1 and s3 = 0 is



analogue. Then s > 1 and s3 > 1. By Proposition B2 |S| > 2m — 1, completing the proof for
1 =4.

Case i = 5. Since 27" = 2m — 1 for m > 5, and 7,(P5 0 G?) > 7,(Py o G?) for G* € {C,,, P},
case i = 4 implies, for m > 5, |S| > z&. The same argument holds for m < 4 and G? ~ P,,.

For m < 4 and G? ~ C,,, we have ' =m+4. If s, =0, then m = 3 and s; = 3. Since
s3 and sy are both not equal to 0, then sy + s3 + s4 + s5 > m + 2, which means |S| > m + 4.
Then sy > 1 and s4 > 1. Suppose that s3 = m — k for £ > 1. This implies that s; + sy > 2+ k
and s;+s5 > 2+ k. Then |S|>m—k+2+k+2+k=m+4+k, a contradiction. Therefore
s3 = m. Since every vertex of Sy U Sy has degree 2m + 2, s1 + s9 > 2 and s4 + s5 > 2, which
implies that |S| > m + 4.

Case i = 6. First, consider m = 3 and G? ~ C,,. If s, > 1 and s5 > 1, then s; + 53+ 55 > 5 and
S4+ 85+ 56 > 5, which means |S| > 23 = 8. If s, = 0 and s5 = 0, then s; = sg = 3, furthermore
s3+ 84 > 5, which means |S| > x3. Then, without loss of generality, we can assume s, = 0 and
s5 > 1. This implies s; = 3 and s4 + s5 + sg > 5, which means |S| > 23 = 8.

Next, consider m = 3 and G? ~ P,,. Since V(G%) is not a GDA of P, o P3, then sy > 1
and s5 > 1. Observe that a vertex v € Sy needs at least four neighbors in S because d(v) = 8.
Then sy + s9 + s3 > 5 and s4 + S5 + s¢ > 5.

Now, consider m > 4. It is clear that s; > 1 and s5 > 1. By Proposition B.1l s; + s5 + s3 >
m+2 for G? ~ C,, and s; + 89 + 53 > m+ 1 for G? ~ P,,. By symmetry, s4 + s5 + s > m + 2
for G? ~ C,, and s4 + s5 + s¢ > m + 2 for G* ~ P,,. Therefore |S| > 2m + 4 for G* ~ C,, and
|S| > 2m + 2 for G* ~ P,,.

Case i = 7. If s =0, then m = 3,G? ~ C,,, and s; = 3. If s3 > 1, then s3 + s, > 5. Since
s5 + s¢ + s7 > 3, we have |S| > z3. Then s3 = 0. This implies that s, > 1, which means
sS4+ s5 > 5. Therefore |S| < x? if s¢ + s7 = 1. But the vertex of Sg U .S7 is not defendend in S.

Then, consider s, > 1 and sg > 1. If s = 0, then cases i = 3 and ¢ = 5 imply that
s1+ 82+ s3> m+ max{2, |52} and s3 + s4 + 55+ S¢ + 57 > max{m + 4,2m — 1} which is
at least 2" for any m > 3. Then, we can consider s3 > 1 and s5 > 1. Since s; + s3 and sy + 54
cannot both be equal to m — 1 and for G? ~ C,,, we have s5 + s¢ + s7 > m + 2, for G? ~ P,,,
we have s5 + sg + s7 > m+ 1, we have |[S| >m —1+m+m+2=3m+ 1 for G* ~ C,,, and
we have [S| >m —14+m+m+2=23mfor G~ P,,. O

Corollary 4.2 Forn € {3,...,7}, 7.(Cy, o Cp,) is given in Table 2 and ~,(C, o P,,) is given
in Table [l

Proof. Proposition implies that 7,(C5 0 C3) > 5 and 7,(C3 0 P3) > 4. It is easy to check
that C50 P; has no GDA with less than 5 vertices, then since X33 and Y3 3 are GDAs of C30C5
and C3 o Pj, respectively, 7,(C5 0 C3) = 7,(C3 0 P3) = 5.

Now, consider n = 3, m > 4, and let S be a minimum GDA of C,, o G? for G* € {C,,, P}
We can assume that vy € Sy and vz € S3. Since d(vq) = d(v3) € {2m+1,2m~+2}, s1+s3 > m—1

9



and s; + so > m — 1. If 53 = 0, then |S| > 2m — 2. Therefore, we can assume s; # 1, which
implies, by the symmetry of the graph, that s; = sy = s3 = k. If d(v2) =2m + 1 and k < [ %],
then S is not a GDA. Therefore 7,(C30 P,) = 3| 3] for m > 4. If d(vy) = 2m+2 and k < [ ],
then S is not a GDA. Therefore 7,(C3 0 Cy,) = 3[F] for m > 4.

The cases n € {4,5,6, 7} are consequence of Propositons B.3] and A1 ]

Corollary 4.3 For k € {3,...,7}, G* € {C,,, P,}, and G* € {C,,, Py,}, there is a minimum
GDA S of G' o G? such that maz(spe(S)) < k.

4.2 Casen >28

We begin this section presenting a hyerarchy of ,(G' o G?) which depends of the operands and

is consequence of the previous results.

Corollary 4.4 Forn > 2 and m > 3, it holds v,(P, o Py) < 7.(Cy 0 Pp,) < 7, (Cy 0 Cy) and
7a<Pn o Pm) S fya<Pn o Cm) S 7a<0n o Cm)

Proof. 44(P, o Py,) < 7.(Cy 0 Py,) and 7,(P, o Cp,) < 7,(C, 0 Cy,) are consequences of Corol-
lary 23] while v, (C,, 0 Pp) < 7,(Cy 0 Cy,) and 7, (P, 0 Py,) < 7a(Py, 0 Cy,) are consequence of
Corollaries 2.3, [4.2] and Proposition 4.1l O

Now, we consider the case where G' has order at least 8. We divide the study into two

cases, m = 3 and m > 4.

4.2.1 Casem=3

Proposition 4.5 Forn > 8 G € {P,,C,}, and G* € {P3,Cs}, there is minimum GDA S of
G' o G* such that max(spe(S)) < 6.

Proof. Write F' = G o G? and let w = (ki, ..., k;) be the spectrum of a minimum GDA S of
F, k; > 7 for some i € [t], and r = k; mod 4.
r+2 ,ifre{2,3}

By Proposition B2 (#Zd), val(k;, C5) > 6| %] 4+ ¢ where t = { 2 Jifr=1
0 yifr=20
For each value of r, we present a k;-sequence w’ = ({4,...,¥,) such that maz(w') < 6 and

val(P,, Cs,w’) < 6[% +1t. Since y; 3 < x4 3 for 3 <t < 6 and the bound of Proposition ({zzz)
holds for G% ~ P; and G? ~ (3, we only need to consider G? ~ Cs.

For r = 0, define w’ = ([£]4) containing £. Since z43 = 5, it holds val(P,, C3, w’) = 5% <
6% < wal.(k;,C3). For r = 1, consider w’ = ([£2]4,5). Since z53 = 5, it holds val(P,, C3, w') =
552 4+ 5 <6|%] 42 <wale(k;,C3). For r = 2, define w' = ([%%]4,6). Since z63 = 8, it holds
val(P,,Cs,w') = 558 4+ 8 <6|%] + 4 < vale(k;, C3). For r = 3, define w’ = (3, [£2]4). Since
val'(3) = w43 = 5, it holds val(P,, Cs,w') = 552 + 5 < 6|%] +5 < val.(k;, Cs).
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Now, it remains to observe that w” = wy ;_w'w;, 1, is a feasible n-sequence and val(G*, Cs, w") <
val(GY, Cs,w). O

Proposition 4.6 Forn > 38, G' € {C,, P}, and G* € {C3, Ps}, there is a minimim GDA S
of G' o G* such that

(i) if G* ~ Cj, then spe(S) has at most one element in the set {3,5,6} and no one is equal
to 2;

(1) if G* ~ P3, then spe(S) has at most one element in the set {2,3,4,6}.

Proof. By Proposition 5], there is a minimum GDA S of F' = G' o C5 whose maz(spe(S)) < 6.
Suppose that k; and k; are values of spe(S) and of {2, 3, 5,6}. For each possible case, we present
in Table [l a sequence w' = (¢y,...,4;) for t < 3 such that val(P,,Cs,w') < val.(k;,Cs) +
val.(kj, C3), w' does not contain the number 2, and contains at most one element of the set
{3,5,6}. The third column of the table is a lower bound of val.(k;, Cs) + val.(k;, C3), which is

consequence of Proposition .11

]{Zi k]’ ’U(lle(l{?i, 03) + vale(kj, Cg) 61 €2 €3 val(Pn, 03, U)/>
213 |5+5=10 5) 7

2 14 |5+5=10 6 8

2 |5 |5+T7T=12 4 |3 10

216 |5+8=13 4 |4 10

313 |5+5=10 6 8

3195 |9+7=12 4 |4 10

316 |5+8=13 5 |4 12

5 |5 |T+T7=14 6 |4 13

5 |6 | 7T+8=15 4 |14 |3 |15

6|6 |8+8=16 444 |15

Table 5: Case G? ~ (.
It is clear that the sequence w” = (ki, ..., ki_1, kiv1, ..., kj_1,kj1, .. ., ki, )w' is feasible and

val(GY, Cs,w") < val(G', Cs,w). Since one can repeat this process until a sequence with the
required properties be obtained, the result does hold.
The proof of (i7) is essentially the same of (i) by considering G* ~ P3 and Table [6l

O
(
5% ,ifn=0 mod 4
5”775—1—7 ,if n=1 mod 4
=45
5%~ +8 ,ifn=2 mod4
5"T_Z)’+5 ,ifn=3 mod 4
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ki k]’ U&le(l{?i,Pg,)—'—UCLle(k]’,P;g) 61 62 63 ’UCLZ(Pn,Pg,U}/)
2 13 |[44+44=8 5 5
2 14 1445=9 6 8
2 16 [448=12 513 10
313 |44+4=28 6 8
314 |44+5=9 5 |2 9
316 [44+48=12 5 14 10
4 |4 |5+5=10 513 10
4 |6 |5+8=13 515 10
6 |6 |8+8=16 515 |2 |14
Table 6: Case G? ~ P;.
5% ,if n=0 mod 5
5%6+8 ,ifn=1 mod5

f/(nv 3) =

5% +4 ,ifn=7r mod5 for r € {2,3}

522 +5 |ifn=4 mod5

Theorem 4.7 Forn > 8 and G* € {C,,, P.}, 7.(G' o C3) = f(n,3) and v,(G' o P3) = f'(n, 3).

Proof. Corollary 2.4l and Propositions .5l and [4.6] (i) imply that, for p = %] and r = n mod 4,
it holds that a sequence w such that v,(G* o C3) = val(G*, Cs, w) is

N it =0,
Jp-14,5) Lifr=1,
o (Ip—1]4,6) ,ifr =2,
| ([p]4,3) Lifr = 3.

Using Proposition ], we have v,(G! o C3) = f(n,3). Now, Corollary 24 and Proposi-
tions and (@) imply that, for p = || and 7 = n mod 5, it holds that a sequence w
such that v,(G! o P3) = val(G*, P3,w) is

(Ip—15) ,ifr=0,
—1

w=1q([p—1]56) ,ifr=1,
() L ifre (2.3.4).
Using Proposition ] we have v,(G' o P3) = f'(n, 3). O

4.2.2 Case m >4

Proposition 4.8 Forn > 8 m >4, G' € {P,,C,}, and G* € {P,,,C,,.}, there is a minimim
GDA S of G' o G* such that maz(spe(S)) < 7.
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Proof. Let w = (ki,...,k;) be the spectrum of a minimum GDA S of F = G! o G? such
that k; > 8 for some i € [t]. Let F’ be the section of F associated with k; and set S’ =
|[V(F") N S|. For each case, we present a k;-sequence w’ = ({1,...,¢,) such that maz(w’) <7
and val(P,, G* w') < |9].

For k; = 8, consider r = k; mod 4. Proposition (@) implies |S’| > 4m — 2. If m = 4,
let w' = (4,4). Since ysq = 44 = 7, val(P,, G*,w') = 14 < |S'|. If m > 5, let w’ = (5,3).
Since ysm = T5m = 2m — 1 and y3,,, < @3, = m + max{2, |2}, it holds val(P,, G* w') <
3m — 1+ max{2, | 2]} <4m — 2 <|S’|, which means that the result also holds for k; = 8.

For k; > 9, consider r = k; mod 5. Let w’ as follows

([%]5) Jifr =0
w' = ¢ ([B0%5,6) ,ifr=1

(nﬁgﬂm Jif r € {2,3,4}

Consider first m = 4. If G? ~ C}, Proposition 3.2 (o)) implies |S’| > 2k;. By Proposition ZT],
it holds that val(P,, Cy,w’) is 8% for r =0, is 8@ +12forr=1,1is 8% + 6 for r € {2,3},
is 8% + 7 for r = 4. Since val(P,,Cy,w') < 2k; < |S’| in all cases, the result follows for
G? ~ Cy. If G? ~ P,, Proposition B2 () implies |S’| > 2k; — 2. By Proposition 1] it holds
that val(P,, Py, w') is 7% for r =0, is 7%+10 forr =1, 1is 7% +5 forr € {2,3}, is 7ki—;‘1+7
for r = 4. Since val(P,, Py,w’) < 2k; —2 < |S’| in all cases, the result follows for G* ~ P;.

Consider now m > 5. Proposition B2l (@) and (@) imply |S| > [%5](2m — 1) + ¢ where

m+1 ,ifr=3
r ,if r € {0,1,2}

for G € {P,,,C,,}. By Proposition &1}, val(P,, G* w') is (2m — 1)% for r = 0, is at most
(2m — 1)% +2m+4 for r = 1, is at most (2m — 1)’“'—5_7“ +m+max{2, | %2} for r € {2,3}, is
(2m—1)%—|—2m—1 for r = 4. Since val(P,, G?, w') < |S'| in all cases, the proof is complete. [J

Proposition 4.9 Forn > 8 m > 4,G' € {P,,C,}, and G* € {P,,,C,,}, there is a minimum
GDA S of G' o G whose spectrum contains at most one element of the set {2,3,4,7}.

Proof. By Proposition L8] there is a minimum GDA S of F' = G oG? such that mazx(spe(S)) <
7. Suppose that k; and k; are values of spe(S) and of {2,3,4,7}. For each possible case, we
present in Tables [7 and B a sequence w' = (fy,...,4) for t < 3 such that val(P,, G* w') <
vale(k;, G*) + val.(k;, G*) such that w’ contains at most one element of the set {2,3,4,7}.
Table [T contains the cases for G? ~ C,,, and TableBfor G? ~ P,,. The third column of each table

contains a lower bound of val.(k;, G*) 4+ val.(k;, G*), which is consequence of Proposition A1l

It is clear that the sequence w” = (ki,..., ki1, kit1,.. ., kj—1,kj41,.. ., Kk, )w' is feasible
and val(G', G?,w") < val(G*, G*,w) for G € {P,C}. Since one can repeat this process until a
sequence with the required properties be obtained, the result does hold. O
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ki | kj | val.(k;, C) + vale(k;, Cy,) by | by | by | val(P,, Cp,w')
2 |3 | 2(m+ max{2, | ™=2]}) 5 max{m + 4,2m — 1}
3 |3 | 2(m+ max{2, | ™2]}) 6 2m +4
2 |4 | 2m—1+4+m+max{2,|%2]} |6 2m +4
314 |2m—14+m+max{2, |22} |7 3m+1
4 14 [22m—1) 5 |3 max{m + 4,2m — 1} + m + max{2, | 52|}
2 |7 |3m+1+m+max{2,[Z2|} |5 |4 max{m +4,2m — 1} +2m — 1
3|7 |m+max{2, ["2]}+3m—+1|5 |5 2(max{m +4,2m — 1})
4 17 |3m+1+2m—1 6 |5 2m + 4 + max{m +4,2m — 1}
77T [23m+1) 5 15 |4 |2(max{m+4,2m —1})+2m —1
Table 7: Case G? ~ C,,,.
ki | kj | vale(kiy, Pr) +vale(k;, Pp) | €1 | €2 | 3 | val( Py, G*, ) Py)uw’
2 |3 | 2(m+[2=2]) 5 2m — 1
313 |2(m+ [22]) 6 2m + 2
2 |4 |2m—14+m+ 2] 6 2m + 2
314 [2m—14+m+ 22| 7 3m
4 14 [2(2m—1) 513 2m —1+m+ ™2
2|7 | 3m+m+ |22 5 14 2m —1+2m — 1
317 |m+ |22 +3m 515 2(2m — 1)
4 |7 |3m+2m—1 6 |5 2m+2+2m —1
717 | 263m) 505 |4 |202m—1)+2m—1

Table 8: Case G? ~ P,,,.

Proposition 4.10 Ifn > 8,m > 4, G' € {P,,C,}, G* € {P,,,C,}, and w = (ky,..., k)
is the spectrum of a minimum GDA of G' o G* containing three numbers that are pairwise
different, then we can assume that w € {(3,[p — 1]5,6), (3,5, [¢ — 1]6)} where p = 22 and
q="5"
Proof. Suppose that, for i, 7,7 € [t], k;, k;, and k, are pairwise different. By Proposition A9
we can assume that k; = 5 and k, = 6. In Tables [ and [I0, we show that if k; # 3, then there
is a k;-sequence w' = ({1, ...,¢y) for t' < 4 such that w’ contains only numbers 3,5, and 6, and
val(P,, G*,w') < wal.(ki, G*) + val.(k;, G*) + val(k,, G?).

It remains to prove that w # (3, [p]5), [¢]6) for p,q > 2. First, we consider G? ~ C,,. We
can assume that w = (3, [2]5, [2]6, [p — 2]5, [¢ — 2]6). We know that val(F,, Cy,, (3, [2]5,[2]6)) =
2(2m+4)+2(max{m-+4, 2m—1})+m+max{2, | 22|} = 9m-+max{2, | %2 |} +6. Form < 17,
val(Py,, Cp, ([5]5)) = b(max{m+4,2m—1}) = 10m—5 and for m > 18, val(P,, Cp,, ([3]6,7)) =
3(2m +4) + 3m + 1 = 9m + 13, which means that w is not the spectrum of a minimum GDA
of Gt o C,,.

Finally consider G? ~ P,,. We know that val(P,, Py, (3,[2]5,[2]6)) = 2(2m + 2) + 2(2m —
D) +m+ |22 =9m+3+ |2 For m < 11, val(Py, P, ([5]5)) = 5(2m — 1) = 10m — 5
and for m > 12, val(P,, P, ([3]6, 7)) = 3(2m + 2) + 3m = 9m + 6, which means that w is not
the spectrum of a minimum GDA of G' o P,,. U

The above results reduce the number of sequences that can reach v,(F) for G* o G?, G' €
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k; | val(i, j,7) U | by | Uy | by | val(P,, Cp,w')

2 | m+max{2, ["=2]} +2m+4+ |5 |5 |3 2(max{m +4,2m — 1})+
max{m +4,2m — 1} = m + max{2, |2} =
5m+ 3 + max{2, | 22|} 5m — 2+ max{2, | 22]}

4 |1 2m—14+max{m+4,2m—1}+ |5 |5 |5 3(max{m +4,2m — 1}) =
2m+4>6m+ 3 6m —3

7 |max{m+4,2m—1}+2m+4+ |5 |5 |5 |3 | For m <10,
3Im+1=Tm+4 3(max{m +4,2m — 1})+

m + max{2, |[%2]} =
7m + max{2, [252]} — 3

6 |6 |6 For m > 11,3(2m +4) =
6m + 12

Table 9: Case G? ~ C,,, where val(i, j,r) = val.(k;, Cy,) + val.(kj, Cp) + vale(ky, Cry)

k; | val(i, j,7) O | by | by | Ly | val(P,, Py, w')
2 | m+ 2] +2m+ 2+ 515 13 22m —1)+m+ 2] =

2m —1=>5m+ 1+ | 2| 5m — 2+ |2
4 [2m—142m—1+4+2m+2=1]5 |5 |5 32m —1) = 6m — 3

6m
7 | 2m—142m+ 2+ 5 |5 |5 |3 | Form <10,

3m>Tm+1 32m—1)+m+ 2] =

Tm+ |22 -3
6 |6 |6 For m >11,3(2m+2) =6m + 6

Table 10: Case G* ~ P,,, where val(i, j,r) = val.(k;, Py,) + vale(k;, P,) + vale(ky, Pn)

{C,, P}, G> € {Cp,, P}, n > 8, and m > 4. In fact, we will show that, for a given F, ,(F)

can be determined considering at most four sequences, the ones defined in the sequel.

([p]5) ,ifn=0 mod 5
Jin =14 (r,[p]5) ,ifn=r mod5 for r € {2,3,4}
([p]5,6) ,ifn=6 mod5

([p]5, [g]6) for maximum p  if n # 19

f2,n =
(3,[2]5,6) ifn=19

f3.n = ([p]5, [¢]6) for maximum ¢

([q]6) ,ifn=0 mod 6

( ) ,ifn=s mod 6 for s € {3,5}
fan=19([¢]6,7) ,ifn=1 mod6

(3,5,[g]6) ,ifn=2 mod 6

([2]5,]g]6) ,ifn=4 mod 6

For i € [4], fin is an infinite set of sequences, which is associated with at most one sequence

if we fix the value of n. Therefore, when we can handle f;, as a set.
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Theorem 4.11 Forn > 8 m > 4,G' € {P,,C,}, and G* € {P,,,C,,.}, it holds 7,(G' 0 G?) =
min{val(Gl, G27 fl,n)7 'Ua'l(Gla G2a f2,n)a val(Gl, G27 f3,n)7 val(Gl, G2a f47n)}‘

Proof. Write F' = G' o G%. Corollary 2.4 and Propositions &8, 1.9 imply that there is a
sequence w such that val(G', G?,w) = ~,(F) and w is a sequence of one of the following 8 sets
of sequences for G = C if G' ~C,,G=Pif G' ~ P,,p = 5], ¢ =|%], =n mod 5, and

s =mn mod 6:

T, = {([¢]6, s) for s € {2,3,4,5}},
Ts = {([g — 1]6,7)},
Ts = {(3,5,[¢ — 1]6)},

T; = {(37 [p - 1]576)}7

= {([p']5, [¢']6), for all positive integers p’ and ¢’ such that 5p’ 4+ 6¢' = n}.

We note that there are values of n such that some of these sets are empty. Therefore, we
need to show that, if w belongs to some T; for i € [8] and val(G', G* w) = 7,(F), then w

appears in some f; ,, for i € [4].

e The sequences of T, T}, 1, 75, and T appear in f1,, fi.n; fan, fan, and fy,, respectively,

so there is nothing to do for these cases.

e The sequences of Tg appear in f;,, for s € {3,5}. We will show: (i) for s € {2,4},
val(G', G?, ([q]6, s)) < val(G', G* w) for some w that appears in f;,, for some j € [4].

e The 19-sequence of Ij appears in f,. We will show: (i) for n > 22, val(GY, G?, (3, [p —
1]5,6)) < val(G', G*,w) for some w that appears in f;, for some j € [4].

e Only two sequences of 7[g are considered, one in fs, and the other in f3,. We will show:

(43i) only these two sequences of 7jg can reach the minimum.
Hence, to complete the proof it suffices to prove (i), (i7), and (7).

(1) We show that val(G', G? w) < val(G*,G?,w') for w € Tg and w’ € T with s = 2. First,
consider G? ~ C,,. For G!' ~ P,, suppose that ¢ze, + T3,m < (¢ — 1)Tem + T5.m + T3 for
some n. We have ¢(2m +4) + m + max{2, |2} < (¢ — 1)(2m + 4) + max{m +4,2m — 1} +
m + max{2, [2]}. Then 2m + 4 < max{m + 4,2m — 1}, a contradiction. For G' ~ C,,,
suppose that qze.m + Tam < (¢ — 1)@em + T5m + Tam for some n. We have ¢(2m + 4) <
(¢ —1)(2m +4) + max{m +4,2m — 1} = 2m + 4 < max{m + 4,2m — 1}, a contradiction.
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Now, consider G? ~ P,,. For G' ~ B,, suppose that qye.m+y3.m < (¢—1)Ys.m~+Ys5.m+Y3.m for
some n. We have ¢(2m+2)+m+ 22| < (¢—1)(2m+2)+2m—1+m+ |22 |. Then 2m+2 <
2m — 1, a contradiction. For G' ~ C,,, suppose that qysm + Yam < (¢ — 1)Ys.m + Ys.m + Yam for
some n. We have ¢(2m +2) < (¢ —1)(2m+2) +2m — 1= 2m +2 < 2m — 1, a contradiction.

Next, we show that val(G', G2, ([2]5, [¢—1]6)) < val(G', G*, ([g]6,4)). Suppose that gz, +
Tym < (¢ — 1)xgm + 225, for some n. We have ¢(2m +4) +2m — 1 < (¢ — 1)(2m +4) +
2(max{m +4,2m — 1}). Then 4m + 3 < 2(max{m +4,2m — 1}), For m = 3, 15 < 14; m = 4,
19 < 16; m = 5, 23 < 18, a contradiction.

(#7) We show that val(G", G, upp) > min{val(G*, G?, up), val(G*, G*,wg) } where up = (3, [p—
1]5,6) € Tz, up = ([p]5,4) € Ty, and wg = ([p'5], [¢']6) € Tg for n > 24. Since the 3 sequences
have a 24-subsequence, we do the analysis comparing the correspoding 24-subsequences ut/ﬂ’ wl'zl,
and w@ First consider G! ~ P, and G? ~ C,,. If m < 5, 425 m + Tam = 6m + 15 while
3T5m + Ten + T3m = 3(m+4)+2m+44+m+max{2, 2]} = 6m+16+max{2, |2]}. Then
for m = 4, val(Pn,C’m,wé]) =39 < val(Pn,C’m,wE’n) = 42: and for m = 5, val(Pn,Cm,wél) =
45 < val(Pn,Cm,wE/a) =48. If m > 6, 325 1 + L6 1+ T3m = 6Mm—3+2m+4+m+ LmT_QJ =9m+
1+ 22| and 4, = 4(2m+4) = 8m+8, which means that val(P,, Cy, w@) =8m+8 < Im+
1+ | 22| = val(P,, Cp, up) for m > 6. The result for G' ~ C, and G? ~ C,, is consequence
of the fact that val(C,,, Cn,upp) 2> val(Pr, Cr,upy) is true due Corollary B4l Tt remains to
consider G! € {C,, P,} and G* ~ P,. Now, it suffices to observe that val(Gl,Pm,wé]) =
10m — 5 < wal(G', P, up) = 10m — 2 for every m > 4.

(#73) Suppose that the minimum one is achieved by ([p]5,[¢']6) for p’ < p and ¢ < ¢". (We
consider p maximum and ¢” maximum). This means that we can change either ([6]5) for ([5]6)

or vice-versa obtaining a smaller GDA, a contradiction. O

Theorems 7] and A1T] lead to a constant-time algorithm for computing ~,(G* o G?) for
Gt e {C,, P}, G* € {C,,, P}, n > 8 and m > 3. It consists in computing at most four
values and choosing the minimum one. In the next section, we show that functions f , have an
homogeneous behavior, which allows one to characterize, for each pair {n, m}, which function

gives the global defensive alliance number of G o G2.

5 Deepening the results

It is easy to verify that if n > 8 is such that f;, and fi1;, are defined, then there is an
integer mg such that val(G*, G?, f;,) > val(G', G?, f; ) for G* € {C,,, P,,} and m > my. The
minimum my with this property is the threshold between f;,, and fii1, and will be denoted by
tni. If one of the functions is not defined or if val(G', G, f;,) = val(G', G?, fi,,) for every m
that both functions are defined, we will say that ¢,, ; is undefined.

Proposition 5.1 If t,5 is defined for n, then t$5 = t1'S =13 and 155 = /') = 8.
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Proof. Let wy = ([p}5,[q]6) € fon and wy = ([p']5,(¢16) € fon If val(G',G? wy) #
val(GY, G%,w3), then p > p/. Furthermore, p = 6k +p’ and ¢’ = 5k + ¢ for k > 1.

Since val;(k,G?*) = val.(k,G?*) for G* € C,, and k € {5,6}, we have val(G',G*, wy) =
pxval;(5, G*)+qxwval;(6, G*) and val (G, G*, w3) = p' xval;(5, G*)+q' xval;(6, G?). Replacing,
we have val(G', G*, wy) = (6k + p')val;(5, G*) + (¢’ — bk)val;(6, G*) = 6k x val;(5, G*) — bk x
val; (6, G?) + val(G', G*, ws).

For G? ~ C,,, we have val(G', Cp,, wy) = 6k(2m — 1) — 5k(2m + 4) + val(G*, C,,, w3) =
k(2m — 26) + val(G', Cyn, w3), which meanst that t75 = ¢55 = 13.

For G* ~ P,,, we have val(G', P,,,ws) = 6k(2m — 1) — 5k(2m + 2) + val(G*, P,,, w3) =
k(2m —16) + val(G", Py, ws), which meanst that ¢/} =t = 8. O

Proposition 5.2 For every n and m > 4, t,,1 is given in Table [l

n mod 5 [ t£Y [T [ 87 [ 157
0 13 |13 |8 8
1 * * * *
2 8 6 5 4
3 9 8 7 5
4,n#19 |11 |11 |7 7
n=19 9 * 5 *

Table 11: ¢, ;.

Proof. Case 1 (n =1 mod 5, fi, = fan)

Case 2 (n =2 mod b, f1,, = (2,[p]5), and f2,, = ([p — 25, [2]6))
For P, o C,,, using Corollary 23| val(P,, Cp, fin) = PTsm + Tam > val(Py, Cr, fon) =
(p — 2)x5,m + 226,m-

22m — 1) +m + LmTJ > 2(2m + 4)

9 9
5m—2+LmTJ 24m+8:>m+LmTj > 10

which is true for m > 8.
For C, o Cy,, using Corollary 23] val(C,,, Cy, f1.n) = pTsm + Tam > val(Cy, Chy, fon) =
(p - 2)x5,m + 2$6,m

p2m—1)+2m—12> (p—2)2m —1) +2(2m+4)

32m—1)>22m+4) = 6m —3>4m+8 = 2m > 11

that is true for m > 6.
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For P, o P, using Corollary 23 val(P,, Pn, fin) = DYsm + Ysm > val(Pn, P, fon) =
(p - 2)y5,m + 2y6,m~

which is true for m > 5.
For C,, o P, using Corollary 23 val(Cy, P, fin) = DYsm + Yam > val(Cp, P, fon) =
(p - 2)y5,m + 2y6,m~

22m —1)+2m—1>22m+2) = 2m >7

which is true for m > 4.

Case 3 (n =3 mod 5, f1,, = (3,[p]5), and f2,, = ([p — 3]5,[3]6))
FOI' Pn o Cm7 U(ll(Pn, Cm> fl,n) = p$5,m + xS,m Z U(ll(Pn, Cma f2,n) = (p - 3)"L‘S,m + 3x6,m~

3(max{m + 4,2m — 1}) + m + max{2, LmT_QJ} > 3(2m + 4)

which is true for m > 9.
For C,, o Cy,, val(Cy, Cry, f1.0) = pTsm + Tam > val(Cr, Cr, fon) = (P — 3)T5m + 3T6.m-
3(max{m +4,2m —1}) +2m — 1 > 3(2m + 4)
which is valid for m > 8.
For P, o Py, val(Py, Py, fin) = DYsm + Ys.m = val(Py, P, fon) = (0 — 3)Ys.m + 3Y6.m-

32m — 1)+ m+ LmT_QJ > 3(2m + 2)

-2
m—l—LmTJ >9

which is true for m > 7.
For C,, o P, val(Chy Py f1n) = DYsim + Yam = 0al(Chy Py fon) = (0 — 3)Ys.m + 3Y6.m-

3(2m — 1) +2m — 1 > 3(2m + 2)

which is true for m > 5.

Case 4 (n =4 mod 5,n # 19, f1,, = (4,[p]5), and f2,, = ([p — 4]5, [4]6))
For P, o C,, and C), o Cy,, we have 425 ., + T4 > 4T6.m
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4(max{m +4,2m — 1}) +2m — 1 > 4(2m + 4)

which is true for m > 11.

For P, o P,, and C,, o P,,, we have 4ys ,, + Ya.m > 4Ys.m

42m—1)+2m—1>4(2m +2) = 2m > 13
which is true for m > 7.

Case 5 (n =0 mod 5, fi,, = ([p]5), and f2,, = ([p — 6]5, [5]6))
For P, o C,, and C,, o C,,, we have

625m > BTgm = 6(2m — 1) > 5(2m +4) = 12m — 6 > 10m + 20 = 2m > 26

which is true for m > 13.
For P, o P,, and C,, o P,,, we have

6Y5.m > BYs.m = 6(2m — 1) > 5(2m + 2) = 12m — 6 > 10m + 10
which is true for m > 8.

Case 6 (n =19, fi, = (4,[3]5), and f2,, = (3,[2]5,6))
For P, o C,,,

—2
3(max{m+4,2m—1})+2m—1zz(zm—1)+2m+4+m+U”TJ

—2 -2
8m—427m+2+[mTJ:>m26+LmTj
that is true for m > 9.

For C,, o Cy,, val(Ch, Cr, f1n) = 3T5.m + Tam > val(Ch, Cr, fon) = 2T5.m + Tem + Tam-

max{m +4,2m — 1} > 2m +4

since there is no m satisfying the above inequality, tlcglfl is not defined.
For P, o P,

—9
3(2m—1)+2m—122(2m—1)+2m+2+m+LmTJ

-2 -2
8m—427m+LmTJ:>m—LmTJ > 4
that is true for m > 5.

For C,, o P,,,

32m—1)+2m—-1>22m—-1)+2m+2+2m—1
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8m—4>8m—1

since there is no m satisfying the above inequality, t%(fl is not defined. U

Proposition 5.3 Forn > 8 and m > 4, t,, 5 is given in Table 12

n mod 6 | t1§ [ 155 | thy | 155
0 * * * *
1 18 |18 |11 |11
2 19 | % 6 *
3 19 | % 6 *
4 * * * *
5! * * * *

Table 12: ¢, 3.
Proof. Case 1 (n =1 mod 6, f5, = ([5]5, [¢ — 4]6), and f4,, = ([¢ — 1]6,7))

For P, o C,, and C,, o Cy,, 5T5. > 3%6.m + T7m-

S(max{m +4,2m —1}) > 3(2m+4)+3m+1

From, 10m — 5 > 9m + 13, we have that ¢, 3 = 18.
For P, o P,, and C,, o P,,, we can write 5ys ., > 3Ysm + Y7.m- Thus

512m —1) > 3(2m + 2) + 3m

From, 10m — 5 > 9m + 6, we have that ¢, 3 = 11.

Case 2 (n =2 mod 6, f5,, = ([4]5, [¢ — 3]6), and f4,, = (3,5, [¢ — 1]6))
For P, o C,,, we have 4x5,, > 226, + T5.m + T3.m.
3(max{m + 4,2m — 1}) > 2(2m + 4) + m + max{2, [2]}. Thus
-2 -2
6m — 3 > 5m + 8+ LmTJ —m > 11+ LmTJ
is true for m > 19.
For C,, o C,,, we have 4x5 ., > 226 1, + T5m + Tam.
Since there is no positive m satisfying 3(2m — 1) > 2m — 1+ 2m — 1, t,, 3 is undefined for
this case.
For P, o P, we have 4ys5m 2> 2Ys.m + Ys,m + Y3,m-
32m —1) >2(2m+2) + m+ [2]. Then
m — 2 m— 2

6m—325m+4+LTJ:>m27+{TJ
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is true for m > 6.
For Cn o Pm7 we have 4y5,m Z 2y6,m + Ys,m + Ya.m-
3(2m —1) > 2(2m + 2) + 2m — 1. Since 6m — 3 > 6m + 3 is not true for any positive m,

tn,3 is undefined for this case.

Case 3 (n =3 mod 6, f5, = ([3]5, [¢ — 26), and [y, = (3,[q]6))
For P, o C,,, one has 3x5,, > 2%¢, + T3,m = 3(max{m +4,2m — 1}) > 2(2m +4) + m +
max{2, | "2 |}

m— 2 m — 2
6m—3z4m+8+m+LTJ :>m211+LTJ

that is true for m > 19.

For C,, o C,,, one has 35, > 226, + £4 = 3(max{m +4,2m —1}) > 2(2m +4) +2m — 1.
From 6m — 3 > 6m + 7, we conclude that ¢, 3 is undefined for this case.

For P, o P,,, one has 3ys ., > 2ys.m + Ys.m = 3(2m — 1) > 2(2m+2) + m + LmT_QJ

—9 9
6m—325m+4+[mTJ:>m+LmTj > 7

which is true for m > 6.
For C,, o P,,, one has 3ys.m > 2ysm + Yam = 3(2m — 1) > 2(2m +2) +2m — 1.

Since 6m — 3 > 6m + 3 is not true for any positive m, t, 3 is undefined for this case.

Case 4 (n =4 mod 6, f3,, = ([2]5, [¢ — 1]6), and f4,, = ([2]5, [¢ — 1]6))

Since fn3 = fna, tn3 is undefined for this case.

Case 5 (n =5 mod 6, f3,, = (5,[¢]6), and f4,, = (5,[¢]6))

Since fn3 = fna, tn3 is undefined for this case.

Case 6 (n =0 mod 6, f3,, = ([¢]6), and f4,, = ([q]6)).

Since fn3 = fna, tn3 is undefined for this case. O

Corollary 5.4 Forn >8 m > 4,G' € {C,, P,}, and G* € {C,,, P,,.}, it holds
(0al(GY, G2, f1,) , if m < min{tus, b}
val(GY, G2, fo)  if tuq is defined and t,; < m <t
val(GY, G2, f3.,,) , if tns is defined and t,2 < m < t,3

)

Ya(GY 0o G?) = (
UCLZ(Gl, G27 f4,n

. if m > max{t, s, tho}

\

Proof. For m > 4, the result is consequence of Theorem [4.11] and Propositions [5.1] to O
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6 Conclusion

One can determining the global defensive alliance number of a graph F = G' o G? for G! €
{C,,, P} and G* € {C,,, P,,} within a constant number of arithmetic operations.

For n < 7, the answer is obtained directly from Tables [l to 4l For instance, v,(Ps0C3) =7
due Proposition [0l and 7,(C5 o P3) = 5 due Proposition

For n > 8, consider as an example P50 (5. Since t;g = 13 (Proposition [5.1) and tfg =19
(Proposition [.3), Corollary [B.4] implies that v,(Pag © Ci5) = fz20 = val(Py, Cis, ([4]5)) =
4515 = 116. As another example, consider the graph Cygo Pys5. Since t5%5 = 8 (Proposition 5.1
and tg?]f is undefined (Proposition £.3]), Corollary (.4, implies that 7,(Ca 0 Pi5) = fi20 =
val(C, Pis, (3,5,[2]6)) = ya15 + Ys.15 + 206,15 = 29 + 29 + 2 % 32 = 122

For concluding, we remark that the four examples presented in this section show that the
only relation not contained in Corollary 44l indeed cannot be stablished because v,(Ps o C3) =

7> 5 ="7,(Cs 0 P3) and v,(Poy 0 Ci5) = 116 < 122 = ,(Cy 0 Pi5).
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