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Abstract

Given simple graphs Hy, Ho, ..., H., the Ramsey number r(Hy, Ha, ..., H.) is the
smallest positive integer n such that every edge-colored K, with ¢ colors contains a
subgraph in color 4 isomorphic to H; for some i € {1,2,...,¢}. The critical graphs
for r(Hy, Ha, ..., H.) are edge-colored complete graphs on r(Hy, Ha, ..., H.) — 1 ver-
tices with ¢ colors which contain no subgraphs in color ¢ isomorphic to H; for any
i€ {1,2,...,c}. Forny > mny > ... > n. > 1, Cockayne and Lorimer (The Ram-
sey number for stripes, J. Austral. Math. Soc. 19 (1975), 252-256.) showed that
r(n1Ka,noKsa,...,n.Ka) =ny + 14 i (n; — 1), in which n; K5 is a matching of size
n;. Using the Gallai-Edmonds T heorze_ril, we characterized all the critical graphs for

r(n1Ka,noKs,...,n.Ks), implying a new proof for this Ramsey number.
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1 Introduction

All graphs considered in this paper are finite and simple. For terminology and notation
not defined here, we refer the reader to Bondy and Murty [3].

An edge-colored graph is monochromatic if all its edges have the same color. Given
simple graphs Hy, H, ..., H., the Ramsey number r(Hy, Ho, ..., H.) is the smallest pos-

itive integer n such that every c-edge-coloring of K, (an assignment of ¢ colors to the
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edges of K,,) contains a monochromatic subgraph in some color i € {1,2,...,c} isomor-
phic to H;. A critical graph for r(Hy, Ho, ..., H.) is a c-edge-colored complete graph on
r(Hy, Ha,...,H.) — 1 vertices, which contains no subgraphs in color ¢ isomorphic to H;
for any ¢ € {1,2,...,c}.

Determining the value of classical Ramsey numbers seems to be extremely hard (see
[15] for a survey). But for multiple copies of graphs, Burr, Erdés and Spencer [4] obtained
surprisingly sharp and general upper and lower bounds on r(nG,nH) for fixed G, H and
sufficiently large n. They also showed that r(mKs,nKs3) = 3m + 2n when m > n, m > 2.
Hook and Isaak [8] made a conjecture on the critical graphs for r(mKs,nKs). Another

well-known result in this area is due to Cockayne and Lorimer [5].

Theorem 1 (Cockayne and Lorimer [5]). Forny >ng > ... >n. > 1,

c
T(anQ,nng, e ,nch) = N1 + 1 + Z(TLZ — 1).

i=1
This result has been generalized to complete graphs versus matchings by Lorimer and
Solomon [13], and to hypergraphs by Alon et al. [I]. For the Ramsey number of matchings,
Hook and Isaak [8] characterized the critical graphs for r(mKs, nKs) for m > n > 1. The
class of all critical graphs for r(niKs,naKs,...,n.K3) has not been determined yet.

Cockayne and Lorimer [5] gave a critical graph for r(n1 K2, n2 Ko, ..., n.Ks) which is a

C

c-edge-colored complete graph G on ny + > (n; — 1) vertices whose vertex set V(G) has ¢
i=1

parts Vi,..., V. such that |Vi| =2n1—1, |V;| = n;—1fori € {2,..., ¢}, and the color of an

edge e = zy in G is the maximum j for which {z,y} has a non-empty intersection with V;.
It is easy to see that G contains no monochromatic n; K5 in color i for any i € {1,2,...,c}.
Motivated by Cockayne and Lorimer’s result, in this paper we studied the structure of

the critical graphs for r(nq Ko, naKs, ..., n.K3) (see Figure [Il for an example).

Theorem 2. Forni >ne > ... > n. > 1, let G be a c-edge-colored complete graph with
C
order n > ny + Y. (n; — 1). If G contains no monochromatic n;Ks in color i for any
i=1
C
ie{l,2,...,¢c}, then n=mn1+ > (n; — 1) and the colors of G can be relabeled such that:
i=1

(a) V(G) can be partitioned into ¢ parts Vi, Va, ..., V., where |Vi| = 2n;—1, |V;| = n;—1,

and all the edges with ends both in V; have color i, fori € {1,2,...,¢c};
(b) all the edges with one end in Vi and the other end in V; have colori, fori € {2,...,c};

(c) all the edges with one end in V; and the other end in V; have color either i or j, for
{i,j} €{2,...,c}.
Bialostocki and Gyérfas [2] showed that Cockayne and Lorimer’s proof (there is a gap,
a missed case, in this proof) can be modified to give a more general result.
Theorem 3 (Bialostocki and Gyérfas [2]). forny >ne > ...>n.>1andn>ny;+1+
i(nz — 1), every c-edge-colored n-chromatic graph contains a monochromatic n;Ky for

1=1
some i € {1,2,...c}.



Figure 1: The structure of the critical graphs for r(n1Ky,noKo, ..., n.Ks).

As mentioned in [2], Zoltdn Kirdly pointed out that the n-chromatic graph version
result can be deduced from the complete graph version result. Here we will show that
Zoltan Kiraly’s method can work for more general graph classes. Let G be an edge-colored
graph with ¢ colors. If there is a partition {Vi, Va,...,V,} of V(G) such that E(V;,V;) # 0

(&
for i #jand n > n; + 14 > (n; — 1), then by identifying each V; to a single vertex v;
i=1
and deleting the multiplied edges, one can obtain a c-edge-colored complete graph on n
vertices, denoted by G*. It’s easy to see that each monochromatic n; Ko with some color

1 in G* corresponds to a monochromatic n; Ko with color i in G.

Corollary 1. Let G be an edge-colored graph with ¢ colors. If there is a partition
(&
{Vi,Va, ..., Vi} of V(G) such that E(V;,V;) # 0 for eachi # j andn > ni+1+) " (n;—1),
i=1
then G contains a monochromatic n;Ko for some i € {1,2,...,c}.

The proof of Theorem [2]is in Section 2. At the end of this paper, we remark a simple
application of Theorem [2L

2 Proof of Theorem 1

First, we will state the Gallai-Edmonds Theorem which plays an essential role in our proof.

Let M be a matching of a graph G with order n. Each vertex incident with an edge
in M is said to be covered by M. A mazimum matching of G is a matching that covers
as many vertices as possible. When n is even (odd), a perfect matching (near-perfect
matching) is a maximum matching of G which covers n vertices (n — 1 vertices). We call
G factor-critical if G — v has a perfect matching for each vertex v € G.

For a graph G, let D(G) be the set of vertices that cannot be covered by at least one
maximum matching of G, A(G) be the set of vertices that have neighbours in D(G), and
C(G) =V(QG)\ (D(G)U A(G)). The following Gallai-Edmonds Theorem is due to Gallai
[7] and Edmonds [6]. The current version of this theorem we used here can be found in
Lovész and Plummer [14] (pp. 94, Theorem 3.2.1). We call D(G), A(G), and C(G) the

Gallai-Edmonds decomposition of G (see Figure [2 as an example).



Theorem 4 (Gallai-Edmonds Theorem). For a graph G, let D(G), A(G), and C(G) be
defined as above. Then

(a) the components of the subgraph induced by D(G) are factor-critical;
(b) the subgraph induced by C(G) has a perfect matching;

(c) the bipartite graph obtained from G by deleting the vertices of C(G) and the edges
spanned by A(G) and by contracting each component of D(G) to a single vertex has
a positive surplus (as viewed from A(G), i.e., IN(S)| —|S| > 0 for each nonempty
subset S of A(G));

(d) if M is any maximum matching of G, it contains a near-perfect matching of each
component of D(G), a perfect matching of each component of C(G) and matches all

vertices of A(G) with vertices in distinct components of D(G);

(e) the size of a mazimum matching M is equal to 3(|V(G)|—w(D(G))+|A(G)|), where
w(D(GQ)) denotes the number of components of the graph spanned by D(G).

Since there exists no monochromatic n;Ks in color i in color class G (the subgraph of
G induced by all the edges in color i) for each i € {1,2,...,c}, we know that the matching
number (the size a maximum matching) of G’ is at most n; — 1. The Gallai-Edmonds
Theorem characterizes the structure of a graph based on its matching number. We will
deduce from the Gallai-Edmonds Theorem that each color class G* in G cannot have too
many edges. On the other hand, the union of these color classes have to cover all the edges
of G. Finally we characterize the structure of G, which also implies a new proof on the

value of r(n1 Ko, noKo, ..., n.Ks).

C
Proof of Theorem [2l Suppose that G has n > ny+ > (n; — 1) vertices and contains no

i=1
monochromatic n; Ks in color ¢ for any i € {1,2,...,c}. If n; = 1 for some 1 < i < ¢, then
G contains no edges with color ¢. We can ignore color ¢ in our discussion and there is no

influence to the conclusions. So we will assume nqy > ng > ... > n. > 2 in this proof.

Figure 2: The Gallai-Edmonds decomposition of the color class G*.



Let G1,G?,...,G¢ be the color classes of G. For each i € {1,2,...,c}, the matching
number of G* is at most n; — 1 since G contains no monochromatic n; K in color i. Let
C(GY), A(GY), and D(G?) be the Gallai-Edmonds decomposition of G* (see Figure [).
Denote the vertex sets of components in G*[D(G?)] by D1(G?), D2(G?) ... Dy, (G?). Let

, C(G Dp(GY) -1
= |a@h, dm:M, dik:M(Qi)‘forke{l,z...,ti}.
By the Gallai-Edmonds Theorem, a; +d;, +d;; +--- + diti is the mathcing number of G.

Since the matching number of G* is at most n; — 1, there holds

di, + d;; +"'+diti <n;—1-—a;.

The following inequalities give an upper bound on the number of edges with its ends
both in C(G?) or in D(G?), in which the third inequality can be checked by comparing the
size of a complete graph with order 2(d;, +d;; +--- + di;,) + 1 and the size of a subgraph
of it. We have
2d;,

i 2di1—|—1 2diti+1
(o) () e ()
2dlo—|—1 2d21—|—1 2dlt—|—1
(57 () e (1)

2Adig + diy + -+ diy,) +1
2
. <2(ni _ 12—a,~) + 1>.

Next, we give bounds on the number of edges incident with vertices in A(G?) which can
C

|B(GT[C(G)] + | B(GID(GY])] <

IN

(1)

IN

be partitioned into a; stars. There are ) a; such stars in total. Let H be the subgraph
i=1
of G with vertex set V(G) and edge set the union of the edge sets of these stars. Those
) C
vertices in V(G) —U¢_; A(G") form an independent set of size at least n— ) a; in H. Thus
i=1
H has at most (}) — ("722“2') edges. Together with the edges in G![C(G*)] and G'[D(G?)]

for 1 < i < ¢, we have an upper bound on the number of edges in UleGi which is a

complete graph with oder n:

O-CTF)2Cu =0 e

C
Note that n > ny + > (n; — 1 — a;). There follows
i=1

C

Zc: (2(71@- - 12— ai) + 1) B <” - Z; ai) . (nl + Zé(nzz —1- az‘)). 3)

i=1 2
For the convenience of discussion, let b; = n; — 1 — a; for 1 <14 < ¢. Then we have

i <2bi2+ 1> . (m +Zl b) @

=1 2



We will deduce the structure of G from the above inequality. Assuming b,, = max{by,bo,...,b.},
we get by, > 0 (otherwise () dosen’t hold since n; > 2) and 0 < b; < b, < n; — 1. For
b; > 0 and i # m, there holds b; < ny —1<n; —1+ny — 2, ie, bl;r?’ < ny. There holds

<2bi2+ 1> = (Z) b+ 1) + <bi ; 1)

b; b, +3
- by - by + b - 5
(2)+ L (5)

b;
< <2>+bi-bm+bi-n1.

The equality in (@) holds if and only if b; = b, and l’iT+3 = n1, which only holds when
ny=2and b; =b,, = 1.
The last inequality in the following can be checked by treating each item as the size of

(&
a subgraph of a complete graph with order n; + > b;. It follows from () that
i=1

L /2b;+ 1 2b,, + 1 c b; +1
(") =" = (%)
1=1 i=1,i#m

() E ]

i=1,i#m
C
<n1 + > bi)
< =1 .
2
The equalities in (@) hold if and only if b,, = n; — 1 and there exists at most one nonzero
b; with i # m.
By @) and (@), we get

ZC: <2bi2+ 1) _ (m +§1 b>

=1 2

C

Hence, the equalities hold throughout in inequalities (I)—(@). Thus n =ny + > (n; — 1)
i=1

and b, = n1 — 1. Since b,, = ny, — 1 — @, Ny, < N1, and a,, > 0, there holds n,, = nq

and a,, = 0. Hence we can switch the colors of G! and G™ to set m = 1. There are two

cases for the values of by, bo, ..., b,.
Case 1. blz’l’Ll—l, b2::bc:0
It follows that a3 =0, ag =no — 1, -+, a. = n. — 1. For ¢ = 1, since the equality

holds in inequality (1), there follows C(G1) = A(G') = () and G'[D(G')] = K2y, 1. Thus
G' =~ Koy, 1.

For i > 2, it follows from a; = n; — 1 that C'(G?) = (), and components in G*[D(G?)]
are isolate vertices. Recall that H contains the a; = n; — 1 stars in color ¢, i.e., H contains
G®. Moreover, H = LCJ G’ = K,\E(K2,, 1) (the complement of Ko,, 1 in K,). Thus G

i=2
has the required structure.



Case 2. n1:2,b1:b2:1,b3:---:bc:0.

It follows that ny = ng = --- = n, = 2 since 2 < n; < njy. For i # 1 and b; > 0, we
assume ¢ = 2 for convenience. Thusn =c¢+2,a; =a3 =0and ag = --- =a. = 1. By
(1), |[E(GY)| = |E(G?)| = 3, and thus G; = G2 = K3. Also by (1), G* UG? is isomorphic
to K4, a contradiction. O
3 Remark

Let K;,,_1 UK} be the graph obtained from K),_; by adding a new vertex v and joining v
to k vertices of K, 1. For n = r(Hy, Ha,...,H.), the star-critical Ramsey number is the
smallest positive integer & such that every c-edge-coloring of K,,_1 U K j contains a sub-
graph isomorphic to H; in color i for some i € {1,2,...,c}, denoted by r(Hy, Ho, ..., H.).
This concept was introduced by Hook and Isaak [§], who showed that r.(sKy,tK3) =t
for s > t > 1. The star-critical Ramsey numbers of other graphs have been investigated
in [8] [0, 10} [T} 12, 16, [17].

A (Hy,Hs,...,H.)-free coloring of K,_1 is a c-edge-coloring of K,_1 that contains no
subgraphs isomorphic to H; in color i for any i € {1,...,c}. Thus every critical graph for
r(n1Ko,noKos, ..., n.Ks) has an (n1 Ks,n9Ks, ..., n.Ks)-free coloring. By using Theorem
1, we get the following result on the star-critical Ramsey number of matchings.

C
Theorem 5. Forny >ng > ... >n. > 1, let ro(n1 Ko, noKs, ... ,n.Ko) = > (n;—1)+1.
i=2

Proof. For convenience, we let

C

c
n:=r(n1Ko,noKo,...,n.Ko) =n1 +1+ Z(nZ -1), m:== Z(nl —1).
i=1 =2

To show ry(n1Ko,noKo,...,n.Ko) > m+ 1, we give an (n1Ka,noKo, ..., n.Ks)-free
coloring of K, _1 U Ky ,,, which is constructed by a critical graph on n — 1 vertices as
defined in Theorem [2] and a vertex v with edges to each monochromatic K,,,_; colored by
iforie{2,...,c}.

Next we prove the reverse. Let G be an edge-colored K,,_1 U K1 ,,41 with ¢ colors,
H be the K,,_1 in G, and v be the center of the star K ,,41. By Theorem 2 either H
contains a monochromatic n; Ky and we are done, or H is a critical graph and contains
an monochromatic Ka,, 1 with some color, say color 1. In the following we assume that
H belongs to the latter case. Thus no edges incident to v has color 1 in G, or there is a
monochromatic njKs. So the colors of the edges incident to v belong to {2,...,c}. Note
that n — 1 —m = 2ny, there exists an edge uv with u € V(H?') (H'! is the monochromatic
Koy, —1 in H). Denote the color of wv by j (7 € {2,...,¢}). Then the edge uv and an

(n; — 1)-matching in H7 form an n;Ks with color j in G. The result follows. (|
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