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Abstract

We call a subgraph of an edge-colored graph rainbow subgraph, if all of its edges have
different colors. The anti-Ramsey number of a graph G in a complete graph K,,, denoted
by ar(K,,G), is the maximum number of colors in an edge-coloring of K, with no rainbow
subgraph copy of G. In this paper, we determine the exact value of the anti-Ramsey number
for star forests and the approximate value of the anti-Ramsey number for linear forests.
Furthermore, we compute the exact value of ar(K,,2Ps) for n > 8 and ar(K,, Sy ) for
large n, where S, 4 is the double star with p + ¢ leaves.
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1. Introduction
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Let G be a simple undirected graph. For z € V(G), we denote the neighborhood (the set of
neighbors of x) and the degree of = in G by Ng(x) and dg(z), respectively. The mazimum degree
and the minimum degree of G are denoted by A(G) and §(QG), respectively. For § # X C V(G),
G[X] is the subgraph of G induced by X and G — X is the subgraph of G induced by V(G)\ X. If
X = {z}, then G — X will be denoted by G — z for short. Given a graph G = (V, E), for any (not
necessarily disjoint) vertex sets A, B C V, let Eq(A, B) := {uv € E(G)|u #v,u € A,v € B}. A
star forest is a forest whose components are stars and a linear forest is a forest whose components
are paths. We use tG and G to denote t vertex-disjoint copies and the complement of G,

respectively. Given two vertex disjoint graphs G; and Gg, we denote by G + G2 the join of
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graphs G and (G, that is the graph obtained from G U G by joining each vertex of G; with

each vertex of Gs.

We call a subgraph of an edge-colored graph rainbow, if all of its edges have different colors.
Let G be a graph. The anti-Ramsey number ar(K,,G) is the maximum number of colors in
an edge-coloring of K, which has no rainbow copy of G. The Turdn number ex(n,G) is the
maximum number of edges of a simple graph on n vertices without a copy of G. The anti-Ramsey
number was first studied by Erdés, Simonovits and Sés [6]. They showed that the anti-Ramsey
number is closely related to Turan number. Since then, there are plentiful results in this field,
including cycles [1}, [I7], cliques [16, [19], trees [12 [13] and so on. See Fujita, Magnant and Ozeki
[7, 8] for an abundant survey. Among these results, almost the considered graphs are connected
graphs, and a few unconnected graphs are considered including matchings [4} [T1], vertex-disjoint

cliques [21]. In this paper, we will consider the cases that G is a star forest or a linear forest.
We mention some of the results, which are relevant to our work.

Jiang [12] and Montellano-Ballesteros [18] independently found the anti-Ramsey number for
stars.
Theorem 1. ([12],[18]) Forn >p+2 > 3,

{(p ;U”J n Lm—z—i- 1J < ar(Kp, Kips1) < {w +% {n—Zi;l%—lH '

By Theorem 1, ar(K,, K p) = L@J +1forn>3p+4andp>2.
Simonovits and Sés [20] considered the anti-Ramsey number for paths and obtained the
following result.

Theorem 2. ([20]) Let Py+1 be a path of length k > 2 and k = r ( mod 2),0 < r < 1. For

large enough n (n > %kz + C for some universal constant C'),
k k
i = (|51 (8 1

Let Qi denote the family of graphs that contain k vertex-disjoint cycles. Jin and Li [14]
computed the anti-Ramsey number for €2,.
Theorem 3. ([14]) For any n > 6, ar(K,, Q) = max{2n — 2,11}.

The Turdn number of t Ko was determined by Erdés and Gallai [5] as ex(n, tK9) = max{ (2t2_ 1),
(tgl) +(t—1)(n—t+ 1)} for n > 2t > 2. The anti-Ramsey number of matchings was first
considered by Schiermeyer [19].

Theorem 4.([19]) For n > 3t + 3 > 8, we have

ar(Kn,tKs) =ex(n,(t —1)Ky)+1=(t —2)n — <t ; 1> + 1.



Later, Chen, Li and Tu [4] and independently Fujita, Kaneko, Schiermeyer and Suzuki [7]
showed that ar(K,,tKs) = ex(n,(t —1)K2) + 1 for n > 2t + 1 > 5. The values ar(Ky,tKs) =
ex(2t,(t —1)Ka) + 1 for 2 < t < 6 and ar(Ky,tKs) = ex(2t,(t — 1)K2) + 2 for t > 7 were
determined in [4] and by Haas and Young [11], independently.

Gilboa and Roditty [9] considered the graphs with small connected components and proved
inductive results of the form “if ar(K,,G UtyPs) < f(n,to,G) for sufficiently large n, then
ar(K,,GUtP;) < f(n,t,Q) for sufficiently large n and ¢ > to, where s = 2 or 3.” These results
imply the following theorem.

Theorem 5. ([9]) For sufficiently large n,

(1) ar(Kyp,PsUtP) = (t—1)(n— &)+ 1 fort > 2;

(2) ar(K,, Py UtPy) = t(n — %) + 1 for t > 1;

(3) ar(K,,Cs UtPy) =t(n — S) +1 for t > 1;

(4) ar(K,,tP3) = (t —1)(n — &)+ 1 fort > 1;

(5) ar(Kpn, Pes1 UtPs) = (t+ |5] = 1)(n — %) + 14 (k mod 2) for k>3 and t > 0;
(6) ar(Kp, P, UtPs) = (t —1)(n — 3) + 2 for t > 1;

(7) ar(Kp, kPy UtPs) = (t +k —2)(n — BE=L) + 1 for k> 2 and t > 2.

The Turdn number of star forests and linear forests are considered by Lidicky, Liu and
Palmer [15].

Theorem 6.([15]) Let F = \J!_, K1, be a star forest and py > py > --- > p; > 1. Forn
sufficiently large,

ex(n, F) = 112%{(1‘ —n— <;> + V";l(n—w 1)J }

Theorem 7.([15]) Let F = Ule P, be a linear forest, where k > 2 and p; > 2 for 1 < i < k.
If at least one p; is not 3, then for n sufficiently large,

7| - 1> o (Bl v

where ¢ =1 if all p; are odd and ¢ = 0 otherwise.

ex(n,F) = (

7

In Sections 2 and 3, we generalize Theorem 5 by considering the anti-Ramsey number of star

forests and linear forests, respectively.

Theorem 8. Let F' = Ule Ky, be a star forest, where p1 > 3, p1 > pa > --- > p > 1. Let
s=max{i:p; >2,1<i<t}. Forn>3t*(py +1)?, we have

ar(Kn,F):max{lrg?gs{(i—l)n— (;) + V)i;2(n—i+1)J +1},(t—2)n— <t;1>+r},

where r =1 if pr_1 =1 and v = 2 otherwise.




Theorem 9. Let F = Ule P, be a linear forest, where k > 2 and p; > 2 for 1 <i < k. We

have
k

ar(Kp, F) = <Z L%J - e> n+0(1),

i=1
where € = 1 if all p; are odd and € = 2 otherwise.

We get the approximate value of the anti-Ramsey number for linear forests by Theorem 9
and it would be interesting to determine the exact value. Bialostocki, Gilboa and Roditty [2]
and independently Gorgol and Gorlich [10] showed that ar(K,,2P;) = max{n,7} for n > 6.
Gorgol and Gérlich showed that ar(K,,3P3) = 2n — 2 for n > 13. In Section 4, we will use

Theorem 3 to compute the exact value of ar(K,,2P;) for n > 8.
Theorem 10. For any n > 8, ar(K,,2P;) = max{2n — 2, 16}.
Another motivation of this paper is the following conjecture of Gorgol and Gorlich [10]:

Let G be a connected graph on ng > 3 vertices and t > 1, then for large n,
t
ar(K,,tG) = (t — 1)n — <2> +ar(Kp—t4+1,G)

if and only if G is a tree.

Statement (4) in Theorem 5(4) and Theorem 8 show that this conjecture is true for P3 and
K, (p > 3), respectively. However, from Theorem 9, some simple calculation shows that this

conjecture fails for P, [ > 4.

Actually, for an arbitrary tree T}, with k edges, it is difficult to determine the (approximate)
value of ar(Kp,Ty). Jiang and West [L3] showed that for n > 2k,

k—2
{TJ g +0(1) < ar(Ky, Tp) < (k — 1)n.
The upper bound comes from the well-known bound of ex(n,T;) < (k—1)n. Erdés and Sés gave

the following conjecture.

Conjecture 1.
k—1
ex(n,Ty) < —

If Conjecture 1 is true (Ajtai, Komlds, Simonovits, Szemerédi announced it for large k),
then the upper bound of ar(K,,Ty) can also be reduced to %n Also, Jiang and West [13]

conjectured that:

Conjecture 2.

ar(n,Ty) < n+ O(1).

Notice that if T} is a star or a path of even length, then ar(n,Ty) = k—fn + O(1).

The double star S, 4, where p > q > 1, is the graph consisting of the union of two stars K
and K 4 together with an edge joining their centers. In Section 5, we compute the anti-Ramsey

number of double stars.



Theorem 11. For p > 2,1 < q <p and n > 6(p? + 2p), we have

en 11 1<g<p—1;

lp(ng_l)J + 17 q=Dp-

ar(Ky, Spq) = {

Notice that if we take T}, = Sp,_1, then we have ar(K,,T)) = [552]2 + O(1).
This paper is organized as follows. In Section 2, we give the proof of Theorem 8. The proof
of Theorem 9 will be given in Section 3. The proof of Theorem 10 will be given in Section 4.

The proof of Theorem 11 will be given in Section 5. Finally we will give a conjecture in Section
6.

Notation: Given an edge-coloring ¢ of G, we denote the color of an edge uv by c(uv). We
denote the number of colors by |c|. For any v € V(G), let C(v) := {c(vw)|w € Ng(v)} and
d.(v) := |C(v)|. Let H be a subgraph of G. Denote C(H) = {c(uv)|uv € E(H)}. A color a is
stared (at x) if all the edges with color a induce a star K, (centered at the vertex x). We let
d°(v) = [{a € C(v)|a is stared at v}|. A representing subgraph in an edge-coloring of K, is a
spanning subgraph containing exactly one edge of each color. In the rest of this paper, we will

use V to denote the vertex set of K, for short.
2. Star forests

In this Section, we use the idea of [9] to prove Theorem 8.

Theorem 8. Let F' = Ule Ky, be a star forest, where p1 > 3,p1 > p2 > -+ > p > 1. Let
s=max{i:p; >2,1 <i<t}. Forn>3t3(p; + 1),

ar(Kp, F) :max{lrglagxs{(i—l)n_ (;) n {pi;2(n—z’+1)J +1},(t—2)n— (t; 1> H},

where r =1 if pr_1 =1 and v = 2 otherwise.

Proof. For 1 <1i <s, we color K,, as follows. We color K; 1 +Fn_i+1 rainbow and color K, ;1
with new ar(K,,—;+1, K1 p,) colors without producing a rainbow copy of Kj p,. In such way, we
use exactly (1 —1)(n—i+1)+ (251) +ar(Kp—iy1,K1p,) = (G —1)n— (;) + Lpi2_2(n —i+1)]+1

colors. Since any rainbow K7, (1 < j <) contains at least one vertex of V(K;_1), we do not

obtain any rainbow U;'=1 K p;. Also, we do not obtain any rainbow F.

For another lower bound, it is enough to consider the case t > 3. If p,_1 = 1, then F' D tKs.
By Theorem 4, we have

ar(Kp, F) > ar(K,,tKs) = ex(n,(t = 1)K2) +1 = (t — 2)n — (t ; 1> ey

If pp—1 > 2, we have F' D (t — 1)K 2 U P,. By Theorem 5(6), we have

ar(Kp, F) > ar(Kp, (t — 1)K1 5 U Ky) = (£ — 2)n — <t ; 1> +2.



Now we consider the upper bound. If £ = 1, then the result holds obviously by Theorem 1.
Suppose t > 2. Let

f(n, F) :max{g%{(i_nn— (;) + {pi2_2(n—i+1)J —|—1},(t—2)n— (t;1> —I—r}.

By Theorems 4 and 5 (statements (1), (4), (6), (7)), we have

(k+1-2n— (") +1,k>0,1>2
ar(Kn, kK12 UIK1 1) = (k—1)n—(5) +2, k> 1,1 =1; (*)
(k—ln—(5+1,k>11=0.

Let ¢ be any edge-coloring of K,, using f(n,F) + 1 colors. We will find a rainbow F by

considering the following two cases.
Case 1. There is some vertex vy € V such that d.(vo) > S0 pi +t.

Choose some color ¢y. Consider an edge-coloring ¢ of K,, — vg: (e) = c(e) if c(e) ¢ C(vp);
else ¢ (e) = ¢p, where e € E(K,, — vp).

Claim 1. There is a rainbow copy of F' — K ,, in K,, — vy with respect to .

Proof of Claim 1. We consider the following two subcases.

Subcase 1.1 ps < 2.

In this subcase, we have F' — K, = (s — 1)K 2 U (t — s)K;,1 and

f(n, F) :maxﬂplfnJ +1,(s—1)n— <;> +1,(t—2)n — <t;1> —i—r}.

If F — Ki,, = Ki,1, then the result holds obviously. Suppose F' — K1 ,, # K1,1. Then

Id| > f(n,F)+1—(n—1)

Zmax{(s—l)n—<;>+1,(t—2)n—<t;1>+7‘}+1—(n—1)

:max{(s—Z)(n—l)—<8g1>—|—1,(t—3)(n—1)—<t;2>+r}—|—1

> CL?"(Kn_l, F— Kl,pl) —+ 1,

by (*). Thus there is a rainbow F — K1 ,, in K,, — vy with respect to ¢.
Subcase 1.2 py > 3.

In this subcase, we have
Id| > f(n,F)+1—(n—-1)> f(n—1,F —Kip,) + 1 =ar(K,—1,F — K1,,) + 1.

By induction hypothesis, there is a rainbow F — K1 ,, in K,, — vy with respect to ¢’. [

By Claim 1, there is a rainbow F'— K ,,, in K, —v with respect to ¢ (also respect to ¢). Since
de(vg) > 21;:1 p;+t, we are surely left with at least p; edges, say vow1, vows, . . . , vowp, , such that
Wi, Wa, ..., wy, ¢ V(F — Kjp,) and c(vowr), c(vows), ..., c(vowy,) ¢ {c(e)|le € E(F — Ky p,)}.
By adding such p; edges to ' — K1 p,, we get a rainbow F.



Case 2. d.(v) <! pi+t—1forallveV.

By induction hypothesis, K,, clearly contains a rainbow F'— K ,,. Assume, by contradiction,
that K, does not contain a rainbow F. Let G be a representing subgraph of K, such that
E(F — K1,,) € E(G). Then we have |E(G)| = f(n,F) + 1 and dg(v) < St pi +t — 1 for all
vel.

Let W =V — V(F — Ky ,,). Since dg(v) < Y'_ pi+t—1forall v € V(F — Ky ,,) and
G[W] does not contain a copy of K ,,, we have

|E(G)| < [Eq(V(F = Kip,), V)| + [E(GW])]

t—1 t .
S (Zpi—i-t— 1)(Zpi+t_ 1) + (pt_l)[n_(%izlpi“‘t—l)]

sz t_l pt2_1

We will finish the proof by considering the following two subcases.
Subcase 2.1 p; = 1.

Since p; > 3 and p; = 1, we have

3

t
(Cpitt =12 21B(Q) = S F) 12 | P 22 e,

a contradiction with n > 3t%(p; + 1)2.
Subcase 2.2 p; > 2.

In this subcase, we have s =t and

sz t—l —1—

t
(t—1)n <2> ¥ {
Qi+p—4n  (E=1D(pi+t-2)
2 2
Tz_g[(xlepi +t—1)2+ (- 1)(p; +t—2)], a contradiction with n >
3t2(p1 + 1)2. O

L0 > |BG)] = f(n, ) +1

n—t—i—l)J +2

>

Thus we have n <

3. Linear forests

First, we have the lower bound of the anti-Ramsey number for linear forests.

Proposition 1. Let F' be a linear forest with components of order p1,ps,...,pr, where k > 2
and p; > 2 for1 <i<k. Letn > Zle p;. Then we have

k
S g —2 1
ar(Kn,F)zmaX{< 2212]9 )—i—l,sn—(S—; )—i—r},

where s = Zle |5 — € e=11if all p; are odd and € = 2 otherwise; r = 2 if exactly one p; is

even and r = 1 otherwise.



Proof. For the first lower bound, we choose a subgraph K £ pi—2 and color it rainbow. Then

koo
we use one extra color to color the remaining edges. In this way, we use exactly (Zi:lf ¢ 2) +1

colors and do not obtain a rainbow F'.

For the second lower bound, we color K + K,_, rainbow and color the edges of K,,_, with

r new colors. Every copy of F in K, have at least (r + 1) edges in K,,_s. In this way we do not

obtain a rainbow F and use exactly s(n —s) + (5) +7 = sn — (*3') +r colors. O

If all the components of the linear forest are even paths or odd paths, we can get the following

corollary from Theorems 2 and 7.

Corollary 1. Let F' be a linear forest with components of order pi,ps,...,pr, where k > 2 and
p; > 2 for 1 <i <k and n sufficiently large. Let s = Zle L%J — 2. If all p; are even, we have

1 1
n—(s—; >+1§ar(Kn,F)§sn—<S—g >+2.

If all p; are odd, we have

ar(Kp, F) = (s + 1)n — (S f; 2) +1.

Proof. The lower bound is due to Proposition 1.

For the upper bound, when all p; are even, by Theorem 2,
1
ar(Kn, ') < ar(Ky, P ]311%) =sn — (S—; > + 2.

When all p; are odd, if p; = po = -+ = py, = 3, by Theorem 5(4), ar(K,, F) = ar(K,,kP3) =
(k—1)n— (g) + 1. If at least one p; is not 3, by Theorem 7,

ar(Kp, F) < ex(n, F) = (s + 1)n — (S N 2) b1

2
O
It is enough to consider the linear forests with at least one even path.
Theorem 12. Let F be a linear forest with components of order pi,ps,...,pr, where k > 1,

p; > 2 for 1 <i <k and at least one p; is even. Then

k
ar(K,, F) = (ZL%J - 2) n+0(1).

Proof. By Proposition 1, we just need to show the upper bound. We will use the idea of [20] to

prove it. The following results of Erdés and Gallai [5] will be used in our proof.

r—2
2

(a) ex(n, P,) <

5



0)  exn (Crr. Cron ) < TEZ1,

Since we can regard the union of even paths as the subgraph of one long even path (see Corollary
1), we just need to prove the upper bound is correct for linear forest with exact one even path and
some odd paths. So we assume that F' = Py, U Poy; 41U Py 1 U---U Py, 41, where s > 1,k > 1
and tp > tgp_q1 > - >t > 1. Let s+t1 +ta+ -+t = m. In this proof, we just consider
the case s > 6. The case s < 6 can be proved by the similar arguments but need to distinguish

more cases as in [20].

Consider an edge-coloring of K, with ar(K,, F') colors such that there is no rainbow F.
First we take a rainbow path P, = ujus .. .u; with maximum length. If [ > 2m + k, we can get a
rainbow F', a contradiction. By Proposition 1 and Theorem 2, ar(K,,, F') > ar(K,, Py,—1)+1 for
large n, which implies there is a rainbow Ps,, 1. Hence we assume that 2m—1 <[ <2m+k—1.
Take a representing subgraph G of K,, such that P, C G. Then |E(G)| = ar(K,, F'). We would
partition V' \ V(P,) into three sets Uy, Uy and Us as follows:

Uy Us Us

U, is the subset of vertices of V' \ V(P;) which are not jointed to P, at all: neither by edges
nor by paths;

Us is the set of isolated vertices of V' \ V' (F;) which are jointed to P, by edges;

Us =V \(V(P)UULUUy).

Claim 1. |E(G[U4])| < (m — 2)|Uy|.

Proof of Claim 1 We first prove that there is an PogU Py, 41U. . .UPsy, 11 i Pog o4+ 421, —1U
Pss o4, +..42t,—2 by induction on k. The base case k& = 1 is correct since Pos U P41 C
Pyg 011U Pogyo—2. Suppose the statement holds for £ — 1. We divide Pysio4,+..42¢,—1 and
Pas oty +.. +ot,—2 respectively into two parts Posyo 4. 42t —1, Por, and Pasioty . 421, —2, Pory. -
We can find an Pos U Poy 1 U ... U Poy, 41 in Pogyop+ 491, —1 U Pasyor +..42t, ,—2 by in-
duction hypothesis. Since (2s + 2t; + ... + 2tp—1 — 1) + (2s + 261 + ... + 2t — 2) >
25+ (2t1 + 1) + ... 4+ (2ty—1 + 1), there is at least one vertex of either Pygyos 4. 421, ,—1 OF
Pos ot 4. 421, ,—2 which is not used in Pos U Poy, 41 U ... U Py, 11. Hence, we can find an
Py U Poyy 41U ... U Py, 11 in the original two long paths.

Since G contains no F, G[U;] contains no Py,_2 by the statement above. Thus |E(G[U])| <
(m = 2)|U1] by (a). »



Claim 2. {v €Uy :dg(v) >m—1}| < (m—l—k‘)(m 1)

Proof of Claim 2 It is obvious that Ng(v) C V(P) \ {u1,w;} for all v € Us. Suppose
Hv € Ug : dg(v) > m — 1} > (m + k) (72__21) + 1. Note that there are (rln—_21) subsets of order
m—11in V(F;)\{u1,w}. By Pigeonhole Principle, there are A C V(BP)\{u1,w;} with |[A| = m—1
and B C Uy with |B| = m + k + 1 such that A C Ng(v) for any v € B. So there is a rainbow
Ky —1,m+k+1- By adding one edge whose endpoints are in the large part of K,,_1,tr+1 to

Ky~ 1,m+k+1, we can find a rainbow F', a contradiction. n
The following claim 3 is Lemma 1 in [20]. We include the proof for the sake of completeness.
Claim 3. |E(G[Us])| + |Eq (P, Us)| < (m — 2)|Us].

Proof of Claim 3 Take a component H of G[Us] and denote by r the length of the longest
cycle of H. If H is a tree, let r = 2. By (b), we have |E(H)| < Mz)‘_l) For any v €
V(H), we can find an P, in H starting from it. Hence, uq,...,u, and w_,41,...,u cannot
be joined to v. Otherwise, there is a rainbow P11, a contradiction. For any three consecutive
vertices {u;, w;j+1,u;t2}, there is no two independent edges in Eq({u;, wiy1,ui+2}, V(H)) by the

maximality of ;. Hence, we have

r(VED)| -1) | 1-2r 2 I+1

|E(H)| + |Eg (R, H)| < 5 5 IVH)| < —=[V(H)].

3
Adding all the components of G[Us] up, we get |E(G[Us])| + |Eq (P, Us)| < +T|U3|' Note that
I <2m+k—1. Since s > 6, m > s+ k > 6 + k which implies |E(G[Us])| + |Ec(P;,Us)| <
(m - 2)’U3‘ ]
By Claims 1, 2 and 3, we have
ar(Kn, F) = |[E(G)| = [E(G[P])| + |E(G[U1])| + |Ec(Uz, B)| + |E(G[Us])| + |Ec(Us, P)|

<l> + (m — 2)|Uy| +(l—2)(m+k)<l _21> + (m — 2)|Us| 4 (m — 2)|Us]

< <;>+ (1 —2)( m+k:)<nll__21>+(m—2)(n—l)
(m — 2)n + O(1).

IN
N

By Corollary 1 and Theorem 12, we can get Theorem 9.
4. The exact value of ar(K,,2FP;)

In this Section, we will prove Theorem 10. We denote the complete graph on n vertices

minus one edge by K, . The following fact is trivial.

Fact 1. Let n > 8. If there is an edge coloring of K,, using 17 colors such that there is a

rainbow Kg or Ky , then there is a rainbow 2P;.
We first prove the following lemma.

Lemma 1. ar(Ks,2P;) = 16.

10



Proof. By Proposition 1 in Section 3, we just need to show the upper bound. Consider an
17-edge-coloring ¢ of Kg. Suppose there is no rainbow 2P, in Kg. By Theorem 3, there must
be a rainbow C) U (). Assume that ¥ < [. Then k£ = 3. Let 177 = C3 = x1x00371 and
To = Cy = y1...y1y1. We choose a representing subgraph G such that G D T3 UT,. We just
need to consider the following three cases.

Case 1. [ =5.

We claim that c(zy) € C(Ty U Ty) for all x € V(T1) and y € V(T3). Otherwise, say
c(x1y1) ¢ C(Th U Ty), then xoxsxi1yr U yaysysys is a rainbow 2Py, a contradiction. Then the
total number of colors is at most 3 + (‘;’) = 13 < 17, a contradiction.

Case 2. | = 4.

Let the remaining vertex be z. We have ¢(x12) = c(zaoz3); otherwise there must be a rainbow
2Py in Ty UTy U {x;z}. Similarly, we have c(x22) = ¢(x123) and c(z3z) = c(z122). Now we have
four rainbow Cj’s: C’% = T1XoT3T1, C’g = 2T9T3%, C’g’ = zx1x9%7 and C’gl = zx1r3x12. If there
are u € {z,x1,x2,23}, say u = z, and 1 < j < 4, say j = 1, such that c¢(zy1) # c(zy2) and
c(zy1), c(2y2) ¢ C(C3 UTy) then we have a rainbow Ci and a rainbow Cs = y1292y3y4y1 and
the situation is the same as Case 1. Hence we have |Eg(u,T3)| < 2 for any u € {z,x1,x2,x3}.
Then 17 = |E(G)| <3+ 4 x2+ (‘21) = 17, which means G[V (T3)] = K4 and |Eg(u,T2)| = 2 for
any u € {z,x1,2z2,23}. Thus we can find a rainbow 2Py, a contradiction.

Case 3. | = 3.

Let the remaining vertices be z1,2z9. By Case 2 and G containing no rainbow 2P,, we have
|Ec({z1, 22}, Th1UT3)| < 2 and then |E(G[V (T1UT3)])| > 17—2—1 = 14. Thus G|V (T1UT»)] = K

or Kz and we can get a rainbow 2P, by Fact 1, a contradiction. O

Now we will complete the proof of Theorem 10.

Theorem 10. For any n > 8, ar(K,,2P;) = max{2n — 2,16}.

Proof. By Proposition 1, we just need to show the upper bound. We will prove it by induction
on n.

Consider an (2n — 1)-edge-coloring of K, for n > 9. Suppose there is no rainbow 2P;. By
Theorem 3, there is a rainbow C,UC). Assume that k <[. Then k = 3. Let T1 = C3 = x1297321
and To = C; =y ... yy1. We finish the proof by considering the following four cases.

Case 1. 4<[<n-5.

In this case, there are at least two vertices 21,29 ¢ V(11 UT,). Since there is no rainbow
2Py, we have c(z12;) = c(xax3), c(x22;) = c(z123) and c(x3z;) = c(x1x2) for i = 1,2. But we
can have a rainbow 2P, whatever the color of z1z is, a contradiction.

Case 2. [ =n —4.

Let V(K,)\V(T1UT,) = {z}. Since there is no rainbow 2P;, we have that c(z12z) = c(zox3),
c(xz) = c(r123), c(x32) = c(x122), c(2y) € C(T1 UT) for all x € V(T1) U{z} and y € V (T5).
By Case 1, we can assume that c(y;y;) € C(T1 U Ty) for all y;,y; € V(12). Hence the total

11



number of colors is at most 3+n —4 =n —1 < 2n — 1, a contradiction.

Case 3. | =n—3.

Since there is no rainbow 2P;, we have that c(xy) € C(Ty U T3) for all x € V(T}) and
y € V(T3). By Case 1 and Case 2, we can assume that c(y;y;) € C(T1UT3) for all y;,y; € V(T2).
Hence the total number of colors is at most 3+ n —3 =n < 2n — 1, a contradiction.

Case 4. [ = 3.

In this case we will consider the following two subcases. We choose a representing subgraph
G such that G D Ty U T5.

Subcase 4.1 n = 9.

If there is a vertex vg such that d°(vg) = 0, then K9 — vy uses exactly 17 colors and there
is a rainbow 2Py in K9 — vg by Lemma 1. Hence we have d°(v) > 1, for all v € V(Ky). Thus
0(G) > 1.

Let Z = V(Ko) \ V(T1 UTy) = {#1, 22, 23}. We claim that |Eg(z;,Ts)| < 1forany 1 <j <3
and 1 < s < 2. Otherwise G contains an C3 U C4 and the situation is the same as Case
1. If there are z; € Z and s € {1,2} such that |Eg(z;,Ts)| = 1, then |Eqg(z,13)| = 0 for
any z € Z \ {z} and t € {1,2} \ {s} by G having no 2P;. If Eg(Z,Th1 UT5) = 0, then
|E(G[V(T1UTy)])| = 17— |E(G[Z])| > 17—3 = 14 which implies G[V (T1 UT3)] = K¢ or K and
there is a rainbow 2P; by Fact 1, a contradiction. Hence we have Eg(Z,Ty UT5) # (. Assume
z1z1 € E(G) and we will consider the following two subcases.

Subcase 4.1.1 Eg(Z,Ty) = (.

Recall 2121 € E(G) and |Eg(zj,T1)| <1 for any 1 < j < 3. If there is z € {29, 23} such that
212 € E(G), then Eg({z2,23},T2) = 0 which implies |E(G)| < 15, a contradiction. Hence we
have |E(G[Z])] < 1 and then |E(G[V(Th UTy)])| > 17 — 3 = 14. Thus G|V (11 UT3)] = Kg or
K and there is a rainbow 2P, by Fact 1, a contradiction.

Subcase 4.1.2 Eq(Z,Ty) # 0.

In this case, we have |Eq(Z, Ty UTs)| = |Eg(z1,Th UTs)| = 2 and assume z1y; € E(G).
If Eg(21,{22,23}) # 0, say 2120 € E(G), then Eg(T1,Ty) C {x1y1}. Hence |E(G)| < 12, a
contradiction. So we have Eq(z1, {22, 23}) = ), which implies 2923 € E(G) by 6(G) > 1. Thus
|E(G[V(T1 UT)])| =17 =3 =14 and G[V(T1 UT»)] = Ky . We can get a rainbow 2P, by Fact
1, a contradiction.

Subcase 4.2 n > 10.

If there is a vertex vy such that d°(vg) < 2, then K,, —vg uses 2n —1—d(vg) >2n—1—-2 =
2(n — 1) — 1 colors and we get that K,, — vy contains a rainbow 2P, by induction hypothesis, a
contradiction. So we assume that d°(v) > 3 for all v € V(K,,). Thus §(G) > 3.

Let Z =V(K,)\V(ThUT,) = {z1,22,...,2n—6}. Since G contains no rainbow 2P, we have
that if there are z € Z and s € {1,2} such that Eg(z,Ts) # 0, then Eg(2',T;) = 0 for any
2 e Z\{z} and t € {1,2} \ {s}.

Subcase 4.2.1 Eq(Z,T1) # 0 and Eq(Z,T3) # 0.
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In this case, there is exactly one vertex in Z, say z1, such that Eg(21,T1), Eg(z1,T2) # 0
and Eg(Z\{z1},T1UTy) = 0. Since dg(v) > 3, G[T1 UT> U {2 }] contains a cycle with length at
least 4 and G[Z \ {z1}] contains a cycle of length at least 3. Then we can have a contradiction
by Cases 1 to 3.

Subcase 4.2.2 Eq(Z,T1) =0 or Eg(Z,Tz) = 0.

Assume that Eq(Z,T1) = 0. By Case 1, we can assume that |Eg(z,T5)| < 1 for any z € Z.
Then 0(G[Z]) > 2 and there is a cycle in G[Z]. Since dg(z;) > 3, we have |Eg(x;, T2)| > 1 for
any 1 < ¢ < 3 and there is a cycle with length at least 4 in G[T} U T3]. Then we can have a
contradiction by Cases 1 to 3. O

5. Double stars

The following Lemma 2 is an extension of Theorem 1. The idea of the proof is the same as

the idea used in [12]. We include the proof for the sake of completeness.

Lemma 2. Let V(K,) = {vi,v2,...,vn}. For 1 < p; <py <--- < p, < %, the marimum

number of colors of an edge-coloring of K, such that d.(v;) < p; for any 1 < i < n is at most
Z?:Epi_n + 1.

Proof. Let ¢ be an edge-coloring of K, such that d.(v;) < p; for any 1 < i < n. Let G be a
representing subgraph of K,. Then dg(v;) < d¢(v;) < p; for 1 <i < n and |E(G)| = |c|]. Write
V =V(G) = V(K,). Let S ={v; € V :dg(v;) =p;}. If S =0, then dg(v;) < p; — 1 for
1 <7 <n and hence

> i1 da(vi) < Yialpi—1) Yl pi—n

e = 2 = 2 - 2

and we are done. Hence we may assume that S # (). For v € V, let Cg(v) be the set of

colors used on the edges incident to v in G. Clearly, we have Cg(v) C C(v) for all v € V' and

Ci(v) = C(v) for v € S. Particularly, {c(uv)} = C(u) N C(v) = Cq(u) N Cq(v) for u,v € S.
Claim 1. G[S] is a clique.

Proof of Claim 1. Let u,v € S. Since c¢(uv) € C(u) NC(v) = Cg(u) N Ca(v), uwv € E(G).
Hence GIS] is a clique. ]

Claim 2. Let u,v € S and w € V — S. If ¢(uw) = c¢(vw), then c(uw) = c(vw) = c(uv).
Proof of Claim 2. Since c(uw) = c(vw) € C(u) N C(v) = Cq(u) N Cq(v) = {c(uv)}, we

have c(uw) = c(vw) = c(uw). ]
Claim 3. Let u € S,v ¢ S and uv ¢ E(G). Then c(uv) ¢ Cq(v).

Proof of Claim 3. Suppose c¢(uv) € Cg(v). Since u € S, we have c(uv) € Cg(u). Hence
c(uv) € Cg(u) N Cg(v) which implies uv € E(G), a contradiction. ]

Claim 4. For all v; ¢ S, dg(v;) < p; — \S\Ng(vi)\_

Proof of Claim 4. Let S\ Ng(v;) = {u1,ug,...,ux}. By Claim 3, c¢(ujv;) ¢ Cq(v;) for
all 1 < j < k. Furthermore, by Claim 2, if c(u;v;) = c(uv;), then c(ujv;) = c(wv;) = c(ujug).

13



This implies that no three edges in the set {ujv;, ugv, ..., urv;} have the same color; otherwise,
by Claim 1, G[S] would contain a monochromatic triangle, a contradiction. Hence at least %
distinct colors are used on the edges v;ui, v;ug, - -+ ,v;ug, and those colors are not in Cg(v;). So
|C'(vy)| > |Cq(v;)] —|—§ =dg(v;) + % Since |C(v;)| = d¢(v;) < p;, we have dg(v;) +§ < p;, which
yields dg(v;) < pi — & = p; — gLl .
By Claim 4, we have

n

D da(vi) =Y da(vi) + > da(vi)

i=1 v; ES vi ¢S
<> Pty < ’S\NG(vz)\>
vleS v ¢S
_ sz %: |S\NG v;)|
v; &S

Notice that 3_, 2 [S \ Ne(v;)| counts exactly the number of non-edges in G between S and
V\'S. We have 3_, »¢ [S\ Na(vi)| = 3_,,e5(n — 1 —p;). Hence,

- - ZU' (n_l_pl)
;dg(vi)g;pi—n—l—n— i€5 5 .

On the other hand, for v; ¢ S,dg(v;) < p; — 1. Hence, we have

dodaw) <D pi+ Y (pi—1) <Y pi—n+|9.
i=1

v €S v; ¢S i=1

We have

> dofe) £ Yopi- i {150~ Zues p>}.

Z'u GS( —-1- pl

Since n > 3py,, we have min{|S|,n — } < 2. Therefore,

Z?:l da(vi) < Z?:l pi—n
2 - 2

le| = + 1.

Now we will prove Theorem 11.

Theorem 11. For p > 2,1 < ¢ < p and n > 6(p? + 2p),

[esn ) 1 1<g<p—1;
I_p(n2_1)J +17 q=Dp.

ar(Kp, Spq) = {

Proof. If 1 < g <p—1, we have

CLT‘(Kn,Spg) > aT(Kn,Kl,p—l—l) = \‘MJ + 1.
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When g = p, we color the edges of K,, as follows. We color K ,_1 rainbow and color K,_; with

new ar(K,_1, K, p) colors without producing a rainbow K ,. In such way, we use exactly

colors and do not obtain a rainbow S, ,,.

Now we consider the upper bound. Let

g(n,p, Q) = p(n—1) (1)

— ]+ 1, q=p

{U”‘j’"JJrl,léqu—l,
I

Let ¢ be any edge-coloring of K, using g(n,p,q) + 1 colors. We will find a rainbow S, , by
considering the following two cases.

Case 1. There is some vertex vy such that d.(vg) > p + 2q + 1.

Let U = {v € V' \ {vg} : the color ¢(vgv) is stared at vg}. Consider the induced edge-coloring

c of c on K,, — vyg. We have
|| = |C(Kn —vo)| = g(n,p,q) +1 —d(vo) > g(n,p,q) +1 = |U|.

Claim 1. K,, —vg contains a rainbow K , with center in U or a rainbow K 411 with center
in V(K,, —vo) \ U with respect to ¢’ (also ¢).

Proof of Claim 1. Suppose do(u) < g — 1 for all w € U and dy(v) < ¢ for all v €
V(K, —v9) \ U, by Lemma 2, we have

Ullg—1)+n—-1-|U)g—(n—-1)

/
<
) < 5

+ 1.

While || > g(n,p,q) +1— |U|, we can get |[U| > n, a contradiction. ]

By Claim 1, we get a rainbow K , in K,, — vy with respect to ¢ whose center is ug such that
the color ¢(vgug) does not present in ¢(K 4). The vertex vy is the endpoint of at least p+2¢+ 1
edges with distinct colors (with respect to ¢). Since d.(vg) > p + 2q + 1, there are at least p
edges, say vov1, vz, . . ., UgUp, such that v; ¢ V(K ) and c(vov;) ¢ C(K1,4) U {c(voup)} for all
i=1,...,p. So we can get a rainbow .S, ,.

Case 2. d.(v) <p+2qforalveV.

Since g(n,p,q) +1 > ar(Ky, K1 p+1) + 1, we can find a rainbow Kj,y1. Choose some
color ¢y which is not in C'(Kj,+1). Consider an edge-coloring ¢’ of K,, — V(K pt1): for e €
E(K, — V(Kipt1)), if c(e) ¢ C(Kipy1), then ¢’ (e) = c(e); else ¢’(e) = ¢p. Then

|| > g(n,p,q) +1—(p+2¢)(p+2) > ar(Kp—p—2, K1 441) + 1.

So there is a rainbow K 411 in K, — Kj 541 with respect to ¢’ (also ¢). Kj 4+1 has at most one
edge e with color c¢g. By joining the centers K 41 and Kj 441 and deleting one edge of K py1

and K 441 respectively, we can find a rainbow S, ,. O
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6. Open problems

A spider is a tree with at most one vertex of degree more than 2, called the center of the
spider (if no vertex of degree more than two, then any vertex can be the center). A leg of a
spider is a path from the center to a vertex of degree 1. Thus, a star with p edges is a spider of

p legs, each of length 1, and a path is a spider of 1 or 2 legs.

The number of edges in a maximum matching of a graph G is called the matching number
of G and denoted by v(G).

Observation 1. Let p > 2 and T be a spider of p legs, each of length at least 2. We have
min{v(T —e; —ez) 1 e1,ea € E(T)} <min{v(T' —e):e € E(T)},

the equality holds if and only if T has exactly one leg with length even.

Let p > 2 and T be a spider of p legs, each of length at least 2. Let 5(7") = min{v(T —e) :
ee€ E(T)}.
Proposition 2. Let p > 2 and T be a spider of p legs, each of length at least 2. We have

ar(K,,T) > (B(T) — 1)n — <ﬂ(2T)> + 7,

where v = 2 if there is exactly one leg of T with length even and r = 1 otherwise.

Proof. Let = (T). We take an Kg_; + Fn_ﬁ_l'_l and color it rainbow, and use r extra colors
for all the remaining edges. Suppose there is a rainbow 7T in this coloring. Then T — e contains
a matching of size 8 for any e € E(T') (or T — e; — e2 contains a matching of size § for any

e1,ea € E(T) if T has exactly one leg with length even). But Kg_; + Fn_ﬁ_l'_l does not contain

a matching of size 3, a contradiction. O

If we regard Py41 as a spider of 2 legs, the lower bound of Proposition 2 is sharp for p = 2
and large n by Theorem 2. We conjecture that the lower bound is sharp for p > 3 and large n.

Conjecture 3. Let p > 3 and T be a spider of p legs, each of length at least 2. For large n,

ar(K,,T) = (B(T) —1)n — <ﬂ(2T)> +,

where r = 2 if there is exactly one leg of T with length even and r = 1 otherwise.

References

[1] N. Alon, On a conjecture of Erdés, Simonovits and Sés concerning anti-Ramsey theorems,
J. Graph Theory 7(1): 91-94, 1983.

[2] A. Bialostocki, S. Gilboa and Y. Roditty, Anti-Ramsey numbers of small graphs, Ars.
Combinatoria 123: 41-53, 2015.

16



[3]

N. Bushaw and N. Kettle, Turdn numbers of multiple paths and equibipartite forests,
Combin. Probab. Comput. 20: 837-853, 2011.

H. Chen, X. Li and J. Tu, Complete solution for the rainbow number of matchings, Discrete
math. 309(10): 3370-3380, 20009.

P. Erdés and T. Gallai, On maximal paths and circuits of graphs, Acta math. Acad. Sci.
Hung. 10: 337-356, 1959.

P. Erdés, M. Simonovits and V. T. Sés, Anti-Ramsey theorems, In Infinite and finite sets,
Vol. II, pages 633-643. Colloq. Math. Soc. Janos Bolyai, Vol. 10. North-Holland, Amsterdam,
1975.

S. Fujita, C. Magnant and K. Ozeki, Rainbow generalizations of Ramsey theory: A survey,
Graphs Combin. 26: 1-30, 2010.

S. Fujita, C. Magnant and K. Ozeki, Rainbow generalizations of Ramsey theory - A Dynamic
Survey, https://digitalcommons.georgiasouthern.edu/tag.

S. Gilboa and Y. Roditty, Anti-Ramsey numbers of graphs with small connected compo-
nents, Graphs Combin. 32: 649-662, 2016.

I. Gorgol and A. Goérlich, Anti-Ramsey numbers for disjoint copies of graphs, Opuscula
Math. 37(4): 567-575, 2017.

R. Haas and M. Young, The anti-Ramsey number of perfect matching, Discrete Math.
312(5): 993-937, 2012.

T. Jiang, Edge-coloring with no large polychromatic stars, Graphs Combin. 18(2): 303-308,
2002.

T. Jiang and D. B. West, Edge colorings of complete graphs that avoid polychromatic trees,
Discrete Math. 274: 137-147, 2004.

Z. Jin and X. Li, Anti-ramsey numbers for graphs with independent cycles, Electron. J.
Combin., 16: Research Paper 85, 2009.

B. Lidicky, H. Liu and C. Palmer, On the Turdn number of forests, Electron. J. Combin.
20(2), 2013.

J.J. Montellano-Ballesteros and V. Neumann-Lara, An anti-Ramsey theorem, Combinator-
ica 22(3): 445-449, 2002.

J.J. Montellano-Ballesteros and V. Neumann-Lara, An anti-Ramsey theorem on cycles,
Graphs Combin. 21(3): 343-354, 2005.

J.J. Montellano-Ballesteros, On totally multicolored stars, J. Graph Theory 51(3): 225-243,
2006.

17



[19] I. Schiermeyer, Rainbow numbers for matchings and complete graphs, Discrete Math. 286(1-
2): 157-162, 2004.

[20] M. Simonovits and V.T. Sés, On restricted colorings of K,,, Combinatorica 4(1): 101-110,
1984.

[21] L. Yuan and X. Zhang, Anti-Ramsey numbers of graphs with some decomposition family

sequences, arXiv preprint arxiv: 1903.10319v1, 2019.

18



