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Abstract

Perfect state transfer in graphs is a concept arising from quantum physics and quantum
computing. Given a graph G with adjacency matrix Ag, the transition matrix of G with
respect to Ag is defined as Ha, (t) = exp(—itdg), t € R, i = v/—1. We say that perfect
state transfer from vertex w to vertex v occurs in G at time 7 if w # v and the modulus
of the (u,v)-entry of Hu,(7) is equal to 1. If the moduli of all diagonal entries of H4,,(7)
are equal to 1 for some 7, then G is called periodic with period 7. In this paper we give a
few sufficient conditions for NEPS of complete graphs to be periodic or exhibit perfect state
transfer.
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1 Introduction

Let G be a graph. Denote by V(G) the vertex set of G and Ag the adjacency matrix of G. The
transition matriz of G with respect to Ag is defined as

(—i)k Al ¢k

HAG(t) == eXp(_ltAG) = Z T, te R, 1= vV —1.

k>0

Clearly, this is a symmetric and unitary matrix for any ¢. Denote by Ha, (t)4,» the (u,v)-entry
of Hy,(t), where u,v € V(G). We say that perfect state transfer (PST for short) from vertex
u to vertex v occurs in G at time 7 if u # v and |Ha, (T)uw| = 1. If |Hay(T)uu| = 1, then G
is called periodic at vertex u with period 7. A graph is called periodic if it is periodic at every

vertex with the same period.
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The definitions above arose from quantum physics (see, for example, [3| 5]). In recent years,
the problem of determining which quantum spin networks admit PST has received considerable
attention due to its potential applications in quantum information transmission and quantum
computing. It is known [16] that PST can be used as an important approach to universal quan-
tum computing. In [3], Bose first introduced the concept of PST and addressed its importance
in quantum computing. In [5], Chirstandl et al. modelled quantum spin networks by graphs in
which vertices represent locations of the qubits and edges represent quantum wires between such
qubits. In this way the problem of determining which quantum spin networks admit PST can be
transformed to the one of characterizing which graphs admit PST. Unfortunately, in general it
is difficult to determine whether a given graph exhibits PST. Up until now, only a small number
of families of graphs have been proved to admit PST. See [I], 3] 6, @, [14], 20, 19, 18] and the
survey papers [8, [15] for details.

The purpose of this paper is to study the existence of PST and periodicity in the family of
graphs built from complete graphs using the NEPS operation. As usual we use K,,, P, and C,
to denote the complete graph, the path and the cycle on n vertices, respectively. Denote the
elementary abelian 2-group of rank d > 1 by Zg and its identity element by 0 = (0, ...,0), where
Zy = {0, 1} is the group of integers modulo 2. We will omit the rank d in 0 as it can be easily
figured out in the context.

Definition 1.1. (Cvetkovi¢ et al. [7, Definition 2.5.1]) Let Gi,...,Gq be graphs, and let () #
A C 74\ {0}, where d > 1 and 0 = (0,...,0) € Z4. The NEPS (non-complete extended p-
sum) of G1,...,Gy with basis A, denoted by NEPS(G1,...,Gq; A), is the graph with vertex set
V(G1) x - -+ x V(Gg) in which two vertices (ug,...,uq) and (vy,...,vq) are adjacent if and only
if there exists (aq,...,aq) € A such that u; = v; whenever a; = 0 and w; is adjacent to v; in Gj

whenever a; = 1.

The notion of NEPS is a generalization of several graph operations such as tensor prod-
uct (also known as direct product, Kronecker product, categorical product, etc. in the liter-
ature [10]), Cartesian product, and strong product. In fact, NEPS(Gy,...,Gg;{(1,...,1)}) is
simply the tensor product G1 ® --- ® Gq4. If A = {(1,0,...,0),...,(0,0,...,1)} is the stan-
dard basis of Zg, then NEPS(G1,...,Gg;A) is the Cartesian product G10---0OGg; in partic-
ular, NEPS(K,,, ..., K,,;A) is the Hamming graph H(ni,...,ng), where ny,...,ng > 2, and
NEPS(K>, ..., Ks; A) is the hypercube Qg of dimension d. In general, for any () # A C Z2\ {0},
NEPS(Ky, ..., Ks; A) is called a cubelike graph.

The NEPS operation provides a useful tool for constructing graphs admitting PST. For
example, Pal and Bhattacharjya [13] gave sufficient conditions for the NEPS of some copies of
P3 to admit PST, and Zheng et al. [I§] obtained sufficient conditions for the NEPS of some
copies of cubes to admit PST. It was proved in [2, Theorem 1] and [4, Theorem 2.3] that a
cubelike graph NEPS(K>, ..., K2;A) exhibits PST if ) ,a # 0, where the sum on the left-
hand side is performed in Zg, with each coordinate modulo 2. On the other hand, it is known
[18, Corollary 2] that any NEPS of complete graphs K, ..., K,, with n; > 3 for each i cannot
exhibit PST. In the general case when n; > 3 for at least one i and n; = 2 for at least one
J, it is unknown whether NEPS(K,,,, ..., K, ;A) admits PST. We aim to study this problem
and the related periodicity problem in this paper. As we will see shortly, our results extend the
known results [2, 4] on cubelike graphs and enlarge the collection of graphs that admit PST. In
addition, the methods developed in this paper can be used to give another proof of these results
[2, 4] on cubelike graphs.



In the sequel we always assume that d,r,ng,...,ngq are integers such that
d>1, r>1, ny,...,ng > 3.

The greatest common divisor of nq,...,ng is denoted by ged(nq,...,ng). Write r © Ky =
Ky,..., Ky, and for § # A C 7477\ {0}, set
—_————
s
NEPS(K,,,...,Kn,, 7 ® K2;A) = NEPS(K,,,, ..., Kn,, Ko, ..., K2 A).
—_———

T

As usual, the Hamming weight of a vector a = (ay,...,an) € Z5', where m > 1, is defined as
w(@a) =w(ay,...,am)={i:1<i<m, a; =1}|.
We make the following assumption throughout the paper.

Assumption. For A C Z3', where m > 1, we set

c(A) = Z a,

acA

where the addition is performed in Z5' (that is, each coordinate takes modulo 2). We treat
V(K,,) as the cyclic group Z,, for 1 < i < d and treat V(K3) as Zy. In this way each vertex
of NEPS(Ky,, ..., Ky, 7 ® Ks; A) is treated as an element u = (u1,...,uq, Ugs1,- ., Udtr) €
Ly X -+ X Ly, x Zi. Moreover, for any a = (a1,...,ad,d+1,---,0d+r) € Z;Hr, u+ ais
understood as the element of Z,, x --- X Zy,, x Zj obtained by coordinate-wise addition, with
the ith coordinate modulo n; for 1 < ¢ < d and the jth coordinate modulo 2 for d+1 < j < d+r.
That is,

u+a = ((u1 +a1) mod ny,..., (ug+aq) mod ng, (ugr1+agr1) mod 2,..., (ugsr +ags,) mod 2).

Using the notation and assumption above, we now present our results in the following three
theorems.

Theorem 1.1. Let ) # A C Z3™ \ {0}. Suppose that the last  coordinates of each element
of A are equal to 0. Then NEPS(K,,,...,K,,,r ® Ky;A) is periodic with period 21 where
h =ged(ng, ..., ng).

Theorem 1.2. Let § # A C 7317\ {0}. Suppose that the first d coordinates of each element of
A are equal to 0. Denote c(A) = (0,...,0,¢441, .-, Cdtr)-

(a) If c(A) # 0, then NEPS(K,,,..., Ky, © Ka;A) admits PST from vertex u to vertex
u+c(A) at time T, for every vertex u, and its transition matriz H4(t) at 5 is given by

d+r

H (%) = (=), ® j§r1(AK2)CJ’

(b) If c(A) = 0, then NEPS(K,,, ..., Ky, r © Ka; A) is periodic with period 3, and its tran-

sition matriz H(t) at 5 is given by

m .
H_A <§) = (_1)‘A‘I2’"n1---nd-

w



Note that NEPS(K,,,..., Ky, ® K3; A) in Theorem is the vertex-disjoint union of
ning - - - n, copies of the cubelike graph NEPS(r® Ko; As), where A consists of those (aq, ..., a,) €
Zy such that (0,...,0,a1,...,a,) € A.

For any A C Z;Hr, define

A" ={(a1,...,aq) : (a1,...,a4,a411,---,aq1,) € A}.

For any a = (ay,...,aq) € Z4, define

A_(a) = {(za41s- - Tdpr) 1 (X1, -, Tds Tas1, - - - Tarr) € A and (z1,...,24) = a}.
In particular,
A_(0) = {(ags+1s---saq+r) : (0,...,0,a441,--.,044+,) € A}.
Note that if a ¢ A* then A_(a) = 0.
Theorem 1.3. Let § # A C 247\ {0}. Suppose that A contains at least one element whose
last r coordinates are not all 0 and at least one element whose first d coordinates are not

all 0. Set c(A) = (b1,...,bgybgs1,--,basr) and c(A_(0)) = (cq41,---,Cd+r). Denote G =
NEPS(K,,,...,K,,,r® Ky; A) and h = ged(ny, ..., ng).

(a) Suppose that h is odd. Then G is periodic with period 2mw. Moreover, if every a € A*\ {0}
satisfies |[A_(a)| =0 (mod 4) and c(A_(a)) = 0, then the following hold:

(a.i) if (cgats---yCaer) # 0, then G admits PST from u to u+ (0,...,0,¢cq11,...,Cqrr) at
time 3, for every verter u;
(a.il) if (cag1,---,Casr) = 0, then G is periodic with period 7.
(b) Suppose that h is even. Then G is periodic with period w. Moreover, if h is not a multiple

of 4 and every a € A*\ {0} satisfies |[A_(a)] = 0 (mod 2) and c(A_(a)) = 0, then the
following hold:

(bd) if (cqa1,---Cder) # 0, then G admits PST from u tou+ (0,...,0,¢441,.-.,Cqrr) at

time 5, for every verter u;

(b.ii) if (Cay1s---Cdpr) = 0, then G is periodic with period .
(¢) Suppose that h is a multiple of 4. Then the following hold:

(ci) if (bgs1,---,bger) # 0, then G admits PST from u to u+ (0,...,0,b441,...,b44) at
time 5, for every verter u;

(ci) if (bay1s---bd4r) =0, then G is periodic with period 7.

Recall that, for A = {(1,0,...,0),...,(0,0,...,1)} € 24"\ {0}, NEPS(K,,,..., K,,,” ®
K»; A) is the Hamming graph H(ny,...,ng,2,...,2), which is written as H(ny,...,nq,r ©2) in
the sequel. Theorem [[3]implies the following corollary.

Corollary 1.4. Let h = ged(nq,...,ng).

(a) If h is odd, then H(ny,...,ng,r ® 2) is periodic with period 2.

(b) If h is even, then H(ny,...,ng,r ® 2) is periodic with period 7.



(c) If h is a multiple of 4, then H(ny,...,ng,m ® 2) admits PST from vertex u to vertex
u+(0,...,0,1,...,1) at time 3, for every vertex u.

We will prove Theorems [[LTHL.3] in Section [3] after preliminary discussions in Section 21

As will be seen in Examples 2] and 3] in the last section, the sufficient condition in part (a)
of Theorem [[.2] is in general not necessary for NEPS of complete graphs to admit PST, and
similarly the sufficient condition in part (c.i) of Theorem [[.3]is in general not necessary. So it
is natural to ask for which special families of NEPS of complete graphs the sufficient conditions
in these parts are also necessary. More broadly, we would like to pose the following general
problem.

Problem 1. Give a necessary and sufficient condition for NEPS of complete graphs to admit
PST.

2 Preliminaries

In this section eigenvectors of matrices are written as column vectors. Given a vector x, denote
by xT and x¥ the transpose and conjugate transpose of x, respectively. Denote by I,, the

identity matrix of size n.

The spectral decomposition [§] of symmetric matrices plays a key role in our subsequent

discussion. So let us explain it first. Let G be a graph on n vertices. Let Ay,..., s be dis-
tinct eigenvalues of G with respective multiplicities [y,...,ls, where l; + --- + I, = n. Take
{XY), . ,xl(:)} to be an orthonormal basis of the eigenspace associated with A., r = 1,...,s,
and set
X, = <x§r) xl(:)>, r=1,...,s.

Set

x{t

x=|: |

X7

and
Y = (X1 Xs),

where XiH is the conjugate transpose of X; for each i. Clearly, X, is an n x [, matrix and both
X and Y are n x n matrices. Define

(2

Ly
E, = ZXZ(T)(X(T))H =X, XH r=1,... s
i=1

Then XY = I,, E? = E,, and E,E,» = 0 for » # 1. Since X is invertible, it follows that
S

YX = I, or equivalently >  FE, = I,,. Using this and the definition of E, and xgr), one can
r=1

easily verify (see e.g. [§]) that

Ag = Z \E.
r=1



This expression is called the spectral decomposition of Ag with respect to distinct eigenvalues
(see [12] p.517]). It follows from this decomposition that

—i k Ak 1k —i k s k ; k s .
Hy,(t) = Z ()% = Z (=) (Zrkll A Bt = Zexp(—lt)\r)Er. (2.1)
k>0 k>0 r=1

Example 1. Consider the complete graph K, of order n > 3. We have

n—1 -1 -1 .- -1 1 1 1 1

1 -1 n-1 -1 .- -1 1 1 1 1 -+ 1
n : : : : : n o : o
-1 -1 .-+ -1 n-1 1 1 --- 1 1

The spectral decomposition of Ak, is given by Ax, = —FE1 + (n — 1)E,. By 21,

Hay (t) = exp(it) E1 + exp(—(n — 1)it) Es.

Clearly, if t = 2sz7 z € 7, then Ha, (t) has entries of unit modulus. In fact, Hy,. (QZ—W) is a

n
2(nz+g)m
n )

2 2 2 2
" n n n n

In particular, when g = 0, we obtain Ha, (227) = I,. Therefore, K;, does not exhibit PST but

scalar multiple of the identity matrix. Putting ¢ = geZ,0<g<n-—1, we have

. T . . 2
is periodic with period ¢t = =T. O

Let A = (aij)mxn and B be matrices. The Kronecker product of A and B is defined as

auB alnB
A® B = (a;;B) = : :
amiB - amnB

The following properties of the Kronecker product of matrices can be found in [I1], Section 4.2]
and [17]:

(1) (A®B)®C =A@ (B® C);
2) (A+B)®C=A0C+BoC, Co(A+B) =C®A+CoB;
(3) (A® B)T = AT @ BT}
(4) (A® B)(C® D) =(AC) ® (BD);
(5) (kA)® B = A® (kB) = k(A ® B).
Lemma 2.1. Let A = Ag for a graph G, and let I be the identity matriz of any size. Then
(a) Har(t) = Ha(t)®1;
(b) Higa(t) =1® Ha(t);

(¢) Higaer(t) =1® Ha(t) ® 1.



Proof. By (2), (4) and (5) above, we have

Hapr(t) = Y - il
k>0
) Are )
R
k>0
() AMr) & 1
N k!
k>0
= HA(t) ® 1
This proves (a). Similarly, one can prove (b) and (c). O

Lemma 2.2. (Cvetkovié¢ et al. [T, Theorem 2.5.3]) Let Gi,...,Gq be graphs and let ) # A C
73\ {0}. Then the adjacency matriz of NEPS(G1,...,Gq; A) is given by

A=) A% ®

acA

Lemma 2.3. (Cvetkovié¢ et al. [7, Theorem 2.5.4]) Let § # A C 73\ {0}. Let G; be a graph
on k; > 2 wvertices, © = 1,...,d. Suppose that \;1,..., ;s are distinct eigenvalues of Ag,

(N

with respective multiplicities l;1,...,l; s, where l;1 + -+ l; 5, = k;. Let {x(?, .. ,x(t) } be
linearly independent eigenvectors of the eigenspace associated with Ny, t = 1,...,s;. Then the

eigenvalues of NEPS(G1,...,Gg; A) consists of all possible values of Aj, . ;,, where

Jd?

Ajoga = DN NG =1, s, h=1,...,d,
acA

and the corresponding eigenvectors are, respectively,

(1) Go . _ B
X11;1®-..®Xd]72ld, g =1,...,lpj,, h=1,...,d.

Recall that the tensor product of graphs G and H is defined as G® H = NEPS(G, H; {(1,1)}).
So by Lemma the adjacency matrix of G ® H is Ag ® Ag.

Lemma 2.4. (Godsil [8, Lemma 16.1]; Pal et al. [14], Proposition 2.2]) Let G and H be graphs.

Let
Ag =D \E,

and

AH:ZMSFS

be the spectral decompositions of Aqg and Ay, respectively. Then

Hagon(t) ZE ® Ha, (M) ZHAG (1st) @ F.



Lemma 2.5. (Pal and Bhattacharjya [13, Proposition 4.1]) Let Gi,...,Gq be graphs and let
0 # AC 73\ {0}. Denote by Ha(t) the transition matriz of NEPS(Gy,...,Gq;A) and by Ha(t)
the transition matriz of NEPS(Gy,...,Gg;{a}) for a € Z4\ {0}. Then

Hu(t) = H Ha(t).

acA

Equivalently, for any partition { Ay, ..., An} of A, we have

Hat) = [] Ha(2).
=1

3 Proofs of the main results

3.1 A few lemmas

We need the following six lemmas in the proofs of Theorems [I.1], and [L3]

Lemma 3.1. Let a = (ay,...,a,) € Z5 \ {0}. Denote by Aa the adjacency matriz of NEPS(r ®
Ky;{a}). Then

(a) £1 are all distinct eigenvalues of NEPS(r © Ko;{a});

(b) the spectral decomposition of Aa is given by

Aa=(-1)- % I = Q) (Arz)™ | | +1- % L + @A) | |+ (31
j=1 j=1
(c)
H, (1) = —Ir, (3.2)
Ha(3) = —@(AKQ)“J (3:3)

Proof. (a) By Lemma22] Ax = @’_, (Ak,)". Since £1 are eigenvalues of Ay, and 1 is the

eigenvalue of I, according to Lemma 23] we obtain (a) immediately.

(b) Note that

1 - o - o 1 - w
Aa |5 [ - Q )™ | | = (Ae)™ | | 5 | 2~ @ (Ax)™
j=1 j=1 J=1
1 & 0 e w
= 5 ®(AK2) ! _®(AK2)2]
j=1 j=1
1 - o
= D5 (- Q) (Ak)™ | |, (3.4)



where in the last step we used the fact that (Ag,)? = I». Similarly,

1 ~ w 1 ~ w
A, - 5 IQT+®(AK2) 7 =1 5 Igr—i-@(AKQ) 7 . (35)

On the other hand, one can easily verify that

2
T

<

1

1 o
5 | 2 - @(AKQ) i =L -—&)(Ax,)Y |, (3.6)
7j=1 7=1
2
- o 1 - o
| Lr + ®(AK2) j =5 |2+ @(AKQ) i, (3.7)
7j=1 7=1
1 : aj 1 - aj
ol @ (Ak,) 52+ ® (Ag,) =0, (3.8)
7j=1 7=1
and
! Iyr — ® (Ax,)™ | + ! Iy + ® (Ag,)" | = Ior. (3.9)
2 , g 2 < g

7=1
We then obtain (b) using ([4)-(33) and the definition of the spectral decomposition.
(¢) By (1)) and ([B1]), we have

(1 - w 1 - u
Ha(t) = exp(it) | 5 | for = QR (Ar)™ | | + exp(—it) 5 | 2+ ) (Ax,)™
j=1 =

Evaluating at ¢t = 7 and ¢t = 5, we obtain ([B.2]) and (33]), respectively. O

Lemma 3.2. Leta = (ay,...,aq) € Z3\{0}. Denote by Hy(t) the transition matriz of NEPS(K,,, ..

and set h = ged(ny,...,ng). Then the following hold:

(a) NEPS(Ky,,..., K, ;{a}) does not have PST ([18, Corollary 2.14]);

(b) NEPS(Kp,, ..., K,,;{a}) is periodic with period 2T for every mon-zero integer t, and

2tm wla)—1 2T
Hy, <T> = exp ((—1) (a)—1 ; 1) In,.ny-

Proof. We prove (b) by induction on d. If d =1, then w(a) = 1 as a # 0. By Example[I]

2t 2t 2t
H, (—W> = exp (—W1> I,, =exp ((—1)(11)—7Ti> I,.
ny n ni

So the result is true when d = 1.

moreover

Assume that the result in (b) is true for some d = [. Consider d = [ + 1 and a =
(a1,...,a;,a141). Let a* = (aq,...,q;). Set hy = ged(ny,...,ng).

Kngi {a})



Case 1. a* # 0.
In this case, by the hypothesis we have

2tmw w(a)—1 27,
Har (T) =P <(‘” - 1?) s

l l

Case 1.1. aj4; = 1.

In this case we have w(a) = w(a*)+1. According to Lemma 22, NEPS(K,,, ..., Ky, ;{a})
is the tensor product NEPS(Ky,,, ..., Ky;{a*}) ® Ky, ,. By Example[Il the spectral decompo-
sition of Ag,, is given by A, =~= —FE1+ (ni41 — 1)Eo, where F; and Fs are as shown in
[22) but with n replaced by n;;1. Note that hj 1 = ged(ny, ..., ny,nip1) = ged(hy,nyy1). Set
hi = khyy1, where k # 0 is an integer. Lemma [2.4] implies that

2t 2t 2t
Ha (—) — Ha* (——> ® El + Ha* ((nH‘l - 1) > ® E2
hia hi+1 Put
2t 2t
= Hy» <——> ® Ey + Hax <——> ® Ey
hit1 hit1
2t
_ . <__”> ® (E1 + E»)
hit1
2t
= Ha* <—k * h—l> ® InH_l

Case 1.2. a;41 = 0.

In this case we have w(a) = w(a*). Let Ay be the adjacency matrix of NEPS(K,,,, ..., Ky ;{a*}).
By Lemma 2.2] the adjacency matrix of NEPS(Ky,,..., K, ;{a}) is Aax ® Ip,,,. According

to Lemma [2.T)(a) and the same technique as in Case 1.1, we obtain
2tm 2tm
Hy|— | = Ha | — I
a <h1+1> a <hl+1> @
. 2tm
-1 .
= exp ((—1)(w(a ) )hl+1 1) T

oy 2T,
= exp ((—1)(w(a) b 1) Loy oomy -

hisa

Case 2. a* = 0.

In this case we have a = (0,...,0,1) and so w(a) = 1. By Lemma 2.2] the adjacency matrix
of NEPS(Kpy, ..., Ky 5{a}) is I, ®-- -®In,®Ak,,, - Note that iy = ged(ng,...,n;,npp) =

10



ged(hy,nyg1). Set myy1 = khyyq1, where k # 0 is an integer. According to Lemma 2.1i(b) and
Example [Il, we have

2tmw 2t
Ha (hl+1> = @O @ Hag, <h1+1>

2t
e In1®”'®Inl®HAKnl+1 (kjm>

2t K
= In1®®Inl® HAK"L-H m
k
2t
= 0 -QI1,® <exp (nl 11) Ian)
+

2t .
— In1 R R Inl [} <6Xp (ml) Inl+1>
+

wia)—1) 2tT .
= ¢€Xp ((_1)( @-1) hl+11> In1---m+1'

This completes the proof. O

Lemma 3.3. Let a = (ay,...,aq) € Z3\ {0} and y = (agy1,--.,aq+r) € Z5\ {0}. Set h =
ged(ny,...,ng) and b = (a1,...,aq,a441,-..,aq+-). Denote by Hy(t) the transition matriz of
G = NEPS(K,,,...,K,,,r © Ks;{b}). Then the following hold:

(a) if h is odd, then G is periodic with period 2 and Hy(2m) = Iorn,..ny;
(b) if h is even, then G is periodic with period m and Hy(m) = —Iorp,..ny;
(c) if h is a multiple of 4, then G exhibits PST at time t = 5 and

d+r

s w(a)—1): a;
H, (5) - (_1)( () 1)IIn1~~~nd ® ,§I(AK2) 3
]:

Proof. By Lemma [Z2] G is isomorphic to the tensor product NEPS(K,,,..., K, ;{a}) ®
NEPS(r® K2;{y}). Let Ha(t) be the transition matrix of NEPS(K,,,, ..., K,,; {a}). According
to Lemmas [2.4] and B.1I] we have

d+r d+r
1 o 1 .
Hy(t) = Ha(—1)® | 5 IQT_.(%l(AKg)J +Ha()® | 5 12r+‘(%1(AK2)J . (3.10)
J= J=

By (B10)), if there exists an entry of Ha(t) having unit modulus, then there exists a pair of vertices
u, v of G such that ‘%(Ha(—t))u,v + %(Ha(t))u,v{ =1or { — %(Ha(—t))mv + %(Ha(t))u,v‘ =1.
Note that Ha(—t) and Ha(t) are unitary matrices. So Ha(t) has an entry with unit modulus if
and only if (Ha(—t))uv = (Ha(t))uv = £1 or (Ha(—t))uv = —(Ha(t))uv = £1. By Lemma

B2(b), only if u=v and t = 2T (k € N\ {0}), can the cases above happen.

Case 1. (Ha(—%T”))uu = (Ha(%T”))uu.

11



According to Lemma [3.2] we have

exp <<_1)w<a>2’“7”i> — exp <<_1><w<a>1>2’“7”i> ,

which is equivalent to that sin (%T”) = (0. This equation is satisfied if and only if %Tﬂ =lr, leN.

If h is odd, we choose k = h. By (3.10) and Lemma B.2(b), we obtain
d+r d+r

1 o 1 o
Hy (2m) = Ha(-2m)@ |5 | for - Q) (Aky)% | | + Ha(27) @ 5 | 2+ X (Ax,)%
j=d+1 Jj=d+1

- I2Tn1"'nd’

which means that G is periodic with period 27, yielding (a).

Similarly, if h is even, we choose k = h/2. Then

1 d+r 1 d+r
Hy (71') = H, (—71') ® 5 Ior — ® (AKQ)aj + H, (71') & 5 Irr + ® (AKQ)aj
j=d+1 j=d+1

- _IQTnl---nd7
which implies that G is periodic with period 7, yielding (b).

km kr
Case 2. (Ha(_QT))u,u =— (Ha(%))u’u.
According to Lemma [3.2] we have

exp ((—1)w(a)%T7Ti> = —exp ((—1)(w(a)_1)2]{%i> ,

which is equivalent to that cos (%T”) = 0. This equation holds if and only if %TW =lr+35, €N,
which happens only when 4 divides h. Assume that 4 divides h. Set k = h/4. According to
(BI0) and Lemma B2(b), we have

- - 1 d+r o 1 d+r
— a; aj
fo(5) = Ha(-5)e (5 (8- @ ()| | +Ha(3)e |5 |2+ & ()
j=d+1 J=d+1
T d+r
= isin ()OI Ly, @ | Q) (Ar)™
Jj=d+1
d+r
= (DM@ e | Q) (Ak)Y |,
j=d+1
which means that G exhibits PST at time ¢ = 7, yielding (c). 0

Lemma 3.4. Let a = (a1,...,aq) € Z¢\ {0} and b = (ay,...,a4,0,...,0) € Z&T. Then
NEPS(Ky, ..., Kn,, v @ Ko; {b}) is periodic with period 2= and its transition matriz Hy(t)

satisfies
2m wla)—1 2T .
Hy, <7> = €xp ((—1) (=) 171> Iorny g

12



Proof. Denote by A, and Ay, the adjacency matrices of the graphs NEPS(K,,,, ..., K,,; {a}) and
NEPS(K,,,...,K,,,r®Ky;{b}), respectively. Lemma[22limplies that Ap = Aa® o ® --- ® I>.
—_—

T

According to Lemmas 2.I(a) and B:2(b), we have

2 2
Hy (=) = Ho(Z)eho ok
h h ~———
T
= exp (_1)10(3)*12_7(1 I QLR QI
h ni--ng 2 2
2
= exp ((—1)“}(&)—1%1) oy,
This implies that NEPS(K,,,, ..., Ky,,r ® K;{b}) is periodic with period 27“ O

Lemma 3.5. Let y = (agy1,...,a4,) € Z5\ {0} and b = (0,...,0,aq41,...,a4.,) € Z3.
Denote by Hy(t) the transition matriz of NEPS(K,,, ..., K, ,r® Ky;{b}). Then the following
hold:

(a) NEPS(Ky,,,..., Ky, 7 © Ky;{b}) exhibits PST at time %, and

- d+r
Hy, <§) = —ilpy.m, ® ® (Ar)% | ;
Jj=d+1

(b) NEPS(Ky,,,..., Ky, ® Ka2;{b}) is periodic with period m, and

Hb (7‘(‘) = —Igrnl...nd.

Proof. Let Ay and Ay, denote respectively the adjacency matrices of NEPS(r ® K»; {y}) and
NEPS(K,,,...,K,,,r ® Ko;{b}). Lemma implies that Ay = Ip,..n, ® Ay. According to
Lemma 2.1(b) and Equation (3.3), we have

™ ™
o (5) = T @ Hy (3)
d+r

= Inl-"nd® —i ® (AK2)aj
j=d+1

d+r

= il ® | Q) (Ax,)% |,
j=d+1

which implies that NEPS(K,,,, ..., K,,,r ® K;{b}) exhibits PST at time 7, yielding (a).
By Lemma [2ZTI(b) and Equation (3.2]), we have
Hy, (7T) = Inl"'nd ® Hy (7T) = Inl"'nd ® (_127)
— _IQTnl---nda

which implies that NEPS(K,,,, ..., Ky,,r ® K; {b}) is periodic with period 7, yielding (b). O

13



Lemma 3.6. Let () # B C 7 with |B| > 2. Take a = (a1, ...,aq) € Z3\ {0} and set
B(a) = {(a1,...,a4,a4+41, -, 04+r) : (Qgs1s-- - aq+r) € B}.

Denote by Hpa)(t) the transition matriz of NEPS(K,,, ..., Ky, r©Ka; B(a)). Set h = ged(ny, ..., nq).
Suppose that c(B) = 0. Then the following hold:

(a) if his odd and |B| =0 (mod 4), then NEPS(K,,, ..., K,, ,r © Ky;B(a)) is periodic with
period %, and
s

HB(a) <§> = Ianl---nd;

(b) if h is even but not a multiple of 4, and |B| = 0 (mod 2), then NEPS(K,,,,..., Ky, 7 ©®

i

Ky;B(a)) is periodic with period %, and

s

Hya (5) = ~Tormpeon,

Proof. Set ¢ = |B(a)| and B(a) = {b("),... b®} with b®) = (a1,...,aq,a%, ;... a,,) for
i=1,2,...,c. By (8310), we have
i i 1
Higo0) = (Fa(t) ~ Ha(-0) & | 5 @) (k) |+ (Hal0) + Ha(-) (30 ) . (311

j=d+1

Set C' ={1,2,...,c}. According to Lemma and Equation (3.11]), we have

SOl (IGETACHRSIE - S0}
[l (3) ()0 )
i (5) () g (. () - () @ anr™”
- 5 ()3 e (3 (5 8 an)

By Lemma B.2(b), we have Ha(27) = I, . p,. Hence

(#a (5) = Ha (=3)) (B (3) + #a(5))
= Ha () Ha (5) ~ Ha (=3) Ha (-3)

14



() = Ha(—)
(2m)Ha(—7) — Ha(—)

Ha
Ha
0.

(3.13)
Recall that ¢(B) = 0. Equations (3.12]) and ([B.I3]) imply that

i (5) = (1 (5) 71 (5) " s+ (ma (3) - (2)) (& & (B

C C
c T™\J T\ C¢—J c T\ J T\ ¢cJ 1
- ta(3) Ha(-3) Ha(3) (+ta(-3)) "o gt
: <]> a 2 a 2 +' ] a 9 a 2 ®20 2
7=0 =0
C .
c Jm (c—j)m 1
=12 Hy| = |Hy | — — Ior
> ()m(5)m(-5) o rn
]50](;0d2)
Cc .
c (c—2j)m 1
=12 Hy | ———— —Ior. 3.14
> () (-5 oz 10
jEOJ(;od2)

If his odd and |B| = 0 (mod 4), then by Equation (3.I4]) and Lemma [B.2(b) we have
Hpga) (5) = Iorny.n,, yielding (a). If h is even but not a multiple of 4, and |B] = 0 (mod 2),
then by Equation (314) and Lemma B2(b) we have Hg(a) (§) = —I2rn,...n,, yielding (b). O

3.2 Proofs of Theorems [1.1, and

Now we are ready to prove Theorems [[.T] and [[3l

Proof of Theorem [I.II Denote by H(t) and H,(t) respectively the transition matrices of
NEPS(K,,,...,K,,,r® Ky; A) and NEPS(K,,,...,K,,,r ® Ky;{a}). Since the last r coordi-
nates of each element of A are equal to 0, according to Lemmas and [3.4] we have

m() = (= (7))

27,
— H exp <(_1)w(a) 171) I2Tn1"'nd

acA
2
~ exp (Z <<_1)<w<a>—1>_”i>> Do (3.15)
h
acA
This implies that NEPS(K,,,, ..., Ky,,r ® K»;.A) is periodic with period 27” O

Proof of Theorem Denote by H(t) and Ha(t) respectively the transition matrices of
NEPS(K,,,...,K,,,r® Ky; A) and NEPS(K,,,,...,K,,,r® Ks;{a}). Since the first d coordi-
nates of each element of A are equal to 0, according to Lemmas and [B.5)(a), we have

m(3) = ()

ac

15



d+r

= JI | -iZnme® | Q) (Ax,)%

acA Jj=d+1
d+r
- (_i)‘A‘Im-“nd@) ®(AK2)Ea€Aaj : (3'16)
j=d+1

Thus, if ¢(A) # 0, then NEPS(K,,,, ..., Ky, 7©K>; A) has PST from vertex u to vertex u+c(.A)
at time 7, yielding (a). On the other hand, if ¢(A) = 0, then NEPS(K,,,..., K,,, 7 ® K2; A) is
periodic with period 7, yielding (b). O

Proof of Theorem [I.3l Set

Al = {(a17"'7ad7ad+17"'7ad+7')EA:(ad+17"'7ad+T):0}7
AZ = {(a17-"7ad7ad+17"'7ad+7')GA:(a17-"7ad):0}7
As = A\ (AU A).

Since A contains at least one element whose last r coordinates are not all 0 and at least
one element whose first d coordinates are not all 0, we have A; # A and Ay # A. Since
A # 0, at least one of Aj, As and Az is nonempty. Denote by Ha(t), Ha,(t) and Ha(t)
the transition matrices of NEPS(K,,,, ..., Ky,,r ® K2;A), NEPS(K,,,..., K, ,,r® K>; A;) and
NEPS(K,,,..., K, ,,r® Ky;{a}), respectively. By Lemma [Z5] we have

3
Ha(t) = [[Ha(t), (3.17)
i=1
where Hy(t) is understood as I.
Recall that
A* ={(a1,...,aq) : (a1,...,aq,0441,---,aq+r) € A},
A_(x) ={(zgs1, -y Tapr) s (1, Td, Taaty -, Taer) € A and (21,...,24) = x}
and
A_(0) ={(zgs1,--rTarr) : (0,...,0, 2441, ..., Tqy) € A}
Set
Ap(x) ={(x1,...,2a,Tgs1s .- Tagrr) €A (21,...,29) = X}
and

.A+(O) = {(0,...,0,xd+1...,xd+r) : (0,...,0,xd+1...,xd+r) GA}

Denote by H 4, (x)(t) and H 4, (o)(t) the transition matrices of NEPS(Ky,, . .. , Ky , rOKa; Ay (%))
and NEPS(K,,, ..., Ky, ©® K2;A(0)), respectively. By Lemma [Z5] we have

Hat)=| JI Haoco® | Ha0)®). (3.18)
0#£xcA*

Recall also that c(A) = (b1,...,b4,b4s1,---,bq:,) and ¢(A_(0)) = (cgi1,- -, Cdir)-
(a) If h is odd, then according to Equation (8.I7) and Lemmas 2.5, B.3(a), B4 and B5(b),

we have

H.A(27T) = Hu, (2m)H 4, (27) H 45 (27)
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= (I #HaCr) | [ I Ha2m) ) | I Ha2m)

ac A acAs acAs

= | [[ Ha2m) | | T] Ha@)?| [ T] Ha2m)

acA; acA; acAj
o | A1l 2| Az| | Asz|
- I2rn1___nd . (_Izrnl"'nd) * [2T77/1"'7ld
= Ianl...nd.

This implies that NEPS(K,,,, ..., Ky, ® K»;.A) is periodic with period 2.
Since we assume that |A_(x)] = 0 (mod 4) and c(A_(x)) = 0 for every x € A*\ {0},

according to Lemmas 2.5 and B.6[(a), Theorem [[.2] Equation (B.I8]) and the definition of A (0),
we obtain

dJr'I
A 2

H Lrnyom, |- (_i)|A+(0)\]m___nd ® ® (AKQ)Zy€A+(O) Y;
0#£xcA* j=d+1

= IQTnl...nT : (_i)‘AJr(O)IInl---nd@ ®(AK2)ZyEA*(O)yj
j=1
— (_i)"A"‘(O)‘Inlnd ® ®(AK2)zy€A_(O) Yj . (3.19)
j=1
Thus, if (cgt1,-..,¢dtr) # 0, then, by B.I9), NEPS(K,,,..., Ky, ® K3;A) has PST from

vertex u to vertex u+ (0,...,0,¢q41, .- -, C44r) at time T, yielding (a.i). On the other hand, if

(Cd41s---sCdr) = 0, then NEPS(K,,,,..., Ky,,r ® K»;A) is periodic with period 7, yielding
(a.ii).
(b) If h is even, then according to Equation (3I7) and Lemmas 2.5 B3|(b), B4l and B5(b),

we have

Ha(m) = Ha, () Ha,(m)Ha, (7)
= | [T Ha®) | | [] Ba(m) | | ]] Ha(m)
acA; acA» acAs

= (—Iornyom) M (=L )2 (= Tarpy i)
()M I
This implies that NEPS(K,,,, ..., Ky, ® K»;.A) is periodic with period 7, yielding (b).
Suppose that h is not a multiple of 4. Since we assume that |A_(x)| = 0 (mod 2) and

c(A_(x)) = 0 for every x € A*\ {0}, by Lemmas 2.5 and B.6l(b), Theorem [[.2, Equation (B.I))
and the definition of A, (0), we obtain

d+r
™ ) |
Ha(3) = T ) [ (DO, @ | @ (Ag,)>ver o
0#xE A imar1

T
= (—1)‘A*|71I27‘n1.“nr- (—i)‘A+(0)|In1"'nd® ®(AK2)ZyeA_(o)yj
j=1
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= (_1)\A*|71+\A+(0)\i|A+(0)|Inl___nd® ®(AK2)ZyeA_(o)yj ) (3.20)
j=1

Thus, if (¢441, ..., cat+r) # 0, then according to (B:20), NEPS(K,,,, ..., K, ,r ® Ks;A) has PST

from vertex u to vertex u + (0,...,0,cq41,...,¢cq4r) at time 3, yielding (b.i). On the other
hand, if (cg41,-..,Ca4r) = 0, then NEPS(K,,,,..., K, ,r ©® K3;A) is periodic with period 7,
yielding (b.ii).

(¢) Assume that h is a multiple of 4. If A3 # (), then Lemmas and B3l(c) imply that

na(z) = I (m(3))

acA;
d+r
- H (—1)@lerm0)=Dir ® (Ag,)%
acAs j=d+1
d+r
— (_1)Zae,43(W(ah---,ad)—l)iIAa\[mmnd® ®(AK2)ZaeA3aj . (3.21)
j=d+1

If A; # 0, then by (315, we have

H.Al (g) = (_1)236“41(w(a)_l)i‘A”IQTnl-“nd' (322)
If Ay # 0, then by (3.16]), we have
- d+r
Ha, <§) — (—nMelil, ‘(%l(AKg)EaeAQ a | (3.23)
J:

Since at least one of A;, A and A3 is nonempty, according to Equations (3.17)-(B.23]), we obtain

Hy <g) — <(_1)ZbeA1 (w(b)*l)i\fll\]?mmnd>
d+r
(DML o [ () (Ary) Toete
j=d+1
d+r
(_1)Zbe,43(w(bl7~~~7bd)*1)ilA3\[n1mnd ® ® (AK2)ZbeA3 b;
j=d+1

_ (_1)Zb€A1 (w(b) =)+ A2+ e a5 (w(01,-,0a) =1) ;| A1 [+]Az|+] As|

d+r

'Im---nd ® ® (AKQ)ZbEA bi
j=d+1

L (1) Sbea, WO A e g (001ba) =11

d+r
Tnyony @ | Q) (Ax,)Zveal | (3.24)
j=d+1

By our assumption, A contains at least one element whose last r coordinates are not all
equal to 0, and at least one element whose first d coordinates are not all equal to 0. So (3.24))
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can be restated as

d+r

HA (5) - 5(A17A27A3) ny-Ng ® ® (AKQ)ZbGA b 5 (3.25)
j=d+1
where we set
((—1)Zvea; WO DHA2lF Fpe g (wlbteb) =Dy Al 3¢ A1 Ay Ay £ 0;
( 1)ZbEA1 (w(b) )+"’42‘1|A|’ if ./41,./42 ;é @ and ./43 _ @,
5(A1,A2,A3) = ( 1)ZbeA1(w(b) 1)+ZbeA3(w(bly---,bd)_l)i|«4|’ it Ay, As £ 0 and Ay = @;
(— 1)\ 2+ Sy (w(br,ba)=1)j1A] if Ay, Ag # 0 and A, =
(— 1)ZbeA3(w(bl, 4ba)— l)i\A\, if A3 # () and A; = Ay = 0.

Therefore, if (b1, ... ,b44r) # 0, then by (B24]) and [B.20]), NEPS(K,,,, ..., K,,,r® Ks;A)

has PST from vertex u to vertex u + (0,...,0,b441,...,bq4r) at time 7, yielding (c.i). On the

other hand, if (bgy1,...,b44,) = 0, then by ([8.24) and (B:25]) we obtain (c.ii) immediately. O

4 Concluding remarks

Consider ) # A C Z5\ {0}. It was proved in [2, Theorem 1] that, if ¢(A) # 0, then the cubelike
graph NEPS(r ® K»; A) admits PST from u to u+c(A) at time 7 for every vertex u. A simple
proof of this result was given in [4, Theorem 2.3|, where it was also proved that if ¢(A) = 0
then NEPS(r ® K3; A) is periodic with period 5. We now show that tools developed in previous
sections can be used to give another proof of these two results. In addition, we obtain the

transition matrix of NEPS(r © K»; A) at time 7.

Theorem 4.1. ([2, Theorem 1]; [4, Theorem 2.3]) Let O # A C Z5\ {0}. Denote by H(t) the
transition matriz of the cubelike graph NEPS(r ® Ks; A) and set c(A) = (c1,...,¢).

(a) If c(A) # 0, then NEPS(r ® Ks; A) admits PST from vertez u to vertex u+ c(A) at time
5, for every vertex u. Moreover,

() - 9 G

(b) If c(A) = 0, then NEPS(r © K»; A) is periodic with period 5. Moreover,
T\ — (L)AL,
Hyu (2) (=) Ly

Proof. Denote by Ha(t) the transition matrix of NEPS(r ©® K»;{a}). By Lemmas and
BIic), we have

m(3) - I

acA
- 11 (@
acA j=1
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= () @) (Ar;) e
j=1

Thus, if ¢(A) # 0, then NEPS(r ® K»;.A) has PST from u to u+ c(A) at time 7, yielding (a).
On the other hand, if ¢(A) = 0, then NEPS(r ® Kj;.A) is periodic with period 7, yielding (b).
a

Finally, we would like to mention that the sufficient conditions in part (a) of Theorem
and part (c.i) of Theorem[I.3] are in general not necessary for NEPS of complete graphs to admit
PST. We illustrate this by the following examples.

Example 2. Consider the graph NEPS(K3,5 ® Ka;.A), where
A ={(0,0,0,0,0,1), (0,0,0,0,1,0), (0,0,0,0,1,1), (0,0,0,1,0,0), (0,0,0,1,0,1), (0,0, 1,0,0,0),
(0,0,1,0,0,1),(0,1,0,0,0,0), (0,1,0,0,0,1), (0,1,1,1,1,0),(0,1,1,1,1,1)}.

Then c(A) = 0. For any a = (a1, a9, as, a4, as,ag) € A, define a* = (ag, as, aq, as, ag). Set
A* ={a*:aec A}

Let Aa and Aa+ be the adjacency matrices of NEPS(K3,5 ® K»;{a}) and NEPS(5 ® K»; {a*}),
respectively. Lemma [2.2]implies that A, = Is® A,+. Hence, by Lemmas 2.I[(b) and 25, we have

Ha(t) = [ Ha®)

acA

= [ s®Ha (1)

acA

= Lo [[ Ha®)

a*eA*
= [3® Hy+ (t)
It is known [4] that NEPS(5 ® K3; A* ) admits PST at time §. This implies that NEPS(K3,5®
K3; A) admits PST at time F. On the other hand, we have c(A) = 0 as mentioned above. This

shows that the sufficient condition in part (a) of Theorem is in general not necessary for

NEPS(K,,,..., K, ,,r® Ks; A) to admit PST. O

Example 3. Consider the graph NEPS(K4,5 ® Ka;.A), where
A={(1,0,1,1,1,1),(1,1,0,1,1,1),(1,1,1,0,1,1),(1,1,1,1,0,1), (1,0,0,1,1,1), (1,0,1,0,1, 1),
(1,0,1,1,0,1),(1,0,1,1,1,0),(1,1,0,0,1,1), (1,1,0,1,0,1),(1,1,0,1,1,0), (1,1,1,0,0,1),
(1,1,1,0,1,0),(1,1,1,1,0,0),(1,0,1,1,0,0), (1,0,0,1,1,0),(1,1,0,1,0,0),(1,1,0,0,1,0),
(1,0,1,0,1,0),(1,1,1,0,0,0)}.
For any a = (a1, a9, as, a4, as,a6) € A, define a* = (ag, as, aq, a5, ag). Let
A ={a":aec A}.

Let A, and Aa+ be the adjacency matrices of NEPS(Ky, 5 ® K»; {a}) and NEPS(5 ® Kj; {a*}),
respectively. Lemma implies that A, = Ak, ® Aa=. According to Lemma [2.4] and Equation

[22)), we have
Ha(t) = HAK4®Aa* (t) =F3® Ha*(?)t) +FE 1 ® Ha*(—t),
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where

By = -

—_ =
—_ =
—_ =

Hence, by Lemmas 2.JIb) and [Z5] we have
Hat) = [ Ha(®)

acA

— = e
&
-
Il

3 -1 -1 -1

11 -1 3 -1 -1
41 -1 -1 3 -1
-1 -1 -1 3

= |] (Bs® Ha-(3t) + E_1 ® Ha+ (1))

acA

= E3® H Ha*(3t)+E71® H Ha*(_t)

a*eA*

a*eA*

= FE3® Hy (3t) + E_1 ® Hy+ (—1).

By Lemma B.Jl(c), we have

Note that [A* | =20 and }__.. 4+ a* = (0,0,0,0,

we () - I

a*eA*

= (i)

5
X4

<.
—

== 125,

yielding H 4+ (m) = Iys. Thus, when t = 7, Equation (.I]) gives
3

5
®(AK2)

0). Thus, by Lemma [Z5] we have

()
I (@

a*cA* \j=1

Darear 4

s Y[ v
H<—>:E Hpe (Z) 4B H*(——)
A7 3 & 11 gx <4>+ 1 1
3 3
= E3y® Hy- (%) +E | ® (HA* (%) HA*(—TF)>
3 3
— E3® Hye (—W>+E | ® H e <f>

(4.1)

(4.2)

It is known [4] that NEPS(5G Ko; A* ) admits PST at time 2F. According to (£2), NEPS(K4,50
K3; A) admits PST at time 7. On the other hand, we have c(A* ) = 0. This shows that the suffi-
cient condition in part (c.i) of Theorem [[3lis in general not necessary for NEPS(K,,,, ..., Ky, r®

Ky; A) to admit PST.

a
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