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DEMBOWSKI-OSTROM POLYNOMIALS AND REVERSED DICKSON
POLYNOMIALS

NERANGA FERNANDO, SARTAJ UL HASAN, AND MOHIT PAL

ABSTRACT. We discuss the problem of classifying Dembowski-Ostrom polynomials from the
composition of reversed Dickson polynomials of arbitrary kind and monomials over finite
fields of odd characteristic. Moreover, by using a variant of the Weil bound for the number
of points of affine algebraic curves over finite fields, we discuss the planarity of all such
Dembowski-Ostrom polynomials. Planar Dembowski-Ostrom polynomials have applications
in many areas including cryptography and coding theory.

1. INTRODUCTION

Denote, as usual, by [, the finite field with ¢ = p® elements, where p is an odd prime
number and e is a positive integer, and by F the multiplicative group of non-zero elements
of F,. For any nonnegative integer k, the k-th Dickson polynomial of the first kind Dy (X, a)
over F, was introduced by Dickson [7] in 1897, and is defined as follows
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where a € F, is a parameter and Dy(X,a) = 2. More than two decades later, Schur [21I]
introduced a variant of Dickson polynomial of the first kind in 1923, which is now known
as Dickson polynomial of the second kind. For any nonnegative integer k, the k-th Dickson
polynomial of the second kind Ej (X, a) over Fy is defined as follows
Ls) k—i
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where a € F, is a parameter and Ey(X,a) = 1. A trigonometric approach for Dickson poly-
nomials has been recently considered by Lima and Panario [I5]. Dickson polynomials have
also been used to study the c-differential uniformity of some functions over finite fields [10].
Dickson polynomials of the first and second kind over F, were studied extensively, especially
with respect to their permutation behaviour. We recall that a polynomial f € F,[X] is a
permutation polynomial over Fy if the associated mapping X +— f(X) is a bijection from F,
to F,. For a non-zero element a in Fy, Nébauer [I7] proved that the Dickson polynomial of
the first kind Dy (X, a) permutes the elements of F, if and only if (k,¢*> — 1) = 1. However,
except for a few cases, the permutation behaviour of Dickson polynomials of the second kind
Ei(X,a) remains unresolved. One may refer to the monograph [I3] for more on Dickson
polynomials.

The notion of k-th reversed Dickson polynomial (RDP) of the first kind was introduced
by Hou, Mullen, Sellers and Yucas [12] by simply reversing the roles of the variable X and
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the parameter a in the k-th Dickson polynomial of the first kind Dy (X, a). Moreover, the
authors showed that the reversed Dickson polynomials of the first kind are closely related to
what are known as almost perfect nonlinear (APN) functions. The permutation behaviour
of RDPs is also an interesting area of research. Hou and Ly [I1] gave necessary conditions
for RDPs of the first kind to be permutation polynomials over [F,.

For any nonnegative integers k and m, the notion of k-th Dickson polynomial of the (m+1)-
th kind, denoted as Dy, (X, a), was introduced by Wang and Yucas [22], and is defined as
follows

7
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(1.1) Dym(X,a) := ; — < )(—a) Xk
where 0 < m < p—1, a € F; and Dy, (X,a) = 2 —m. The k-th RDP of the (m + 1)-th
kind is also defined in a similar way by just reversing the role of the variable X and the
parameter @ in ([LI). More precisely, for any nonnegative integers k and m, the k-th RDP of
the (m 4+ 1)-th kind Dy, ,,(a, X) is defined as follows

1£]
(1.2) Dy.m(a, X) = >(—X)iak_2i,

i=0
where 0 <m <p—1, a € F, and Dy, (a,X) = 2—m. The k-th RDP of the (m + 1)-th kind
also satisfies the following recurrence relation

(1.3) Djm(a, X) = mEy(a, X) — (m — 1)Dy(a, X).

It may be noted that the permutation behaviour of RDPs of the (m + 1)-th kind has been
studied by Fernando [§].

A function f : F;, — [, is called planar if the mapping X — f(X +¢€)— f(X)— f(e) induces
a bijection from F, to F; for each € € Fj. Since any function from a finite field F; to itself
can be represented by a polynomial of degree at most (¢ — 1), one may simply consider the
planarity of polynomials over finite fields. It is clear from the definition of a planar function
itself that there is no planar function in the even characteristic as X and X + ¢ have the
same image under the mapping X — f(X +¢€) — f(X) — f(¢). A polynomial f € F,[X] is
called exceptional planar if it is planar over Fye for infinitely many e. Planar functions are
very important due to their wide range of applications. For example, planar functions are
used to construct finite projective planes [6], relative difference sets [9] and error-correcting
codes [2].

A Dembowski-Ostrom (DO) polynomial over finite field F, is a polynomial that admits

the following shape -
Z Qi Xpl e ’
i7j

where a;; € F,;. DO polynomials have been used in designing a public key cryptosystem known
as HFE [I8]. Note that DO polynomials provide a very rich source of planar functions. It
was conjectured by Rényai and Szonyi [20] (see also [16, Conjecture 9.5.19]) that all planar
functions are of “DO type”. This conjecture is still open except in the case of characteristic
3 for which a counter example was given by Coulter and Matthews [4]. In 2010, Coulter and
Matthews [5] classified DO polynomials from Dickson polynomials of the first and second
kind and they also discussed the planarity of such DO polynomials.

In 2016, Zhang, Wu and Liu [24] classified DO polynomials from RDPs of the first kind
in the even characteristic case and they also characterized APN functions among all such
DO polynomials. In this paper, we shall extend the results of Zhang, Wu and Liu [24] to

k—mi(k—z’
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the odd characteristic case. In fact, we give a complete classification of DO polynomials
arising from the composition of RDPs of the (m + 1)-th kind and the monomial X?, where
d is a positive integer, in odd characteristic, and we further characterize planar functions
among these DO polynomials. The motivation behind considering this composition actually
stems from the known fact that the exceptional planar polynomials X0 4+ X6 — X2 are
essentially the composition of the Dickson polynomials Ds(X,+1) and the monomial X2. DO
polynomials do not have any constant term. We shall, therefore, consider the polynomials
35k,m = Dj.m(a, Xd) — Dy, m(a, 0) for the purpose of classifying DO polynomials. Notice that
C’Skm is given by

Qk,mzz L3 < i >(—Xd)ak 2.

For the sake of simplicity, we shall denote 35/&,0, 35/&,1, 35/&,2, 35/&,3, and ”}5;674 by ﬁk, @k, §k, é\ik
and 51@, respectively. The paper has been organized as follows. In Section 2] we state some
lemmas that will be used in the subsequent sections. In Sections 3] dl Bland [0, we classify DO
polynomials from C‘Dk, ka, Q5k and ﬁk, respectively. The case m > 5 has been considered in
Section [l In Section[8] we consider the planarity of DO polynomials obtained in the previous
sections. The complete list of DO polynomials derived from reversed Dickson polynomials is
given in Appendix A.

Throughout the paper, we always assume that p is an odd prime, d is a positive integer, and
1,7, k,,m,n, s, t,a, 5,7,0 are nonnegative integers unless specified otherwise. The greatest
common divisor of positive integers a and b is denoted by (a, b).

2. SOME USEFUL LEMMAS

As alluded earlier, we shall first classify DO polynomials derived from the composition of
RDPs of the (m + 1)-th kind and the monomial X9, where d is a positive integer. Since DO
polynomials are closed under the composition with the monomial X?, it would be sufficient
to consider the cases when (d,p) = 1. One may also note that the monomial X"¢, where
is positive integer, is a DO monomial if and only if rd = p®(p® + 1) for some nonnegative
integers o and 3. Here, § is the highest exponent of p such that p® | 7. It is obvious that
whenever (r,p) = 1, we must have 8 = 0. In what follows, we shall invoke these assumptions
and conventions as and when required.

We now present some lemmas which will be useful in the sequel.

Lemma 2.1. Let d be a positive integer and p > 3 be a prime such that (d,p) = 1. Assume
that the coefficients of X% and X?® in the polynomial Dp.m are non-zero. Then the polynomial
Dr.m 15 not a DO polynomial.

Proof. Assume that p > 3 and the coefficients of X? and X?? in the polynomial @km are
non-zero. Therefore, if C‘Skm is a DO polynomial then d = p® + 1 and 2d = p® + 1. Thus, we
have 2p® 41 = p?, which is true if and only if « = 0, § = 1 and p = 3. This is a contradiction
to our assumption that p > 3, hence D k,m is not a DO polynomial. O

Lemma 2.2. Let d be a positive integer and p > 5 be a prime such that (d,p) = 1. Assume
that the coefficients of X and X3¢ in the polynomial Dy m are non-zero. Then the polynomial
Dk,m 18 not a DO polynomial.

Proof. The proof follows using a similar reasoning as in the proof of Lemma [2.1] U



4 N. FERNANDO, S. U. HASAN, AND M. PAL

Lemma 2.3. Let d be a positive integer and p > 3 be an odd prime such that (d,p) = 1.
Assume that the coefficients of X3¢ and X** in the polynomial Dp,m are non-zero. Then the
polynomial Dy, ., is not a DO polynomial.

Proof. The proof is along the similar line as in the proof of Lemma 211 U

Lemma 2.4. Let p = 3 and d be a positive mteger such that (d,3) = 1. Assume that the
coefficients of X and X in the polynomial ”Dk .m are non-zero. Then the polynomial CDk m
is not a DO polynomial.

Proof. The proof follows by using a similar argument as in Lemma 211 O
Now we recall the following lemma from [14, Proposition 6.39], which will be used later.

Lemma 2.5. (Legendre’s formula) For any nonnegative integer w and any prime p, E,(w!)
the largest exponent of p that divides w! is given by

s =3 [5] - 5=

i=1

where wy 18 the sum of the digits in the representation of w to the base p.

3. DO POLYNOMIALS FROM RDPS OF THE FIRST KIND

Before we begin the classification of DO polynomials from RDPs of the first kind, we shall
slightly deviate and prove the following proposition that readily gives DO polynomials arising
from RDPs of the (m + 1)-th kind when the parameter a is zero.

Proposition 3.1. The polynomial Dy, (0, X% is DO if and only if k is even, m % 2 (mod p)
and kd is of the form 2p (p' + 1), where i, > 0.

Proof. We know that

0 if k£ is odd;

(2 — m)(—Xd)% if k is even.

Clearly, D (0, X%) is a DO polynomial if and only if k is even, m # 2 (mod p) and kd =

207 (p* +1). O
In view of Proposition 3.1l we shall assume that a is non-zero for the rest of the paper.

We now consider RDPs of the first kind.
For a # 0, we write X = Y'(a —Y') with an indeterminate Y € Fj2. Then

Diola, X) =Y* 4 (a —Y)F;
see [8, Section 2]. Also, we have Dy, ola, 0) a®. Since Dyyo(a, X) = (Dgo(a, X)) and
Dypo(a,0) = (Dyo(a,0))?, we have C‘ka = @k, where

Dk,m(07 Xd) = {

D, = Dyola, X%) — Dy.o(a,0) =

Since D kp = 35% it would be sufficient to consider the cases when (k,p) = 1. The following
theorems give a complete classification of DO polynomials from polynomial ®;, for £ odd and
k even, respectively.

Theorem 3.2. Let q be a power of an odd prime p, a € Fy and k odd. The polynomial C‘Sk
is a DO polynomial over F, if and only if one of the following holds.
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(i) p=3,d=2p", k= >5p’,7p", where £,n > 0.
(ii) p >3, d = p™(p* + 1), k = 3p*, where £,n,a > 0.

Proof. The sufficiency of the theorem is straightforward. It only remains to show the necessity.
Notice that when k is odd, then

Dy = —kxla2 + (k = 3)k 24 ks _ (k—4)(k — 5)kX3dak—6+
(3.1) 2! 3!

eyt BT IRERD st gyt kx st

Since (k,p) = 1, the first term —ka*2X? in D, will always exist. Thus, if Dy is a DO
polynomial then d = p/(p’ + 1). Since (d,p) = 1, we have j = 0. Therefore, we shall always
take d = p' + 1. Now we consider two cases, k # 3 (mod p) and k = 3 (mod p).

Case 1. Let k£ # 3 (mod p). In this case, the coefficient of the second term in (B is
non-zero. Therefore, if @k is a DO polynomial, then 2d = p®(p® 4+ 1) and d = p’ + 1. Since
pis odd and (d,p) = 1, 8 = 0. Hence, the first equation reduces to 2d = p* 4+ 1. Combining
these two equations, we obtain 2p’ + 1 = p®, which is true if and only if p = 3, a = 1,
1 =0 and d = 2. Therefore, in thii case, we shall always assume that p = 3 and d = 2. For
k=5 and k = 7, the polynomials 5 = a?X? + 2aX* and D7 = 2a°X? + 2cf’X4 +2aX06, are
clearly DO polynomials. Now we claim that when p = 3 and k£ > 7 is odd, ®}, is never a DO
polynomial. Since (k,3) = 1, we have only two cases to consider, namely, kK = 2 (mod 3) and
k=1 (mod 3).

In the case k& = 2 (mod 3), consider the second last term in (B.1) which is given by
(—1)% % a® X#73. If the coefficient of the second last term in (Z.IJ) is non-zero,
then we claim that (k —3) cannot be written as 3' + 3/ for some nonnegative integers i and j.
On the contrary assume that k — 3 = 3% + 3/, which implies k —2 = 3* + 3/ + 1. Since k = 2
(mod 3), k —2 =3"+37 + 1 if and only if i = j = 0. But i = j = 0 implies k = 5, which is
a contradiction to our assumption that £ > 7. Therefore @k is not a DO polynomial in this
case.

Now assume that the coefficient of the second last term in (B.]) is zero. In this case,
we shall show that the fourth term always exists. Note that the fourth term contains the
monomial X® whose exponent cannot be written as 3’ + 37 for some nonnegative integers i
and j. The coefficient of the fourth term is given by

Kk = 5)(k = 6)(k =)
(3.2) 54 a”"°.

Since (k,3) =1, 31k and 31 (k — 6). Since k = 2 (mod 3), where k is odd and greater
than 7, (k — 5)(k — 7) is a multiple of 24, i.e. (k —5)(k —7) = 24b, where b is an integer.
Then the coefficient of the fourth term in ([3.2)) becomes k(k — 6)b.

Now we show that 31 b. On the contrary, assume that 3 | b. Then we have, (k—5)(k—7) =
72e for some integer e. Since k = 2 (mod 3), write k = 3e; — 1 for some integer e;. Recall
that the second last term in (B.I)) vanishes. By substituting 3e; — 1 for k in the coefficient
of the second last term, we obtain e; = 0 (mod 3). Let e; = 3n; for some integer ni. Then
k=3e;—1=9n7y — 1= -1 (mod 9). From (k —5)(k —7) = 72¢ and k = —1 (mod 9), we
have 3 =0 (mod 9), which is a contradiction. Therefore, our assumption that 3 | b is wrong,
and hence the coefficient of X® is non-zero. Therefore, when the second last term in (B.))

vanishes, C‘Sk is not a DO polynomial.

In the case k = 1 (mod 3), we first look at the fourth term. Recall that the fourth term
contains the monomial X® whose exponent cannot be written as 3! + 37 for some nonnegative
integers ¢ and j. If the coefficient of the fourth term given in ([B:2) is non-zero, then clearly
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D 1 is not a DO polynomial. In the case of the coefficient of the fourth term is zero, we claim

that the coefficient of the 7th term, which contains the monomial X', is non-zero. The
(k=8) (k=9) (k=10)(k—11) (k—12) (k=13) 14
7! :

coefficient of the 7th term is given by k :

It is clear that the exponent of the monomial X cannot be written as 3¢ + 3/ for some
nonnegative integers i and j. Since k is odd and k =1 (mod 3), it is clear that 3 | (k — 10),
6|(k—13),91(k—10) and 124 (k — 13). Also, 3t k, 3¢t (k—9), 3¢ (k—12), 31 (k—28)
and 3t (k — 11). Therefore, the coefficient of the 7th term is non-zero. Hence, in the case of
the coefficient of the fourth term is zero, C‘Sk is not a DO polynomial.

Case 2. Let £ = 3 (mod p). In this case, notice that if p = 3, then £k = 0 (mod 3),
which is a contradiction as (k,p) = 1. Therefore we shall assume that p > 3. For k = 3, the
polynomial 53 = —3aX? is a DO polynomial if and only if d = p* + 1. For k > 3, consider
the third term in (3I)), which contains the monomial X3¢ Since k = 3 (mod p), k # 4,5
(mod p). Hence the coefficient of the third term is non-zero. Thus, if D), is a DO polynomial,
then d = p’ +1 and 3d = p’ + 1. Combining these two equations, we have 3p’ 4+ 2 = p’, which
is true if and only if i =0, j = 1, p =5 and d = 2. Notice that the coefficient of last term in
(310), which contains the monomial X k=1 "is non-zero. Thus, if ®} is a DO polynomial then
k—1=5/(5"+1). Since k =3 (mod 5), k £ 1 (mod 5), and hence j = 0. Also, notice that
if i = 0 then k = 3, which is a contradiction as k > 3. Therefore k — 1 = 5° + 1 which implies
that £ = 2 (mod 5), a contradiction as k = 3 (mod 5). Therefore for k > 3, D}, is never a
DO polynomial. This completes the proof. O

Theorem 3.3. Let q be a power of an odd prime p, a € Fy and k even. The polynomial 5’514
is a DO polynomial over Fy if and only if one of the following holds.

(i) d=p"(p™ + 1), k = 2p°, where £,n,a > 0.

(ii) p =3, d = 2p", k = 4p*, where {,n > 0.

Proof. The sufficiency of the theorem is straightforward. It only remains to show the necessity.
Notice that when k is even, then

D, = —kab-2x7 + k‘(k; 3) h—ix2a _ Kk —4)(k—5) y¢3q
(3.3)

k
2

2
+---+(—1)§—1%a2xd<§—”+(—1) 2. X%
Since (k,p) = 1, the first term —ka*2X? in ”}Sk will always exist. Thus, if ”}Sk is a DO
polynomial, then d = p?(p® + 1). Since (d,p) = 1, we have j = 0. Therefore, we shall always
take d = p' +1. When k = 2, the polynomials 352 = —2XP"*+1 is clearly a DO polynomial.
For k > 4, we consider two cases, k # 3 (mod p) and k =3 (mod p).

Case 1. Let k # 3 (mod p). In this case, the coefficient of the second term in ([B.3]), which
contains the monomial X2?, is non-zero. Thus, if ﬁk is a DO polynomial, then 2d = p”(p®+41)
and d = p’ + 1. Since p is odd and (d, p) = 1, we have 8 = 0. Combining these two equations,
we obtain p = 3,7 =0, = 1 and d = 2. Therefore in what follows, we shall take p = 3 and
d = 2. In the case k = 4, the polynomial 554 = 2a?X? 4+ 2X* is clearly DO polynomial.

Now for k > 4, even and k # 3 (mod 3), we claim that D, is not a DO polynomial.
Consider the fourth term, which contains the monomial X&. It is clear that 8 cannot be
written as 3' + 3/ for some nonnegative integers ¢ and j. If the coefficient of the fourth
term in ([3.2]) is non-zero, then @y is not a DO polynomial. Now consider the case where
the coefficient of the fourth term is zero. Note that the coefficient of the last term in (8.3]),
which contains the monomial X*, is always non-zero. Thus, if D r is a DO polynomial, then
k = 3 + 1. Clearly, i # 0, otherwise k = 2, a contradiction. If i > 0, then k = 1 (mod 3).
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Now consider the second last term in (3:3)), which contains the monomial X*~2. Clearly, the
coefficient is non-zero as (k,3) = 1. If D, is a DO polynomial and k = 1 (mod 3), then
k—2=23 4+1. If i = 0 then k = 4, which is a contradiction since k > 4. If ¢ > 0, then
k = 3"+ 3. This contradicts the assumption that (k,3) = 1. Thus D, is not a DO polynomial
in this case.

Case 2. Let k = 3 (mod p). In this case, if p = 3, then k¥ = 0 (mod 3), which is a
contradiction as (k,p) = 1. Therefore, we shall always consider p > 3. Notice that the
coefficient of the last term in (3.3]), which contains the monomial X %, is non-zero. Thus, if
Dy, is a DO polynomial, then %d = pP(p®+1) and d = p’ + 1. Since (k,p) =1 and (d,p) =1,
£ = 0. Hence, the first equation reduces to kd = 2p® + 2. Combining these two equations,
we get kp' +k = 2p® 4+ 2. If i = 0, then k = p® + 1, which implies k = 2 (mod p) or k = 1
(mod p) depending on whether & = 0 or o > 0, respectively, a contradiction. If ¢ > 0, then
a > 0, otherwise k(p® + 1) = 4, which is a contradiction as p > 3. Therefore & = 2 (mod p),
a contradiction. This completes the proof. O

4. DO POLYNOMIALS FROM RDPS OF THE SECOND KIND
Recall that Dy 1(a, X?) — Dy, 1(a,0) is denoted by ¢, where

(4.1)

~ — Nk — _ ~ 4 (k —

& = (1— k)a"2x% + (k )2('k 3)ak—4X2d ~(k=3)(k - ) (K 5)ak—6X3d .
The following theorems give necessary and sufficient conditions for RDPs of the second kind
to be DO polynomials for p = 3 and p > 5, respectively.

Theorem 4.1. Let q be a power of the odd prime p =3 and a € Fy. The polynomial @k 5 a
DO polynomial over IFy if and only if one of the following holds.
(i) k=2,3,5,6 and d = p"(p™* + 1), where o, n > 0.
(ii) k=4 and d =p"(p* +1)/2, where a, n > 0.
(iii) k =7,10,13,19 and d = 2p™, where n > 0.
(iv) k=15 and d = 4p™, where n > 0.

Proof. The sufficient part of the theorem is straightforward, therefore, we only prove the
necessary part. If the polynomials @2 = —Xd,/ég = —2aX?% and @5 = 2a3X? are DO
polynomial, then d is of the form p® + 1. Similarly, the polynomial @4 = X% is a DO
polynomial only if d is of the form (p® 4 1)/2. If the polynomial & = a*X? + 2X3 is a DO
polynomial, then d = 3% 4+ 1 and 3d = 3!(3° 4 1). Since 3¢ | 3, t = 1. Therefore, & is a DO
polynomial only if d is of the form p® + 1. The polynomial @7 = a3X?! 4+ 2aX3% is a DO
polynomial only if 2d = 3% + 1 and 3d = 3(3° + 1). Since 3! | 3, t = 1. Combining these
two equations, we obtain 8 =0, = 1 and d = 2. For k > 8, we shall treat all possible cases
depending on the value of k£ modulo 9.

Case 1. Let £k =2,8 (mod 9). In this case, K =2 (mod 3), therefore, £ Z 1 (mod 3) and
hence the coefficient of X¢ in (1)), is non-zero. Now, consider the fourth term

o) (k= 4)(k = 5)(k = 6)(h =) 510

4!
It is clear that 3¢ (k—4), 31 (k—6) and 31 (k— 7). Also, since k = 2,8 (mod 9), k 5
(mod 9), and hence the highest exponent of 3 which divides the numerator of the coefficient
of fourth term is 1. By Lemma[2.5] the highest/\exponent of 3 which divides 4! is 1. Therefore,
coefficient of the fourth term is non-zero and & is not a DO polynomial by Lemma 241
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Case 2. Let k£ = 0,3 (mod 9). In this case, ¥ = 0 (mod 3) and hence, the coefficient
of X% in (@I is non-zero. Now consider the fourth term as given in (@2 again. Following
similar arguments as in the Case 1 above, it is easy to see that the coefficient of the fourth
term is nonzero and hence @k is not a DO polynomial by Lemma 241

Case 3. Let k=1 (mod 9). In this case, if the polynomial €10 = aSX24 4 g4 x3d 4 9 x5
is a DO polynomial, then 2d = 3% 4 1, 3d = 3'(3° 4+ 1) and 5d = 37 + 1. Since 3¢ | 3,
t = 1. Combining the first two equations, we obtain 5 = 0, & = 1 and d = 2. Now, putting
these values in third equation, we have 37 = 9 and v = 2. Similarly, if the polynomial
@19 = X213 X304 24° X514 20X is a DO polynomial, then 2d = 3%41, 3d = 3*(3°+1),
5d = 37 +1 and 9d = 3°(3° +1). Since 3! | 3 and 3° | 9, we have ¢t = 1 and s = 2. Combining
first, second and fourth equation, we obtain § = 0, « = 1 and d = 2. Now, putting these
values in third equation, we have 37 =9 and v = 2. For k > 28, since k = 1 (mod 3), k £ 0,2
(mod 3), and hence the coefficient of X?¢ is non-zero. Now, consider the 11th term

(k= 11)(k = 12)(k = 13) - (k = 19)(k —20)(k = 21) 4 oy 411y

1 a" (= XY)H
By Lemma 23] the highest exponent of 3 that divides 11! is 4. In the numerator of the
coefficient of 11th term, (k — 13), (k — 16),(k — 19) = 0 (mod 3) and (k — 13), (k — 16) #
0 (mod 9). Now, if & # 19 (mod 27), then the highest exponent of 3 which divides the
numerator is 4. Hence the coefficient of X% is non-zero. Thus, if @k is a DO polynomial
then 2d = 3% + 1 and 11d = 3% + 1. Combining these equations, we have 11-3% +9 =2 3%,
which forces o = 2 and 37 = 54, a contradiction. Therefore, &, is not a DO polynomial in
this case. In the case k =19 (mod 27), we have k£ > 46. In this case, consider the 20th term

20! ¢ ‘
The arguments of Case 1 can be invoked here to shows that the coefficient of X2%¢ is non-

zero. Thus, if @k is a DO polynomial, then 2d = 3* + 1 and 20d = 3% + 1. Combining
these equations, we have 10 - 3% 4+ 9 = 37, which forces & = 2 and 3° = 99, a contradiction.

(4.3)

(4.4)

Therefore, €. is not a DO polynomial in this case.

Case 4. Let k =4 (mod 9). In this case, if the polynomial E13 = a? X2 4 g3 X5 4 g X064
is a DO polynomial, then 2d = 3% + 1, 5d = 3° + 1 and 6d = 3!(37 4+ 1). Since 3' | 6, t = 1.
Combining these equations, we obtain o« = 1, § = 2 and d = 2. Now, for k > 22, since k = 1
(mod 3), we have k # 0,2 (mod 3), and hence the coefficient of X2¢ in ([@1]) is non-zero. Now,
consider the 11th term as given in ([43]). By Lemmal[2Z5] the highest exponent of 3 that divides
11! is 4. In the numerator of the coefficient of 11th term, (k — 13),(k — 16),(k —19) = 0
(mod 3) and (k — 16), (k — 19) # 0 (mod 9). Now if k£ # 13 (mod 27), then the highest
exponent of 3 which divides the numerator is 4. Hence the coefficient of X''¢ is non-zero.
Thus if @k is a DO polynomial, then 2d = 3% + 1 and 11d = 3% + 1. Combining these two
equations, we have 11 - 3% +9 = 2 - 37, which forces & = 2 and 3% = 54, a contradiction.
Therefore € is not a DO polynomial in this case. In the case k = 13 (mod 27), k > 22
is equivalent to k£ > 40. In this case, consider the 20th term as given in (£4]). By similar
arguments as in the Case 1 one may prove that the coefficient of X2%¢ is non-zero. Therefore,
if @k is a DO polynomial, then 2d = 3% 4+ 1 and 20d = 3% + 1. Combining these equations,
we have 10 - 3% + 9 = 3%, which forces o = 2 and 3% = 99, a contradiction. Therefore @k is
not a DO polynomial in this case. R

Case 5. Let k =5 (mod 9). In this case, if the polynomial &4 = 2a'0 X2 4 ¢2X06d 1 X7d
is a DO polynomial, then d = 3% + 1, 6d = 3%(3% + 1) and 7d = 37 + 1. Since 3¢ | 6, t = 1.
Combining the first two equations, we obtain o = 0, § = 1 and d = 2. Now putting these
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values in third equation, we have 37 = 13, a contradiction. Therefore, @4 is not a DO
polynomial. Now, for k£ > 23, consider the 10th term
(k—10)(k — 11)(k —12)(k — 13) - - - (k — 17)(k — 18)(k — 19) F-20 x10d

10! ’
By Lemma 23] the highest exponent of 3 that divides 10! is 4. In the numerator of the
coefficient of 10th term, (k — 11), (k — 14),(k —17) = 0 (mod 3) and (k — 11), (k — 17) #
0 (mod 9). Now if k # 14 (mod 27), then the highest exponent of 3 which divides the
numerator is 4. Hence the coefficient of X'%¢ is non-zero. Thus if @k is a DO polynomial,
then d = 3* +1 and 10d = 3° + 1. Combining these equations, we get 10-3% 49 = 3%, which
forces o = 2 and 37 = 99, a contradiction. Therefore @k is not a DO polynomial in this case.
In the case k = 14 (mod 27), k > 23 is equivalent to k > 41. Now, consider the 16th term

(k—16)(k —17)(k — 18)--- (k — 29)(k — 30)(k — 31)ak_32X16d
16! '

By way of similar arguments as done in Case 1, the coefficient of X 16d is non-zero. Thus, if
ka is a DO polynomial, then d = 3% 4+ 1 and 16d = 37 + 1. Combining these equations, we
get 16 - 3% 4+ 15 = 37, which forces o = 1 and 3% = 63, a contradiction. Therefore ka is not a
DO polynomial in thls case.

Case 6. Let £ =6 (mod 9). In this case, if the polynomial €15 = a¥X 44209 X34 4 o X7
is a DO polynomial, then d = 3% + 1, 3d = 3%(3° + 1) and 7d = 37 + 1. Since 3¢ | 3, t = 1.
Combining these equations, we obtain a = 1, v = 3 and d = 4. Now, for k > 24, consider
the 10th term as given in ([43]). One may follow the similar arguments of Case 5 above to
shows that if & # 15 (mod 27), the coefficient of X0 is non-zero. Therefore &, is not a DO
polynomial in this case. In the case k = 15 (mod 27), k > 24 is equivalent to k > 42. In this
case, consider the 16th term as given in ([A6]). Similar arguments as in the Case 1 show that
the coefficient of X0 is non-zero. Therefore @k is not a DO polynomial in this case.

Case 7. Let k=7 (mod 9). In this case k > 8 is equivalent to k > 16. Also, since k =1
(mod 3), we have k # 0 or 2 (mod 3) and hence the coefficient of X?¢ in (@) is non-zero.
Now consider the 8th term, which is given by
(k—8)(k—9)(k —10)(k —11)(k — 12)(k — 13)(k — 14)(k — 15)ak_16X8d

8! )
By following similar arguments as in the Case 1, it is not difficult to prove that the coefficient
of X8 is non-zero. Thus, if /ék is a DO polynomial, then 2d = 3* + 1 and 84 = 3° + 1.
Combining these equations, we have 4 - 3% + 3 = 3%, which forces & = 1 and 3% = 15,
a contradiction. Therefore @k is not a DO polynomial in this case. This completes the
proof. O

(4.5)

(4.6)

(4.7)

Theorem 4.2. Let q be a power of an odd prime p > 5 and a € F. The polynomial @k s a
DO polynomial over Fy if and only if one of the following holds.

(i) k=2,3 and d = p"(p* + 1), where a, n > 0.

(ii) k=7, p=>5 and d = 2p", where n > 0.

Proof. It is enough to prove the necessary part. If the polynomials @2 = —X?% and @3 =
—2aX 4 are DO polynomlal then d is of the form p® + 1. By Lemma 2.1] the polynomials
(’3 = —3a’X? + X% and (’35 —4a3X? 4 3aX?? are not DO polynomials. The polynomial
(’36 = —5a*X? + 6a2X?%% — X3¢ is a DO polynomial only if 2d = p* + 1 and 3d = p® + 1.
Combmmg these equations, we get 3p®+1 = 2p”, which forces a =0, p? =2, a contradiction.
Therefore, 056 is not a DO polynomial. For the polynomial QE7 —6a5X dy 10a3X 2d _ fq X3,
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we consider two cases, namely, p = 5 and p > 5. For p = 5, if @7 = 4a°X? + X3 is a DO
polynomial, then d = 5%+ 1 and 3d = 5° +1. Combining these equations, we have 3-5%+2 =
58, which forces & = 0, 8 = 1 and d = 2. For p > 5, @7 = —6a°X? + 10a3X2d 434,
Since the coefficients of X% and X?¢ are non-zero, Lemma 2.1] confirms that Q‘37 is not a DO
polynomial. For k& > 8, we shall consider four cases, namely, k¥ Z 1,2,3 (mod p), k = 1
(mod p), k=2 (mod p) and k = 3 (mod p), respectively.

Case 1. Let k # 1,2,3 (mod p). In this case, the coefficients of X¢ and X?? in (@] are
non-zero, therefore @k is not a DO polynomial by Lemma 2]

Case 2. Let k =1 (mod p). In this case, we have (k — 2),(k —3),(k —4),(k—5) 0
(mod p). Therefore, the coefficients of X2¢ and X3¢ in @) are non-zero. Thus, if &, is a
DO polynomial, then 2d = p® + 1 and 3d = p® + 1. Combining these equations, we have
3p® + 1 = 2pP, which forces a = 0 and p® = 2, a contradiction. Therefore (’Ek is not a DO
polynomial.

Case 3. Let kK =2 (mod p). In this case, the coefficient of the first term in ([@.I), which
contains the monomial X ¢, is non-zero. Now we consider two cases, namely, p = 5 and p > 5.
In the case p =5, k > 8 is equivalent to k > 12. We now show that if £ # 7 (mod 25), then
the sixth term exists whose coefficient is given by (k—6)(k—T7)(k— 8)(k Nk—10)(=11) (k=12 Gipyce
k =2 (mod 5), we have (k—6), (k—8),(k—9), (k—10), (k—11) §é 0 (mod 5). Also, if K # 7
(mod 25), then the highest exponent of 5 which divides the numerator is 1. By Lemma [2.5]
the highest exponent of 5 that divides 6! is 1. Therefore the coefficient of X 6d is non-zero.
Thus, if ka is a DO polynomial, then d = 5*+1 and 6d = 5° + 1. Combining these equations,
we have 6-5%+5 = 57, which forces & = 1 and 57 = 35, a contradiction. Therefore Q‘Ek is not a
DO polynomial in this case. Now if &k =7 (mod 25), then the condition k > 12 is equivalent
to k > 32. In this case, using the similar arguments, we can show that the coefficient of X8¢
is non-zero. Thus, if @k is a DO polynomial, then d = 5% + 1 and 8d = 5° + 1. Combining
these equations, we have 8 - 5% + 7 = 5%, which forces a = 0 and 5° = 15, a contradiction.
Therefore € is not a DO polynomial in this case. In the case p > 5, since k = 2 (mod p),
we have k # 1,3,4,5 (mod p). Hence the coefficients of X¢ and X3¢ in [@I)) are non-zero,
therefore @k is not DO polynomial by Lemma 2.2

Case 4. Let k =3 (mod p). In this case, the first term (1 —%)X? in (@I does not vanish.
Now we consider two cases, namely, p = 5 and p > 5. In the case p = 5, since k = 3 (mod 5),
we have k # 0,1,2,4 (mod 5), and hence the fourth term as given in ([£2]) does not vanish.
Therefore, if @k is a DO polynomial, then d = 5° + 1 and 4d = 5/ + 1. Combining these
equations, we have 4 - 5' + 3 = 57, which forces i = 0 and 5/ = 7, a contradiction. Therefore

¢ is not a DO polynomial in this case. In the case p > 5, since k = 3 (mod p), we have

(k—1),(k—4),(k—5),(k—6),(k—7),(k—8),(k—9) # 0 (mod p). Therefore, the fourth term
(k—5)(k—6)(k;7)(k—8)(k—9) k=10

as given in (£2]) and the fifth term whose coefficient is given by

do not vanish. Thus, if @k is a DO polynomial, then d = p®+1, 4d = p® +1 and 5d = p" + 1.
Combining the first two equations, we have 4p®* + 3 = p®, which forces a =0, f=1,p =7
and d = 2. Now putting these values in third equation, we have 77 = 9, a contradiction.

Therefore @k is not a DO polynomial in this case. This completes the proof. O

One may recall from [22] Theorem 3.1] that RDPs of the second kind and RDPs of the
third kind admit the following relationship

Dy 2(a,X) = aDy—1,1(a, X).
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Thus, it is obvious that §k is a DO polynomial whenever @k_l is a DO polynomial. Conse-
quently, the classification of DO polynomials from RDPs of the third kind §j follows imme-
diately. In view of this, we shall consider RDPs of the fourth kind in the next section.

5. DO POLYNOMIALS FROM RDPS OF THE FOURTH KIND
Recall that Dy, 3(a, X4y — Dy, 3(a,0) is denoted by QAik, where
(5.1)
) = (3 — k)ab-2x7 ¢ (k — 3)2(/‘3 - 6)ak—4X2d (k= 4)(’“; 5(k—-9) S
Also, from (L3), it is easy to see that & = Dy, (mod 3). Therefore, for p = 3, & is a DO
polynomial whenever Dy, is a DO polynomial and the classification of DO polynomials from
9. has already been discussed in Section [3l Therefore, throughout this section, we consider

p = 5. The following theorem gives a complete classification of DO polynomials derived from
8.

Theorem 5.1. Let q be a power of an odd prime p > 5 and a € Fy. The polynomial QASk 18 a
DO polynomial over IFy if and only if one of the following holds.

(i) k=2 and d=p"(p™ + 1), where a, n > 0.

(ii) k=6,11, p=>5 and d = 2p™, where n > 0.

Proof. 1t is enough to prove only the necessary part. If the polynomial (’32 = X% is a DO
polynomial, then d = p® + 1. The polynomial Q53 is the zero polynomial and hence it is
not a DO polynomial. The polynomials 64 = —a?X? - X2 @55 = —2a3X9 — X% and
@7 —4a5X 41 263X20 4 20 X3 are not DO polynomials by Lemma 21l In the case of the
polynomial Q56 —3a*X% 4+ X34 we consider two cases, namely, p = 5 and p > 5. In the
case p = b, if QSG is a DO polynomial, then d = 5" +1 and 3d = 5/ + 1. Combining these
equations, we have 3 - 5° 4+ 2 = 57, which is true if and only if i =0, j = 1 and d = 2. When
p > 5, (’36 is not a DO polynomial by Lemma 2.2 For k > 8, we consider two cases, namely,
p=>5and p > 5.

Case 1. Let p > 5. Note that when k # 3,6 (mod p), the coefficients of X and X?¢ in
é\ik are non-zero. Therefore, QAik is not a DO polynomial by Lemma 2.Il In the case k = 3
(mod p), the coefficient of X3¢ is non-zero and also, the coefficient of X4 in @k, given by

(k—5)(k—6)§f—7)(k—12) a*~% is non-zero. Therefore, E’Sk is not a DO polynomial by Lemma

When k& = 6 (mod p), the coefficients of X¢ and X3? in @k are non-zero, therefore, @k is not
a DO polynomial by Lemma

Case 2. Let p = 5. Notice that when k # 1,3 (mod 5), the coefficients of X and
X2 in QSk are non-zero, therefore QSk is not a DO polynomial by Lemma 21 In the case
k = 3 (mod 5), the coefficients of X3¢ and X*? in Q5k are non-zero, therefore Q5k is not
a DO polynomial by Lemma For k = 1 (mod 5), if the polynomial @11 = 2a°X9 +
a® X3 4 4a.X°¢ is a DO polynomial, then d = 5% + 1, 3d = 5% + 1 and 5d = 5¢(57 + 1).
Since 5! | 5, t = 1. Thus, by combining these equations, we obtain o = 0, 8 = 1 and
d = 2. For k > 16, since k = 1 (mod 5), we have k # 0,2,3,4 (mod 5) and hence the
coefficient of X3? in QAS is non-zero. Now consider the 6th term whose coefficient is given
by (k=T)(k=8) (k= 9)(k 10)(k L) (k=18) fk—12, By Lemma 23] the highest exponent of 5 which
divides 6! is 1. Also if & # 11 (mod 25), then highest exponent of 5 that divides the
numerator of coefficient of X% is 1, hence the coefficient of X%? is non-zero. Thus, if @k
is a DO polynomial, then 3d = 5% 4+ 1 and 6d = 5% + 1. Combining these equations, we
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get 2-5% +1 = 57, which forces @ = 0 and 57 = 3, a contradiction. Thus Q/;k is not a

DO polynomial in this case. In the case k = 11 (mod 25), consider the 11th term whose
(k—12)(k—13)---(k—19)(k—20) (k—21) (k—33)
5L

coefficient is given by a*=22_ Tt is easy to verify that the

coefficient of X'¢ is non-zero. Thus, if @k is a DO polynomial, then 3d = 5% + 1 and
11d = 5% + 1. Combining these equations, we have 11-5% +8 =3 58, which forces a = 0
and 3-5% = 19, a contradiction. Thus Q5k is not a DO polynomial in this case. O

6. DO POLYNOMIALS FROM RDPS OF THE FIFTH KIND

Here we consider RDPs of the fifth kind. Recall that Dy 4(a, X¢) — Dy 4(a,0) is denoted
by $j, where
(6.1)

R = (4 — k)a"2x9 + (k — 3)2(k -8) ak—4x2d _ (k —4)(k ;‘5)(k‘ - 12)ak—6X3d I

It is easy to see from (L3]) that e = & (mod 3), thus for p = 3, 9 is a DO polynomial
whenever & is a DO polynomial. Thus, throughout this section, we take p > 5.

Theorem 6.1. Let q be a power of an odd prime p > 5 and a € Fy. The polynomial 5k s a
DO polynomial over IFy if and only if one of the following holds.

(i) k=2,3 and d = p"(p* + 1), where a, n > 0.

(ii) k=4 and d =p"(p* + 1)/2, where a, n > 0.

Proof. The Sufﬁ(uency of the theorem is straightforward. It only remains to show the necessity.
If the polynomials .62 =2X% and 5’)3 = aX? are DO polynomials, then d = p® + 1. Similarly,
if the polynomial $; = —2X2? is a DO polynomial, then d = (p® +1)/2. In the case of
polynomials 5?)5 = —a?X? — 3aX? 5’)6 = —2a* X% — 3¢2X?4 4 2X3 and .67 —3a5Xd
203 X% 4+ a X34 the coefficients of X% and X?¢ are non-zero. Therefore, 55, He and 537 are
not DO polynomials by Lemma 2.1l The polynomial 5%8 = —4a8X?+8a2X3% —2X* is not a
DO polynomial by Lemma 23] If the polynomial 59 —5a" X +3a° X% +10a> X3 — 70X
is a DO polynomial, then 2d = 5% + 1 and 4d = 5% + 1. Comblmng these equations, we get
2.5%+1 = 57, which forces a = 0, 5% = 3, a contradiction. Thus 5”39 is not a DO polynomial.
For k > 10, we consider two cases, p =5 and p > 5.

Case 1. Let p = 5. Notice that when k # 3,4 (mod 5), the coefficients of X and X?2?
in S’Jk are non-zero, therefore, ﬁk is not a DO polynomial by Lemma 2.1l In the case k =3
(mod 5), the coefficients of X a; is clearly non-zero and also, the coefficient of X*¢ in jﬁk given
by (k=4)(k= 5)(k O*k=T) ;k=8 i5 non-zero. Thus, if .%k is a DO polynomial, then d = 5% 4+ 1 and
4d = 5° + 1 Combining these equations, we have 4 - 5% + 3 = 58, which forces o = 0 and
5% = 7, a contradiction. Thus Jﬁk is not a DO polynomial in this case. When k£ =4 (mod 5)
the coefficient of X2® in §j, is non-zero. Also, if k # 9 (mod 25), the coefficient of X°¢ i
jﬁk given by (k=6)(k—T7)(k— 8)(k 9)(k=20) ;k=10 j5 non-zero. Thus, if 519 is a DO polynomial, then
2d = 5% +1 and 5d = 5t(55 +1). Since 5! | 5, t = 1 and hence, the second equation reduces to
d = 5% +1. Combining these equations, we have 2-5°+1 = 5%, which forces 8 = 0 and 5% = 3,
a contradiction. Thus $j, is not a DO polynomial. In the case k = 9 (mod 25), the condition
k > 10 is equivalent to & > 34. Now consider the 9th term whose coefficient is given by
(k= 10)(k—11) (k= 12) (= 16)(k-1T)(k=36) (k-18  Gince k = 9 (mod 25), we have k # 14 (mod 25).
Hence the hlghest exponent of 5, which d1V1des the numerator is 1. By Lemma 2.5] highest
exponent of 5, which divides 9! is 1. Therefore, the coefficient of X°? is non-zero. Thus, if
ﬁk is a DO polynomial, then 2d = 5% + 1 and 9d = 5° + 1. Combining these two equations,
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we have 9-5% 4+ 7 = 2- 5%, which forces & = 0 and 5° = 8, a contradiction. Thus J%k is not a
DO polynomial.

Case 2. Let p > 5. Notice that when k # 3,4,8 (mod p), the coefficients of X¢ and
X2 ip ﬁk are non-zero, therefore jﬁk is not a DO polynomlal by Lemma 2.1 In the case
k = 3,8 (mod p), the coefficients of X d and X34 in ﬁk are non-zero, therefore ﬁk is not a
DO polynomial by Lemma When k =4 (mod p), the coefficients of X?¢ and X*? in B
are non-zero. Thus, if S’Jk is a DO polynomial, 2d = p® + 1 and 4d = p® + 1. Combining these
equations, we have 2-p® 4 1 = p?, which forces & = 0 and p® = 3, a contradiction. Thus, ﬁk
is not a DO polynomial. This completes the proof. O

7. THE CASE m > 5

For m > 5, we shall classify DO polynomials from the polynomial @k,m, where

(7.1)

~ — _9 D (k — _

@hm _ (m _ k)ak—2Xd + (k 3)(2]{: m) ak_4X2d _ (k’ )(k‘ 3'5)(]{7 3m) ak_6X3d "
From (3], it is straightforward to see that for p = 3, C‘ka = C‘Dk, ka, and Sk, whenever

m = 0,1 and 2 (mod 3), respectively. Similarly, for p > 5, ka = C‘Dk,@k,%k,ﬁk and fjk,
Whenever m =0,1,2,3 and 4 (mod p), respectively. Thus the only cases that remain to be
considered are p > 5 and m # 0,1,2,3,4 (mod p) for which we have the following theorem.

Theorem 7.1. Let q be a power of an odd prime p > 5 and a € Fy. The polynomial C‘Skm
where m # 0,1,2,3,4 (mod p) is a DO polynomial over Fy if and only if one of the following
holds.

(i) k=2,3 and d = p"(p* + 1), where a, n > 0.

(ii) k=5, m=5 (mod p) and d = p"(p® + 1)/2, where a, n > 0.
(i) k=5, 2m =5 (mod p) and d = p"(p® + 1), where o, n > 0.

Proof. Only sufficiency of the theorem is required to be proved. If the polynomials 62,777, =
(m —2)X? and @37,,1 = (m — 3)aX? are DO polynomials, then d is of the form p® + 1. The
polynomial @47,,1 = (m—4)a’X% 4 (2—m)X?? is not a DO polynomial by LemmaZ1Il In the
case of the polynomial 555,,” = (m—>5)a® X%+ (5—2m)aX??, we consider three cases, namely,
m =5 (mod p), 2m =5 (mod p) and m,2m # 5 (mod p). In the case m = 5 (mod p), if
557m = —5aX?%is a DO polynomial, then d is of the form (p®+41)/2. When 2m =5 (mod p)
and if 5‘55,m = (m — 5)a®X? is a DO polynomial, then d is of the form p® 4 1. In the case
m,2m %5 (mod p), 557m = (m—5)a*X?+ (5 —2m)aX>? is not a DO polynomial by Lemma
21 For k > 6, we consider four cases, namely, k # 3,m,2m (mod p), k =3 (mod p), k =m
(mod p) and k = 2m (mod p).

Case 1. Let k # 3,m,2m (mod p). In this case, the coefficients of X¢ and X?? in @km
are non-zero, and therefore C‘Skm is not a DO polynomial by Lemma 211

Case 2. Let k = 3 (mod p). In this case, we have k # 4,5 (mod p). Also, note that
k # m (mod p), otherwise m = 3 (mod p). Similarly, k # 3m (mod p), otherwise m = 1
(mod p). Therefore, the coefficients of X 4 and X3 in D k,m are non-zero and hence C‘Dk m is
not a DO polynomial by Lemma 2.2

Case 3. Let Kk = m (mod p). Notice that k£ #Z 3,4 (mod p). Also, note that k # 2m,3m
(mod p), otherwise m = 0 (mod p). Therefore, the coefficient of X?¢ in @km is non-zero.
Also, when k # 5 (mod p), the coefficient of X3¢ in ﬁkvm is non-zero. Thus, if C’Sk,m is a
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DO polynomial, then 2d = p® + 1 and 3d = p® + 1. Combining these equations, we get
3p® +1 = 2p”, which forces a = 0 and p? = 2, a contradiction. Therefore, D k,m is not a DO
polynomial in this case. In the case k =5 (mod p), consider the coefficient of the fifth term
(k=6) (k=) (k= 8)(k D(E=5m) ok=10_ Gince k = 5 (mod p), we have (k: 6),(k—7),(k—8),(k—9) #
0 (mod p). Also note that k # 5m (mod p), otherwise m = 1 (mod p). Therefore, the
coefficients of X 2 and X°? in CDk .m are non-zero. Thus, if CDk .m 1s a DO polynomial, then
2d = p® +1 and 5d = p® + 1. Combining these equations, we get 5p* 43 = 2p? . which forces
a =0 and p? = 4, a contradiction. Therefore, C‘Dk ,m is not a DO polynomial.

Case 4. Let k: = 2m (mod p). Notice that k& # m (mod p), otherwise m = 0 (mod p).
Therefore the coefficient of X¢ in @km is non-zero. Also note that k& # 3m (mod p) and
k # 4 (mod p), otherwise m = 0 (mod p) and m = 2 (mod p) respectively. When k # 5
(mod p), the coefficient of X3¢ in D k,m is non-zero and hence C‘Dk .m is not a DO polynomial
by Lemma 2.2l In the case k =5 (mod p), the condition k > 6 is equlvalent to k > 13. Now
consider the fifth term again. By similar arguments as done in Case 3 above, it is easy to see
that the coefficient of X°? is non-zero. Thus, if @km is a DO polynomial, then d = p®*+1 and
5d = p” +1. Combining these equations, we get 5p® +4 = p?, which forces a = 0 and p® = 9,
a contradiction. Therefore C‘Skm is not a DO polynomial. This completes the proof. O

8. DISCUSSION ON PLANARITY

We consider the planarity of DO polynomials obtained from RDPs of the (m + 1)-th kind
as listed in the Appendix[Al First, we shall discuss the tools and techniques that are needed
to understand the planarity of DO polynomials. These tools and techniques are similar to
the ones used in [5]. Recall that a polynomial function f : F, — F, is said to be planar if
the difference function Af(X,e) = f(X +¢€) — f(X) — f(€) permutes the elements of F, for
each e € Fy. If f happens to be a DO polynomial, the difference function Ay(X,e¢) for each
€ € Iy, belongs to another well-known class of polynomials called linearized polynomials.
Therefore, a DO polynomial f is planar if and only if the linearized polynomial Af(X,e)
is a permutation polynomial for each e € Fj. The permutation behaviour of linearized
polynomial is well-known. In fact, [14, Theorem 7.9] tells us that a linearized polynomial is
a permutation polynomial over F, if and only if its only root in F, is 0. Therefore, in order
to show that a DO polynomial f is not planar, it is sufficient to show that the difference
function Ap(X,Y) = f(X +Y) — f(X) — f(Y) has a root in F} x F}.

We recall that a DO polynomial function f from F, to itself is called 2-to-1 function if
the cardinality of the image set on Fy is (¢ — 1)/2. Qiu et al. [19] showed that the size of
the image set on IF; of a planar polynomial f over F;, must be at least (¢ — 1)/2. For a DO
polynomial f, Weng and Zeng [23, Theorem 2.3] gave the following necessary and sufficient
condition for f to be planar.

Lemma 8.1. Let f be a DO polynomial over F,. Then f is planar if and only if f is 2-to-1.

Lemma B.1 has further consequences. First, if a DO polynomial f has a root z € Fy, then
—z is also a root of f. Therefore, the cardinality of image set of f on Fy is strictly less than
(¢ — 1)/2 and hence, in such a case, f is not planar.

For the second consequence, we begin with an easy observation that if f(X) is a DO
polynomial, then so is f (Xpn). We know that XP" is a linearized permutation polynomial
over Fye. Therefore, the cardinality of the image set of f(X) and f(X?") on F} is same.
Hence if f(X) is planar, then f(XP") is also planar. Therefore in such situations, it would
be sufficient to consider the planarity of f(X).
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Another important tool that we would require to study the planarity of DO polynomials
is the following version of Weil bound as stated in [3] Lemma 2.4].

Lemma 8.2. Let f(X,Y) be an absolutely irreducible polynomial in Fy[X,Y]. Then the
number Ny of (u,v) € Fy x Fq with f(u,v) =0 satisfies

Ny = q—(d—1)(d—2)y/G—d—1,
where d is the total degree of f.

We now describe the strategy for using the Weil bound to determine the planarity of
certain DO polynomials. Let f be a DO polynomial over F, and consider the difference
function Af(X,Y) = f(X +Y) — f(X) — f(Y). If this difference function has an absolutely
irreducible factor, say h(X,Y), of total degree dj, then Lemma gives a lower bound for
the cardinality N}, of all the points (u,v) € F, x Fy such that h(u,v) = 0. If the degree of
the absolutely irreducible factor h(X,Y") is not too large and ¢ is large enough, then we have
many F,-rational points on the affine algebraic curve defined by h(X,Y’) = 0. Moreover, if
Ny, is strictly larger than the number of solutions to h(X,Y’) = 0 with either X =0or Y =0,
then Lemma yields the existence of a point (u,v) in F; x F} such that h(u,v) = 0 and
hence, for such a point, we have Ay(u,v) =0, i.e, Ay(X,Y) has a root in Fy x Fy. Thus, in
order to show that f is not exceptional planar (i.e., planar over infinitely many extensions of
F,), it is sufficient to show that the difference function of f contains an absolutely irreducible
component with a solution in Fy x Fp.

It is straightforward to see that for b € Iy, RDPs of the (m+1)-th kind admit the following
relationship

(8.1) V" Dy m(a, X?) = Dy, pn(ad?, (X1?)9).
In view of (8I]), and due to the fact that the planarity property of a function f remains

invariant under linear transformations (i.e. if f(X) is planar so is af(AX + p) + S with
a, A # 0), we have the following lemma.

Lemma 8.3. Let Dy n(a, X) be the k-th RDP of the (m + 1)-th kind. Then Dy (a, X?) is
planar equivalent over Iy to Dk,m(abd, Xd) Jor any b € Fy.

Over the algebraic closure Fq of IF,, we derive a useful consequence of Lemma Note
that one may always choose b € F, that satisfies the equation aX d = 1. In this way the
factorizations of Ap, (o xay and Ap,  xay over F, are linearly related. As a consequence,
the absolutely irreducible factors of Ap, (, x4 are of the same form for all non-zero a.
Thus, without loss of generality, one may always take ¢ = 1, while checking the absolute
irreducibility of certain polynomials.

Now we consider the planarity of the DO polynomials listed in the Appendix [Al in three
different cases. R N N

Case 1. Let p = 3. The planarity of monomials Dy = X3!, ¢, = 2X3"+1 @5 = o X3"+1,
¢ = X3 and & = 2a3X3" ! is well-known by [4, Theorem 3.3] and these monomials
are planar over Fge if and only if e/(c, e) is odd. It is easy to see that X = a is a root of
the polynomials ”}35 = 2aX* + a?’X2 (’37 = 2a X% + a3 X*, CD7 = 2aX% + 2a3X* + 2a°X?,
(’313 =aXP+a3X104+a°X?* and Q‘Elg = 2aX18+2a9X10+a13X6+a15X4 Therefore, these DO
polynomials are not planar. Now we consider the planarity of the rest of the DO polynomials
one by one. R

(i) In the case of binomial f(X) = D, = 2X* + 2a?2X?, consider the difference function
Ap(X,)Y)=f(X+Y)— f(X)— f(Y) = XYB(X,Y), where B(X,Y) = X?+Y?2—a? which
is simply an irreducible conic since a is non-zero. Therefore, by Lemma B2 the number N
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of (u,v) € Fy xFy with B(u,v) = 0 is greater than or equal to ¢ — 3. Note that we can obtain
at most 4 solutions (u,v) to B(X,Y) = 0 by putting either X = 0 or Y = 0. Therefore,
when ¢ — 3 > 4, there must exist a root (u,v) € F; x F; of B(X,Y). Therefore, D, is not
planar when ¢ > 7, i.e., e > 2. For e =1, @4 = X? (mod X? — X) which is clearly a planar
function. R

(ii) The DO binomial & = 2X3G"*+D 1 g4X3"+1 can be written as composition of a
linearized polynomial and a monomial as (2X2 + a*X) o X3!, Now from [4, Theorem 2.3],
@6 is planar if and only if 2X3 + a*X is a permutation polynomial and X3"*! is planar.
Now, since X = a? is a root of the linearized polynomial 2X? + a*X, 2X3 + ¢*X is not a
permutation polynomial. Hence, @6 is not planar.

(iii) In the case of the DO polynomial f(X) = € = 2X10 4 ¢4X6 + a5 X4, consider the
difference function Af(X,Y) = XY h(X,Y), where h(X,Y) = 2(X® +V8) — a?X?Y? +
a®(X? + Y?). The Magma algebra package [I] reveals that h(X,Y") is absolutely irreducible.
Therefore, by Lemma B2 the number N}, of solutions (u,v) € Fy; x F, of h(X,Y) = 0
satisfies N, > ¢ — 42,/ — 9. Now h(X,0) = 2X%+a%X? = X?(a+ X)?(a — X)? have in total
8 solutions in F,. Similarly, h(0,Y) = 2Y8a + a%Y? = Y%(a — Y)?(a + Y)? have in total 8
solutions in [F,. Therefore, in total 16 solutions can be obtained either by putting X = 0 or
Y =0. Now if ¢ — 42,/g — 9 > 16, i.e., ¢ — 42,/q — 25 > 0 then h(X,Y) possesses a solution
(u,v) € Fy x Fy. This is true for e > 7, therefore, for e > 7, @ is not planar. For e = 1
@10 = X? (mod X3 — X), which is clearly a planar polynomial. Computations show that
for 2 < e < 6, the cardinality of the image set of ¢y on [y is strictly less than (3¢ —1)/2.

Therefore, by Lemma 811 @10 is not planar in tklese cases.

(iv) Consider the DO polynomial f(X) = €15 = aX?® + 2a°X'? + a3X* = a(X" +
268 X3 + a'?X) o X*. This polynomial is never planar over Fze when e is even. Since in
this case 4 | (¢ — 1), the cardinality of image set of f(X) on Fy is at most (¢ — 1)/4 and
thus, by Lemma 81l f(X) is not planar. When e is odd, we consider the difference function
Ap(X,Y)=aXY(X%2+Y?) h(X,Y), where

h(X Y) _a12+z X24 QZy2Z+Z Z 8X8—2iy2i'
=0 =1

Again, the Magma algebra package [I] shows that the polynomial A'(X,Y’) obtained from
h(X,Y) by putting a = 1, is absolutely irreducible. Therefore, by Lemma [R.2, the number
Ny of solutions (u,v) € FgxF, of ' (X,Y) = 0 satisfies Njy > ¢—506,/¢g—25. Also, h/(X,0) =
X?* + 1 and this has no root in odd degree extensions of F3. Similarly, #/(0,Y) = Y2* +1
has no root in odd degree extensions of F3. Therefore, there is no solution to #'(X,Y) =0
corresponding to XY = 0. If ¢ — 506,/g — 25 > 0, then //(X,Y") has a root (u,v) € Fy x Fy.
This holds true for all e > 12. Therefore, @15 is not planar over Fge for e > 12. In the case
e = 1, the polynomial f(X) = @15 = aX? (mod X3 — X) which is clearly a planar function.
Computations show that for e = 5,7, 9 11, the cardinality of the image set of 0315 on Fge is
strictly less than (3¢ —1)/2, therefore, @5 is not planar in these cases. In the case e = 3, €15
is planar for every choice Of a € F5,.

Case 2. Let p = 5. The planarity of DO monomials 352 = 3X°°+, @3 = 2a X%,
@2 _ 4X5a+17 @3 _ 3aX5a+17 @2 _ X5a+17 52 _ 2X5a+17 53 _ aX5a+17 and 54 — 3X5°+1
is well-known by [4, Theorem 3.3] and these monomials are planar over Fse whenever e/(a, e)
is odd. It is straightforward to see that X = a is a root of the DO binomial @7 =4a° X% +a X6
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and hence, it is not planar. Now we consider the planarity of the rest of the DO polynomials
one by one. R

(i) For the DO binomial f(X) = & = 2a*X? + X° consider the difference function
Af(X,Y)=XYB(X,Y), where B(X,Y) = X*+Y*—q". It is easy to see that Y —a | Y*—a*
and Y* —a? has no repeated roots. Therefore, by Eisenstein’s criterion, B(X,Y") is absolutely
irreducible. Thus, by Lemma B2] the number of solutions (u,v) € F, x F, of B(X,Y) =10
satisfies Np > ¢—6,/q—5. Now, at most 8 roots of B(X,Y") can be obtained by putting either
X =0orY =0. Therefore, if g —6,/g—5 > 8, B(X,Y) will have a solution (u,v) € F; x Fy,
which holds for all e > 3. Therefore, (?56 is not planar over Fze for e > 3. When e = 1,
f(X) = 3X?(mod (X% — X)) which is clearly a planar function. For e = 2, the number of
solutions of the equation X% +Y* = a* in Fs2 x Fs2 is 40, which is greater than 16. Therefore,
QA§6 is not planar in this case.

(i) In the case of the DO trinomial f(X) = 17 = —aX'° + ¢®X6 + 249 X2, consider the
difference function A;(X,Y) = XY h(X,Y), where h(X,Y) = 3aX?Y*+a> X +a®Y* 4 4a°.
The Magma algebra package [I] shows that h(X,Y") is absolute irreducible. Therefore, by
Lemma B2, the number N}, of solutions (u,v) € F, x F, of h(X,Y) = 0 satisfies N, >
q —42,/q — 9. Now, h(X,0) = X% —a* = 0 can have at most 4 solutions. Similarly,
h(0,Y) = Y* — a* = 0 can have at most 4 solutions. Therefore, at most 8 solutions can be
obtained by putting either X =0 or Y = 0. Now, if ¢ —42,/g—9 > 8,i.e., ¢—42,/q—17>0
then h(X,Y’) will have a solution (u,v) € F; x F;. This is true for e > 5, therefore, for
e > 5, (’311 is not planar. For e = 1, @11 = 2aX? is clearly aAplanar function. For e = 2,4,
computations show that the cardinality of the image set of &7 on F. is strictly less than
(5¢ — 1)/2. Therefore, (’A511 is not planar in these cases. For e = 3, computations show that
(’A511 is planar for every choice of a € Fy5.

Case 3. Let p > 5. In this case, the only DO polynomials we are getting are the monomials
of the form bXP"+! where b € [, and by [4, Theorem 3.3], these monomials are planar over
Fpe whenever e/(c, e) is odd.

In view of the foregoing discussion, the following theorem gives the list of planar DO
polynomials arising from RDPs of arbitrary kind.

L3) k—mi(k—1
Theorem 8.4. Let Dy, = - <
—1
i=1
Then the following are the only planar DO polynomials arising from Dy, p,.

(1) X2 over Fpe.

(i) XP**! over Fpe with ey 0dd.
(iii) 2a°X'? + a3 X1 + aX? over For with a € F3,.
(iv) —aX10 +a® X% +2a? X2 over Fio5 with a € Flos.

, )(—Xd)iak_% as defined in the Introduction.
i
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APPENDIX A. THE COMPLETE LIST OF DO POLYNOMIALS

Here, we present the complete list of DO polynomials obtained from polynomial D k,m OVer
a finite field of odd characteristic.

(1) The case p = 3.
(a) When m =0 (mod 3)
(i) k=2-3¢, X373 41 for nonnegative integers o, n and £.
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(ii) k=4-3¢, 202X 23" 4 ox 43" for nonnegative integers n and /.
(iii) k=53, a3 X3 1 2q X438 for nonnegative integers n and /.
(iv) k=7-3, 205 X 23" 4 9g3 XA 4 9 X 23" for nonnegative integers
n and /.
(b) When m =1 (mod 3)
(i) k=2, 2X3" G+ for nonnegative integers a and n.

k=5, 2a°X3" 3“1 for nonnegative integers a and n.
k=6, a*X3" 3%+ 4 2X3" " (3°+1) for nonnegative integers o and n.
k=17 a3X*3" 4+ 2aX23"" for nonnegative integer n.
k=10, aSX*3" 4 adXx 23" 4 2x103" for nonnegative integer n.
k=13, a®X*3" 4 o3 X103" 4 aX*3" for nonnegative integer n.
k=15, a3 X*3" + 209X 43" 4 o X283" for nonnegative integer n.
k=19, a®X*3" 4 al3X 23" 4 9g9 X 103" 4 94 X 23" for nonnegative
integer n.
(¢) When m =2 (mod 3)

(i) k=3, 2aX?" G+ for nonnegative integers o and n.

(i) k =4, a®>X3" Gt for nonnegative integers a and n.
(iii) k=5, aX3"(“+1 for nonnegative integers a and n.
(iv) k=6, 2a* X3" 3“+1) for nonnegative integers o and n.

k=5

k=6

k=17, aX3 6"+ 42X 3" (3% 4) for nonnegative integers o and n.
k=38, a*X*3" + 202X 23" for nonnegative integer n.
k=1
k=1
k=1
k

integer n.
(2) The case p = 5.
(a) When m =0 (mod 5)
(i) k=25 3X5" " (5°+Y) for non negative integers a, n and /.
(ii) k=3-5 2a X5 (1) for non negative integers a, n and /.
(b) When m =1 (mod 5)
(i) k=2, 4X5" 6"+ for nonnegative integers o and n.
(i) k=3, 3aX°"G"*D for nonnegative integers o and n.
(iii) k =7, 4a®X%5" 4 aX%5" for nonnegative integer n.
(¢) When m =2 (mod 5)
(i) k=3, 4aX®" "+ for nonnegative integers o and n.
(i) k =4, 362 X°" 6+ for nonnegative integer n.
(iii) k =8, 4a5X?5" + a2X55" for nonnegative integer n.
(d) When m =3 (mod 5)
(i) k=2, 2X°" 0"+ for nonnegative integers a and n.
(ii) k=6, 2a* X" + X6 for nonnegative integer n.
(i) k=11, 202 X%5" 4+ 5 X65" 4 44 X%5""" for nonnegative integer n.
(e) When m =4 (mod 5)
(i) k=2, 2X°" 0"+ for nonnegative integers a and n.
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(i) k=3, aX®" G for nonnegative integer n.
(iil) k = 4, 3X°" 6"+ for nonnegative integer n.
(3) The case p > 5.
In this case, we are getting DO polynomials of the form bXP"*! where b € Fg.
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