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Abstract

Uniform hypergraphs have a natural one-to-one correspondence to tensors. In this
paper, we investigate the Estrada index and subgraph centrality of an m-uniform
hypergraph H via the adjacency tensor. We establish some bounds for the Estrada
index and give expressions of the subgraph centrality in terms of graph parameters
of the multi-digraphs associated with H. When H is 2-uniform, the above Estrada
index and subgraph centrality are the Estrada index and subgraph centrality of a
graph.

Keywords: hypergraph, Estrada index, subgraph centrality, adjacency tensor,
eigenvalue

AMS classification (2020): 05C65, 05C09, 15A18

1. Introduction

For a simple undirected graph H, its Estrada index

n
— Ai
=D
i=1

where Aq, Ao, ..., A\, are all the eigenvalues of the adjacency matrix of H ﬂ The
study of Estrada index has attracted extensive attentlon é @ Ia The Estrada
index of hs has wide applications in biology H chemistry ﬂ] and complex
networksgﬂg The Estrada index of graphs is closely related to the subgraph

centrality of a vertex in graphs and the trace of the adjacency matrix of graphs

2.
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Let A be the adjacency matrix of the graph H and pq(j) = (A9);;. Then uq(j)
is the number of closed walks of length d starting and ending at the vertex j in H

l1d].

L Hald)
ci) =yt (1)
d=0
is called the subgraph centrality of a vertex j in H ﬂé] The subgraph centrality is
a topological parameter to measure the importance of nodes in networks, which is
widely used in the real-world network analysis ﬂg, Iﬂ]

The dth order spectral moment of H is the sum of d powers of all the eigenvalues
of A, denoted by Sq(H). Since the trace tr(A?) = 37" pa(j) = Sa(H) ﬂj,

oy S ) | R A SRS S
D=0 =Y g = S=Y e —BE(). (12)
7j=1 d=0 j=1 d=0 d=0 i=1 i=1

Since uniform hypergraphs have a natural one-to-one correspondence to tensors,
in this paper, we investigate the Estrada index and subgraph centrality of hyper-
graphs via tensors. Next, we introduce some notations and concepts for tensors and
hypergraphs. Let [n] = {1,2,...,n}, [n]™ = {iyis- - -in|ix € [n], k=1,...,m} and
C be complex field. An order m dimension n complex tensor

T = (ta), for a € [n]" t, € C,

is a multidimensional array with n™ entries. When m = 2, T is an n X n matrix
12, 1),

A hypergraph H = (V(H), E(H)) is called m-uniform if |e| = m > 2 for all
e € E(H). For e = {iq,ia,...,in} € E(H), e is also written i1is - - - 7,,, in this paper.
For an m-uniform hypergraph H, its adjacency tensor is the order m dimension n
tensor Ay = (hy), where

0, otherwise.

Clearly, Ay is the adjacency matrix of H when H is 2-uniform. The eigenvalues of
Ay, are also called the eigenvalues of H ]
In 2005, the concept of eigenvalues of tensors was proposed by Qi B] and Lim



ﬂﬁ] independently. The eigenvalues of tensors and related problems are important
research tOECS of ctral hypergraph theories _ . . @
].

Morozov_and Shaklrov gave an expression of the dth order trace Try(7) of a

|, especially the trace
of tensors

tensor T ﬂﬁ] Hu et al. proved that Trq(7) is equal to the sum of d powers of
all eigenvalues of 7 |20]. For a uniform hypergraph H, the sum of d powers of all
eigenvalues of Ay is called the dth order spectral moment of ‘H, denoted by Sy(H).
Then Try(Ay) = Sa(H). Shao et al. established some formulas for the dth order
trace of tensors in terms of some graph parameters ﬂﬂ] Clark and Cooper expressed
the spectral moments of hypergraphs by the numbers of Veblen multi-hypergraphs
and used this result to give the “Harary-Sachs” coefficient theorem for hypergraphs

|. Chen et al. gave a formula for the spectral moment of a hypertree in terms of
the numbers of some subhypertrees [22].

In this paper, we define the Estrada index and subgraph centrality of a uniform
hypergraph H via the adjacency tensor. The bounds for the Estrada index are
established. We give two expressions of the subgraph centrality by the number
of Eulerian closed walks of the multi-digraphs associated with H and the number
of arborescences of the multi-digraphs associated with H, respectively. Similar to
the Estrada index of a graph as in Equation (LZ), the Estrada index of a uniform
hypergraph H is equal to the sum of the subgraph centrality measures of all vertices
in H.

2. Preliminaries

Let C™ be the set of n-dimension complex vectors and C™™ be the set of complex
tensors with order m dimension n. For a tensor T = (ti,) € C™" and o =

(21,...,2,)" € C", Ta™ ' is a vector in C" whose i-th component is
(Tl’m_l)i = Z tml’a,
agln]m—1

where 2% = x;,x;,---x;,, , for a = 199 ip—1. A number A € C is called an
eigenvalue of T if there exists a nonzero vector x € C™ such that

Tt = Mgl



where 21 = (2771, L 2w 1) The number of eigenvalues of T is k = n(m —
)t _ . Let p = max{|\], | A2/, ..., | x|} be the spectral radius of T, where
)\1, Ao, ..., A\ are all the eigenvalues of ’T.

The dth order trace Trq(T) of a tensor T = (t,) € CI™" is expressed as follows

l19):

T?“d(T)
0
=(m—1)""* tio itr(A%m=1) 2.1
( ) > H i (D tia o )t N, (21
di++dp=d i=1 aze[n]m 1 i

where A = (a;;) is an n X n auxﬂlary matrix, dy,...,d, are nonnegative integers
and 52— = 8@‘9“2 . &Zm for c;; = ig -+ - ipy,.

In [14], the dth order traces of the adjacency tensor of an m-uniform hypergraph
were given for d =0,1,2,...,m.

Lemma 2.1. M] Let H be an m-uniform hypergraph with n vertices and q edges.
Then

(1) Tro(Azy) = n(m —1)""%;

(2) Trqy(Ayn) =0 ford=1,2,...,m—1;

(3) Trin(Ay) = gm™H(m — 1)"~™.

Since uniform hypergraphs have a natural one-to-one correspondence to tensors,
we define the Estrada index and subgraph centrality of a uniform hypergraph via
the adjacency tensor.

Definition 2.2. For an m-uniform hypergraph H with n vertices,

is called the Estrada index of H, denoted by EE(H), where A, Aa, ..., A\ are all the
eigenvalues of Ay.

Clearly, when H is 2-uniform, the above index is the Estrada index of a graph

.
Let H = (V(#H), E(H)) be an m-uniform hypergraph with n vertices. For j €
V(H), let uq(j) be the term corresponding to the vertex j in Try(Ag) which is



expressed by Equation (ZT]), that is

pa(j) = (m — 1)n_1 Z H Z hic; 75— (9 (Ad(m_l))jj’ (22)
di+-+dn=di= i ( aze[nm 1 “’l
Thus,
Z pa(5) = Tra(Az). (2.3)

Definition 2.3. For an m-uniform hypergraph H with n vertices,

o

(2.4)

d=0

is called the subgraph centrality of a vertex j in H, denoted by C(j), where uq(j) is
giwven by Equation (2.3).

By Equation , we know C'(j) is a real number. When # is 2-uniform, since
pa(j) = (A%);; ﬁbe(j) is the subgraph centrality of a graph as in Equation (I.T)).

Since the dth order trace of the adjacency tensor Try(Ay) = Zle A @] and
Equation (2.3]),

o n . 00 koo k
pa(j) Tro(An) A Ao
ZC =22 T T e = BEOY,
d=0 j=1 d=0 i=1 d=0 i=1
where Aq, Ao, ..., Ay are all the eigenvalues of Ay,.

3. Bounds for the Estrada index of hypergraphs

The spectrum of an m-uniform hypergraph is said to be m-symmetric if this
spectrum is invariant under a rotation of an angle 2w /m in the complex plane ]
In this section, for a 3-uniform hypergraph H whose spectrum is 3-symmetric, we
give an upper bound for the Estrada index in terms of energy of H. And for m-
uniform hypergraphs, we establish some bounds for the Estrada index.

The spectra of m-uniform power hypergraphs and hypertrees have attracted
extensive attention [23,24]. Their spectra are all m-symmetric [14, 21, 24, [25].

Lemma 3.1. [@] Let H be an m-uniform hypergraph whose spectrum is m-symmetric.
If mtd, then Try(Ay) = 0.



Let H be an m-uniform hypergraph with n vertices and Ai, Ao, ..., \x be all the
eigenvalues of Ay. In this paper, Zle |Aj| is called the energy of H, denoted by
E(H). When m = 2. bounds for the Estrada index of a graph H were given by
energy of H E, IE, Iﬂ]

For a 3-uniform hypergraph H whose spectrum is 3-symmetric, we establish an
upper bound by energy of H for the Estrada index.

Theorem 3.2. Let H be a 3-uniform hypergraph with n vertices and q edges (q > 1).
If the spectrum of H is 3-symmetric, then
2(coshp — 1)

EE <
(1) < =251

E(H) + k,

where p is the spectral radius of Ay and k = 2" n.

Proof. Tt follows from Lemma B.] that

0o TTd(AH) ) TTg[(AH) oo k )\3l koo |)\_|3l
BEH) =) 0=~ =22 am <22 G G
d! (30)! — (31)! T 4 (30)!
d=0 1=0 1=0 j=1 j=1 1=0
where Aj, Ao, ..., \; are all the eigenvalues of Ay.
Let S(x) = Zl 0 (gj i, Where z is a real variable. We have % Sy 37 33 =
0o gl
Zz:o [EDIN
Hence we get the differential equation 4 d 48 S = 0 satisfying the conditions
S(0) =1, ¥ |,_o=0 and L5 |,_y= 0. Then S(z) = 2e7 cos(Lx) + Lev.
We have
£ V3 1
SN =Zem 7 cos(=5-[A]) + e
< + el

2
1

=

3

2elkl+(am(V1A|» 1
3

1 1 2

<§( |’\|+e‘)‘|)+§:§cosh|>\j|+§

dx 2
xsinhx — coshz + 1, © € [0,p]. We have dz—f) = xcoshz > 0 and dg(; =0
if and only if x = 0. Thus, g(x) is strictly monotone increasing function. For
df (z
0 <z < p, we have g(z) > ¢g(0) = 0. Hence, fd(x) > 0, z € (0,p]. Then f(x)
is strictly monotone increasing function. So COthm_l < COShpp_l, x € (0, p], that is

6



coshz < COShT”_l:c +1, x € (0, p]. When x = 0, the above inequality obviously holds.
Thus, cosha < COSth_l:E +1,2€[0,p].
So,

1
S(IAj]) < 5 cosh |A;] + 3

(

hp—1 1 2(coshp—1
M|Aj|+1)+§=(“sg—;’)|xj|+1. (3.2)

IN
Ll b ol b

By Equation B1]) and ([B2]), we have

N

EEH) < ) SN

1

2(coshp — 1) i ~ 2(coshp —1)

<.
Il

IN

j=1
U
The following is a lower bound for the Estrada index of m-uniform hypergraphs.

Theorem 3.3. Let ‘H be an m-uniform hypergraph with n vertices and q edges.
Then

g~ (m — 1=
EEM) 2 (m — 2)!

equality holds if and only if H is an empty hypergraph.

+n(m—1)"", (3.3)

Proof. From Lemma 2.1 we have

EEH) =Y Lda(lfl”) =n(m—1)""+Y_ Ld;f”)

d=0 d=m
Tr,(A

Tl
m!

m—2(m _ 1)n—m—1
(m—2)!

qam

> n(m—1)""! =n(m—1)"""+
When H is an empty hypergraph, all eigenvalues of Ay are 0. It is easy to see
EE(H) = Zle e’ =k =n(m — 1)""L. Then the equality of Inequality (B.3) holds.
On the other hand, if the equality of Inequality (B3] holds, it follows from the



proof of the above inequality that Try(Ay) = 0 for all d > m + 1, that is

k
> X =0, foralld>m+1, (3.4)
j=1

where A1, Ao, ..., \; are all the eigenvalues of Ay,. Without loss of generality, suppose

that A, Ag, ..., Ag are all the distinct eigenvalues among i, Ao, ..., A\, and [; > 1 is
the multiplicity of \;, i =1,2,...,s.

If s = 1, then all the eigenvalues of Ay are the same. Since Tri(Ay) = 0, all
the eigenvalues of Ay are 0.

1 1 ... 1
A Ny oA, '
If s > 2 let M = ! 2 By Equation (34)), we have
)\i_l )\;—1 L. )‘i_l

M LN AT LA™ T = 0. Since det (M) # 0, (LA AP L
IAT)T =0, that is \; =0, j = 1,2,...,s. It contradicts s > 2.

So all the eigenvalues of A are 0. Then the spectral radius of Ay is 0. The
spectral radius is greater than or equal to the average degree of H M] Hence, the
average degree is equal to 0, that is H is an empty hypergraph.

Thus, equality holds in Inequality (B.3)) if and only if H is an empty hypergraph.

O

Next we establish an upper bound for the Estrada index of m-uniform hyper-
graphs with m > 3.

Theorem 3.4. Let ‘H be an m-uniform hypergraph with n vertices, q edges and
m > 3. Then

m—2(

m — l)n—m—l m ’f’d
(m — 2)! _E:E’ (8:5)
d=1

where r = \/2 Z?zl(Re()\j)P, A, Ao, ..oy A are all the eigenvalues of Ay, k =
n(m — 1)"~Y. Equality holds if and only if H is an empty hypergraph.

EEH)<k—1+e + 20

Proof. Let \j = a; +iB3;, aj, B; € R, j = 1,2,... k, i* = —1. From Try(Ay) =



SOk i1 A7 and Lemma 2T (2), we have

k k
Tro A’H ZO& —@2)+iz2ay@:0
j=1 j=1

Then

So
k k
YINE=D @F+8) = Z
=1 =

Note that EE(H), Trq(Ay) are nonnegative real numbers, d = 0,1,2, ...

)

Nl
d=0 | é,' is convergent. We have

d! d!
0 d=m-+1
" T (A 1
<y ) s IS e
d=0 d=m+1  j=1

For |A;],j € [k] and integer d > 2, by Cauchy-Schwarz Inequality, we have

(ZM )? = (Z(Mﬂd_lIM\)Y
Z A Y Z Z A1) ZMQ
Z Z = QNP

7=1

Ead



that is S5, V17 < (5 1A% So,

“ T’/‘d(.AH) - 1 i d
EEH) < 3T S (S P
d=0 ’ d=m+1 j=1
It follows from Equation (3.6) that
S Tra(An) o= Lo g
ey < STk S5 Loy
d=0 d=m+1 j=1
" L, 2 ad)E
& TrAw | Ee &R
_‘EE: d! T _'EEZ d!
d=0 d=0

By Lemma 2.1] we have

2213015 —
EEH)<k—1+el = +M_ZL’

where Tr,,,(Az) = gm™ ' (m — 1)"~™. Thus, we obtain Inequality (B3]

If H is an empty hypergraph, all eigenvalues of Ay are 0. It is easy to see
EE(H) =3F " = k. Then the equality in Inequality (B3) holds.

On the other hand, suppose the equality in Inequality ([B.5) holds. From the

proof of the above inequality, we have ) 7° i(Z?ZI I\ |T— Z§:1 A1) =0 and

note that Z?Zl )\? is a nonnegative real number, d =m + 1, m + 2,.... Then
k k
DX=D N Ld=m+1mt2,.
j=1 j=1

Let \; = |\jle, 5 =1,2,... k. We have

k
ST NI — cos(B;d) = 0,d=m + Lm +2,....

=1

Then |A\;|%(1 — cos(6;d)) = 0,d =m+1,m+2,...,and j = 1,2,..., k. Thus, we
have \; = 0 or cos(6;d) =1, d=m+1,m+2,..., for each j € [k]. If there exists

10



J € [k] such that cos(f;d) =1, d = m+ 1,m +2,.... Then we have 6;d = 2lym,

where [4 is an integer and d =m +1,m +2,.... So,
g B lm+22 B
;= - - ...
m+ 1 m+ 2
Iyt _ lmyo _
Let 5 = 25 = -+ =1. Then

lmrz =t(m+2)=t(m+ 1)+t =1, +t

Since Iy, 11, lm+2 are integers, t is an integer. So, 6; is equal to an integer multiple of
2. Hence, ); is a nonnegative real number. Since T'r1(Ay) = 0, all eigenvalues of
Ay, are 0. In the proof of Theorem B3, we proved that H is an empty hypergraph
when all eigenvalues of Ay, are 0. Thus, we get H is an empty hypergraph. Therefore,
the equality holds in Inequality ([B.5) if and only if H is an empty hypergraph. O

4. Expressions for the subgraph centrality of hypergraphs

In this section, for a uniform hypergraph H, we give two expressions of the sub-
graph centrality by the number of Eulerian closed walks of the multi-digraphs associ-
ated with ‘H and the number of arborescences of the multi-digraphs associated with
H, respectively. The explicit expression of pi4(j) of H is given for d =0,1,2,...,m.

For an integer d > 0, let a = iy ---ig € [n]?. If a satisfies i1 < -+ < ig4, then «
is called ascending order. Let

Fa={liou, ... igag)| 1 <ip <+ <ig<n, ap € [n]", k=1,...,d}.

Let F = (i, . . ., iqaq) € Fy, where ipay, = ij” - j%  k=1,2,...,d. Let

m—1
the set of arcs from 7 to jfk),jék), - ,j,(f)_l be

E(igar) = {(ins 31), iy 1870, - (i 52,
Let the arc multi-set

E(F) = | E(iva).

Let multi-digraph D(F) = (V(E(F)), E(F)). An Eulerian tour of the multi-
digraph D(F) is a closed walk that traverses each arc of D(F') exactly once @]
Let €(F, j) be the set of all Eulerian tours starting and ending at the vertex j in

11



D(F). For any arc (7, 7) from i to j in D(F), let w(, ) be multiplicity of arc (i, 7).
Let lA)(F ) be the digraph formed by removing duplicate arcs of D(F'). In this paper,
an Fulerian closed walk of the multi-digraph D(F') is a closed walk that uses each
arc (i, ) of D(F) exactly w(i, j) times. Let W(F, j) be the set of all Eulerian closed
walks of D(F) starting and ending at the vertex j. The multi-digraph D(F) is called
Eulerian if D(F') has Eulerian closed walks.

For F' = (i, ..., iq0q) € Fy, let the differential operator O(F) := szl ﬁ.

Lemma 4.1. Let F' € F;. Then
A(F)(A"™=1) 5 = b(F)| W(F, j)],

where A is an auziliary matriz of order n, and b(F') is the product of the factorials
of the multiplicities of all the arcs in D(F').

Proof. For the matrix A = (a;;), we have
a(F)(Ad(m_l))jj = Z a(F) (ajlzal2l3 o 'ald(mﬂ)j)'

Since a;ji, Ay, 7 18 @ polynomial of degree d(m—1), O(F)(a i, Qi1 iy, ) 5) 7
0 if and only if O(F)(aji, i1, - - - @iy, ;) = b(F). And in this case, the arc multi-set
{(,12), (Ia,l5), - . . (lagm—-1), 1)} = E(F), that is there exists an Eulerian closed walk
of D(F) starting and ending at the vertex j. Hence,

n

AN AN D)= 3" AF)ajan, - - ay,, ;) = b(F)W(F, j)|.

layelgm—1)=1
]

Let H = (V(H), E(H)) be an m-uniform hypergraph with n vertices, where
V(H)={1,....,n}. Let Fg(H) = {(irav, ..., iqq) € Faliraw, € E(H), ay is
ascending order, k= 1,...,d}.

Let ]:éj)(’H) ={F € F4(H)|D(F) is Eulerian and contains the vertex j}.

Theorem 4.2. Let H = (V(H), E(H)) be an m-uniform hypergraph with n vertices.
Then

o) =y 1Y),

12



where
pa) = (m— 1Y %wmm,

FeF (M)

Jj € V(H), b(F) is the product of the factorials of the multiplicities of all the arcs
in D(F), ¢(F) is the product of the factorials of the outdegrees of all the vertices
in D(F) and W(F,j) is the set of all Eulerian closed walks of D(F') starting and
ending at the vertex j.

Proof. Let V(H) = {1,...,n}, the adjacency tensor Ay = (hy), F = (10, .. .,
igag) € Fq and mp(Ay) = HZ:l iy, Using Formula (2.9) in ]

> H (Y g =3 %mmmaw),

di4-tdn=d i=1 aze[n]m 1 ml FeF,
we get
pa(j) = Z —7TF (A)O(F)(A%mD),5.
]_'

By Lemma [.T], we have

pa) = (m— 11 S %mwnwmm. (4.1)
FeFy

According to the definition of adjacency tensors, we have

d 1 . .
=, if dgop € E(H),k=1,...,d,
Tr(An) = Hhikak = { (=17 ()

i} 0, otherwise.

Then the F' in Equation (4I]) such that mp(Ay) # 0 if and only if iray € E(H),
k=1,...,d. For F = (ijaq,...,iq0q) € Fa(H), oy is ascending order, k = 1,...,d.
Thus, each F' € Fy(H) corresponds to ((m — 1)1)¢ elements in F.

13



Hence,

i) = m = 37 (G = DY W)
FeFyi(H)
—(m- 1 RRIWES)
FeFq(H)
—(m- Y AW ) (42)
FeFY) (1)

Substituting Equation (£2]) into Equation (24]), we obtain the expression of C(j)
by the number of Eulerian closed walks of the multi-digraphs associated with H. [

For a uniform hypergraph H, the following is the expression of C'(j) by the
number of arborescences of the multi-digraphs associated with .

Theorem 4.3. Let H = (V(H), E(H)) be an m-uniform hypergraph with n vertices.
Then

where

. - t(F)
_ -1 n—1
Ha (.]) (m ) ; H d+ (U) )
PEFE (M) vev (B(F)/45)
JjeV(H), dt(v) is the outdegree of a vertex v in D(F') and t(F) is the number of
arborescences of D(F).
Proof. Let V(H) = {1,...,n} and F € FY(H). Since F € FY(H), D(F) is
Eulerian and contains the vertex j. In order to get the Theorem (3] we first give
the representation of |W(F, j)|. Let €(F,e1) be the set of all Eulerian tours starting

with a fixed arc e; in D(F). Farrell and Levine 28] proved
S l(F el
ecE(F)
F = . 4.3
|€( ’61)| Z d+('U) ( )
veV(E(F))

By Equation [@3), we have |e(F, e1)| = |e(F, e5)], for all ey, e5 € E(F). Thus,
|€(E, ) = d* (j)|e(F, e1)]-

14



Let (F) be the set of all Buler circuits in D(F). There are |E(F)||€(F)| Euler
tours in E(F) ﬂﬁ] Then ZeGE(F) le(Fre)| = |E(F)||€(F)].

Thus,
d+(j) BB
Wi = ED et atG)le)
’ b(F) b(F) o(F)

where b(F) is the product of the factorials of the multiplicities of all the arcs in
D(F).
Tutte et al.@] and Aardenne-Ehrenfest et al.@] proved the BEST Theorem

e =tF) [ (@ w-1.
veV (E(F))

Then
dT(GUE) ev @y (d (v) = D!

(W(F,j)| = bE) (4.4)
By Theorem (L2 Equation {L.4) and ¢(F) = [T,cy (5(ry 4" (v)!, we get
. - b(E)d (GHE) [ Loey (i (4 (v) = 1)!
palj) = (m =1y 3 EHE
FeFY) (H)
-1t Y Ht(F ) o (4.5)

FEFES (M) yev (B(F)/17)

Substituting Equation (£I]) into Equation (Z4]), we obtain the expression of C(j)
by the number of arborescences of the multi-digraphs associated with . O

Next, we give the following explicit formula of p4(j) (d = 0,1,2,...,m) for
m-uniform hypergraphs.

Theorem 4.4. Let H = (V(H), E(H)) be an m-uniform hypergraph with n vertices.

Then
m™2(m — 1)"""d(j), ifd=m,
pa(j) =40, ifd=1,2,...,m—1,
(m — 1)1, if d =0,

where j € V(H) and d(j) is the degree of j in H.
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Proof. Let V(H) = {1 .,n}and E;(H) = {e € E(H)|j € e}. Since FPRH) =
{(i1dg -+~ dy G01030 i, - imi1i2 )|l i € Ej(H), i10g - - iy, 1S
ascending order} we have \.7-" ( )| =d(j).

For F € FY (M), D(F) is a complete digraph with m vertices. We have
m—2

= L dT(v) = (m — 1)™ . The number of arborescences of D(F) is m
veV(E(F))/{7}
( Cayley’s formula |31]). By Theorem and the above discussion, we get

(m — )"~ d(j)m™

) = S = = 1)),

From Lemma 2] (2), we know Trq(Ay) =0, d = 1,2,. — 1, by Equation

23D, we know > " pa(j) = Tra(Aw) and by Theoremm, we get wa(j) > 0,d =
1,2,. — 1. Thus, we have

pa(j) =0,d=1,2,....m—1.

By Equation ([Z.2)), we easily get uo(j) = (m — 1)"~L. O

For an m-uniform hypergraph H with n vertices and m > 2, the subgraph
centrality C(j) = Yoo, “Y) by Theorem B4}, we have > 49 = (m — 1)"~1 +
mr 3<"éml_)g)!m ld(]), j =1,2,...,n. The ranking from taking > /" ”dd, 1) as centrality

is the same as degree centrahty for the m-uniform hypergraph.
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