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Abstract

The transmission of a vertex v of a (chemical) graph G is the sum of distances from
v to other vertices in G. If any two vertices of G have different transmissions, then G is
a transmission irregular graph. It is shown that for any odd number n > 7 there exists a
transmission irregular chemical tree of order n. A construction is provided which generates
new transmission irregular (chemical) trees. Two additional families of chemical graphs
are characterized by property of transmission irregularity and two sufficient condition
provided which guarantee that the transmission irregularity is preserved upon adding a
new edge.
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1 Introduction

In chemical graph theory, molecules are naturally represented by (chemical) graphs. In the
next step, the graph distance function is an obvious tool for exploring chemical graphs,
which in turn reflect the physico-chemical properties of the corresponding (organic) com-
pounds, cf. [32]. The Wiener index [36] is a famous example, but many other distance-based
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(possibly combined with vertex degrees) topological indices have been studied such as Schultz
index [33, 29], hyper-Wiener index [31], Gutman index [23| 29], vertex-Szeged index [23], PI
index [26], edge-Wiener index [27], edge-Szeged index [24], Wiener polarity index [2, 25], and
more. The area is still very active; for a survey on graphs extremal with respect to distance-
based topological indices see [39], and for a selection of recent developments with a focus on
applications see [ [91 15], 17, 34} [35], 40} [41].

Exploring all these indices can be interesting from a mathematical point of view, but
it is also much important from a chemical point of view, as it turns out in practice that
several indices need to be combined to determine the properties of molecules. Moreover, this
approach has found applications in many other areas such as communication theory, facility
location, crystallography, and even in ornithology. As a point of interest for the latter we
mention that it was shown in [I1] that the interaction between a flock of birds depends more
intimately on the topological distance rather than the Fuclidian distance.

If G = (V(G),E(@)) is a graph and z,y € V(G), then dg(z,y) denotes the shortest-path
distance between x and y in G. The sum of all distances from a vertex x to other vertices
is a basic building block in exploration of metric properties of a graph and is called the
transmission of x and denoted by Trg(x). That is,

Trg(x) = Z dg(z,u) .

ueV(G)\{z}

That the transmission of a vertex is indeed a fundamental concept is demonstrated by the
fact that it is also known by several other names, such as the status of a vertex [I], 30] and
the total distance of a vertex [16, 28].

The transmission set of G is

Tr(G) = {Trg(z) : z € V(G)}.

If |Tr(G)| = n(G) holds, where n(G) denotes the order of G, then G is transmission irreg-
ular, TT for short. Recalling that the Wiener complexity of a G is the number of different
transmission of its vertices [3], see also [22] B7], we can equivalently say that TI graphs are
the graphs with maximum Wiener complexity.

Since almost no graph is transmission irregular [4], the search for such graphs has become
of interest to several groups of researchers. Results to date have been presented in [5 6} [7) 12,
13], (18, 19}, 20}, 211, 38]. In this paper we continue this line of research with a focus on chemical
graphs. In the next section we list definitions needed, recall some known results, and prove
a couple of results to be used later. In Section Bl we investigate transmission irregularity of
chemical trees while in Section ] we consider families of chemical graphs containing a few
short cycles. We conclude the paper with some open problems.

2 Preliminaries

All graphs considered in this paper are finite, simple and, unless stated otherwise, also con-
nected. For X C V(G), let G — X be the subgraph of G obtained from G by removing



the vertices from X and the edges incident with them, in particular, G — {v} will be briefly
denoted by G —v. Similarly, for F' C E(G), G — F is the spanning subgraph of G obtained by
removing the edges of F' and if e € E(G) then we will write G—e for G—{e}. The eccentricity
eccg(v) of a vertex v € V(@) is the maximum distance from v to all other vertices in G. If
wv € E(G), then n, (or ng(u) if the graph G is necessarily mentioned) is the number of
vertices in G closer to u than to v and n, (or ng(v) for completeness) is similarly defined.

A vertex v with degg(v) = 11is called a pendant vertex (also leaf when G is a tree) in G, and
the edge incident with a pendant vertex is called a pendant edge. A path P := ugup_1---uguy
with natural adjacency relation in a graph G is a proper pendant path in G if degq(uy) > 3,
degg(u1) =1, and degg(u;) = 2 for i € {2,3,...,k — 1}, where uy is its root. If both uy and
uy in P have degrees at least 3 and each of u; with j € {2,3,...,k — 1} has degree 2, then P
is an internal path in G with two terminals up and uy. Specially, if u; and up have degrees
at least 2, then the above P is a weak internal path with two weak terminals uq and uy.

The definition of a chemical graph is still a matter of debate, but we will stick to the most
common and simple one: A graph G is a chemical graph if its maximum degree is at most 4.
A vertex of degree at least 3 is a branching vertex. A tree with a unique branching vertex v
is starlike. A starlike tree 7" with branching vertex v will be denoted by 7' = T'(nq, ..., ny) if
T — v consists of k disjoint paths of orders nq,...,ng, respectively. And the pendant path of
length n; from v is called an n;-arm in it.

For an induced subgraph H of G, we say that the transmission set of H in G is Trg(H) =
{Trg(u) : w € V(H)}. In particular, Trg(G) = Tr(G). For an induced subgraph H of a
graph G, if |Trg(H)| = n(H), then H is a partially transmission irregular subgraph of G.

For a positive integer k we use the notation [k] = {1,...,k} and [k]o = {0, 1,...,k}. For a
set A of integers and i € Z, we denote by A+ the usual coset, that is, A+i = {a+i:a € A}.

For any tree T' and its subtree Ty with a non-leaf vertex v € V(Tj), we denote by V;
the set of vertices at distance j from v in Tp. Let a = eccqy(v). Then V(T*) = Ui,V is

a distance-based partition of the forest Ty — v at v. If min Trr(u) > max Trr(u) for any
uEVjJr1 uEVj

j € [a—1] in the above partition, then T} is a distance-based transmission monotonic (DBTM

for short) subtree of T" at v. See an example of a DBTM subtree in Fig. [Il In particular, if

To =T, then T is a DBTM tree. If min Trp(u) > max Trp(u) for any j € [a — 1]\ [1] in
ueV;

u€Vjp1 i—1
the above distance-based partition of 7" at v € V(T'), then T' is a 2-DBTM tree at v. If T' is

DBTM tree at v € V(T), th in Trp(u) > max Trp(w) > min Trp () > Trr(u),
a ree at v (T), then ulg%/lﬁl rr(u) _Iglea‘%; rr(u) _LILIél‘I% rr(u) _uren‘%i rr(u)

which implies that T is a 2-DBTM tree at v. Therefore DBTM tree is a special 2-DBTM
tree with the same root.

A set of positive integers is odd (even, resp.) if it consists of odd (even, resp.) integers.
A family A = UleAi of sets of positive integers has intersecting parity if A, and A, have
different parities for any p € [k — 1]. Moreover, similarly as above, if min A;{; > max A;_4
for any j € [k — 1] \ [1], then A is 2-distance monotonic.

Lemma 2.1 Let A = U¥_| A; be a 2-distance monotonic family of sets of positive integers.
If A has intersecting parity, then the sets A; are pairwise disjoint.



Figure 1: Tree T with a DBTM subtree Ty rooted at v.

Proof. Without loss of generality, we assume that A; is odd. From the condition that A
has intersecting parity, we deduce that A; has the same parity with its subscript j for any
j € [k]. Then A,N A, =0 if p,q € [k] have different parities. It follows that AV MA@ =
where A() is the union of sets A; with odd i € [k] and A is the union of sets A; with even
i € [k]. In view of the 2-distance monotonic property of A, we conclude that both AWM and
A® are pairwise disjoint. Thus the result follows immediately. O

From Lemma 2.1] the following result is obvious.

Corollary 2.2 Let A = U¥_| A; be a 2-distance monotonic family of sets of positive integers,
and let t be an even positive integer. If A has intersecting parity, then both Ule(Ai +it) and
Ule(Ai + a) are pairwise disjoint, where a is a constant.

Lemma 2.3 [10] If G is a graph with n(G) > 2 and wv € E(QG), then Tr(u)—Tr(v) = ny—ny,.

Lemma 2.4 [38] Let G be a graph with n(G) = n and v a vertex with deg(v) > 3. If
P = uvivg---v,_1v 1s a pendant path with natural adjacency relation attaching at v, where
deg(u) = 1 and x < %, then Tr(vy—1) — Tr(v) = n — 2z.

Lemma 2.5 Let G be a graph with n(G) = n and P = vvivy---vpv* is a weak internal
path in G with two weak terminals v and v* such that each edge in P is a cut edge. If
Tr(v1) — Tr(v) = a > 0, then Tr(vj) — Tr(v) = j(a+j — 1) for any j € [K].

Proof. By Lemma 2.3] we have n, — n,, = a. Since each edge in P is a cut edge, we have
Moy = Myy = @+ 2, Nyy —Nyg = a+4, ..,y — 1y, = a+2(j —1). From Lemma 2.3] we
have Tr(va) — Tr(v1) = a + 2, Tr(vz) — Tr(v2) = a+4, ..., Tr(vj) — Tr(vj—1) = a+2(j — 1).
Note that v,—1 = v if p = 1. It follows that

]~

Tr(v;) — Tr(v) = Tr(vp) — Tr(vp_l))

3
Il
—

a+]_1)7

Il
.
—

completing the proof. O



3  Transmission irregular chemical trees

In [5, B8] some TI starlike trees are determined, in particular, the TI starlike trees with
maximum degree 3 are characterized in [5] with a complicated condition. It is proved in [3§]
that T = T(a,a + 1,...,a + k) is TI if n(T) is odd. A tree H"(a1,a9;by,bs) is obtained
by attaching two pendant paths of lengths by, by, respectively, at a leaf on the k-arm of
T(a1,az, k), see Fig. 2L

Figure 2: The tree H*(a1, ag; b1, by)

Before stating our first main result, we make the following comment which will be used
frequently in the subsequent proof.

Remark 3.1 Let a < b be two positive integers. If b> — a® is even (odd, resp.), then b — a
and b+ a are both even (odd, resp.).

Proof. Clearly, b> — a? = (b+ a)(b — a). Note that b+ a and b — a have a same parity since
(b4 a)+ (b —a) = 2b is even. Thus our result follows immediately. O

By a computer search we find that there is no TI tree of order at most 6. On the other
hand, we have the following result.

Theorem 3.2 Ifn > 7 is an odd integer, then there exists a TI chemical tree of order n.

Proof. TI chemical trees of order 7 and 9 are displayed in Fig. Bl where, for each vertex, we
also give its transmission.

In the rest we assume that n > 11 is odd.

If n = 4a + 3, then a > 2. Now we consider the tree T'= H?(a — 1,a;a,a + 1) and prove
that T is TI. Let u be the vertex of degree 3 in T" at which two pendant paths of lengths a,
a + 1, respectively, are attached. Assume that Trr(u) = z and uv € E(T) with degp(v) = 2
and vw € E(T). Then w is the other vertex of degree 3 in 7" with Try(v) = = + 1, and
Trr(w) = z + 4. Let A; and As be the sets of transmissions of vertices on the pendant
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Figure 3: Sporadic TI chemical trees

paths of lengths a — 1 and a, respectively, attached at w, and let Ay and A4 be the sets of
transmissions of vertices on the pendant paths of lengths a and a + 1, respectively, attached
at u. From the structure of T' and Lemma we have

Ay ={2ka+ (k+2)?: kela—1]} +x,
Ay ={2ka+ (k+1)*—1: k€ d} +u,
A3 ={2ka+ (k+1)*—1: kela} +4+z,
Ay ={2ka+ k> : k€la+1]} +u

Next we prove that A;NA; = () for any 4, j € [4]. If 2kja+ (k1 +2)? = 2ksa+ (k2 +1)? — 1 with
k1 € [a—1] and ks € [a], then k; < ko. It follows that 2(ke — k1)a — 1 = (k; +2)? — (k2 +1)2.
By Remark BIl ky — ko + 1 is odd, that is, k1 — ke < —2 is even. However, we have
2(ks —k1)a—1 >0 > (k1 + k2 + 3)(k; — k2 + 1) as a contradiction. Thus Ay N Ay = 0.
Similarly as above, we have A1 N Az = (). If 2kja+ (k1 +2)? = 2kga + k2 with k; € [a— 1] and
ko € [a + 1], then 2(ky — k1)a = (k1 + 2)% — k3 with kg > k1. Note that k; — kg < —2 is even
from Remark Bl But 2(ky — k1)a > 0 > (k1 + k2 + 2)(k1 — k2 + 2) is a clear contradiction.
Therefore A; N Ay = (). Note that A3 = Ay + 4. Then As N Az = () since |s — t| > 2a > 4
for any s,t € Ap. If 2kja + (k1 + 1)2 — 1 = 2kea + k2 with &k € [a] and kg € [a + 1], then
(k1 +1)2 — k3 = 2(ka — k1)a + 1 with ko > k1, which implies that k; — ko < —2 is even from
Remark Bl But 2(ke —k1)a+1 > 0> (k1 + ko +1)(k1 — k2 +1) occurs contradictorily. Thus
As N Ay = (. Similarly as above, we have A3 N A4 = () as desired.

If n = 4b+1, then b > 3. We consider the tree T = H?(b—2,b—1;b,b+1) and prove that
T is TI. Let z; be the vertex of degree 3 in T" at which two pendant paths of lengths b, b+ 1,
respectively, are attached, z1zo € E(T') with degp(z2) = 2 and 2223 € E(T). Assume that
Trp(2z1) = y. Then, by Lemma 23] we have Trp(z2) = y+ 3 and Trp(z3) = y + 8. Denote by
B; the set of transmissions of vertices on the pendant path of length b+ 2 — 4 attached at z;



or zz with ¢ € [4]. From the structure of 7' and Lemma [2.5] we have

By ={2ka+k —2k: ke b+1]}+y,

By = {2ka + k*: k€ [b]} +v,

By={2ka+ (k+1)*—-1: kecb—1]}+8+y,
By={2ka+ (k+2?%*—4: kcb—2]}+8+y.

Now it suffices to prove that B;N B; = 0 for any i,j € [4]. If 2k1b+ k% — 2k; = 2kob+ k3 with
ki € [b + 1] and ko9 € [b], then 2(]431 — k’g)b —1= k’% — (k‘l — 1)2 with k1 > ko. By RemarkB]:l,
ko — k1 < —2 is even, which implies that 2(k; — ko)b—1 > 0 > (ko — k1 + 1)(ke + k1 — 1)
as a contradiction. This yields that By N By = (). If 2k1b + k? — 2ky = 2kob + (ke +1)2 + 7
with k1 € [b + 1] and ko € [b — 1], then Q(kl — kg)b -8 = (kg + 1)2 - (kl - 1)2 with
k1 > ko. Using Remark [3.I] again, we find that ko — k1 < —2 is even. If ky — k1 = —2,
then we have b = 2, contradicting to the fact that b > 3. If ks — ky < —4, we have
2(k1 — k2)b—8>8b—8 > 0> (ko — k1 + 2)(k2 + k1) as a contradiction, again. Thus we get
By N Bs = 0. If 2kyb + k2 — 2Ky = 2kob + (ks +2)2 + 4 with ky € [b+ 1] and ks € [b — 2],
then 2(k1 — ko)b — 5 = (ko +2)? — (k1 — 1) with k; > kg. By Remark 3.1, we observe that
ko — k1 < —2is even. If kg — k1 = —2, then 2(k; — ko)b — 5 = 4b — 5 = 2ko + 3, that is,
ky = 4b — 8 > b — 2, contradicting to the fact ko € [b — 2] with b > 3. If ky — k1 < —4,
then 2(k; — k2)b —5 > 4b—5 > 0 > (kg +2)? — (k; — 1)? as a clear contradiction again.
Therefore By N By = (. If 2k1b + k2 = 2kob + (kg + 1)% + 7 with k; € [b] and kg € [b — 1],
then 2(k; — ko)b — 7 = (ko + 1)2 — k2 with k; > ko, which implies that ky — k; < —2 is
even from Remark B But we deduce that 2(k; — ko)b—7 > 4b—7 > 0 > (ko + 1)? — k?
as a contradiction. Thus By N B3 = (). Similarly as above, we have By N By = (. If
2k1b+ (k1 +1)2 +7 = 2kob + (ko +2)? + 4 with ky € [b— 1] and ky € [b — 2], then we have
2(ky — k2)b + 3 = (kg +2)? — (ky + 1)? with k; > ko. Taking Remark 3.1 into account, we
observe that ko — k1 < —2is even. However, 2(k1 —k2)b+3 > 4b+3 > 0 > (ko +2)% — (k1 +1)2
is a contradiction, again, implying that B3 N By = (). O

We next provide a method for constructing a TI tree from a tree with a DBTM subtree.

Theorem 3.3 Let Ty be a tree of order n > 7 containing a proper pendant path P of length
k, where vi4q is its root. Let T}y be the subtree of Tp obtained by removing all the vertices
of P but vgty1, and let T} be a copy of Ty with the vertex vy € V(T}) corresponding to vy.
Let T' be the tree obtained by joining the vertices vi and v}, and by attaching a new leaf
w at vi. See Fig. [{} If Ty is a partially transmission irrgular DBTM subtree of Ty and

2n € (j2 +1,(+ 1)2) with j € [k], then T is transmission irregular.

Proof. From the structure of 7', we have n(T) = 2n + 1. Set Trp(vi) = z. Let P =
Uk41Vk -+ - v2u1 and let P’ = vy vy -+ - vyv) be the corresponding pendant path in 7j. Then
Trp(w) =2 4 2n — 1 and Trp(v)) = 2 + 1 by Lemma 23
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Figure 4: The construction of the tree T in Theorem [B.3]

Note that P and v1v] P’ are two internal paths of lengths k and k + 1, respectively, in 7T
Then ny(vi) — nr(vig1) = nr(vj) — np(vi ) = 20+ 1 for i € [k] from the structure of 7. In
view of Lemma [Z3] and Trr(v1) = x, we have Trr(v)) = z + i and Trr(v;) = z +i? — 1 for
i € [k + 1], that is, Trp(P) = {i* — 1 :4 € [k + 1]} + = with Trp(P') = Trp(V(P)) + 1.

Next we consider the transmissions of vertices from V(T') \ (V(P) UV (P') U {w}). Set
Voo = V(1) and let V; be the set of vertices in V" at distance i from wvgy; in Tp. Then
Vo = Uj_Vj, where a = eccry (Vg41). For any edge st € E(T), without loss of generality, we
may assume that dr, (s, vg4+1) > dr, (t, vg+1). Since np(t) = ng, (t)+n+1 and np(s) = ng, (s),
we have

nr(t) —nr(s) =ng(t) — ng,(s) +n + 1. (1)
Assume that Trr, (u) — Trp, (vg41) = h for any vertex u € V; C V(T§}). By Lemma[23 and ()
we have Try(u) = Trp(vgy1) + b+ j(n + 1) with Tre(vis1) = Trp (vg1) + (B+ 1) (n+ 1) +
Try, (v1), that is, Trp(u) = Tryy (ve41) + (K + 5+ 1)(n + 1) + Trp, (v1) + k. It follows that

Trr(u) = Trp, (u) + j(n+ 1) + ¢ (2)

for any vertex u € V; where ¢ = (k + 1)(n + 1) + Trg, (v1).

Note that Trr, (7§)) is pairwise disjoint by the assumption. Let s,¢ be arbitrary vertices
of Tj. Then Trr(s) # Trp(t) for any {s,t} C V; with j € [a] because of () and the fact that
Trr, (s) # Trpy (t). Assume that s € Vj, t € V, with j,¢ € [a] and j # £. Then Trp(s) # Trp(t)
holds by (2)) and the fact that 7 is a DBTM subtree of Ty. Therefore Trp (7)) is pairwise
disjoint.

Note that V(Tp) = V(TI§) UV (P). Set Ag = Trp(Tp). From the structure of T', we have
Trr(u) > Trr(vgy1) = 2+ (k+1)% — 1 for any vertex u € V(T¢) \ {vk+1}. Then Ay is pairwise



disjoint. By symmetry, we have Trp(7f)) = Ao + 1, which is also pairwise disjoint. In view
of Lemma [2.3] and the structure of T, the absolute value of the difference between any two
elements in Ag is greater than 1. Therefore A9 N A1 = () where A; = Ag + 1. Recall that
Trp(w) = 4+ 2n — 1. Since 2n € <j2 +1,(j+ 1)2) with j € [k], we have Trp(w) N A =0
with A = Ag U A;. ]

Let T be a transmission irregular chemical tree of order n with a DBTM subtree Tj
obtained by removing all the non-root vertices of a pendant path of length k such that
2n € <j2 +1,(+ 1)2) with j € [k]. By using the method in Theorem B3, we can construct
another transmission irregular chemical tree of order 2n + 1.

The condition that T is a DBTM subtree of Tp in Theorem is not necessary for
obtaining a transmission irregular tree 7'. See an example in Fig. bl of Ty with a subtree T}
rooted at vertex v which is not DBTM. It is routine that the tree T', constructed from Tj
with the method in Theorem [3.3] is transmission irregular.

o

D)
©)
©)

Figure 5: Tree Ty with a non-DBTM subtree Tij rooted at v.

4 Cycle-containing TI graphs

Let Zy be the graph obtained from K4 be removing one of its edges. For an integer a > 2,
we denote by Zp(a—1,a+ 1;a—2,a+2) the graph obtained from Z; by attaching a pendant
path of length a — 1 to a vertex of degree 3, a pendant path of length a+ 1 at the other vertex
of degree 3, a pendant path of length a — 2 at a vertex of degree 2, and a pendant path of
length a + 2 at the other vertex of degree 2, see Fig.

Theorem 4.1 If a > 2, then Zp(a — 1,a+ 1;a — 2,a + 2) is TI if and only if a is odd with
a # 1 mod 3.

Proof. Set Z = Zy(a — 1,a+ 1;a — 2,a + 2). It is straightforward to check that Z is not TI
for a = 2. Assume in the rest that a > 3. Let u; and ug be the vertices in Z of degree 3, and
let P, and P» be the paths of lengths a + 2 and a — 2 attached at uq and us, respectively. Let
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Figure 6: The graph Zy(a — 1,a+ 1;a — 2,a + 2)

v1 and vy be the vertices of degree 4, and let ()1 and ()2 be the paths of lengths a + 1 and
a — 1 attached to vy and vy, respectively. See Fig. [0l again.

Note that n(Z) = 4a + 4. Let Trz(vy) = x. From the structure of Z and Lemma [2.3]
we have Tryz(v2) = 2+ 2, Trz(u1) = a — 2+, and Trz(uz) = a + 6 + z. By Lemma [2.4]
the transmissions of vertices lying on the pendant paths Py, P>, (Q1, and Q2 including their
roots, respectively form the following sets:

Ar={2j+Da+(G—-2)G+1): jela+2o}+m,
Ay ={2j+Da+(G+6)i+1): j€la—2o}t+um,
By ={2ja+j(j+1):j€la+1]o}+u,

By ={2ja+j(j +5)+2: j€la—1o}+z

Set A= A1 UAy and B = By U Bsy. Therefore Z is transmission irregular if and only if AU B
is pairwise disjoint.

If a is even, we select (2k + 1)a + (k — 2)(k + 1) € Ay and 2ka + k(k + 1) € By with
k€ [a+1]. Then (2k+1)a+ (k—2)(k+1) = 2ka+k(k + 1) if k = %52 € [a + 1]. It follows
that AN B # (), that is, Z is not transmission irregular. Next we turn to the case when a
is odd. Note that A consists of odd numbers and B consists of even numbers in this case.
Therefore AN B = () holds. To characterizing the T1I property of Z for odd a, it suffices to
determine the condition of a such that A1 N Ay = 0 and By N By = 0.

For any two elements 2sa + s(s + 1) € By with s € [a + 1]p and 2ta + t(t +5) + 2 € Bs
with ¢ € [a — 1]o, if 2sa + s(s + 1) = 2ta + t(t + 5) + 2, then

(s—t)(2a+s+t+1)=4t+2 (3)

10



with s —t > 0. If s —t = 1, then 2a + 2t + 2 = 4t + 2, that is, ¢ = a. This contradicts the
range of t. If s —t = 2, we have 2(2a + 2t 4 3) = 4t + 2, which implies that a = —1. This is
impossible. While s — ¢ > 3, we have s +¢ > 3. From (8] we have (s —t)(2a+s+t+1) >
32a+4) =6a+12 > 4a —2 =4(a — 1)+ 2 > 4t + 2. A clear contradiction occurs again.
Therefore B; N By = () holds for any odd number a.

For any two elements (2s+1)a+ (s —2)(s+1) € A; with s € [a+2]p and (2t +1)a+ (t +
1)(t+6) € Ay with t € [a—2]p, if 2s+1)a+ (s—2)(s+1) = (2t +1)a+ (t+1)(t +6), then

(s—t)(2a+t+s—1)=8t+8 (4)
with s > t. If s —t > 4, then s+t > 4, which implies that
(s—t)2a+t+s—1)>4(2a+3)=8a+12>8a—8 > 8(a —2)+8 > 8t + 8.

Therefore, (@) does not hold. If s —t = 3, then by ) we have 3(2a + 2t + 2) = 8¢ + 8, that
is, t = 3a — 1 > a — 2, contradicting the fact that t € [a — 2]g. If s — ¢ =2, from (d]), we have
2(2a+2t+1) = 8t+38, that is, t = a— % This is impossible since t is an integer. For s —¢t =1,
similarly as above, we have 2a 4+ 2t = 8¢ + 8, that is, t = “%4. Therefore, A1 N As = () if and
only if @ # 1 mod 3. This completes the proof. O

Denote by Ky(k1, ko, ks, ks) the graph obtained from the complete graph Ky by respec-
tively attaching pendant paths of lengths k; > 0, i € [4], to its vertices.

Theorem 4.2 Ifa > 2, then Ky(a — 2,a — 1,a+ 1,a + 2) is TI if and only if a # 2 mod 3.

Proof. Set K = K4(a —2,a — 1,a + 1,a + 2). For a = 2, it can be easily checked that the
vertex of degree 3 has the same transmission as the vertex of degree 2 adjacent to the vertex
of degree 4 at which a pendant path of length 4 is attached. Therefore K is not TI for a = 2.

In the following assume that a > 3. Let vy, vg, v3, and v4 be the vertices of degree
4, and let P, P@) PG and PW be respective attached paths of lengths a + 2, a + 1,
a—1, and a — 2. Let Tr(v;) = 2. By Lemma 23] we have Tr(ve) = x + 1, Tr(vs) = = + 3,
and Tr(vs) =  + 4. Note that n(K) = 4a + 4. By Lemma [2.4] the set of transmissions of
vertices on P including vy is {2ja 4+ j(j — 1) : j € [a + 2]o} + =. Similarly, the sets of
transmissions of vertices on P, PG) and PW, respectively including vs, vs, and vy, are
{2ja+jG+1)+1: jela+1ot+z, {2ja+(G+1)(i+4) —1: j€la—1o}+z and
{2ja+7(j+7)+4 : j € [a—2]p}+x. For convenience, we set A1 = {2ja+j(j—1) : j € [a+2]o},
Ay = {2ja+jG+1)+1: j€la+1lo}, A= {2ja+ G+ 1) +4) —1: j € la— 1o},
Ay ={2ja+3ji(j+7)+4: je[a—2o}, and A= U} A;. Then K is transmission irregular
if and only if the sets A;, i € [4], are pairwise disjoint.

Note that each of A; and A4 consists of even numbers and each of Ay and As consists
of odd numbers. Clearly A, N A, = 0 for any p € {1,4} and ¢ € {2,3}. Next we show
that As N A3 = (. Otherwise, there are two elements s = 2ka + k(k + 1) + 1 € Ay and
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t=2ja+(j+1)(j+4) —1€ Az with k € [a+ 1]o, j € [a — 1]p and s = ¢t. Clearly, we have
k> j. Then (k — j)(2a + k + j) = 5j — k + 2, that is,

(k—j)2a+k+j—1)=4j+2. (5)

Ifk—j>2 then (k—j)2a+k+j—1)>4a+2and 4j + 2 < 4a — 2 since j € [a — 1]p.
Therefore () does not hold. If £ —j = 1, we have 2a+2j = 4j + 2 from (B). Then a = j+1,
which is impossible since j € [a — 1]g. Therefore As N A3 = () follows immediately.

Now we determine the non-empty property of A; N Ay. Choosing any two elements
s=2ka+k(k—1) €Ay andt=2ja+j(j+7)+4€ Ay with k € [a+2]p and j € [a — 2],
we have s —t = (k—j)(2a+k+j+7) — (8k+4). If s =t, then

(k—3)2a+k+j+7) =8k+4 (6)

with & > j. If k —j > 4, then (k—j)(2a+k+ j+7) > 8a+ 28 and 8k + 4 < 8a + 20 since
k € [a+ 2]p. So (6) does not hold. If k — j = 3, then 6a + 65 + 30 = 85 + 28 from ([@]), that
is, 6a = 2j — 2. Since j € [a — 2]y, we have 6a < 2a — 6, contradicting the assumption a > 3.
If k — j = 2, similarly as above, we have 4a < 4a — 6 as a contradiction, again. If k — j = 1,
from Equality (), we have 2a + 2j + 8 = 85 + 12, that is, a = 3j + 2. Therefore s # t, that
is, Ay N Ay = 0 if and only if a # 2 mod 3. O

Zo(a—1,a+1;a—2,a+2) can be changed into Ky(a —2,a—1,a+1,a+2) by adding an
edge between the two vertices of degree 3. By Theorems[4.Iland [£.2], if @ is an odd multiple of
3, the TI property remains from Zy(a—1,a+1;a—2,a+2) to K4(a—2,a—1,a+1,a+2) by
inserting a new edge. In our last result we provide two sufficient conditions which guarantee
that the transmission irregularity is preserved after inserting a new edge.

Theorem 4.3 Let G be a TI graph with Trg(v1) > Trg(ve) > Trg(vs) as the first three
largest transmissions.

(1) If v1, va, and vs lie on a pendant path vyvsvavy with natural adjacency relation, where
vy 18 the root and v1 is a pendant vertex, then G + vovy4 18 transmission irregular.

(13) If v1 and ve are both pendant vertices with vivs € E(G), ve and vs have a common
neighbor and Trg(vs) — 1 > Trg(2) for any z € V(G) \ {v1,v92,v3}, then G + vovs is
transmission irregular.

Proof. We first deal with (i). For convenience, we set G’ = G + vovs and let Gy be the
subgraph of G induced by Vj, where Vj = V(G) \ {v1,v2,v3}. Note that the vertices v, vs, vy
form a triangle in G’. For any vertex u € Vp, we have dgr(u, v;) = dg(u,v;) —1 for i € [2], and
der (u, w) = dg(u, w) for any vertex w in (VoU{vs})\{v1,ve2,u}. Therefore we have Trer(u) =
Trg(u) —2 for any vertex u € Vj, that is, Tre/ (Go) = Trg(Gp) —2. Set Trg(vy) = x. Then, by
Lemma 23] we have Trg(vs) = x +n— 6, Trg(v2) = x +2n — 10, and Trg(vy) = x+ 3n —12.

Thus we have Tr(G) = Trg(Go) U ({n —6,2n —10,3n — 12} + x)
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From the structure of G’ and the above argument, we have Trgr(v4) = x — 2, Trer(v3) =
x+n—6, Trg/(ve) =x+n—17, and Trg(v1) = z + 2n — 9, which imply that

THGU:(HdG@—Z)UGn—&n—?ﬂn—%+w>
From the assumption, we have © +n — 6 > y for any y € Trg(Gp), that is,
z+n—-T>y—1>y—2

for any y — 2 € Trg(Gp) — 2. Moreover, <Tr(;(G0) - 2) N ({n —6,n—7,2n — 9} + :17) =0
with Trg(Go) — 2 being pairwise disjoint. So G’ is transmission irregular as desired.

Now we turn to (ii). Assume that vs is the unique common neighbor of ve and wvs.
Let G* = G + vyvg and Trg(vy) = y. By Lemma 23] we have Trg(vs) = y +n — 4,
Trg(vy) = y+n — 2, and Trg(vy) = y + 2n — 6. Note that ve, vs, and vy form a triangle
in G*. From the structure of G*, we have dg«(u, w) = dg(u,w) for any two vertices u,w €
V(G) \ {v1,v2,v3} and dg=(u, z) = dg(u, z) for any z € {vy,vs,v3}. Thus Trg=(u) = Trg(u)
for any vertex u € V(Q) \ {v1,v2,v3} with Trg«(v3) =y +n — 5, Trg«(v2) = y +n — 4, and
Trg«(vi) =y +2n—T1.

Let G1 = G — {v1,v2,v3}. Then Trg«(G) = Trg(Gr) U ({n —5n—4,2n—"7}+ y) from
the above argument. From the assumptions, Trg(G1) is pairwise disjoint and y +n —5 > ¢
for any t € Tr(G1). Therefore G* is transmission irregular. O

Two examples of graphs of order 21 satisfying the conditions of (7) and (i7), respectively, in
Theorem [£.3] are provided in Figs. [7l and [§ where a specific vertex v is given with Trg(v) = =
and Tr(G) = {a, : v € V(G)} + x for all the values of a, being labelled. That is, the
transmission of v is x, and the transmission of every other vertex is equal to the sum of z
and the value next to the vertex.

48 29
C}___jiiiqu 72 91
30 13 L19 55

45 26 11 ,U{///}D
o O O J O O O
T 7T 16 27T 40
015
43 28
G
0—032
51

Figure 7: Graph G satisfying the condition (i) in Theorem [4.3]
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Figure 8: Graph G satisfying the condition (ii) in Theorem (A3l

5 Concluding remarks

In this paper we prove the TI property of some chemical graphs and provide the method of
construct new TI graphs.

Note that there are some transmission irregular chemical graphs of even order n = 4a + 4
with a # 2 mod 3. Combining this fact with Theorem [3.2] we pose the following problem.

Problem 5.1 Does there exist a TI chemical graph of every even order?

Note that Theorem implicitly provides a method constructing TI chemical trees from
known TI ones by attaching a pendant vertex at each of their leaves. Theorem [4.3] naturally
leads to the following two problems.

Problem 5.2 FEstablish additional methods for constructing TI graphs from known TI graphs.
Problem 5.3 Characterize TI chemical graphs G which preserve TI property after joining
two nonadjacent vertices.
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