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Abstract

For a set of nonnegative integers S let Rg(n) denote the number of unordered
representations of the integer n as the sum of two different terms from S. In this
paper we focus on that partitions of the set of natural numbers into two sets such
that the corresponding representation functions are identical. We solve two recent
problems of Lev and Chen.

2000 AMS Mathematics subject classification number: 11B34. Key words and phrases:
additive number theory, representation functions, partitions of the set of natural numbers.

1 Introduction

Let S be a set of nonnegative integers and let Rg(n) denote the number of solutions of
the equation s + s = n, where s, s € S and s < s. The binary representation of an
integer n is the representation of n in the number system with base 2. Let A be the
set of those nonnegative integers which contains even number of 1 binary digits in its
binary representation and let B be the complement of A. The set A is called Thue-Morse
sequence. The investigation of the partitions of the set of nonnegative integers with
identical representation functions was a popular topic in the last few decades [1], [2], [7],
8], [9]. By using the Thue - Morse sequences in 2002 Dombi [5] constructed two sets
of nonnegative integers with infinite symmetric difference such that the corresponding
representation functions are identical. Namely, he proved the following theorem.

Theorem 1. (Dombi) The set of positive integers can be partitioned into two subsets C'
and D such that Ro(n) = Rp(n) for all positive integer n.

The complete description of the suitable partitions is the following.

Theorem 2. Let C and D be sets of nonnegative integers such that CUD =N, CND = ()
and 0 € C'. Then Rc = Rp if and only if C' = A and D = B.
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As far as we know this theorem has never been formulated in this form, but the
nontrivial part was proved by Dombi, therefore this theorem is only a little extension of
Dombi’s result. We give an alternative proof of the previous theorem.

A finite version of the above theorem is the following. Put A, = AN [0,2' — 1] and
B, =Bnl0,2' —1].

Theorem 3. Let C' and D be sets of nonnegative integers such that C U D = [0, m| and
CND=0,0eC. Then Rc = Rp if and only if there exists an | natural number such
that C' = A; and D = Bj.

If C =AnN|0,m] and D = BN [0,m| then by Theorem 2 we have Rc(n) = Rp(n) for
n < m, therefore Theorem 3. implies the following corollary.

Corollary 1. If C = AN[0,m] and D = BN [0, m], where m is not of the form 2\ — 1,
then there exists an m < n < 2m such that Rc(n) # Rp(n).

In Dombi’s example the union of the set C' and D is the set of nonnegative integers,
and they are disjoint sets. Tang and Yu [10] proved that if the union of the sets C' and
D is the set of nonnegative integers and the representation functions are identical from
a certain point on, then at least one cannot have the intersection of the two sets is the
non-negative integers divisible by 4 i.e.,

Theorem 4. (Tang and Yu, 2012) If CUD =N and CN D = 4N, then Rc(n) # Rp(n)

for infinitely many n.

Moreover, they conjectured that under the same assumptions the intersection cannot
be the union of infinite arithmetic progressions.

Conjecture 1. (Tang and Yu, 2012) Letm € N and R C {0,1,...,m—1}. IfCUD =N
and CND = {r+km : k € N,r € R}, then Rc(n) = Rp(n) cannot hold for all sufficiently
large n.

Recently Chen and Lev [2] disproved this conjecture by constructing a family of parti-
tions of the set of natural numbers such that all the corresponding representation functi-
ons are the same and the intersection of the two sets is an infinite arithmetic progression
properly contained in the set of natural numbers.

Theorem 5. (Chen and Lev, 2016) Let | be a positive integer. There ezist sets C' and D
such that CUD =N, CND = (2% — 1) + (27 — 1)N and Rc = Rp.

Their construction is based on the following lemma:

Lemma 1. If there exist sets Cy and Dy such that Cy U Dy = [0,m — 1], Co N Dy = {r}
and Rc, = Rp, then there exist sets C' and D such that CUD =N, CND =r+mN
and Rc = Rp.

Chen and Lev [2] posed the following problem (we use different notations then they
applied).

Problem 1. Given Rc = Rp, CUD = [0,m — 1], and C N D = {r} with integer r > 0
and m > 2, must there exist an integer | > 1 such that r = 2% — 1, m = 22+ — 1,
C:AQZU(22l — 1+le) and D = BglU (22l — 1+A21)?
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In this paper we solve this problem affirmatively.

Theorem 6. Let C' and D be sets of nonnegative integers such that C'U D = [0, m — 1]
and CND ={r}, 0 € C. Then Rc = Rp if and only if there exists an | natural number
such that C == Agl U (22l —1 + BQZ) and D = Bgl U (22l -1 + AQZ).

The previous theorem suggests that there are no other counterexample for Tang and
Yu’s conjecture.

Problem 2. Given Rc = Rp, CUD =N, and C N D =r + mN with integer r > 0 and
m > 2, must there exist an integer | > 1 such that r = 2% — 1, m = 2%+ — 172

The following theorem extends Tang and Yu’s theorem.

Theorem 7. Let m > 2 be an even positive integer and let A and B be sets of nonnegative
integers such that AUB =N and AN B = mN. Then there exist infinitely many positive
integer n such that Ra(n) # Rg(n).

Similar questions were investigated for unordered representation functions in [], [], [].
Thoughout this paper the characteristic function of the set A is denoted by xa(n),

ie.,
(n) = 1l,ifne A
Xatm) = 0,ifng A

2 Proof of Theorem 2. and 3.

First we prove that if there exists a natural number [ such that C' = A; and D = By, then
RC - RD.

We prove by induction on [. For [ = 1, Ay = {0} and By = {1} thus R4, (n) =
Rp,(n) = 0. Assume the statement holds for any [ and we prove it to [+ 1. By definition
of A and B we have A;;1 = AU (2" + B)) and By, = B U (2! + A;). Hence

Ra,, (n) = Ryueiyp)(n) = {(a,d) a < d,a,d € Aj,a+d' = n}|
+{(a,d') :a € A, € 2"+ Bj,a+d =n} +|{(a,d):a,a €2+ Bj,a+d =n}

= Ra,(n) + [{(a,d) :a € Aj,d € B,a+d =n—2"}+ R (n—2").
On the other hand

Rp,,,(n) = Rpu@iyay(n) = {(a,d') a < d',a,d" € Bj,a+d = n}|
+{(a,a"):a € By,a' € 2"+ Aj,a+d =n}| + |{(a,d):a <da,d €2 + A, a+d =n}
= Rp,(n) + |{(a,d') :a € Bj,d" € Aj,a+a' =n—2"}| + Ra,(n —2"1),

thus we get the result.
Observe that if k < 2! — 1, then Ra,(k) = Ra(k) and Rp, (k) = Rp(k). On the other
hand Ry, (k) = Rp, (k) thus we have Ra(k) = Rp(k) for k < 2! — 1. This equality holds

for every [, therefore we have

Ra(k) = Rp(k) for every k. (1)
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To prove Theorem 2. and 3. we need the following three claims.

Claim 1. Let 0 < ry < ... <ry, < m be integers. Then there exists at most one pair
of sets (C, D) such that CUD = [0,m], 0 € C, CND = {ry,...,rs}, Re(k) = Rp(k) for
every k < m.

Proof of Claim 1. We prove by contradiction. Assume that there exist at least
two pairs of different sets (C4, D) and (Cy, Do) which satisfies the conditions of Claim
1. Let v denote the smallest positive integer such that x¢, (v) # xc,(v). It is clear
that Re, (v) = Rp, (v) and Re,(v) = Rp,(v). We will prove that Rp,(v) = Rp,(v) but
Re, (v) # Re,(v) which is a contradiction. Obviously

Rp,(v) =|{(d,d):d<d,d,d € D;,d+d =v}|

As0¢ CNDand 0 € C, we have d, d < v. We prove that D;N[0,v—1] = DyN[0,v—1],
which implies that Rp,(v) = Rp,(v). Clearly we have C; N [0,v — 1] = Co N [0,v — 1]
and [0,v — 1] = (C1;N[0,v —1]) U (D; N [0,v —1]) and [0,v — 1] = (Co N [0,v — 1]) U
(Dy N [0,v —1]). Let (C;y N[0, —1))N(DyN[0,v—1]) = {ry,...,7}. Thus we have
Din0,w—1] = ([O,v —1\ (G N[0, — 1])) U{r1,...,r}. Similarly Dy N[0,0 — 1] =

<[O,v 1\ (G2 [0,0 — 1])) U{r1, ...}, which implies D, N[0,v— 1] = Dy N [0,v — 1].
On the other hand

Re, (v) = [{(c, c/) e<c < v, ¢, cc Cl,c+cl =} + x¢, (v),

and
Re, (v) = [{(c, c/) e<c < v, ¢, = C’l,c+cl = v} + xc, (v),

thus Re, (v) # Re, (v).

Claim 2. Let (C, D) be a pair of different sets, CUD = [0,m|, CND = {ry,...,rs},
and R¢(n) = Rp(n) for every n nonnegative integer and if ' =m —C and D' = m — D
then C'UD =1[0,m],C'ND ={m—r,,...,m—n},and Ry = R,y.

Proof of Claim 2. Clearly,

Ro(k) ={(c,c):e<c,e,c € Ciete =k} =|{(c,¢):c<c,m—c,m—c € C,ctc =k}

—{(m—c;m—c):c<c,m—cm—c €C,2m—(c+c)=2m—k}| = Rc(2m — k).

Similarly, Rp/(k) = Rp(2m — k), which implies Rp/(k) = Rp(2m — k) = Rc(2m — k) =
Rei(k), as desired.

Claim 3. If for some positive integer M, the integers M — 1, M — 2, M — 4, M —
8,...,M—2" u=|loggM| —1 are all contained in the set A (or B), then M = 2¢*! —1.

Proof of Claim 3. Let us suppose that the integers M — 1, M — 2, M — 4, M —
8 ..., M —2" u=|loggM| — 1 are all contained in the set A. If M is even then M — 2
is also an even and M — 1 = (M — 2) + 1, therefore y4(M — 1) # xa(M — 2), thus we
may assume that M is an odd positive integer, and M is not of the form 2% — 1

Obviously, xg(M) # xp(M —1). Let M = > ;2" be the representation of M in
the number system based 2. Let = denote the largest index ¢ such that b; = 0. Then
x < |logy, M| — 1. Thus we have

r—1 w
M= b2 +2"" + > b2, b €{0,1}
=0

1=x+2
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thus )
M—2"=>"b2+2"+ Y b2=> b2, be{01}
=0 =142 i=0
thus > b; = Y. b;. It follows that y4(M) = xa(M — 2%). On the other hand
Xa(M) # xa(M —1) = xa(M = 2) = xa(M —4) = ... =xa(M —27),
and
xs(M) # xp(M —1) = ... = xp(M —27),
which proves Claim 3.

Theorem 2. is a consequence of (1) and Claim 1. (for s = 0).

In the next step we prove that if the sets C' and D satisfies CUD = [0,m], CND =0
and Rc = Rp, then there exists an [ positive integer such that C' = A; and D = B,.
Claim 1. and (1) imply that C' = AN [0,m] and D = BN [0,m]. Let ' = m — C and
D" =m — D. By Claim 1., Claim 2. and (1) we have C' = AN[0,m] or C' = BN [0, m].
It follows that

X (2%) = xor (2') = X (2%) = ... = xer (2Y),
u = |logy M| — 1 which implies that

xc(m—1)=xc(m—2)=xc(m—4)=... = xc(m —2").

By Claim 3. we get m = 2“"! — 1. The proof of Theorem 3. is completed.

3 Proof of Theorem 6.

First, assume that there exists a positive integer [ such that C' = Ay U (22l — 1+ By),
D = By U (2% — 1+ Ay). Obviously CUD = [0,2%1 —2] CND ={2%-1},0€ C
and we will prove that Rc = Rp. It is easy to see that
Ro(n) = {(c,¢):e<c,e,¢ € Ay,e+c¢ =n}|+
{(c,c):c€ Ay, d €22 —1+4 By, c+ ¢ =n}
+{(c,c) :e,d € 2% — 1+ By, c+c =n}
= Ra, (n) +|{(c,d) :c € Ay, ¢ € By,c+¢ =n— (2% — 1)} + Rg,, (n — 2(2% — 1)).

Moreover,
Rp(n) = |{(d,d"):d < d',d,d € By,d+d =n}|+

{(d,d) :d € By,d € 2" =1+ Ay, d+d = n}|
+H{(d.d):d,d €2* =1+ Ay, d+d = n}|
= Rp,(n) + {(d,d) :d € Ay,d € By,d+d =n— (2% — 1)} + Ra, (n — 2(2% — 1)).

and by Theorem 3. R, = Rp,, thus we get the result.

In the next part we prove that if C U D = [0,m], CND = {r}, 0 € C and Ro(n) =
Rp(n), then there exists a positive integer | such that C' = Ay U (2% — 1+ By), D =
By U (22 — 14 Ay) and m = 221 — 2 p =22 — 1,
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By Claim 2. if CUD = [0,m]|, CN D = {r} and Rc = Rp, then for C' = m — C,

’

D' =m — D we have C'UD" = [0,m], C' D" = [0,m — 7] and by Claim 2. Res(n) =
R,y (n), thus we may assume that r < m/2.
Let .
pelz) = 3 xeli)a, @)
i=0
= 1 —gmtt
pp(x) = ;XD(Z)Z'Z == —pe(x) + " (3)

Then we have

Z Re(n)x" = Z Rp(n)z",

thus ] ] ] ]
Spele)? = 5pe(e?) = Spo(a))? ~ Spol(e?). (1
It follows from (3) and (4) that
1— xm-i—l 2 1— x2m+2
2 2y — o r o . 2 2r
(pe(@))? = pela?) = (= pola) +3") = (5 —pela?) +2¥).
An easy calculation shows that
1— x2m+2 1 — xm—i—l 1 — xm—i—l 2 1 — :Em—O—l
2y . - o . r T
2pc(z®) = T + 2pc(x) T2 ( - > x — + 22" pe(x). (5)

We will prove that » must be odd. If r would be even and r < k < 2r < m is also
even then from the coefficient of z* in (5) we have

2XC<§) 1423 xoli) = b+ 1) = 2+ 2x0(k — 1), (6)

i<k

If k+ 1 < 2r < m, then from the coefficient of z* in (5) we have

0=2 ) xc(i) = (k+2)—2+2xc(k+1—r). (7)

i<k+1

By (6) - (7) and dividing by 2 we get that

Xc(%) =1-xc(k+1)+xclk—71)=xc(k+1-7).

AsClaim 1., k+1—r <r, k—riseven, CN[0,r — 1] = AN[0,r — 1] and by definition
of A we get xo(k+1—7r)+xc(k—r)=1thus we have xc(k—r) — xc(k+1—7r) = +1.
If xao(k —71)—xc(k+1—17) =1 then we get that xo(k —7r) =1, xe(k —1—71) =0,
which yields x¢(k + 1) = 0 and Xc(g) —1.

On the other hand if xo(k —7) — xc(k+1—7r) = —1 then we get that xc(k—r) =0,
xc(k+1—r) =1, which yields x¢(k + 1) =0 and x¢ <§> =0.
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This gives that x¢ (g) = xc(k — ). Taking k = 2r — 2" where i + 1 < [log, r| we
obtain x¢o(r — 2771 = yo(r — 2%). It follows that

xe(r—=1)=xc(r—2)=xc(r—4)=... ZXC(T—Qt)-

for t = [log,r] — 1. Claim 3. implies that » = 2" — 1, which is a contradiction.
We know that r» must be odd. If » < k < 2r < m and k is even then from the
coefficient of z* in (5) we have we have

2Xc<§> = 1423 xeli) = (k+1) =2+ 2xalk - 7).

k—1

In this case kK — 1 is odd, and k — 1 > r therefore from the coefficient of 2"~ " in (5) we

have
0=2Y xc(i)—k—2+2xc(k—1-r).

i<k—1
Subtracting the above equalities and dividing by 2 we get that

xe((5) = xel®) + xolk =) = xelk =1 -1).

If ris odd, then k¥ — 1 — r is even, we know from Claim 1. that C N [0,r — 1] =
AnN|0,r — 1] and by definition of A we get xc(k—1—7) + xc(k —r) = 1 thus we have
xclk—=7r)—xc(k—1—=7r)==+1. If xe(k —7) — xc(k —1—1r) = 1 then we get that
xc(k—r)=1, xc(k—1—1r) =0, which yields x¢(k) = 0 and XC(%) = 1.

If xe(k—r)—xc(k—1—r) = —1 then we get that yo(k—r) = 0, xc(k—1—r) = 1, which
yields x¢(k) =1 and XC(%) = 0. This gives that xc(k — 1) = x¢ (%) when r < k < 2r
and k is even. Values k = 2r—2'*1 where i+1 < |log, r| imply xc(r—2) = xc(r—2°).
It follows that

Xo(r —1) = xo(r —2) = xo(r —4) = ... = xc(r — 287171,

which yields by Claim 3 that r = 2% — 1. If k = r, then from the coefficient of z* in (5)
we have

0=2) xc(i)—(r+1)—2+2. (8)

i<r

On the other hand if £ = r — 1, then from the coefficient of 2%~ in (5) we have

2XC<T_ 1) =142 ) xoli)—r (9)

2 .
i<r—1
By (8) - (9) we get that
-1

/N
<

“9ve ) — 24 2x0(r) =0,

2
we get that 0 = ¢ <’";21> = XA<E>, thus 5t = 2“1 — 1, where u — 1 is odd, so that

P
r=2%_1.



Because of < m/2, Claim 1. and the first part of Theorem 3. we have C'N [0, 2r] =
AU (22l =14 By) and DN[0,2r] = By U (2% — 1+ Ay). We will show that m < 3.2% —2.
We prove by contradiction. Assume that m > 3 - 2% — 2. We verify

CnNJ0,3-22 —3] = Ay U (2% — 14 By) U (2% — 14 (By N [0,2% —2]))
and
DNI0,3-2% —3] = By U (2% — 14 Ay) U (27 — 14 (Ay N [0,2% — 2]))
If 2241 — 2 < <3.2% — 3 then we have
Ro(n) = |{(c,d) :c € Ag,d €2 — 14 By,c+c =n}+

{(c,d):c€ Ay, d € 22 — 14 (Byn[0,22 —2]),c+ ¢ =n}|+
H{(c,d):c<d,e,d €2 =14 By, c+ =n}
= {(c,d):c€ Ay, € Byye+c =n— (2% - 1)}
+{(c,d) :c € Ay, d € By,c+c =n— (22 — 1)+
Rg, (n —2(2% — 1))

and
Rp(n) = [{(d,d) : d € By,d €2 =1+ Ay,d+d =n}|

+{(d,d') : d € By, d € 2% — 14 (AyN[0,2% —2]),d +d = n}|
{(d,d):d<d,ddec2” -1+ Ay,d+d =n}
={(d,d') : d € By,d € Ay,d+d =n— (2% —1)}|+
{(d,d"):d € By,d € Agy,d+d =n— (22" — 1)} + R, (n —2(2% — 1)),

which imply Ro(n) = Rp(n) by Theorem 3., therefore by Claim 1. this is the only possible
beginning of C and D. We will prove that 3 - 2% —2 € C. We prove by contradiction.
Assume that 3-2% —2 € D, that is CN[0,3-22 —2] = Ay U (2% — 1+ By)U (221 — 1+ By)
and DN [0,3-2% —2] = By U (2% — 1 + Ay) U (2271 — 1 + Ay). We have a solution
3-2% —2= (2271 — 1)+ (22 — 1) in set D, thus we have

Rp(3-2% —2)=1+|{(d,d):d € By,d € 2*™ —1+ Ay, d+d =3-2% - 2}|
{(d,d):d<d,dde2” -1+ Ay,d+d =3 x2" -2}
=14+ {(d,d) : d € By,d' € Ay, d+d =2% — 1)} + Ra, (2%).
On the other hand
Re(3-2% —2) = |{(c,d) :c€ Ay, d € 22 — 14 By,c+c =3-2% -2} |+
H{(c,d):c<d,c,d € 2% —14 By,c+ =3 x2% -2}
= {(c,d):c€ Ay, € By,c+c =22 — 1)} + Rp, (2%,

therefore by Theorem 3 we have Rp(3-2% —2) > Rc(3-2% —2), which is a contradiction.
We may assume that 3-2% —2 ¢ C.



Using the fact 1 ¢ C we have
Re(3-2% —1) = [{(c,d) i c€ Ay, d € 22 — 1+ By,c+ =3-22 — 1}
H(ce,d):e<d,e,d €2 — 14+ By,c+d =3x2% — 1} + xe(3-22 - 1)
= Hl(e,d):c€ Ay, € Byc+c =22 + Rp, (2% + 1)xc(3-2% —1).
On the other hand using 1 € By, 22 — 1 € Ay and 2-2% — 2 € C' we get
Rp(3-22 —1) = |{(d,d) : d € By,d € 2™ — 1+ Ayn[0,2% —2],d+d =3-2% —1}|+
{(d,d):d<d dd c2* -1+ Ay,d+d =3 x2% —1}|
={(d,d') : d € By,d € Ay,d+d =2*}| + Ra, (2" +1) — 1,

therefore by Theorem 3 we have Ro(3-2% —2) > Rp(3-2% —2), which is a contradiction,
that is we have m < 3-2% — 2.

Assume that m = 3-2% — 2. In this case 3-2% — 3, 3.2% —2 € C. Thus we have
Rc(6-2% —5) =1, but Rp(6-2% —5) = 0, which is absurd, therefore m < 322 —2. It
follows that

C=AyU02" — 1+ By)U(2*™ — 1+ (ByN[0,m — (2271 —1)]))
and
D =By U (2% — 14 Ay) U (2% — 1+ (Ay N [0,m — (22T —1)))).

We will prove that m = 2%+1—2. Assume that m > 2%+1 -2, If m—(2%+1—1) #£ 2% -1,
then by Corollary there exists an m — (22! — 1) < u < 2(m — (22+! — 1)) such that

Ranjom—2e1-1)) (1) # Rpajom— 2211y ().
Since m + 2% — 1 < u + 2(2%F! — 1) < 2m we obtain

Reo(2(22 — 1) 4u) = RW_1+Bzm[07m_(22l+1_1)](2(22”1 —1)4u) = Rp,njom—(ez+1-1y (w).

Similarly

Rp(2(2**' — 1) +u) = R agn0.m—(220+1-1y) (1),
which is a contradiction. Thus we may assume that m — (2%*! — 1) = 28 — 1, where
k < 2. Hence

C=AyU (2% — 1+ By)U (22 — 1+ By)

and
D = By U (2% — 14+ Ay) U (227 — 1+ Ap).

If k=0, then C, D C [0,2%! —1] and 2%*1 -2 221 —1 € D, therefore Rc(2%72—3) =0
and Rp(2%+2 — 3) = 1, a contradiction. Thus we may assume that k& > 0. Then
if " = 221 428 —2 —C and D' = 2%%1 4 28 — 2 — D it follows that C' U D" =
0,221 4 2% — 2] "N D' = {22 4+ 2¥ — 1} and by Claim 2. Rcr = Rp. Thus we have
C'N[0,2% + 2% —2] = AN0,2% +2F — 2] or C'N[0,2% + 2% —2] = BN[0,2% + 2% —2]. We
prove that C' N [0,2% + 2% — 2] = AN [2% + 2F — 2]. Assume that C' N[0, 2% + 2F — 2] =
BN[2% +2F —2]. Then C'N[0,2F — 1] = By, and C" N [2%, 281 — 1] = 2% + A, which is a
contradiction because C" N [2F, 251 — 1] = 2% + B, We know C' N[0, 2% — 1] = A, then
C'N[2k, 28 —1] = 28+ By, and C'N 271, 3-2% —2] = 21 4 B, N[0, 2% —2]. On the other
hand for " = 22+1 —2 — (A5 U (2% — 1+ By)) we have C" N [0,2% —2] = BN [0, 2% — 2],
therefore C" N [0,2% — 1] = By and C” N [2F, 28+ — 2] = 2% 4 A, N[0, 2% — 2], which is a
contradiction because €' = A; U (2F +C"). The proof of Theorem 6. is completed.
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4 Proof of Theorem 7.

We prove by contradiction. Assume that there exist sets of positive integers A and B
such that AUB =N, AN B =mN and R4(n) = Rg(n) for every large enough n. As we
know for the generating function of A fa(z) = >~ xa(n)z"™ we have >~ Ra(n)z" =
2 fa(x)? — 1 fa(z), therefore

fo(@) = fo(2?) — (fi(z) = fa(a?)) = p(2), (10)
where p(z) is a polynomial. As AU B =N and AN B = mN it follows that

1 n 1
l—x 1—am’

fa(z) + fp(x) =

thus we have ) |
fole) = T + = = ala),

which implies that

(et = 1) = (s + o — £ale)) = (@) - Fala®) = pla),
(1ix)2+ (1 —1xm)2 * (1 —x)(21 —zm) Zifi(i) a f%‘(;”z 1 —1x2 a 1—1x2m

+2f4(2?) = p().
Multiplying both sides by (1 — 2™) and after ordering we obtain that

1+:1:—|—...—|—.:1:m_1+ 1 n 2 1—z™ 1 B
1—=x 1l—gzm 1—2 1—22 1+4+2m

22+ z+ ... +2™ Y fa(x) — 2fa(2®)(1 — 2™) + p(z)(1 — 2™).
Substituting the definition of f4(x) we have

1+:1:—|—...—|—.:vm_1+ 1 n 2 1—z™ 1
1—=x l—am 11—z 1-—22 14+ am

2+ x+---+ xm_1)<z XA(n)x") - Q(Z XA(H)SU2"> (1—2™) +p(z)(1 —z™).
n=0 n=0
Let n be a large odd positive integer. In this case it is easy to see that the coefficient of

2™ on the left hand side is m + 2 and on the right hand side is 2(2x4(n) + xa(n — 1) +
... +xa(n —m+ 1)), thus we have

%+1:2XA(n)+XA(n—1)+...+XA(n—m+1). (11)
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If m = 2 we get that 2 = 2y4(n) + xa(n — 1) which implies that n € A, n—1 ¢ A
which contradicts the fact that AN B = 2N. Let us suppose that m > 2. Considering
the coefficient of %2 we have

%Jrl:QXA(”+2)+XA(n+1)+XA(n)+--- + xa(n —m+3). (12)

Substracting (12) from (11) we get that 2xa(n +2) + xa(n + 1) = xa(n) + xa(n —m +
2) + xa(n —m+1). The values xa(n),xa(n —1),...,xa(n —m + 1) determine values
Xa(n+2) and xa(n +1):

xan) +xan—m+2)+xan—m+1)=0= xa(n+1) =0,xa(n +2) =0

:1=>XA n+1):1,XA(n+2):O

xa(n) +xa(n—m+2)+ xa(n—m-+1
:2:>XA

) (
xa(n) +xa(n —m+2)+ xa(n—m+1) (
xan)+xa(n—m+2)+xan—m+1)=3=xa(n+1)=1,xa(n+2)=1,

therefore if n is large enough the values xa(n), xa(n —1),..., xa(n —m + 1) determine
AN[n+1,00). We can do the same process for the set B. We know that a sequence defined
by a linear recurrence on a finite set must be eventually periodic. This means that A and
B are periodic from a certain point on. In other words there exist N, M positive integers,
where m | M and sets Fy C [0, MN — 1], Fg C [0, MN — 1], F4UFp = [0,NM — 1]
and Fy N Fg = {0,m,2m,..., MN — m}, moreover there exist disjoint sets My, Mp C
[0, M — 1] such that MU Mp = [0, M — 1] and M, N Mg = {0,m,2m,... M — m} for
which A = FAU{kM +a: k> N,a € My} and B=FgU{kM +b:k > N,b e Mg}
and hence

M NM
fa(z) = Fa(z) + f@—)l;w?
—x
Mp(z)zNM
fole) = Fy(r) + 22T
Substituting in (1) we have
My (z)zNM

MA(£U2)CL’2NM)

<FA($) * 1—aM )2 B (FA(:CQ) + 1 — a2M

Mp(z)zNM 2 yo Mp(a?)a?VMN
_<FB($)+W> — | Fp(z )+W = p(x),
where p(z) is a polynomial. As F(z) and Fg(x) are polynomials we have

(M3(z) — M3(x)) (137_ M) T Q(MA(a:)FA(x)l—_Ajﬁ(x)FB(x))x -

(Ma(2*) = Mp(2?)) 2
1 — o2M

=P (l‘),
where P(x) is a polynomial. It follows that

(1= 2™ (L+ ™) | (Mi(2) — Mj(2))2*"™ (1 +2™)
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+2(MaFa(7) — MpFg)z™™M (1 — 2*M)— (13)
(Ma(2?) — Mp(2*) M (1 — 2M).

In the next step we describe the sets M4 and M. We will prove that if k is an arbitrary
nonnegative integer and M > 2% then 2¥ | M and if M) N M, = {0,.... 5 — 1},
M](Sk) NMp ={0,..., 5 — 1}, then we have

2k_1
M . k
MA: U <§Z+Mz(4)>7
i=0
and .
2k_1
M
i=0

We prove it by induction on k. When k = 0, then obviously 2° | M and MIE‘O) = My,

M ](30 V=M 5. Assume that we have already constructed the desired sets for k, in the next
step we construct the sets for £ + 1. We know

2k _1 k
M
Ma(x) Zx o= MP @) [ +a2).
j=1
Qk_l ]M K M
Mp(z) = MP(x th =My (2) [J(1 +22).
j=1

Substituting in (13) we get

Write
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and My (2?) — Mp(2?) = 12%_2 az!, where ¢; = 0 if [ is odd and for even [

0,ifl/2€ ANB
o= 1,ifl/2€ A\ B .
—1,ifl/2e B\ A
Thus we have
M (%) = M (a%) = W (@) (1 + a2F), (14)
where q(k)(a:) is a polynomial. Considering the degrees of the polynomials in both sides

we get the equation

M M
255 —2=deg ¢V (@) + 5.

It follows that Y,
deg ¢ (z) = o~ 2.
Thus we have

M _o
2
k
AOEDIER
=0

On the other hand cl(k) =c¢forl < ZQM,c — 2 and therefore

2042 222
M)~ M) = 3 %l = 3 e = g @)1+ ¥) -
=0 1=0

M_o M_g
2k 2k "
Z gt + Z gMaltor
1=0 =0

It follows that ql(k) =¢ = cl(k). and ¢, . = ¢ for I < %. Since 1 € (A\ B)U (B \ A),
2
we get 0 # ¢ = ¢y . If 2 4 2%, then obviously ¢, u o= 0, which is absurd, therefore
2 2

281 | M. Let us suppose that [ < 2Mk and [ is even. Then

[ l M
5EAHB<:>6120<:>CI+%:O<:>§+%€AQB
[ l M
5GA\B<=>0521<:>CH_§%:1<:>§+W€A\B
l [ M
5GB\A@CZZ—1<=>CH_2M]€:—1<:>§+WGB\A
which implies that for Mj(fﬂ) = Mﬁ,’“) N[0, 544 — 1] we have Mgk) = MXCH) U (5h5 +
MXCH)), therefore
| M
. k+1
MA: U <2k+IZ+M1(4 )>
i=0

A similar argument prove the statement for set B.
Now we are ready to prove Theorem 7. Assume that M = 2"v, where v > 3 is odd
and m | M. Then obviously M > 2% thus 2“* | M a contradiction.
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