
Please cite this article in press as: C. Balbuena, et al., Vertex disjoint 4-cycles in bipartite tournaments, Discrete Mathematics (2017),
https://doi.org/10.1016/j.disc.2017.10.023.

Discrete Mathematics ( ) –

Contents lists available at ScienceDirect

Discrete Mathematics

journal homepage: www.elsevier.com/locate/disc

Vertex disjoint 4-cycles in bipartite tournaments
C. Balbuena a,b,*, D. González-Moreno a, M. Olsen a

a Departamento de Matemáticas Aplicadas y Sistemas, Universidad Autónoma Metropolitana Unidad Cuajimalpa, México D.F., Mexico
b Departament de Matemàtica Aplicada III, Universitat Politècnica de Catalunya, Barcelona, España, Spain

a r t i c l e i n f o

Article history:
Received 22 May 2015
Received in revised form 22 October 2017
Accepted 23 October 2017
Available online xxxx

Keywords:
Bipartite tournament
Vertex-disjoint cycles
Prescribed length
Minimum outdegree
Bermond–Thomassen conjecture

a b s t r a c t

Let k ≥ 2 be an integer. Bermond and Thomassen conjectured that every digraph with
minimum out-degree at least 2k − 1 contains k vertex-disjoint cycles. Recently Bai, Li and
Li proved this conjecture for bipartite digraphs. In this paper we prove that every bipartite
tournament with minimum out-degree at least 2k − 2, minimum in-degree at least 1 and
partite sets of cardinality at least 2k contains k vertex-disjoint 4-cycles whenever k ≥ 3.
Finally, we show that every bipartite tournament with minimum degree δ = min{δ+, δ−

}

at least 1.5k − 1 contains at least k vertex-disjoint 4-cycles.
© 2017 Published by Elsevier B.V.

1. Introduction and terminology

Bermond and Thomassen [5] posted the following conjecture, which relates the number of disjoint cycles in a digraph
with the minimum out-degree.

Conjecture 1.1 ([5]). Every digraph D with δ+(D) ≥ 2k − 1 has k disjoint cycles.

This conjecture has been proved for general digraphs when k = 2, k = 3 and for tournaments [3,6,7,8]. Thomassen [8]
established the existence of a finite integer f (k) such that every digraph of minimum out-degree at least f (k) contains k
disjoint cycles. Alon [1] proved in 1996 that for every integer k, the value 64k is suitable for f (k).

A bipartite tournament is an oriented complete bipartite graph. Observe that, the girth of any bipartite tournament
containing a cycle is four. We denote a cycle of length four by C4. Very recently, Bay, Li and Li [2], proved Conjecture 1.1
for bipartite tournaments as a consequence of another result related to the numbers of vertex disjoint cycles of a given
length in bipartite tournaments with minimum out-degree at least qr −1, for q ≥ 2 and r ≥ 1 two integers. In this paper we
will only consider bipartite tournaments. First, we present an alternative proof of this conjecture in a direct way for bipartite
tournaments. We also prove that every bipartite tournament with minimum out-degree at least 2k−2, minimum in-degree
at least 1 and partite sets of cardinality at least 2k contains k disjoint 4-cycles whenever k ≥ 3. Finally, we show that every
bipartite tournament with bothminimum out-degree andminimum in-degree at least (3k−1)/2, contains at least k disjoint
cycles for all k ≥ 2.

For terminology and notation we follow the book by Bang-Jensen and Gutin [4]. Through this work only finite digraphs
without loops and multiple edges are considered. Let D be a digraph with vertex set V (D) and arc set A(D). Two subdigraphs
D1 and D2 of D are disjoint if their vertex sets are disjoint. We denote by δ+(D) the minimum out-degree of a vertex in D, by
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Fig. 1. Bipartite tournament with δ+
= 2 and δ−

= 1 without two disjoint 4-cycles.

δ−(D) the minimum in-degree of a vertex in D, and by δ(D) = min{δ+(D), δ−(D)} the minimum degree of D. Two vertices u
and v are twins if N+(u) = N+(v) and N−(u) = N−(v). A vertex v with d−(v) = 0 is called a source. Similarly, a vertex v with
d+(v) = 0 is called a sink. The minimum length of a cycle in D is called the girth of D. For a set X ⊆ V (D), we use the notation
D[X] to denote the subdigraph of D induced by the vertices of X . Let uv be an arc of D. By reversing the arc uv, we mean that
we replace the arc uv by the arc vu. The converse of a digraph D is the digraph H obtained from D by reversing all arcs.

1.1. Results

Conjecture 1.1 is proved for bipartite tournaments in [2]. In Theorem 1.1 we present an alternative proof of this result in
a direct and short way. Our proof is the starting point for obtaining the rest of results contained in this paper.

Theorem 1.1. Let k ≥ 2 be an integer. If T is a bipartite tournament with δ+(T ) ≥ 2k − 1 (or δ−(T ) ≥ 2k − 1), then T has at
least k disjoint cycles.

By Theorem 1.1, Conjecture 1.1 holds for bipartite tournaments. Next we give sufficient conditions to prove that every
bipartite tournament with minimum out-degree at least 2k−2, minimum in-degree at least 1 and partite sets of cardinality
at least 2k contains k disjoint 4-cycles whenever k ≥ 3.

Theorem 1.2. Let k ≥ 3 be an integer. If T is a bipartite tournament with δ+(T ) ≥ 2k − 2, δ−(T ) ≥ 1 and partite sets of
cardinality at least 2k, then T has at least k disjoint cycles.

Remark 1.1. The following bipartite tournament (for k = 2) with δ+
= 2, δ−

= 1, and partite sets of cardinality at least 4,
has no two disjoint C4, see Fig. 1. Hence, the condition k = 3 is necessary in Theorem 1.2.

Let T be the bipartite tournament with partite sets X = {a, c, xb, xs, xd} and Y = {b, d, ys, yc}. The arcs of T are the
following:

N+(a) = {b, ys, yc} = N+(xd), N−(a) = {d} = N−(xd);
N+(c) = {d, yc}, N−(c) = {b, ys};
N+(xs) = {b, d}, N−(xs) = {ys, yc};
N+(xb) = {d, ys}, N−(xb) = {b, yc}.
Considering digraphs with a given girth, Bang-Jensen, Bessy and Thomassé [3] established the following conjecture.

Conjecture 1.2 ([3]). Every digraph D with girth g ≥ 2 and minimum degree δ+(D) ≥
g

g−1k contains k disjoint cycles.

Clearly, in order to a bipartite digraph has k disjoint cycles it must have partite sets of cardinality at least 2k. Hence,
Conjecture 1.2 can be easily corrected adding this requirement on the cardinality of the partite sets.

Corollary 1.1. Conjecture 1.2 holds for bipartite tournaments with δ−(D) ≥ 1 and partite sets of cardinality at least 2k for
k = 2, 3, 4.

Theorem 1.3. Every bipartite tournament withmin{δ+, δ−
} ≥ 2 has at least 2 disjoint cycles.

Remark 1.2. Theorem 1.3, is best possible as shown for the bipartite tournament described in Remark 1.1, see Fig. 1.
Finally, we establish that if both the minimum out-degree and minimum in-degree are at least (3k − 1)/2, then the

bipartite tournament has at least k disjoint C4.

Theorem 1.4. Let k ≥ 2 be an integer. If T is a bipartite tournament such that min{δ+, δ−
} ≥ (3k − 1)/2, then T has at least k

disjoint cycles.
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2. Proofs

Proof of Theorem 1.1. Note that if a bipartite tournament has r disjoint cycles, then it has r disjoint 4-cycles. Suppose that
T has exactly r disjoint 4-cycles. Let C be a family of r disjoint 4-cycles and let T1 be the subdigraph induced by C. If T1 = T ,
then every vertex x ∈ V (T ) is on a 4-cycle, yielding that d+(x) ≤ 2(r−1)+1 = 2r−1. By hypothesis d+(x) ≥ δ+(T ) ≥ 2k−1
yielding that r ≥ k. If T1 ⊂ T , let T2 = T − V (T1), clearly T2 is an acyclic digraph. Let v ∈ V (T2) such that d+

T2
(v) = 0. Hence,

N+(v) ⊆ V (T1) and d+(v) ≤ 2r . By hypothesis d+(v) ≥ δ+(T ) ≥ 2k − 1 yielding that r ≥ k. ■

Proof of Theorem 1.2. Let k ≥ 3 and let T = (X, Y ) be a bipartite tournament with δ+(T ) ≥ 2k − 2 and δ−(T ) ≥ 1. By
Theorem 1.1, we may assume that δ+(T ) = 2k− 2, and since 2k− 2 > 2(k− 1)− 1 and k− 1 ≥ 2, it follows by Theorem 1.1
that T has at least k − 1 disjoint 4-cycles. Let us denote these cycles by (ai, bi, ci, di, ai) for all 1 ≤ i ≤ k − 1 and let T1
be the bipartite tournament induced by these k − 1 cycles. Let T1 = (X1, Y1) with X1 = {ai, ci : i = 1, . . . , k − 1} and
Y1 = {bi, di : i = 1, . . . , k − 1}. Let T2 = (X2, Y2) be the bipartite tournament induced by V (T ) \ V (T1). Observe that T2 is
nonempty because by hypothesis the partite sets of T have cardinality at least 2k. Clearly, if T2 has a cycle we are done. Then
we assume that T2 is acyclic. In order to prove the existence of k disjoint cycles, we use the vertices of T2 and the vertices of
one of the cycles (ai, bi, ci, di, ai) from T1 to construct two new 4-cycles.

Without loss of generality, suppose that T2 has a sink xs ∈ X2. Then Y2 = N−(xs) and N+(xs) = Y1 because d+(xs) ≥

2k − 2 = |Y1|. Let x ∈ X1, y ∈ Y1. Since |N+(x) ∩ Y1|, |N+(y) ∩ X1| ≤ 2k − 3, and d+(x), d+(y) ≥ 2k − 2 it follows that for all
x ∈ X1 and for all y ∈ Y1,

|N+(x) ∩ Y2| ≥ 1, |N+(y) ∩ (X2 − xs)| ≥ 1. (1)

Case 1. Suppose x′
s ∈ X2 − xs is a sink of T2 − xs. Then N−(x′

s) = Y2 and N+(x′
s) = Y1, so that xs and x′

s are twins in T . By (1),
we can take yai ∈ N+(ai)∩ Y2 and yci ∈ N+(ci)∩ Y2. If there is j ∈ {1, . . . , k− 1} such that are yaj ̸= ycj , then (aj, yaj , xs, dj, aj)
and (cj, ycj , x

′
s, bj, cj) are two disjoint C4 and we are done.

Let us assume that for all i ∈ {1, . . . , k − 1},

N+(ai) ∩ Y2 = N+(ci) ∩ Y2 = {yi} where yi ∈ Y2. (2)

Hence, N+(ai) = (Y1 − di) ∪ {yi}, N+(ci) = (Y1 − bi) ∪ {yi} for all i ∈ {1, . . . , k − 1}. This implies that N+(bi) ∩ X1 = {ci} and
N+(di)∩ X1 = {ai} for all i ∈ {1, . . . , k− 1} because T is a bipartite tournament. Thus, N+(bi)− ci, N+(di)− ai ⊆ X2 \ {xs, x′

s}

for all i ∈ {1, . . . , k − 1}.
Let xbi ∈ N+(bi)∩ X2 and xdi ∈ N+(di)∩ X2 (note that both are different from xs and x′

s). Since |N+(xbi )∩ Y1| ≤ |Y1 − bi| =

2k − 3, there is ybi ∈ N+(xbi ) ∩ Y2 and similarly, there is ydi ∈ N+(xdi ) ∩ Y2. If ybj ̸= yj for some j ∈ {1, . . . , k − 1}, then
(aj, yj, xs, dj, aj) and (xbj , ybj , x

′
s, bj, xbj ) are two disjoint C4. And if ydj ̸= yj for some j ∈ {1, . . . , k−1}, then (cj, yj, xs, bj, cj) and

(xdj , ydj , x
′
s, dj, xdj ) are two disjoint C4. In both caseswe have k disjoint cycles. Therefore, assume that for all i ∈ {1, . . . , k−1},

N+(xbi ) ∩ Y2 = N+(xdi ) ∩ Y2 = N+(ai) ∩ Y2 = N+(ci) ∩ Y2 = {yi}. (3)

Since T2 is acyclic, it follows that T2 has a source. Suppose that x̂ ∈ X2 \ {xs, x′
s} is a source of T2. Since d−(x̂) ≥ 1, it follows

that there is some y ∈ Y1 such that y ∈ N−(x̂). Then y = bi or y = di, so that x̂ ∈ N+(bi) ∪ N+(di), yielding that x̂ ∈ {xbi , xdi},
which contradicts (3) because Y2 ⊆ N+(x̂) and |Y2| ≥ 2k − |Y1| = 2k − 2k + 2 = 2. Hence, every source of T2 is ŷ ∈ Y2,
implying that X2 ⊆ N+(ŷ). Since d−(ŷ) ≥ 1, it follows that there is some x ∈ X1 such that x ∈ N−(ŷ) and x = ai or x = ci. By
(2), ŷ = yi, which is a contradiction, because xbi , xdi ∈ N−(yi). Thus, in Case 1, we have k disjoint cycles.

Case 2. Suppose that y′
s ∈ Y2 is a sink of T2 − xs. Then X2 − xs ⊆ N−(y′

s) and let Zs = N−(y′
s) ∩ X1 with |Zs| ≤ 1, note that

N+(y′
s) = (X1 − Zs) ∪ {xs}, because d+(y′

s) ≥ 2k − 2.
Case 2.1 Suppose that |Zs| = 1.Without loss of generality, suppose that Zs = {a1}. By (1), let xb1 ∈ N+(b1)∩ (X2−xs). Since

|N+(xb1 ) ∩ Y1| ≤ |Y1 − b1| = 2k − 3, there is yb1 ∈ N+(xb1 ) ∩ Y2. If y′
s ̸= yb1 , then (y′

s, c1, d1, a1, y
′
s) and (xs, b1, xb1 , yb1 , xs)

are two disjoint C4, and we have k disjoint cycles. Therefore, we assume that

yb1 = y′

s and N−(xb1 ) = (Y2 − y′

s) ∪ {b1}, N+(xb1 ) = {y′

s} ∪ (Y1 − b1). (4)

By hypothesis k ≥ 3, and by (1) we can take yai ∈ N+(ai) ∩ Y2 and xbi ∈ N+(bi) ∩ (X2 − xs) for all i = 2, . . . , k − 1. Hence, by
(4), we have (ai, yai , xb1 , di, ai) and (xbi , y

′
s, xs, bi, xbi ) are two disjoint C4 because yai ̸= y′

s since y′
s ∈ N−(ai). Hence, we have

k disjoint cycles.
Case 2.2 Suppose that |Zs| = 0. ThenN+(y′

s) = X1∪{xs}. If x′′
s ∈ X2−xs is a sink of T3 = T2−{xs, y′

s}, then |N−(x′′
s )∩Y1| ≤ 1.

Since k ≥ 3 there exists a cycle (ai, bi, ci, di, ai) such that bi, di ∈ N+(x′′
s ). By (1) there is a vertex yai ∈ N+(ai) ∩ Y2 and a

vertex xbi ∈ N+(bi) ∩ X2. In this case (di, ai, yai , x
′′
s , di) and (bi, xbi , y

′
s, xs, bi) are two disjoint cycles. Hence, T has k disjoint

cycles.
Therefore, wemay assume that any sink of T3 is a vertex y′′

s of Y2 −y′
s. Observe that y

′′
s is a sink of T2 −{xs}, and by Case 2.1

we may assume that N+(y′′
s ) = X1 ∪ {xs}. Let xbi ∈ N+(bi) ∩ (X2 − xs) and xdi ∈ N+(di) ∩ (X2 − xs). Then (ai, bi, xbi , y

′
s, ai) and

(ci, di, xdi , y
′′
s , ci) are two disjoint cycles. Hence, T has k disjoint cycles.

Therefore we conclude that in either case T must have at least k disjoint cycles and the theorem holds. ■
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Proof of Corollary 1.1. The girth of a bipartite tournament containing a cycle is g = 4. Suppose that k = 2, and let T be a
bipartite tournament with δ+(T ) ≥ ⌈8/3⌉ = 3. From Theorem 1.1, it follows that T has at least 2 disjoint cycles. Suppose
k = 3, and let T be a bipartite tournament with δ+(T ) ≥ ⌈12/3⌉ = 4 = 2 · 3− 2. From Theorem 1.2, T has at least 3 disjoint
cycles. Analogously, for k = 4, T has at least 4 disjoint cycles. ■

Proof of Theorem 1.3. Let T = (X, Y ) be a bipartite tournament with δ(T ) = min{δ+, δ−
} ≥ 2. Thus, T is not acyclic and T

has a 4-cycle C = (a, b, c, d, a). Let T ′
= (X ′, Y ′) be the bipartite tournament induced by V (T ) \ V (C). If T ′ is not acyclic, then

we are done. Assume that T ′ is an acyclic bipartite tournament. In order to prove the existence of 2 disjoint cycles, we use
the vertices of T ′ and the vertices of C to construct two new 4-cycles. Moreover, |X ′

|, |Y ′
| ≥ 2, because for all x ∈ {a, c} ∪ X ′,

d−(x)+ d+(x) = |{b, d}|+ |Y ′
| ≥ 4; and for all y ∈ {b, d} ∪ Y ′, d−(y)+ d+(y) = |{a, c}|+ |X ′

| ≥ 4. Without loss of generality,
we may assume that x̂ ∈ X ′ is a source of T ′. Hence, N+(x̂) = Y ′ and N−(x̂) = {b, d} . Moreover, T ′ has also a sink, let us
distinguish the following cases according to where the sink is placed.

Case 1. Suppose T ′ has a sink xs ∈ X ′
− x̂. Then N−(xs) = Y ′ and N+(xs) = {b, d}.

If there exists y0 ∈ Y ′ such that the vertices {c, y0, a} induce a path of length 2 in T , then (a, b, c, y0, a) and (x̂, y, xs, d, x̂),
for y ∈ Y ′

− y0 (or (c, d, a, y0, c) and (x̂, y, xs, b, x̂), for y ∈ Y ′
− y0) are 2 disjoint 4-cycles in T , and we are done. Therefore,

assume that

N+(c) ∩ N−(a) ∩ Y ′
= ∅ and N−(c) ∩ N+(a) ∩ Y ′

= ∅. (5)

In this case, |X ′
| ≥ 3, else d+(y) = 1 or d−(y) = 1 for every y ∈ Y ′ which is a contradiction. Let us consider the acyclic

bipartite tournament T̂ = T ′
− {x̂, xs}.

Case 1.1. Suppose that T̂ has a source x̂′
∈ X ′

\ {x̂, xs}. Then N+(x̂′) = Y ′ and N−(x̂′) = {b, d}, that is, x̂ and x̂′ are twins in
T .

If x′
s ∈ X ′

\ {x̂, xs, x̂′
} is a sink of T̂ , then N−(x′

s) = Y ′ and N+(x′
s) = {b, d}, yielding that (x̂, y, xs, d, x̂) for y ∈ Y ′ and

(x̂′, y′, x′
s, b, x̂

′) for y′
∈ Y ′

− y, are two disjoint 4-cycles, and we are done. Therefore any sink of T̂ must be some y′
s ∈ Y ′,

so that X ′
− xs ⊆ N−(y′

s). Let us show that N+(y′
s) = {a, c} ∪ {xs}. Indeed, if a ̸∈ N+(y′

s), by (5), c ̸∈ N+(y′
s), yielding that

d+(y′
s) ≤ 1 which is a contradiction. Then N+(y′

s) = {a, c} ∪ {xs}. Thus, (x̂, y′
s, c, d, x̂) and (x̂′, y, xs, b, x̂′) are two disjoint

4-cycles for all y ∈ Y ′
− y′

s, and we are done.
Case 1.2. Suppose that T̂ has a source ŷ′

∈ Y ′. Then N+(ŷ′) = X ′
− x̂ and N−(ŷ′) = {a, c} ∪ {x̂} because (5) and

δ−(T ) ≥ 2. If x′
s ∈ X ′

\ {x̂, xs} is a sink of T̂ , then (a, ŷ′, x′
s, d, a) and (x̂, y, xs, b, x̂) for y ∈ Y ′

− ŷ′, are two disjoint 4-cycles,
and we are done. Hence any sink of T̂ must be some y′

s ∈ Y ′
− ŷ′. Suppose Y ′

= {ŷ′, y′
s}. Then for every x ∈ X ′

\ {x̂, xs},
|N+(x) ∩ {b, d}| = |N−(x) ∩ {b, d}| = 1. If b ∈ N+(x), then (x, b, c, ŷ′, x) and (xs, d, x̂, y′

s, xs) are two disjoint 4-cycles; and if
d ∈ N+(x), then (x, d, a, ŷ′, x) and (xs, b, x̂, y′

s, xs) are two disjoint 4-cycles. Hence, we may assume that |Y ′
| ≥ 3, then the

4-cycle (a, ŷ′, x, y′
s, a), for x ∈ X ′

\ {x̂, xs}, and the 4-cycle (b, x̂, y, xs, b), for y ∈ Y ′
\ {ŷ′, y′

s}, are two disjoint cycles, and we
are done.

Case 2. Suppose that ys ∈ Y ′ is a sink of T ′. Then N−(ys) = X ′ and N+(ys) = {a, c}. Consider the bipartite tournament
T̂ = T ′

− {x̂, ys}, which is clearly acyclic.
Case 2.1. Some vertex x̂′

∈ X ′
− x̂ is a source of T̂ . Then N+(x̂′) = Y ′ and N−(x̂′) = {b, d}.

If y′
s ∈ Y ′

−ys is a sink of T̂ , then it is also a sink of T ′, yielding thatN−(y′
s) = X ′ andN+(y′

s) = {a, c}. In this case (x̂, ys, a, b, x̂)
and (x̂′, y′

s, c, d, x̂
′) are two disjoint 4-cycles in T , and we are done. Therefore, any sink of T̂ is some x′

s ∈ X ′
\ {x̂, x̂′

}. Then
Y ′

− ys ⊆ N−(x′
s) and |N+(x′

s) ∩ {b, d}| ≥ 1 since ys ∈ N+(x′
s) and d+(x′

s) ≥ 2. Let v′
∈ {b, d} ∩ N+(x′

s), v ∈ {b, d} − v′ and
α ∈ {a, c} ∩ N−(v). Then (x̂, ys, α, v, x̂) and (x̂′, y, x′

s, v
′, x̂′) for y ∈ Y ′

− ys, are two disjoint 4-cycles. This gives that T has at
least 2 disjoint cycles, and we are done.

Case 2.2. Every source of T̂ is some ŷ′
∈ Y ′

− ys. Then X ′
− x̂ ⊆ N+(ŷ′) and |N−(ŷ′) ∩ {a, c}| ≥ 1 because x̂ ∈ N−(ŷ′) and

d−(ŷ′) ≥ 2. Hence, there is t ∈ N−(ŷ′) ∩ {a, c}, implying that (t, ŷ′, x, ys, t) for all x ∈ X ′
− x̂ is a 4-cycle in T .

If y′
s ∈ Y ′

\{ys, ŷ′
} is a sink of T̂ , then it is also a sink of T ′, yielding thatN−(y′

s) = X ′ andN+(y′
s) = {a, c}. Then (x̂, y′

s, z, w, x̂)
where z ∈ {a, c} − t , w ∈ {b, d} and zw ∈ A(T ), is a 4-cycle disjoint with (t, ŷ′, x, ys, t) for x ∈ X ′

− x̂. Thus, T has at least 2
disjoint cycles, and we are done.

If x′
s ∈ X ′

− x̂ is a sink of T̂ , then Y ′
−ys ⊆ N−(x′

s), and |N+(x′
s)∩{b, d}| ≥ 1 because ys ∈ N+(x′

s) and d+(x′
s) ≥ 2. If |Y ′

| ≥ 3,
(x̂, y, x′

s, w, x̂) for y ∈ Y ′
\ {ys, ŷ′

} and w ∈ {b, d} ∩ N+(x′
s), is a 4-cycle disjoint with (t, ŷ′, x, ys, t) for all x ∈ X ′

\ {x̂, x′
s}, and

we are done. Thus, assume that Y ′
= {ys, ŷ′

}. If N−(ŷ′) ∩ {a, c} = {c}, then N+(ŷ′) ∩ {a, c} = {a}, yielding that N+(a) = {b}
which is a contradiction. Therefore N−(ŷ′) ∩ {a, c} = {a, c}. Similarly, if |N+(x′

s) ∩ {b, d}| = 2, then N−(x′
s) = {ŷ′

} which is a
contradiction. If x′

sb, dx
′
s ∈ A(T ), then (x′

s, b, c, d, x
′
s) and (a, ŷ′, x, ys, a) are two disjoint C4 and we are done. If bx′

s, x
′
sd ∈ A(T ),

then (x′
s, d, a, b, x

′
s) and (c, ŷ′, x, ys, c) for x ∈ X ′

\ {x̂, x′
s}, are two disjoint C4.

Therefore we conclude that T must have at least 2 disjoint cycles. ■

Proof of Theorem 1.4. If k = 2 the result holds by Theorem 1.3. Let k = 3, 4, and observe that ⌈(3k − 1)/2⌉ = 2k − 2 for
these two values. Let T = (X, Y ) and note that for all x ∈ X , d(x) = d−(x) + d+(x) = |Y | ≥ 2(2k − 2) > 2k; and for all y ∈ Y ,
d(y) = d−(y) + d+(y) = |X | ≥ 2(2k − 2) > 2k. Hence, by Theorem 1.2 the theorem holds for k = 3, 4. Thus, assume k ≥ 5.
We reason by induction on k, so assume that the theorem holds for any value less than or equal to k − 1, that is, T has k − 1
disjoint cycles by the induction hypothesis. Let us denote these cycles by (ai, bi, ci, di, ai) for all i = 1, 2, . . . , k − 1 and let
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T1 = (X1, Y1), T2 = (X2, Y2), and T = (X1 ∪ X2, Y1 ∪ Y2) be the same as in Theorem 1.2. Without loss of generality, assume
that x̂ ∈ X2 is a source of T2, that is, Y2 ⊆ N+(x̂). Let V̂ = N+(x̂) ∩ Y1, then Y1 \ V̂ = N−(x̂) and |V̂ | ≤ (k − 3)/2, because
|Y1| = 2k−2 and δ(T ) ≥ (3k−1)/2. Observe that |X2| > 2, because if |X2| = 2, then |V̂ | ≥ (3k−1)/2−2 > (k−3)/2, which
is a contradiction. As in the proof of Theorem 1.2, we will find two disjoint C4 using vertices of just one cycle (ai, bi, ci, di, ai)
and vertices of X2∪Y2. Hence, T will have k disjoint cycles. Since T2 is acyclic, it has also a sink. Let us distinguish the following
cases according the location of a sink of T2.

Case 1. T2 has a sink xs ∈ X2− x̂. Then Y2 ⊆ N−(xs) and let Vs = N−(xs)∩Y1. Therefore Y1\Vs = N+(xs) and |Vs| ≤ (k−3)/2,
because |Y1| = 2k − 2 and δ(T ) ≥ (3k − 1)/2. Let us consider the acyclic bipartite tournament T3 = T2 − {x̂, xs}.

Case 1.1. T3 has a source x̂′
∈ X2 \ {x̂, xs}. Then Y2 ⊆ N+(x̂′) and let V̂ ′ = N+(x̂′) ∩ Y1. Therefore Y1 \ V̂ ′ = N−(x̂′) and

|V̂ ′| ≤ (k − 3)/2.
Case 1.1.1. x′

s ∈ X2 \ {x̂, xs, x̂′
} is a sink of T3. Then Y2 ⊆ N−(x′

s) and Y1 \ V ′
s = N+(x′

s) where V ′
s = N−(x′

s) ∩ Y1 and
|V ′

s | ≤ (k − 3)/2. If there exists i ∈ {1, . . . , k − 1} such that |{bi, di} ∩ (V̂ ∪ V̂ ′ ∪ Vs ∪ V ′
s )| = 0, then (x̂, y, xs, di, x̂) for y ∈ Y2,

and (x̂′, y′, x′
s, bi, x̂

′) for y′
∈ Y2 − y, are two disjoint 4-cycles and we are done. Thus, we assume for all i ∈ {1, . . . , k− 1} that

|{bi, di} ∩ (V̂ ∪ V̂ ′ ∪ Vs ∪ V ′
s )| ≥ 1. For h = 1, 2, let Rh = {i ∈ {1, . . . , k − 1} : |{bi, di} ∩ (V̂ ∪ V̂ ′ ∪ Vs ∪ V ′

s )| = h}. We have

|V̂ ∪ V̂ ′ ∪ Vs ∪ V ′

s | = 2|R2| + |R1| = |R2| + k − 1.

Moreover, let I = (Vs ∪ V̂ )∩ (V ′
s ∪ V̂ ′), then |V̂ ∪ V̂ ′ ∪Vs ∪V ′

s | ≤ 2(k−3)−|I|, which implies that |R2| ≤ k−5−|I|. Therefore,
|R1| = k − 1 − |R2| ≥ k − 1 − (k − 5 − |I|) = 4 + |I|. Hence, there exists i ∈ R1 such that |{bi, di} ∩ I| = 0. Without loss of
generality, suppose bi ̸∈ V̂ ∪ V̂ ′ ∪ Vs ∪ V ′

s . As di ̸∈ I then di ̸∈ Vs ∪ V̂ or di ̸∈ V ′
s ∪ V̂ ′. Without loss of generality, suppose that

di ̸∈ Vs ∪ V̂ , then (x̂, y, xs, di, x̂) for y ∈ Y2, and (x̂′, y′, x′
s, bi, x̂

′) for y′
∈ Y2 − y, are two disjoint 4-cycles and we are done.

Case 1.1.2. y′
s ∈ Y2 is a sink of T3. Thus, X2 − xs ⊆ N−(y′

s), and N+(y′
s) = (X1 \ Z ′

s) ∪ {xs} where Z ′
s = N−(y′

s) ∩ X1

with |Z ′
s| ≤ (k − 1)/2 because δ(T ) ≥ (3k − 1)/2. Let I = (Vs ∪ V̂ ) ∩ V̂ ′ and R = Y1 \ (V̂ ∪ V̂ ′ ∪ Vs). For h = 1, 2, let

Rh = {j ∈ {1, . . . , k − 1} : |{bj, dj} ∩ R| = h} and Lh = {j ∈ {1, . . . , k − 1} : |{aj, cj} ∩ Z ′
s| = h}. Then 2|R2| + |R1| = |R| and

2|L2| + |L1| = |Z ′
s|. Suppose that there is j ∈ R2 such that |{aj, cj} ∩ Z ′

s| ≤ 1. Without loss of generality, suppose that aj ̸∈ Z ′
s ,

then (x̂′, y′
s, aj, bj, x̂

′), and (x̂, y, xs, dj, x̂) for y ∈ Y2 − y′
s are two disjoint C4, and we are done. Therefore we suppose that for

all j ∈ R2, |{aj, cj} ∩ Z ′
s| = 2, that is,

|R2| ≤ |L2|. (6)

Since |Y1| = |V̂ ∪ V̂ ′ ∪ Vs ∪ R| ≤ 3(k − 3)/2 − |I| + |R|, and |Y1| = 2k − 2, it follows that |R| ≥ (k + 5)/2 + |I|, and
by (6), (k + 5)/2 + |I| ≤ |R| = 2|R2| + |R1| ≤ 2|L2| + |R1|. Let W = {j ∈ R1 \ L1 : |{bj, dj} ∩ I| = 0}. If W = ∅, then
|R1 \ L1| ≤ |I| yielding that (k + 5)/2 + |I| ≤ 2|L2| + |R1| ≤ 2|L2| + |L1| + |I| = |Z ′

s| + |I| ≤ (k − 1)/2 + |I|, which is a
contradiction. Therefore W ̸= ∅. Suppose that W ⊂ L2. Then |W | + |R2| ≤ |L2| because W ∩ R2 = ∅ by definition of W ,
and by (6). As |W | = |R1| − |L1| − |I| we have |R2| + |R1| ≤ |L2| + |L1| + |I|. Adding |R2| on both sides of this inequality
we have |R| ≤ |R2| + |L2| + |L1| + |I| ≤ 2|L2| + |L1| + |I| = |Z ′

s| + |I| ≤ (k − 1)/2 + |I|, which is a contradiction because
|R| ≥ (k+5)/2+|I|. It follows that there exists ℓ ∈ W \ L2, that is, |Z ′

s ∩{aℓ, cℓ}| = 0, |{bℓ, dℓ}∩R| = 1 and |{bℓ, dℓ}∩ I| = 0.
Without loss of generality, suppose bℓ ∈ R and dℓ ̸∈ R. Since dℓ ̸∈ I we have dℓ ̸∈ Vs ∪ V̂ or dℓ ̸∈ V̂ ′. Thus, if dℓ ̸∈ Vs ∪ V̂ , then
(x̂′, y′

s, aℓ, bℓ, x̂′), and (x̂, y, xs, dℓ, x̂) for y ∈ Y2 − y′
s are two disjoint C4, and we are done. If dℓ ̸∈ V̂ ′, then (x̂, y, xs, bℓ, x̂) and

(x̂′, y′
s, cℓ, dℓ, x̂′) for y ∈ Y2 − y′

s are two disjoint C4, and we are done.
Case 1.2. Any source of T3 is some ŷ′

∈ Y2. Then X2 − x̂ ⊆ N+(ŷ′) and let Ẑ ′
= X1 ∩ N+(ŷ′) with |Ẑ ′

| ≤ (k − 1)/2 such that
(X1 \ Ẑ ′) ∪ {x̂} = N−(ŷ′), because δ(T ) ≥ (3k − 1)/2. Observe that |Y2| > 2 because otherwise |Ẑ ′

| ≥ (3k − 1)/2 − 2 which
is a contradiction.

Case 1.2.1. x′
s ∈ X2 \ {x̂, xs} is a sink of T3. This case is the same as Case 1.1.2. by considering the converse digraph of T .

Case 1.2.2. y′
s ∈ Y2 − ŷ′ is a sink of T3. Thus X2 − xs ⊆ N−(y′

s) and N+(y′
s) = (X1 \ Z ′

s) ∪ {xs} where Z ′
s = N−(y′

s) ∩ X1 with
|Z ′

s| ≤ (k − 1)/2. For h = 0, 1, 2, let Lh = {i ∈ {1, . . . , k − 1} : |{ai, ci} ∩ (Ẑ ′
∪ Z ′

s)| = h} and Rh = {i ∈ {1, . . . , k − 1} :

|{bi, di} ∩ (V̂ ∪ Vs)| = h}. If there is i ∈ (L0 ∪ L1) ∩ (R0 ∪ R1), then without loss of generality we may assume that ai ̸∈ Ẑ ′
∪ Z ′

s
and bi ̸∈ V̂ ∪ Vs. Hence, (ŷ′, x, y′

s, ai, ŷ
′), for x ∈ X2 \ {x̂, xs}, and (x̂, y, xs, bi, x̂), for y ∈ Y2 \ {ŷ′, y′

s}, are two disjoint cycles,
and we are done. Thus, we must suppose that (L0 ∪ L1) ∩ (R0 ∪ R1) = ∅ or equivalently, L0 ∪ L1 ⊆ R2 and R0 ∪ R1 ⊆ L2. Since
|Ẑ ′ ∪ Z ′

s| ≤ k − 1 it follows that |X1 \ (Ẑ ′ ∪ Z ′
s)| = 2|L0| + |L1| = 2k − 2 − |Ẑ ′ ∪ Z ′

s| ≥ k − 1 = |L0| + |L1| + |L2| yielding that
|L0| ≥ |L2| and so |L0| + |L1| ≥ (k − 1)/2, |L2| ≤ (k − 1)/2, and |R0| + |R1| ≤ (k − 1)/2 because R0 ∪ R1 ⊆ L2. Furthermore,
since |V̂ ∪ Vs| ≤ k − 3, it follows that |Y1 \ (V̂ ∪ Vs)| = 2|R0| + |R1| = 2k − 2 − |V̂ ∪ Vs| ≥ k + 1 = |R0| + |R1| + |R2| + 2,
yielding |R0| + |R1| ≥ (k − 1)/2, and therefore |R0| + |R1| = (k − 1)/2. Hence, 2|R0| + |R1| = |R0| + (k − 1)/2 ≥ k + 1, and
so |R0| ≥ (k + 1)/2, which is a contradiction.

Case 2. T2 has a sink ys ∈ Y2. Then X2 ⊆ N−(ys) and let Zs = X1 ∩ N−(ys) with |Zs| ≤ (k − 3)/2 such that N+(ys) = X1 \ Zs.
Let us consider the bipartite tournament T3 = T2 − {x̂, ys} which is clearly acyclic.

Case 2.1. Some vertex x̂′
∈ X2 − x̂ is a source of T3. Then Y2 ⊆ N+(x̂′) and N−(x̂′) = Y1 \ V̂ ′ where V̂ ′ = N+(x̂′) ∩ Y1 with

|V̂ ′| ≤ (k − 3)/2.
Case 2.1.1. If some y′

s ∈ Y2 − ys is a sink of T3. Then X2 ⊆ N−(y′
s) and N+(y′

s) = X1 \ Z ′
s where Z ′

s = N−(y′
s) ∩ X1 with

|Z ′
s| ≤ (k − 3)/2. For h = 0, 1, 2, let Lh = {i ∈ {1, . . . , k − 1} : |{ai, ci} ∩ (Zs ∪ Z ′

s)| = h}. Then 2|L0| + |L1| = |X1 \ (Zs ∪ Z ′
s)| ≥

2k − 2 − (k − 3 − |Zs ∩ Z ′
s|) = k + 1 + |Zs ∩ Z ′

s|.
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Suppose that there is i ∈ L0, that is |{ai, ci} ∩ (Zs ∪ Z ′
s)| = 0, such that |{bi, di} ∩ (V̂ ∩ V̂ ′)| = 0. Without loss of generality,

suppose that bi ̸∈ V̂ and di ̸∈ V̂ ′. Then (x̂′, ys, ci, di, x̂′) and (x̂, y′
s, ai, bi, x̂) are disjoint 4-cycles in T and we are done.

Therefore we assume that for all i ∈ L0, |{bi, di} ∩ (V̂ ∩ V̂ ′)| ≥ 1 yielding that |L0| ≤ |V̂ ∩ V̂ ′
| ≤ (k − 3)/2. Therefore

|L1| + |L0| ≥ k+ 1+ |Zs ∩ Z ′
s| − |L0| ≥ (k+ 5)/2+ |Zs ∩ Z ′

s|. Hence, there is i ∈ L0 ∪ L1 (i.e. |{ai, ci} ∩ (Zs ∪ Z ′
s)| ≤ 1) such that

|{ai, ci} ∩ (Zs ∩ Z ′
s)| = 0, and |{bi, di} ∩ (V̂ ∩ V̂ ′)| = 0 because |V̂ ∩ V̂ ′

| ≤ (k − 3)/2. Without loss of generality, suppose that
ai ̸∈ Zs ∪ Z ′

s and ci ̸∈ Zs. Then if bi ̸∈ V̂ and di ̸∈ V̂ ′, then (x̂′, ys, ci, di, x̂′) and (x̂, y′
s, ai, bi, x̂) are disjoint 4-cycles in T and we

are done. If bi ̸∈ V̂ ′ and di ̸∈ V̂ , then (x̂, ys, ci, di, x̂) and (x̂′, y′
s, ai, bi, x̂

′) are disjoint 4-cycles in T . Hence, we are done.
Case 2.1.2. Any sink of T3 is x′

s ∈ X2 \ {x̂, x̂′
}. Thus, Y2 − ys ⊂ N−(x′

s) and let V ′
s = N−(x′

s) ∩ Y1 with |V ′
s | ≤ (k − 1)/2 such

that (Y1 \ V ′
s ) ∪ {ys} = N+(x′

s). (Observe that this case is similar to Case 1.1.2 but now |Zs| ≤ (k − 3)/2 and |V ′
s | ≤ (k − 1)/2).

Let I = V̂ ∩ (V̂ ′ ∪ V ′
s ) and R = Y1 \ (V̂ ∪ V̂ ′ ∪ V ′

s ). For h = 1, 2, let Rh = {j ∈ {1, . . . , k − 1} : |{bj, dj} ∩ R| = h} and
Lh = {j ∈ {1, . . . , k− 1} : |{aj, cj} ∩ Z ′

s| = h}. Then 2|R2| + |R1| = |R| and 2|L2| + |L1| = |Zs|. Suppose that there is j ∈ R2 such
that |{aj, cj}∩Zs| ≤ 1.Without loss of generality, suppose that aj ̸∈ Zs, then (x̂′, ys, aj, bj, x̂′), and (x̂, y, x′

s, dj, x̂) for y ∈ Y2 −ys
are two disjoint C4, and we are done. Therefore we suppose that for all j ∈ R2, |{aj, cj} ∩ Zs| = 2, that is,

|R2| ≤ |L2|. (7)

Since |Y1| = |V̂ ∪ V̂ ′ ∪ V ′
s ∪ R| ≤ (3k − 7)/2 − |I| + |R|, and |Y1| = 2k − 2 it follows that |R| ≥ (k + 3)/2 + |I| and

by (7), (k + 3)/2 + |I| ≤ |R| = 2|R2| + |R1| ≤ 2|L2| + |R1|. Let W = {j ∈ R1 \ L1 : |{bj, dj} ∩ I| = 0}. If W = ∅, then
|R1 \ L1| ≤ |I| yielding that (k + 3)/2 + |I| ≤ 2|L2| + |R1| ≤ 2|L2| + |L1| + |I| = |Z ′

s| + |I| ≤ (k − 1)/2 + |I|, which is
a contradiction. Therefore W ̸= ∅. If W ⊂ L2, then |W | + |R2| ≤ |L2| because W ∩ R2 = ∅ by definition of W , and by
(7). As |W | = |R1| − |L1| − |I| we have |R2| + |R1| ≤ |L2| + |L1| + |I|. Adding |R2| to both sides of the inequality we have
|R| ≤ |R2|+|L2|+|L1|+|I| ≤ 2|L2|+|L1|+|I| = |Zs|+|I| ≤ (k−3)/2+|I|, which is a contradiction because |R| ≥ (k+3)/2+|I|.
It follows that there exists ℓ ∈ W \ L2, that is, |Zs ∩ {aℓ, cℓ}| = 0, |{bℓ, dℓ} ∩ R| = 1 and |{bℓ, dℓ} ∩ I| = 0. Without loss of
generality, suppose bℓ ∈ R. Since dℓ ̸∈ I we have dℓ ̸∈ V ′

s ∪ V̂ ′ or dℓ ̸∈ V̂ . Thus, if dℓ ̸∈ V ′
s ∪ V̂ ′, then (x̂, ys, aℓ, bℓ, x̂), and

(x̂′, y, x′
s, dℓ, x̂′) for y ∈ Y2 − ys are two disjoint C4, and we are done. If dℓ ̸∈ V̂ , then (x̂′, y, x′

s, bℓ, x̂′) and (x̂, ys, cℓ, dℓ, x̂) for
y ∈ Y2 − ys are two disjoint C4, and we are done.

Case 2.2. Every source of T3 is a vertex ŷ′
∈ Y2 − ys. Therefore, X2 − x̂ ⊂ N+(ŷ′) and N−(ŷ′) = (X1 \ Ẑ ′) ∪ {x̂} where

Ẑ ′
= N+(ŷ′) ∩ X1 with |Ẑ ′

| ≤ (k − 1)/2. Observe that |Y2| > 2.
Case 2.2.1. Some y′

s ∈ Y2 \ {ys, ŷ′
} is a sink of T3. This case is the same as Case 2.1.2. by considering the converse digraph

of T .
Case 2.2.2. Any sink of T3 is a vertex x′

s ∈ X2 − x̂. Then Y2 − ys ⊂ N−(x′
s), and let V ′

s = N−(x′
s) ∩ Y1 with |V ′

s | ≤ (k − 1)/2
such that N+(x′

s) = (Y1 \ Vs) ∪ {ys}. Since |Ẑ ′
∪ Zs| ≤ k − 2 and |V̂ ∪ V ′

s | ≤ k − 2, |X1 \ (Ẑ ′
∪ Zs)| ≥ 2k − 2 − (k − 2) = k and

|Y1 \ (V̂ ∪ V ′
s )| ≥ k. Hence, there exists ℓ ∈ {1, . . . , k − 1}, such that |(Ẑ ′

∪ Zs) ∩ {aℓ, cℓ}| ≤ 1 and |(V̂ ∪ V ′
s ) ∩ {bℓ, dℓ}| ≤ 1.

Without loss of generality, suppose that aℓ ̸∈ Ẑ ′
∪ Zs and dℓ ̸∈ V̂ ∪ V ′

s . Then (x̂, y, x′
s, dℓ, x̂) for y ∈ Y2 \ {ys, ŷ′

}, is a C4 disjoint
with (ŷ, x, ys, aℓ, ŷ) for all x ∈ X2 \ {x̂, x′

s}, and we are done.
Therefore, we conclude that T must have at least k disjoint cycles. ■
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