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Abstract

A kernel by properly colored paths of an arc-colored digraph D is a set S of vertices
of D such that (i) no two vertices of S are connected by a properly colored directed
path in D, and (ii) every vertex outside S can reach S by a properly colored directed
path in D. In this paper, we conjecture that every arc-colored digraph with all cycles
properly colored has such a kernel and verify the conjecture for unicyclic digraphs,
semi-complete digraphs and bipartite tournaments, respectively. Moreover, weaker
conditions for the latter two classes of digraphs are given.
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1 Introduction

All graphs (digraphs) considered in this paper are finite and simple, i.e., without loops or
multiple edges (arcs). For terminology and notation not defined here, we refer the reader
to Bang-Jensen and Gutin [1].

A path (cycle) in a digraph always means a directed path (cycle) and a k-cycle Cy
means a cycle of length k, where k > 2 is an integer. For a digraph D, define its kernel
to be a set S of vertices of D such that (i) no two vertices of S are connected by an
arc in D, and (ii) every vertex outside S can reach S by an arc in D. This notion was
originally introduced by von Neumann and Morgenster [21] in 1944. Since it has many
applications in both cooperative games and logic (see [2], [3]), its existence has been the

focus of extensive study, both from the algorithmic perspective and the sufficient condition
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perspective. Among them, the following results are of special importance. For more results

on kernels, we refer the reader to the survey paper [4] by Boros and Gurvich.

Theorem 1 (Chvatal [6]). It is NP-complete to recognize whether a digraph has a kernel

or not.

Theorem 2 (Richardson [I§], von Neumann and Morgenster [21]). Let D be a digraph.
Then the following statements hold:

() if D has no cycle, then D has a unique kernel;

(73) if D has no odd cycle, then D has at least one kernel;

(7i1) if D has no even cycle, then D has at most one kernel.

An arc uwv € A(D) is called symmetrical if vu € A(D). For a cycle (ug, u1, ..., uk—1, uo),
we call two arcs w;u; 12 and wu;11u;+3 crossing consecutive, where addition is modulo k.

The following theorem has been proved.

Theorem 3 (Duchet [§], Duchet and Meyniel [9], Galeana-Sanchez and Neumann-Lara[12]).
A digraph D has a kernel if one of the following conditions holds:

(1) each cycle has a symmetrical arc;

(7i) each odd cycle has two crossing consecutive arcs;

(7i1) each odd cycle has two chords whose heads are adjacent vertices.

It is worth noting that if we replace Condition (ii) in the definition of kernels by every
vertex outside S can reach S by an arc or a path of length 2, then such a vertex subset,
named quasi-kernel, always exists. This was proved by Chvatal and Lovész [7] in 1974.
Jacob and Meyniel [I7] furthermore showed in 1996 that every digraph has either a kernel
or three quasi-kernels. For more results on quasi-kernels, see [5, 13}, [16].

Let D be a digraph and m a positive integer. Call D an m-colored digraph if its arcs
are colored with at most m colors. Denote by c¢(uv) the color assigned to the arc uv. A
subdigraph H of an arc-colored digraph D is called monochromatic if all arcs of H receive
the same color, and is called rainbow if any two arcs of H receive two distinct colors. Define
a kernel by monochromatic paths (or an MP-kernel for short) of an arc-colored digraph
D to be a set S of vertices of D such that (i) no two vertices of S are connected by a
monochromatic path in D, and (ii) each vertex outside S can reach S by a monochromatic
path in D.

The concept of MP-kernels in an arc-colored digraph was introduced by Sands, Sauer
and Woodrow [19] in 1982. They showed that every 2-colored digraph has an MP-kernel.
In particular, as a corollary, they showed that every 2-colored tournament has a one-
vertex MP-kernel. Here note that each MP-kernel of an arc-colored tournament consists
of one vertex. They also proposed the problem that whether a 3-colored tournament
with no rainbow triangles has a one-vertex MP-kernel. This problem still remains open
and has attracted many authors to investigate sufficient conditions for the existence of
MP-kernels in arc-colored tournaments. Shen [20] showed in 1988 that for m > 3 every

m-~colored tournament with no rainbow triangles and no rainbow transitive triangles has a



one-vertex MP-kernel, and also showed that the condition °

‘with no rainbow triangles and
no rainbow transitive triangles” cannot be improved for m > 5. In 2004, Galeana-Sénchez
and Rojas-Monroythe [14] showed, by constructing a family of counterexamples, that the
condition of Shen cannot be improved for m = 4, either. Galeana-Sanchez [10] showed in
1996 that every arc-colored tournament such that the arcs, with at most one exception,
of each cycle of length at most four are assigned the same color has a one-vertex MP-
kernel. Besides, Galeana-Sanchez and Rojas-Monroythe [15] showed in 2004 that every
arc-colored bipartite tournament with all 4-cycles monochromatic has an MP-kernel. For
more results on MP-kernels, we refer to the survey paper [11] by Galeana-Sénchez.

A subdigraph H of an arc-colored digraph D is called properly colored if any two
consecutive arcs of H receive distinct colors. Define a kernel by properly colored paths (or
a PCP-kernel for short) of an arc-colored digraph D to be a set S of vertices of D such
that (i) no two vertices of S are connected by a properly colored path in D, and (ii) each
vertex outside S can reach S by a properly colored path in D.

By the definitions of kernels, MP-kernels and PCP-kernels, one can see in some sense

that both MP-kernels and PCP-kernels generalize the concept of kernels in digraphs.

Observation 1. Let D = (V (D), A(D)) be a digraph. Then the following three statements
are equivalent.

(1) D has a kernel;

(13) |A(D)|-colored D has an MP-kernel;

(13i) 1-colored D has a PCP-kernel.

In this paper we concentrate on providing some sufficient conditions for the existence
PCP-kernels in arc-colored digraphs. For convenience, we write “PC path” for “properly
colored path” in the following. Define the closure €' (D) of an arc-colored digraph D to
be a digraph with vertex set V(%(D)) = V(D) and arc set A(%¢ (D)) = {uv : there is a
PC (u,v)-path in D}. It is not difficult to see that the following simple (but useful) result
holds.

Observation 2. An arc-colored digraph D has a PCP-kernel if and only if €(D) has a

kernel.

2 Main results

We first consider the computational complexity of finding a PCP-kernel in an arc-colored

digraph.

Proposition 1. It is NP-hard to recognize whether an arc-colored digraph has a PCP-

kernel or not.

Proof. Let D be a digraph and V* a set of vertices with V* N V(D) = (. Let D’ be
the digraph with V/(D') = V(D) UV* and A(D') = A(D)U{wv : u € V* v € V(D)},

i.e., adding a set V* of new vertices to D together with all possible arcs from V* to



V(D). We can always choose a V* with [{uv : u € V*,v € V(D)}| > m. Color D' by
using m colors in such a way that the subdigraph D is monochromatic and the arc set
{uv: weV* v eV(D)}is m-colored. It is not difficult to see that the m-colored D’ has
a PCP-kernel if and only if D has a kernel. By Theorem [I] the computational complexity
of the latter problem is NP-complete. The desired result then follows directly. ]

Now we present the following result.

Proposition 2. An arc-colored digraph D has a PCP-kernel if one of the following con-
ditions holds:

(1) D has no cycle;

(ii) the coloring of D is proper (consecutive arcs receive distinct colors);

(13i) D is properly-connected (each vertex can reach all other vertices by a PC path).

Proof. Note that €' (D) has a cycle if and only if D has a cycle. The statement (i) therefore
follows directly from Theorem [2] (i) and Observation 2l Assume that the coloring of D
is proper. If D is strongly connected, then each vertex forms a PCP-kernel. If D is not
strongly connected, then the set of sinks is a PCP-kernel. If D is properly-connected, then
by the definition of PCP-kernels each vertex forms a PCP-kernel. O

By Proposition [2] (i), every arc-colored digraph containing no cycle has a PCP-kernel.
It is natural to ask what is the analogous answer for a digraph D containing cycles. For

the simplest case, i.e., D is a cycle, we get the following result.

Theorem 4. An arc-colored cycle has a PCP-kernel if and only if it is not a monochro-

matic odd cycle.

Call a digraph unicyclic if it contains exactly one cycle. Note that every cycle is
unicyclic. For general arc-colored unicyclic digraphs, furthermore, for general digraphs
containing cycles, a number of examples (see for example the arc-colored digraphs in
Figures [Il and ) show that additional conditions are needed to guarantee the existence of
PCP-kernels. But what kind of conditions do we need? By Proposition 2 (ii) and (iii), if
the coloring is proper or “close” to proper (roughly speaking), then it has a PCP-kernel.
By Proposition 2 (i), the existence of cycles influences the existence of PCP-kernels. This
yields a natural question to ask whether the condition “all cycles are properly colored”

suffices or not. Based on this consideration, we propose the following conjecture.

Conjecture 1. Every arc-colored digraph with all cycles properly colored has a PCP-

kernel.

Remark 1. If Conjecture [Ilis true, then it is best possible in view of the two arc-colored
digraphs in Figure[]] in which solid arcs, dotted arcs and dashed arcs represent arcs colored
by three distinct colors respectively. It is not difficult to check that neither of them has
a PCP-kernel. For any even integer n > 6 (resp. odd integer n > 7), the sharpness of
Conjecture [Tl can be shown by replacing the path (vg, v1,v2) (resp. (ug,u1,us2)) of the left



digraph (resp. the right digraph) by a monochromatic path of length n — 4 (resp. length
n — 7) using the color assigned to the previous short path. One can check that neither of

the two new constructed digraphs has a PCP-kernel.
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Figure 1: Two arc-colored digraphs with no PCP-kernels.

A digraph D is semi-complete if for every two vertices there exists at least one arc
between them. A tournament (bipartite tournament) is an orientation of a complete graph
(complete bipartite graph). Note that each tournament is semi-complete. Theorem [
shows that Conjecture [1] holds for cycles. We will also show that Conjecture [1 holds for
general unicyclic digraphs, semi-complete digraphs and bipartite tournaments. In fact, for

the latter two classes of digraphs, weaker conditions have been obtained, respectively.

Theorem 5. FEvery arc-colored unicyclic digraph with the unique cycle properly colored
has a PCP-kernel.

Remark 2. We see from the two unicyclic arc-colored digraphs in Figure [ that the
condition “the unique cycle is properly colored” cannot be dropped in Theorem

Note that every two vertices in a semi-complete digraph are adjacent and thus every
PCP-kernel in such a digraph consists of one vertex. We obtain the following result whose

proof idea is similar to that in [20].

Theorem 6. Every arc-colored semi-complete digraph with no monochromatic triangles

has a vertex v such that all other vertices can reach v by a PC path of length at most 3.

Corollary 1. Every arc-colored semi-complete digraph with no monochromatic triangles

has a PCP-kernel.

Remark 3. The condition “with no monochromatic triangles” in Theorem[6land Corollary
[ cannot be dropped. Recall that every tournament is semi-complete and one can verify
that the 2-colored tournament shown in Figure2has no PCP-kernels and no vertex defined
in Theorem [ in which solid arcs and dotted arcs represent arcs colored by two distinct
colors, respectively. Larger m-colored tournaments containing no PCP-kernel for general
m can be constructed by adding new vertices together with new colors to the new added

arcs such that 7™ has no outneighbors in the set of new added vertices.



Figure 2: A 2-colored tournament with no PCP-kernels.

Theorem 7. Every arc-colored bipartite tournament D = (X,Y; A) with (i) all 4-cycles
and 6-cycles properly colored, or (ii) min{|X|,|Y|} <2, has a PCP-kernel.

Remark 4. The conditions in Theorem [{] cannot be dropped in view of the 3-colored
bipartite tournament Dg = (X,Y’; A) shown in Figure B in which solid arcs, dotted arcs
and dashed arcs represent arcs colored by three distinct colors, respectively. One can see
that min{|X|,|Y|} = 3 and Dg contains neither PC 4-cycles nor PC 6-cycles. One can
also see that the closure € (Dg) of Dg is semi-complete, in which the new added arcs are
represented by thick dashed lines. Note that a semi-complete digraph has a kernel if and
only if it has a vertex v such that all other vertices can reach v by an arc. One can see that
% (Dg) does not contain such a vertex, so by Observation 2 we get that Dg has no PCP-
kernels. Furthermore, we can construct infinite family of bipartite tournaments which can
show that the conditions in Theorem [7] cannot be dropped. Let D, _g be an arbitrary
m-~colored bipartite tournament with n > 6. Define D to be the union of Dg and D,,_¢ as
follows: take all possible arcs between D,,_g and Dg going from D,,_g to Dg and denote
this set of arcs by A*, let V(D) = V(Dg) UV (Dy—g) and A(D) = A(Dg) U A(Dy—g) U A*,
let the colors on D,,_¢ and Dg remain the same and let the coloring of A* be arbitrary.
Then D has no PCP-kernel since the proposition that D has a PCP-kernel implies that
Dg has a PCP-kernel.
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Figure 3: A 3-colored bipartite tournament Dg and its closure € (Dg).



In the rest of the paper, we always use H; — Hy to denote H; — V' (Hz) for two digraphs
Hy and Ho; if Ho consists of a single vertex v, then we denote H; — {v} by H; —v. For two

vertices w and v, if uv is an arc then we say u dominates v and sometimes write u — v.

3 Proofs of Theorem [4 and Theorem

Proof of Theorem [4. The necessity of Theorem [] follows from the fact that each odd
cycle has no kernel. For the sufficiency, it is equivalent to show that (i) every arc-colored
odd cycle with at least two colors has a PCP-kernel and (ii) every arc-colored even cycle
has a PCP-kernel. We prove the result by constructing such a kernel S.

Let C = (vg,...,vn—1,v9) be an arc-colored cycle and assume w.l.o.g. that the
vertices are located in a clockwise direction. If C is an monochromatic even cycle,
then we can let S = {vg,v2,...,v,—2}. Now assume that C' is an arc-colored cycle
with at least two colors. If the coloring is proper, then clearly each vertex forms a
PCP-kernel. Now assume that the coloring is not proper and assume w.l.o.g. that
Py = (Uny, Vngt1y--- s Up) = Unp—1) is a monochromatic path of maximum length (which
is at least two). Put Upl—2, V)4, - - - Up/ —2¢, Into S, where t; is the largest integer such
that n} —2t; > n;. Here, note that since C is neither a monochromatic odd cycle nor a PC
cycle, we have ny € {0,1,...,n—3} and n| —2t; = n;y or ny + 1. Afterwards, we consider,
in a counter-clockwise direction, the first appeared maximal monochromatic path of length
at least two in C' — Py, say P, = (vn2,vn2+1,...,vn/2). Now put v,y 9, Upy 45 -+, Vpy 21,
into S, where ¢ is the largest integer such that n}, — 2ty > ng. Continue this procedure un-
til there is no monochromatic path of length at least two and let P. = (vn,, Vn, 41, .-, Vn’)

be the last appeared maximal monochromatic path of length at least two. It follows that
T
S = U{vn;—Q’vn;—éb s ’vn;—Qti}a S = V(C)\S = SI U S”’
i=1

where

r
—/
S = U{U 1—3,Un/—5;- .- 7Un;f2ti+1}7
i=1

1}

s
—/!
S = U{/Un;—Qti—17vn;—2ti—27"'7vn;+17vn;+l_
i=1

Npy1 = N1, Ny = nj) = n — 1 and addition is modulo n. It is not difficult to check
that no two vertices of S are connected by a PC path in C. For each 1 < i < r, one
can also verify that each vertex in {vn; ~3,Unf =55+ Ul 2t 41} can reach some vertex in
{Uns—2:VUnt 4, s Vpt _ap, 42} by a PC path of length one, and each vertex in {v,/ o, 1,
Upt 9,2, - - - ,vngﬂ,vngﬂ,l} can reach v 1ot by a PC path; in other words, every vertex

outside S can reach S by a PC path in C. Therefore, the set S is a PCP-kernel of C'. [

Proof of Theorem [Bl. Let D be an arc-colored unicyclic digraph with a PC cycle C.

Note that the cycle C' must be an induced cycle since otherwise two cycles will appear.



Note also that each vertex of C' forms a PCP-kernel of C. If D is strongly connected, then
D is a cycle and the desired result follows directly. Now assume that D is not strongly
connected. Then there exist strongly connected components D1,..., Dy, k > 2, of D such
that there is no arc from D; to D, for any i > j. Let D; be the component containing the
cycle C'. One can see that D; = C. One can also see that each D; # D; is a single vertex,
since otherwise another cycle will appear. We distinguish two cases and show the result
by constructing a PCP-kernel S.

If i = k, then let v be an arbitrary vertex of Dy = C and we put v into S. Let
J1 € {1,...,k — 1} be the largest integer such that there is no PC (Dj,,v)-path. Put
Dj, into S. Let jo € {1,...,751 — 1} be the largest integer such that there is no PC
(Dj,,{v, Dj, })-path. Put Dj;, into S. Continue this procedure until all the remaining
vertices in V/(C')\S can reach S by a PC path. Let D;_ be the last vertex putting into S.
The terminal vertex set S = {v,D;,,...,D;, } is clearly a PCP-kernel.

If ¢+ # k, then D contains at least one sink and we put all sinks, say vy,...,vp, into
S. By similar procedure above we can put, step by step, the vertices Dj,...,D;, with
jt > i into S. Let U C V(D;) be the set of vertices which cannot reach the current
S ={v1,...,vp,Dj,,...,Dj,} by a PC path. If U # 0, then put an arbitrary vertex of U
(instead of all vertices of U) into S and continue the procedure. If U = (), then j; 11 < @

and we can use the same procedure above to get a PCP-kernel S. U

4 Proof of Theorem

For convenience, in this proof, call a vertex v good if all other vertices can reach v by a
PC path of length at most 3. One can see that it suffices to consider the tournament case.
Let T be an m-colored tournament, where m is a positive integer. For m = 1, note that
each monochromatic tournament with no monochromatic triangles is transitive, then the
unique sink is a good vertex. So we may assume that m > 2 and T is an arc-colored
tournament with at least two colors. We prove the result by induction on |V (T)].

Since each arc-colored transitive triangle and each non-monochromatic triangle has a
good vertex, the result holds for |V(T")| = 3. Now assume that 7" is a minimum coun-
terexample with |[V(T')] = k > 4. It follows that each m-colored tournament with no
monochromatic triangles and with order less than k has a good vertex. So for each vertex
v of T the subtournament 7" — v has a good vertex. Denote by v* the good vertex of
T — v corresponding to the given coloring of T'. Then v* — v, since otherwise v* is a good
vertex of T. For two distinct vertices u and v, we claim that u* # v*. If not, then by the
definition of u* there exist a PC (v,u*)-path in T'— u and a PC (u,u*)-path in T — v. It
follows immediately that there exist a PC (v, u*)-path and a PC (u,u*)-path in 7. Thus,
u* is a good vertex of T', a contradiction.

Now consider the subdigraph H induced on the arc set {v*v : v € V(T')}. Since each
vertex of H has both indegree and outdegree one, then H consists of vertex-disjoint cycles.

If H has at least two cycles, then by induction hypothesis the induced subtournament on



each cycle has a good vertex, which is obviously a good vertex of T, a contradiction. So
H consists of one cycle.

Let H = (vg,v1,...,Vn—1,v0). By the choices of the arcs, there exists no PC (v;,v;—_1)-
path of length at most 3 in 7', addition is modulo n in this proof. Consider the three
vertices vy, v1, V2, if v9 — vg, then since there exists no monochromatic triangle we have
either (ve, vg, v1) is PC (ve, v1)-path of length 2 or (v1, v, vg) is a PC (v1, vg)-path of length
2, a contradiction. So vy — v9. In fact, one can see from the simple proof that v; — v;19
for any v; € V/(T).

Let s be the minimum integer such that vs — vy and vg — v; for any ¢ < s—1. Such an
integer s exists by the fact that v,_1 — vg. We may assume that v; — v; for any 1 <i <
j <'s. Since there exists no PC (vs,vs_1)-path of length 2, we have c(vsvg) = c(vovs—1),
say c(vsvg) = c(vgvs—1) = 1. By assumption, there exists no monochromatic triangle,
we have c(vs_1vs) # c(vsvg). Since there exists no PC (vs_1,vs—2)-path of length 3, we
have c(vgvs—2) = c(vsvg) = 1. Since (vg,vs—2,vs,vp) is not a monochromatic triangle,
we have c(vs_ovs) # 1. Similarly, we can show that c(vov;) = 1 and ¢(v;vs) # 1 for any
1 <i < s—1. This implies that c(vivs) # c(vsvg) = 1 and a PC (v1, vg)-path (v1, vs,v0)

of length 2 appears, a contradiction.

5 Proof of Theorem [T

Proof of Theorem [7] (i). For the 1-colored case, by Observation[I] it suffices to consider
the existence of a kernel. We claim that either X or Y is a kernel. If X is not a kernel, then
there exists y € Y such that each vertex of X is an inneighbor of y, implying that Y is a
kernel. So every 1-colored bipartite tournament has a PCP-kernel (not necessary to satisfy
the required condition). In the following we assume m > 2 and consider PCP-kernels in
m-colored bipartite tournaments with at least two colors.

We write v ~ v if w — v or v — u. It is not difficult to verify, see also in [I5], that the

following lemma holds. We need to keep in mind of this lemma in the forthcoming proof.

Lemma 1 (Galeana-Séanchez and Rojas-Monroy [15]). Let D be an arc-colored bipartite
tournament. Then
(i) for each directed walk (ug,u1,...,uy) in D we have u; ~u; iff j —i =1 (mod 2);

(7i) every closed directed walk of length at most 6 is a cycle in D.

For two vertices u and v in D, denote by dist(u,v) the distance from u to v. The

following lemma will play a key role in the proof.

Lemma 2. If there exists a PC (u,v)-path but exists no PC (v,u)-path in D, then
dist(u,v) < 2.

Proof. Let P = (ug,u1,...,u) be a shortest PC (u,v)-path, where u = uy and v = wy.
The result holds clearly for £ < 2. Now let £ > 3 and assume the opposite that each
(u,v)-path has length at least 3.



Claim 1. There exists no arc from {ug,us, ..., up_3} to ug.

Proof. The statement holds directly for k¥ < 4. Assume that £ > 5. Let * = min{i : u; —
ug,0 < i <k —3}. Then i* € {ug,us,...,up_3} and ug — ujx—o. Now (ug,usx_2, uix_1,
ug+,ug) is a 4-cycle and by assumption it is properly colored. So c(u—_ju+) # c(u=ug)

and ugPui=uy is a PC (u,v)-path of length less than k, a contradiction. O
Claim 2. There exists i € {0,1,...,k — 3} such that u; — uit3.

Proof. Assume the opposite that u;13 — w; for each i € {0,1,...,k —3}. If k is odd,
then ug ~ uy and either there exists a (u,v)-path of length 1 or there exists a PC (v, u)-
path of length 1, a contradiction. So k is even. Recall that £ > 3. If £ = 4, then
(ug, u1,ug,us,ug) and (uy,ue,us, uq,u1) are PC 4-cycles. So (ug,u1,us,us,up) is a PC
(v, u)-path, a contradiction. If k£ = 6, then us — wg since otherwise (ug, us, ug) is a (u, v)-
path of length 2. Now (us,u4,us,ug, ug) is a PC 4-cycle and uyPusug is a PC 6-cycle.
Thus, ugug Pusug is a PC (v, u)-path, a contradiction. If k = 8, then ur — wp and ug — uy
since otherwise either (ug,ur,us) or (ug,u1,ug) is a (u,v)-path of length 2. Besides, we
have us — wug since otherwise (ug,us,ug, u7,u9) and (us, ug, u7, us, us) are PC 4-cycles
and (usg, us, ug, ur, up) is a PC (v, u)-path. We also can show that ug — wus. If not, then
(us,us, uy, uz,ug) is a PC 4-cycle and (ug, u1,ug, us, ug) is a PC (u,v)-path of length less
than k, a contradiction. Then there exist two PC 6-cycles (ug, u1,ug, us, uq, us, ug) and
(us3, ug, us, ug, uz, ug, ug). It follows that ugusPusug is a PC (v,u)-path, a contradiction.
So from now on assume that k& > 10.

We claim first that up — ug_5. If not, then (ug,ur_3,ur—¢,uk—5,u) is a PC 4-
cycle and thus wygPug_sug is a PC (u,v)-path of length less than k, a contradiction.
We also claim that ug_3 — wug_g. If not, then since (ug_g,up_g, ur_3,up_g, Ux—y) and
(Ug—8, Ug—3, Ug—2, Uk—_1, Uk, Uk—5, Uk—g) are PC cycles we have c(ug_qu_g) # c(up_gur—_3)
and c(ug_gug—3) # c(ug_suk_2). It follows that ugPuy_gug_sPuy is a PC (u,v)-path of
length less than k, a contradiction.

Recall that u;13 — wu; for each ¢ € {0,1,...,k — 3} and all 4-cycles and 6-cycles are
properly colored. Thus,

U U —5 PUg—3Ug—gUk—7UK—10 " * * Uk —2iUk—2i—1Uk—2i+2 " " * UD
is a PC (v, u)-path, contradicting the assumption in Lemma 2 O

Let ¢ be the minimum integer in {0, 1,...,k — 3} such that u; — u;43 and let j* =
max{j : u; = u;,i +3 < j < k}. By Claim [I, we have j* # k. If j* = k — 1, then
i # 0; otherwise, (ug,ur_1,ux) is a (ug, ug)-path of length 2. By Claim [, we also have
up — uj—1. Since (u;—1, Ui, ug_1, Uk, ui—1) is a PC 4-cycle, we get that ugPu;ug_1uy is a
PC (ug, ug)-path of length less than k, a contradiction. So we have j* < k — 2.

By the choice of j*, we have uj«;1o — u; and (u;, uj=, uj=41, uj*42,u;) is a PC 4-cycle.
Hence c(u;uj) # c(uj=uj=y1). If i = 0, then ugu;= Puy, is a PC (ug, ux)-path of length less

than k, a contradiction. So ¢ > 1.
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By the minimality of ¢ we have w;42 — u;—1. Since u; ~ u;+, we have u;yo ~
Wiy, If wjeio = wipo, then (uj«jo, Uiy, ui1, Ui, Ujx, U411, uj+42) is a PC 6-cycle and
uoPuguj Puy, is a PC (ug, ug)-path of length less than k, a contradiction. So w42 — wj+4o.

If j* < k — 4, then by the choice of j* we have w14 — u;. Now (U, Uiy1, Uit2, Uj*y2,
Uj*y3, Uj44, ;) is a PC 6-cycle and ugPu;oujx 2 Puy is a PC (ug, ug)-path of length less
than k, a contradiction. So j* € {k—2,k—3}. If j* = k—2, then (u;, wit1, Uiro, Uj12,u;) is
a PC 4-cycle and ugPu;youj« 42 is a PC (ug, ux)-path of length less than k, a contradiction.
So j* =k — 3 and uj*y3 = up.

Now we claim that w;;1 — ug. If not, then (wji1, uiy2, uj 42, ug, uit1) is a PC 4-cycle
and ugPuioujxyoup is a PC (ug,ur)-path of length less than k, a contradiction. We
may also claim that w;—1 — wug. If not, then (w;—1,u;, uit1,ug, ui—1) is a PC 4-cycle and
uoPu;1uy is a PC (ug, ug)-path of length less than k, a contradiction. Similarly, we can
show that w;—s — uy for any odd s with 1 < s <. Clearly, there will be a (u,v)-path of
length at most 2.

The proof of Lemma 2] is complete. O

In view of Theorem [3 (i), it suffices to show that every cycle of €'(D) has a symmetrical
arc. Assume the opposite that there exists a cycle C' in € (D) containing no symmetrical
arc and denote it by

C = (uo,ul, ce ,ul,uo).

We will get a contradiction by showing that C' has a symmetrical arc. Here we distinguish

two cases.
Case 1. [ = 2.

Since a bipartite tournament contains no odd cycle, there exists an arc of C in
A(€(D))\A(D), say upu;. By Lemma [2] there exists a (up,u1)-path of length 2 in D,
say (ug, T, u1).

If wyug, ugug € A(D), then (ug,xg,u1,us,ug) is a (properly colored) 4-cycle in D and
ujug € € (D). This implies that C' has a symmetrical arc ugu;, a contradiction.

If [{uiug, ugug}NA(D)| = 1, then by Lemma 2 and Lemmalll (ii) there will be a 5-cycle
which contradicts the well-known fact that a bipartite tournament contains no odd cycle.

Now let ujug, usug ¢ A(D). Then by Lemma [2] there exist a (u, ug)-path of length 2
and a (ug, up)-path of length 2 in D, say (u1,z1,us) and (ug, 2, up). By Lemmal[l (i) and
our assumption we get that (ug,xo,u1,x1,u2, 2, up) is a PC 6-cycle. This implies that

each arc in C' is a symmetrical arc, a contradiction.
Case 2. [ > 3.

In view of Lemma 2] there exists a (u;, u;+1)-path of length at most 2 for each 0 <i <
in D, where u;11 = ug. Let P; be the shortest (u;,u;4+1)-path in D and let C* = Ui‘:opi-

Then C* is a closed directed walk in D. For convenience, denote this closed walk by

C* - (anxla cee ,,IS,IEO),
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where xg = ug and s > [.

If 329 € A(D), then (xg,x1,x2,x3,70) is a PC 4-cycle and x1x9, 29090 € A(F(D)).
Note that either zgx; € A(C) or zoxa € A(C). This implies that C' has a symmetrical
arc, a contradiction. Similarly, if xozs_o € A(D), then we can show that either zsz¢ or
Ts—1xo is a symmetrical arc of C', a contradiction.

Now assume that zoxs, xs_2x9 € A(D). Let i be the minimum integer such that
x0T, Tipoxo € A(D). Then (zg, x;, 11, Tit2, To) is a PC 4-cycle in D and x;12;, x; 427, €
A(€(D)). If z; € V(C), then {z;z;11, 22,42} N A(C) # () and thus either z; {1x; or x;40w;
is a symmetrical arc in C, a contradiction. So z; ¢ V(C) and x;_1x;41 € A(C). By
the choice of i, we have zgz;—2 € A(D). Then (ug,wj—2,u;i—1, Ui, Uitr1, Uitr2,up) is a PC
6-cycle and there exists a PC (41, z;—1)-path. So x;_1x;11 is a symmetrical arc in C, a

contradiction. O

Proof of Theorem [7] (ii). If min{|X|,|Y|} = 1, then D has no cycle and the result
follows from Proposition [ (i). So we can assume w.l.o.g. that |X| = min{|X]|,|Y]|} = 2.
By contradiction, suppose the opposite that D has no PCP-kernel. By Proposition 2] we
can assume that D has a cycle. It is not difficult to check that if y € Y is a source then
D has a PCP-kernel if and only if D —y has a PCP-kernel. So we assume also that D has

no source in Y. Let X = {x1, 22} and let
Yo={yeY: x1 >y, xa =y},
Y1 ={y e Y\Yy: there exists a PC (y,Yp)-path in D},
Ys = Y\(YoUYi).

If Yo = (0, then Yy is a PCP-kernel. So we assume that Y5 # (). Two vertices v; and
v are called contractible if for any vertices v and w we have v; — w iff vo = u, w — vy
iff w — wve, and c(viu) = c(vau), c(wvy) = c(wve) whenever viu, vou, wvy, wve € A(D).
Recall that all digraphs we consider here are simple, that is, contain no loops. So there

exists no arc between any two contractible vertices. We now show the following claim.

Lemma 3. Let vi,vy be two contractible vertices in an arc-colored digraph D'. Then D'
has a PCP-kernel if and only if D' — vy has a PCP-kernel.

Proof. For the necessity, let S be a PCP-kernel of D'. If {v1,v2} C S, then by the
definition of contractible vertices S\vq is a PCP-kernel of D' — vy. If v9 € S and vy ¢ S,
then S U{v;} is a PCP-kernel of D’ — vg. If {v1,v2} NS =0, then S is also a PCP-kernel
of D" — vy. For the sufficiency, let S’ be a PCP-kernel of D’ — vy, If v1 ¢ S’, then S’ is
a PCP-kernel of D’. Now assume that v; € S’. If there exists a PC (vq, v1)-path, then
S" is a PCP-kernel of D’. Otherwise, there exists no PC (v, v9)-path and S" U {vs} is a
PCP-kernel of D'. O

Now we assume that D does not contain two contractible vertices and distinguish two

cases in the following.
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Case 1. Yj # 0.

Since D has no source in Y, each vertex in Y'\Y{ has one outneighbor and one inneigh-
bor in {z1,z2}. For a vertex € X which has at least one inneighbor in Y5, since there
exists no PC path from Y5 to Yy, we have c(xy) = c(xyy) for any y(, yi € Yo; otherwise,
for each y € Y5 with y — a there exists yo € Yy with c(yx) # c(zyo), which yields a
PC path (y,x,y0) from Y5 to Yp, a contradiction. For convenience, denote by c(zY) the
common color assigned for the arcs from = to Yy. By the definition of Y5, the following

claim holds.

Claim 1. For two vertices y',y" € Ya, if {y/,y"} — x for some z € X, then c(y'x) =
c(y'z) = c(zYp).

Let S’ be a maximal subset of Y3 such that no two vertices of S’ are connected by a
PC path. If S’ = Y5, then Yy U S’ is a PCP-kernel. Assume that S’ # Y5. Let

R = {y € Y2\ 5": there exists no PC (y,S")-path in D}.

If R = (), then Yy U S’ is a PCP-kernel. So assume that R # (). Let r be an arbitrary
vertex in R. Then by the definitions of S and R, there exists a PC (s, r)-path for some
ses.

Claim 2. Fvery PC (s',r)-path has length 2.

Proof. By contradiction, assume w.l.o.g. that there exists a PC (s',r)-path of length
4, say (8',21,y,22,7), where y € Y\Yy. Since s’ ¢ Y1, we have ¢(s'z1) = c¢(x1Yp) and
c(yxa) = c(x2Yy). We show that there exists a PC (z,r)-path for any z € Y5 — {s/,r}.
If z =y, then (z,x9,7) is a desired path. Now let z # y. Since z ¢ Y, we have either
z — x1 or z — 9. If 2 — x1, then since z € Y5 we have c(zz1) = ¢(x1Yy) = ¢(s'z1) and
(z,21,y,x9,7) is a desired path. If z — 9, then similarly c(zx2) = c¢(x2Y)) = c(yx2) and
(z,9,r) is a desired path. It follows that Yy U {r} is a PCP-kernel, a contradiction. O

Now we can assume w.l.0.g. that (s',z1,7) is a PC (s',r)-path. Remark that ¢(s'zq) #
c(x1r) and, by Claim[I] each vertex y € Y with y — 1 can reach r by a PC path (y, z1,7).
Let

Q={yeYo\r: z1 =y}
If @ =0, then Yy U {r} is a PCP-kernel, a contradiction. So assume that Q # 0.

Claim 3. There exists no PC (r,Q)-path.

Proof. Assume the opposite that there exists a PC (r, Q)-path, say (r, x2,y, 1, q), for some
q € Q. Then c(yx1) = c(x1Yp) since otherwise (r, z2,y, 21, yo) is a PC (r, yp)-path for each
yo € Yp, contradicting that r» € Y5. Now we show that Yy U {q} is a PCP-kernel. Since
QU {r} CYs, we have c(qre) = c¢(rag) = c(x2Y)) for each ¢ € Q. So (¢, x2,y,21,q) is a
PC (¢, q) path for each ¢’ € Q\g. For each 3 € Y5\Q, note that ¢y’ — 1, since y' € Y3, we
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have c¢(y'z1) = e(x1Yy) = ¢(yz1). Then (y',21,q) is a PC (y/, ¢)-path. It therefore follows
that Yo U {¢} is a PCP-kernel. O

Claim 4. There exists no PC path connecting two vertices of Q.

Proof. By symmetry, assume that (¢/,x2,y,21,¢”) is a PC path for some two vertices
q,q" € Q. Note that y # r, otherwise, there exists a PC (r,Q)-path (y,z1,q"), contra-
dicting Claim [Bl Since ¢(rxs) = c¢(q'z2), we get that (r,x2,y,z1,¢") a PC (r,q¢")-path, a

contradiction. O

Let Q" C @ be the set of vertices which cannot reach r by a PC path. By Claims [3land
M no two vertices of Q' U {r} are connected by a PC path. It follows that Yo U Q' U {r} is

a PCP-kernel, a contradiction.
Case 2. Yy = 0.

Recall that D has no source in Y. By the assumption we have that every vertex in Y

has one outneighbor and one inneighbor in {x,z2}. Let
Vi={yeY:zi—y yoaf, YV=Y\YV ={yeY: x>y y—-m}

Y*={yeY': clay) #clyz)}, Y™ ={yeY": claay) # c(yz1)}.

In the following proof we need to keep in mind that each vertex in Y’ can reach x5 by a PC
path and each vertex in Y can reach x1 by a PC path. If Y*UY™** = (), i.e., there exists no
PC path connecting 1 and o, then clearly {x1, x5} is a PCP-kernel. Now let Y*UY™* £ ()
and assume w.o.l.g. that Y* # (. If there exist y},y5 € Y* with c¢(z1v]) # c(z15), then
since each vertex in Y” can reach zy by a PC path passing through either {z1,y}} or
{z1,9y5} we get that {z3} is a PCP-kernel. So we can assume that ¢(z1y’) = « for each
y € Y*. Let

Yo={yeY': clary) = clyr) = a}, Yo ={yeY": c(r2y) = c(yz1) = a}.

We now claim that Y** £ (). Assume the opposite that Y** = (). If Y = (), then since
each vertex in Y” can reach x5 by a PC path passing through z; and an arbitrary vertex
in Y* we get that {zo} is a PCP-kernel. If Y # () and Y, = (), then since each vertex in
Y’ can reach Y by a PC path passing through x9, and each vertex in Y”\Y? can reach
Y by a PC path passing through z; together with an arbitrary vertex in Y* and z9, we
can get that Y is a PCP-kernel. If Y/ # () and Y/ # 0, then by a similar analysis and
the observation that no two vertices of Y, UY.” are connected by a PC path we have that
Y, UY/ is a PCP-kernel. So Y** # ().

If there exist y{,y5 € Y™ with c(xay}) # c(x2yh), then similar to the analysis for
Y* we have that {z1} is a PCP-kernel. Thus, we can assume that c¢(z2y”) = § for each

y" € Y**. For the sake of a better presentation, define the following vertex sets, see also in
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Figure [Blin which a vertex encircled may represent a set of vertices, and solid arcs, dotted

arcs, dashed arcs represent respectively the arcs colored by «, 5 and a color not in {«, 5}.
Vi={yeY': clzry) = c(yza) = B}, Y5 ={yeV": clxay) = c(yz1) = B},
Vi={yeY': cla1y) =clyzz) ¢ {a, B}}, Y ={y €Y": clazy) = c(yz1) ¢ {a, B}},

Yog={yeY': clr1y) = a, c(yza) = B}, Yo, ={y €Y' : clz1y) = o, c(yz2) ¢ {a, B}},

Via={y € Y": clzay) = B, clyz1) = o}, Y, ={y€Y": c(ray) = B, c(yz1) & {o, B}}.

-

A Vi eV eV

Figure 4: An arc-colored bipartite tournament with no sink and no source.

Since D contains no two contractible vertices, we have [Y, |, [Y3], [Y, 5, Y[, [Y4'], [Y3,] <
1. Note that no two vertices of Y/ UY are connected by a PC path in D and also the

following holds.
Y =Y UY, #0, Y™ =Y UY; #0,

Y =Y, UY;UY UY, 3UY,

ay’

"N " " " /
Y =Y, UY; UY UY, UYg,.
We distinguish two subcases.

Subcase 2.1. a = j.

It follows that V)5 = Yz, = 0 and Y, = Y™ # 0. If Y/ = 0, then each vertex in
Y"” can reach x5 by a PC path passing through x; and an arbitrary vertex in YO’W, which
implies that {x2} is a PCP-kernel. If Y./ # (), then since each vertex in Y'\Y/ can reach
Y by a PC path passing through xs, and each vertex in Y”\Y./ can reach Y by a PC
path passing through x; together with an arbitrary vertex in YO’W and x9, together with
the observation that no two vertices in Y, UY. are connected by a PC path, we can get

that Y, UY? is a PCP-kernel.

15



Subcase 2.2. a # .

If Yy =Yg, = 0, then since Y, 5 UY,, # 0 we get that each vertex in Y can reach
x2 by a PC path passing through x; and an arbitrary vertex in Yoﬁﬁ U YO’[,Y. It follows that
{z2} is a PCP-kernel.

IfY) # 0 and Y}, # 0, then each vertex in Y’ can reach YUY/ by a PC path passing
through 2, and each vertex in Y"'\(Y,/ UY},,) can reach Y,/ by a PC path passing through
1, an arbitrary vertex in Y5 UY,, and z2. Recall that no two vertices of Y/ U Yy, are
connected by a PC path in D. So Y,/ UYy is a PCP-kernel.

Y # 0 and Y/ = 0, then we can show that either Y,/ or Y, UY? is a PCP-kernel.
If Y/ = 0, then each vertex in Y’ can reach Y by a PC path passing through x5, and
each vertex in Y”\Y. can reach Y by a PC path passing through x1, an arbitrary vertex
in Y5 UY,, and z. It follows that Y,/ is a PCP-kernel. If Y # 0, noting that no two
vertices of Y, UY. are connected by a PC path, then we can similarly show that Y, UY”
is a PCP-kernel.

Now assume that Y,/ = 0 and Y5, # 0. If Y5 =Y, 5 =0, then Y, = Y* # 0, each
vertex in Y"\Yg/ can reach Yy, by a PC path passing through x1, an arbitrary vertex in
Y., and x3, and clearly every vertex in Y’ can reach Y3 by a PC path passing through z.
It follows that Yy, is a PCP-kernel. If Y4 = () and Y5 # 0, then each vertex in Y"\Ys
can reach Y, 5 by a PC path passing through x1 and each vertex in Y"\Y, 5 can reach Y,
by a PC path passing through zs. Recall that no two vertices of Y, UY are connected
by a PC path. Then Y, ;U Yy, is a PCP-kernel. If Y3 # 0 and Y5 # 0, noting that no
two vertices of Y3 UY, 5 are connected by a PC path, then since each vertex in Y can
reach Y3 UY.5 by a PC path passing through x1 and each vertex in Y'\(Y3 U Y, ;) can
reach Yﬁ’ U Yo’éﬁ by a PC path passing through -, Yﬁ’; and x1, we can obtain that Yﬁ’ U Yo’éﬁ
is a PCP-kernel. Now let Y # () and Y5 = 0. If Y4’ = (), then since each vertex in Y"\Y}
can reach Y; by a PC path passing through zs, Yy, 21, and each vertex in Y can reach
Y} by a PC path passing through z1, we can get that Yy is a PCP-kernel. If Y # 0, then
by observing that no two vertices of Y3 UYy' are connected by a PC path we can similarly
show that Y3 U Yy is a PCP-kernel. O

6 An extension

Recall that an arc-colored digraph is rainbow if any two arcs receive two distinct colors.
Another interesting topic deserving further consideration is the existence of a kernel by
rainbow paths in an arc-colored digraph D, which is defined, similar to the definition of
MP-kernels or PCP-kernels, as a set S of vertices of D such that (i) no two vertices of S
are connected by a rainbow path in D, and (ii) every vertex outside S can reach S by a
rainbow path in D. Similar to the proof of Proposition Il we can get the computational

complexity of finding a kernel by rainbow paths in an arc-colored digraph.

Proposition 3. It is NP-hard to recognize whether an arc-colored digraph has a kernel by

rainbow paths or not.
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Proof. Let D and D’ be defined as in Proposition [l Color D’ by using m colors in such a
way that the subdigraph D is monochromatic and the arc set {uv: v € V* v € V(D)} is
m-colored. Then one can see that the m-colored D’ has a kernel by rainbow paths if and
only if D has a kernel. By Theorem [I] the desired result holds. U
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