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A SHORT PROOF THAT ALL LINEAR CODES ARE WEAKLY
ALGEBRAIC-GEOMETRIC USING BERTINI THEOREMS OF B. POONEN

SRIMATHY SRINIVASAN

ABSTRACT. In this paper we give a simpler proof of a deep theorem proved by Pellikan, Shen and van Wee
that all linear codes are weakly algebraic-geometric using a theorem of B.Poonen.

1. INTRODUCTION

Algebraic-geometric codes were first dicovered by Goppa ([Gop81]]) and were further developed by
Tsfasman,Vladut ([TV91]) and many others along the way. We start by briefly recalling the construction
of algebraic-geometric codes. The text [Har77/] by Hartshorne is a good reference for all the basic
algebraic geometry and notations we use in this paper.

Definition 1. Let X be a smooth projective variety defined over F, and let P = {Py, Ps,---P,} C
X(F,). Let D be a divisor on X such that the support of D is disjoint from P. Define

L(D) = {f € Fo(X)"[(f) + D = 0} U{0}
and consider the evaluation map:
Evp : L(D) — Fy
fr—=1f(P), [(P2), s f(P0)]

The image of the map gives a linear code C = C(X, P, D) and we say that C is an algebraic-geometric
code realized over X.

Given the data X, P, D as above, let £ denote the line bundle associated to D and H 0(X , L) denote
its global sections. Then we can get a code C' (X, P, L) equivalent to C'(X, P, D) as follows. First note
that the local ring £ p, modulo the maximal ideal of sections vanishing at P; denoted by Lp, is isomorphic
to IF, by a choice of local trivialization. Then the image of the germ map

ap: H(X,L) — P Lp =T,
gives a linear code C'(X, P, £) that is same as the code C',(X, P, D) upto monomial equivalence.

Remark: In Definition[I} if X is a smooth curve, we get the original construction of Goppa (Goppa codes
[Gop&1]). In this case, the parameters of the code are easily estimated using the Riemann-Roch theorem.
However, it is not so easy for codes over higher dimensional varieties as invoking Riemann-Roch brings
higher cohomology groups come into picture.

In the paper [PSvWO1], Pellikan, Shen and van Wee define the notion of weakly algebraic-geometric
codes which we now recall:

Definition 2. A g-ary linear code C is said to be weakly algebraic geometric if there exists a projective
non-singular absolutely irreducible curve X defined over ¥, n distinct points P = {P,, P, --- P, } on
X and a divisor D with support disjoint from P such that C = C(X, P, D).
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In their paper, the authors show that every linear code is weakly algebraic-geometric (Theorem 2,
[PSvyWOl1])). The goal of this paper is to give a simpler proof of this deep theorem using a theorem of
B.Poonen. Although there are articles in the literature such as [[Coul 1] that apply Poonen’s theorem to
algebraic-geometric codes, there does not seem to be any literature that state this result.

2. ALL LINEAR CODES ARE WEAKLY ALGEBRAIC-GEOMETRIC

In this section we give a shorter proof of Theorem 2 of Pellikan, Shen, van Wee ([PSYWO91])).

We first show that algebraic-geometric codes are ubiquitous in the sense that every linear code can be
realized over some smooth variety. In fact we have the following stronger result.

Theorem 1. Let C be a linear code. Then C = C(X, P, D) where X is the blow up of some projective
space at finitely many points, P is a finite set of distinct F ;-points in X and D is a divisor such that the
support of D is disjoint from P.

Proof. Let C be a (n, k, d), linear code with k x n generator matrix G. Then the columns Cy, Cs, - - - C),
of G form (not necessarily distinct) points of A*. Then we can find an integer r > 2 and n distinct points
P., P,,--- P, in A"** such that the projection map

¢ AT — AF
Y1, Y2, Y, X1, T - ] = [T, X0, -+, T
takes P; to C;. Let yo, y1, - -+ , Yy, T1, T, - - - , T;, denote the coordinates of P"+* . Identify A"*+* with the

open affine set yyop = 1in P"**. For 1 < i < r, let V; denote the point in P"** with yy = y; = 1 and all
other coordinates 0. By choosing r large enough we can assume that V; # P; Vi, j. Let X be the smooth
geometrically integral variety obtained via the blow up 7 : X — P™** at the points V; with the corre-
sponding exceptional divisor ;. Denote by H the hyperplane section 3y = 0 in P"**. Then the global
sections of the line bundle associated to the divisor D = L(7*H — ), E;) is generated by x¢, 1, - - - , .
It is easy to see that code C = C(X, P, D) where Pis the set {m ' P, 77 Py, --- , 7 1P, }. O

Let us now restate the results on Bertini theorems over finite fields due to B.Poonen. We refer the
reader to Theorem 1.1 in [[Poo08|| and remarks below Theorem 3.3 in [Poo04]] for more details.

Theorem 2 (Poonen). Let X be a smooth, projective geometrically integral variety of P" of dimension
m > 2 over F,, and let P C X be a finite set of closed points. Then, given any integer dy, there exists a
hypersurface H C P" of degree d > dy such thatY = H N X is smooth, projective and geometrically
integral of dimension m — 1 and contains P.

Example. Consider X = P? over Fy. Let P be the set of all 7 Fy-points. Then, the curve Y =
yz3 + 3z + ayd + 2222 4+ 22y? + 232 is a smooth curve passing through P. In fact, one can show that
there are 24 smooth curves of degree 4 passing through P.

Using Theorem [2| we now show that codes realized over higher dimensional varieties can be realized
OVer curves.

Theorem 3. Let C = C'(X, P, L) be a code on a geometrically integral smooth projective variety X C
P* of dimension m > 2 over F,. Then C can be realized over a smooth projective geometrically integral

curve. In particular, there exists a geometrically integral smooth projective curve Z containing P such
that C = C(Z, P, L|z).

Proof. LetY = H N X be as Theorem 2l with degree d of H large enough and let i : Y < X denote the
inclusion morphism. Then, we have the following short exact sequence on X.

0—7Zy — Ox — .0y — 0
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where Zy = Ox(—d). Tensoring with £ we get
0 — LRy — L —L®i,0y — 0

(Here tensoring is over Ox). The above short exact sequence gives rise to a long exact sequence in
cohomology on X

0— H(L®Iy,X) — H' (L) — H(L®i,0y,X) — H(LXTy,X) — - -
By duality, we have
HLRTy, X) 2 H" (wx Ly @ LY, X) ~ H" (wx @ LY ® Ox(d), X)

where wy is the canonical sheaf on X. Since Ox(1) is ample, for large enough d, H°(L ® Zy, X) and
H'(L£ ® Iy, X) vanishes and we get a canonical isomorphism obtained via restriction

H(L)—5H(L .0y, X) =~ H(Lly @ Oy,Y) ~ H(L|y,Y)

f — f‘y
Inducting the above argument by replacing the m-dimensional variety X with (m — 1)-dimensional
variety Y and £ with L]y we get the result. O

Hence, given a code over a geometrically integral smooth projective variety, we have realized it over
a geometrically integral smooth projective curve. As a consequence we get:

Corollary 4 (Pellikan, Shen, van Wee). All linear codes are weakly algebraic-geometric.

Proof. This easily follows from Theorem [I] and Theorem [31 O
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