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Abstract

A signed edge domination function (or SEDF) of a simple graph G = (V, E) is a
function f : B — {1,-1} such that }_ .y f(e’) = 1 holds for each edge e € E,
where Ne| is the set of edges in G that share at least one endpoint with e. Let 7.(G)
denote the minimum value of f(G) among all SEDFs f, where f(G) = . f(e). In
2005, Xu conjectured that v.(G) < n — 1, where n is the order of G. This conjecture
has been proved for the two cases vo44(G) = 0 and veyen(G) = 0, where voqq(G)
(resp. Vepen(G)) is the number of odd (resp. even) vertices in G. This article proves
Xu’s conjecture for veyen (G) € {1,2}. We also show that for any simple graph G of
order n, 7.(G) < n 4 vo44(G)/2 and v.(G) < n — 2 + Veyen (G) when veyen(G) > 0,
and thus v.(G) < (4n — 2)/3. Our result improves the best current upper bound of
11(G) < [3n/2].

Keywords: signed edge domination function, signed edge domination number, trail de-

composition

1 Introduction

This article considers simple and undirected graphs only. For a graph G, let V(G) and
E(G) denote its vertex set and edge set, respectively. For any v € V(G), let Eg(v) be the
set of edges in G incident to v, let Ng(v) be the set of vertices in G adjacent to v, and
let Ng[v] = Ng(v) U{v}. Eg(v), Ng(v) and Ng[v] are simply written as E(v), N(v) and
N{v], respectively, when there is no confusion. For any v € V(G), we use dg(v) (or simply
d(v) when there is no confusion) to denote the degree of v in G.
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For a graph G = (V, E), a signed domination function of G is a function f:V — {1, -1}
with the property that f(N[v]) > 1 holds for every v € V, where f(S) = ", g f(v) for
each S C V. The signed domination number of G, denoted by ~s(G), is defined to be the
minimum value of f (V') over all signed domination functions f of G. The parameter v5(G)
was introduced by Dunbar, Hedetniemi, Henning, and Slater [4] and has been studied by

many authors, e.g., [3LBH7,IO0LI5].

In 2001, Xu [I1] introduced signed edge domination functions. For a graph G = (V, E),
a function f : E — {1,—1} is called a signed edge domination function (SEDF) of G
if > ene f(€') > 1 holds for every e € E, where e = uv and N[e] = Eg(u) U Eg(v).
Let Fseq(G) denote the set of SEDFs of G. The signed edge domination number of G,
denoted by v.(G), is defined to be the minimum value of f(G) over all f € Fsq(G), where

f(G) = 2Xeep I(e)-

Observe that the parameter v.(G) is an extension of v5(G), as each member f in Fyeq(G) is
actually a signed domination function of the line graph L(G), thus implying that +.(G) =
vs(L(G)). The parameter 7.(G) has been studied by many authors, e.g., [I12]&1THI4].
The following are some known results on v.(G) for a graph G of order n and size m:
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(1). 7%(G) = 55 ;
(ii). for any positive integer r, there exists an r-connected graph H such that +.(H) <
—g|V(H)| [;

(ii). vL(G) > W, where o/ (G) is the size of a largest matching of G [2];
(iv). v4(G) > n —m for n > 4 [12];
(v). 74(G) < M — 1 [r3];
(vi). 24(G) < 2] B
In this article, we will improve the upper bounds of v.(G) by establishing the following
result. A vertex in a graph G is called an odd vertex (resp. even vertex) if it is of odd

degree (resp. even degree) in G. Let v,94(G) (resp. Vepen(G)) denote the number of odd
(resp. even) vertices in G. Clearly, v,44(G) is even.

Theorem 1 For any graph G of order n,
(a) v4(G) < 1+ voaa(G)/2;
(b) VQ(G) <n-—-2+ Ueven(G) when 'Ueven(G) > 0;

and hence v4(G) < (4n — 2)/3.



The most challenging and interesting problem on 7%(G) may be the following conjecture
proposed by Xu [12] in 2005.

Conjecture 1 ([12]) For any simple graph G of order n, v.(G) < n — 1 holds.

As far as we know, Conjecture [[l has been only proved for a few cases. Karami, Khodkar,
and Sheikholeslami [§] showed that Conjecture dlholds when v,44(G) € {0,n}. In the case
Vodd(G) = n, Akbari, Esfandiari, Barzegary, and Seddighin [2] strengthened the result to
Y(G) <n— %, where o/ (G) is the size of a maximum matching in G. In this paper,

we prove that 7.(G) < n — 1 if vepen(G) € {1,2}.
Theorem 2 Conjecture [l holds for any simple graph G with veyen(G) € {1,2}.

In Section B we introduce a subfamily F2 (@) of Fseq(G) and establish some basic results
for proving the main results in the following sections. Theorem[Il (a) and (b) are proved in
Sections Bl and [, respectively. By Theorem[I] (b), Conjecture [Il holds for veyen(G) = 1. In
Section Bl we show that Conjecture [[l holds for veyen (G) = 2, and thus Theorem [2] follows.
In Section [B] we propose a conjecture to replace Conjecture [, as we think there exists a
member f in O (G) with f(G) <n —1 for any graph G of order n. We also propose a
conjecture for the lower bound of 7.(G) when G is 2-connected.

2 A subset FY,(G) of Fiu(G)

Let G be a simple graph. For any f : E(G) — {1,—1} and v € V(G), let f(v) =

> f(e) and let f(S) = 3 f(e), where S C E(G). Let F2 ,(G) denote the set of
ecEqg(v) ecS

functions f : E(G) — {1, —1} satisfying the two conditions below:
(a) f(v) >0 for all v € V(G); and

(b) f(u)+ f(v) > 2 for each e = wv € E(G) with f(e) = 1.

Lemma 1 F?

sed

(G) - ]:sed(G)'

Proof. Let f be any member in F° (G) and let e = vivg € E(G). It follows from the
definition of F° (G) that f(v;) > 0 for i = 1,2 and f(v1) + f(v2) > 2 holds whenever

sed

f(e) =1, thus implying f(v1) + f(v2) > 1+ f(e). Consequently,

F(Nle]) = f(v1) + f(v2) = f(e) 2 1+ f(e) = fe) = 1.

Hence f € Fseq(G) and the result holds. O



For S C V(G), let G[S] denote the subgraph of G induced by S. If E; and Es form a
partition of E(G) and f; : E; — {1,—1}, let fi % fa be the function f : E(G) — {1,—1}
defined by f(e) = fi(e) whenever e € E;.

Lemma 2 Let G be a separable graph with V(G) = V3 U Ve, ViNVa ={vp} and E(G) =
E(GVi)) U E(GVa)). If fi € F2(GV;]) fori=1,2, then f = f1* fo € FO (G) with

f(G) = [1(G[W1]) + f2(G[Va]).

Proof. Note that E(G[V1]) and E(G[V2]) form a partition of E(G) and thus f * fo is well
defined. By the definition of f, it is obvious that f(G) = f1(G[V1]) + f2(G[V2]). Next, by
the definition of f, for any v € V(G),

B f1(vo) + fa(vo), if v = wp;
o ={ e T i 2

As fi € F° (GV;]) for i = 1,2, we have f(v) > 0 for each v € V(G) by (). Now, let e
be any edge in E(G) with f(e) = 1. We may assume that e = vjvy € E(G[V1]), and thus
file) = fle) = 1. As f1 € FO_(G[W1]), fi(v1) + fi(v2) > 2. By (@) and the assumption

sed

that fo € F2 ,(G[V4]), we have
f(ur) + f(v2) = fi(v1) + fi(v2) > 2.
Hence f € F° ,(G) as required. 0

In the following, we assume that vg is a vertex in a 2-connected graph G with dg(vg) = 2.

Lemma 3 Let G be a simple graph, and let vo € V(G) with Ng(vo) = {u1,us}.

(i). For wyus € E(G) and g € F°,(G"), where G' = G — wyus — vy, as shown in

S

Figure[D(b), let f : E(G) — {1,—1} be defined below:

gle), ifee B(G");
fley=< 1, if e = voug, ©=1,2;
-1, if e = ujus.

Then, f € F2 ,(G) with f(G) = g(G") + 1.

(ii). For wius ¢ E(G) and g € F°,(G"), where G' = G + ujus — vg, as shown in
Figure[2(b), let f : E(G) — {1,—1} be defined below:

{ o ife € (B(G) ~ furuz));
f(e) = 17 Zfe = U110,
g(ulu2)7 if e = uguyp.

Then, f € F2 ,(G) with f(G) = g(G") + 1.
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(b) G’ (= G — urug — o)

Figure 1: Graphs G and G’ (= G — ujug — vp).

¢

Uy g(uruz) Uy

(b) G’ (= G+ urug — vo)

Figure 2: Graphs G and G’ (= G + ujug — vp).

Proof. (i). By the definition of f, for any v € V(G), we have

_ [ g(v), ifveV(G)—{u};
f(v)—{ 2 if v = vg.
For any uwv € E(G) — {vou1, vouz,ujus} such that f(uv) = 1, we have f(u) + f(v) =
( )+ g(v) > 2. For vou;, i € {1,2}, we have f(vg) + f(u;) = 2 + g(u;) > 2. Thus,
€ FO ,(G') implies f € FO (G).

sed

(ii). If g(ujug) = 1, then by the definition of f, we have

Fv) = { g(v), ifveV(G)—{v};

if v =wy.

For any uv € E(G)—{vou1,vous} such that f(uv) = 1, we have f(u)+f(v) = g(u)+g(v) >
2. For vou;, i € {1,2}, we have f(vo) + f(wi) = 2+ g(u;) > 2. Thus, f € F° ,(G) in this
case.

If g(ujug) = —1, then, by the definition of f, we obtain

g(v), if v e V(G) — {u1,v};
fw) =19 g(ur) +2, ifv=uy;
0, if v = wvyg.
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For any uv € E(G)—{vou1, vous} such that f(uv) = 1, we have f(u)+f(v) > g(u)+g(v) >
2. For the positive edge vouy, we have f(vo)+ f(u1) = 0+g(u1)+2 > 2. Thus, f € F2,(G)
in this case. O

3 7(G) < n+va(G)/2

For any graph G and f : E(G) — {1,—1}, let I;(G) = {v € V(G) : f(v) = 0}. We
will prove the main result in this section by applying the following result due to Karami,
Khodkar, and Sheikholeslami [§].

Theorem 3 ([8]) For any simple graph G of order n with v,qq(G) = 0, there exists
f € F2 Q) with I;(G) # 0 and f(u) € {0,2} for all u € V(G).

Proposition 1 For any simple graph G of order n, there is f € F°

oq(G) such that f(G) <
N+ voqa(G)/2.

Proof. 1t is sufficient to prove for the case when G is connected. It can be easily verified
that the result holds whenever n < 3. Now assume that n > 4 and the result holds for
any connected graph of order at most n — 1.

If G is not 2-connected, by assumption, the result holds for each block of G. Assume that
G has k blocks, then by using Lemma 21 £ — 1 times, we will see the result holds for G. If
G is 2-connected and §(G) = 2, then the result also holds by assumption and Lemma [3

If v,44(G) = 0, then the result follows from Theorem [8l In the following, we assume that
G is 2-connected with §(G) > 3 and v,qq4(G) > 0.

For convenience, let k = v,44(G)/2 in the proof, where k > 1. Let U = {uy,ug, ..., us}
be the set of odd vertices in G, and let G’ be the graph obtained from G by adding a
new vertex w and 2k new edges joining w to all vertices in U. Clearly, v,q4(G’') = 0 and
E(G") = E(G) U{wu; : 1 <i < 2k}.

By Theorem B there exists g € F° (G') with I,(G') # 0 and g(u) € {0,2} for all
we V(G). Thus g(w) € {0,2}. As E(G) = E(G) U Ear(w), g(@) = glw) + g(E(G))
holds. Thus, we have the following conclusion.

Claim 1: g(E(Q)) = g(G") — g(w).

Let Uy be the set of vertices u; € U with g(wu;) = +1 and Uy = U — Uy. As g(w) =
|U1| — |Us| and |Uy| 4 |Us| = dgr(w) = 2k, the following conclusion holds.

Claim 2: |U;| =k + g(w)/2.



U; is then partitioned into A and B, where A is the set of u; € Uy with g(u;) = 2. Let C be
the set of vertices v € V(G) —U with g(v) = 0 as shown in Figure Bl Then BUC C I,(G).
Note that w € I,(G") if and only if g(w) = 0. Thus the following claim holds.

W % 55
Z /

Figure 3: G =G — w, Ngr(w) = AUBUUy and BUC C I,(G).
Claim 3: |I,(G")| > |B|+|C|+ 1 — g(w)/2.

By Theorem B, we have g(G') = 3 > uevcy 9(u) = (n+1) — [I;(G")|. Thus, the following
conclusions follows from Claims 1 and 3.

Claim 4: g(E(G)) <n— (|B| +|C| + g(w)/2).

Let v be any vertex in V(G). As 6(G) > 3, dg/(v) > 4 holds. Since g(v) € {0,2}, v is
incident with some edge e € E(G) with g(e) = —1. Thus, there exists a subset Ey of E(G)
with g(e) = —1 for all e € F; such that each v € AU B is incident with some edge in E;
(recall that g(uw) =1 for w € AU B = Uj). Let E; be a minimal one of such sets; note
that |Ey| < |A| + |B].

Let f : E(G) — {+1,—1} be the function defined by f(e) = +1 for all e € E; and
f(e) = g(e) for all e € E(G) — Ey. It can be easily verified that f € F2 (G) holds by the

sed

following facts:

(i

). For each u; € AU B, we have f(u;) > g(u;) — g(wu;) + 2 = g(u;) +1 > 1.
(ii). For each u; € Us, we have f(u;) > g(u;) —

)

).

g(wu;) = g(u;) +1 > 1.
(iii). For each v € V(G) — U, we have f(v) > g(v) > 0.

For each e = vjvg € E(G) with f(e) = +1, if e € Ej, then f(vi1) + f(v2) >

(iv
g(v1) +g(ve) +2 > 2;if e € E(G) — Eq, then f(v1) + f(v2) > g(v1) + g(v2) > 2.

By the definition of f and Claim 4, we have
f(G) = g(E(G)) +2|E|

n—(|B] +|C] + g(w)/2) + 2(|A| + |B)
n+2|A| + |B| — |C| — g(w)/2.

IN
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Thus, the following conclusion holds.
Claim 5: 7,(G) <n+2|A| + |B| —|C| — g(w)/2.

Similarly, there exists a subset Ey of E(G) with g(e) = —1 for all e € E5 such that each
v € BUC is incident with some edge in Es. Let Fs be a minimal one of such sets; note
that |Ey| < |B| +|C].

Let f': E(G) — {+1,—1} be the function defined by f’(e) = +1 for all e € Ey and
f'(e) = g(e) for all e € B(G) — Ey. Again, it can be verified easily that f’ € F° ,(G) holds
by the following facts:

(i). For each u € A, we have f'(u) > g(u) —1=2-1=1.

(ii). For each u € B, we have f'(u) > g(u) —1+2=0—-1+2=1.

(iii). For each u € Us, we have f'(u) > g(u)+1>0+1=1.

(iv). For each u € C, we have f'(u) > g(u) +2=0+2> 2.

(v). For each u € V(G) — U — C, we have f'(u) > g(u) = 2.

(vi). For each e = vivy € E(G) with f'(e) = +1, we have f(v1) + f(ve) > 1+1=2.

By the definition of f’ and Claim 4, we have

(@) 9(E(G)) + 2| Ex|
n— (Bl +|C[ + g(w)/2) + 2(|B[ +[C])

= n+|B|+|C|—g(w)/2.

IN

Thus, the following conclusion holds.
Claim 6: v,(G) <n+ |B|+|C| — g(w)/2.

By Claims 5 and 6, 7,(G) < n+|A|+|B|—g(w)/2 = n+|U;| — g(w)/2 holds. By Claim 2,
we have 7.(G) < n+k =n+ v,q4(G)/2. O

4  ~U(G) <n =24 Vepen(G) when veye,(G) > 0
In this section, the following exact values of 7, (K, ) will be used.

Theorem 4 ([1I]) Let m and n be two positive integers, where m < n. Then:

(). If m and n are even, then v,(Ky, ) = min{2m,n}.



(ii). If m and n are odd, then v,(Ky, ) = min{2m — 1,n}.
(iii). If m is even and n is odd, then v.(K,, ) = min{3m, max{2m,n + 1}}.

iv). If dd and h (K p) = min{3m — 1, 2m, .
1v). If m s odd and n is even, then , min{3m maxq2m,n

In the proof of the part (b) of Theorem [I] we shall need the parts (i) and (iii) of Theorem
@ In these two cases, actually Akbari et al. proved that there exists f € F° (&) such

that f(Km,n) = ’Yé(Km,n)

Proposition 2 For any simple graph G of order n, if vVeyen(G) > 0, then there is an
f € F2 (G) such that f(G) <n — 2+ veen(G), and thus v.(G) < n — 2 + Vepen(G).

Proof.  'When veyen(G) = 0, by Theorem 7 in [8], there exists f € F° (G) with f(G) <
|[V(G)| — 1. So it is sufficient to prove the case when G is connected. It can be easily
verified that the result holds whenever n < 3. Now assume that n > 4 and the result holds
for any graph of order at most n — 1. By Lemma [2, we only need to prove the result for
2-connected graphs. Let vepen(G) =t > 1, and let W = {wy, we, ... w¢} be the set of all

even vertices.

Claim 1: If W is an independent set, then there exists f € ]-'ged(G) such that f(G) <
n— 2+ Vepen (G).

Assume that w; has the minimum degree among all elements in W. Let dg(w;) = 2s,
s > 1, and assume that Ng(wy) = {uy,ug,...,uss}. Consider G = G — wy. Since G has
no cut vertex, G’ is connected. Clearly, |V (G')| =n — 1 and v,q4(G") =n — t — 2s.

Case 1.1. n —t — 25 > 2, i.e., G’ is not an Eulerian graph.

In this case, G’ can be decomposed into (n — ¢ — 2s)/2 trails T3, ..., T(n—t—2s)/2, and the
endpoints of these (n —t—2s)/2 trails correspond to all odd vertices of G’. Now, we define
the function f; : E(G) — {1, —1} as follows:

(i). for each T;, 1 <7 < (n —t — 2s)/2, starting with +1, we assign +1 and —1 to the
edges of T; alternatively. When the trail has even number of edges, we change the
value of the last edge to +1;

(ii). for each edge wyu;, 1 < i < 2s, we set fi(wju;) = +1; and
(iii). for any w;, 2 < w; < t, if the weight of w; till now is 0, then we choose any negative

edge incident to w; and change it to a positive one.

It follows from the construction that

fl(G)<2.L_2S

< 5 +2S+2(t—1):n—2+t:n_2+veven(G)-



Next, after Step (i), the weight of any vertex in V(G) — W — Ng(wy) is at least 1, and
the weight of vertices in (W — {w1}) U Ng(wq) is 0 or at least 2. After Step (ii), f(wq)
is 2s; the weight of vertices in Ng(w) has increased by 1, and others remain unchanged.
Finally, after Step (iii), all the vertices in W — {w;} are of the weight at least 2.

Hence f; € F°

seq(G), and Y5(G) < f1(G) <1 — 2 + Vepen(G).
Case 1.2. n —t —2s =0, i.e., G’ is an Eulerian graph, and 2s > 4.
Because G’ is an Eulerian graph, so it has an Eulerian circuit. Now we define the function
fo: E(G) — {1,—1} as follows:
(i). for a fixed Eulerian circuit of G’ starting from the vertex u;, walking along the

Fulerian circuit, we assign +1 and —1 alternatively starting with +1;

(ii). we set fo(wiu;) =1, 1 < i < 2s if |E(G")| is even; otherwise, if |[E(G’)| is odd, we
set fo(wiur) = —1 and fo(wiu;) =1, 2 <i < 2s; and

(iii). for any w;, 2 < w; < t, choose any negative edge incident to w; and change it to a

positive one.

After Step (i), if G’ has an even number of edges, then each vertex in G’ has weight 0;
if G’ has an odd number of edges, then fo(u1) = 2, and all other vertices have weight 0.
Next, after Step (ii), all vertices in Ng(wq) have weight 1, and fo(wy) > 2s — 2 > 2, and
all vertices in W — {wy} have weight 0. Finally, after Step (iii), all vertices in W — {w}
have weight 2, and others do not decrease.

Hence fo € F2 ,(G). Recall that in this case n —t — 2s = 0, we have
Yo(G) < fo(G)=0+2s4+2(t—1) =25+ 2t —2=n+1t—2=n— 2+ Vepen(G)
when |E(G")] is even, and
V(G < fo(G) =1+ (25 —2)+2(t—1) =25+ 2t —3=n+1t—3=n— 3+ Vepen(G)
when |E(G")] is odd.
Case 1.3. n—t—2s =0 and 25 = 2.

In this case, if n is odd, then G = Ka,_2. Then, if n > 5, there exists f3 € F° ,(G)
such that f3(G) = V4(G) = Y.(K2,—2) = min{6,max{4,n — 1}}. Hence there exists

f3 € FY ,(GQ) such that
2, if n =3,
76(G) = f3(G) = { 4 ifn=5
6, ifn>T.

Therefore 7.(G) = f3(G) < n — 2+ vepen(G) holds.
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If n is even, then G = Ky ,,_2+ujug. There exists f € ]:Soed(KQm_g) such that f(Ka,—2) =
Ye(K2p—2) = min{4,n—2}, n > 4. Now we extend f by assigning +1 to ujug, thus obtain
f1 € FO ,(G) such that fi(G) =~.(Kan—2)+1=min{4,n — 2} + 1. That is, there exists
f1 € FY ,(G) such that

WO <HG ={ T §nlg
Therefore v.(G) < f4(G) < n — 2 + Vepen (G) holds.

Claim 2: If W is not an independent set, then there is an f € FP° (G) such that
F(G) <1 =24 Vepen(G).

In this case, we find a maximal matching M in G[W]. Assume that |M| = p and consider
the graph G” = G — M, with n vertices and veyen, (G”) =t — 2p.

Case 2.1. t —2p > 1.

Since M is maximal in G[W], the ¢ — 2p even vertices in G” form an independent set. By
Claim 1, there is an f5 € F0.,(G") such that f5(G”) < n— 2+ Vepen(G”). We now extend
f5 by adding M to G” and letting each edge in M be a positive edge. Thus we obtain
ft e FO ,(G) such that v(G) < fL(G) = f5(G")+p<n—2+t—2p+p=n—2+t—p<
n— 2+ Vepen (G).

Case 2.2. t —2p =0, i.e., M is a perfect matching of G[W].

In this subcase, v,44(G"”) = n. Karami et al. [8] proved that for a graph G with n vertices
in which each vertex is of odd degree, there exists f € F2 ,(G) such that 7.(G) < n — 1.
So there is fg € FO ,(G") such that fg(G”) <n — 1. We now extend fg by adding M to
G” and letting each edge in M be a positive edge. Thus we obtain f} € F2 (G) such that
VG) < fHG@) = fo(G) +p<n—T4p=n—1+24E <024 00 (G).

Thus, Claim 2 holds and the proof is complete. O
Corollary 1 Conjecture [l holds for the case Veyen(G) = 1.

Now we prove Theorem [I1

Proof of Theorem [l From Propositionsand 2 we can see that v.(G) < n+v,qq4(G)/2,
a‘nd ’Yé(G) S n — 2 + veven(G) When veven(G) > O

So when veyen (G) > 0, we have
3VL(G) < 2(n 4+ v4a(G)/2) + (N — 2 + Vepen(G)) = 31 + 04a(G) + Vepen(G) — 2 = 4n — 2,
and hence 7.(G) < (4n —2)/3.

When vepen (G) = 0, i.e., v,q4(G) = n, it was proved in [§] that 7.(G) < n — 1. Hence
YA (G) < (4n — 2)/3 also holds. O
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5 Conjecture [l for vee,(G) = 2

Proposition 3 For any simple graph G of order n, if vVeyen(G) = 2, then there is an
f € F2 (G) such that f(G) <n—1, and thus v.(G) <n — 1.

Proof. It can be easily verified that the result holds whenever n < 3. So assume that

n > 4 and the result holds for any graph of order at most n — 1.

Let G be a simple graph of order n with veyen (G) = 2, and let wy, wy be the two vertices

of even degree.
Claim 1: Proposition [B holds for G when it is disconnected.

Assume that G1,Ga,...,G} are the components of G, where k > 2. Then veyen(G;) < 2
and |V(G;)| <n—1foralli=1,2,... k. For any G;, where 1 < i <k, if vepen(G;) = 0,
by the proof in [8], there exists f; € F2 ,(G;) with f;(G;) < |V(G;)| — 1; otherwise, by
the assumption above and Proposition B there exists f; € FO ,(G;) such that f;(G;) <
V(Gi)| — 1.

Let f be the mapping £(G) — {1, 1} defined by f|g(q,) = fi for all 1 <i < k. It is easy
to see that f € F° ,(G) with

k k
fl@) =y f@ Z Gl —1)=n—k<n—2
i=1 =1

Thus, Claim 1 holds.
Claim 2: Proposition B holds for G when d(w;) = 2 for some i € {1,2}.
Assume that d(wq) = 2. Let N(wy) = {ug,us}.

If uyus € E(G), then consider the graph G — ujug — wy. G — ujug — wy is a simple
graph of order n — 1 and Vepen (G — ujue — wy) = 1. By Proposition [ there exists
g € F° (G —ujug — wy) such that g(G —ujug —wy) < (R —1) —2+1 =n—2. Then, by
Lemma [3] (i), there exists f € F2 ,(G) such that f(G) = g(G — ujuz —wy) +1 <n—1.
If uyug ¢ FE(G), then similarly, by applying Proposition 2] and Lemma 3] (ii), we can show
that there exists f € F° (G) with f(G) <n — 1.

Thus, Claim 2 holds.

According to Claims 1 and 2, in the following, we may assume that G is connected and
d(w;) >4 fori=1,2.

Let Ny = Ng(wl) N Ng(’wg), Ny = Ng(wl) — NG('UJQ) — {ZUQ}, Ny = NG('UJQ) — Ng(wl) —
{wl}, and N3 = V(G) — (No UN;UNyU {wl,wg}). Set n; = |NZ| for 0 <4 < 3. Then
no + 11+ ng + 13 = Vodq(G) =n — 2.
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Case 1. wiws ¢ E(G).

We divide this case into two subcases, depending on whether w; and w9 share a neighbour
or not, i.e., ng > 1 or ng = 0.

Case 1.1. wyws ¢ E(G) and ng > 1.

Consider the graph G’ = G — wy. Note that v,44(G’) = n2 + n3, and so G’ can be
decomposed into (ng + n3)/2 trails {11, T3, ..., T(ny+ns)/2}, Whose endpoints corresponds
to all odd vertices of G'.

If T; has odd length, we assign +1 and —1 alternatively to the edges of T;, starting and
ending with +1; this weight assignment in an odd trail is called a proper assignment.
When 7; has even length ¢, there are exactly % vertices on T;, each of which can naturally
divide T} into two subtrails with odd length. We call these % vertices good. For each T;
with even length, choose a good vertex u; of T;. We can assign +1 and —1 alternatively
to edges in the two subtrails of T; divided by u; such that both starting and ending edges
in each subtrail are assigned +1. This weight assignment of edges in an even trail 7T; is
called a proper assignment with respect to u;. Let Ty = {T1,T5,... ,T(n2+n3)/2}.

Claim 3: In Case 1.1, Proposition [ holds for G when there is at least one trail of odd
length in T;.

Assume that there is at least one trail of odd length in T;. For each T; € T; with even
length, let u; be a good vertex of T;. We define a function f; : E(G) — {1, —1} as follows:
each odd trial T; € Ty is equipped with a proper assignment, and each even trail T; € T,
is equipped with a proper assignment with respect to u;. Then we assign +1 to each edge
incident to wi. If the weight of ws till now is 0, we choose any negative edge incident to
wy and change it to a positive one.

Now we have fi(wy1) = d(wy) > 4, fi(ws) > 2, and fi(u) > 1 for each u € V(G)—{w1, w2 }.
So f1 € F2,(G) and hence v4(G) < f1(G) < 1+2(22f —1)+n; +ng+2=n—1. Thus

sed

Claim 3 holds.

Claim 4: In Case 1.1, if all trails in Ty have even length, then either wy or some vertex
x € Ny is a good vertex of some trail T € T;.

Assume that all trails in T; have even length. Then, some edge wox, where z € Ny, must
be in some T; € T;. Obviously, either wy or = is a good vertex in Tj. Thus Claim 4 holds.

Claim 5: In Case 1.1, Proposition [ holds for G when all trails in T; have even length.

Assume that all trails in Ty have even length. By Claim 4, either ws or some vertex x € Ny
is a good vertex of some trail 7T € T;.

If wy is good, we define a function f; : E(G) — {1, —1} as follows. We equip 7} with the
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proper assignment with respect to ws, and for each T; € Ty — {7}}, we equip T; with a
proper assignment (with respect to any good vertex). Then we assign +1 to each edge
incident to wy.

Now we have fo(wq) = d(wy) > 4, fo(ws) > 2, and fo(u) > 1 for each u € V(G)—{wy, ws}.
So f2 € F2,(G) and hence v,(G) < fo(G) =2+ 2258 4 g + g =n — 2.

sed

If x is good, we define a function f3 : E(G) — {1, —1} as follows. We equip T; with the
proper assignment with respect to z, and for each T; € Ty — {T}}, we equip 7; with a
proper assignment (with respect to any good vertex). Then we assign —1 to wyz and +1
to any other edge incident to wy. If the weight of ws till now is 0, we choose any negative
edge incident to wo and change it to a positive one.

Now we have f3(w1) = d(w1) —2 > 2, f3(w2) > 2, f3(x) >2—-1=1, and f3(u) > 1 for
cach u € V(G) — {wi,wz,z}. So f3 € F2 ,(G) and hence v,(G) < f3(G) < 2. 22fna 4
(n1 +np —2)+2=mn—2. Thus Claim 5 holds.

By Claims 3 and 5, Proposition [3] holds for G in Case 1.1.
Case 1.2. wywy ¢ E(G) and ng = 0.
Claim 6: Proposition [3] holds for G in Case 1.2.

Choose edges eq, eo incident to wy and edges e3, e4 incident to wo.

Figure 4: Case 1.2.

As ng =0, Ny = N(w1) N N(wg) = (). Thus, by the condition that d(w;) > 4 for both
i=1,2, we have n > 2+4-2 =10. Let G” denote the graph G — {e1, ea,e3,e4}. Observe
that vogq(G") = voqq(G)—4 = n—6 > 0. Thus E(G") can be decomposed into t = (n—6)/2
trails, say 11,75, ..., ;. We now define the function fy; : F(G) — {1,—1} as follows:

o fi(e;)=1fori=1,2,3,4; and

e cach odd trial T} is equipped with a proper assignment, and each even trail 7T; is
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equipped with a proper assignment with respect to some good vertex.

Observe that fy(w;) > 2 for i = 1,2 and fy(u) > 1 for all u € V(G) — {wy,w2}. Thus
f1 € F04(G). Also note that f4(G) < 2t+4=2(n—6)/2+4=n—2. So Claim 6 holds.

Case 2. wwy € E(G).

Similarly as in Case 1, we divide this case into two subcases, depending on whether w;

and ws share a neighbour or not.
Case 2.1. wywy € E(G) and ng > 1.
Claim 7: Proposition [3] holds for G in Case 2.1.

Consider the graph G’ = G — wy. Note that v,44(G’) = ng + ng + 1, and so G’ can be de-
composed into (nz+n3+1)/2 trails {11, T2, .. ., T(n,4ny+1)/2} Whose endpoints correspond
to all odd vertices of G'. Let Ty = {T1, Ty, . ., T(nytny+1)/2}-

Case 2.1 is now divided into two subcases.
Case 2.1.1. Some trail in Ty has an odd length.

We define a function ¢; : E(G) — {1,—1} as follows. Each trail 7; € Ty of odd length
is equipped with a proper assignment, and each trail T; € Ty of even length is equipped
with a proper assignment with respect to some good vertex of T;. Then we assign +1 to

each edge incident to ws.

Now we have g1 (wq) = d(wy) > 4, g1(wz) > 2, and g1 (u) > 1 for each u € V(G) —{wy, w2 }.
So g1 € F2 ,(G) and hence 74(G) < g1(G) < 1+ 2(%”3Jr1 - 4+ni+ng+1l=n-1.

Case 2.1.2. All trails in T9 have even length.

Choose any € Ny and assume that wox is an edge in T;. Then, either ws or z is
good in Ty. Let uy = we if wy is good in Ti, and u; = x otherwise. For any i =
2,3,...,(n2 +ng +1)/2, let u; be any good vertex of T;.

We define a function gy : E(G) — {1, —1} as follows. We first equip each T; with a proper
assignment with respect to u;. Then, we assign —1 to wiu, and finally, we assign +1 to
any other edge incident with wy.

If u; = wy, then go(wy) = d(wy) —2 > 2, go(we) > 2 —1 =1, and go(u) > 1 for each
u € V(G)—{wi,ws}. Sogs € F° (G) and hence 74 (G) < go(G) < 2-%"3“4—711—1—110—1 =

sed
n — 2.

If up = x, then go(wq) = d(wy) —2 > 2, go(wy) > 1, go(z) > 2—1=1, and go(u) > 1 for
each u € V(G) — {w1,wa,7}. So g2 € F2 ,(G) and hence v.(G) < go(G) < 2. tetiatl 4
(n+ny—2+1)=n-2.
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Hence Claim 7 holds.
Case 2.2. wiwy € E(G) and ng = 0.
Claim 8: Proposition Bl holds for G in Case 2.2.

Choose 1 € Ny and x5 € Ny and consider the graph G = G — {eqg,e1,e2}, where

ey = wiwsg, €1 = wix1, and eg = wWaTsg.

w1 wa

X

Figure 5: Case 2.2.

€0

As ng = 0, Np = N(wy) N N(wy) = (. Thus, by the condition that d(w;) > 4 for both
i =1,2, we have n > 2+3-2 = 8. Observe that v,34(G"") = v94(G) —2 = n—4 > 0. Thus
E(G") can be decomposed into t = (n — 4)/2 trails, say T1,Ts,...,T;. We now define a
function g3 : E(G) — {1,—1} as follows:

e g3(e;) =1for i=0,1,2; and

e cach odd trial 7T; is equipped with a proper assignment and each even trail 7T; is
equipped with a proper assignment with respect to some good vertex.

Observe that gs(w;) > 2 for i = 1,2, and g3(u) > 1 for all u € V(G) — {w,ws}. Thus
g3 € FO 4(G). Also note that g3(G) < 2t +3 =2(n —4)/2+ 3 =n — 1, and so Claim 8

sed

holds, which eventually finishes the proof. O

Note that Theorem [ follows directly from Proposition 2 for the case veyen(G) = 1 and
from Proposition Bl for the case veyen (G) = 2.

6 Concluding remarks

Karami et al. [§] proved Conjecture [ for the two cases v,44(G) = 0 or n by showing the
existence of f € FO ,(G) with f(G) <n — 1. In the proof of Propositions [, B and 3] all
defined members in F,.q(G) also belong to F ,(G). Therefore, we believe Conjecture [I]
can be strengthened to the following one.
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Conjecture 2 For any simple graph G of order n, there exists f € F2 ,(G) with f(G) <
n—1.

In 2005, Xu [12] proved the following sharp lower bound of +%(G).

Theorem 5 ([12]) Let G be a graph with n vertices, m edges and 6(G) > 1. Then
V5(G) = n—m.

Then Karami et al. [9] characterized all simple connected graphs G for which 7.(G) =
n —m. These graphs all have many vertices of degree 1. If we restrict graphs to have
higher connectivity or larger minimum degree, a better lower bound can be expected. So
we raise the following conjecture.

Conjecture 3 Let G be a 2-connected graph with n vertices and m edges, and without
two adjacent degree 2 vertices. Then v.(G) > 2n —m.

If the conjecture above is correct, then the lower bound is also sharp. For example,
V(K4 —e)=3=2n—m.

Now we show more examples that the bound in Conjecture [3] is reachable. Let G be
a 2-connected Hamiltonian graph with 6(G) > 3, V(G) = {v1,v2,...,v,} and size m.
Suppose C' is one of its Hamiltonian cycles.

The triangulation of a graph H, denoted by T(H), is the graph obtained from H by
changing each edge uv of H into a triangle uwv, where w is a new vertex associated with
wv. Let G' = T(G — E(C)) + E(C), that is, the graph obtained from T(G — E(C)) by
adding all the edges in the Hamiltonian cycle C. Then the order of G’ is m and the size
of G’ is 3m — 2n.

Observe that G’ is 2-connected and does not have two adjacent degree 2 vertices. Consider
a function f : E(G') — {1,—1}, where f(e) = 1 if e € E(G), and f(e) = —1 otherwise.
Then

f(G) =B(G)| - |E(G) = E(G)] =m —2(m —n) =2n —m = 2|V(G")| - |E(G)].

By the definition of f, fq(v;) = 2 for each i = 1,2,...,n whereas f(u) = —2 for each
u € V(G")—V(G). Thus, for each e = uv € E(G), we have f(e) =1 and f(u) = f(v) = 2,
whereas for each e = uwv € E(G') — E(G), we have f(e) = —1 and f(u) + f(v) = 0. Thus
f € Fsea(G). The graph shown in Figure [@ is an example of G’ when G = K5 (edges
without a sign in the figure receive sign +1).
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Figure 6: G' =T(G — E(C)) + E(C), where G = K.
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