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1 Introduction

Let I, be a finite field of size p, where p is an odd prime. An [n, k,d] linear code C over F,, is a k-dimensional
subspace of I} with minimum distance d. Let A; denote the number of codewords with Hamming weight 7 in C.
The weight enumerator of C is defined by 1 + Az + Agz? + -+ + A, 2™ and the sequence (1, A1, Ag, -+, A,) is
called the weight distribution of C. If the number of nonzero A; in this sequence is equal to ¢, then we call C a
t-weight code. The weight distribution of a code not only gives the error correcting ability of the code, but also
allows the computation of the error probability of error detection and correction [23]. So, the study of the weight
distribution of a linear code is important in both theory and applications. Linear codes with few weights attracts
many researchers’ attention due to their wide applications in secret schemes, strongly regular graphs, association
schemes and authentication codes. The recent progress on constructions of two-weight and three-weight linear
codes can be seen in [TTL[16LI8H20122127 2833351388, 41L[45H47] and the references therein.

The complete weight enumerator of a code C over F, enumerates the codewords according to the number of
symbols of each kind contained in each codeword. Denote elements in the field by F, = {0,1,---,p — 1}. The

composition of a vector v = (vo,v1,---,v,-1) € F} is defined to be comp(v) = (ko,k1,--- ,k,—1), where each
k; = ki(v) is the number of components v;(0 < j < n — 1) of v that are equal to ¢. It is clear that Zf;ol k; = n.
For a codeword ¢ = (¢o, 1, -+ ,¢n-1) € C, the complete weight enumerator of ¢ is the monomial

w(e) = wg*@uy -y
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in the variables wo, w1, -, wp—1, where k;(c)(0 < ¢ < p — 1) denotes the number of components ¢; of that
equals 7. The complete weight enumerator of a linear code C is the homogeneous polynomial,

CWE(C) = ng()(c)w/fl(c) .. .w’;g—11<c> _ Z Ak, kr, -+ kp1 )wlow - ,wlpcp:ll,
cec (ko,k1, kp—1)EBR

where B,, = {(ko, ki, kp—1) 1 0<k; <n, Ef:_ol ki = n} and A(ko, k1, -, kp—1) denotes the number of code-
words ¢ € C with comp(c) = (ko, k1, , kp—1).

The complete weight enumerators of linear codes not only give the weight enumerators but also demonstrate
the frequency of each symbol appearing in each codeword. They have wide applications such as in authentication
codes [131[14], constant composition codes [I2L[I5] and the computation of Walsh transform values [36]. So, it is
interesting to determine complete weight enumerators of linear codes. The complete weight enumerators of Reed-
Solomon codes were obtained by Blake and Kith [2] and Kuzmin and Nechaev [24] studied the complete weight
enumerators of the generalized Kerdock code and related linear codes over Galois rings. Recently, there are many
works on complete weight enumerators of specific linear codes. The reader is referred to [I2526]2913T13940/42143]
and the references therein.

Let F,m be a finite field with p™ elements, where m is a positive integer. Let Tr denote the trace function
from Fpm to Fp,. From a subset D = {dy,da,...,d,} C Fpm, Ding et al. [10] first defined a generic class of linear
codes of length n = |D| over F), as

Cp = {(Tr(xdy), Tr(xds), - - - , Tr(xdy,)) |z € Fpm }.

Here, D is called the defining set of Cp. This construction is generic in the sense that many classes of known
codes could be produced by selecting the defining set D. By application of this technique, many good linear codes
with few weights have been constructed [S8HITT6,I8H2TL27, 28 [4T,[44]. Motivated by this construction, Zhu et
al. [48] studied the weight distribution of the linear code

Cp = {c(a,b) = (Tr(az +by)) (. yyep * @b E IE‘pm} , (1)

where

D ={(@,y) P2\ {(0,00}: Tr(@” ! +y7"*1) = ,c € F, ) 2)

for m/(m, k) being odd and m/(m,¢) being even. Almost at the same time, Jian et al. [22] also considered the
linear code Cp in () for the case k = 0 and ¢ = 0.

In this paper, we first study the weight distribution of the linear code Cp for any positive integers m, k and
¢ by careful analysis of ranks of the discussed quadratic form, and generalize the results in [22,[48]. Secondly, we
determine the complete weight enumerators of the linear code Cp by application of quadratic form theory over
finite fields. Moreover, the punctured code of Cp is discussed and some optimal or almost optimal linear codes
with respect to the Griesmer bound are obtained.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries, which will be
used in the following sections. Section 3 investigates the weight and complete weight enumerators of the linear
code Cp. In Section 4, the punctured version of Cp is discussed. Section 5 concludes this paper.

2 Preliminaries

Throughout this paper, we adopt the following notation unless otherwise stated:
o [F,m is a finite field with p™ elements.
e Tr(-) is the trace function from Fym to F,.
e uy(-) is the 2-adic order function and we denote v2(0) = co.

e i and ¢ are positive integers, ged(k, m) = u and ged(¢, m) = v.



e (, =e  » is the primitive p-th root of unity.

Let ¢ be a multiplicative character of ... The Gaussian sum G(1) is defined by

mEF;m

where x be the canonical additive character of F,». The explicit values of Gaussian sums are very difficult to
determine and are known for only a few cases. Let 7, be the quadratic multiplicative character of ;.. and G,
denote the Gaussian sum G(n,,) for short. Particularly, Gy is the Gaussian sum G(7) over F*

»» Where 7 is the
quadratic multiplicative character of IF;.

Lemma 1 [30, Theorem 5.15] Let Fpm be a finite field with p™ elements and 1, be the quadratic multiplicative
character of ¥,... Then

(=)™ 1p%, if p=1 (mod 4),

(=)™ L(/=1)"p%, if p=3 (mod 4).

In particular, G; = (—1)%4p%.

By identifying the finite field F,» with an m-dimensional vector space " over F,, a function f from Fpm
to F,, can be viewed as an m-variable polynomial over F,. The function f(x) is called a quadratic form if it is a
homogenous polynomial of degree two as follows:

[z, 20, ,xm) = E ai T, a;j € Fp,
1<i<j<m

where we fix a basis of )" over [, and identify = € F,m with a vector (1,22, ,&m) € F;'. The rank of the
quadratic form f(z) is defined as the codimension of the F,-vector space

V={zeF} | flx+2z)— f(z)— f(z) =0, forall z € F}'},
which is denoted by rank(f). Then |V| = pm—rank(f),

For a quadratic form Q(z) with m variables over F,, there exists a symmetric matrix A such that Q(z) =
XAX', where X = (21,22, -+ ,2m) € F}' and X' denotes the transpose of X. The determinant det(Q) of Q()
is defined to be the determinant of A, and Q(z) is nondegenerate if det(Q) # 0. It is known that there exists a
nonsingular matrix 7" such that TAT" is a diagonal matrix [30]. Making a nonsingular linear substitution X = YT
with Y = (y1,y2, - ,Ym), we have

Qz) =YTAT'Y' =) ay}, a; €F,,
i=1

where (< m) is the rank of Q(z). The following lemma gives a general result on the exponential sums of a
quadratic function from F,m to IF,. These sums are also known as Weil sums.

Lemma 2 [30, Theorems 5.15 and 5.85] Let Q(x) be a quadratic function from Fym to F), with rank r(r # 0),
and 1 be the quadratic multiplicative character of F,. Then

n(A)p™~z, if p=1 (mod 4),

Z C;?(w) =

z€Fpm (—=1)z2n(A)p™~=, if p=3 (mod 4),

where A is the determinant of Q(x). Furthermore, for any z € Iy,

GO =r(2) > W,

z€F,m z€F,m



where 7, is the quadratic multiplicative character of F ..
Lemma 3 [30, Theorems 5.33] Let f(x) = asx® + a1x + ag € Fpm[z] with ag # 0. Then

v( f(z Tr(ap—a?(4az) "
5 g _ gt

IE]Fpnl

N (@2)Gm,

where Gy, is the Gaussian sum G(ny,).

Lemma 4 [17] Let Tr(xphrl) be the quadratic function from Fpm to F) with rank r. Then
m —2u, if va(m) > va(k) + 1,
m, otherwises,

where u = ged(m, k).

The weight and complete weight enumerator of the linear code Cp is related to the rank of the quadratic
form Tr(z?" 1 4 y?'*+1) and the following Weil sum

Sk(a,b) = Z X (axphrl + bx) 0 € Fpm b€ Fpm. (3)

IEFpnl
When b = 0, the Weil sum S(a, 0) is as follows.

Lemma 5 [17, Corollary 7.6] Let va(-) denote the 2-adic order function and v2(0) = oo. Let 0y, be the quadratic
multiplicative character of Fp.. For a € Fy.., the following results hold.

(i) If va(m) < va(k), then
w=12%m

Si(a,0) = nm(a)(=1)" N (V=1)" T p

SH

(ii) If va(m) = va(k) + 1, then

@k -HE™ -1

pw;%vmv if qpEedCRm 1 = 1
Sk (av 0) =

—p7, otherwise.

(iil) If va(m) > va(k) + 1, then
@ -DE™ -1

_p%@kvm), if @ pEedEm) 1 —
Sk (av 0) =

pT, otherwise.

When b # 0, the value of Si(a,b) is related to the solutions of the polynomial a?" 27" + ax = 0. We first
recall the result on this equation.

Lemma 6 [5, Theorem 4.1] Let m,k be positive integers with u = ged(m, k) and a € Fy... The equation
a 2" +ar =0

. . . . . P =1 m
is solvable in Fy. if and only if %} is even and a»™+7 = (—1)2v. In such cases, there are p?* — 1 non-zero
solutions.

By application of this lemma, R. S. Coulter determined the possible values of the Weil sum S(a, b) as follows.



Lemma 7 [0, Theorem 1] Let m,k be positive integers with u = ged(m, k). Leta € Fy. and f(x) = a7 4 ar
be a permutation polynomial over Fpm. Assume that zo is the unique solution of the equation f(x) = —b*" . The
following statements hold.

(i) If 2 is odd, then

®-1%3  m

Se(a,b) = (~1)"H (V=) T 2 pE (@) x(aah )

(1) 1p % (a) x(azh ), if p=1 (mod 4),

(_1)m_1(\/Tl)Bmp%nm(&)X(angrl), if p=3 (mod 4).

(i) If & is even, then a5 £ (=1)%¢ and

m
2

pr+1

Si(a,b) = (=1)%p% x(azf ),

where 1y, is the quadratic multiplicative of ¥}, and x is the canonical additive character of Fpm.

Lemma 8 [6, Theorem 2] Let m,k be positive integers with u = ged(m, k) and m being even. Assume that
f(z) = a?* 27" + ax is not a permutation polynomial over Fym , then Si(a,b) = 0 unless the equation f(x) = "
is solvable. If the equation has a solution xq, then

Su(a,b) = —(=1)Fp% T x(axh ).
For later use, we need the following lemma.

Lemma 9 [22, Lemma 15] Let u = ged(m, k). If % = 0 mod 4, then
Hc cFpm : 2#" + 2 = ¢ is solvable in IFpmH =pm2u,

In order to obtain the multiplicity of each weight of the discussed linear codes, we need the Pless power
moment identities on linear codes. Let C be an [n, k] code over F,, and denote its dual by Ct. Let 4; and A;" be
the number of codewords of weight 4 in C and C*, respectively. The first two Pless power moment identities are
as follows ( [32], p. 131):

n
> Ai=ph
=0

n

ZiAi =" pn —n — AT).

=0

For the linear code Cp defined in () with the defining set D in (@), it is easy to verify that A{ = 0 if (0,0) & D
from the non-degenerate property of a trace function.
The following lemma on the bound of linear code is well-known.

Lemma 10 (Griesmer Bound) If an [n, k,d] p-ary code exists, then

k
n > [

|
—_

1,

@

]

o
=l

where the symbol [x] denotes the smallest integer greater than or equal to x.



3 Main results

In this section, we investigate the weight enumerator and complete weight enumerator of the linear code Cp
defined in (), where the defining set D is given in [@]). Firstly, we determine the length of Cp. Let m, k and ¢ be
integers with u = ged(m, k) and v = ged(m, £). For convenience, we define the following symbols.

1, if va(m) > va(u) + 1, 1, if ve(m) > va(v) + 1,
Eu = €y = 4)
0, if va(m) <wa(u)+1, 0, if va(m) <wa(v)+1.

Proposition 11 Let Cp be a linear code defined in (1) with the defining set D given in (3). Let n = |D| be the
length of Cp. If ¢ =0, then

(p—1)m .
PP (1) (p - pt 1, if 2va(m) = va(u) + va(v),
n={pm g ()T (p - Dpmt - 1, if 20s(m) = va(u) + va(v) + 1,

p2m—1 +pm+€uu+auv _pm—i-auu—i-au'u—l _ 1, ’Lf 2U2(m) > ’UQ(U) + ’1}2(’0) + 1.

If ce F,, then

(p—1)m .
PPl (1) if 2ua(m) = va(u) + va (),
n= 1 p2m=l — (=) F pn=lif 2us(m) = va(u) + va(v) + 1,
p?m—l — pmteuutes =l G 900 (m) > vy (u) + va(v) + 1.

Proof. By the orthogonal property of additive characters and Lemma 2], we have

TP S o=

(2,9)€F,m \{(0,0)} 2€F,

-, > >a P

z,y€F,m z€F), ze]F

Tr(mp +1+yp +1y_ C)

Tr(mp +1+yp +1) C

k ¢
zp +1+yp +1) C

Z

ily T g Sy

ZEIF* z,y€F,m ze]F

P +1 P +1

2m 1 4= Z Cp zc Z zTr (z Z C;Tr(y ) Z Cp ze

zelF* z€F,m yEF,m ZE]FP

k

2m 1+ Z C zc Z WE(Z)CE(W +1 Z n%(z)gp”[‘r(yp +1) ZC zc

zelF* z€Fpm yEFym ZE]FP

_ _ P41 pit1 _
:p2m 1 + = Z Cp zcn7(r7;1+r2)(z) Z CZ')PF(OC ) Z CZF)PT(YJ ) _ Z C zc
p z€Fy, x€F,m yEF,m zG]F

where 7, is the quadratic multiplicative character of 7., and r; and r2 are the ranks of the quadratic forms
Tr(2?"+1) and Tr(y? *+1), respectively. By Lemma [ it is easy to see that n72772(z) = 1 for any z € % since
r1 + ro is even. Hence,

n = 2m 1+ ZC zc Z CpTr(wpk+1) Z CpTr(yPlJrl) Z C—zc

z€]F* z€F,m yEF,m zG]F
Pl rlo o1 fe=0, (5)
= L '
pPm—l — EQ’ if c € F,



where

Z Cp p+1) Z p+1

z€F,m yeF,m

The desired conclusion then follows from (5) and Lemma Gl O

For any (a,b) € Fzn \ {(0,0)}, a nonzero codeword in Cp has the form c(a, b) = (Tr(ax + bY)) (z,y)ep» Where
D is defined in @). Let N(c,p) denote the number of components Tr(az + by) of c(a,b) which are equal to p,
where p € F),, ie.,

Nep) = [{(@.y) € F2 (0,00} : Tr (1 47 ) = e, T (aw + by) = p}|
The Hamming weight of c¢(a,b) is as follows:

wtu(c(a, b)) = > N(c,p) =n— N(c,0), (6)

pEF =

where n is the length of linear code Cp. Assume that 7, is the quadratic multiplicative character of .., and rq

and ry are the ranks of the quadratic forms of Tr(ypk"’l) and Tr(ypl*‘l), respectively. By Lemma [2]

1 Fyr, plel
_ z1(Tr(x? +yP —c z2(Tr(axz+by)
N(ep)= =D DR A §j<2 )
(z,y)€F2m\{(0,0)} z1€Fp Z2€FP
1 LS| LR} 1
_ E - E Czl(Tr(mp +y? )—c) E CZ2 (az+by)— - E C*(ZchrZzp)
D 2 P
z,y€F,m z1€F, Z2€]F z1,22€F,
2m— 2 zicC z1Tr(x? k1 z Tr(y? +1 z z Tr(axz+b
=p <§ ¢ E Cpl( )E' 1Tr(y +§:<pzp E’ 2( )
p 21 €F» Tz€F,m yeF,m ZQE]F* z,yEF,m
—zic —2z22p Tr(zlzpk+1+22am) Tr(zlype+1+22by 1 (z1¢t22p) (7)
+ o G G G - = -
zlelF; Z2€]F;; z€F,m yeF,m p z1,22€F,
_  2m— 2 —z1C Tr xP k1 Tr yP b1
21 €F» mE]Fpm yeF,m
k ¢ 1
—z1cC —zap Tr(z1x? Jrl-l-zgaw) Tr(z1y? +l-l-zzby) - —(z1c+22p)
GGG > G 5 > G
zleF;‘, Z2€]F; z€F,m yeF,m z1,22€F,
1 1
2 2 —
=p="" —(Ql +0) — E ¢ (z1ct22p)
p Zl>Z2E]Fp
where

= 3 e 3 )T ST )t = T s, (1,008(1,0) (8)

z1 E]F; IE]Fpm yE]F m z1 E]FZ

since 1 + 72 is always even and

& ¢
Qy = Z nglc Z C;@P Z CZ')PF(ZMP Ty zoax) Z CEY(Zlyp Ty zoby)

zle]F; zzelF;; z€F,m yEF,m (9)
= Z ¢, e Z Cp 7Sk (21, 22a)Se(21, 22b).
Zle]F; ZQE]F;

Here, Si(z1, 22a) and S¢(z1, 22b) are defined in [@). In order to determine the weight and complete weight of a
codeword in Cp, we need to calculate the values of 1 and €25. In the following, we give our main results.



Theorem 12 Let Cp be a linear code defined in () with the defining set D given in (@). Assume that 2vy(m) =
va(u) + va(v), then the following statements hold.
(1) If ¢=0, then Cp is a [p*™ ' + (—1)(17721)7”

(p—1)p™~1 —1,2m] two-weight linear code with weight enumerator

(p=1)m
2m —2 5

P () T (p= )p T =D (1) (P (<1) B e ) e

and its complete weight enumerator is

_ (p—1)m m— p—1)m " 1 "
wgz LoD oy 1*1+(p2’”_1—i—(—l)%(]ﬂ—l)]?m_l—1)wgz 24 (— 1) (p—1)pm -1 H wp -2

pEFy

m—1

(p—1H)m ( *21)m

m— p=l)m 2"71 2_ 2771 2
+p-DE" T = (=)= P T e
p€]F*

1) (ple)m

(2) Let ¢ € F}; and g be a generator of Fy, then Cp is a [p*™ " — (- p™ 1 2m] two-weight linear code with

weight enumerator

p+ 1p2m—1+p — 1(_1)wpm—l_l)x(lﬂ—l)?2m72+p; 1 (p2m—1_(_1)wpm—l)x(P—l)P2m72—(—l)(p7

1
+(2 2

and its complete weight enumerator is

(p=1)m
2m—1_ ¢ 4\ —,m—1 —1)m 2m—2 771 1 2
1 pl 2m—1 (p=—1)m 1 1)
wh T T () - T - ey [] ™
E]F*
(p—1)
2 p—1)(m+41 _ p—1m .
(p l)m 2m 2 5 m—1 2m—2 2m—2 2m —2 m—1 2 23
om—1 _ [ P p P P =) p™ T I n(pt—4g7)
(p (1) < E wy Wogi Wy o4 | | Wy
EF;
# +£2g7
S | =t
2 _ p—1)(m+1 (p—l)m .
2m—2_ (_ pm T 1 2m — 2 m—1 2_ 4. 25+1
—|—§:w§ ( Ilwp 2 p" n(pT—4g )>_
Jj=1 pEF;

Proof. We first determine the possible values of €; and Qo which are defined in (8) and (@), respectively. By
Proposition [[I] in the case of 2va(m) = va(u) + v2(v), the length of the linear code Cp is

pPm—l — (—1)wpm_l, if cely,

PPl ()P (p—1)pm =1, if c=0.

Recall that u = ged(m, k) and v = ged(m, £). Since 2va(m) = va(u) + v2(v), we know that ve(m) = va(u) =
va(v). By Lemmas @l and [ we have

—(—1) = pm, if ¢ € F},
Q= ) ¢ Sk(1,0)8,(1,0) = . (10)
1€, (- =" (p—1)p™, ifc=0.

In the following, we determine the possible values of Q3. As ™ and % are odd, we verify that fi.(z) =

k 2k 4 20 .
zf P 4 z1z and fo(z) = zf 2" + zyx are permutations over [Fpm for any z; € IE‘;. Assume that ~y, and -y, are

the solutions of the equations " +x=—a?" and 2?* + 2 = —bpe, respectively. Then 27 Lyaze and zy Ly zo are



the solutions of fi(z) = —(220)?" and fy(z) = —(22b)pe for any 25 € Fy, respectively. By Lemma [ we have

Qo= D 7> G Sk(z1,20a)Se(z1, 22D)

ZlelF* Z2€]F*
( l)m _ — —
= ()T ST G ()X (2 ez T ()X (1 (21 )P )
21>226]F
(p—1)m _ _ ‘1
= (1) " )G D G (— En (75 Tpapt ))
Zle]F; ZQG]F*

¢
7—2Tr( 4 +1+'y§ +1>7z2p

(pl)m Z1
=D Y G Y G ’

Z1 G]F* 22 G]F*

where i = +/—1. If Tr (ng“ + vflﬂ) =0, then

Qz(c, p) _ (_1)(p*21)m7pm Z Cp—zlc Z Cp—zzp'

z1 E]F;; D) E]F;

If Trin(ﬂygk+1 + Vful) #0,c=0and p =0, then

<P Lm o 2Tr(’y,’i it (r—1)m m
0(0,0) = (—1 Yo 6T =—(-1)" (p-1)p™

z1 E]F z2 E]F*

If TrT(Fy}flCle + Vful) #0,c=0and p € Fy, then

(p l)m m 2T}r r Jr1-1—'yp£+1)—zzp e=bm
0a(0,p) = (1 X6 ' =(-1)"= pm

21 E]F ZQE]F*

If T (42" + vaH) #0,ceFy and p =0, from Lemma [ we have that

< Lym o e —zzTr pEHLpiaty
Qs(c,0) = (—1)"= S oY o7 K

21€1F* Z2e]F*
o= Jm (p-1)m
= ()" 3 G (<A TR A ) Gy (<)
ZlE]F;
= (~1) =y (cTY(Wé’k“ + 7”“1)) G2+ (—1)
R (p-1)m
— (_1) 5 pm-i- ( CTI‘( pF+1 _'_pr +1)> + (_1)f
If Trgn(”ngH + ”qul) # 0, c€Fy and p € Fy, from Lemma [3] we have that
(p—1)m 2Tr P +1+ plt1 o
(22(67 p) — ( 1) Z Cp zic Z Cp (’Ya Y4 )—zap
z1€Fy 22€F3
2 k ‘
p—1)m 2y (AP ATy
e Z (e Z ¢ S
Z1€]F;‘7 zo€l,
=(-1)"= »p 77(_’I‘I-(P+l+,yp+1>Glz<p4T( + ) n(z1) + 1
ZlE]F*
(—1) = pm, if Te(y2" +1 4+ 42 1) = p2/dc,

(=1 (o (52 = 4eTe( 44 ) 4 1), i TR T ) £ P e

(15)



Let p € Fy. From (@), (I0) and (II)-(I5), we obtain the following results.
(I) If ¢ = 0, then

PP g (—1) T (p— Dpmt =1, i Te( 442 ) =0,
N(0,0) =
pPmi -1, it Tr(y2"+1 4+ 42 1) £ 0,
(16)
o P22, it Tr(y2 1 42 ) =0,
0.0)= 2m—2 e=lm .\ 1 . kyq pit1
p + (1) = pm it Te(yE 4y ) #0.
(IT) If ¢ € Fy, then
PP (1), it Tr(y 47 ) =0,
N(c,0) =
(C, ) 2m—2 =bHm 1 pF+1 pi+1 : pF+1 ptH1
p + (=)= pm i (—cTr(y) T4y 7)), i Te(hE T4y ) £0,
(17)
pPm—2, if Tr(vgk"’l —l—vflﬂ) =0 or p?/4c,
N(e,p) =
2m=2 4 (L) gLy (2 ACTe(yP £ AP ), i Te(P ! AP ) £ 0 and p2/4
P pmin(p® —ACTr(YE T+ ), i Tr(vE T+ ) # 0 and p?/4e.

In the case of ¢ = 0, from (@) and (I6]), we know that for any (a,b) # (0,0), the possible weight of c(a,b) is
wy = (p— 1)p>™=2 or wo = (p — 1)(p?™2 + (—=1)EF™ p™—1). This means that the dimension of Cp is 2m. It is
easy to verify that the minimum distance of the dual of Cp is greater than or equal to 2 from the non-degenerate
property of the trace function if (0,0) ¢ D. Let A; denote the number of codewords of weight ¢ in C. From the
first two Pless power moments identities we have

(p—1)m

Ap, =@ 1+ (-1)" = (p—1)p™*t -1),
Ay, = (p— 1)(pP=1 = (=1)F= 1y,

So, from (@) we obtain the weight and complete weight enumerators of Cp.
In the case of ¢ € F, from (@) and () we know that for any (a,b) # (0,0), the possible weight of c(a,b) is

wy = (p—1)p* 2 orwy = (p—1)p*™=2 - (=1) (= 2p™~1. Analysis similar to that in the case of ¢ = 0 shows
that

(p—1)m

Ay, = (BpPm=t 4 L) =t — ),

- (18)
A, = B2 = (=)= ).
From (@) and ([I7) we have
Auy = [{@9) €FZ {0,000} 5 T2+ 490 ) =0 or —Tr( 1 49 ) e NSQY| (19)
and ¢
k
Ay, = [{(@.9) € B2\ (0,00}~ +9f) € QY (20)

where SQ and NSQ denote the sets of all square and non-square elements in ¥, respectively.

k £
It is known that fj(z) = 27 2P +z12z and fo(z) = 27 o + 212 are permutations over Fym for any z1 € Fy..

Then the solutions -y, of 2P 42 = —a?" and Y of 2P +2 = b run through [F,m as a and b run through Fpm,
e
respectively. From calculations of the code length in (&), we know that the nonzero values of Tr(wgk*‘l + 7 +1)

are uniformly distributed in [F;, when 4,7, run through Fym. For any ¢t € Fy, from (I8)-(20) we see

(ple)m m—1

{(@0) € P2\ (0,00} & T ap ™) =t} =p2 1 = (-1)

10



and
{0 € B2\ {00} g ap ) = 0} | = Pt (-1 - i -1,

e .
Let g be a generator of . Assume that cTr(vglchl +7 +1) is a square element in F, with the form g% for

some j. If Tr(wgk*‘l + 7}77["’1) = p?/(4c), then p = +2¢7. So, from ([[7) we obtain the weight and complete weight
enumerators of Cp. [

Example 13 Letm=2,p=3, k=0, {=0.

(1) If c € Fy, then CD has pammeters (24, 4, 12] with weight enumerator 1+ 24z% + 56218 and complete weight

enumerator wa* + 24w?wiw§ + 56wiwws.

(2) If ¢ = 0. then Cp has parameters [32,4,18] with weight enumerator 1 + 3228 + 482%* and complete weight

enumerator wi? + 32witwiwd + 48w§wi?wi?.

Letm=3,p=3,k=1,0=2.

(3) If ¢ € 3, then Cp has parameters [252,6,162] with weight enumerator 1 + 4762'%% 4 2522'%0 and complete
weight enumemtor wgt? + 476w wilws + 252w 2w CwP.

If ¢ = 0, then Cp has parameters [224, 6, 144] with weight enumerator 1 + 504z + 224212 and complete
g

weight enumerator w3t + 504w80wz2wg2 + 224w witwst.

These results have been verified by Magma programs.

Theorem 14 Let Cp be a linear code defined in ({d) with the defining set D given in (2). Assume that 2va(m) =
va(u) + va(v) + 1, then the following statements hold.
(1) If ¢=0, then Cp is a [p*™~1 + (—l)m (p— 1)p™~t —1,2m] two-weight linear code with weight enumerator

(p—1)m

L+(*" 4 (=1) 5 (p—1)p™ = 1)aP P

2m—2

ml)

1) (1) S

and its complete weight enumerator is

om—1 _yE=Hm 1 (p—1)m 2m —2 1 m—1_ e
wg +(=1)"F  (p-Dp 1 4 (mefl +(-1) p— (p — 1)pm71 _ l)wo +(— 1) (p—1)p 1 H p2m—2
pEF;

+(p— PP = (- ey [ e DT
pEFy

2) Let c € F* and g be a generator of F%, then Cp is a [p>™ 1 — (-1 (p741)mpm_1, 2m| two-weight linear code with
p 9 9 P g
weight enumerator

+1 B —1 (p—1)m - y,2m—2 -1 _ (p—1)m _ Cprm—2 )P met
A e e T A e
and its complete weight enumerator is
om—1_, 2= bmo (p—1)m om—2 , e=bm o 2m_2
wp D e () - g T
pEFy
(P21) L o
2m—1 =lm ”m PP+ At g e P22 4 (—1) P (o2 —ag?)
" = (=) <Z wg W Wy o JI 0 wh
p €Ty
p#i2gﬂ
(le)
,2_(_1)(P71)£m+2)

m— _ (p—1)m .
o H WP DT i (p? 4921+1)>
b )

pEF;

11



Proof. Recall that v = ged(m, k) and v = ged(m, £). When 2va(m) = va(u) + v2(v) + 1, then m is even and
there are two cases:

va(m) = va(u) and ve(m) = va(v) + 1,
va(m) = va(v) and va(m) = va(u) + 1.

In the following, we only prove the case va(m) = va(u) and va(m) = va(v) + 1. The other cases can be shown
similarly.

Since 2va(m) = va(u) + v2(v) + 1, Proposition [[1] shows that the length of the code Cp is

(p—=1)m
1

p2m—l _ (—1) e pmol if ceF,

(p—=1)m

P (<) (p - -1, =0,

In order to determine the weight enumerator and complete weight enumerator of Cp, as is shown in Theo-
rem [[2] we first compute the possible values of Q7 and €3, which are given in (8) and (@), respectively. When
va(m) = va(u) and va(m) = va(v) + 1, we have that ve(m) < va(k) and va(m) = va(¢) + 1. By Lemmas [ and [
we have

—(—1)wpm, if c € Iy,
Q= > ¢ 78k(1,0)50(1,0) = . (21)
21€F} (=1)" 7 (p—1)p™, if c=0.

Next, we determine the possible values of €2y. Since va(m) = va(u) and va(m) = va(v) + 1, it follows that 2

k 2
and g are odd. By Lemmal, fix(z) = 27 2" + 21z and fo(x) = 27 2P + 2z are permutations over [F= for any

z1 € . Let 4 and 7, be the solutions of the equations Ptz =—a" and 27" +1 = —bpg7 respectively. Then
27 "ya22 and 27 'y,22 are the solutions of fi(z) = —(zza)pk and fo(z) = —(22())?[ for any z» € F}, respectively.
By Lemma [1
Qo= > ¢ > G Sk(21,220)Su(21, 22D)

Z1E]F;‘7 ZQG]F;

e _ (p—1)%3m m — m m —
= 2 G (<—1>’” VD) T pE g ()X G (51 wazQ)pk*U) (G ESNENCREENTEE)
z1,22€F

2 k ¢
—2T7y ('yﬁ AT H) —za2p

The last equality follows from the facts that m is even and 7 is odd. Let p € F,. By a similar analysis to

2v
([II)-([IH), we have the following results.
(I) If ¢ = 0, then

—1)m 14
(—) 5 (p— 1™, if Te(y2" A7) =0,

QQ(0,0) =
(D) (- 1, i Tr(R 40 ) £ 0,
(22)
p=1)ym m s kyq ‘41
(=) (p—-1)p™, if Tr(y2 T+ 7)) =0,
QQ(Ovp) = (o—1)m . P
(=1) T pm, if Tr(y2 1447+ £ 0.
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(IT) If ¢ € 5, then

—1)m 4
—(—D) = (p— 1)pm, if Te(n2 447 ) =0,
QQ(C; O) = (p—1ym - pk-i-l pl-‘rl . pk+1 pe-‘rl
(=)= p (pn(—cTY(va + 7))+ 1) , Af Tr(4Z T4y 7)) #0,
(23)
(—1)—@741)mpm, if Tr(wgk"’l + vflﬂ) =0 or p?/4c,
92(07 p) = ¢ V4
(=1 (pn(p? = 4eTe( F 4 4f ) 1), Tr( H 448 ) # 0 and p?/4c.
From (7)) and (ZI))-(23)), we have the following results.
(I) If ¢ = 0, then
—1)m 2
YO0 PP ()T (p— Dpmt - 1 i Te( 4P T =0,
0,0) =
p*m? —1, if Tr(y2"+! + vff“) #0,
(24)
Vo pPm=2, it Tr(y2 1 442 ) =0,
p) =
p—1)m . ¢
pPm=2 4 (—1)( 7 pmtif Tr(’ygk"'l + 75 +1) #0.
(IT) If ¢ € Fy, then
p—1)m . ¢
p2m72 - (_1)( 41) pmila lf Tr(’}/gk+1 +’YZZ)) +1) - 07
N(e,0) =
_ (p=Hm . k U . k £
PP 4 (1) Ty (—ch(yg 4 qf *1)) ;A Tr(yE Al T £ 0,
(25)
p?m?, if Tr(y +1 44 1) = 0 or p? /e,
N(e,p) =
p—1)m ¢ . ¢
pP2 4 (1) T p i (p2 — AcTe(R L 4 42 ), i Tr(72 1 4+ 42+ #£ 0 and p? /e,

As is shown in Theorem [[2] from ([24]) and (28) we can obtain the weight and complete weight enumerators
of CD. ]

Remark 15 When va(m) = va(u) and va(m) = va(v) + 1, the weight enumerator in (1) and (2) of Theorem[I]]
is exact Table 1 and Table 3 in [}§], respectively.

Example 16 Let m=4,p=3, k=0, {=2.

(1) If ¢ € Fy, then Cp has parameters [2160, 8,1404] with weight enumerator 1 + 21602404 + 4400214%% and
complete weight enumerator wi'®® + 2160w%5w] 2wl + 4400wi wl?%w3?.

(2) If ¢ = 0, then Cp has parameters [2240,8,1458] with weight enumerator 1 + 224021458 + 43202512 and
complete weight enumerator wi?*® + 2240wI*2w]?%wl% + 4320w{*8wT56wIsS.

Letm=2,p=3,k=1,/=0.

1) If c € F*, then Cp has parameters [30,4, 18] with weight enumerator 1 + 5028 + 302%* and complete weight
P
enumerator wi® + 50wiwiwd + 30w§wi?wi?.

(2) If ¢ = 0, then Cp has parameters [20,4,12] with weight enumerator 1 + 60z12 + 20x'® and complete weight
enumerator wi® + 60wiwiws + 20wiwiws.

13



These results have been wverified by Magma programs. The code Cp with parameters [20,4,12] is optimal with
respect to the tables of best codes known maintained at |http://www.codetables.de.

Theorem 17 Let ¢, and €, be symbols defined in {{])) and Cp be a linear code defined in (1) with the defining set
D given in (). Assume that 2ve(m) > va(u) + va(v) + 1, then the following statements hold.

(1) If ¢=0, then Cp is a [p*™~! + pmiewutevy _ pmbewutesv=1 _ 4 9m] three-weight linear code with weight
enumerator

2m72+pm+5uu+suu717 2m—2

1+ (pZm _p2m725uu725vv)$(p71)(p pm+5““+5“”72) + (pmfsuufsy'u _ 1)(pmfsuu75vv71 + 1)$(p71)p

+ (p _ 1)(p2m725uu725vv71 _ pmfsuufsy'ufl)I(pfl)(p2m72+pm+5““+5”“71)

and its complete weight enumerator is
2m—1 mteyutepv _, mtequteyv—1_ 2m—2 _ mteyuteyv—2_ 2m—2 m4teyuteyv—2
» +p P 1 2m _  2m—2e,u—2e,0, P +(—1)p 1 P +(p—1)pm T
wg + (@™ —p wUTEE g wh
pEF;

2m—2 m4teyuteypv—1 2m—2
M—EyU—EpV M—EyU—Epv—1 D +(P_1)P -1
+(p -1 + Dwg [T
pEFy

27n72+p7n+5uu+5vv71

+ (p _ 1)(p2m725uu725vv71 _ pmfsuufsv'ufl)wgszzfl H wg
pEF}

(2) Let c € F} and g be a generator of FY, then Cp is a [p*™ ! — pmteuutenv=1 9m] three-weight linear code with
weight enumerator

2m=2_,mteyuteyv=2) 2m—2

» (p + 1p2m—2auu—2€vv—1 + b— 1pm—auu—avv—1 _ 1)1,(17—1)1)

2 2

mteyutepv—1

14+ (p2m _ p2m—2€uu—2€vv)x(p—1)(p

+ p ; 1 (p2m—2auu—2€vv—1 _ pm—auu—auv—l)x(p—l)p2m72—2p

and its complete weight enumerator is

2m—1__ m+tequteypv—1 2m—2_, m+tequteypv—2 2m—2 mteyuteyv—2
P P 2m _ , 2m—2e,u—2e,vY, D P D - whT
wg + (7 =T g 11 v
pGF;
(p2m—2auu—2€vv—1 + (p _ 1)pm—auu—€vv—1 _ 1)w102m72—10m+5“u+€”v71 H ,wp2m72 + (p2m—2auu—2€vv—1 _pm—auu—auv—l).
0 P
pEFy
(p—1)
2 —1
( Z wg2m72+(_1)Pz—pm+€uu+5vv71w527‘n72wp277;7.2 H wp2m72+pm+£uu+svvfln(p2_4g2j)
97 p—297 P
Jj=1 pEF,
p # £2g7
(p—1)
2 _
+ wp2m727(71)221pm+5uu+5v1}71 H wp2m2+pm+5uu+gvvln(p2_4g2j+l)>
0 0 .
Jj=1 pEF;

Proof. Recall that v = ged(m, k) and v = ged(m, £). When 2va(m) > va(u) + v2(v) + 1, then m is even and
there are six cases:

va(m) = va(u) and ve(m) > va(v) + 1,
va(m) = va(v) and vo(m) > vo(u) + 1,
vo(m) = va(u) + 1 and ve(m) = va(v) + 1,
vo(m) = va(u) + 1 and ve(m) > va(v) + 1,
va(m) > va(u) + 1 and ve(m) = va(v) + 1,
va(m) > va(u) + 1 and ve(m) > ve(v) + 1.

In the following, we only prove the case va(m) > v2(u) + 1 and vo(m) > vz (v) 4+ 1. The other cases can be shown
similarly.
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If vo(m) > va(u) + 1 and va2(m) > va(v) + 1, then €, = 1 and €, = 1 from {@l). By Proposition [Tl the length
of the code Cp 1is

p2m—1 _ pm+u+v—17 ifee F;,

p2m—1 + pm+u+'u _ pm—i-u—i-v—l _ 17 lf c=0.

We first determine the possible values of €1 and €3, which are given in () and (@), respectively.

If vo(m) > vo(u) + 1 and ve(m) > ve(v) + 1, then va(m) > va(k) + 1 and va(m) > v2(¢) + 1. By Lemmas @
and Bl we have

—pmtuty, if ce IE‘;,
= E nglcsk(l,O)Sg(l,O) = (26)
m-tutv :
z1€F (p—1)p , if ¢ =0.

In the following, we determine the possible values of Qa. As va(m) > va(u) + 1 and va(m) > va(v) + 1, by
Lemma [6] then fi(x) = sz 2P + z1z and fi(z) = zfexpﬂ + z1x are not permutations over F,m for any z; € IF;.
If fi(x) = —(zza)p’c has no solution in Fpm or f(z) = —(2217)1’2 has no solution in Fpm, then by Lemma [§ it is
easy to see that

2 =0. (27)
Otherwise, assume that v, and ~, are the solutions of the equations " 2= —a and 27 2 = —bpl,
respectively. Then z; 'y,22 and 2 'y,22 are the solutions of fi(z) = —(ZQG,)pk and f,(z) = —(zzb)pe for any

z2 € F, respectively. By Lemma [§] we have

Q=3 G Y G (~DEPEFRGIG ez ) (—(-)EpF (G ) )

z1 G]FZ Zo G]F;

.2
:pm—i-u—i-v Z C;D_ZIC Z Cp =1

z1 E]F; D) E]FZ

Let p € F. By a similar analysis in ([I)-(I5), we have the following results.
(I) If ¢ =0, then

. k £
(p _ 1)2pm—i-u—i-v7 if Tr(m’; +1 + ,yl:l: +1) =0,

QQ(OaO) = k ¢
—(p = Dty i Te(yp g ) #0,
(28)
—(p— e, i (R A ) =0,
92(07/)) = k £
jr— it Tr(hp 4y ) #o.
(IT) If ¢ € Fy, then
£
(p - Dy, it Tr(y2 440 ) =0,
QQ(C, 0) - ¢ ¢
perquv (pn(_CTI’(’yngrl +’7[Z; +1)) + 1) , if ’I‘l‘(,yg’“rl + '75 +1) 7& 07
(29)
prtuto, if Tr(y2"+1 + 75e+1) =0 or p?/4c,
92(67 p) -

prtut (pn(p2 — ACTe(y2 Y AP ) 4 1) L Tr(y2 1 4+ 42+ £ 0 and p?/dc.
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From (7)) and (26])-(29) we have the following results.
(I) If ¢ = 0 and one of fi(z) = —(zza)pk and fi(z) = —(zzb)p/Z has no solution in Fpm, then
N(0,0) =p*" 2+ (p— p" T2 =1, N(0,p) =p*" 2+ (p— 1p" TR (30)

(IT) If ¢ = 0 and fi(x) = —(zza)pk and fo(z) = —(zzb)]”/Z has solutions in F,m, which are denoted by z; '429 and
zy L. 22, respectively, then

PP (p— Dpmtutel i Te(y2 4 4P ) = 0,

N(0,0) = E
prt—1, it Tr(y 49y T #0,
(31)
P2, it Tr(y2 4 ) =0,
N(0,p) = . ,
p2m—2 +pm+u+v—17 if TI’(’}/g +1 +’YZZ; +1) 75 0.
(II) If ¢ € F, and one of fi.(z) = —(290)?" and fo(z) = —(zzb)pe has no solution in Fym, then
N(c,0) = p*™ =2 — p™tutv=2 " N(c, p) = p*" 2 — pmiuto=2, (32)

(IV) If ¢ € F;, and fi(z) = —(zza)pk and fo(x) = —(ZQb)p[ has solutions in Fpm, which are denoted by 2, 7,22
and z7 Ly 29, respectively, then

¥4
=2 _ ptuko—t it Tr(y2" 1 4P T =0,
N(C, O) — ) ) 1 kg @_,’_1 . k1 e-‘rl
p2m +pm+u+v7 n (—CTI‘(’Yg + +’le; )) ) if Tr('yg + +71§) ) 7£ 0,
(33)
e, i Tr(y 4 ap ) = 0 or p?/de
N(c,p) =

p2m=2 4 pmtuto—ly (pz — AcTr(2" 1 4 %1)’”1)) Jif Tr(4P 4 7{77[“) # 0 and p?/4c.

In the case of ¢ = 0, from (@), B0) and BI) we known that the possible weight of c(a,b) is w1 = (p —
1)(p?m—2 g pmtutv=l _pmbutv=2) gy, = (p—1)p*™ =2 or wz = (p—1)(p?>™ 2+ pm+e+tv=1) This means that the
dimension of Cp is 2m. Let A; denote the number of codewords of weight i in Cp. To determine the multiplicity
of each weight, we first investigate the multiplicity A,,, of the weight w;. From above analysis, we know that
QQ = 0 if and only if fr(x) = (zza)pk or fo(x) = (ZQb)p[ has no solution in Fy=, which is equivalent to that
2P + 2= —a”" or 27" + 2 = —b" has no solution in Fpm since z1 € F}. So, by Lemma [ we have

Ay, = H(a, b) € Fim \ {(0,0)} : 2" 42 =—a"" and 27" + 2 = —b" has no solution in Fpm}‘

_|_

{( b) € FQ \ {(0,0)} : 2?4+ 2 = —a?" has solutions in Fpm and 2?" + 2 = —b*" has no solution in Fpm H
+ H(a b) € IE‘Qm \ {(0,0)} : 27" + 2 = —a?" has no solution in F,m and 2?” + 2 = —b" has solutions in IFpmH
_ (pm _pm—Zu)(pm _pm—QU) 4 (pm _pm—2v)pm—2u 4 (pm _pm—Qu)pm—2v

_ p2m _ pZ(m—u—v)-

It is easy to verify that the minimum distance of the dual of Cp is greater than or equal to 2 if (0,0) € D. From
the first two Pless power moments identities we have

Aw1 — (me _p2m—2u—2v),
Aw2 — (pmfufv _ 1)(pm7u7v71 + 1),
Awg — (p _ 1)(p2m72u72v71 o pmfufvfl)'
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So, from (B0) and @I) we obtain the weight and complete weight enumerators of Cp.

In the case of ¢ € [y, as is shown in Theorem [[2] and combining (32)) and (33), we obtain the weight and
complete weight enumerators of Cp. [
Remark 18 When ve(m) = va(u) and va(m) > va(v) 4+ 1, the weight enumerator in (1) and (2) of Theorem[I7]
is exact Table 2 and Table 4 in [{8], respectively.

Example 19 Let m =4, p=3.

(1) Ifk =3, =1andc € Fy, thene, =&, = 1 and Cp has parameters [1944, 8,972 with weight enumerator 1+
242972 4+ 64802126 +56214%% and complete weight enumerator w4 + 24w wi0ws0 + 6480w Bw4E WSS +
5611}38611};2911);29.

(2) Ifk =1,¢ =2 and ¢ = 0, then e, = 1, ¢, = 0 and Cp has parameters [2348,8,1458] with weight
enumerator 142602458 + 583221966 446821620 and complete weight enumerator w33*® +260ws*0w?%wI?" +
5832w wi*wi® + 468w wi w310

(3) If k =2, £ = 3 and c € F;, then ¢, = 0, &, = 1 and Cp has parameters [2106,8, 1296] with weight
enumerator 142342129 4583221404 149421458 and complete weight enumerator wat®® + 234w810w§*ws*8 +

5832w{ 2w 2wI02 + 494w5*8w 20wl

(4) If k=2,¢0=2 and ¢ =0, then ¢, = &, = 0 and Cp has parameters [2240, 8, 1458] with weight enumerator
1+ 224021458 4-432021%12 and complete weight enumerator wi**® + 2240w{32wT?%wI? + 4320w 2w I>6wI56.

These results have been verified by Magma programs.

4 Punctured codes of Cp

In this section, we investigate the punctured code Cp, which is derived from Cp by deleting some coordinates of
codewords in Cp. Some new two-weight and three-weight linear codes are obtained.

From Theorem [[2] Theorem [I4] and Theorem [IT it is observed that the Hamming weight of each codeword
in Cp has a common divisor p — 1 for ¢ = 0. This indicates that Cp may be punctured into a shorter one whose
weight distribution is derived from that of the original code. To this end, we define an equivalence relation in the
set D as follows. For (3,7),(d,n) € D, we say that (3,7) is equivalent to (,7) if and only if there exists a € F},
such that (,7) = a(B,7). The elements chosen from each equivalent class in D consist of a set D. It is clear that

D =F;D = {z(z,y) = (22, 2y) : z € F};, (x,y) € D} . (34)

Then the linear code Cp defined in () with the defining set D is a punctured version of Cp, whose parameters
are given in the following theorem.

Theorem 20 Let Cj be the linear code defined as above, where D is defined in (34). Then the following state-
ments hold.

2m—1_q

(1) If 2ua(m) = va(u) + va2(v), then Cp is a [ppT + (-1
weight distribution given in Table [

)wpm’l, 2m] two-weight linear code with the

27717171

(2) If 2vz(m) = va(u) + v2(v) + 1, then Cp is a {p 1 +(=1)
the weight distribution given in Table[D.

=g pm 2m] two-weight linear code with

2m—1_1

(3) If 2va(m) > va(u) +v2(v) + 1, then Cp is a [p T + pmtenutesv =l 2m} three-weight linear code with the
weight distribution given in Table [3

Remark 21 Assume that m = 2, va(u) + va(v) = 1 and p = 3 (mod 4). From Table [3, it is easy to see that
Cp is a [p2 +1,4,p° —p] code. From Chapter 13 in [7], this code is called an ovoid code, which is optimal with
respect to the Griesmer bound.
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Table 1: The weight distribution of Cp for 2vs(m) = va(u) + va(v)

Weight Multiplicity
0 1
_ m— (p—1)m m—
p*m? P (1) (p—pm -1

(p—1)m

PP (1)

_ i (=Dm
pmt (p—l)(p2 - (1) = p 1)

Table 2: The weight distribution of Cp for 2vy(m) = va(u) + va(v) + 1

Weight Multiplicity
0 1
_ _ (p-1)m .
p*? P (=) (= 1pm -1

_ (p=m m— (p—)m
P (<) (p 1) (pPrt (<) T )

Example 22 Let m =2 and p = 3.

(1) Ifk=0and £ =0, or k=1 and { =1, then Cp has parameters [16,4,9] and weight enumerator 1 + 3229 +
4812,

(2) Ifk=0and =1, ork=1 and { =0, then Cp has parameters [10,4,6] and weight enumerator 1 + 60x° +
2027,

These results have been verified by Magma programs. All of these codes are optimal with respect to the tables of
best codes known maintained at |hitp://www.codetables.de.

5 Conclusions

This paper further studied a class of linear codes Cp proposed by Zhu and Xu [48], and determined their weight
enumerators for all non-negative integers m,k and ¢, and generalized some results in [22,[48]. Moreover, we
obtained the complete weight enumerators of Cp and the weight distribution of the punctured linear code Cp
which is derived from Cp by deleting some coordinates. Some optimal and almost optimal linear codes are
obtained . These new two-weight and three-weight linear codes Cp may be applied to construct strongly regular
graphs [4] and association schemes [3] with new parameters, respectively. Furthermore, if m is properly chosen,
one easily check that

p—1

Wmax p
for the linear codes Cp, where Wy, and w,,q; denote the minimum and maximum nonzero weights of Cp,

respectively. Then the new codes may be used to construct secret sharing schemes with nice access structures [16].

Wmin

Table 3: The weight distribution of Cp for 2vy(m) > va(u) + va(v) + 1

Weight Multiplicity

0 1
p2m—2 + pm-l-auu-i-avv—l _ pm+auu+avv—2

p2m _ p2m—2auu—2avv
2m—2

P (p _ 1)(pmfsuufsvvfl + 1)
p2m72 +pm+suu+svvfl (p o 1) (p2m72suu72sv'ufl _pmfsuufsvvfl)

M—EyU—EpV
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