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ON THE NUMBER OF GAPS OF SEQUENCES WITH POISSONIAN
PAIR CORRELATIONS

CHRISTOPH AISTLEITNER, THOMAS LACHMANN, PAOLO LEONETTI,
AND PAOLO MINELLI

ABSTRACT. A sequence (z,,) on the torus is said to have Poissonian pair correlations
f#{1<i#j<N:|z;—xj] <s/N}=2sN(1+o0(1)) for all reals s > 0, as N — oo.

It is known that, if (z,,) has Poissonian pair correlations, then the number g(n) of
different gap lengths between neighboring elements of {1, ..., x,} cannot be bounded
along every index subsequence (n;). First, we improve this by showing that the
maximum among the multiplicities of the neighboring gap lengths of {z1,...,2,} is
o(n), as n — oco. Furthermore, we show that, for every function f : N* — N7 with
lim,, f(n) = oo, there exists a sequence (z,) with Poissonian pair correlations and
such that g(n) < f(n) for all sufficiently large n. This answers negatively a question
posed by G. Larcher.

1. INTRODUCTION

Let x = (x,) be a sequence on the torus, hereafter identified with the interval [0, 1).
For every positive integer N and real s > 0, define

1 o s
Fx7N(s)::N#{1§z7éj§N: |:Bi—:L’j|<N},

where | - | stands for the distance from the nearest integer, that is, |z| = min(z,1 — 2)
for all z € [0,1). The sequence z is said to have Poissonian pair correlations if

A}l_I)IlOO Fyn(s)=2s

for all s > 0. The original motivation for the study of sequences with Poissonian

pair correlations comes from quantum physics, see |1, 3, 10] and references therein.
It has been recently shown that this is a stronger notion than the classical uniform
distribution, the converse being false in general, see |2, 7, 12, 15]. We recall that there

are only a couple of "explicit" sequences for which it could be proved that they have
Poissonian pair correlations, see |4, 5].
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Given a sequence (x,) and an integer N > 2, let G(N) be the set of different gap
lengths between neighboring elements of {z1,...,xy}, that is,

G(N):={re0,1):7 = |Zos1) — To)| for some k =1,... N},

where o : {1,...,N} — {1,..., N} is a permutation such that z,q) < --- < x5 and
o(N+1) :=o(1). Set g(N) := #G(N) and let {{y1,...,¢ngn)} be the elements of
G(N) in increasing order, so that {y; < --+ < {ygny. Foreach i = 1,...,g(N), let
¢n,; be the number of gaps of length /y ;, that is,

PN = #{j S {1, cee N} : |LL’0(j+1) — SL’U(]‘)| = gN,i}-
The following result has been show in [11], cf. also |9, Theorem 1]:
Theorem 1.1. Let (z,,) be a sequence with Poissonian pair correlations. Then

liminf g(n) = oo, (1)

n—o0

that is, there is no subsequence (n;) of indexes with a finite number of distinct gap
lengths between neighboring elements.

Note that, for each N > 2, we have ZiSQ(N) Unipn; = 1 and Zigg(N) eni = N. In
particular, we have max;<,n) YN > %, that is,
N

g(N) > . 2
( ) maX;<g(N) PN, ()

The aim of this article is twofold: first, we prove a more general version of Theorem
1.1, by showing that also the right-hand side of (2) is divergent.

Theorem 1.2. Let (z,,) be a sequence with Poissonian pair correlations. Then

max @,; = o(n 3
max . = o(n) (3
as n — 0o, that is, there is no subsequence (n;) of indexes and constant ¢ > 0 for which
at least one number of distinct gap lengths is > cny.

As an immediate consequence of Theorem 1.2 and the Three Gap Theorem [13], we
obtain that for every e € R, the Kronecker sequence (an) does not have Poissonian
pair correlations, cf. also [11].

Secondly, during the open problems session of the Workshop and Winter School
on Local Statistics of Point Sequences (Linz, 2019), Gerhard Larcher asked whether
Theorem 1.1 could be extended as it follows, cf. also |9, Problem 4]:

Question 1.3. Does there exist a "slowly-growing" function f : N* — NT with
lim,, ,~ f(n) = oo such that, if (z,,) has Poissonian pair correlation, then necessarily
g(n) > f(n) for all n > 27 For instance, is it true that if g(n) < loglogn for infinitely
many n, then (z,) does not have Poissonian pair correlations?
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It is known that almost all sequences have Poissonian pair correlations, see e.g. [9]
and [11]. In addition, it is easy to see that almost all sequences in [0,1) have all
different gap lengths between neighboring elements. This implies that, with probability
1, a sequence (z,,) has Poissonian pair correlations and g(n) = n for all n € NT.

We show, in a strong sense, that the answer to Question 1.3 is negative.

Theorem 1.4. Fiz a function f : Nt — Nt with lim, . f(n) = oco. Then there
exists a sequence (x,) with Poissonian pair correlations such that g(n) < f(n) for all
sufficiently large n.

The proof of Theorem 1.4 follows in Section 3.

1.1. Notations. We employ the Landau-Bachmann “Big Oh” notation O and the asso-
ciated Vinogradov symbols < and >, and the "small oh" notation o. In addition, N+
and R stand for the sets of positive integers and positive reals, respectively. Lastly,
given A C R and = € R, let 14 be the indicator function of A, that is, 14(x) = 1 if
x € A, and 0 otherwise.

2. PROOF OF THEOREM 1.2
Let us assume for the sake of contradiction that (3) does not hold, i.e.,

max;< Pn,i
i<g(n) ¥n,i >

0 := lim sup 0.

n—»00 n
Fix a constant ¢ € (0,d). Then there exist a strictly increasing sequence of positive

integers (n;) and an integer sequence (i;) such that

ive{l,....,g9(n)} and ¢, > cny

for all t € N*. Hence, define a := limsup,_,, 1 £, ;, and note that « is finite. Indeed,
in the opposite, there would exist ¢ € N such that n;¢,,; > 2/c, from which we
obtain the contradiction

2 < gnt,itspnt,it < Z Ent,ispnt,i = 1.

i<g(n¢)

Fix 8 > a. It follows that there exists ¢, € N* such that £, ;, < nﬁt for all ¢ > t.
At this point, fix m € NT and define the set

(j—l)ﬂ’ Jjp )

mny¢ mng

Qj,t = [

for j =1,...,m and t € N*. Hence {Q;::j = 1,...,m} is a partition of [0, 5/n;)
for all ¢ € N*. Therefore there exist j,, € {1,...,m} and an infinite set T C N* such
that £, ;, € Qj,.+ forallt € T.
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It follows by construction that

o F (M) CWF <(jm—1)5)
tL x ng m t4 x,ng

m
> #A{L<i#j < | —x5] € Qi
Z 2()011,5,7:75 Z ant

for all t € T. Considering that the sequence (zx,) has Poissonian pair correlations, we
conclude, dividing by 2n; and letting t — oo (with ¢t € T'), that §/m > c. However,
this is impossible whenever m is sufficiently large.

3. PROOF OF THEOREM 1.4

The main idea in the proof of Theorem 1.4 is to construct a sequence of jointly inde-
pendent random variables, split in deterministic blocks and random blocks, such that
each one takes values in rational numbers having suitable powers of 2 as denominators.
Then, the cardinality of the random part will be sufficiently large to deduce that the
overall sequence has Poissonian pair correlations. At the same time, the deterministic
part will be sufficiently small not to affect the Poissonian pair correlations property,
but sufficiently large to control the number of distinct gaps of the sequence.

Proof of Theorem 1.4. For all m € Nt define I, := (271,2"] N N, and set, by
convention, [y := {1}. Let a : NT — NT be a weakly increasing function (that is,
a(n) < a(n+ 1) for all n € NT) with lim,, ., a(n) = oo that will be chosen later.
Moreover, let X = (Xj, Xs,...) be a sequence of jointly independent random variables
on a probability measure space (£2,.#,P) such that, for each m € NT and for each
1 € I,,,, X; has uniform distribution on

. b meta(m) _
A ._{2m+a(m) L i=0,1,...,2 1}, (4)

and X;(w) := 0 for all w € Q (hence, the random points X; are sampled on a grid of
points with denominators which are a power of 2, where the size of the denominator
increases relatively to 2° as ¢ increases). We fix also a positive real sequence y = (y,)
such that y, = n + o(n) as n — 0o, and we define

i 1 o s
Fgc,y,N(s) = N#{l <1#j<N: \:L’i—xj| < y—N}

for all real s > 0 and N € NT. In particular, F, y = F,, n provided that y is the
identity sequence.

CLAIM 1. (Ezpected values of random components.) Fix s € R*. Then

E[Fx,n(s)] = / Fx(yn(s)P(dw) = 25 +0(1), as N — cc.
Q
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Proof. To start, we have

Elf,n() = [ #{15i<i <N X - X< 2 paw
-2 <ZN1[] (Xiw) - XM)) P(d)
%, 2 PPl )

Note that, if 7 < j then by the independence assumption X; — X, has the same distri-
bution as Xj, so that

Bl =y 3 P(xe|-t )

1<i<j<N
2 s S

_ 2 P (Xx e |- 2),
2y >(y {yNyN])

1<j<N

If j € I, for some k sufficiently large, let us say k > kg, we have

s s ]) 22k Mg /yn ] + 1

Vi = P (X] c |:—y—N, y—N o ra(k) . (5)

Hence, setting m := [log,(IN)], we obtain

sl = 3 (00 3 T0-0s 3 G-

1<k<m j€I 2m4+1<j<N

where the last sum is 0 if N = 2™. Considering that >
for all k € N*, we get

(j—1)=2k2(3 .21 - 1)

JElk

E[Fx,n(s)] = o(1) +% < D 2B 2 = D Y j) .
6

1<k<m 2m<j<N-1

=o(1) + %(Sl + 53),

where S; := Zlgkgm 2F=2y, (3281 — 1) and Sy := v, Z2m§j§N—1j'
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At this point, the first sum can be rewritten as

2 2k+eR)g fyn | + 1

_ k—1
S = 1; (3-2" —1)- TG
—3 Y o 228 Ws/yy] +1 2[26®s/yn | +1
- 9a(k)+3 9a(k)+2
1<k<m 1<k<m

2k 2k
2k—2
2N 2 +O<§ W>+O<§ N)
1<k<m 1<k<m 1<k<m

5 m 2k
=24 —1)+0<Z 2a(k>+o<>
YN 1<k<m
4Wl
=s-—+o(N)+0(1),
YN

where the last o(N) follows by the fact that >, 22—,: - 5207 — 0 as m — oo (indeed

En+1—i
91

if (z,) is a real sequence which is convergent to 0 then (3, .,.,, ) is convergent to

0 as well). Hence

5128-4—+0(N). (7)
Yn

Similarly, we have

2 |_2m+1+a (m+1) S/yNJ .
Sy = gm+1+a(m+1) Z J
2m<j<N—1

() ()-()
(-G

Sy = - (N? — 4™) + o(N). (8)
YN
Putting together (6), (7), and (8), and recalling that y, = n + o(n) by hypothesis,

we obtain that

which implies that

- 2s (4™  N2?2 _—4m
E[Fxyn(s)] = N (y_N + T

+ o(N)) +o(1)

N
=2s-— +o0(1) =25+ 0(1),
YN

which concludes the proof. |

CLAIM 2. (Bounding the variances of random components.) Fix s € RT. Then

Var[Fx,n(s)] < 1/N, as N — oc.
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Proof. Note that, since (X,,) is a sequence of jointly independent random variables, then
also the measurable transformations 1[_i L 1(Xi, —Xj)and 1 [ (Xi, —Xj,) are

YN'YN YN'YN
independent for all i1 < j; and iy < jo such that (i1, j1) # (i2, J2), cf. e.g. [0, Corollary
272L|. Considering, as in the proof of Claim 1, that X; — X; has the same distribution
as X; whenever ¢ < j, we obtain that

Var[F’X7y7N(S)] = %Var ( Z 1[_L L‘] (X; — Xj))

1<i<j<N UNTUN
<L — Vi 17 . (X —X
2 1<Z o ( [ UN’yN]( ]))
<i<G<N
1
= i — D)Var (17 . . 1(X;
N? ISJZSNO ) < s D)

= % (0(1)+ > > U= Dmll—mw)

1<k<m 1<j<1;,
Y G D -W) |
2m 1 1<<N

where the last O(1) comes the fact the formula (5) holds for all but finitely many k.
Hence, with the notation of Claim 1 and recalling (7) and (8), we have that

Var[vay,N( )] < L (0(1) + Sl + 52 + 53)

N2

1 s4m  s(N? —4™) 1 1

— N S. — S,
<<N2<O( )+yzv+ o )<<N+N2 8

where S3 := Zlgkgm-i-l Zjelk(j — 1)
To conclude, recalling (5), we get

k+a(k) 2
53: Z 2k—2(3.2k—1_1> <2|_2 S/yNJ +1)

9k+a(k)
1<k<m+1
2. (2kta®)g /y ) + 1\
k—2 k+1
= Z 2772 ( ok+a(k)
1<k<m-+1
2k a a
< Z 92a(k) (4(2k+ (k)s/yN)2) +4.28 (k)S/yN + 1)
1<k<m-+1
1 22k 2k
3k , *
> g X st X
1<k<m+1 1<k<m+1 1<k<m+1
1 3k 1 2k k
< o> g D 2+ Y 2
1<k<m+1 1<k<m+1 1<k<m+1

< N+ N+ N.
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Therefore Var[Fy, v(s)] < & + 5 - S* < &, which completes the proof. |

CrLAM 3. (PPC of random components along subsequences, with s fized.) Fix s € R¥,
Then

P({weQ: lim Fyupyne =2sf) = 1.
Proof. For each N € N*, define the random variable
IN: Q2 —=R:w+ FX(W),%NQ — 2s.
It follows by Claims 1 and 2 that E[Zx]| = o(1) and Var[Zy] < 1/N? (indeed, note that

the index N? in the definition of Zy above). Our thesis can be rewritten as Zy — 0
almost surely. Since P is countably additive, equivalently

Ve >0, P ({w e Q:|Zy(w)| > ¢ for infinitely many N € N*}) = 0.

Let us fix € > 0. The above condition can be rewritten as P(limsupy_,. Qn) = 0,
where Qy = {w € Q: |Zy(w)| > ¢} for all N € N*. Note that there exists ny such
that |E[Z,]| < /2 for all n > ng, which implies that

P(Qn) <P({we:|Z,(w)—E[Z)]| >¢/2})
for all n > ng. Therefore, by Chebyshev’s inequality
P(Qy) < Var[Zy] < 1/N2.
It follows that )y n+ P(@n) < 00, hence the conclusion follows by the first Borel-

Cantelli lemma. [ |

CLAIM 4. (PPC of random components along full sequence, with s fized.) Fix s € R¥,
Then

P({we: lim Fyuy=2s}) =1 (9)
Proof. Define the sequences v = (v,,) and w = (w,,) by
vp:=n+ |vn] and w, :=max{n — |/n],1}
for alln € NT. Note that, thanks to Claim 3, we have FX,U,N2 (s) = 2sand F’X@,Nz(s) —

2s as N — oo almost surely, let us say, for all w € g with P(€) = 1.
To conclude the proof, for all sufficiently large N € N* and w € gy, we have

M2 1 s
S < i< N |Xi(w) — X;(w)] <
e Fxoman() < g {1127 <N 1) - @)1 < 5
< Fx()n(s)
1 s
< — 1<4 < N: | Xi(w) — X (w)| <
< pH{1gii <N ) - ) <
(M +1) -

where M := |V/N]. Taking the limit as N — oo, we deduce that Fy(,) n(s) — 2s for
all w € Q. [ |
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Finally, we obtain that (X,(w)) has Poissonian pair correlations almost surely.
CLAIM 5. (PPC of random components along full sequence.) We have
P({weQivseRY, Jim Fyuw=2s}) =1 (10)
—00

Proof. Note that, for each N € N* and sequence z in [0,1), the function R* —
R : s — F, n(s) is non-decreasing. This implies that a sequence = has Poissonian
pair correlations if and only if there exists a relatively dense set S C R™ such that
limpy o0 Fi n(s) = 2s for all s € S. Since P is countably additive and R is separable,
then (10) follows by the fact that (9) holds for all fixed values of s € R*, thanks to
Claim 4. [

The random components give PPC, as desired. However, using only the random
components would give too many different gap sizes. This is related to the fact that the
gap distribution of the Poisson process is exponential, and that, accordingly, relatively
large gap sizes are possible.

Hence, we introduce the "deterministic blocks." To this aim, let b : NT — N* be
another weakly increasing function such that lim,, ., b(m) = oo (that will be chosen
later), and define

B,, = {Qbfm) j=0,1,... 2% _ 1} and C,, := By, \ Bus (11)
for each m € N*, where by convention B, := @. Note that ¢, := #C,, = 200" —2b(m=1)
for each m € N*, where b(0) := 0, so that c; + - -+ + ¢, = 22(™).

Then, for each m € NT, let {Y,,1,Ym2...,Yme,} be random variables on the
same probability space (Q2,.%,P) which are Dirac measures on the values of C,,, and
Yii(w) < <Yy, (w) for all w e

Note that all {Y},;: k=1,...,m,j =1,..., ¢} are Dirac measures on the values of
B, and ¢, can be equal to 0 (since the function b is weakly increasing).

Consider the sequence (Z,) of random variables where each "deterministic block"
(Yo, :J =1,...,¢y) is inserted between the "random blocks" (X; : i € I,_;) and
(X;:i€ Iy), so that it starts as

Xla le,la"'ayrl,cla X27 )/'271’“.’)/2702’ X3>X47 %,17"')%,03) X5>"'aX87 Y;l,la"'

To be explicit, the sequence (Z,,) is defined by:
(i) Z1 = Xy;
(i) Zo=Yi1,..., Zpy1 = Vi
(iii) Z2b(1)+2 Xo;
(iv) Zgpm-1)ygm-14; = Yo ; for all integers m > 2 and j =1,..., cp;
(V) Zypomyo; = X, for all integers m > 2 and i € I,
To ease the notation in the rest of the proof, let (Dm :m > 1) and (R, : m > 0)

be the set of indexes of deterministic blocks and random ones, respectively, so that
Ry = {1}, D; := {2,3,...,2°W + 1}, Ry := {2*W) + 2} D, = {2%m-D 4 om-1 ¢
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1,...,2%m 4 9m=1% and R, := {2 4271 41 ... 2°0™) 1 971 for all integers m > 2
(cf. also Figure 1). Finally, set D :=J,5, D; and R := ;5 Bs-

Rm—l | Dm | Rm | Dm+l
777777 I I

I
2b(m—1) + om—1 2b(m) + om—1 2b(m) 4 2m

FIGURE 1. A deterministic block D,, and a random block R,,.

With these premises, we show that if the function b : N+ — R defined by
b(m) := m — b(m) (12)

for all n € N is nonnegative and weakly increasing to oo, then (Z,(w)) has Poissonian
pair correlation almost surely.

CLAIM 6. (PPC of random + deterministic components.) Suppose that the function
b defined in (12) is weakly increasing to oo and 0 < b(m) < m for all m € N*. Then

P({weQ:vseRY, lim Fron=2sf) =1
N—o0

Proof. Thanks to Claim 5, there exists Q* C Q such that P(2*) =1 and
Vw e Vs e RY, lim Fy)n = 2s. (13)
N—o00

Hence, it is sufficient to show that, for each w € Q* and s € RT, it holds that
limy o Fzw),n = 25 as well. Fix w € 0" and s € R™. Note that (13) implies that, if
(v,) and (w,) are positive real sequences such that v, = n + o(n) and w, = n + o(n)
as n — 0o then (we omit details)

lim i#{1s@-7&jszv:|xi<w>—xj<w>|si}=2s. (14)

N—oo UN wN

Here and later, suppose that N € D,, U R,,, for some integer m > 2.

First, let us show that, if |Z;(w) — Z;(w)| < s/N for some 1 < i < j < N, then the
random variables Z; and Z; cannot be both deterministic, provided that m is sufficiently
large. Indeed, in such case, we would have that the minimal possible distance between
(necessarily distinct) deterministic points with indexes in [1, N] N D satisfies

S
om—1 4 2b(m—1)’

1 S

< ‘ (W) — Z; <2<

oy < i | Zi(w) — Zj(w)| < v =
i,j€D

which is impossible if m is sufficiently large, since E(m) — 00 as m — 00.
Second, since

1
{1 £ N Ziw) - Zi(w)] <  and i j € R} (15)
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can be rewritten as

#{1<i# <N #(LNND): |X(w) - X;W) < =}

and # ([1, N]ND) < 2% = o(N), it follows by (14) that (15) has limit 2s.
Lastly, to conclude the proof, we need to show

#{1§i<j§N:|Z,-(w)—Zj(w)| g%,ieR, andjep}:o(N).

Let us suppose for the sake of contradiction that this is false. Then there exist § > 0
and an infinite sequence (Ny) of positive integers such that

#{1 <i<j<Ne:|Ziw) - Z;(w)| < Niz €R, and j € D} >N, (16)
k

for all k£ € N*. Set di, := # ([1, Ny] N D) and let my, € NT be the integer such that
Ny € Dy, UR,,, for each k € N*. In particular, 2°(m=1 < ¢, < 25m) for all k € N*.
At this point, let nx1,..., 7%, be those elements in the index set D which are < N
(note that they depend on w), and define

k. j :z#{lgz’SNk:|Zi(w) T | <~ andiER}

Ny

for all k € N* and j = 1,...,d;. Since the above sets are pairwise disjoint if m is
sufficiently large, it follows by (16) that Z *  Vkj = 0N for all k£ € NT. Hence, by
Cauchy—Schwartz’s inequality, we obtain

dy, 2
Sty (o) = oy
N; Nj
> Qmy,—b(my,) > Nk/QB(mk)

However, if | Z;, (w)—Z,, ;| < s/Ny and | Z;,(w)—Z,, ;| < s/Ny for some 1 < iy # iy < Ny
with iq,19 € R, then |Z;, (w) — Z;,(w)| < 2s/Nj. Together with (17), this implies that

(17)
=N, - 25(7'%)'

1 2 -
~ 7 1§i7éj§Nki|Zi(W)—Zj(W)|S—sand i,j € R > 22m) 5 o,
N Ny

which is contradiction since, by the argument above, the left hand side has limit 4s as
k — oo. |

CLAIM 7. (Bounding the number of gaps.) Fix a function ¢ : Nt — NT such that
lim,, o g(n) = co. Then there exists a sequence (z,,) with Poissonian pair correlations
such that g(n) < ¢(n) as n — oo.

Proof. Note that can be assumed without loss of generality that 2 < ¢(n) < 2" for all
n € N and that ¢ is weakly increasing. Then define the function h : N — NT by
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h(n) = |log, q(n)| for all n € N* (in particular, h(n) < n and lim, o h(n) = 00). At
this point, define the functions a,b: Nt — NT by

a(m) = [h(m)/2] and b(m)=m+1—|[h(m+1)/2]

for all m € N*. Then, thanks to Claim 6, we have that almost all sequences (Z,(w))
have Poissonian pair correlations. Pick one such w. With the notation of Claim 6, fix
n,m € N7 such that n € D,, U R,,,. Then, recalling the definitions (4) and (11), we
have the inclusions

Bt C{Z1(W), ... Zn(w)} C A

Note that each interval [ 21,(7,{,1) , 217{:—}1)} with endpoints in B,,_; contains exactly

1 1
2b(m—1) / om+a(m)

— 2m+a(m)—b(m— 1)

consecutive intervals with endpoints in A,,. Considering that m + a(m) — b(m — 1) =
h(m) 4+ O(1), it follows that

g(n) < 2m+a(m)—b(m—1) < 2h(m) < q(m) < q(n)’
|

To conclude the proof of Theorem 1.4, fix a function f : N — N7 such that
lim,, o f(n) = 00, and let ¢ : N — NT be another function such that lim, ., g(n) =
oo and ¢(n) = o(f(n)) as n — oco. It follows by Claim 7 that there exist a constant
¢ > 0 and a sequence (x,) with Poissonian pair correlations such that

g9(n) < cq(n) < f(n)

for all sufficiently large n. This completes the proof. [

3.1. Acknowledgements. The authors are thankful to Salvatore Tringali (Hebei Normal
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