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ON SOME ¢-SERIES IDENTITIES RELATED TO A GENERALIZED DIVISOR
FUNCTION AND THEIR IMPLICATIONS

RAJAT GUPTA AND RAHUL KUMAR

ABSTRACT. In this article, a g-series examined by Kluyver and Uchimura is generalized. This allows
us to find generalization of the identities in the random acyclic digraph studied by Simon, Crippa,
and Collenberg in 1993. As one of the corollaries of our main theorem, we get results of Dilcher and
Andrews, Crippa, and Simon. This main theorem involves a surprising new generalization of the
divisor function os(n), which we denote by os,-(n). Analytic properties of s .(n) are also studied.
As a special case of one of our theorem we obtain result from a recent paper of Bringmann and

Jennings-Shaffer.

1. INTRODUCTION

The connection between the divisor function and the coefficients of certain basic hypergeometric
series is well-studied. For example, Kluyver obtained in [20], for |¢| < 1, namely,

0 (_1)n—1qn(n+1)/2 >

2 AO—a) (G0 1—q Z 1)

n=1 n=1

where the notation used above and throughout the paper is as follows,
(a;9)o = 1;
(@;q)n = (1 =a)(1 —aq)--- (1 —ag"™ "), n>1;
(@;q)oo := (1 —a)(1—aq)---, for |g| <1.

Later, Fine in his book [14] p. 14, Equations (12.4), (12.42)] and Zudilin [26] p. 4] rediscovered (I.T).
Uchimura [23] Theorem 2] also gave another equivalent representation for (L], that is,

> > n 1, n(n+1)/2 0 n
n n+1 . q o q
ng _ _y 7 (1.2)
0= D G G - S

Identities such as (2) inherit beautiful combinatorial interpretation and are well-studied in the lit-

erature.

Bressoud and Subbarao [9] gave an appealing combinatorial interpretation of the extreme sides of

(L2), namely,
> (=)FP () = d(n), (1.3)
TEDy,

where D,, is the set of partitions on n into distinct parts, #(w) denotes the number of parts of a

partition 7 of n, s(m) is the smallest part in the a partition 7 of n, and d(n) counts the number of
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divisors of n. The equation ([3]) was also rediscovered by Fokking, Fokking and Wang [I5]. Moreover,
([L3) was further generalized by Bressoud and Subbarao [9] for

om(n) := de; m € NU{0} and n € N.
d|n
Here, we note that o¢(n) = d(n).

A one-variable generalization of (II]) is given in Ramanujan’s Notebook [6] p. 264, Entry 4], also
rediscovered by Uchimura [23] Equation (3)], namely, for |2¢| < 1 and z # ¢~ ", n > 1,
0 (_1)n—lznqn(n+l)/2

2 A =aaan ; 1—q® (14)

n=1
Recently, Andrews, Garvan, and Liang [3 Theorem 3.5] gave a beautiful generalization of (L2) by

generalizing the left-hand side of (I3)) by defining a new weighted—partition sum,
FEW(c,n) = Y (-1)#™~1 (1 Led ot cs(w)—l) _
wEDy,
For further discussions and the generalization of (L4]), we refer the readers to [3], [13].

K. Dilcher [12] Equation (4.3), (5.7)] obtained an interesting new generalization of (L2]), namely,
for |[¢| <1 and k €N,

) n L 0 n 1 (n+k) > qjl Jr-1 qjk
Z (k)qn(qn+ Z Z 1—gin Z 1— gt (1.5)

ek S A= aae = Jo=1

If we let k = 1 in the above identity, we get ([2]) as a special case. He obtained the first equality,
and then he proved the equality between the first and the third sum of (IH). To the best of our
knowledge, there is no direct proof known of the second equality of (L3]).

By invoking (IH]) [I2} Section 4], Dilcher gave another generalization of (LI]), that is, for |¢| < 1

and k € N there exist a polynomial My(x1,x2, ..., xx) with rational coefficients such that,
n 1 (n+1)
;m = M (So(q), $1(q); s Sk-1(q)), (1.6)
where,
e N e . N e nsqn
:;JS(n)q :; dz;d q :;1—(;”' (1.7)

Andrews, Crippa and Simon in [2] Theorem 2.1] gave another proof of (6] and studied its appli-
cations in probability theory.

Dixit and Maji, in [I3], obtained a more general form of (IIl), namely, for |a| < 1, |b] <1, |¢| <1
and |¢| < 1,

> (b/a; q na > (b/c; @) mc™ ( aq™ bg™ >
= — . 1.8
nz::l 1—cq)(b;q)n mz::O 0;@)m  \1—ag™ 1—bgm (1)

Equation (L8] also generalizes Ramanujan’s identity [21] p. 354], [6, p. 263, Entry 3].

The left-hand side of (L6 is another generalization of (II]) through the variable & . The identities
(1) and (TA4) are the special cases of (L.8]). We refer the reader to [13] for further implications of
L.3).
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In the present paper, we undertake the study of the series

(0% 00"
; (1 =q")* (@ )n’ (1.9)

whose motivation arose from the aforementioned discussion. Letting z — 0 in (L9), we get the
left-hand side of (@), and then if we put k = 1, we get the left-hand side of (1.

We also note here that a special case to (L9 is studied recently by the first author in [19, Theorem
1.18]. He obtained a sum-of-tails identity, namely, for |¢| < 1, |¢| < 1, a € C, and k € N,

= (argl) S k-1
;(1—cq")’“(q;q)n_§c( n >((“q 1¢)oc — 1) (1.10)

One of the goals of this article is to obtain a representation of (9] generalizing the right-hand side
of ([L6)) and indicate its possible application in acyclic digraphs. Thus our first theorem is as follows:

Theorem 1.1. For|z| <1, |¢| <1 and k € N,

o~ (@0/50n2" (@0 o~ 2/ G@nd" (k11
;(1—qn)k(q;Q)n (%0 ~ (¢ O ( K ) (1.11)

If we let z — 0 in (III), we get [2, Equation (9)]
0 (_1)n—lqn(n+l)/2

o = ¢ (k+n-1
2 (1 =gk (@ 9)n _(q’Q)wg(q;q)n( k )

n=1

It is easy to see that the identities (II]) and (2] are special cases of Theorem [[1]

One non-trivial application of Theorem [[T]is that it allows us to obtain the generalization of (LG)).
In the course of doing so, we stumbled upon an interesting generalization of the divisor function,
which, to the best of our knowledge, does not appear to have been studied. It has not been concocted
artificially; instead, we naturally encountered it while trying to find a generalization of (LG). The
second goal of this paper is to initiate the study of this new divisor function.

The topic of g-series identities related to divisor functions is of intense research, we refer the reader

to a paper of Guo and Zeng [18] for the developments in this area since the appearance of Kluyver’s
identity (I)).
Before stating our generalization of (L), we define our proposed generalized divisor function by
0s,2(n) == Z ds 24, (1.12)
dln
where s, z € C.
It is straightforward to see that o5 ,(n) reduces to os(n) for z = 1.

Very recently, a special case of (LIZ) occurred in the work of Bhoria, Eyyunni, and Maji [8]
Equation 2.5] in a different context.

Our first result on the generalized divisor function o ,(n) is contained in the following theorem.

Theorem 1.2. Let s, z € C. Then
1 n
0s-1,:(n) = ;dZso(d)os,z (3)7 (1.13)

where o(d) is the Euler totient function [B, p. 25, Equation (1)].
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The following well-known result of o4(n) is a special case of Theorem
Corollary 1.3. Let s € C. Then for n > 1 we have

ou(n) =n* 1Y p(d)or (g) . (1.14)

d|n
Our next result on the generalized divisor function o, . (n) is:

Theorem 1.4. Let s € C and |z] < 1. For Re(a) > 1, we have

3 US;;EH) = ((a)Lin_s(2), (1.15)
n=1

where Lig(2) is polylogarithm function defined by
Lig(z) =Y —. (1.16)

ns
n=1

The above Theorem gives the following well-known result as its special case.

Corollary 1.5. For Re(a) > max{1,1+ Re(s)}, we have

n

3 "S(;“ = (a)¢(a — s). (1.17)
n=1

The average order of any arithmetical function is always desirable. The average order of o5 ,(n)

obtained in the next theorem.
Theorem 1.6. Let 0 < z <1, s <0. Then for x > 1, we have

Z 0s..(n) = —2' T E)_(—xlog(2)) + %lersE,s(—:zr log(z)) + xLi;—4(2) — %Li,s(z) + 0(2?),

n<zx

where 3 = max {0,z E_ (—zlog(z))} and E,(z) is Ezponential integral which is defined by [1,
p. 228, Equation (5.1.4)]

oo —zt
B, () ::/1 et—V dt, Re(z) > 0. (1.18)

Many results similar to Theorem and their special cases are obtained in Section

The first appearance of the generalized divisor function o, ,(n) occurs in Theorem [[.71 Before

stating this theorem, we need to define &5 ,(q) by

65%(‘]) = Ss(Q) - Ss,z(Q)7 (119)

where,

Se2(q) = Lios(2) + Y 00(n)q" = Liy(2) + 3 -t (1.20)
n=1

If we let z = 0 in (LI9) then S, (q) = Ss(¢), where Ss(q) is defined in (L7).

Now, we are all set to state our next theorem which involves the generalized divisor function o . (n).
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Theorem 1.7. Let S, .(q) be defined in (LI9). Then for |q| < 1,|z| < 1 and k € N, there exist a

polynomial My (x1, 22, ..., k) with rational coefficients, such that

D (1 (g/qzrj)?&i)_n = — M (60,2(9), 61,2(q), 2,2(q); -, Sk-1,2(q)) - (1.21)

It is easy to see that as z — 0 in the above theorem we get (L6l

As a special case of Theorem [L.7] for k = 2, we derive the following interesting result.

Corollary 1.8. For |z| < 1, and |q| < 1,

— _ (9/79)n = z") 2
z_:l—q QQ) Z:: nH) <(1—

2
o0 1 _ n
—qu" . (1.22)
—=(l—q")
Remark 1.9. If we differentiate both sides of ([[L22)) with respect to z and then take z — q in the

resulting expression then we deduce the following elegant q-series identity

oo

2 . 1.2

Simon, Crippa, and Collenberg [22] showed that the expectation and variance of a certain random
variable arising from acyclic digraphs can also be represented in terms of divisor function. One of
their results is as follows: For fixed n, if the random variable v;; is defined by the number of vertices
reachable from the vertex 1 then

lim (n - B() =3 S, (1.24)

j=1 dln

and

nh_)rrgo Var(v}) Z Z dg’.

J=1dl|j
Later in [2] Theorem 3.1], authors proved the following theorem by invoking their result (L6I).
Theorem 1.10. Let a,(q) be a polynomial in q defined by the recursive equation
an(q) = f)+ (1=¢" " an(e), n=>1,

with ag(q) = 0. Then there exist rational coefficients h; such that

n—oo

lim Z;f(j)—an(Q) ZZ;thj; (1.25)

where
o i —1
for j > 2, h; = Z (—1)i—I+1 (Z 2)i!ch§(k,i); hi = o,
= J—
i>j—1

and §(k,i) are Stirling numbers of the second kind.
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It is clear that if we take f(n) =1 in the above theorem we get (I.24]). For further details on this,
we refer the reader to [2].

In their paper [2 p. 56], authors posed a question of obtaining a similar result for f(n) being
periodic function. This question is affirmatively answered by Bringmann and Jennings-Shaffer in [10]
Theorem 1.3]. In the same paper, they have also provided a similar result for f(n) =b", b € C\{1}.
Our Theorem [[7] also helps us in finding the following elegant generalization of [10, Theorem 1.3].

Theorem 1.11. Let f(n) be a periodic sequence with period N and a,(z,q) is the sequence such that
a’n(zv Q) = (1 - Z/q) f(’fL) + {1 - (1 - Z/Q) q’ﬂ—l} a”n«*l(za q)7 a’O(Za q) =0.

If ¢ == Z f (1 Dk then for |z| <1 and |q| < 1, we have
1<J<N

n—oo

lim | (1-2/q) Z f) = an(z,q)

=(1-2/q) <c060,z<q>+ 3 o _ (@0 3 o (ZON D)o ) (1.26)

1<k<N-—1 1= (50w 1<k<N—1 (CN’ Qoo

As an application of Theorem [[L.TT] and Theorem we obtain the following generalization of [10
Corollary 4.1]E|.

Corollary 1.12. Let a(z,q) be the sequence defined as an(z,q) :== (1 —z/q) (—1)"+{1 — (1 — z/q) ¢" '}
an-1(2,q), ao(z,q) =0. For |z| <1 and |q| < 1, we have

2n-+1

lim | (1-—2/q) Z 1 —an(z,q) | = )oo Z (2/@ @)2n+19 _

1
n—00 zq (¢ @)2n+1 2

1(¢;9)oc (=25 @)
2(~¢;q)c (2100
(1.27)

_|_
j=1

This paper is organised as follows. We first collect some known results from the literature in Section
Rlwhich will be employed in the sequel. SectionBlis devoted to proving Theorems[I.1] Theorem [[.7and
to obtaining several lemmas derived to prove Theorem [I.7l In section 4 Theorem [I.TT] its Corollary
[LT2] and several other results are proved. Section [l contains the theory of the generalized divisor
function o, . (n), namely, Theorem [[.2] Theorem [[.4] Theorem [[6l Several other properties of o5 ,(n)
are also obtained in this section. We conclude the paper with proposing some questions in Section

2. PRELIMINARIES

The ¢-Gauss sum identity [I6] p. 354, Equation (I1.8)] is given by

201(a,b;c;q,c/ab) = ((Cc’/(i’:)(zo/((z/bb):?)z : (2.1)

We note down the g-binomial theorem [16] p. 8, Equation (1.3.2)], for |z| < 1, |¢| < 1 and a € C:

(a; q nn _ (021¢)e
Z_: (590 22)

n the first equality of Corollary 4.1 of [10], —% — 2((325‘);)" must be —3 + %.
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An equivalent version of the g-binomial theorem (2.2)) is [7, p. 9, Equation (1.3.8)]

— (@/b;@)n ., n (aY; Qoo
nz:% (¢ D)n (by)” = '

We also record the Chu-Vandermonde identity [17]
Z’“: —1\ _ (k+n-1
= L _
r=1
3. PROOFS OF g-SERIES IDENTITIES

We begin this section with a proof of Theorem [[T1

Proof of Theorem [LIl Consider

R)i= 303 U

2 2 ()i —q")

Then by using binomial theorem in (3I), we see that

o 5 > (Q/Z; Q)nzn
R0 = 1 2 (L= /L= 9)

n=1
N /(A -839), (@/250)nz
> (¢ n (¢/(1 = &); )n

n=1

Upon using (1)) in B2)), we get

R(z,€) =1-

Equation ([Z2) and (3] implies that

R(z,§) =1 EZ ;ZHZ% Z/qq ( qg)n
= —EZ: ;:,;J Z/qqn nkzo<k+z_1>5k'

(2.3)

(3.4)

Now use the definition BI]) of R(z,&) in the above equation and then compare the coefficients of

€%, k > 1 on both sides of the above equation to arrive at (IIT).

To prove Theorem [[7, we need several lemmas which we prove in the sequel below.

Lemma 3.1. Forr €N, |z] <1 and |g| < 1

i (e0=)|

n

1_r'2() (2/5a). (q?Q)n'

O
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Proof. An application of (2.2]) implies that

d" (€z;q) o A’ N (2 i Dn non
T(.Q) _ TZ(/gq)Eq
de” (€q: @)oo de” = (@:q)n

= Z (2/4:9)n q)nn(n —1.(n—r+ 1" "q"

= (@D
— Z Z/q q ( )
n=0
Letting € — 1 on both sides of the above equation, we arrive at the statement of our lemma. O
Define a new function,
e e qunr
Tr,z = Lrz 6 q Z Z N (35)
— 1—6q — (1 —ezq")
A simple observation leads to
d
ET’I‘,Z(€7 q) = rTT-l—l,z(eu Q) (36)

Lemma 3.2. For each k € N,z € C and |q| < 1 there exists a k-degree rational polynomial
Ni(x1,x2,..,x) such that

QU
Ea

—

@)
R
)
~—
8
—

€2q)
all — N (Ty o, Tony o T - .
def (eq;q)00 (€43 9) 0 e (T Ty k2) 3.7)

Proof. Note that

d (ez;¢)00 d 1 —ezq?
< == la- R
de (eq;q)oo  de (-1l

i1 1—eq?
1= ezq z (ez, q)oo
(1-—e2) exp | log Jl;[l e T
1—ezqg’? d = 1 - equ 62 q)
( EZ)H 1 —eq? de Z ) 1—e€z(€¢;¢)o
Jj= j=1
— (GZ»Q)oo Z —Zq-] _ —qj z (
(€45 @) 0 t 1—ezgd  1—eql T 1 ez (eq )
€2 Q)00 [ J o0 2
(cq;9)o0 \ = (1 —eq?) = (1—czq)
(€239)
= (egg)m 0 (3.8)

where T4 (¢, q) is defined in (B1]). If we take Ni(x1) := 21 then the above equation leads to

d (€z;9)0 _ (€21@)0
a _ Ny (T).). 3.9
de (€q;@)0  (€430)c0 1(T1s) (3.9)
Again differentiating (39) with respect to €, we see that
d? (€2;Q)00  (€2;Q)00 10
) : = : T 2\6 4 +
de® (eq; @)oo (€4;Q)0c &)

(€2;¢)o0 d
(6 @)oo it
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Invoking ([B.6]) in the above equation, we have

@ (2000 _ (€5 @)oo o (5 @)e gy (o o _ (€50
de® (e¢;0)0  (€4:@)s0 60+ (€¢;q)oo 2a(60) = (eq;q)ooN (T1,2, T2,2)

where Ny(z1,x2) := 22 4+ z2. Thus by using induction and (B.6]), we conclude the proof.

The next lemma gives a representation for T;. (1, q).

Lemma 3.3. Let S, .(q) be defined in (LI9). For r € N there exists a rational constant c,p, for

0< h<r—1 such that
rzlq ZcrhGhz

Proof. From (B.3]), we have

x an 0 qunr
T.(L,g)= ) =) .
2y &y
We invoke [2], Lemma 2.5] in (BI1) to see that
e qunr
Tr,z 1761 :Tr 1,(] - T
r—1 o) qunr
= niSi() = )
j=0 a0 (1 —2q")
Upon using the binomial theorem, we see that
o (1 —z2q")" = (1- zq")r
00 r—1
r— 1)
=) Ty (~1)/(1 - 2"y
n=0 (1 o Zq 3=0 ( J
r—1 r_ 00
)7
=3 (e s
7=0 n—O
We again employ the binomial theorem in (BI3]) to get
A /r—1 r—]—l—m—l
D ) I U [CS11) 95 Dl (A VR
n=0 (1 — ) 7=0 n=0m=0
r—1 r— qn 1+m)2
-3 (" ) 35S L )2t 1)
j=0 n=0m= o(r_j_l)
r—1 ( _1
o nm m 1 .
-y o ,( . )qu m)(m 4 1) (m 7 — = 2)
7=0 n=0m=1
r—1

— (r(—lj)r—l i (T N 1> Z Z e ( (—m—1)...(—m—7r+j+2).

J

n=0m=1

h

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Now note that generating function for Stirling numbers is given by
j .
z(z—1)---(x—7+1)= s(g,4)x". (3.15)
i=0

From (314) and (BI5), we have

[e%s} qunr r—1 (_1)7071 r—1 oo 0o r—j—1
Z = S A . Z Z q ™ Z (=1)'m's(r —j —1,4)
o (L —=a") 7=0 (r=g -1 < J > n=0m=1 i=0
r—1 _ r—j—1 oo oo
(—1)r—t <r - 1> Z , _ _ .
) S el L (C1)istr— = 1,) 303 miamgm
§=0 (r=j =D\ J i=0 n=0m=1
r—1 _ r—j—1
(—1)rt (r - 1)
= . —1)'s(r—j—1,i)5::(q
Yol ) X e )Si-(a)
r—1 r—i—1 ;
~Y"s (=p™*t (r—1 -
_25’172((1) jgo AN s(r—j—1,4)
r—1
= cmSiyz(q), (316)
i=0
where S; .(q) is defined in (I20). Now combine (B12) and BI6) to arrive at (310). O

We are now ready to prove Theorem [I.7

Proof of Theorem [[77l. Invoke Theorem [[Tland (Z4)) so that

5 e - z: s 00
)

oo

S S

Then employ Lemma B1lin (BI7) in the first step and Lemma B.2] in the second step below so as to

have
o0 k
Z q/z D" :_(Q;Q)ooz =1\ 1 [d" (g2 9)oo
n:l (1l —gqm)k (%;4) 00 S \k—r/)r! [de (€¢: @)oo | 1
k
(45 9)oo (k— 1) 1 {(62;(1)00
= — — N Ty 2(€,9), ..., T 2 (€,
(21@)s0 g \k— 1) 7! | (€45 0)c T3,+(.9) (€0) =1
" k—1\ 1
- — ; (k _ ’I”) FNT[T].,Z(]W q)7 ceey TT,Z(L q)] (318)
Now an application of Lemma [33]in (BI8]) implies that
[e'S) k
(¢/z0)nz" k—1\1
; Gond—gF ; ko HNT {Cl,ogo,z(Q), 2,060,2(q) + c2,161,.(q), -, ¢r,060,2(q)

+ Cr,lgl,z(q) + ...+ CT,T—IGT—I,Z(Q)
= =My (S0,2(q), 61,2(q), - Gk-1,2(q)) -
This concludes the proof. ([l
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We give explicit form of Mj(z1) as well as Ma(x1,x2).

Letting £ =1 in (BI8]) and then using the fact Ni(z) = z, obtained in Lemma B.2] to arrive,

3 % = —Ni[T1:(1,9)) = ~T1.2(1, ).

Now, employing Lemma B3] in the above equation with the fact that ¢; 90 = 1, we obtain,

S (a/z;q)n2™ -
2 gy~ S0

Hence M (z1) = 21, and with the help of Ny (z1) = 21, No(z1, 22) = 22 + 12, we have My (11, x2) :=
%(m% + x1 4 x2). Similarly My (a1, za,- - ,xx) for k > 3 can be defined.

Proof of Corollary [L8. Let k = 2 in Theorem [.7and use the fact that Ma(z1,22) = §(2% + 1 +x2)
with letting z1 = &g ,(¢) and z2 = &1 ,(¢). Then simplify to arrive at (L22). O

4. EXTENSIONS OF ¢-SERIES IDENTITIES ARISING FROM RANDOM GRAPHS

Let us consider the general sequence
an(z,q) == (1=2/q) f(n) + {1 = (1—2/9)¢" '} an-1(2,9), n > 1 and ao(z,q) =0, (4.1)
which satisfies the properties given in the lemma below.

Lemma 4.1. Forn € N,

(1) an(z,q) = l—z/qz fn+1—14) H{l— (1—z/q)q" 7},

n n—1

(2) an(z,9) = (1 - 2/q) (Zf a;(z,q)q’

1=1 1

<.
Il

Proof. To prove (1), we use induction on a,(z,q). Let n =1 in (£1]) so that

ar(z,q) = (1= 2/q) f(1),
which shows that (1) is true for n = 1.

Suppose (1) is valid for n = k. We show that it holds for n = k + 1. Observe that

apr1(z,q) = (1= 2/q) f(k+1) + {1 = (1 = 2/q) ¢"} ar(z,q)

k

=(1-z/q) f(k+1)+{1-(1-2/q) k} 1—z/qz (k—l—l—i)l:[{l—(l—z/q)qk*j}

i=1

=1-2/q f(k+1)+ (l—z/q)z k+1—zH{1— (1-z/q) " 71}

k 7
=(1-z/9) fle+1-)]][{1-0-2/9)¢" 7}
i=0 =1
k+1

=(1-2/q) Zf (k+2—1) H{l— (1—2z/q)q" JH}

i=1
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This shows (1) holds for n = k + 1 too. T¢herefore, by the principal of mathematical induction, (1)
follows for all n € N.

We again use the induction to prove (2). By using the definition [@I]) of a,(z,q), it is easy to see
that (2) holds for n = 1. Let’s assume that (2) is valid for n = k. Then for n = k + 1, we have

ai1(z,q) = (1= 2/q) f(k+1) + {1 = (1 - 2/q) ¢"} ar(z,q)
= (1= 2/q) f(k+1) + ar(z,q) = (1 = 2/q) ¢"ax (2, 9).

Now use the assumption that ag(z, q) satisfies (2) in the middle term of the above equation. Then

k—1
art1(z,q) = (1 —z/q) f(k+1) + (1 — 2/q) Zf =Y ai(z,9)¢ | - (1-2/q) ¢"ak(z,q)
j=1
k+1 k
=(1-2z/q) Zf Zaj(z,Q)qJ
This proves (2). O

Theorem 4.2. Let a,(z,q) be defined in [@I)). Then there exist rational coefficients h; such that

n—oo

lim (1—2’/(])2 (])_an Z q Zhij (42)
j=1

where

for j=2, hy= 3 (1)t <?‘

i>ji—1 J =

1\. o
2>Z!ch8(k,2); h1 = co,

k>i

and §(k,i) are Stirling numbers of the second kind.

Proof. Define

Az, a,q) :Z (z,q) (4.3)
aenl

By using ([@1l), we see that

Mg

Alz,0,q) = ) an(z,q)a"

n=1

ST

(1=z2/9) f)+{1-(1—-2/9)¢" "} an-1(2,9) @

1 —2z/q) F(n) + aA(z,a,q) —a (1 - 2/q) A(z,aq,q).

~—~ 3

Therefore,

A(Z,O[,q) = MF(H) — w

1-a) (—a) A&000.
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Solving the above recursive relation leads to

27 a7q = ,
=1 (a:q)n
thus, at o = ¢,
Alz,q.0) = ) U™ (=0 0)n (T . (4.5)

(¢ Dn

Upon using the following simple observation

n(n—1)

)" (2/q" 90,0 = =(a/z0)(2/0)"

in (@), we have
(o) = = 3 DL D gy, (4.6)

n=1

Invoke (2)) and use (@3] to deduce that

dim (1 2/q) Z} FG) = an(z,9) | = (1= 2/q) Az, 4, 9)- (47)
§=
Now let us state another form of a generating function of f(n), as given in [2], namely,
Z Z ck8(k, m)m = a)erl — co, (4.8)
m>0k>m
then,
m—1 m—1 qn qn
Fa) =S dn 3 (") (19)
e T AN g l—gq
where
dpm = ck§(k,m)m!, for m > 1, dy = cp.
k>m

From equation ([@6]), (1) and (£9),
lim | (1-2/q) ) FG) —an(z,9) | = (1= 2/q) Az, 4,9)
j=1
©  F(g" g; p n
-2/ M <_> (4.10)
m—1 [eS)
(e, o (¢/2; @)n2"
=-a /q){ iy m’”; (45 @)n (1 — gn)mH1=d

o (a/z9)nz"
i CO; (@ @)n(1 —q") }
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Employ Theorem [[.7] in the above equation to obtain

lim | (1-—2/q) Zf )—an(z,q9) | =—(1—2/q) Zd Zemj m41—; — coMh
j=1

n—oo
m>1 7=0
—(1—2/q)> ;M.
j=1

This proves the theorem. (I

Remark 4.3. It is easy to see that upon letting z — 0 in Theorem [{.4, we obtain [2, Theorem 3.1].

As a special case of Theorem we get the following interesting result.

Corollary 4.4. Let b € C\{1}, and a, .(q) is the sequence of polynomials in q defined recursively for
n €N by

an(z,q) = (l—z/q)b"—l—{1—(l—z/q)qnfl}an,l(z,q), ap(q) = 0. (4.11)

Then, for |q| < min(|b|=%, 1),

b— bt o (@/b)m g™ ¢t
li 1- _— "z b(1 — _ )
lim (( 2/0)——5— ~an:(q )) 2/q) mz::o T (1_qu 1_qm+1)
(4.12)
Proof. Define
a:=1-2z/q, (4.13)

Lemma 1] (1) with f(n) = b™ implies that

(z,9) —@Zb” lli[ (1—ag"7). (4.14)
=1

Multiply and divide [@I4)) by (aq;q)n—i—1 to see that

n—1 bn—i

an(z,q) = alag; @)n—1 Z (

— (ag; q@)n—i-1

(4.15)
Replace n — i — 1 by j in the above equation and use the value of a from ([@I3]) to get
n-l pi+1
an(z,q9) = (1 —2/q) (1 —2/9) ¢;q),,_ _ . 4.16
(o) = (=20 (=20 0)s 3 =L (4.16)
Let
x) = Z "™, (4.17)
n=1
Then
n bg"
F(¢") = — (4.18)



SOME ¢-SERIES IDENTITIES AND GENERALIZED DIVISOR FUNCTION 15

for |q| < |b|7! and n € N. From (6] and ({.IS),

(q/7; q
—bE ", 4.1
(2:0:9) (1= b¢")(¢:0)n (4.19)

Equation (@1 with f(n) = b" implies

_ pn+1
(020 @) = (- /0400, (4.20)
From (£19) and (#20),
: . ﬂ . . q/—q
Jim (020 T ) = b s 3 g

Substitute (L8] with a = z, b = ¢ and then ¢ = b in (ZZ1)) to get

b—b*! o (@/bi@)mb™ (g™ gt
li 1-— ——— —n,» =—-b(1—- ’ — .
noo <( HO (Q)) 1=2/9) mZ::O (4 Om (1 —zqm  1-— qm“)
(4.22)
This proves the corollary. O

Remark 4.5. Upon letting z — 0 in Corollary[{.4 one get [10, Theorem 1.2].

We end this section with proving Theorem [[.11] and its corollary.

Proof of Theorem [[TIl We will use the following equivalent representation obtained in [I0, Equation

(3-8)],
LG (n—j)k
f(n) = Z LN (R, (4.23)

since,

Nﬁlc(nfj)k _ N n=j(mod N),
0 otherwise,

then it is easy to conclude that (£23)) is a periodic function of period N. Also for |a| < 1,

N—-1

Fla)=Y -0 (4.24)

=0 1 —(nz

Thus, from (@I0) and (E24),

tim [ (1-2/0) S £G) — anlz0) =—<1—z/q>22 @/z0)n _cxd” ()
j=1

n—00 n=1 k=0 7Q7l 1_<Nq

(@ D
(4.25)

1—z/q<z /Zq +ch2 1_é5qnz )
k=1 :1

Employing (L2I) with & = 1 in the first sum on the right-hand side of (£.225)) and using the ¢g-Gauss
summation formula (ZI) with a = ¢/z, b = dﬁ,, and ¢ = qdﬁ, in the second sum on the right-hand
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side of ([@.25]), we deduce that

n N-1
im —z ) — an(z =—(1—z2 —e c ZCN» o (€q; @)oo _ 1
e | /q)gz:;f(j) =) . /q)( 0G0sle +Zl k< (€ @)oo (25 0)oc 1—@’3))

N—1 N-—
¢ (2R q
= (1= 2/a) (0So-0) + Y T2 z i)
1 1- CN 2q)oo e QCNv )
This concludes the proof. (I

Our next next result is a generalization of [10, Corollary 1.4].
Corollary 4.6. Let f(n) be a periodic sequence with period N and a,(z,q) is the sequence such that
an('zv q) = (1 - Z/Q)f(n) + {1 - (1 - Z/q)qnil} an—l(zu Q)v aO(Zu Q) =0.

Then for |q| < 1, we have

OO

Jim | (U=2/9) 3 F() —anz.0) (1—z/q | “Z Z/q’ 5 1) [L;ﬂ.
Jj=1 n=0 j=1
(4.26)

Proof. 'We first simplify the terms of (L.26]). Note that by using the definition of ¢ given in Theorem
[Tl we have

= 1C ZC 1N7 zC (1
N’ — N7 oo f J
kz;: (Cr3a) kz:: (CKiq) ;
N N-1 Z<N7 (1 ik
. Ng ) o
1 N N-1 (z(N'q)oo ](\}—j)k
N ' 7 1427
N;f(]) = (1= () (CR T Do (4.27)

Use 23) with a = 2z, b = ¢ and y = (% to represent (2¢%;¢)00/(C%q; @) as a series and then
substitute it in (£21) to deduce that

N-1 N [eS) nk+(1—j5)k
k(21 1 : (z/00)nd" Cx
)BTl DILUD BP Doy o ey (parcy

n N-1 C(n+1fj)k
(

N
Ty (4.28)

From [I0, Lemma 2.5], for j € Z, we have

gk _ ;
%:MH_N{J (4.29)

N-1
2
k

2|

:11_ N
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By using the above equation with j replaced by n+ 1 — j in [{28)), we get

(i 1o o (/G 0ng" (N-1 _ n+1-—j
I; (le%;q)oo _N;f(ﬁ’; @D ( 5 +n+1—]—N’77N —‘>
3 N+l s (/a9 n(z/¢; @)nq"
NZ:: ( J); (¢ @)n Zf nzz) (¢ 9)n
(/a4 0)ng" n+1-3j
HZO (¢ Q)n Zf {7]\] -‘ (4.30)

Invoke ([22]) and Theorem [Tl with & = 1 to evaluate the first sum and second sum respectively on
the right-hand side of (£30) to arrive at

N-1 N N
ce(2C @)oo (N-i- 1 ) (2:0)cG0(2:9) (‘50 (2,9)
> e Ve 0 () Rt )

_i(z/( @)ng" Zf {"‘Ll_ﬂ. (4.31)
n=0

From [I0, p. 6], we have

Finally, substitute values from (IBII) and (IIBZI) in (EDEI) to arrive at (A26]). O
Next, we prove Corollary [LT12 by employing Theorem [[.TT] and Corollary [£.6l

Proof of Corollary [LI2l Let f(n) = (—1)". Then it is easy to see that ¢ = 0 and ¢; = —1. Also

f(n) is a periodic sequence with period N = 2. Therefore upon invoking Theorem [[L.TT] we get

n

nh_)rr;o (1—2/q) Z I —an(z,9) | =1 —2/q) (—% + %%) . (4.33)

Jj=1

An application of Theorem implies that

nh~>ngo 1_Z/qi 1)) —an(z,q) (1—z/q . OOZOZ/(L nd® ( [g}*’[n;l—‘)

J=1

2n-+1

(1—z/q OOZ (2/a;@)2n+14

(4 @)2n+1
The result now follows upon using ([@33) and (£34]). O

(4.34)

5. THEORY OF THE GENERALIZED DIVISOR FUNCTION 0 . (n)

In this section we develop the theory of the generalized divisor function o, .(n). We begin with
presenting the proof of Theorem For that we need to use the Dirichlet product of arithmetical
functions f(n) and g(n) given by [B p. 29]

(f + 9)(n Zf )9 (5)- (5.1)
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Proof of Theorem [[L2l Let us define, for n € N,

N3(n) :=n°z", 5.2
N(n) :=mn, (5.3)
and
U(n):=1. (5.4)
Note that

d|n
= 05..(n). (5.5)

Use (&3] in the second step below so that
n
> el (5) = (pxoas) )
d|n

= (p* (N xu)) (n)
= (p* (ux N7)) (n)
= ((pxu) x N7) (n), (5.6)

where we used the commutative and associative property of the Dirichlet product. In the notation of
Dirichlet product and (5.3]), Theorem 2.2 of [5, p. 26] implies that

(¢ xu)(n) = N(n). (5.7)
From (&.8) and (&1,
> eldo. (5) = (N« N2 ()
d|n

= (N = N)(n)
- (2)
_ dszdﬁ
24
= nZdSilzd
d|n

Finally upon using the definition of o, ,(n) in the above equation, we arrive at (LI3). O

Proof of Corollary [L3l. Let z = 1 in Theorem [[2] and use the fact that os_1(n) = n*"lo;_4(n) and
then in the resultant expression replace s by 1 — s to arrive at ([LI4]). O

Next we obtain the Dirichlet series for o, ,(n).
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Proof of Theorem [L.4l Upon using the definition (II2) of 0, ¢(n), we see that

IR LR P DN

n=1 n=1

dszd
(md)™

=1
=PW

—s(2)¢(a), (5.8)

Il
"M
e 10

I
£ %Mg

where we used the definitions of ((«) and Li,—,(2) for Re(«) > 1 and for all a € C, respectively. 0O

Proof of Corollary [LH. From (6, it is clear to see that, for Re(a) > 1 4 Re(s),
Lig—s(1) = ((a — 9). (5.9)

Let z =1 in (II3) and then use (£9) to arrive at (I7). O

We note down the Euler’s summation formula [5] Theorem 3.1] which is crucial to proving Lemma

Theorem 5.1. If f has a continuous derivative f' on the interval [y, x], where 0 <y < x, then

S s / £(t) dt + /z(t—LtJ)f’(t)dt+f(x)(x—LxJ)—f(y)(y—LyJ)- (5.10)

y<n<z
We first prove the following lemma which will be employed later.

Lemma 5.2. Let a >0 and 0 < z < 1. Then, for x > 2, we have

D B (~alog(2) + Lin(2) + 0 (7). (5.10)

Proof. Let f(t) = z'/t* and y = 1 in Theorem 5.1lto get

%_z+/lm%idt+/lz(t—LtJ)(—atoil +M) dt — (x—LxJ)ZZ

n to T
xT

n<

= B, (—log(z)) — 2' " *E4(—xlog(z)) + z — a/lz %dt + log(z) /lm (t_t#dt + O(z™%).
(5.12)
Note that for 0 < z < 1,

REdl

dt

toz-i—l

/moo
/z 1

[

< dt

toz-i—l

|
S

(x79), (5.13)
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[e'e) _ t o0 t
« e PR

x
S/ o dt
x ta

= O0(z~). (5.14)

and

From (5:12), (513) and (E13),

Z G Eo(—1log(2)) — 2! “E,(—zlog(2)) + z — a/loo Mdt + log(2) /100 (t_tint +O0(z™%)

ne - taJrl «
— Eu(~1og(2) ~ 2~ Bu(-slog(:)) + 2~ [ (2 —tog(a)) o a4 01
= —a'"*E,(—zlog(z)) + C.(a) + O(z~?), (5.15)

where,
Co(a) = Bu(—Tlog(2)) + 2 — /1 )] (& ~tog(2)) * .
Note that upon taking z — oo in (BIH), we get
Lia(z) = Cz(a),

therefore
C,(a) = Lig(2). (5.16)
Hence from (E15) and (EI6), we have
Z_a = —2' B, (~xzlog(2)) + Lia(2) + O(z~).
n<z
This proves (E11]). O

As a special case of Lemma [5.2] we get [5l p. 55, Theorem 3.2(b)].

Corollary 5.3. For a > 1, we have

1 Ilfa o
2wTi, + (@) + O(x™). (5.17)

Proof. Let z =1 in Lemma B2l and use the fact that Li, (1) = ((«) for a =1 to see that
1
nOt

n<z

From [I, p. 229, Formula 5.1.23], for v > 1

= —2'"*E,(0) + ¢(a) + O(z™). (5.18)

1
E,(0) = . 5.19
0= (5.19)
Let v = o in (@19), then for a > 1,
1
E.(0) = - . 5.20
0)= 72— (5.20)
Substitute (G.20) in (GI8) to arrive at (GIT). O

Our next theorem gives Theorem very easily.
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Theorem 5.4. Leta >0, a#1, s >0 and 0 < z < 1. Then, we have

os(n xl-l—s—a B )
Z ni ) i p— B _(—zlog(z)) — 277 (a) Eq_s(—zlog(2)) + ¢(a)Liq_s(2)
+3 tZLil,S(z) + 0(2P), (5.21)

where 3 = max { —a, 2" T E_ (—xlog(2))}.

Proof. Invoking the definition of o5 .(n) to see that

Usz s . d
Y r=t oy L Z az
n<zx n<m
Z Z dsz d
d<z q<w/d O‘do‘
> eyt Z — (5.22)
d<z q<z/d
From [B p. 55, Theorem 3.2(b)], for & > 0, # 1, we have

1 Ilfa W
i + () + O(z™). (5.23)

ne 1
n<zx

Use(mmmmget fora >0, a#1,
R DI d( S +<<a>+0(<w/d>‘“)>

n<w d<w
P o P
@) d; pre Ol d%; = | (5.24)
Let o =1 — s in Lemma 5.2 to get, for s <1 and 0 < 2z < 1,
Z df—i = —2°E1_,(—zlog(2)) + Li1—s(z) + O (z°71) . (5.25)

d<z

Upon Invoking Lemma [5.2] with replacing o by a — s, we get, for a > s and 0 < z < 1,

o
Z = -z E,_,(—zlog(z)) + Lia_s(2) + O (z*7%). (5.26)

a—s
d<zx

We employ Lemma again with & = —s so that, for s < 0 and 0 < z < 1,

d
3 dz_s = —a"E_ (—zlog(z)) 4 Li_s(2) + O (z°) (5.27)
d<z
Substitute values from (£.28]), (5.26]) and ([E27) in (524 to arrive at
os (N Il-l—s—a l—o . _ _
3 ;165 ) _ ——F1(—wlog(2)) + T—Lit_o(2) + 0 (+77°) = 27 ((0) B (—log(2))

n<zx

+ (()Lia—s(2) + O (2°7%) + O ("7 *E_,(—xlog(z)) + 2~ + z°7*)
IlJrsfa 11—

T T 1-a Er—s(=alog(2)) + aLh*S(z) — M) By s (—xlog(2)) + ¢(a)Lia_s(2)

L0 ("), (5.28)
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where 3 := Re {2, 2!**~*E_ (—zlog(z))}. This proves the theorem. O
Theorem follows very easily by invoking Theorem [5.4

Proof of Theorem [LBl Let o — 0 in (B.2I) and use the fact that ((0) = —1/2 to arrive at Theorem
LL.Ol ]

We also get the following result for o_4(n) [5, p. 61, Theorem 3.6] from Theorem [

Corollary 5.5. Let s > 1. Then if x > 1 we have

D oa(n) =a¢(1+5)+0(1). (5.29)

n<zx

Proof. Upon invoking (E19)), for s < 0, we get

1
Ei_4(0) = —-. (5.30)
s
Also, for s < —1,
1
E_s(0)=— . 5.31
)=~ (531)

Let z = 1 in Theorem and then in the resultant expression use (£.30) and (31 so that, for
s < —1,
xl-i—s xl-i—s

> oin) = - —|—2(1+S)—%C(—s)—l—x((l—s)—l—O(l).

n<zx

Upon replacing s by —s in the above equation then for s > 1, we get

S o=t T L fac e + o) (5.32)
DA T BRI ' '
Observe that 217% = O(1) for s > 1. Use this fact in (532 to arrive at (5.29). O

Theorem [5.4] gives the following result too.

Corollary 5.6. For s <0 and o > 1+ s, we have

Z O'S(n) IlJrsfa xlfa IlJrsfa

= 1— _—
ne s(l—a)+1—a<( S)+1+s—a

(@) +¢(a)(a—s)+ O (z), (5.33)

n<zx
where A = max {—a, 1+ s— a}.

Proof. Let z =1 in (5.2I) and use the fact from (E.19])

1
1+s—«

to arrive at (B.33]). O

We also get [Bl p. 70, Exercise 3] as a special case of Theorem [5.4] or Corollary 5.6

1
Ei_4(0) = —3 for s <0, Eq—s(0) = Jforao> 1+, (5.34)

Corollary 5.7. Let a > 1. We have

> df;‘) = (f:Z) + () + 0 (z'7%). (5.35)

n<z
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Proof. Note that, as s — 0

%S +¢(1 —s) — log(x) + .

Let s — 0 in ([B33]) and use the above expression to see that

d(n) a' e z' 2 1-a
S A e+ ey 10 ().

n<zx

Observe that i—j((a) = O (2'*) and use this fact in the above equation to arrive at (5.35). O

6. CONCLUDING REMARKS

This work arose from our quest to study the series (L.9). We obtained an equivalent representation
for this series in Theorem [Tl The study of this series allows us to find a generalization of a result of
Andrews, Crippa and Simon, i.e., (I]). In the course of studying (9], we encountered a surprising
new generalization of the divisor function o(n), that is, (ILI2). Several properties of this new divisor
function o ,(n) is obtained in this article. We hope this will instigate further research on the properties

of this function.

It will be interesting to obtain results analogous to those obtained by Dixit and Maji for (L.8]) for
the series

oo

(1= cq")*(bg; q)n
The importance of this proposed study is clearly visible for £ = 1 from the paper of Dixit and Maji

[13]. For z — 0 and k = 1 of (61]), many authors, for example, Uchimura [24], Dilcher [12], and
Yan and Fu [25] studied the finite analogues. Therefore finite analogues of Theorem [[T] will also be

n=1

interesting to explore.

Here we emphasize that Simon-Crippa-Collenberg [22] showed that the expectation and variance
of a certain random variable arising from acyclic digraphs can also be represented in terms of divisor
function. Note that in Theorem [[L7] we obtained a generalization of their identity. Therefore it will
be worthwhile to find an application of our Theorem [[L7 in the theory of acyclic digraph similar to
that of Simon, Crippa and Collenberg.
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