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Modular Fuss-Catalan Numbers

Dixy Msapato
School of Mathematics, University of Leeds, Leeds, L.S2 9JT, United Kingdom.

Abstract

The modular Catalan numbers Cy,,,, introduced by Hein and Huang in 2016 count equi-
valence classes of parenthesizations of xo*- - -*xx,, where * is a binary k-associative operation
and k is a positive integer. The classical notion of associativity coincides with 1-associativity,
in which case (1, = 1 and the single l-equivalence class has size given by the Catalan
number Cy,. In this paper we introduce modular Fuss-Catalan numbers Cj",, which count
k-equivalence classes of parenthesizations of xo*- - -xx,, where * is an m-ary k-associative op-
eration for m > 2. Our main results are, an explicit formula for C}",,, and a characterisation
of k-associativity.

Keywords : Fuss-Catalan numbers, Modular Catalan numbers, m-Dyck paths, m-ary trees, Tamari
lattice, k-associativity, m-ary operations.
Mathematics Subject Classification (2020) : 05A10 (Primary) 05A19 (Secondary)

1 Introduction

The Catalan numbers are a ubiquitous sequence of natural numbers with a rich mathematical
history. They appear in mathematics in widely different contexts and count an ever growing
list of sequences of combinatorial sets, see [22] for more on Catalan numbers. The n'" Catalan
number C,,, where n is a non-negative integer is given by the closed formula:

c - 1 <2n>
n+1l\n

Suppose * is an m-ary operation for m > 1. An m-ary parenthesization of the m-ary product
T * - - - * T, i a parenthesization where each product is m-ary. For example, when m = 3 the
parenthesization ((xg* 21 *xx2)*x3*x4) is 3-ary whereas ((zg*21)* g *x3*x4) is not. The Fuss-
Catalan numbers are a natural generalisation of Catalan numbers introduced by Fuss in [11].
They can be thought of as “higher-dimensional” Catalan numbers. For example, the Catalan
number C, counts the number of binary parenthesizations of the expression xq*- - - xx,,, whereas
the Fuss-Catalan number C)* counts the number of m-ary parenthesizations of the expression
Zo * -+ * T, where m and n are non-negative integers, such that m > 1. The n'* Fuss-Catalan
number with parameter m is given by the closed formula:

m 1 mn
Cn _(m—l)n—|—1<n>'
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When m = 2, we recover the Catalan numbers from the Fuss-Catalan numbers, that is to
say C2 = C,. The modular Catalan numbers, introduced in [15], count equivalence classes
of parenthesizations of xg * --- x x,,, where * is a binary operation satisfying the k-associative
law, which generalises the usual notion of associativity. In this paper we introduce and study a
higher-dimensional version of the modular Catalan numbers, which we call modular Fuss-Catalan
numbers.

Let X be a non-empty set with a binary operation « : X2 — X, and let n be a positive integer.
If x is associative, then the general associativity law states that the expression x1 x --- % z,, is
unambiguous for all zy,...,x, € X. Which is to say, all possible parenthesizations of the
expression result in the same evaluation. The order of operation of a binary operation * is left-
justified if the order of operation is understood to be from left to right, in which case we write
X1 * Ky to mean ((...((z1 *x2) xx3) -+ * Tp_1) * ). From this point onwards, it will be
our convention to treat all binary operation as left-justified. Let & > 1 be a positive integer.
There is a notion of k-associativity for binary operations which generalises the usual notion of
associativity. A binary operation x is k-associative if

(T1 * To, ke Kk Tpy1) * T = T1 * (Ta K+ * Tpt1 * Tpyo) for all z1, ..., xp10 € X.

By setting k = 1, we recover the classical notion of associativity for binary operations. In the
case where k > 1, the general associativity law no longer holds, which is to say in general the
evaluation of the expression x1 * T2 x - - - x x,, depends on its parenthesization. The k-associative
binary operations are studied in [15].

Fix a positive integer m > 2. An m-ary operation on X is a map * : X" — X. Another way
to generalise associativity of binary operations is to consider associative m-ary operations. An
m-ary operation x is associative if for 1 < j <m —1,

T k% .'I,'j,] * (ﬂ,‘j * ijrl ko-- ok mj+(7TL71)) * Sﬁ'j+(m,1)+1 * ‘/L.j+(m71)+2 E I 3 $m+(m,1)
=Ty ke kL1 R T * (T k F T (1) * T (m—1)4+1) * Tt (me1)+2 %~ * Ty (m—1) (1)

for all @1,...,%p4(m-1) € X, see for example [20, §1].

As in the case for associative binary operations, there is a general associativity law stating that
the expression x1 *- - -xx,, is independent of m-ary parenthesization (see for example [1, Theorem
2.1]). Which is to say that all possible parenthesizations of the expression result in the same
evaluation. We note that n is not arbitrary in this case, but is of the form n = m + g(m — 1) for
some integer g > 1. Associative m-ary operations are important for the study of m-semigroups
and polyadic groups. These are generalisations of semigroups and groups where we consider
associative m-ary operations instead of associative binary operations. The m-semigroups were
introduced in [4] and polyadic groups were introduced in [20] and [21].

In this paper we will study m-ary k-associative operations, which are a further generalisation
of associative binary operations that combines the two generalisations above. The order of
operation of an m-ary operation x is left-justified if the order of operation is understood to be
from left to right, hence for an integer g > 1, we write wy * -+ * T4 g(m—1) to mean

(o (@ * D) ¥ g1 % F T (me1)) ¥ Ty (g—1) (m—1)) Tt (g—1) (m—1)+1 - - - Trmf-g(m—1))-

From this point onwards, it will be our convention to treat all m-ary operations as left-justified.
An me-ary operation * is k-associative if for 1 < j < m — 1, the following equality holds:

T k% Tj—1 * (ﬂ,‘j * Tj41 kooee ok mj+k(m71)> * :Ej+k(m71)+1 * "I"j+k(mfl)+2 koeee 3k $m+k(m,1)

=Tk kX1 KT K (.’Ej+1 koo Xk mj—}—k(m—l) * 1’j+k(m_1)+1) * mj+k(m—1)+2 koo ok xm—‘,—k(m—l)'
(2)



We note that the terminology “k-associativity” is used by Wardlaw in [23] to mean associativity
of k-ary operations. This is not to be confused with the notion of k-associativity we consider
here, which is a generalisation of associativity for m-ary operations (and in the case of binary
operations coincides with the notion of k-associativity as introduced in [15]).

Let * be a k-associative m-ary operation, and g > 1 be a positive integer. For n = m+g(m—1)
and k > 1, the expression zj * --- % z,, is ambiguous without a parenthesization to clarify the
order of operation, which is to say the general associativity law no longer holds. Let p and p’ be
two parenthesizations of x1 * - - - * x,,. If we can obtain p’ from p via a sequence of finitely many
left side to right side applications of the k-associative property (2), then we write p <x p’. The
k-associative order is the induced partial order on the set of parenthesizations of x1 *- - -*x,. The
k-components are the connected components of the k-associative order. Two parenthesizations
of 1 *---*xx, are k-equivalent if they lie in the same k-component. When k =1 and m = 2, we
recover the well-known Tamari lattice (see for example [13]). In general, determining whether
two parenthesizations are k-equivalent is a non-trivial problem.

Cluster algebras are a class of commutative algebras defined combinatorially by a process
of iterated mutation. They were first introduced in 2001 by S. Fomin and A. Zelevinsky in a
series of seminal papers [8], [9], [2], [10] as an approach towards problems on total positivity [5]
and canonical bases in quantum groups. Since their inception, cluster algebras have become an
object of study in their own right. They find uses in many other areas including representation
theory [19], Poisson geometry [12] and integrable systems [24].

To define a cluster algebra over the field F = Q(u1,...,u,) of rational functions in the
indeterminates uq, ..., u,, one starts with a seed. A seed is a pair (X, B) which consists of a set
of variables x = {v1,...,v,}, which freely generates the field F, and an integer matrix B called

the exchange matriz. By applying a certain mutation rule uy in a direction k, where 1 < k < n,
~ ~ ~ /
to the seed (X, B), we obtain another seed u (%, B) = (X', B) consisting of a free generating set

of variables X’ and exchange matrix B'. Let S be the set of variables obtained from performing
all possible finite sequences of mutations to the seed (%, B) The cluster algebra with initial seed
(%, B), which we denote by A(x,B) is the subring of F generated by all the variables in S.

Of particular interest to us are the cluster algebras of type A,, (where n is a positive integer),
and their combinatorics. The seeds of a cluster algebra of type A, can be encoded as triangula-
tions of an (n + 3)-gon; see [6, Lemma 5.3.1]. Mutating a seed in a cluster algebra of type A,
turns out to be equivalent to performing a flip on a diagonal of the corresponding triangulation;
see [6, Corollary 5.3.6]. The number of seeds of a cluster algebra of type A, is equal to the
number of triangulations of an (n + 3)-gon, which is the Catalan number C,,11; see [6, Corollary
5.3.6]. Consider the graph whose vertices are triangulations of (n+3)-gons, and where there is an
edge between two triangulations T and T” if and only if we can obtain 7" from T by performing
a flip on a diagonal of T or vice versa. This graph is a regular graph where each vertex has
degree n. In fact this graph is the 1-skeleton of the n-dimensional convex polytope known as
the associahedron, see for example [7, §1.2]. This 1-skeleton is usually realised as follows: the
vertices are binary parenthesizations of x7 x - -+ x 12, and the edges represent applications of
the associativity rule. Because of this correspondence, k-associativity is of interest in the study
of cluster algebras. In particular, viewing k-associativity as a mutation rule, it might be possible
to generalise the definition of cluster algebras to a wider class of objects. If this is possible, then
m-ary k-associativity could extend this generalisation to a higher-dimensional setting.

Let A = (C{uy,...,un),+,:) be the free associative algebra over C in n indeterminates
Ui, ..., U,. Let w be an element of order k(m — 1) in A, that is to say wFm=1) =1, where 14
is the multiplicative identity of A. We define an m-ary operation o : A™ — A in the following



way for ai,...,a, € A:

1 m—2

a10a30 0@y =w" a1 +w ag + -+ W A1+ Q.

It is easy to show that this operation is k-associative by direct calculation. Our first main result
is a characterisation of k-equivalence.

Theorem 1.1. Let x : X™ — X be a k-associative m-ary operation on a set X where m > 2 and
k > 1 are integers. Suppose that p(x1*- - -*x,,) and p'(z1%- - -*x,) are two m-ary parenthesizations
of the expression x1 *- - - *x,,, where n = m+ g(m — 1) for some positive integer g. It then follows
that p(zq * - -+ % x,,) is k-equivalent to p’(z1 * - - - x x,,) if and only if

p(ulo.-.oun) :p/(ul O...O’Ll”n/)7
where the equality comes from evaluating the parenthesizations under o in the algebra A.

We define the modular Fuss-Catalan number Cy", to be the number of k-equivalence classes
of parenthesizations of xg - --* z;,,. By the general associativity law, C", = 1 and there is a
single 1-equivalence class whose size is given by the Fuss-Catalan number C7" = m ("TLL")
The following is our second main result, which is a generalisation of [15, Proposition 2.10].

Theorem 1.2. The modular Fuss-Catalan number is given by the following explicit formula,

m l n
Ck,n: Z E Z (ml,...mk)'
1<i<n mi+---+mrp=n
m—1|l m2+2m3+...(k:71)mk:%

This paper is organised as follows: we start in §2 by defining right k-rotations, left k-rotations
and k-equivalence for m-ary trees. These are the corresponding notions to k-associativity and
k-equivalence in the setting of m-ary trees from m-ary operations. In §3 we study k-equivalence
by appealing to m-Dyck paths. By translating the notions of k-associativity and k-equivalence
to m-Dyck paths, we were able to prove Theorem 3.15, a characterisation of k-equivalence for
m-Dyck paths. As a consequence, we prove Theorem 3.16, a characterisation of k-equivalence.
In §4, equipped with Theorem 3.16 we prove our first main result Theorem 4.4 (Theorem 1.1)
using some other results obtained in this section and §1. Finally in §5 we derived the explicit
formula in Theorem 1.2 using m-Dyck paths and a method adopted from [14, §5].

2 me~ary Trees

In studying k-equivalence, it is often more convenient to do so by appealing to other sequences
of combinatorial sets counted by the Fuss-Catalan numbers. In this section we will study k-
equivalence via m-ary trees. In order to do this, we use a known bijection between parenthesiz-
ations of m-ary expressions and m-ary trees outlined in [17, §0]. For the rest of this section, we
fix integers m > 2, g >0, k> 1, and n =m+ g(m — 1).

Definition 2.1. m-ary Tree [22, §4, A14(b)]. An m-ary tree is a rooted tree with the property
that each node either has 0 or m linearly ordered children. A leaf is a node with no children and
the unique node without a parent is the root of the tree. For a node with m-children, the It"
child refers to the [*" node below when counting from left to right, and likewise the [*" subtree
refers to the I*! subtree below when counting from left to right.



The objects we are calling m-ary trees in this paper are commonly referred to as full m-ary
trees in the wider literature. There are multiple ways in which we can traverse (systematically
examine the nodes of the tree so that each node is visited only once) the nodes of an m-ary tree.
In this paper, it will be our convention to traverse m-ary trees by the pre-order traversal method.
Recall that the pre-order traverse is defined recursively as follows.

Definition 2.2. Pre-order traverse[18, §2.3.1, page 319,336] If an m-ary tree is empty, then
do nothing. Otherwise,

Visit the root

e Traverse the 15¢ subtree of the root

Traverse the 2" subtree of the root
e ...
e Traverse the m'™ subtree of the root.

It will be our convention in this paper to draw m-ary trees with the root at the top and
leaves below the root. We shall denote the set of m-ary trees with n leaves by B]'. We will
enumerate the leaves by the order in which the leaves are visited in the pre-order traverse. Hence
enumerating by 1 the first leaf to be visited in the pre-order traverse, by 2 the second leaf to be
visited in the pre-order traverse, and so on up to n for the last leaf to be visited in the pre-order
traverse. We will endow the m-ary trees with an additional edge labelling with labels from the
set {l1,...,lm}. An edge will be given the label I; if it links a node with its i*" child. See the
figure below for an example.

—
ot

[N}
w
e

Figure 1: A labelled 3-ary tree.

Definition 2.3. Tag. Let t1,...,t,, be m-ary trees. We define the tag of t1,...,t, to be the
m-ary tree t; A --- At,,, which has the tree t; as the subtree rooted at the i'" child of the root
for 1 <i<n.

The following bijection is well-known, see for example [17, §0].



Proposition 2.4. [17, §0] Let X be a non-empty set and let x : X™ — X be an m-ary operation.
Take x1,...,x, in X. There is a bijection between the set of m-ary trees on n leaves and the
set of m-ary parenthesizations of the expression xy * - -- * x,, which is defined in the following
way. Let t be an m-ary tree with n leaves where the i*" leaf of ¢ is labelled ¢;. Consider the tree
t expressed as a bracketed tag of its leaves ¢;, where the ¢; are thought of as trees consisting of
just a root. The bijection maps ¢ to the parenthesization obtained by replacing A with x and
replacing &; with z;. The inverse map from the set of m-ary parenthesizations of the expression
T1 * -+ % T, to m-ary trees with n leaves acts in the naturally opposite way.

Example 2.5. Let t be the tree in Figure 1. Thinking of the leaves of ¢ as 3-ary trees consisting
of just a root, assign to each leaf ¢ the label ;. We can write t as a tag of the leaves ¢; so
t = (1N (e2NezAeg) Aes) Aeg Aer. Under the bijection in Proposition 2.4 the tree ¢ is assigned
to the parenthesization of the x; given by (z1 % (za * T3 % T4) * T5) * Tg * 7.

Definition 2.6. Right k-rotation. Let k£ > 1 be a positive integer. Let t1,%2,...,t(m—1)1k(m—1)
be m-ary trees. Let 1 < j < m — 1. Suppose that ¢ € B]" has a subtree,

s =11 Nta N+ -/\tj_l/\(tj N ZESWACE '/\tj+k:(mfl))/\tj+k:(mfl)+l Atjtkm—1)+2 /N Am—1)+k(m—1)

rooted at some node v in t. The right k-rotation of t at v is the operation of replacing s with
the subtree

s =t AtaA-- -/\tj_l/\tj/\(tj_;,_l/\' . -/\tj+k(m,1)/\thrk(m,l)Jrl)/\thrk(m,l)Jrg/\- “AE(m—1)+k(m—1)-

Remark 2.7. It should be clear that under the bijection in Proposition 2.4, right k-rotation of
m-ary trees corresponds to a left side to right side application of the k-associative rule in (2).
We can also define a left k-rotation dually by switching the roles of s and s’ in the definition
above. In this case, a left k-rotation corresponds to a right side to left side application of the
k-associative rule in (2).

Definition 2.8. Let t and ¢’ be m-ary trees with n leaves. If we can obtain ¢’ from ¢ by applying
finitely many right k-rotations to ¢, then we write ¢ <y t'. The k-associative order is the induced
partial order on B]". The k-components are the connected components (connected components
of the Hasse diagram) of B} under the k-associative order. Two m-ary trees with n leaves are
k-equivalent if they belong to the same k-component of B

Example 2.9. The example below shows a right 2-rotation on a 3-ary tree. We apply the right
2-rotation at v.

v v
tg tr ty t7
ty t5 t5 te

tl t2 t3 to t3 t4

Figure 2: The tree on the right is a result of a right 2-rotation of the tree on the left at v.



The subtree rooted at v is s = (t; Ata Atg AtgaAts) At Aty = (81 Ata Ats) Aty Ats) Atg Aty
The subtree s is then replaced by the subtree s’ = t1 A (ta Ats Aty Ats Atg) Atz =t1 A ((t2 A
tg/\t4) /\t5 /\tﬁ) /\t7 at v.

The following proposition is a generalisation of [15, Proposition 2.5].

Proposition 2.10. Let ¢ be an m-ary tree such that we can perform a right k-rotation of t at
some node v. If k = pk’ for some positive integers p and k', then the right k-rotation at v can
be decomposed into a sequence of p right k’-rotations of . The same holds for left k-rotations

Proof. We argue by induction on p. The case for p = 1 is trivial. Suppose for induction that the
statement is true for some p > 1. Suppose that k = (p + 1)k’ for some positive integer &’.

Suppose we have a tree ¢t which we can right k-rotate at some node v. Denote by s the subtree
of t rooted at v. For some 1 <j <m—1,

s=1ty Nla N--- Ntj_1 N (tj ANtjr1 AN ANtjapr/(m—1) N Ejapk/(m—1)+1 N - A tj+k(m—1)) A
Litk(m—1)+1 N Atm—1)+k(m—1)-

The right k-rotation replaces the subtree s with the subtree s’ where
sS=tiANtoAN--- A i1 ANt A (tj-i-l AN ANjpme1 ANtjpm Ao A tj+pk'(mfl) A thrpk/(m,l)Jrl N
Lipht (m—1)+2 N+ Aljt(m—1) A bjtk(m—1)+1) A Abm—1)4+k(m—1)-

We will show that the result of this right k-rotation can also be obtained by performing (p+1)
right k’-rotations.

Let r be the following subtree of s, which is rooted at the j* child of the root of s,

r= (t] A tj+1 VANRERIVAN tj—‘,—pk’(m—l) AN tj+pk’(m—1)+1 VANKERIVAN tj—i—k(m—l))'

We can write
T = ((t] AN tj+1 VARERIVAN tj+m—1 A tj+m VARERIVAN tj—i—pk/(m—l)) A tj-‘rpk/(m—l)-‘rl VANRERIVAN tj—i—k(m—l))

since the tag operation is left-justified. Performing a right pk’-rotation of ¢ at the j* child of
the root of s, we replace r with
rh=(t At A Atjrm—1 Atjem A Ajaprrme1) A tjapks m—1)41) A+ Atjir(m—1))-

By the inductive hypothesis, this right pk’-rotation is the result of p right k’-rotations.
Set

u=(tipr A Ajym1t Ajpm A Atjiprr m=1) A tjgpr/ (m=1)+1),

then
= (t; AU Atjgk(m—1))-

Thus the right pk’-rotation of t at the j* child of the root of s, replaces s with ¢ at the node v
in t where,

q =t At A At AN AUNE i (1) 42 A A k(m—1)) ALt k(m—1)+1 A" Al m—1)tk(m—1)-
We then perform a right k’-rotation of ¢ at v. This replaces ¢ with the subtree,
ql == tl /\tQ/\ . '/\tjfl /\tj/\(U/\tj—‘,-pk'(m—l)-‘rZ/\' . '/\tj+k(m—1) /\tj+k(7n—1)+1)/\' . '/\t(m—l)—&-k(m—l)‘

It is easy to see that s’ = ¢/, therefore the result of performing the right k¥ = (p + 1)k’-rotation
at v is precisely the result of performing (p + 1) right-k’ rotations. The proof for left k-rotations
is similar. |



Definition 2.11. Path. Let ¢t be an m-ary tree and n a positive integer. A path p in ¢ of length
n from a node v to a node w is a sequence p = (vp,...,v,) of nodes such that vy = v,v, = w
and (v;,v;41) is an edge in ¢t for 1 <i<n—1.

Definition 2.12. Depth. Let ¢t be an m-ary tree with n leaves and edges labelled by labels
from the set {l1,...,ln}. For 1 <i<mand 1< j < n, let 5?(15) be the number of edges
labelled [; in the unique path from the root to the j*™ leaf. Let 8% (t) = (6% (¢),...,d8% (¢)) and
set 6(t) = (6" (t),...,d0"(t)). The depth of t is the n-tuple §(t).
Example 2.13. Let t be the tree in Figure 1. The depth of tree t is given by
5(t) =((2,2,1,1,1,0,0),(0,1,2,1,0,1,0),(0,0,0,1,1,0,1)).
The following lemmas are easy to verify.

Lemma 2.14. Suppose that ¢ is an m-ary tree with n leaves and depth (8 (¢),..., 8= (¢)). Tt
then follows that 6% (t) # 0 and 6% (t) = 0 for i # m. Dually, 61 (t) # 0 and 6% (t) = 0 for i # 1.

This is because the unique path from the root to the n'" leaf involves choosing the m™ child
at each stage. Similarly for the dual statement.

Lemma 2.15. Suppose that ¢ is an m-ary tree with n leaves and depth (81 (¢),..., 8 (¢)). Tt
then follows that 6;"1’11 (t) = 1, moreover for 1 <i < m — 2, we have that 6 ,(t) = 0.

This is because the unique path from the root to the (n — 1)*® leaf involves choosing the m'"

child at every stage but one, in which case, we choose the (m — 1)'" child.
We shall prove the following result in the next section. This result is the m-ary tree analogue
of Theorem 1.1.

Theorem 2.16. Suppose that ¢ and ¢ are a pair of m-ary trees with n leaves with depths
(68U (t),..., 8 (t)) and (6" (t'),...,d" (")) respectively. It then follows that ¢ and ¢’ are k-
equivalent if and only if

m—1 m—1
Z m — )8 (t EZ m —i)8" (t') mod k(m — 1)
=1 =1

where the addition on the n-tuples is componentwise.

The strength of the theorem is that it allows us to determine the k-equivalence of m-ary trees
from simply reading their depths. The case m = 2 is known, see [15, Proposition 2.11]). We shall
prove the case for general m > 2. To do this, we appeal to another sequence of combinatorial
sets counted by the Fuss-Catalan numbers, the m-Dyck paths. The setting of m-Dyck path turns
out to be a more natural setting for studying k-equivalence. We will first prove Theorem 3.15,
which is the analogue of Theorem 1.1 for m-Dyck paths. Theorem 3.15 itself is a consequence of
Proposition 3.13 and Proposition 3.14. Having proved Theorem 3.15, the theorem above is an
easy corollary.

3 m-Dyck Paths

In this section we prove Theorem 2.16. In order to do so, we appeal to a generalisation of Dyck
paths known as m-Dyck paths to further study k-equivalence. We prove the theorem by first
proving an m-Dyck path version of it. For the rest of this section, we fix integers m > 2, g > 0,
k>land n=m+g(m—1).



Definition 3.1. m-Dyck Path. An m-Dyck path is a lattice path in Z? starting at (0,0)
consisting of up-steps (m,m) and down-steps (1, —1), which remains above the z-axis and ends
on the z-axis. The length of a Dyck path is defined to be the number of down-steps it has.

Definition 3.2. Translated m-Dyck Path. Let a,b be non-negative integers both not equal
to 0. A translated m-Dyck path is a lattice path in Z? starting at the point (a,b) consisting of
up-steps (m, m) and down-steps (1, —1), which remains above the line y = b and ends on the
line y = b.

We denote the set of m-Dyck paths of length n by D]". Where it is convenient, we refer to
these paths as Dyck paths instead of m-Dyck paths. When referring to a translated m-Dyck path
that is a sub path of a larger m-Dyck path, we will call it a sub m-Dyck path or just sub-Dyck
path. The following lemma is straight forward, so we state it without proof.

Lemma 3.3. For every m-Dyck path D of length n, we can write
D=N%g§.. . SNS,

where N denotes the up-step (1,1) and S denotes the down-step (1,-1). Note that when m # 1
the up-steps (1,1) are not steps on the path D since by definition up-steps of D are of the form
(m,m). Here N% is taken to mean a sequence of d; consecutive up-steps N. The d; are non-
negative integer multiples of m such that dy +---+d, =n,and di +---+d; > jfor 1 < j < n.
The latter conditions on the d; are because the m-Dyck paths start at (0,0) and end on the
z-axis whilst remaining above the z-axis. Moreover the n-tuple d(D) = (dy, ..., d,) is unique to
each m-Dyck path D.

Figure 3: A 3-Dyck path with 2 (3,3) up-steps. D = N3SN3SNOSNOSNOSNOS.

Let D = N®1S...SN%S be an m-Dyck path of length n. When expressing D in this way,
if d; = 0, we will omit N% from the expression. In this form we will also write S! to mean a
sequence of [ consecutive S steps. For example, D = N3SN3SNOSNOSNOSNOS = N3SN355.

We can express any m-ary tree as the tag of the m-ary sub-trees rooted at the children of
the root. Therefore, for ¢t an m-ary tree with n leaves, we write

t=t1 A A,

where for 1 < ¢ < m each t; is an m-ary tree with n; leaves and ny + - -+ + n,, = n.



Let € be the element of the singleton set B{, so ¢ is the m-ary tree which consists of just
a root. Let B™ be the set m-ary trees with any appropriate number of leaves, and likewise
let D™~! be the set of (m — 1)-Dyck paths of any appropriate length. We construct a map
om: B™ — D™ from the set of m-ary trees to the set of (m — 1)-Dyck paths. We define o,
inductively in the following way,

) NOSO ift =¢;
om(t) =
N™ Yo, (t1)S0m(t2)S ... Sopm(ty) otherwise.

This construction generalises a well known map between binary trees (2-ary trees) and Dyck
paths (1-Dyck paths); see for example [3, Page 58, Tamari Lattice, Paragraph 2].

Example 3.4. Consider the following 3-ary tree t = Ae A (e Ae Ae). We calculate o3(t),
03(t) = N%03(e)Sos(e)Sos(e Ae Ne)
= N2N°S°SNYS°SN?5(c)Sa(e)So(e)
= N?52N?$>.
See Figure 4 below.

t=cAeA(eNehe)

03
—

o3(t) = N2S2N282

Figure 4: The image under o3 of the 3-ary tree t = e Ae(e Ae Ag).

Lemma 3.5. The map o,,: B™ — D™~! sends m-ary trees with n leaves to (m —1)-Dyck paths
of length n — 1.

Proof. We argue by induction. Recall that n = m + g(m — 1) for some integer g > 0. We prove
the result by induction on g. When g = 0 there is only one tree to consider, namely t = e A-- - Ae.

t
€ € €

It is easy to see that o,,(t) = N™~18™~1 which is an (m — 1)-Dyck path of length m — 1.

Now suppose that the result holds for n = m + ¢’(m — 1) with 0 < ¢’ < g. We consider
the g + 1 case. If ¢t is an m-ary tree with m + (g + 1)(m — 1) leaves, then we may write
t=1t1 A Aty with the t; € B and ny +- - - +ny, = m+(g+1)(m — 1). By definition o,,,(t) =
N™ 1o, (t1)S0m(t2)S ... Som(ty,) and by the inductive hypothesis, each o(t;) is an (m — 1)-
Dyck paths of length n; —1. In the expression for oy, (t) we have m—1 down-steps S following the
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N™=1 inbetween the 0,,(t;). Therefore, the length of o,,(t) is (n1 — 1)+ -+ (N — 1)+ (m —1)
which is equal to m + (g 4+ 1)(m — 1) — 1 as required.

What is left is to show that o, (t) is weakly above the x-axis. By Lemma 3.3, each o,,(t;) can
be written in the form o,,(t;) = N4S.... SN S, where di+--+di, =n;,and dj+---4d. > r
for 1 < r < n;. We can likewise write that o,,(t) = N4S... SN S where d; = (m — 1) + d}
and d,, = 0, and for 2 < h < n either d, = 0 or dj, = d¢, for some appropriate i and u. Since
there are m — 1 down-steps S following the N™~1 inbetween the o,,(t;), and the o,,(t;) are all
weakly above the z-axis. It follows that d} +---+d; > j — (m — 1), therefore dy + -+ d; > j,
for 1 < j < n, where there is equality if j = n. Thus 0,,(t) is weakly above the z-axis, hence the
map oy, is indeed from B? to D! O

By the lemma above, o, induces a map oy, ,,: B — Dnm:f. This map is in fact a bijection

between B and D] ;. For any tree t =t A--- Aty,, where for 1 <7 < m each ¢; is an m-ary
tree with n; leaves and n; + - - - + 1y, = n. The map oy, 5, is defined as follows:

Omn(t) = ]\77’“1(;'%”1 (t1)STm o, (t2)S ... Somm,, (tm)-

Proposition 3.6. The map o, ,: B — D! is a bijection.

mn
)

Proof. Tt is well known that both the finite sets B™ and D™"}' have cardinality m( "
see for example [16, §3]. Therefore, in order to show that oy, 5, is a bijection, it suffices to show
that it is a surjection. We argue by induction on n. When n = 0, it is trivial.

If De Dnm:ll7 then the first step of D is an up-step N¥1(m=1 where k; > 1 is an integer,
so we can write D = NI Nk (m=D=(m=1) G a5 in Lemma 3.3. Let (z},m — 2) be the first
point on D with y-coordinate m — 2 after the point (m — 1,m — 1). The step in D ending at
(z},m — 2) must be a down-step S starting at (z1,y1) = (] + 1,m — 1). The part of D from
(m—1,m —1) to (x1,y1) is a translated (m — 1)-Dyck path D;, so we see that the path D
starts as N™~1D;S. Let (x5, m — 3) be the first point on D with y-coordinate m — 3 after
the point (z7,m — 2). As above, the step in D ending at (x4, m — 3) must be a down-step S
starting at (z2,y2) = (x5 — 1,m — 2). The part of D from (z,m — 2) to (x2,ys2) is a translated
(m — 1)-Dyck path Dy. Therefore, D = N™ 1D;SD,S...S, and continuing this argument we
see that can be write D = N™~1D;SD,S ... D,,S, where the D; are translated (m — 1)-Dyck
paths for 1 <i < m.

Regarding the translated (m—1)-Dyck paths D; as (m—1)-Dyck paths, they each have length
n; < n for 1 <4 < m. Hence by the inductive hypothesis, for each D; there exists an m-ary tree
t; such that D; = oy, p, (¢;). It then follows that D = oy, (81 Ata A+ Aty).

O

Going forward, we drop the subscripts on oy, and just write o when it is clear what is meant
from the context.

Proposition 3.7. Suppose ¢ is an m-ary tree with n leaves and depth (61 (t),...,8(¢)). Tt
follows that o(t) = N4 S... SN4-1 SN where the d; are given by

dy = (m — 1)5}(¢),

d; = <i(m —0)(8% (t) — 551’_1(15))) +1, for2<j <n.

i=1

Proof. Recall that n satisfies the equation n = m + g(m — 1) for some integer g > 0. We prove
the result by induction on g. When g = 0 there is only one tree to consider, namely t = eA---Ac.

11



3 3 9

For this tree, 6; = 0;;, where the right side is the usual Kronecker delta function. We also
have that o(t) = N 1SNOSNVS ... NOSNO = N™~1§m=1 We now need to verify that the
exponents of the Ns satisfy the relations above. Indeed d; = m — 1 = (m — 1)6%. Moreover
2 (m =)@ =) +1=(m=j) = (m=( -1 +1=(m-—m)+((i-1)-j)+1=0=d,
%or 2<j5<n.

Now suppose that the result holds for n = m + ¢’(m — 1) for all ¢’ < g. We consider the
g + 1 case. Let t be an m-ary tree with n = m + (¢ + 1)(m — 1) leaves. We may then write
t =11 A---At,, where each t; is the subtree rooted at the it" child of the root of t. Each subtree
t; has n; < n leaves and ny + - -+ 4+ n,, = n. In writing ¢ as the tag of its sub-trees at the root,
we partition the leaves of ¢t. We identify each leaf of ¢ with a pair (h,7) if it lies in the subtree
ty, and it is the j** leaf in the pre-order traverse of t;, where 1 < j < ny. Therefore, for the leaf
identified by (h, j),

S (th)+ 1 ifi=h
655,j<t>{ palim b B 3)
Sy, 5(tn) otherwise.
By the inductive hypothesis o(t,) = N1 SNz SNM1h where
dp(th) = (m — 1)51%, (t)
and .
d _ - l; l; .
h,j(t) = Z(m - 7’)<6h,j(th) - 6h,j71(th)) +1, for 2 < j < np.
i=1
By definition, o(t) = N™ 1o (t1)So(t2) ... So(ty), so
o(t) = N"IN"1gNh2g NI GNRIgN®R2g  Nr NG SN nm
= Nm-Dtdagndiag  GNdm GNR1GNd22g | Nd2ne GNdaa g GNDm
Now we verify that the exponents of the Ns satisfy the required relations. We see that
(m—=1)+di, = (m—1)+ (m = 1)8, (1) = (m = 1)(571 (t2) + 1) = (m = 157, (B),
so the first exponent satisfies the required relation. We also see that
g = S (M=)} () =64 () +1 = S (m—)(3l () =64 ) () +1, for 2 < j <y,
i=1 =1

by (3), therefore the d; ;, also satisfy the required relation for ¢.
The only exponents left to verify are the dp, 1 for 2 < h < m. In this case, the leaf (h—1,np,_1)

is the rightmost leaf in the subtree t,_1, so by Lemma 2.14, (55{71’%_1(%_1) = 0 when i # m.
Therefore, by (3), 5;;71’%71(0 =0 when i # m,h — 1, so 52":11)%71(0 = 1. The leaf (h,1) is the

leftmost leaf in the subtree t;, so by a dual statement of Lemma 2.14, (5%’1(%) =0 when ¢ # 1.
Therefore, by (3), 5&:71(75) =0 when i # 1, h and (52’?1(15) = 1. It follows that,

12



S = )34 8) = B, () + 1= (m = DO (1) + (m = B) = G = (5= 1)

—(m=m)&"y () +1
= (m —1)6;"(tn)

=dp,

)

therefore the dj, ; also satisfy the required relations for 2 < h < m. This completes the proof. [

Remark 3.8. It is important to note that d,, = 0 in Proposition 3.7 since otherwise D is not a
Dyck path. We can observe that d,, = 0 by referencing Lemma 2.14 and Lemma 2.15. Hence in
the proposition above, o(t) is indeed a Dyck path. Also note that since d,, = 0, this form of o(t)
is the same as that given in Lemma 3.3.

The bijection between m-ary trees with n leaves and (m—1)-Dyck paths of length n—1 induces
an operation corresponding to k-rotation on Dyck paths, which we shall call a k-compression.
Recall in the definition of a right k-rotation we replace a sub-tree of the form,

s=t Ata Atg Ao Atjo1 A Atjpr A Ajikim-1) A tjskm—1)11 A+ Atne1)4k(m—1)
by a subtree of the form,
s'=ti At A A A (G Atz Ajiamon)+1) Ajrkm—n)+2 A Atgno1)tk(m—1)-
It is easy to see that
o(s) = N™'DSDyS ... D;_1 SN¥""DD;SD; 1S ... SDyp s kim—1)s

and
o(s') = N""'DySD,S...D;_1SD;SN*™=DD; 1S .. .SDp kim-1),

where D; = o(t;).

Definition 3.9. Right k-Compression. Let £ > 1 and 1 < j < m — 1 be positive integers.
Let D be an (m — 1)-Dyck path of length n — 1. Suppose D contains a sub-Dyck path of the
form

X =N""1DiSDyS...D;_1SN*"=VD;SD; 1S ... 8Dy s kim-1),

where the D; are (possibly translated) Dyck paths which may be empty. A right k-compression
at X is the operation of replacing X with the sub-Dyck path

X'=N""1D1SDyS...D;_1SD;SN*™ VD, 1S .. .SDy s jim—1)-

A left k-compression is the inverse operation of replacing X’ with X. Let D, D’ be (m — 1)-
Dyck paths of length n—1. Write D <, D’ to mean that D’ can be obtained from D by applying
finitely many right k-compressions. The k-associative order is the induced partial order on DZL__ll.
The k-components are the connected components of D;"__ll under the k-associative order. Two
(m — 1)-Dyck paths of length n — 1 are k-equivalent if they belong to the same k-component.

Let M C N™ be the set of n-tuples of non-negative integers (e1, . . ., e,,) satisfying the following
relations,

e1+---+e,=n-—1,
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(m—1)|e; for 1 <i < n,
e1+--+e_1>j—1forall2<j<n.
Notice that it follows from the first and last relation that e,, = 0.

Proposition 3.10. The map d: D™' — M maps an (m — 1)-Dyck path of length (n — 1)

n

D= N%S.. SN to the n-tuple d(D) = (dy,...,d,). This map is a bijection.

Proof. Let D = N©S ... SN% be an (m — 1)-Dyck path. Let d(D) = (dy,...,d,). Note that
d, = 0 by Remark 3.8, so the form of D is precisely as in Lemma 3.3. By Lemma 3.3 the tuple
(di,...,dp—1) is unique, so the map d is well-defined. Since D is an (m — 1)-Dyck path, by
definition (m — 1)|d;. All Dyck paths start and end on the z-axis, therefore they must go up the
same number of times as they go down. Hence if a path has length n — 1, which is the number of
down-steps S, then d; + - - -+ d,, = n — 1. By definition, Dyck paths cannot go below the z-axis,
this is to say that dy +---4+dj—1 > j — 1 for all j > 2.

Let f: M — D™ ! be the map given by f(e1,...,e,) = N1S... SN This is a (m — 1)-
dyck path by the arguments similar to those above. It is easy to see that f(d(D)) = D, and
d(f((e1,...,en))) = (e1,...,e,). Therefore, d is indeed a bijection. O

Proposition 3.11. Let D, D’ be (m—1)-Dyck paths of length n—1 with d(D) = (ds, ..., d,) and
d(D") = (d},...,d,). Suppose that we can obtain D’ from D by applying a right k-compression
to D. There then exist 1 < j < i < n such that d; = d; + k(m — 1), d; = dj — k(m — 1) and
dj, =dp, for h # 1, j.

Proof. Recall from the definition of right k-compression, there exists a sub-dyck path
X =N""'D1SD5S... D1 SN*""VD,SDy 1S ... SDyp s k(m—1)

in D which we then replace with the sub-dyck path
X'=N""'D1SDsS ... Du_1SDSN*™ VD, 1S ... .SDpyi(m—1)

to get D’. In replacing X with X’ we are simply moving the substring N*(™=1 from the
immediate left of the (possibly translated) Dyck path D, to the immediate left of (possibly
translated) Dyck path Dgi;. Write D = N4 S ... SN Since we have the sub-dyck path X
in D, we have the sub-strings N*("~1DD, = N%§...S and D,y = N%...S in D for some
1 < j < i < n. Therefore, in replacing X with X’ to get D’ (moving the N*("~1) up-steps)
we can observe that we have the sub-strings D, = N%—*m-1)g  § and N¥m-Up, ., =
Nditk(m=1)g & in the Dyck path D’. This proves the statement of the proposition. O

Remark that if we replace right k-compression with left k-compression in the proposition
above, we get that j > ¢ instead.

Corollary 3.12. Let D, D’ be (m—1)-Dyck paths of length n—1. If D and D’ are k-equivalent,
then d(D) = d(D’) mod k(m — 1).

Proof. This is an immediate consequence of Proposition 3.11. O]

Let D be an m-Dyck path of length n. A dyck path D is k-minimal if it is minimal in its
k-equivalence class. That is to say there does not exist a Dyck path D’ € DI such that D" <, D.
Let p = (z,y) in Z? be a point on the m-Dyck path D. The level of the point p is the integer v,
and we say that p is on the 3" level.
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Proposition 3.13. An (m — 1)-Dyck path D is minimal if and only if for d(D) = (dy,...,dn),
we have that d; < k(m — 1) for all i # 1.

Proof. Suppose that d; < k(m — 1) for all ¢ # 1 and D is not minimal. We can then left k-
compress D to obtain another dyck path D’. By Proposition 3.11 there is some j > 1 such that
the j-th entry of d(D') is d; = d; — k(m — 1). By the assumption that d; < k(m — 1) for i # 1,
we must have that d;- < 0, a contradiction. Thus D must be minimal.

Recall D is of the form D = N4 S ... SN%S ... SN% . Suppose that D is minimal and there
exists some ¢ # 0 such that d; > k(m —1). We will show that D is not minimal by demonstrating
that we can left k-compress D. That is to say we will show that there is a sub-Dyck path X’ in
D which required to perform a left k-compression, where

X'=N""'D1SD5S ... D;_1SD;SN* ™"V D; 1S ... SD(1n_1)4k(m-1)

for 1 <j<(m-—1).

Suppose the up-step N% starts at some point (b, ) and ends at (b-+d;, [+d;). The immediately
preceding down-step S starts at (b — 1,1 + 1) and ends at (b,1). Let 0 < z < b — 1 be maximal
such that the point (x,1) is on the Dyck path D. By the maximality, the point (x,1) is part of
an up-step. Let U to be the up-step in D beginning at (x,1) if (z,1) is at the start of an up-step;
otherwise let U to be the up-step containing (x,1). Let (z1,y1) be the end point of the up-step
U. Let (x0,y0) = (1 — (m — 1),y1 — (m — 1)), this is the start point of the up-step U. See the
figure below.

(b—‘rd“l-i-dl)

(1,91)

Let (z2,y2) be the point at which it is the first time the Dyck path goes below the level y;
after the point (x1,y1). That is yo = y; — 1. We can then observe that subpath D; starting
from (z1,y1) and ending at (xo — 1,y2 + 1) is a translated (m — 1)-Dyck path. Note that it could
happen that (z1,y1) = (z2 — 1,y2 + 1), in this case D; is just the empty (m — 1)-Dyck path.

Let (x3,y3) be the point at which it is the first time the Dyck path goes below the level y; —1
after the point (z2,y2), that is y3 = y1 —2. We define D5 to be the path starting from (z2, y2) to
(r3—1,y3+1). As before Dy is a translated m-Dyck path which starts and ends on the (y; —1)t!
level.

Let j = y1—1. We can repeat this procedure to define translated m-Dyck paths D3, Dy, ..., D;.
Here each m-Dyck path D, starts at the point (.., y,) and ends at the point (2,41 — 1, yr+1+1),
where the start and end points are defined as above and y,+1 =y, —1 = y; — r. Note that the
translated m-Dyck path D; begins on the level y; = y1 — (j — 1) = [ + 1, so the last point of
Djis (xj41 — 1,1+ 1) for some x;41 — 1 < b. We claim that (z;41 — 1,0+ 1) = (b— 1,1 +1).
The point (b — 1,1+ 1) is the last time we are on the (I + 1) level before the N% up-step. By
construction, there is a down-step from (41 — 1,1+ 1) to (zj41,!). By the maximality of  we
have that ;1 = b or ;1 = =. Note that z;11 > 1 > x, so we have that z;.1 = b.
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So far we have constructed a subpath from (xg,yo) to (b,{ + 1) given by
X" =N""'D,SD,S...SD;S,

where the S down-steps are the down steps from (z;—1, y;+1) to (x;,y;). Note that y; = y1—(i—1)
for 2 < i < j and the S after D; is the one from (b— 1,1+ 1) to (b,1). The N™~! is the up-step
U from (zo,y0) to (z1,y1)-

Since d; > k(m — 1), there is an up-step N¥(m=1 from (b,1) to (zj41,yj+1) = (b + k(m —
1),l+k(m—1)). We define D; 1 to be the path from (z;41,y;j4+1) to (zj42 — 1,y;42 + 1) where
(xj+2, Y +2) is the point at which the Dyck path first sits on level [+k(m—1)—1 after (z,11,y;+1)-
In the same fashion we define the (m —1) —j+k(m—1) sub paths Dj 2, Dj13... Dm_1)4k(m—1)-
These are all translated m-Dyck paths by the same arguments as above. By how we construct
the Dyck paths, we see that the path D(,,_1)4x(m—1) ends on level yo =y — (m — 1).

We have thus successfully constructed the sub-Dyck path of D,

X'=N""'DiSDyS...D;_1SD;SN* ™=V D; 1S ... SD (1)t k(m—1)-

As before the S are the intermediate down steps between the D; and the D; may also be
empty. O

We illustrate the constructive proof above with an example for the case where £ = 2 and
m = 3.

(r3,93)

(76, Y6)

('T’ l) = (55073/0) (b, Z) ($7,y7)

The N™~! = N2 up-step is the one from (zg,yo) to (z1,%1). The translated 2-Dyck paths Dy
and D, are the empty paths N°S? at (z1,%1) and (z2,%2) respectively. The N*¥(m—1) = N2(2)
up-step is the one from (b,1) to (z3,ys). The rest of the translated 2-Dyck paths Ds, ..., Dg are
the empty paths at (z4,y4),. .., (27, yr) respectively. Therefore, X’ in this case is the whole path
above.

We now show that minimal m-Dyck paths do exist and that they are unique in each k-
equivalence class.

Proposition 3.14. Every k-equivalence class contains a unique minimal Dyck path.

Proof. To show existence, we consider the bijection d: D:l”__ll — M from Proposition 3.10 where
d(D) = (di,...,dy). Endow N™ with the standard lexicographic order. By Proposition 3.11, d
is order reversing. That is D <j, D’ implies that d(D’) <jex d(D). Recall that the lexicographic
order is a partial order therefore it has no cycles because of anti-symmetry. Hence suppose that
there is a k-equivalence class with no minimal Dyck path. Take D belonging to such a class and
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repeatedly left k-compress it. Since there is no minimal element in this class, we can do this
indefinitely. As a result we obtain the descending chain.

c<p D@ <4 ... <, D' <, D.
Applying d to the descending chain, we get the ascending chain.
d(D) <lex d(Dl) <lex " <lex d(Da) lex - - -

Since D" 1 is finite, this ascending chain must be a cycle. Since the lexicographic order is
anti- symmetrlc this cycle must contain only one element. Therefore, if a k-equivalence class
does not have a minimal element, it only contains one Dyck path in which case that Dyck path
is trivially minimal. This is a contradiction to our assumption. Thus every k-equivalence class
has a minimal Dyck path.

Suppose we have two minimal Dyck paths D and D’ in an equivalence class. By Proposition
3.13 all but the first entries of d(D) and d(D’) are strictly less than k(m — 1). But since D
and D’ are k-equivalent, d(D) = d(D’) mod k(m — 1). This means all but the first entries of
d(D) and d(D’) are equal. The equality of these entries forces the first entries to also be equal
since clearly it cannot be the case otherwise. Therefore, d(D) = d(D’) which implies D = D’.
Therefore, the minimal Dyck paths are unique in their equivalence classes. O

Theorem 3.15. Suppose that D and D’ are m-Dyck paths of length n. The m-Dyck paths D
and D’ are k-equivalent if and only if d(D) = d(D’) mod k(m — 1).

Proof. Suppose that D and D’ are k-equivalent. Furthermore, suppose without loss of generality
that we obtain D’ from D by application of a finite sequence of k-compressions. From Propos-
ition 3.11, we see that a k-compression maps d(D) to an n-tuple which is congruent to d(D)
modulo k(m — 1). Therefore, since d(D’) an n-tuple which is a result of a finite sequence of
k-compressesions on D, then d(D) = d(D’) mod k(m — 1).

Suppose now that d(D) = d(D’) mod k(m —1). Consider their respective minimal represent-

atives in their k-equivalence classes D,,;, and Dmm respectively. It then follows that

d(Dpin) = d(D) = d(D") = d(D mod k(m — 1).

m'Ln)
Therefore, d(Dmin) = d(D),;,) mod k(m — 1), hence by Proposition 3.13 we obtain that
d(Dpin) = d(D),;,,) which means D,,;, = D, ... Therefore, D and D’ belong to the same
k-equivalence class. Therefore, we conclude D and D’ are k-equivalent. O
Theorem 3.16. Suppose that ¢ and t' are a pair of m-ary trees with n leaves and depth
(8U(t), ..., 8 (), (6" ('),..., 86 (")) respectively. The trees t and ¢’ are k-equivalent if and
only if

m—1 m—1

Z —i)ohi(t EZ — )8 (t') mod k(m — 1),

i=1 i=1

where the addition on the n-tuples is componentwise.

Proof. Suppose that ¢t and ¢’ are k-equivalent, then their corresponding Dyck paths D = o(t)
and D' = o(t') respectively are also k-equivalent. Therefore, by Theorem 3.15, d(D) = d(D’)
mod k(m — 1). By Proposition 3.7,

di = (m - 1)5? (t)7
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dj = (m—d)(85(t) — 87, (t) + 1, for j > 1.

I

i=1

Since d; = dj mod k(m — 1), we have that (m — 1)6}*(t) = (m — 1)6(#') mod k(m — 1).
Furthermore, we observe that from the structure of the of m-ary trees that 511" (t) = 0 and
Shi(#) =0 for i # 1. Thus

m—1)84%(t) = (m—1)8%(t') mod k(m —1) for 1 < i < m,
1 1

hence
Z(m —1)8k(t) = Z(m —1)8%(#) mod k(m — 1).

From the fact that,
dy = 3 (m —i)(8 (1) = 67 (1)) + 1 = dyy = > (m — i) (6 (') — 67 (') + 1 mod k(m — 1),

i=1 i=1
we conclude that,

Z(m — )05 (t) = Z(m — )05 (') mod k(m — 1)
i=1 i=1

From this congruence and the congruence

m m

dy =) (m—i)(05(t) =05 (t)) + 1=dy=ds =Y (m —i)(85 (¢') = 65 (') + 1,

i=1 i=1

we conclude that,
m m

> (m =)ok (t) =Y (m—i)d5 (') mod k(m —1).

i=1 i=1
Continuing in this manner we obtain the following,

m m

Z(m - 2)6; (t) = Z(m - 2)55 (t') mod k(m — 1), for 1 <j <mn.

=1 i=1

This is the same as saying,

m—1 m—1
(m —i)dli(t) = (m —i)8% (') mod k(m — 1).
i=1 i=1
This implies that,
Z(m - z)éé (t) = Z(m — 2)6; (t') mod k(m — 1), for 1 < j <n.
i=1 i=1

18



This further implies that

dy = (m —1)8 (t) = dy = (m — 1)6} () mod k(m — 1)

Z — )05 (t) = o (1) +1=dj =D (m—i)(87(t) = 65, (t) + 1 mod k(m — 1).
i=1 i=1
Therefore, by Theorem 3.15, D = o(t) and D’ = o(t') are k-equivalent which implies that ¢ and
t' are k-equivalent. O

4 An Application to m-ary operations

The main aim of this section is to prove Theorem 1.1. To do so, we introduce a particular
k-associative m-ary operation which will be denoted by o. This operation will be used to eval-
uate m-ary parenthesizations and we will show that this operation characterises k-equivalence.
This is to say that two parenthesizations will be k-equivalent (k-associative) if and only if their
evaluations under this operation are equal. For the rest of this section, we fix integers m > 2,
g>0,k>1and n=m+ g(m—1).

Let A = C(us,...,u,) be the free unital associative algebra over C in n indeterminates
UL, Uy -+ vy Uy WE deﬁne a bmary operation o on A as follows. Let w be an element of A of order
k(m ) for example w = eFm=1) . For a,bin A, we define aob =w -a + b, where - and + are

the multlphcatlon and addition operations in A respectively. This is taken to be a left-justified
operation. Sometimes we will omit the - for convenience. The binary operation o on A induces
an m-ary operation on A™ defined in the following way,

a10ay - 0am=w"" a1 +wm % as 4+ W am1 + am. (4)

It is easy to see by direct calculation that the following two lemmas are true.
Lemma 4.1. The binary operation o on A is k(m — 1)-associative.

Lemma 4.2. The m-ary operation on A™ induced by the binary operation o on A is k-
associative.

Let X be a non-empty set and let * : X™ — X be an m-ary operation. Take z;,...,z,
in X. Recall that there is a bijection between the set of m-ary trees on n leaves and the
set of m-ary parenthesizations of the expression xy * - - - * x,,, see Proposition 2.4. We will write
pt = p(a1*- - -*xy)¢ to be the m-ary parenthesization of the expression x1 *- - - *x,, corresponding
to the m-ary tree t. We denote the evaluation of p, with respect to o by p(uj o---ouy,);. When
there is no risk of confusion, we omit the subscript .

Lemma 4.3. Suppose that p(zq * - - * x,); is an m-ary parenthesization of x1 * - - - % x,, corres-
ponding to the m-ary tree on n leaves t, which has depth §(t) = (6" (), ..., 6! (¢)) be the depth
of t. Tt follows that

(mﬂ')al;‘ (t)
Uy,

gk

(m—i)8y’ (1) _z (m—1)d5' (t)
1 s U+ wi=t cU2 W

IINgE
Il

p(ulo...oun)t:w1

Proof. Recall that n satisfies the equation n = m + g(m — 1) for some integer g > 0. We prove
the result by induction on g. When g = 0 there is only on tree to consider, namely t = e A---Ae.
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3 3 9

For this tree, 5; = §;;, where the right side is the usual Kronecker delta function. it is easy to
see that the statement holds in this case by the definition of u o - - 0w, in (4).

Now suppose that the result holds for n = m+¢'(m —1) for all ¢’ < g. We consider the g+ 1
case. Let ¢ be an m-ary tree with n = m+ (g4 1)(m — 1) leaves. We may write t = t1 A+ Ay,
where each ¢; is the subtree rooted at the i*" child of the root of t. Each subtree ¢; has n; < n
leaves and ny + - - - + n,, = n. In writing ¢ as the tag of its sub-trees at the root, we partition
the leaves of t. We identify each leaf of ¢ with a tuple (h, j) if it lies in the subtree ¢;, and it is
the j* leaf in the pre-order traverse of tj,, where 1 < j < nj. Therefore, for the leaf identified
with (h, j),

()

Lo = S (th) +1  ifi=h;
J (tn) otherwise.

From the equation above, it follows that,

(m— )6y ;(tn) + (m—1i) ifi=h;
(m — @)(5;” (tn) otherwise.

(m — 0)dy; ;(t) = { (6)

The identification of the leaves with the tuples (h,j) gives another labelling of the variables us,
where 1 < s < m. Since the variable u, corresponds to the s leaf of ¢, and the s'" leaf is
identified with (h,j), we write u, ;) for us. Hence

plurougo---ouy) = p(u(l,l) OU,2)--- U(m,nm))t-
It is then easy to see that,

P(u(1,1) 0 U(1,2) © O Ugmymy))t =P(U(1,1) © O U(1,my) )ty © P(U2,1) O O -+ O U2 ) )1,©

e op(u(myl) O+++0 u(m’nm)>tm

=W p(u,1) 00 - 0U my) )ty W IP(U2,1) 00 000U my) )ty o HD(U(an 1) O OU () -

By in the inductive assumption,

S meg () 5 (m=i)8(} ) (tn)
P(U(n,1) © U(n,2) © O Ulnyny) )ty =WF “U(p,1) + W “Un,2) T
S (m—i)oli, . (tn)
Wi )
from which it follows that,
~ 35 (m—i)8ls , (tn)+(m—h)
W™ (g ay 0 ugn2) © O Uy ), = Wit Sugn )+
3 (m—i)3% , (tn)+(m—h) 3 (m—i)8li . (tn)+(m—h)
wi=1 (2 “Up2) + o wist (hom) T “U(h,np)-
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By equation (6),

<Z< OLANG >>+(m—h>= D (m—= )8, () | + (m—h)5,  (tn) + (m — h)

i=1

=1
i£h
= (m—1)8, (1)
=1
Therefore,
z<m DL S (m—i)oli , ()
U1y 0 U2 © -+ 0 U, )b =W CU gy +w= T g g+

Z (m— l)5(m ) (D)
wl

-+ CU(m,nm )

as required. This completes the proof.

We are now able to prove our first main result of the paper.

Theorem 4.4. Suppose that p = p(z1 * -+ * z,) and p’ = p'(zy * -+ * z,)p are two m-ary
parenthesizations of 7 *- - - *x,, corresponding to the m-ary trees on n leaves ¢ and ¢’ respectively.
It then follows that p and p’ are k-equivalent with respect to k-associativity if and only if,

p(ui o oup)y =p'(ug o oup)y.

Proof. Suppose the parenthesizations p and p’ are k-equivalent. It follows that the trees ¢ and #’
are also k-equivalent. By Theorem 3.16,

m—1 m—1
Z m —i)ob (t EZ m — i)Y (') mod k(m — 1).
i=1 i=1
Therefore,
pluroug---ouy); =p'(ur oug - 0uy)y
by Lemma 4.3.

Suppose that
plugoug -+ ouy)y =p' (ug oug - oup)y,

then N
35 (m—i)oti (1) z (m—1)8k () z (m—1)8% (t)
= g+ wi= Uy A+ i Uy
S (m—i)8 (t') z (m—i)3k (¢)) S (m—i)a (¢)
wi=1 cup + wi= cUg e Fwr=t Uy,
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Since uq,...,u, are algebraically independent and hence linearly independent in A, the coeffi-
cients of the u; on each side of the equation must be equal.
Hence

™3

* (m—i)8'% () i(m )3l (¢) ,
wi=1 = wi=1 for 1 <j<n.

Since w has order k(m — 1) this implies,

m—1 m—1

Z —i)dli(t Z — i)k (') mod k(m — 1).

=1 i=1

Hence t and ' are k-equivalent by Theorem 3.16 which implies that p and p’ are also k-equivalent
by Remark 2.7. O

Example 4.5. In example 2.9 we saw that the 3-ary parenthesization ((x12223)T42s5)zez7 is
2-equivalent to x1((zaxsx4)rsx6)x7. Let us check the theorem above for this example.
The depth of the first tree is

(61 =(3,2,2,1,1,0,0),6" = (0,1,0,1,0,1,0), 6" = (0,0,1,0,1,0,1)).
Therefore, the valuation of ((x1zox3)x4ws)rery With respect to o is
w6:1:1 + w5:1:2 + w4m3 + w3:134 + w2:v5 + wxg + x7.
The depth of z1 ((zazsxs)rsT6)27 i3
(6" =(1,2,1,1,0,0,0),6" = (0,1,2,1,2,1,0), 5" = (0,0,0,1,0,1,1)),
hence the valuation of z1((zazsx4)xs26)27 With respect to o is
w2x1 + w5x2 + w4x3 + w3x4 + w2x5 + wxg + 7.

Since w has order 4 the valuations are equal.

5 Modular Fuss-Catalan Number

Recall that we define the modular Fuss-Catalan number C}",, to be the number of k-equivalence
classes of parenthesizations of xg * - - - * x,,. In the previous sections we saw that k-associativity
corresponds to k-rotation and k-compression. Therefore, C7", also counts the k-equivalence
classes of (m — 1)-Dyck paths of length n. In this section we follow the strategy of [14, §5] to
derive an explicit formula for C,’g}n, see Theorem 1.2. By Proposition 3.14, each k-equivalence
class has a unique minimal element. Therefore, to count the number of k-equivalence classes, we
just need to count the number of minimal elements. For the rest of this section, we fix integers
m>2¢g>0,k>1land n=m+g(m—1).

Assume that [ is a positive integer in {1,...,n} such that (m —1) divides I. Let N denote the
up-step (1,1) and S denote the down-step (1, —1) in Z2. Denote by GZT,’M the set of all strings
(lattice paths) of the form N'SN“ SN ... SN such that i; + ig + -+ + 4, = n — | where
(m—1)]ip, forall 1 <p <nand 0 <iq,...,% < k(m—1). Thus ;" . is a set of lattice paths
of length n where the first up-step is of size [. For integers 1 < j < k, denote by m; the number
of (j — 1)(m — 1)s appearing among the i1,...,4, € {0,m —1,2(m —1),...,(k —1)(m — 1)}.
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It is easy to see that

|e/m _ n
knll — .
mi,ma,..., Mg

mi+-tmp=n
ma+2ma+--+(k—1)mp=2=%

m

For a string w = N'SN“ SN ... SN'» in G;ﬁm s and 7 in {0,1,...,n— 1} we define

n
w* = NISN&+1§ . SN»SN"S . . SN,

Let €', be the subset of strings in €, ; which are (m — 1)-Dyck paths of length n. Since
(m — 1)-Dyck paths can be thought of as 1-Dyck paths where up-steps come in multiples of
m — 1, the following lemmas follow by similar arguments to Lemma 5.5 and Lemma 5.6 from
[14], which can be thought of as the m = 2 case. Thus we will state the followings lemmas
without proof.

Lemma 5.1. For a string w in €}, ; theset {0 <j <n—1: w* € €y} has cardinality /.

m

Let ¢ be the following map,
¢:C x{0,1,...,n =1} = €7,
(w, ) = w*.
Lemma 5.2. For a string w in €}, ;, the fibre ¢~"(w) of ¢ over w has cardinality [¢~" (w)| = L.

By Proposition 3.14, the modular Fuss-Catalan number counts the number of minimal (m—1)-
Dyck paths. Moreover by Proposition 3.13, minimal Dyck paths D satisfy d(D) = (di,...,d,)
where d; < k(m — 1) for ¢ # 1. Combining the results of Proposition 3.13, Proposition 3.14 and
Lemma 5.2,

l
€l = €37

Let C}',, be the set of minimal (m — 1)—Dyck paths, then

1<i<n
(m—1)|1

Therefore,

m m !
Ck:,n = |ek,n‘ = Z E Z (mh:r_l,mk>

1<i<n mi+-+mp=n
m,l” 7712+2m3+...+(k_1)7nk::;111

is the number of minimal (m — 1)-Dyck paths of length n, so by Proposition 3.6, it is the number
of minimal m-ary trees of length n 4+ 1. This completes the proof of Theorem 1.2.

Example 5.3. In this example, we will count the number of 2-equivalence classes of 3-ary trees
with 7 leaves. There are twelve 3-ary trees altogether. See the figure below for the complete list.
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T T T

T4 T5 T6 T7
T1 1 Tl 2

Figure 5: The complete list of the 3-ary trees with 7 leaves.

Observe that the trees T1,T» and T3 in the top row correspond to the following parenthesiz-
ations
((z1 * 2o *x T3) x Ty *x X5) * Tg * T7,

1 % (T % T3 % Tq) * T5 * Xg) * X7,
X1k T % ((X3 % Ty * XT5) * Tg * T7)

respectively. We can see that we get the tree T, from the tree 77 by a 2-rotation at the root of
Ty, and likewise we get the tree T3 from the tree 15 by a 2-rotation at the root of T5. Therefore
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Ty, T, and T5 belong to the same 2-equivalence class. Further observe that the other trees cannot
be 2-rotated because they do not contain a subtree of form required to perform a 2-rotation. We
conclude that 0376 = 10. Let us check this against the explicit formula of Theorem 1.2.

-y L :
26— 6 my, m
1<1<6 ° mitma=6 N 1102
201 ma=55L

_2(6) 46 676
“6\4,2) T6\5,1) T 6\6,0

= 2(15) + 2 (6) +1(1)
= 10.
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