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EULERIAN PAIRS AND EULERIAN RECURRENCE SYSTEMS

SHI-MEI MA, JUN MA, JEAN YEH, AND YEONG-NAN YEH

ABSTRACT. In this paper, we characterize a duality relation between Eulerian recurrences and
Fulerian recurrence systems, which generalizes and unifies Hermite-Biehler decompositions of
several enumerative polynomials, including flag descent polynomials for hyperoctahedral group,
flag ascent-plateau polynomials for Stirling permutations, up-down run polynomials for sym-
metric group and alternating run polynomials for hyperoctahedral group. As applications, we
derive some properties of associated enumerative polynomials. In particular, we find that both
the ascent-plateau polynomials and left ascent-plateau polynomials for Stirling permutations

are alternatingly increasing, and so they are unimodal with modes in the middle.
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1. INTRODUCTION

Given m,n € N. When m < n, let [m,n] = {m,m+1,...,n}. Asusual, let [n] ={1,2,...,n}.
The cardinality of a set A will be denoted by #A. Let S,, be the set of all permutations of [n]
and let 7 = 7(1)7(2)---7(n) € S,. Let SP be the hyperoctahedral group of rank n. Elements
of 8B are signed permutations 7 of the set 4[n] such that m(—i) = —m(i) for all i, where
+[n] = {£1,42,...,4+n}. Let SP denote the group of even signed permutations, which is a
Coxeter group of type D of rank n. The group S is the subgroup of S? consisting of signed

permutations with an even number of negative entries among 7(1),7(2)...,m(n). Define
desa(m) :=#{ien—1]: w(i) >+ 1)},
desp(m) :=#{i€[0,n—1]: w(i) > n(i + 1), 7(0) = 0},
desp(m) :=#{ie€[0,n—1]: 7(i) >7w(i+ 1), 7(0) = —7(2)}.

The types A, B and D Eulerian polynomials are respectively defined by

An(x) = Z xdesA(W)7 Bn(x) — Z xdeSB(W)7 Dn(x) — Z xdesD(n)'

TES, TeSE resSp

There is a close connection among the three types of Eulerian polynomials [42, Lemma 9.1]:
Dy (z) = By(z) — n2" 1zA,_i(z) for n>2. (1)

Subsequently, Brenti [I2] Theorem 4.7] obtained a g-analogue of (Il). There are several recur-
rences for D, (x) (see [15] 24]). The polynomials A, (z), B, (z) and D, (z) have several common
properties, including unimodality, real-rootedness and ~-positivity (see [2, 24, 25| [35] [36] [44]).
This paper is motivated by the recent work of Hyatt [24] and Hwang, Chern and Duh [23].
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Let SB = Bf U B, and S? = D} U D;;, where
Bf ={r e8P :x(n)>0}, B, ={reSP: n(n) <0},
Df ={n e8P :x(n)>0}, D, ={necSP: =(n) <0}.
Define

:;21](2)3 x

Given a polynomial f(z) of degree n. Let f(z) =
(

Bu(x) = Po(x) + 2" Pa(1/2) =

Dy () = Qu(z) +2"Qn(1/2) =

where

_ Z $desB(7r)

n—1

r— 1)71—1@—17 Qn(x) — Z <Z> Dk(l')(x — 1)"—]6—1'

k=0

2" f(1/x). In [24], Hyatt found that

()—l—xP()fornzl, (2)

Qn(z) + x@n(x) for n > 2,

P,(1/x) = Z pdes B(7)

TEB;T mEB,
§ : xdesD(ﬂ nQn 1/$ 2 : xdesD(ﬂ
WED’,JLr mED,

Motivated by (2]), in the following we shall present a more natural decomposition of B, ().
Following [1], the flag descent number of 1 € S2 is defined by

2d 11,
fdes (m) := es.a(m)
2des 4(7),

if 7(1) < 0;
otherwise.

Clearly, fdes (7) = des o(m) + des g(m). The flag descent polynomial is defined by

LZ') _ Z xfdos(w)

TeSE
It follows from [Il, Theorem 4.4] that
Cr(z) = (1+2)"A,(2), (3)
and so C(x) is symmetric and unimodal. Let neg (7) := #{i € [n] : 7(i) < 0}. Consider the
g-flag descent polynomials
Z pfdes () e (v
meSh
Set SB =CtuC,, where Cf = {7 €SP : n(1) >0} and C,; = {m € S5 : =(1) < 0}. Define
CE(z,q) Z 295 A gneg (M) CO (7 ) Z e A () e ()
eny el
Then we have
C(w,q) = CF (2%, q) + 2C (a2, ). (4)

Consider the type B q-FEulerian polynomials

T q) _ Z $desB(7r)qneg (7r)

neSE
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The polynomials B,,(x, q) satisfy the recurrence
Bpy1(z,q) = (1 + @)nz + qx + 1) B (2, q) + (1 + ¢)z(1 — 2) B (2, 9),

with By(z,q) = 1 (see [I2, Theorem 3.4]). Note that des g(m) = des 4(w) for # € C; and
des p(m) = des a(m) + 1 for 7 € C;;. Hence

Ba(z,q) = CE(x,q) + 2C8 (x,q).

Set CE(x,1) = CE(x) and C9(z,1) = C9(x). By @), the polynomial C,,(x) is symmetric. Thus
CE(z) = 2"~1C9(1/z) for n > 1. Note that B,(z,1) = B,(x) and C,(x,1) = Cy,(x). We can

now conclude the following result from the discussion above.

Proposition 1. Forn > 1, we have
Cn(z) = CF(a®) + 207 (2?), Bu(z) = CF (x) +2C7(x). (5)
Comparing (2) with (@), we get the following result, and we give a proof of it for completeness.
Proposition 2. We have CE(z) = P,(z) and C9(z) = P,(z).
Proof. Define
B ={reB,:w(1) >0,
*B, ={reB,:m(1
“Bf={reB,:n(
"B, ={mreB,:7(1) <0,

m(n) > 0},
>0, 7(n) <0},
m(n) > 0},
m(n) < 0}.
Note that C;F = "B UTB, and B,y = *B;y U~ B;I. A bijection ® from C, to B;' is given as
follows:
(i) If m € T B;t, then let (1) = 7;
(i7) For m € "B, , let k be the smallest index of 7 such that m(k) > 0 and 7(k + 1) < 0.
Then we define ®(7) = w(k+1)---w(n)n(1)--- n(k).
Note that des g (®(7)) = des (7). Hence
Z xdeSB(W) _ Z $desB(7r)’
neC;t reB}

Along the same lines, it is easy to show that Ewec,j zdes (™) = 3~ gdesB(7) O

weB,

Motivated by Proposition [l in the following we shall establish a duality relation between
Fulerian recurrences and Fulerian recurrence systems. It is well known that the Eulerian poly-

nomials A, (z) and B, (z) satisfy the following recurrence relations:
Ap(z) = (nx+1—2)Apn_1(z) + (1 — 2)Al_{ (),
By (z) = 2nz + 1 —2)B,_1(7) + 22(1 — 2)B,,_,(z),

with the initial conditions Ag(z) = Bo(xz) = 1 (see [12] 47]). In recent years, there has been

much work on the generalizations of Eulerian recurrences, see [5, 23] [46] and references therein.
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In [5], Barbero, Salas and Villasenor systematically studied and classified the partial differential
equations that are satisfied by the generating function

fl@y) =

n,k>0

n| Ly"
-,
n!

where the numbers !Z‘ satisfy the recurrence relation

R R R EACC YIS

o)

with ‘8! = 1 and m = 0 when n < 0 or k < 0. Very recently, Hwang, Chern and Duh [23]

considered the general Eulerian recurrence:

Po(x) = (a(z)n + y(2)) Pao1(z) + B(x)(1 — 2) Py (2), (6)

with Py(z), a(z), f(x) and y(v) are given functions of x (they are often polynomials). They
studied the limiting distribution of the coefficients of P,(x) for large n when the coefficients
are nonnegative. In particular, Hwang, Chern and Duh [23], Section 9.3] discussed the limiting

distribution of the coefficients polynomials that satisfy Eulerian recurrence systems.

Definition 3. Let {E,(z)}n>0 and {O(z)}n>0 be two sequences of polynomials. We say that
the ordered pair of polynomials (Ey (), On(x)) is a Eulerian pair if deg E,(x) > deg O, (x) and

the polynomials E,(xz) and O,(x) satisfy the Eulerian recurrence system:

Onn () = 1 ()00 () + 0 ()0 (&) + w0 () En (), @)

{ Eri1(2) = po(2) Bn(@) + 40(2) By (@) + 7 (2)On (@),
where Ey(x), Og(x), pn(x), gn (), 10 (x), Un (), vy (2), wy () are given polynomials of low degrees.

Let f(z) =Y, f;z'. Throughout this paper, we always let

L5

[

L2
fE(x) = ngkﬂfk, fo(x) - Z f2k+13§‘k;
k=0 k=0
5] 125+]
) =3 fud®, foe) = 3 forme®
k=0 k=0

Hence f(r) = fE(z?) + 2 fO(2?) = f¢(x) + f°(x). As an extension of (@), we define a sequence
of polynomials F},(x) by using the following general Eulerian recurrence:

Fraa () = om () Fo () + B (2) F (@), (8)

where Fy(z), an(z) and S,(z) are given polynomials of low degrees. We can now present the
first main result of this paper.

Theorem 4. Let (E,(z), 0y, (x)) be a Eulerian pair that satisfies the Eulerian recurrence syetem ([T),
and let F,,(x) be the polynomial defined by the recurrence (8). Then the polynomial F,(x) has
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the expression F,(z) = E,(2?) + 20, (x?) if and only if the following conditions hold:

@) = P(e) + 5-a @), 0n(2) = (e, wne) = 7o),

2z
() = pu0?) + 11a(a?), Bul®) = 5-aala?), B(x) = 0
Proof. By using F,(z) = E,(z%) + 20, (x?), we obtain
Fl(x) = 2¢E (2?) + Oy (2?) + 22°0), (2%).
Then it follows from (8) that
Fra(®) = au(@) (Bu(a?) + 20,(a%) +
Bn(z) (22E),(2%) + Op(2?) + 2220, (2?)) .
Comparing this with the expression F,1(z) = E,.1(2?) + 20,.1(2?), we obtain
Eni1(2%) = a(2) En(2?) + zaq (2)On (%) +
By () (On(2?) + 2220}, (%)) + 227 (2) B, (2°),

O (%) = ~a(0) B 02) + 0 (£)0n (02)+

~502) (On(a?) +2204(%) + 265,2) BL ().
Since ([7) holds, then ¢ (z) = 0. Hence

{ Eni(a 2) o, (2) En(a®) + 22 (2) B} (22) + waly (1) O (22), o
Ont1(2?) = (a5 (2) + 357(2)) On(2?) + 2285 (2)0;, (%) + o (x) En(2?).
By comparing (7)) with (@), we immediately get the following relations:
pa(2?) = af (@), gn(2®) = 2267 (2), ra(2?) = zag (x),
un(e?) = 0, () + — B5(w), wn(o?) = 2285(x), wa(a?) = i (x),
which yield the desired result. This completes the proof. O

Let F,(x) be the polynomials defined by the recurrence (8). When S¢(x) = 0, we can get the

recurrence system [1l by using the following relations:

zo () = zpn(2?) + rp(2?), 228, () = g (x?). (10)

A polynomial p € R[z| is (Hurwitz or asymptotically) stable if every zero of p is in the open
left half plane LHP = {z: Rez < 0}; p is standard if its leading coefficient is positive. Suppose
that p,q € R[z] both have only real zeros, that those of p are {; < -+ < &,, and that those of ¢
are #1 < --- < 0,,. We say that p interlaces q if deg ¢ = 1+ degp and the zeros of p and ¢ satisfy

51 gn B n+1-

We also say that p alternates left of q if degp = degq and the zeros of p and ¢ satisfy

1 <0 <& << <y



6 S.-M. MA, J. MA, JEAN YEH, AND Y.-N. YEH

We use the notation p < ¢ for either “p interlaces ¢” or “p alternates left of ¢”. The next theorem

is a version of the classical Hermite-Biehler theorem.

Theorem 5 ([9, Theorem 4.1]). Let F(z) = FF¥(2?) + 2F°(2?) € R[z] be standard. Then F(x)
is stable if and only if both FE(x) and FO(x) are standard, have only nonpositive zeros, and
FO(z) < FE(z).

The Hermite-Biehler theorem has been widely used to study the distribution of zeros. In
this paper, we consider combinatorial aspects of the expression F(x) = FF(2?) + 2F(x?),
which we call the Hermite-Biehler decomposition of F(x). In Section [2, we collect the Hermite-
Biehler decompositions of several enumerative polynomials, including flag descent polynomials
for hyperoctahedral group, flag ascent-plateau polynomials for Stirling permutations, up-down
run polynomials for symmetric group and alternating run polynomials for hyperoctahedral group.

As applications of Theorem [l we get some new properties of associated polynomials.

2. EULERIAN RECURRENCE SYSTEMS AND HERMITE-BIEHLER DECOMPOSITIONS

2.1. The flag descent polynomials.
It follows from [I, Theorem 4.3] that the flag descent polynomials C,,(z) satisfy the recurrence

Chi1(z) = 2n2® + 2+ 1)Cy (2) + 2(1 — 2*)C) (2), (11)
with Co(x) = 1,C1(z) = 1 + 2 and Co(x) = 1 + 3z + 322 + 23. Set
an(2) =2n2* + x4+ 1, Bu(x) = z(1 —2?).
Note that 55 (x) = 0. It follows from ([0 that
z(2nz® + z + 1) = 2p, (2%) + rp(2?), 22%(1 — 22) = ¢, (2?).
Hence p,(x) = 2nx + 1, ¢,(z) = 22(1 — x), r,(x) = 2. By Theorem @], we see that
up(z) =2nr+1+1—2=02n— 1Dz +2, v,(z) =2x(1—2x), w,(x) =1
By Theorem ] and Theorem Bl we get the second main result of this paper.

Theorem 6. Forn > 1, we have

{ CE_\(x) = (2nz + 1)CE(2) + 22(1 — 2) LCE (z) + 2C2(x),

C’,?H(x) = ((2n — Da 4+ 2)C9(x) + 2z(1 — x)%C’,?(:E) + CE(x), (12)

with the initial conditions CF¥(x) = CP(x) = 1. Moreover, both CF(x) and C9(zx) have only

real negative zeros and C9 (x) < CF(z).

Define
E _ Z E % O _ Z 02"
C (.Z',Z) = ]."_ Cn (x)m, C (.Z',Z) —n:1Cn (x)m

n=1

By rewriting (I2]) in terms of generating functions, we have

{ (1—222)2CF(z,2) = CP(a,2) + 22(1 — ) £CF(2,2) + 20(x, 2),

(1-— 2:17z)8%00(x, 2) = (2 —2)C%x,2) +22(1 — ZE)%CO(JJ, z) + CF(x,z2). (13)
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It is routine to check that

r — elz—1)z 1 — elz—1)z

CF(x,2) = CO(x,2) = (14)

T — e2(z—1)2’ e2(z—1)z _ o°

It is well known that the exponential generating functions of A, (x) and B, (z) are given as

follows (see [12, Theorem 3.4)):

> 2" T —1 1—g)ell-2)z
Az, z) = ZA”(QS)F = = ( )
n=0 ’

T — elz—1)z 1 — pe(l-2)z

(1 —z)elt=2)2

(o] Zn
B(z,z) := Z Bn(:n)m = Lea:
n=0

We can now present the third main result of this paper.

Theorem 7. We have

Az,22) B(x,z) _ o
Aw) C™(x, z), Aw2) 1+ 2C%(x, 2).
Proof. Note that
x—1 r—e2 g1 B
A($’ 22) - T — e2(z—1)z - T — e2@—1)z 5 _ e(z—1)z =C ($’ Z)A($, Z),

which yields the first formula. Since

1 — gell=2)z

1 +$CO(ZE,Z) = m,

it follows that
(1 — a:)e(l_m)z 1— xe(l_w)z (1 _ x)e(l—m)z

O
B(x,z) = [ o200 = 1 12007 [ ge(=0)r — (1 + 2C" (z, z)) Az, 2).

This completes the proof. ]

An immediate consequence of Theorem [7is the following corollary.

Corollary 8. Forn > 0, we have

n

2 A () = k; (}) ArercE sto)

n—1 n
Bu(z) = An(x) + 2 ( k> Ap(2)CO, (x).

In [4], Bagno and Garber introduced the definition of flag excedance of signed permutations.

Let 7 € SB. The flag excedance number of 7 is defined by
fexc (m) :=2#{i € [n] : w(i) > i} +#{i € [n] : 7(i) <0}
Let exc 4(m) = #{i € [n] : w(i) > i}. Then fexc (1) = 2exc 4(7) + neg (7). It is well known that
Z fdes (m) _ Z ) (15)
reSE reSPH

which has been extended to colored permutations and affine Weyl groups. Ordinary and ¢-

generalizations of (IH]) have been pursued by several authors, see [19] 33], 8] for instance. For
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example, Mongelli [33] derived some basic properties of the flag excedance polynomials of classi-
cal and affine Weyl groups. In particular, Mongelli [33] p. 1221-1222] presented a combinatorial
proof of (). Recall that S? is the Coxeter group of type D. According to [33, Corollary 5.1],

Z xfexc (m) _ ((1 + x)nA ( ) (1 — $)nAn(_x)) : (16)
reSP
By ([I3)), we see that
Z xfexc () + Z fexc (7r
resSh reSB\SP

Let C(z,2) = 3.0° , Cp(z)Z;. It follows from (@) that C(z, 2) = A(z, (1 +z)z). By using (I8),

we immediately get

Z Z xfexc(ﬂ)% :%(C(x72)+0(—x,2)) :CE(x2,Z).

n=0reSD
Thus
Z Z fexc(ﬂ I xCO(az2,z).
n=0reSH\SP

So we get the following result, which gives a connection between Coxeter groups S and SP.

Proposition 9. Let C;f = {n € SP: w(1) > 0}. Then we have
Z xfexc (m) _ Z $2dos A(T(')‘
WGS,? ﬂEC’,j

A combinatorial proof of Proposition [9 would be interesting.

2.2. Flag ascent-plateau polynomials for Stirling permutations.

Stirling permutations were introduced by Gessel and Stanley [21]. A Stirling permutation of
order n is a permutation of the multiset {1,1,2,2,...,n,n} such that for each i, 1 <1i < mn, all
entries between the two occurrences of i are larger than i. The reader is referred to [7, 22} 291 [31]
for the recent study on Stirling permutations.

Denote by Q,, the set of Stirling permutations of order n. Let ¢ = o109 -09, € Qn.
The ascent-plateau number, left ascent-plateau number and flag ascent-plateau number of o are

respectively defined by
ap(m)=#{te2,2n—-1]: 7(i —1) <7(i) =n(i+ 1)},
lap(m)=#{ie€2n—1]: w(i —1) <7(i) =7w(i + 1), 7(0) =0},
fap () = { 2ap (o) + 1, if o1 :‘0’2;
2ap (o), otherwise.

Clearly, fap (o) = ap (o) + lap (¢). The flag ascent-plateau polynomials Ly (z) are defined by

— Z 2fap ()

0€Qn

The polynomials L, (z) satisfy the recurrence relation

Loi1(z) = (z + 2n2*) Ly () + 2(1 — 22 L (2), (17)
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with Lo(x) =1 (see [31, p. 14]). The first few L, (x) are
Li(x) ==,
Lo(z) = x + 2% + 2°,
L(z) = o + 32 + 723 + 32 + 2°.
Set Q, = QY UQ,,, where Qf ={0 € Q,: 01 <o2}and Q,, ={o € Q,,: 01 =03} Then

Ln(z) = LE (%) + 2L (2?) = Y 2@ 40 Y~ g% (@), (18)
oeQ) oeQ,
From (IT), we see that a,(z) = = + 2nz?, B.(z) = 2(1 — 2?) and B%(x) = 0. Using (0, we
obtain z(z + 2nz?) = zp,(2?) + r,(2%) and 222(1 — 22) = g,,(z?). Hence

pn($) = 2nz, Qn($) = 2‘/17(1 - ‘/E)’ Tn(x) =,
up(z) =2nz+1—2=02n— 1)z +1, vy(z) =22(1 —z), wy(x) = 1.
Therefore, by Theorem [, we can now present the fouth main result of this paper.

Theorem 10. Forn > 1, we have

dx—n

LY (2) = (20 — Do + D)LY (2) + 22(1 — ) LY (x) + Ly (),

{ LE,(¢) = 2maLE(w) + 20(1 - 2) - LE(@) + 2L9(x),
dx—n
with the initial conditions L¥(x) =0 and LY (x) = 1.

The ascent-plateau polynomials and left ascent-plateau polynomials are defined by
M, (x) = Z :Eap(”), N, (z) = Z z1ap (7).
0€Qn c€Qn

According to [28, Theorem 2, Theorem 3], we have

t" z—1
M(z,t) = Z ]\In(:v)m = 4 /733 T

n>0
t" / 1—2z
N($vt) = Z:(]Nn(x)m = 1 _ ge2td—a)
nz

Clearly, M, (x) = "N, (%) Moreover, according to [29, Proposition 1], we have

My A (z) = % (?) N;(z)Ny—i(z),

Bu(x) =" (?) Ni(2) Mp_; (2).

i=0
It is well known that A, (x) and B, (x) are both unimodal (see [2] for instance). Motivated by
the above convolution formulas, it is natural to explore the unimodality of M, (z) and N, (x).
Let f(z) =Y fiz". We say that f(z) is unimodal if there exists an index 0 < k < n such
that fo < f1 <+ < fx > fxe1 > -+ > fn. Such an index k is called a mode of f(x). In the

past decades, it is a fundamental problem to determine the location of modes of a sequence of
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combinatorial polynomials, see [14], 43] for instance. Following [37, Definition 2.9], we say that

f(x) is alternatingly increasing if

Clearly, alternatingly increasing property is a stronger property than unimodality. Very recently,
there has been much work on the alternatingly increasing property of Ehrhart polynomials
(see [6l 10, [40]). In the rest part of this subsection, we shall show that both M, (z) and N, (z)
are alternatingly increasing.
If f(x) is symmetric and deg f(x) = n, then it can be expanded as
[n/2]
fle) =Y wat (1 +a) 7,

k=0
and it is said to be y-positive if v, > 0 for 0 < k < |5|. If f(z) is y-positive, then f(x) is
unomidal and symmetric. Following [31], Definition 15], if

flz)=(1+2x)" Z)\kazk(l + 22)nk
k=0

and A\ > 0 for all 0 < k < n, then we say that f(z) is semi-y-positive, where v = 0 or v = 1.

Therefore, if f(x) is semi-y-positive, then

[n/2] [(n—1)/2]
flx)=(1+2z)" Z Aopz2R (1 + 222k 4 Z Ao 1221 (1 4 g2)n—1-2k
k=0 k=0

= (14 2)"(f1(2®) + 2 fo(2?)),

and both fi(z) and fy(z) are y-positive (see [31, Proposition 16]).

We now recall a very recent result on the flag ascent-plateau polynomials.

Proposition 11 (|31, Theorem 19]). The polynomial L, (x) is semi-y-positive. More precisely,

forn > 1, we have
Ln(z) = En: Ly ga®(1 4 2?)" 7",
where the numbers Ly, ;. satisfy the recurfejzlce relation
Lyptig=kLng+ Lpji—1+4(n—k+2)L, 2, (20)
with the initial conditions Log =1 and L, o =0 forn > 1.
It follows from (I8]) that
My (@) = Ly () + L (), No(z) = Ly, (z) + 2Ly (). (21)

Since deg L, (z) = 2n — 1, we have deg LZ(x) = deg L9(z) = n — 1. Note that LZ(0) = 0 and
L2(0) = 1. By using Proposition [T} we get that both LZ(x) and LY (z) are y-positive for any

n > 1. More precisely, we have

{ LE(@) = Toeor ™ = T4 Ly a1 42y 2,

- (22)
Lg(‘r) = ZO’EQ,; 2P () = ZIE(:O D/l Ln,2k+1xk(1 + x)”_l_%.



EULERIAN PAIRS AND EULERIAN RECURRENCE SYSTEMS 11
In conclusion, we now present the fifth main result of this paper.

Theorem 12. For any n > 1, both M,(x) and N,(z) are alternatingly increasing, and so they

are unimodal with modes in the middle.

Proof. Tt follows from ([22) that both LZ(z) and LY(x) are symmetric and unimodal. When

n = 2m + 1, assume that
Lgmﬂ(m) =01z 4 lox® + o A Ly 2™ 2™ A L™ 22 el P
L9i1(®) =1+ x4 loa® + -+ by 2™ 4 L™ + Ly g™ o (2?7 g2

Then Moy, 11(x) = L2Em+1(:17) + L2Om+1(:17) = 222;”0 M2m+1,i:17", where

1, if i = 0;
0+ 4, if1<i<m
Mopt1,: = ~ . -
Com—it1 +lom—i, ifm+1<4<2m—1;
0+ 1, if i = 2m.

Itisclear that 1 < /1 +1 < /¢, —1—171 < /Yy +l71 <... §€m—|—l7m, ie.,
Momt10 < Mamyiom < Mopmi1,1 < Momi1om—1 < - < Mopy1m.-

Note that Nop41(z) = LE, 4 (z) + 2LS,, 1 (z) = S22 Noyg1i?, where

0, if i = 0;
0+ 1, ifi=1;

Nomiri =4 i+ i, if2<i<m;
Com—it1 + lom—is1, ifm+1<i<2m;
1, if i = 2m + 1.

It is clear that 0 < 1 < €y + 1<y + 01 < ly+ 0y < -+ < by + by, e,

Nopmt10 < Nopg1 2m41 < Nomt1,1 < Nomg1.2m <o+ < Nopp1mt1-

Therefore, both My, +1(2) and Naj,41(z) are alternatingly increasing, the mode of Moy, 41(x)
is m and that of No,,11(z) is m + 1. In the same way, one can verify that both My, (z) and

Ny (z) are alternatingly increasing with the mode m. This completes the proof. O

2.3. The up-down run polynomials for symmetric group.

Let m € §,,. The up-down runs of a permutation w € S,, are the alternating runs of m endowed
with a 0 in the front (see [I8[31]). Let udrun (7) denote the number of up-down runs of 7. The
interior peak number and left peak number of 7 are respectively defined by

ipk(m)=#{t€2,n—1]: w(i —1) <7(i) >n(i+ 1)},
Ipk(m)=#{ien—-1]:7G—1) <7w(i) >n(i+ 1), 7(0) =0}

Define
Wn(l‘) _ Z $ipk(7r)’ Wn(l‘) _ Z $1pk(7r)‘

7T€Sn WESn
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The polynomials W,,(z) and W, (z) satisfy the recurrence rleations

)
Whii(z) = (nx — 2 + 2)Wy(z) + 22(1 — )W, (z),

Wit (z) = (n@ + D)Wo(z) + 22(1 — )W, (z),
with Wi (z) = Wi(x) = 1 (see [26] [34]). Note that deg W, (z) > deg W, (z). Then we set
pn(x) =nx + 1, qu(x) =2x(1 —z), r(z) =0.

Note that p,(z) + 5-¢5(z) = nz — z + 2. Then by using Theorem ], we can define

1

n(#) = pu(a®) + () = na® +1, ue) = goan(a?) = 21— a2,

Therefore, we immediately get the following result, which has been proved in [26].

Proposition 13. Let {R,(x)}n>1 be a sequence of polynomials defined by
Ryi1(x) = (na® + 1) R (2) + 2(1 — 2°) Ry, (x), (23)
with Ry(x) = 1+ x. Then R,(x) = W,(z?) + 2W, (2?).

The up-down run polynomials T, (x) are defined by
Tn($) _ Z ‘,Eudrun(n)‘
TESH

The polynomials T, (z) satisfy the recurrence relation
Thi1(z) =x(ne+ )T, () + (1 — xz) T (x), (24)

with initial conditions Tp(z) = 1 and T’ (z) = = (see [27, 41]). Comparing 7)) with 24)), it is

easy to check that
14+

R, (x) = To(x).
Set ST={reS,: n1(n—1)>n(n)}and S, ={re€S,: m(n—1) <7(n)}. We define

= Z :Elpk(W)’ Tno(:n) _ Z 2Pk (™)

meS,T TES,

By definition, we get the following result.

Proposition 14. Forn > 1, we have

To(w) = T7(2?) + 2T, (2%),
Wa(z) =T (2) + T7 ().

From (Z4)), we see that a,(z) = na? + x, B,(z) = z(1 — 2?) and S(z) = 0. Using (0), we
obtain z(nz? 4+ x) = zp,(2?) + r,(2?) and 222(1 — 22) = ¢,(2?). Hence

pn(x) = nx, qn(z) =22(1 — x), rh(x) =2,

up(x) =nx+1—x=Mn—-1z+1, v(z)=22(1 —x), wy(z) =1.

By using (24]) and [32] Theorem 2|, we see that 7, (x) have only real nonpositive zeros.

Combining Theorem [ and Theorem [Bl we obtain the sixth main result of this paper.
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Theorem 15. Forn > 1, we have

dx—n

T (x) = ((n — D)o+ DTS (2) + 22(1 — 2) LT9 (x) + TE(2),

de=n

{ T\ (v) = naTE (z) + 20(1 — 2) £TF (2) + 2T2 (), (25)

n

with the initial conditions TE(x) = 0 and TP (z) = 1. Moreover, both TF(z) and TO(x) have
only real negative zeros and TO (x) < TF(z).

2.4. Alternating run polynomials for signed permutations.

Let 7 € SB. The peak number and valley number of 7 are respectively defined by
pk(m)=#{ien—-1]: n(i—1) <7(i) > (i + 1), 7(0) = 0},
val(m)=#{i€n—1]:7(i—1) > n(i) <7(i+ 1), 7(0) = 0}.

Recall that C;f = {7 € S : 7(1) > 0}. We define
Un(x) — Z xpk (7r)7 Vn(a:) _ Z xval (7r) (26)
TeCy reC;t

According to [17, Corollary 7], the polynomials U, (z) and V,,(z) satisfy the following system

of Eulerian recurrences:

Un+1(z) = 2nz 4+ DUy (x) + 42(1 — 2)U), (x) + 2V, (2),
Vit (z) = 2ne — 22 + 3)V,(x) + 42(1 — 2)V,! (x) + Uy, (2),

with Up(x) = 1 and Vp(z) = 0. Note that degU,(z) > degV,(x). Thus (U,(z), V,(z)) is a
Eulerian pair. Put
pn(z) =2nx + 1, gu(z) = 4z(1 — ), r(z) =z,
up(z) = 2nx — 2x + 3, vp(x) =4x(l — z), wy(z) = 1.
Then an(z) = pn(2?) + 21, (%) = 2na? + 2+ 1 and B, (z) = £¢n(2?) = 22(1 — 2%). Then by

using Theorem [, we immediately get the following result.
Proposition 16. Let {H, (z)},>0 be a sequence of polynomials defined by

Hpi1(z) = (2na® + x + 1) Hy(z) + 22(1 — 2%)H), (2), (27)
with Ho(z) = 1. Then H,(z) = Uy (z?) + 2V, (2?).

Let altrun (7) = pk () + val (7) be the number of alternating runs of 7. The alternating run

polynomials for signed permutations are given as follows:

ﬁn(ﬂj‘) _ Z xaltrun(w).

reC,t
Zhao [45] showed that H,,i(z) = (2na? + 3z — 1)H, () + 2z (1—a?) H! (z) for n > 1, with
Hi(z) = z. It is routine to verify that

Hoy(z) = Zxﬁn(x)

for n > 1, which has been proved in [I7, Theorem 8§].
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3. CONCLUDING REMARK

In this paper, we consider the combinatorial aspects of the Hermite-Biehler decompositions of
several enumerative polynomials. Let { f,,(z)},>0 be a sequence of polynomials with nonnegative

coefficients. Suppose that

fas1() = (a1n + ag + (bin + bo)z + (e1n + ¢2)2?) fo(x) + do(1 — 22) f) (). (28)
where a1, as,b1,b2,c1,c0,d € R. Then

an(r) = ain + ag + (bin + ba)x + (c1n + )22, Bu(z) = dz(l — 2?).

It follows from (I0) that

pn(x) = a1n+ ag + (aan + o)z, qu(x) = 2dz(1 — x), ro(x) = (b1n + be)x.
By using Theorem [ we obtain

up(z) = arn+as +d+ (ein + co — d)x, vp(x) = 2dx(1 — x), wy(x) = bin + be,

and then we can derive the recurrence system of the polynomials f¥(x) and f©(x).

Besides the polynomials discussed in Section 2 many other enumerative polynomials also
satisfy the recurrence (28], see [5], [46], [47] for instance. We end this paper by giving an example.
Following [3 Definition 1], a tree-like tableau is a Ferrers diagram where each cell contains either
0 or 1 point with some constraints. The symmetric tableaux are tree-like tableaux which are
invariant with respect to reflection through the main diagonal of their diagram. Let b(n, k) be the
number of symmetric tableaux of size 2n+1 with &k diagonal cells, and let b, (z) = ZZI% b(n, k)"
It follows from [3, Proposition 18] that

bu+1(2) = (n+ (1 + 2)by(x) + 2 (1 — 2?)b), (x),

with the initial condition bg(x) = x. By using the recurrence system of the polynomials bZ ()
and b9 (z), one can easily derive that b2 (1) = (1) = 2"~In! for n > 1. We leave the details to
the reader. Thus it may be interesting to further explore properties of b2 (z) and b9 ().
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