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Abstract

For every graph X, we consider the class of all connected {73, X }-
free graphs which are distinct from an odd cycle and have independence
number at least 4, and we show that all graphs in the class are perfect if
and only if X is an induced subgraph of some of Py, K1 U P5, 2P3, Z5 or
KU Z;. Furthermore, for X chosen as 2K7U K3, we list all eight imperfect
graphs belonging to the class; and for every other choice of X, we show
that there are infinitely many such graphs. In addition, for X chosen as
B 2, we describe the structure of all imperfect graphs in the class.
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1 Introduction

We consider finite, simple, undirected graphs, and we refer to [2] for terminology
and notation not defined here. We let N(z) denote the set of all vertices adjacent
to vertex x in a given graph. Considering a graph G and a set S of its vertices,
we recall that a subgraph of G' induced by S is simply the graph obtained from
G by removing all vertices of V(G) \ S. We say that a graph H is an induced
subgraph of G if there is a set of vertices of G which induces a graph isomorphic
to H. Given a family H of graphs and a graph G, we say that G is H-free if G
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contains no graph from A as an induced subgraph. In this context, the graphs
of H are referred to as forbidden subgraphs. We emphasise that the studied
forbidden subgraphs are not necessarily connected. We let H; U Hy denote the
disjoint union of graphs H; and Hs,, and let KH denote the disjoint union of k
copies of a graph H. A cycle of length at least 4 is called a hole, and a graph
whose complement is a cycle of length at least 4 is called an antihole. A hole
(antihole) is odd if it has an odd number of vertices. (We usually talk about holes
and antiholes as induced subgraphs.) We recall that a graph is k-colourable if
each of its vertices can be coloured with one of k colours so that adjacent vertices
are assigned distinct colours. The smallest integer k such that a given graph G
is k-colourable is called the chromatic number of G, denoted by x(G). We let
w(G) denote the cligue number of G, that is, the order of a maximum complete
subgraph of G. (Clearly, x(G) > w(G) for every graph G.) A graph G is perfect
if X(G") = w(G’) for every induced subgraph G’ of G.

Studying connected K s-free graphs with independence number at least 3,
Chudnovsky and Seymour [5] showed that their chromatic number can be at
most twice as large as the clique number (and they also presented an infinite
family of such graphs whose chromatic number is almost this large). Considering
a 3K;-free graph G (clearly, K s-free and of independence at most 2), we recall
that its chromatic number is at least %|V(G)|; and for some such graphs, |V (G)|
has order of magnitude l;}g(f();) (by a result of Kim [9] on Ramsey numbers).

While we are focused mainly on K s-free graphs, we should say that relating
forbidden induced subgraphs and colourings is a classical topic in graph theory.
Numerous results are known and, naturally, stronger colouring properties can be
obtained when considering a pair (or larger set) of forbidden induced subgraphs
(for instance, see survey papers [8, [10, [11]).

We investigate restricting the class of K s-free graphs by additional con-
straints (in particular, by different choices of an additional forbidden induced
subgraph X)) so that the resulting class consists of perfect graphs.

To this end, we will use the classical result on perfect graphs by Chudnovsky
et al. [4] as the main tool.

Theorem 1 (Chudnovsky et al. [4]). A graph is perfect if and only if it contains
neither an odd hole nor an odd antihole as an induced subgraph.

We also use the following lemma due to Ben Rebea [I] (see also [6], [7]).

Lemma 2 (Ben Rebea [I]). Let G be a connected K 3-free graph with indepen-
dence number at least 3. If G contains an induced odd antihole, then G contains
an induced Cs.

Our former investigation of connected { K 3, X }-free graphs (of independence
at least 3) resulted in the following characterisations.



Theorem 3 (Brause et al. [3]). Let X be a graph and G be the class of all
connected { Ky 3, X }-free graphs which are distinct from an odd cycle. Then the
following statements are satisfied.

o [f X s an induced subgraph of Zy or Py, then all graphs of G are perfect.
e Otherwise, there are infinitely many graphs of G whose chromatic number
18 greater than the clique number.

Furthermore, the following are satisfied for the class G' of all graphs of G whose
independence number is at least 3.

e [f X is an induced subgraph of Zy or of Ps, then all graphs of G’ are perfect.
e Otherwise, there are infinitely many graphs of G' whose chromatic number
15 greater than the clique number.
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Figure 1: The graphs K3, Py, Z1, Ps and Z5 (considered in Theorem .

The dichotomic nature of Theorem [3| (for graphs with independence number
at least 2 and at least 3) raises a question on the nature of an analogous statement
for graphs of independence number at least 4. Motivated by this question, we
look one step further in this direction and investigate perfectness of these graphs.

2 Main result

In this section, we answer the question motivated by the nature of Theorem [3]
The dichotomic character of Theorem |3|does not extend to { K7 3, X }-free graphs
with independence number at least 4. We show a full characterization and de-
scribe the finitely many exceptions, which are given by one of the forbidden pairs.
The main result of the present note is as follows.

Theorem 4. Let X be a graph and G be the class of all connected {K 3, X }-free
graphs which are distinct from an odd cycle and have independence number at
least 4. Let X be the set of graphs which consists of Ps, K1UPs, 2P3, Zy, K1U Z;
and all their induced subgraphs. The following statements are satisfied.

(1) If X belongs to X, then all graphs of G are perfect.
(2) If X is 2K, U K3, then the only imperfect graphs of G are the graphs
Ei, ..., Es, depicted in Figure[3



(3) If X does not belong to X U {2K; U K3}, then G contains infinitely many
imperfect graphs.
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Figure 2: The graphs Ps, K1UP5, 2P, Z5, K1UZ, 2K;UK3 and By 2 (considered
in Theorems 4| and E[)
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Figure 3: The graphs E, ..., Es.

We note that the assumption of being distinct from an odd cycle is satisfied
trivially for particular choices of X, and that similar characterisations follow for
the case when the graphs considered are not necessarily distinct from an odd
cycle. (This concerns choosing X as an induced subgraph of P, or Ps in the
respective parts of Theorem [3 and as an induced subgraph of Ps, K; U Ps or 2P;
in Theorem [4])

We also note that other choices of the graph X (in item (3) of Theorem
can still admit a ‘nice’ description of all (infinitely many) imperfect graphs in
the class G. This fact is illustrated on the example X = B; o (see Figure [2) by
proving Theorem [J] in Section [3|

In order to prove Theorem@ we will show three structural lemmas on K 3-free
graphs.

Lemma 5. Let G be a connected K, 3-free graph with independence number at
least 4, and Hy, ..., H7 be the graphs depicted in Figure[f The following state-
ments are satisfied.



(1) If G is Hy-free, then it is Cr-free.
(2) If G is {Hs, ..., Hr}-free, then it is Cs-free.
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Figure 4: The graphs Hy,..., H;. We note that Hg is isomorphic to the graph
E1, depicted in Figure [3

Lemma 6. If G is a connected {K3,2K, U K3}-free graph with independence
number at least 4 which is distinct from the graphs Ei, ..., Eg (depicted in Fig-
ure[d), then G is {Cs, C7}-free.

Lemma 7. Let G be the class defined in Theorem [}, and let X be a graph such
that X s not an induced subgraph of any of Ps, K1 U P5, 2P3, Zy, K1 U 7,
2K, U K3. Then infinitely many graphs of G contain an induced odd hole.

We also recall the following fact observed in [3].

Observation 8 (Brause et al. [3]). Let G be a K, 3-free graph and C be a set of
its vertices such that C' induces a cycle of length at least 5. If x is a vertex that
does not belong to C but is adjacent to a vertex of C, then N(z) N C induces K
or Py or Py, or (in case |C| = 5) it can induce Cs, or (in case |C| > 6) it can
mnduce 2K5.

The proofs of Lemmas [B] [6] and [7] are included below. Assuming the lemmas
are true, we prove Theorem [4]

Proof of Theorem[f] We assume that X belongs to X U {2K; U K3}, and prove
statements (1) and (2). First, we show that G is {Cy, Ci1,...}-free. For the
sake of a contradiction, we suppose that G contains an induced C, (where ¢ > 9
and ¢ is odd). Clearly, G contains each of the graphs P, K3 U Ps,2P; as an
induced subgraph. Since G is connected and distinct from C,, it contains an
additional vertex which is adjacent to a vertex of this Cy. Using Observation [g]
we conclude that G also contains Zy, K;UZ;, and 2K;U K3 as induced subgraphs,
a contradiction.

Next, we show that G is {C5, C7}-free. For the case when X belongs to X, we
observe that each of the graphs Hj, ..., H; (depicted in Figure {4)) contains X as
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an induced subgraph. In particular, G is {Hq, ..., H7}-free, and thus {C5, C7}-
free by Lemma o] For the case when X is 2K, U K3, we conclude that G is
{C5, C;}-free by Lemma [6]

In particular, we can now use the fact that G is Cs-free as follows. Since
G satisfies the assumptions of Lemma 2] we get that G cannot contain an odd
antihole as an induced subgraph (if G' contained an induced odd antihole, then
it would contain induced Cj, contradicting the fact that G is Cs-free).

Consequently, GG contains neither an odd hole nor an odd antihole as an
induced subgraph, and thus G is a perfect graph by Theorem

To conclude the proof, we observe that statement (3) follows by Lemma . O

In the remainder of the present section, we prove Lemmas [5] [6], and [7]

Proof of Lemmal[3. We prove the lemma by considering a minimal counterexam-
ple. In particular, for each of the two statements, we consider a graph G which
satisfies the assumptions of the statement and contains an induced Cp (where
¢ = 17,5 for statement (1), (2), respectively) and, subject to these properties, has
a minimal number of vertices.

We let C be a set of vertices inducing Cy in G, and N(C) be the set of all
vertices not belonging to C' but adjacent to a vertex of C'. We let I be a maximum
independent set of G, and e be the number of edges going from C to I'\ C. Before
proving the statements, we show three claims on basic properties of G.

Claim 1. Ifz is a vertex with a neighbour in C" and a neighbour outside CUN (C'),
then N(z) N C induces Ks.

Proof of Claim[1. Since G is K s-free, the set N(x) NC cannot contain two non-
adjacent vertices, and |N(x) N C| # 1. It follows that N(z) N C induces K>. W

Claim 2. For every vertex x of G, the set N(x) N C does not induce Ps.

Proof of Claim[3. For the sake of a contradiction, we suppose that there is a ver-
tex  whose neighbours in C' induce P3. We let y be the central vertex of this Ps,
and we consider the graphs G —x and G —y. We note that both considered graphs
are connected (since G is K s-free), and both contain an induced C,. Further-
more, at least one of the considered graphs is of independence at least 4 (since x
and y cannot both belong to I), and we conclude that this graph contradicts the
choice of G as a minimal counterexample. [ |

Claim 3. We have e <20 —4|IN(CUN(C))| +4|I N N(C)|.

Proof of Claim[3. We recall that I is an independent set. We consider a vertex z
of C' and discuss the number of its neighbours in 7'\ C|, that is, the contribution to
the quantity e. Clearly, x is adjacent to at most two vertices of I (since G is K7 3-
free). Furthermore, if = is adjacent to a vertex of I N C', then x has at most one
neighbour in I\ C. Similarly, if = is adjacent to two vertices of I NC' or x belongs



to I, then z has no neighbour in 7\ C'. Consequently, we get that e < 20—4|INC/|,
and the desired inequality follows since |[INC| = |[IN(CUN(C))|—|INN(C)|. N

We use Claims and [} and show statements (1) and (2). First, we consider
a graph G chosen as a minimal counterexample to statement (1), and a set C'
inducing C7 in G. We note that Claim [1| implies that every vertex of V(G) \ C
is adjacent to a vertex of C' (since G is connected and Hj-free). In particular,
we have I N N(C) = I\ C. Furthermore, every vertex of V(G) \ C has precisely
four neighbours in C' (by combining the fact that G is Hj-free together with
Claim [2| and Observation . In particular, we consider the vertices of I\ C,
and conclude that e = 4|1 \ C|. On the other hand, Claim |3 yields that e <
14—-16+4[INN(C)| =4/ \ C| — 2, a contradiction.

Next, we consider a minimal counterexample G for statement (2), and a set C
inducing C5. We first show that every vertex of V(G) \ C is adjacent to a vertex
of C'. For the sake of a contradiction, we suppose that there is a vertex, say w,
which has no neighbour in C'. We observe that w is precisely at distance two from
C' (using Claim (1] and the facts that G is connected and Hs-free). Furthermore,
the graph G —w is connected and it contains an induced C5, and hence w belongs
to I and |/| = 4 (since G is a minimal counterexample). We let u be a vertex
adjacent to w and to a vertex of C'. In particular, u does not belong to I and G—u
contains an induced Cs. We use the fact that G is a minimal counterexample and
note that the graph GG — u is not connected, and furthermore G — u has precisely
two components one of which consists only of the vertex w (since G is K 3-free
and minimal). Consequently, we observe that u is the only vertex of G whose
neighbours in C' induce K (since G is { Hs, Hy, Hs}-free and the graphs depicted
in Figure [5|are not K s-free). It follows that every vertex of /NN (C') has at least

Figure 5: Possible graphs induced by C' U {u,w, z}, where z is another vertex
whose neighbours in C induce K5, and distinct from Hs, Hy and Hs. We note
that the graphs are not K s-free (induced copies of K 3 are depicted in bold).

four neighbours in C' (by Claim 2] and Observation [§), and thus e > 4|1 NN (C)|.
On the other hand, we note that w is the only vertex of I which has no neighbour
in C' (by Claim [I)). Thus, we have |[I N (C U N(C))| = 3, and Claim [3| gives that
e<10—-1244INN(C)| =4I N N(C)| — 2, a contradiction.

Hence, every vertex of V(G) \ C' is adjacent to a vertex of C. In particular,
every vertex of V(G) \ C belongs to I (since G is a minimal counterexample).
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Figure 6: Possible graphs induced by C'U I which are distinct from H;. Each
graph contains an induced K 3 (depicted in bold).

We recall that G is {Hg, H7}-free, and we observe that at most two vertices of
I'\ C have the property that its neighbourhood in C' induces K5 (see Figure @
Similarly as above, Claim 2] and Observation [§ imply that e > 4|1 \ C| — 4.
However, Claim 3] yields that e < 10—16+4|I\ C| = 4|1\ C| -6, a contradiction.

0

Proof of Lemma[f. We consider such graph G and note that G is {Hy, ..., Hs}-
free and Hr-free (since it is 2K, U Kjs-free).

We suppose that G is distinct from Fji, ..., Eg (depicted in Figure [3), and
show that G is Hg-free. For the sake of a contradiction, we suppose that G
contains a set H of vertices inducing Hg. We note that G contains a vertex,
say z, which does not belong to H but is adjacent to a vertex of H (since G is
connected and distinct from Fy, that is, Hg). We discuss the adjacency of = to the
vertices of H and show that there are essentially only three types of connecting
z to H (see Figure [§). To this end, we consider the set I of four independent
vertices of H and the labelling of vertices of H given in Figure[7] We note that =
is non-adjacent to at least two vertices of I (since G is K s3-free), and we discuss
the cases given by pairs of vertices of I. For each case, we use the assumption
that G is { K 3,2K; U K3}-free. By symmetry, we need to consider four cases as
follows.

19
) U1 Ull
21 3]
/
Vg Uy
i3

Figure 7: Labelling the vertices of Hg. The vertices of I are labelled iy, 1}, 42, i3.

First, we show that if x is adjacent to neither i, nor i3, then z is adjacent to
all remaining vertices of H (this gives type B as depicted in Figure . We use
that the set {iy,1i3,v1, v}, 2z} cannot induce 2K; U K3, and hence we can assume
that = is adjacent to v;. Using the edge zv;, we get that = is also adjacent to 7,
(by considering the graph induced by {iy, 2, v1, x}). Similarly, x is adjacent to vs.



Consequently, z is adjacent to ¢} (by considering {iy, 1}, iz, ve,z}), and similarly
it is adjacent to v4. Finally, it is adjacent to v} (by considering {ig, v}, v}, x}).

Second, we assume that z is adjacent to neither ¢} nor i5. Using the previous
case, we can assume that x is adjacent to i3. It follows that x is adjacent to
neither v| nor vy, and consequently it is not adjacent to v;. Finally, x is adjacent
to v}, and thus it is adjacent to ¢; (this gives type A).

Third, we suppose that x is adjacent to neither ¢; nor i3, and we can assume
that x is adjacent to is. We note that z is adjacent to neither vy nor vj. Since x
is not adjacent to v, it is adjacent to neither v; nor v5. Hence, x is not adjacent
to vy. A contradiction follows by considering {i1, vy, va, v5, z}.

Fourth, we assume that z is adjacent to neither ¢, nor ¢}, and that x is adjacent
to s and i3. In addition, we can assume that z is adjacent to v} (by considering
{i3, va, vy, x}). Tt follows that x is not adjacent to vy, and hence adjacent to vy,
and thus adjacent to v} (this gives type C).

With the three types on hand (as depicted in Figure , we continue the
argument. In particular, we note that G contains at least two vertices which do
not belong to H (since G is distinct from Es, E3 and Ey).

A B C

Figure 8: The only three types of connecting x to Hg. The types are labelled
A, B and C'. The vertices of I are depicted in white.

In addition, we have that every vertex of G is adjacent to a vertex of H
(since G is connected and K s-free, and two non-adjacent vertices of H are
adjacent to x). Hence, these three types (of connecting ) apply to every vertex of
V(G)\ H. We consider a pair of such vertices, and note that their neighbourhoods
in H cannot be the same (since G is { K1 3, 2K UK;3}-free). In particular if adding
two vertices of type A, then one has to be adjacent to iy, i3, v5 and the other to
i}, 13, v9. We consider the possible graphs obtained by adding two vertices of type
A (there are two graphs to consider since the additional vertices may or may not
be adjacent), and we note that none of them is {K; 3,2K; U K3}-free. Similarly,
we discuss all remaining cases and observe that there are precisely three options
of connecting two vertices to H (see Figure E[)

Since G is distinct from Es5, Eg and E7, it contains at least three vertices which
do not belong to H. We consider pairs of such vertices and the above discussion,
and we conclude that G contains precisely three such vertices and, in fact, G is
exactly Fg, a contradiction. Hence, we can assume that G is Hg-free.

Consequently, G is {H1, . .., Hy}-free, and thus {C5, C7 }-free by Lemmalp] O
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Figure 9: Graphs obtained by adding two vertices to Hg. The labelling indicates
types of the additional vertices. For each pair of the types, the additional vertices
might be non-adjacent (top) or adjacent (bottom). Three of the graphs are
{Ki3,2K; U K3}-free. In the remaining graphs, induced K; 3 or 2K; U K3 is
highlighted.

Figure 10: Families JFi, Fa, F3, F4 of graphs. The families F; and F5 consist
of graphs which are obtained from C; (where ¢ > 9 and ¢ is odd) by adding a
vertex such that the set of its neighbours on C, induces P», P;, respectively. The
families F3 and JF; consist of graphs which are obtained as follows. We consider
the graph labelled Fj3, Fy, respectively, and its distinguished vertex (depicted as
large), and add (in sequence) an arbitrary number of vertices adjacent exactly to
the distinguished vertex and to its neighbours.

Proof of Lemma[7. We use the assumption that X is not an induced subgraph
of any of P, K1 U Ps, 2P5, Zy, K1 U Z1, 2K, U K3, and we show that X contains
at least one of the graphs 5K, 3K, U Ky, 3Ky, Ko U Py, K3, Cy, Cs, Cs, Cr,
Ky, D, H, B, Ko U K3, K1 U Z5 as an induced subgraph (the graphs D, H and
B are depicted in Figure . Clearly, we can assume that X is a chordal graph
(otherwise it contains at least one of Cy, C5, Cgs, C7, Ko U Py as an induced
subgraph and the claim is satisfied). In addition, we can assume that X contains
at most one triangle (otherwise there is at least one of Ky, D, H, Ky U K3 as an
induced subgraph or X is not chordal). We discuss two cases.

For the case when X contains no triangle, we can also assume that every
component of X is a path (otherwise there is K7 3). We use the assumption that
X is not an induced subgraph of any of Py, K1 U Ps, 2P3, and we let M denote
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Figure 11: The graphs D, H, B and N.

a set of all vertices of a largest component of X (that is, vertices of a longest
path), and we observe the following. If |[M| > 7, then X contains Ky U P, as
an induced subgraph. If |M| = 6, then X has at least two components (since
X is not Fg), and hence it contains induced 3K; U Ky. If 5 > |M| > 4, then X
has at least two vertices which do not belong to M (since X is not an induced
subgraph of K; U Ps), and thus X contains 3K; U Ky or Ky U Py as an induced
subgraph. If |M| = 3, then X has at least three components and at least three
vertices outside M (since X is not an induced subgraph of 2P3). It follows that
X contains induced 3K; U Ky. If |[M| = 2, then we note that X contains 3K, or
3K1 U K3 as an induced subgraph. Lastly if |[M| = 1, then X has at least five
components and this gives 5K7.

For the other case, we consider the component of X which contains the trian-
gle. We can assume that this component is a subgraph of Z, (otherwise there is
B or KU K3 as an induced subgraph), and that every other component is trivial
(otherwise we have induced Ky U K3). Since X is not an induced subgraph of
any of Z,, K1 U Zq, 2K1 U K3, we conclude that X contains K7 U Z5 or 3K U Ks
is an induced subgraph.

We proceed by considering the families F7, Fs, F3, F4 of graphs depicted in
Figure and we note that each of the graphs is K s-free, of independence
number at least 4, and contains an induced odd hole. Furthermore, we observe
that every graph of F is {Cy, Cs, Cs, Cr, Ky, D, H }-free, and every graph of F
is B-free, and every graph of F3 is {5K,3K; U Ky, K1 U Zs,3K5, K3 U Py }-free,
and every graph of Fy is Ky U Kj-free. m

3 Concluding remarks

Finally, we remark that the class of all imperfect connected {K 3, B;2}-free
graphs with independence number at least 4 admits a simple characterisation.
The graph B 5 is depicted in Figure [2| and the characterisation is given in Theo-
rem [9] (A similar, but more technical, structural statement can be shown for X
chosen as the graph N depicted in Figure )

We start by recalling the notation of an inflation of a cycle (also used in [3]).
We say that a graph is an inflation of C if the graph can be obtained from C}, by
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applying (in sequence) the following operation any number of times (possibly not
at all). Choose an arbitrary vertex of the graph on hand and add a new vertex
adjacent precisely to the chosen vertex and to all its neighbours. An example of
an inflation of C7 is depicted in Figure

R

Figure 12: An inflation of C%.

We show the following fact (a similar statement considering {K; 3, B}-free
graphs was shown in [3]).

Theorem 9. Let G be a connected {K; 3, B12}-free graph with independence
number at least 4. Then G 1is either perfect or it is an inflation of Cy such
that k is odd and k > 9.

Proof. We note that each of the graphs Hy, ..., H; (depiced in Figure |4]) contains
an induced By, and so G is {Cj, C7}-free by Lemma . Thus, G contains no
induced odd antihole by Lemma [2, We conclude that the statement follows by
the combination of Theorem [l and Observation |10| (stated below). O]

We let B; ; denote the graph obtained by identifying end-vertices of two vertex-
disjoint paths P11, P11 (one end of each) with two distinct vertices of a triangle
(for instance, see the graph B, depicted in Figure . We show the following
structural observation on {Kj 3, By ,}-free graphs. (The argument goes along
similar lines as in the proof of [3, Lemma 4.2], where { K} 3, By , }-free graphs and
k > 5 were considered.)

Observation 10. Let p be an integer greater than 1 and G be a connected
{K\3, B1,}-free graph which contains an induced Cy, such that k> 2p+3. Then
G is an inflation of Cy.

Proof. We consider a set C' inducing C}, in GG. Clearly, we can assume that there
is a vertex, say x, of V(G) \ C (otherwise, the statement is satisfied trivially),
and that z is adjacent to a vertex of C' (since G is connected).

We note that N(z) N C cannot induce any of the graphs Ky, Py, 2K, (since G
is By ,-free), and thus it induces Ps (by Observation. In particular, we get that
every vertex of G is adjacent to at least one vertex of C' (since G is connected
and K 3-free).

We consider a pair of vertices, say « and y, of V(G) \ C, and let ¢ be the
number of their common neighbours in C. Using that G is { K} 3, By, }-free, we
discuss the cases given by ¢ = 0,1,2,3 (see Figure , and we conclude that z
and y are adjacent if and only if ¢ > 2. It follows that G is an inflation of Cj,. [
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c=10 . ’ c=1 ' c=2 . | c=3

Figure 13: Adjacencies of z and y and C giving one of the forbidden subgraphs
(induced copies of K 3 and By, are depicted in bold).
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