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Abstract

In this paper, we study structural properties of Toeplitz graphs. We char-
acterize K -free Toeplitz graphs for an integer ¢ > 3 and give equivalent
conditions for a Toeplitz graph G, (t1,te,...,tx) with t; < -+ < t; and
n > tr_1 + t; being chordal and equivalent conditions for a Toeplitz graph
Gy (t1,t2) being perfect. Then we compute the edge clique cover number
and the vertex clique cover number of a chordal Toeplitz graph. Finally, we
characterize the degree sequence (dy,ds,...,d,) of a Toeplitz graph with n
vertices and show that a Toeplitz graph is a regular graph if and only if it
is a circulant graph.
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1. Introduction

An n x n matrix T = (t;)1<ij<n is called a Toeplitz matriz if t; ; =
ti+1,j+1 for each {i,j} C [n — 1] where [m] denotes the set {1,2,...,m} for
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Figure 1: A (0, 1)-symmetric Toeplitz matrix and its Toeplitz graph

a positive integer m. Toeplitz matrices are precisely those matrices that
are constant along all diagonals parallel to the main diagonal, and thus a
Toeplitz matrix is determined by its first row and column. Toeplitz matri-
ces occur in a large variety of areas in pure and applied mathematics. For
example, they often appear when differential or integral equations are dis-
cretized and arise in physical data-processing applications and in the theories
of orthogonal polynomials, stationary processes, and moment problems; see
Heinig and Rost [§]. Other references on Toeplitz matrices are Gohberg [7]
and lohvidov [13].

A Toeplitz graph is defined to be a simple, undirected graph whose ad-
jacency matrix is a (0, 1)-symmetric Toeplitz matrix. Any Toeplitz matrix
mentioned in this paper has the main diagonal entries 0. One can see that the
first row of a symmetric Toeplitz matrix determines a unique Toeplitz graph.
In this vein, we denote a Toeplitz graph with n vertices by Gy, (t1,ta, ..., tx)
if the 1’s in the first row of its adjacency matrix are placed at positions
14+t, 1+to, ..., 1+t with1l <t <ty <...<t <n. In addition, we
label the vertices of Gy, (t1,ta,...,t;) with 1,...,n so that the ith row of its
adjacency matrix corresponds to the vertex labeled i. See Figure [l for an
illustration.

For V = N and k < oo, infinite Toeplitz graphs Goo(t1,to,. .., tg) are
defined the same way. Both types may be studied as special subgraphs of
integer distance graphs |1, 14, [15].

Toeplitz graphs have been introduced by G. Sierksma and first been in-
vestigated with respect to hamiltonicity by van Dal et al. [24] (see also
Heuberger [9], Malik and Qureshi [19], Malik and Zamfirescu [20] for more
recent works). Infinite, bipartite Toeplitz graphs have been fully character-
ized in terms of bases and circuits by Euler et al. [6] (with results on the
finite case presented in Euler [3]). Colouring aspects are especially treated in



Heuberger [10], Kemnitz and Marangio [15], Nicoloso and Pietropaoli [23].
Infinite, planar Toeplitz graphs have been fully characterized in Euler [4]
providing, in particular, a complete description of the class of 3-colourable
such graphs. Finite planar Toeplitz graphs are studied in |4].

A hole is a chordless cycle of length at least 4 as an induced subgraph,
while an anti-hole is the complement of a hole. An odd hole (respectively odd
anti-hole) is a hole (respectively anti-hole) with an odd number of vertices.
A chordal graph is a simple graph without holes. A graph G = (V, E) is an
interval graph if it captures the intersection relation for some set of intervals
on the real line. Formally, G is an interval graph provided that one can
assign to each v € V' an interval I, such that I, N I, is nonempty precisely
when uv € E. Three independent vertices form an asteroidal triple in a
graph G if, for each two, there exists a path containing those two but no
neighbor of the third. It is well-known that a graph G is an interval graph
if and only if it is chordal and has no asteroidal triple |17].

A clique is a complete subgraph or a subset of vertices of an undirected
graph such that every two distinct vertices in the clique are adjacent. A
clique cover of G is a set of cliques of G such that every vertex is in at least
one of them. The clique cover number is the minimum size of a clique cover,
and is denoted by 6,(G). An edge clique cover of G is a set of cliques of G,
which together contain each edge of G at least once. The smallest cardinality
of any edge clique cover of G is called the edge clique cover number of G,
and is denoted by 0z(G). Those numbers exist as the vertex set (resp. the
edge set) of G forms a clique cover (resp. an edge clique cover) for G.

The chromatic number of a graph G, denoted by x(G), is the smallest
number of colors needed to color the vertices of G so that no two adjacent
vertices share the same color.

The clique cover number of G equals the chromatic number of its com-
plement G, that is,

0,(G) = x(G). (1)

A perfect graph is a graph G such that for every induced subgraph H of
G, the clique number equals the chromatic number, i.e., w(H) = x(H). A
graph for which w(G) = x(G) (without any requirement that this condition
also hold on induced subgraphs) is called a weakly perfect graph. All perfect
graphs are therefore weakly perfect by definition.



Figure 2: Where do Toeplitz graphs stand?

A circulant matriz Cy, is an n x n Toeplitz matrix in the following form:

Co Cn—1 N Co C1
1 o Cn-1 2
Cn = C1 Co
Cn—2 T o Cn—1
i Cn—1 Cp—2 PN C1 Co ]

A graph is said to be a circulant graph if it is isomorphic to a Toeplitz graph
whose adjacency matrix is a (0, 1)-symmetric circulant matrix C,, where

Ci = Cp—j € {O, 1} (2)

for each 7 € {1,...,|n/2|} and ¢y = 0. Circulant graphs are well-studied
(see |12, 116, 21, 122, [25] for references). The family of circulant graphs is an
important subclass of Toeplitz graphs. Circulant graphs have various appli-
cations in the design of interconnection networks in parallel and distributed
computing.

The paper is organized as follows. In Section 2, we characterize K -free
Toeplitz graphs for an integer ¢ > 3, where K, denotes the complete graph
with ¢ vertices, and then we compute the edge clique cover number and the
vertex clique cover number of a Toeplitz graph. In section [B] we study holes
in Toeplitz graphs and give a condition for a Toeplitz graph not having holes,
which leads to a characterization of chordal Toeplitz graphs. Then we give
equivalent conditions for a Toeplitz graph G' = G,,(t1,t2) being perfect. In



Section [ we characterize the degree sequence (dy,ds, ... ,dy) of a Toeplitz
graph with n vertices and show that a Toeplitz graph is a regular graph if
and only if it is a circulant graph. In Section Bl we propose open problems.

Our results are summarized in Figure B2l The grey region A represents
the set of Toeplitz graphs G = Gy (t1,ta,...,tx) with t; < --- < t; and
n > tp_1 +t being chordal for a fixed positive integer n (Theorem B.3)); the
region B represents the set of odd-hole-free Toeplitz graphs G = G,,(t1,t2)
(Theorem B.7)); the region C represents the set of circulant graphs (Theo-

rem [1.0)).

2. Cliques in Toeplitz graphs

In this section, we give an upper bound for the clique number of Toeplitz
graphs and characterize K,-free Toeplitz graphs for an integer ¢ > 3, and
then we compute the edge clique cover number and the vertex clique cover
number of a Toeplitz graph G, (t,2t, ..., kt). The following two results im-
mediately follow from the definition of Toeplitz graph.

Proposition 2.1. For a positive integer k, let G = G,,(t1,t2,...,tx). Then
for each i, € [n], i and j are adjacent if and only if |i — j| € {t1,...,tx}.

Lemma 2.2. For positive integers t and k, let G = G (t,2t,... kt). Then
u and v are connected in G if and only if v — u is a multiple of t.

Proposition 2.3. For positive integers t and k, let G = G, (t,2t,..., kt).
Then G has t components. In particular, if Hy,..., H; are the components
of G, then H; is isomorphic to the graph G|(,—i)/¢j41(1,2,...,k) and the
vertex set of H; is {s € [n] | s =i (mod t)} for each i € [t].

Proof. For each i € [t], we let V; = {i+st | s = 0,1,...,|(n—14)/t]}.
Then |V;| = [(n —4)/t] + 1 for each i € [t]. By Lemma 22 H; := G[V]
is a component of G for each i € [t]. Fix ¢ € [t] and let f be a function
from V(G| (n—i)/t)+1(1,2,-..,k)) to V; defined by f(s+ 1) =i + st for each
s€{0,1,...,[(n—1)/t]}. Tt is easy to see that f is a bijection. Then u and
v are adjacent in G|, /¢41(1,2, ..., k) if and only if [u —v| € {1,... K},
which is equivalent to |(i + (u — 1)t) — (i + (v — 1)t)| € {¢,..., kt}, that is,
f(u) and f(v) are adjacent in H;. O

Lemma 2.4. Let G = G, (t1,ta,...,tx). Then there is a maximum clique
of G that contains the vertex 1.



Proof. Let S1 = {i1,i2,...,1¢} be a maximum clique in G and let iy =
min S7. Then, by Proposition 21}, |i, —i,| € {t1,...,tx} for each {u,v} C [I].
If i1 = 1, then we are done. If i1 > 1, then the vertices 1,49 — i1 + 1,13 —
i1+ 1,...,% — i1 + 1 form a clique of size £ in G by Proposition 211 ]

In the following, we present a condition for a Toeplitz graph being K-
free.

Theorem 2.5. Let G = G, (t1,t2,...,tg). Then G is Ky-free if and only
if for any subset S C [k] with size ¢ — 1, there is a pair of distinct integers
a,b € S such that |t, —tp| & {t1,...,tk}.

Proof. Let N(1) be the set of neighbors of 1 in G. Then N (1) = {t1 +1,t2+
1,...,tg +1}. Now G is K -free if and only if 1 does not belong to a clique
of size ¢ (by Lemma 2.4)), equivalently, any subset of N(1) with size ¢ — 1
contains a pair t;+1, t;+1 such that |t;—t;| = [(t;+1)—(t;+1)] € {t1,...,tx}.

If any subset S C [k] with size ¢ — 1 contains a pair of distinct integers
a,b € S such that |t, — tp| & {t1,...,tx}, then any subset of N(1) with size
q — 1 contains a pair ¢; + 1, t; + 1 such that |¢t; —¢;| ¢ {t1,...,tx}. Suppose
that any subset of N(1) with size ¢ — 1 contains a pair t; + 1, ¢; + 1 such
that |t; —t;] & {t1,...,tx}. Let S be a subset of [k] with size ¢ — 1. Then
{ti+1] i € S} is asubset of N(1) with size ¢—1, so there is a pair t;+1, ¢;+1
such that |t; —t;| ¢ {t1,...,tx} by the last equivalence above. Thus there
is a pair of distinct integers a,b € S such that |t, —tp| & {t1,...,tx}- O

Corollary 2.6. Let G = Gy (t1,ta,...,tx). Then G is triangle-free if and
only if [t; —t;| & {t1,t2,...,tx} for any pairi,j € [k].

For a Toeplitz graph G := G, (t1, ..., tx), we denote B(G) = {t1,...,tx}.

Lemma 2.7. Let G = Gy(t1,t2,...,tx). Then |t; — t;| € B(G) for every
{ti,t;} C B(G) with i # j if and only if t; =ity for each i € [k].

Proof. We can easily check the ‘if” part. To show the ‘only if’ part, suppose
that |t; — t;| € B(G) for every {t;,t;} C B(G) with i # j. Then to —t; €
B(G). Since ty—t; < tg, ta—t1 = t;. Therefore to = 2t1. By the supposition
again, ts —t] € B(G) Since t3 —t1 < t3, t3 —t1 =ty or t3 —t1 = t1. If
ts—t1 = t1, then t3 = to, a contradiction. Thus t3—¢; = t9 and consequently
ts = 3t1. By repeating this procedure, we conclude that t; = it; for each
i € [k] and thus B(G) = {t1,2t1,...,kt1}. O

We denote the degree of the vertex i by deg(i) in a Toeplitz graph.



Theorem 2.8. Let G = Gy (t1,ta, ..., tr). Then w(G) < k+ 1. Further-
more, the equality holds if and only if t; = ity for each i € [k].

Proof. By Lemma [Z4] there is a maximum clique that contains the vertex
1. Then the clique is contained in the closed neighborhood of 1. Since
deg(1) = k, the inequality holds. Now we show the equality part. If B(G) =
{t1,2t1,...,kt1}, then {1,1 +¢1,...,1 4+ kt1} is a clique of size k + 1 in G
and so w(G) =k + 1.

Suppose that w(G) = k + 1. Then, by Lemma 2:4], there is a maximum
clique of size k + 1 containing 1. Therefore {1,1+4¢1,...,1 41t} is a clique.
Now, for each i, j € [k], 1+t; and 1+t; are adjacent since they belong to the
same clique. Then |(1+t;) — (1 +1¢;)| = |[t; —t;| € B(G) by Proposition 2]
so B(G) = {t1,2t1,...,kt1} by Lemma 2.7 O

Theorem 2.9. Let G = G, (t,2t,...,kt). Then 0g(G) = max{t,n — kt}.
Moreover, for H := Gp(s1,82,...,Sk) with s1 =t and s = kt, Op(G) <
Op(H).

Proof. Suppose that n — kt < ¢t. Then n < (k + 1)t. By Proposition 23]
G has t components and so 0g(G) > t. Again, by Proposition 23] each
component is isomorphic to G| (,—)¢|4+1(1,2,...,k) for each i € [t]. Since
n < (k + 1)t, the number of vertices in a component is at most k + 1 and
80 G| (n—i)jt|+1(1,2,...,k) for each i € [t] is a complete graph by Proposi-
tion 211 Thus 0g(G) =t.

Now, suppose that t < n — kt. Then n > (k + 1)t. Let C; = {i,i +
t,...,i+kt} for each i € {1,...,n— kt}. Then, for each i € {1,...,n—kt},
an element in C; is at least ¢ > 1 and at most ¢ + kt < (n — kt) + kt = n, so
C; is a vertex set of G . In addition, Cj is a clique for each i € {1,...,n—kt}
by definition. Take an edge uv € E(G) such that v < v. If kt < v, then
Cy_it ={v—Fkt,v—(k—1)t,...,v} contains u and v. Suppose that v < kt.
Then there exists an integer r such that » = v (mod ¢) with 1 < r < ¢.
Obviously, r < v and v — r is a multiple of t. Since v < kt, v —r < kt and
sov—r € {t2t,...,kt}. Thus C, = {r,r +1t,...,r + kt} contains v. Thus
{C; | 1 <i<n—kt}is an edge-clique cover of G and so Op(G) < n — kt.

Now, let F'={ii+kt|1<i<n—kt}. Take edges i i+ kt and j j + kt
for some 1 <4 < j <n —kt. Since j + kt — ¢ > kt, ¢ and j + kt are not
adjacent by Proposition 2.land so i i+ kt and j j+ kt do not belong to the
same clique. Thus 0g(G) > |F| = n — kt and hence 0g(G,,) = n — kt.

Let H := Hy,(s1, S92, ...,5sk) be a Toeplitz graph with s; =t and s = kt.
Note that G = H if k < 2, so g(G) = 0g(H). We assume that k& > 3.
Suppose that kt <n < (k+1)t. Let I = {i i+ s |1 <i < s1}. Since



k >3, 2s; =2t < kt < n and so, by Proposition 21l I C E(H). Take edges
114+ sy and j j+ s1 for some 1 <4 < j < s1. Since j — 1 < s1, ¢ and j are
not adjacent by Proposition 2.Iland so i i+ s; and j j + s1 do not belong to
the same clique. Thus we have shown that 0g(H) > |I| = s1 =t = 0p(G) if
kt <n < (k+ 1)t. Suppose that n > (k4 1)t. Since s = kt, F' C E(H) by
Proposition 21l and so 0g(H) > |F| = n — kt. Therefore 05(G) < 0g(H) if
(k+ 1)t < n. Thus the “moreover” part is true. O

In the following, we compute the vertex clique cover number of a Toeplitz
graph G, (t,2t,... kt).

Theorem 2.10. Let G = G, (t,2t,...,kt) forn > (2k — 1)t. Then

w=a[[2] o2

where s is the positive integer such that s =n (mod t) and 1 < s <t.

Proof. Since s = n (mod t) and 1 < s < ¢, it follows from Proposition 23]
that G has t components, each of the first s components Hy,...,Hg is
isomorphic to G/ (1,2,...,k), and each of the other t — s components
Hgy1,. .., Hy is isomorphic to G,/ (1,2, ..., k).

Since H; =~ Gy/4)(1,2,...,k) for each i € [s] and k + 1 consecutive ver-
tices of {1,2,...,[7]} form a clique in Gy, /1 (1,2,..., k), we have 0,(H;) <

{%/_tﬂ—‘ for each i € [s]. Now, by Theorem 2.8 w(H;) = k+1 for each i € [s],

so we can conclude that 6,(H;) = {%/_?1 for each i € [s]. Similarly, we can

show that 60,(H;) = “’?fﬂ for each i € {s+1,...,t}. Therefore

0u(G) = 3 0u(Hy) = 3~ 0u(Hi)+ 3 0,(H) = s W—ﬂw (t=s) W—ﬂw |
U

3. Chordal Toeplitz graphs and Perfect Toeplitz graphs

In this section, we study holes in Toeplitz graphs and give a condition
for a Toeplitz graph not having holes, which leads to a characterization of
chordal Toeplitz graphs. Then we give equivalent conditions for a Toeplitz
graph G = G, (t1,t2) being perfect. By Theorem 2.8 we know that, for
G = Gp(t1,ta, ..., ty), w(G) = k+ 1 if and only if ¢; = it; for each i € [k].
Yet, as long as n > t,_1 + tg, we add more equivalent statements such as G
is chordal.



Proposition 3.1. For positive integers k and ¢, G, (¢, 2t, ..., kt) is chordal.

Proof. By Proposition 2.3] it suffices to show that G := G,,,(1,2,...,k) is
chordal for each integer m, m > k. To reach a contradiction, suppose that
G contains a hole C' := wvivsy...vpv; for some integer ¢ > 4. We identify
vpr1 with v1. Since the sequence C' cannot strictly increase or decrease,
either v;_1 < v; and v; > v;41 or v;—1 > v; and v; < v;11 for some i,
2 <4 < {. Assume the former. Then v; — v;—1 = |v; — v;—1| = a and
v; — Vi1 = |v; — vi41] = b for some a,b € {1,2,...,k} by Proposition 211
Since £ > 4, a # b and so |vj—1 —vj+1| = |a—b| € {1,2,...,k—1}. Therefore
vi—1v;11 is a chord of C' and we reach a contradiction. We can similarly
show that C also has a chord in the latter case. Thus G is chordal. O

For a path P = vjvy - - - v, we denote by P~! the path vyvp_1 - - - vov1.

Lemma 3.2. Let G = G,(t1,t2) be a Toeplitz graph with n > t1 + to. If
to # 2t1, then G has a hole of length (t1 + t2)/ ged(ty, t2).

Proof. For each i € {1,...,t1}, let P; be the path such that
Pi:ii-l-tl i+2t1'-'i+{(n—i)/t1jt1.

Then Pi,..., P, are t; disjoint paths which contain all the vertices of G.

Now we construct a cycle in the following way. We start from the vertex
1 and consider the edge 1 1+t3. Then 1+1¢5 is on the path P; for j = 1+t»
(mod t1). We denote by Pj the (1 + to,j)-section of Pj_l. Since j < tq,
j+to <ti+1ty <nandsoj+tyis a vertex of G. Then we take the edge
Jj j+to and the path P, where k = j +t2 = 1+ 2ty (mod t1). We denote by
Py the (j+t2, k)-section of Py~!. Then 1 P| Py is a (1, k)-path. Noting that
1 =14 xty (mod 1) has a solution s := t;/d where d = ged(t1,t2), we may
conclude that 1 P| P --- P! is a cycle in G. By construction, the length of
this cycle is the minimum of sum of two positive integers x and y satisfying
yto = xty, that is, min{z +y | yto — xt; = 0,2,y € Z*} = (t1 + t2)/d.

To show that the cycle has no chord, take two vertices u and v with
u < v on the cycle. Then u = 1 + uqte — vit1 and v = 1 4 ugty — voty for
some {uj,u2} C {1,...,t1/d} and {vi,vo} C {1,...,ta/d}. If uw and v are
adjacent, v —u is either ¢1 or t5. Suppose v—u = t1. Then (ug —uy)te — (v —
v1 + 1)t; = 0. However, |ug — u| < t1/d and so us = uy and |vg — v1| =1,
which implies that v and v are consecutive on the cycle. Similarly one can
show that if v — u = to, then v and v are also consecutive. Thus the cycle
has no chord. Since ty # 2t1, (t1 + t2)/d > 3 and so the cycle is a hole. O



The following theorem characterizes the chordal Toeplitz graphs G =
Gn(ty,to, ... tg) with n > tg_1 + tp.

Theorem 3.3. Let G = Gy (t1,ta,...,tx) be a Toeplitz graph. If n > tx_1+
ti, then the following statements are equivalent.

(i) G is interval.
(i) G is chordal.
(11i) t; =ity for each i € [k].

() w(G)=k+1.

Proof. (i) = (ii) is obvious. By Theorem 2.8 (iii) < (iv). To complete the
proof, we shall show that (ii) = (iii) and (iii) = (i). To show (ii) = (iii),
we denote by C4(t;,t;) the 4-cycle

L(14+t) (I4+ti+t;) 1+t)1

for each {7,j} C [k] with ¢ < j and ¢; +t; < n. Since G is chordal, C4(t;,t;)
has a chord for each {i,j} C [k] with ¢ < j and ¢; +t; < n. Thus, for each
{i,7} C [k] with i < j and t; +t; <n,

tj —t; € {t1,t2,...,tx} or tj+1; € {t1,t2, ..., tx}. (3)

Suppose that k = 2. If ¢t # 2t;, then G has a hole of length (¢; +
ta)/ ged(t1,t2) by Lemma and we reach a contradiction. Thus to = 2¢4.
Now we suppose that k = 3. Since t1+ts < t1+t3 < tot+ts < n, Cy(t1,t2) and
Cy(t1,t3) exist. Therefore we have to —t1 = t1 or t1 +tg = t3 from Cy(tq,t2)
and t3 - tl S {tl,tg} from C4(t1,t3). If tg - tl = tl, then t3 — tl = tg, SO
to = 2t1 and t3 = 3t1. Assume that t; 4+ to = t3. To reach a contradiction,
suppose that to # 2t;. By definition, H = Gy, 44, (t1,t2) is a subgraph of G
and H contains a hole C' by Lemma Since G is chordal, C' has a chord
in G. Then the difference of two ends of a chord is t3, for otherwise the
chord also exists in H. However, since C' is a subgraph of H, the difference
of any pair of vertices on C' is at most t; +to — 1 = t3 — 1 and we reach a
contradiction. Thus to = 2¢; and t3 = t1 + t9 = 3t;.

Now suppose k > 4. We consider the cycle Cy(t;, ;) for each j € [k —2].
Then for each j € [k — 2], t; +t, < n and t; + ¢ ¢ {t1,...,t;} and so
tr —t; € {t1,...,tx} for each j € [k — 2] by ([B]). To reach a contradiction,
suppose that t; —ty_1 ¢ B. Then ¢, —t; # t,_; for any j € [k — 2] and so

10



{tk —t1,t —to, ... gk — tk_g} = {tl, o ,tk_g}. Since t — t1 is the largest
element in the set, we have ¢, — t1 = t;_o. Then

e =1lg—2+t1 <tp—1+lp—2 <lp+tp—1 <,

S0 tp_1—tp—o € B by [B). However, t;_1—tr_o < ty—tp_o = t; and we reach

a contradiction. Therefore ty — tx_1 € B and so {ty — t1,tx — to, ..., tp —
te—1} = {t1,...,tx_1}. Thus
tr =t; +ty—; foreach j e[k —1]. (4)

For each j € {2,...,k — 2},
le—1—t; St —lo <l —la =1g—2

by @]). Yet, since tj+t5_1 > t; foreach j € {2,...,k—2} by @), tp—1—t; €
{t1,...,tg} for each j € {2,...,k —2}. Therefore

th—1 —t; <tp_g foreachje{2,...,k—2}. (5)

In addition, since tj_1—tg_o < tx—tr_o = to by ([@l), we have tj_1—tp_o = t;.
Thus, by (&),

th—1 =tj +tp—j—1 foreach j € {1,...,k—2}. (6)

By subtracting (@) from (@) for each j € {1,...,k — 2}, we have

ty —tg—1 =tp—; —tg—j—1 foreach je {1,...,k—2}. (7)
By @), ty — tx—1 = t1. Thus, by (@),
ti=tj1+ti=tjo+2 ==t +(j— 1)ty = jt1

for each j € [k].

Now we show (iii) = (i). Suppose that G = G, (t1,2t1, ..., kt1).

By Proposition 23] each component of G is Gy, (1,2,...,k) for some
n; < n. Therefore it suffices to show that G,,(1,2,...,k) is an interval
graph for any n;. To each vertex u € [n;], we assign an interval [u,u + k.
We note that [u,u + k] N [v,v + k] # 0 if and only if v — u € [k], that is,
u and v are adjacent in Gy, (1,2,... k). Thus Gp,(1,2,...,k) is an interval
graph and hence we may conclude G is an interval graph. O

In the rest of this section, we characterize perfect Toeplitz graphs in the
following by utilizing the results we have shown. We first introduce classes
of well-known perfect graphs.
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Theorem 3.4. [11] Chordal graphs, cographs and bipartite graphs are per-
fect.

The following corollary is an immediate consequence of Proposition B.1]
and Theorem [3.4]

Corollary 3.5. Let G = G, (t,2t,...,kt). Then x(G) =k + 1.

Proof. By Proposition B, G = G,(t,2t,...,kt) is chordal, and thus, by
Theorem [34], it is a perfect graph. Then, by Theorem B3] x(G) = w(G) =
k+1. O

Next, we characterize perfect Toeplitz graphs G, (t1,t2). To do so, we
introduce the following Theorem. A graph G is called a Berge graph if it
contains neither an odd hole nor an odd anti-hole as an induced subgraph.

Theorem 3.6. (Strong Perfect Graph Theorem [2]) A graph is perfect if
and only if it is Berge.

Theorem 3.7. Let G = Gy (t1,t2) with n > t1 + ta and d = ged(ty,ta).
Then the following statements are equivalent.

(i) (t1 +t2)/d is even or (t; +t2)/d = 3.
(i) G is an odd-hole-free graph.
(iii) G is a perfect graph.
(iv) G is a weakly perfect graph.

Proof. Let k; = t1/d and ko = to/d. We first show (ii) = (i). Since G has
a hole of length k1 + ko by Lemma B.2] G is an odd-hole-free graph only if
k1 + ko is even or k1 + ko = 3.

Now we show (i) = (ii). Suppose that ki + ko = 3. Since t; < tg, ky =1
and ko = 2 and so ty = 2t;. Therefore G is chordal by Proposition B.1]
and thus G is odd-hole-free by Theorem [3.4l Suppose that ki + ko is even.
We prove by contradiction. Suppose that G has an odd-hole C of length
¢ for some positive odd integer £ > 5. Let C' = wvyva...vpv;. Then, by
Proposition 211, |v;41 — v;| € {t1,t2} for each i € [(] (we identify vy with
vey1). For each j € {1,2}, let a; be the number of indices ¢ such that
viy1 — v; = t;, and let b; be the number of indices 7 such that v; —v; 41 = t;
for each ¢ € [¢]. Then the length of C' is aj + by + ag + by. Since v = vy41,

0= (Ug_,_l — ’Ug) + (’Ug — Ug_l) + -+ (7}2 — ’Ul) + (7}1 — Ug+1)
= aity + agty — b1ty — bata,

12



or (a1 — by)t; = (ba — ag)te. If ag = b, then by = a; and so the length of C
is 2(aj + ag), which is a contradiction. Thus as # by. Then

ke to a1 —b

kit by—ay

Therefore aky = a1 — b1 and ak; = by — ao for some integer c. Then the
length of C'is 2by +2as+ (k1 + k2). Since ky + k2 is even by the supposition,
we reach a contradiction. Thus G is odd-hole-free. Hence we have shown
that (i) < (ii).

By Theorem B.6] (iii) = (ii). Next, we will show (i) = (iii). Suppose
that k1 + ko is even or ki + ko = 3. If ko = 2k;, then G is chordal by
Proposition Bl and thus G is a perfect graph by Theorem B4l Suppose
that ko # 2k1. Then ki + ko # 3, so k1 + ko is even. In addition, G is
not chordal by Theorem B3] so w(G) < 2 by Theorem 28 Since we have
shown (i) = (ii), G is an odd-hole-free graph. By Theorem [3.6] it remains
to show that G does not contain an odd anti-hole. Since the complement of
a cycle C5 is C5 again, G does not contain an anti-hole on 5 vertices. Note
that any odd anti-hole with at least 7 vertices contains a triangle. Yet, since
w(G) <2, G does not contain a triangle. Therefore G does not contain any
odd anti-hole with at least 7 vertices and so we have shown that G is odd
anti-hole-free.

Obviously (iii) = (iv). To complete the proof, we will show (iv) = (ii).
Suppose that G is a weakly perfect graph. Then x(G) = w(G) by definition.
By Theorem 2.8 w(G) < 3 and the equality holds if and only if G is chordal.
If w(G) = 3, then G is chordal and so, by Theorem 3.4 G is a perfect graph.
Since we have shown (iii) = (ii), G is odd-hole-free if w(G) = 3. Suppose
that w(G) = 2. Then x(G) = 2, so G is a bipartite graph, which implies
that G is odd-hole-free. O

Theorem 3.8. (Weak Perfect Graph Theorem [18]) A graph is perfect if
and only if its complement is perfect.

By definition, it is easy to check that the complement of a Toeplitz graph
Gn<81, 82> is Gn<t1, tg, e ,tn_3> where {tl, ‘o ,tn_g} = [Tl — 1] \ {81, 82}.
Thus, by Theorems [3.7] and 3.8, the following corollary is true.

Corollary 3.9. Let G = Gy (t1,. .., tn—3) and {s1,s2} = [n—1]\{t1, ..., tn—3}
with s1+s2 < n. Then G is a perfect graph if and only if (s1+s2)/ ged(s1, $2)
is even or (s1 + s2)/ ged(s1, s2) = 3.

13



4. Degree sequence of Toeplitz graphs

The degree sequence of a graph is defined to be a monotonic nonincreasing
sequence of the vertex degrees of its graph vertices. In this section, we
characterize the degree sequence (di,ds,...,d,) of a Toeplitz graph with n
vertices and show that a Toeplitz graph is a regular graph if and only if it
is a circulant graph.

We recall that B(G) = {t1,...,tx} for G := Gp(t1,...,tg). For a
Toeplitz graph G = G (t1,...,t;), we denote by £ (i) the number of el-
ements in {t1,...,tx} which are less than i. Then it is easy to see that

lo(j+1) —Lla(j) =1+ j € B(G) (8)
for any j € [n —1].
Theorem 4.1. Let G = Gy (t1,...,tg). Then for each i € [n],
deg(i) = lg(i) +La(n — i+ 1).
Proof. Take a vertex i € [n]. Then

deg(i) = |[{i —t1,...,i —tg,i+t1,..., 04t} N [n]|
=Ni—t1,...;i—tgtNn)|+ {i+t1,..., 0+t N [n]].

By definition of ¢¢(7),

{Z—tl,,l—tk}ﬁ[n]:{z_tla7Z_tgg(2)}

and
{i +t1,...,1 —l—tk}ﬂ [n] = {Z +t17"'7i+tfg(n—i+1)}7

where the right sides of the first and second equalities are ) if £ (i) = 0 or
lg(n —1i+1) =0, respectively. O

Corollary 4.2. For a Toeplitz graph on n vertices, the following are true:
(a) For each j € [n], deg(j) = deg(n —j +1).
(b) If n is odd, then deg (”TH) s even.

Lemma 4.3. The difference of degrees of two consecutive vertices of a
Toeplitz graph is at most 1. Moreover, for G := Gp(t1,...,t;) and each
vertex j € [n — 1], the following are true:

14



(a) deg(j) = deg(j + 1) if and only if {j,n —j} € B(G) or {j,n —j} C
[n —1\B(G).

(b) deg(j) +1=deg(j + 1) if and only if j € B(G) and n — j ¢ B(G).

(c) deg(j) — 1 =deg(j + 1) if and only if n — j € B(G) and j ¢ B(G).
Proof. Let G = Gp(t1,...,t;). Take j € [n — 1]. By definition,

0<la(j+1)—le(j) <1 and —1<lg(n—j)—Lla(n—j+1)<0.

Therefore
—1<deg(j+1)—deg(j) <1

by Theorem Ll To show the ‘moreover’ part, suppose that deg(j + 1) =
deg(j). Then either (i) lg(j+1)—la(j) = 1 and bg(n—j)—la(n—j+1) = —1
or (i) Lo(j + 1) — €alj) = baln — j) — fo(n — j +1) = 0. Thus, by @),
{j,n —j} € B(G) in the case (i) and {j,n —j} C [n — 1]\B(G) in the case
(ii). One may check (b) and (c) in a similar manner as above. O

From Corollary4.2] we know that the degree sequence of a Toeplitz graph
of order n has the property that each term appears an even number of times,
except the degree of (n + 1)/2 which happens to be even when n is odd. In
addition, the terms form consecutive integers with possible repetition by
Lemma [£3 However, this necessary condition cannot be sufficient. To
see why, we take the sequence d = (4,3,3,2,2,1,1), which satisfies the
necessary condition. Suppose that d is the degree sequence of a Toeplitz
graph G. Then deg(l) = 1, deg(2) = 2, deg(3) = 3. By Lemma [A.3|(b),
1 € B(G) and 2 € B(G). Then 1 is adjacent to 2 and 3 and we reach a
contradiction[] This counterexample is a special case of (2m,2m — 1,2m —
1,2m —2,2m —2,...,2,2,1,1) for some m > 2, which cannot be the degree
sequence of any Toeplitz graph of order 4m — 1.

The following theorem gives a necessary and sufficient condition for a
monotone nonincreasing sequence d,, = (dy, da, ..., d,) of nonnegative inte-
gers being the degree sequence of a Toeplitz graph.

Theorem 4.4. A monotone nonincreasing sequence d,, = (dyi,da,...,dy)
of nonnegative integers is the degree sequence of a Toeplitz graph if and only
if there is a permutation 7w on [n] such that

(Cl) ‘dw(i—i-l) - dw(z)’ <1 fOT’ each i € [TL - 1];

!The authors thank Homoon Ryu for finding this counterexample.
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(b) dﬂ(z) = dﬂ(n—i-i-l) for each i € [n] y
(C) sédw(l) S?’L—l—S;
(d) drqy and s have the same parity if n is odd,

where s is the number of i € {1,...,[(n —1)/2]} for which dr(i41) — dr() #
0.

Proof. For notational convenience, we let m = |[(n —1)/2]. We first show
the ‘only if’ part. Suppose that d,, = (dy,ds,...,d,) is the degree sequence
of a Toeplitz graph G := G, (t1,...,tx). Let m be the permutation on [n]
such that d.;) = deg(i) for each i € [n]. Then the conditions (a) and (b)
immediately come from Corollary and Lemma .3l Obviously, dr) =
deg(1) = k. Now, for each i € [m] such that deg(i + 1) — deg(i) # 0, exactly
one of ¢ or n —1i belongs to B(G) and the other belongs to [n — 1]\ B(G) by
Lemmald.3] (b) and (c). Therefore s < |B(G)| =k and s < |[n—1]\ B(G)| =
n—1—k, so the sequence with the permutation 7 satisfies the condition (c).
Let
BT = {i € [m] | deg(i + 1) — deg(i) = 1}

and
B™ ={i € [m]|deg(i+ 1) — deg(i) = —1}.

Then

dr(mt1) = Aty = (drima1) — du(m)) + -+ (dr2) — dry) = |BT| = |B7|.

Since the parities of s = |[B*|+|B~| and |B*|—|B~| are the same, dy(m1) is
odd and we reach a contradiction. Thus the sequence with the permutation
7 satisfies the condition (d).

Now we show the ‘if” part. Suppose that there exists a permutation 7 on
[n] satisfying the conditions (a), (b), (¢) and (d). For notational convenience,
let k = dr(1). We will construct a Toeplitz graph G := Gn(t1,...,tg) such
that deg(i) = dy(;) for each i € [n] as follows.

Let

By = {i | dr(it1) — dry = 1,1 € [m]},

By = {i | dr(it1) — drpy = —1,1 € [m]},

and
B3 = {Z | d7r(z'+1) - dw(z) =0,7 € [m]}
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Then |B;|+ |Bz| + |Bs| = m by condition (a) and they are mutually disjoint
sets. By definition, |By| + |B2| = s and so |Bs| = m — s. In addition, since
dr(1y <n —1— s by the condition (c), drq)—s <n—1-2s. Thus

dr(1) — 8 J|n—-1-2s < 1By
2 - 2 - ’

and so we may choose L(dw(l) — s)/2J elements from Bs. We denote by B3
the set of those | (dr(1) — 5)/2] elements. Now we define {t1,...,tx} by

Biu{n—il|ie Bo}UB;U{n—1i|iec B3} if dr(1) — s is even;
Biu{n—i|lieBy}UuB3U{n—i|iec B3}U{5} otherwise.

Then the set {t1,...,#} is well-defined because 5 is integer when d (1) — s
is odd, by the condition (d), and it is straightforward to check that the set
defined above has k element.

Let G = Gy, (t1,...,tk). Then

deg(1) =k = dr(). 9)

Take ¢ € [m]. By the definition of B(G), i € B; if i € B(G) and
n—i¢ B(G);i€ Byifi ¢ B(G) and n—i € B(G); i € Bj if either i € B(G)
and n —i € B(G) ori ¢ B(G) and n —i ¢ B(G). Thus deg(i) = dr;) by
Lemmal[d3l By the way, for each i € [m], dr(;y = dr(n—it1) by the condition
(b), so deg(n — i+ 1) = deg(i) = dr(j) = dr(n—it+1)- Hence dr(;y = deg(i) for
each i € [n] and d,, is the degree sequence of G. O

In the rest of this section, we will show that a necessary and sufficient
condition for a Toeplitz graph being regular is its being a circulant graph.
To do so, we need the following lemma.

Lemma 4.5. Let G = G, (t1,ta,...,tx). Then G is a circulant graph if and
only if tyi1_; =mn —t; for each i € [k].

Proof. Let (aij)i<i j<n be the adjacency matrix of G. To show the ‘only if’
part, suppose that G is a circulant graph.

Take i € [n — 1]. Suppose that i € B(G) (recall B(G) = {t1,...,tx}).
Then a;y1,1 = 1 by definition. By (@), an—it+1,1 = aiy1,1 = 1. Therefore
n—i € B(G). Thus

B(G)={n—ty,...,n—1t1}.

Since t1 <t < -+ < tg, tgy1—; =n —t; for each j € [k].
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Now we show the ‘if’ part. Suppose that 5, 1_; = n —t; for each i €
[n — 1]. Then, for each s € [n — 1], as411 = 1 if and only if s € B(G) if
and only if n — s € B(G) if and only if ap—sy1,1 = 1. Thus (as)1<ij<n is a
circulant matrix. O

Let G be a circulant graph isomorphic to Gy, (t1, ..., t;). It is well-known
that if ¢; # n/2 for each i € [k], then k is even and G is a regular graph; if
n is even and t; = n/2 for some j € [k], then k is odd and G is a regular
graph (see [22]). Therefore any circulant graph is a regular Toeplitz graph.
In the following, we show that its converse is also true.

Theorem 4.6. A Toeplitz graph is reqular if and only if it is a circulant
graph.

Proof. By the argument above, it is sufficient to show the ‘only if” part. Let
G = Gp(t1,...,t;) be aregular Toeplitz graph. Then deg(i) = deg(i+1) for
eachi e {1,...,[n/2] —1}. Now, by Lemma[3|(a), either {i,n—i} C B(G)
or {i,n —i} C [n —1]\B(G) for each i € [n — 1]. Since B(G) # 0,

B(G) ={t1,...,tx} ={n—tk,...,n—11}.

Thus tg11-; = n —t; for each i € [k] and so, by Lemma[£5] G is a circulant
graph. O

5. Closing remarks

Theorem B3] gives equivalent conditions for a Toeplitz graph Gy, (t1,ta, . .., tx)
with t; < .-+ < tx and n > tp_1 + t; being chordal. In the proof of The-
orem [3.3] we did not use the condition n > ¢,_1 + ¢, when we showed
(iii) < (iv), (iii) = (i), and (i) = (ii).

Question 1. Does the statement (ii) imply the statement (i) in Theorem 3.3l
without the condition n > t5_1 + ;7

Theorem [B.7] gives equivalent conditions for a Toeplitz graph G, (t1,t2)

being perfect for any positive integers n and t1 < to.

Question 2. Is there any meaningful characterization for (weakly) perfect
Toeplitz graphs Gy, (t1,t2,...,tx) with k > 37
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