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Abstract

Let H be a graph. The generalized outerplanar Turan number of H, denoted by
fop(n, H), is the maximum number of copies of H in an n-vertex outerplanar graph.
Let Py denotes a path on k vertices. In this paper we give an exact value of fop(n, Py)
and a best asymptotic value of fop(n, P5). Moreover, we characterize all outerplanar
graphs containing fop(n, Py) copies of Pj.
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1 Introduction

In 1941, Turédn [I3] proved a classical result in the field of extremal graph theory. He
determined exactly the maximum number of edges an n-vertex K,-free graph may contains.
After his result, for a graph H, the maximum number of edges in an n-vertex H-free graph,
denoted by ex(n, H), is named as Turdn number of H. A major breakthrough in the study of
the Turan number of graphs came in 1966, with the proof of the famous theorem by Erdds,
Stone and Simonovits [0, [7]. They determined an asymptotic value of the Turdn number of

any non-bipartite graph H. In particular, they proved ex(n, H) = (1 — m> (g) + o(n?),
where x(H) is the chromatic number of H.
Since then, researchers have been interested working on Turan number of class of bipartite

(degenerate) graphs and extremal graph problems with some more generality. Determining
the maximum number of copies of H in an n-vertex F-free graph, denoted by ex(n, H, F'),



is among such problems. Since we count the number of copies of a given graph which is
not necessarily an edge, such an extremal graph problem is commonly named as generalized
Turdn problem. The results on ex(n, K,, K;) by Zykov [14] (and independently by Erdés [5]),
ex(n, Cs, C3) by Gyéri [10] and ex(n, C3, Cs) by Bollobéds and Gydri [9] were sporadic initial
contributions.

Recently, some researchers were interested in extremal graph problems in some particular
family of graphs, for instance, the family of planar graphs.

The study of generalized extremal problems in the family of planar graphs was initiated
by Hakimi and Schmeichel [IT] in 1979. Define the generalized planar Turdn number of a
graph H, denoted by fp(n, H), as the maximum number of copies of H in an n-vertex planar
graph. Hakimi and Schmeichel [11I] determined the exact value of fp(n,C3) and fp(n,Cy).
Currently, this topic is active and many exact and best asymptotic values were obtained for
different planar graphs. We refer to [I}, 4l 8] for more results.

In a different setting, Matolcsi and Nagy in [12] initiated the study of the generalized
planar Turdan number version in the family of outerplanar graphs. Before discussing the
problem and our findings, some important notations we have used are mentioned below.

Let G be a graph. The vertex and edge sets of G are denoted respectively by V(G) and
E(G). For a vertex v € V(G), the degree of v is denoted by dg(v). We use the notation
d(v) instead of dg(v) if there is no ambiguity on the graph. The maximum and minimum
degree of G are denoted by A(G) and §(G) respectively. We denote a k-vertex path with
vertices vy, v, . . ., U in sequential order by (vq,vs, ..., v;). We may call a k-vertex path as a
path of length k& — 1, or simply a (k — 1)-path. We use the notation P, to denote a k-vertex
path. Let H be a graph. The notation N'(H, G) is the number of isomorphic copies of H as
a subgraph in G. We use the notation [k] to describe the set of the first k positive integers.

Definition 1. The generalized outerplanar Turdn number of a graph H , denoted by fop(n, H),
is the mazimum number of copies of H in an n-vertex outerplanar graph. i.e.,

for(n, H) = max{N(H,G) : G is n-vertex outerplanar graph}.

Matolcsi and Nagy in [12] determined sharp and asymptotically sharp bounds of fop(n, H)
for certain families of graphs H and described the extremal graphs. In particular, they de-
termined the exponential growth of the generalized outerplanar Turdn number of Py, as a
function of k. They also determined the exact value of fop(n, P3) and characterized the
extremal graphs.

Theorem 1. (Matolcsi and Nagy [12])

h(k) (”) < fop(n, Py) < 4F (Z) where lim &/h(k) = 4.

2 k—>o0
Theorem 2. (Matolcsi and Nagy [12]) Suppose that n > 3. Then
n?+3n — 12
fop(n, P3) = 5

and the unique extremal outerplanar graph containing fop(n, Ps) Ps’s is Ky + P,_1.
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In this paper, we determine the exact value of fop(n,P;) and an asymptotic value
for(n, Ps). Moreover, we characterize all outerplanar graphs containing fop(n, Py) copies
of P, as a subgraph. The following two theorems summarize our results.

Theorem 3. Forn > 8,
fop(n, Py) = 2n* — Tn + 2.

Moreover, for n > 9, the only n-vertex outerplanar graph containing fop(n, Py) number of
Pjs is Ky + P,_y.

Theorem 4. 17
fop(n, Ps) = ZnQ + O(n).

We state the following two easy lemmas without proof.

Lemma 1. Fvery maximal outerplanar graph with at least 3 vertices contains a degree 2
vertex.

Lemma 2. For an n-vertez, n > 3, maximal outerplanar graph G, e(G) = 2n — 3.

We will use the following lemma in our proof of the main results. It gives a relation how
to count the number of P,’s in a given simple graph G. Its proof can be seen in [§], but we
give the proof for completeness.

Lemma 3. For any simple graph G, the number of Py’s in G s

N(P,G)= Y (dx) = 1)(d(y) — 1) = 3N (Cs,G),

{zy}eE(G)
where Cs is a cycle of length three.

Proof. Consider an edge {z,y} € E(G) and count the number of 3-paths containing x as
the second and and y the third vertex of the 3-path. There are d(x) — 1 possibilities to
choose the first vertex and d(y) — 1 possibilities to choose the last vertex of the path. Since
the first and the last vertex of the 3-path need to be different, from the total number of
(d(x) — 1)(d(y) — 1) possibilities we need to subtract the number of triangles containing the
edge {x,y}, which is d(zx,y).

Therefore,

N(PL,G) = > ((dlx) = 1)(d(y) — 1) — d(z,y))
{z,y}€E(G)
= ) (dx) - D(d(y) - 1) = 3N(C5,G),

{zy}eE(G)

as each triangle is counted 3 times in the sum. This completes the proof of Lemma[3] O



Figure 1: An n-vertex maximal outerplanar graph G,, = K; + P,_;.

2 Generalized outerplanar Turan number of the P,

Proof of Theorem[3. It is easy to check using Lemma [3|that an n-vertex maximal outerplanar
graph G,, = K, + P,_; shown in Figure [1| contains 2n? — 7n + 2 P,’s. Therefore,

f@p(ﬂ, P4) > 2n2 —n+2.

Next we shall prove that fop(n, Py) < 2n* — Tn + 2. Let G be an n-vertex maximal
outerplanar graph. The main idea of the proof is to find a degree 2 vertex w in G, such that
the number of P;’s containing w is at most 4n — 9 and consequently by deleting w and by
induction we have

N(P,G)<2n—12=T(n—1)+2+ (4n —9) =2n* — Tn + 2.

The base case of the induction step, when n = 7, is done separately in later in Claim 4

Now, let G be a maximal outerplanar graph on n > 8 vertices, and let x be a degree 2
vertex in G. Since each face (except the unbounded face) in G is a triangle, there exist u and
v such that u, v and z forms a triangle. Let d(u) = a + 2 and wy, ua, ..., u, be the vertices
which are adjacent to u (except v and z) in counterclockwise direction. Let d(v) = b+ 2
and vy, vy, ..., v, be vertices adjacent to v (except u and x) in clockwise direction. Again,
since every face of G (except the unbounded face) is a triangle, necessarily the vertices u,
and v, are identical, see Figure 2l For the reason that G is a maximal outerplanar graph,
{ui, i1} € E(G) and {v;,vj11} € E(G), where i € [a — 1] and j € [b — 1], see the broken
red edges in Figure [2|



Notice that for i € [a — 1] and j € [b— 1], the arc joining u; and w;;; in counterclockwise
direction and the arc joining v; and v;4; in clockwise direction may contain an interior
vertex. We labeling such vertices in the following way. For each i € [a — 1], denote the
interior vertices (if any) between the vertices u; and w;,; in counterclockwise direction by

up,u?, ..., u. Similarly for each j € [b— 1], denote the interior vertices (if any) between v,
and v;j4; in clockwise direction by vjl-, vjz-, s ,U;Lj.

Figure 2: Structure of a maximal outerplanar graph.

It can be checked that the 3-paths containing the vertex x are those starting with
(x,u,uiy ... ), (Tyu,0,...), (v,2,u,...), (T,0,04...), (z,0,u,...) and (u,z,v,...). In all
cases, vertex x is either an end vertex of the 3-path or an end vertex of the middle edge of
a 3-paths. Let P be a 3-path containing the vertex x. We define a “red edge” of P with
respect to x as the farthest edge in P from x. Obviously, there are two possibilities based
on the position of z in P, see Figure

° ® @-====-= °

x

° ° @====== °
Xz

Figure 3: Red edges of a 3-path P with respect to a vertex z.

Next, we count the number of 3-paths containing x in G considering the number of
possibilities that an edge in GG can be a red edge. The following gives us the counting lists
for each edge.



1. The edges {z,u},{z,v} and {u,v} can not be a red edge in a 3-path that contains .

2. Each edge {u,u;}, i € [a — 1], is a red edge in two 3-paths containing the vertex
z. Indeed, (v,z,u,u;) and (x,v,u,u;) are the 3-paths. Similarly each edge {v,v,},
j €[b—1], is a red edge in two 3-paths containing the vertex x.

3. Each edge {u;,uit1}, @ € [a — 2], is a red edge in two 3-paths containing the vertex
x. Indeed, (x,u,u;, u;r1) and (x,u,u;41,u;) are the 3-paths. Similarly, each edge
{vj,ujt1}, 7 € [b—2], is a red edge in two 3-paths containing the vertex x.

4. The edge {u,u,} is a red edge in three 3-paths containing the vertex z. Indeed, the
3-paths are (v, x, u, u,), (2,0, uq, u) and (z,v,u,u,). Similarly, the edge {v, vy} is a red
edge in three 3-paths containing the vertex x.

5. The edge {u4,u, 1} is a red edge in three 3-paths containing the vertex x. Here it
can be checked that the paths are (x,u, g, ug—1), (T, U, Ug_1,U,) and (x,v, Ug, Ug_1).
Similarly, the edge {vp, v,—1} is a red edge in three 3-paths containing the vertex x.

6. For ¢ € [a — 2], if there exist interior vertices between w; and wu;,; in counterclockwise
direction, then each edge {uf u**'}, k € [n; — 1] is not contained in a 3-path that
contains z. Moreover, for each vertex u} in {u},u?, ... u;*} which is adjacent to u; or

u;r1, the edge {u;, ui} or {uf,u;11} is a red edge in exactly one 3-path that contains

x.

7. For j € [b—2], if there exist interior vertices between v; and v;4; in clockwise direction,
then each edge {Uj’?,vfﬂ}, k € [n; — 1] is not contained in a 3-path that contains .
Moreover, for each vertex v} in {v}, v?, e ,v;»”} which is adjacent to v; or v;iy, the

edge {v;, v} or {vj,v;41} is a red edge in one 3-path that contains .

8. If there exist interior vertices between u,_; and u, in counterclockwise direction, then
each edge {u¥, ub*'}, k € [n, — 1] is not contained in 3-path that contains z. Moreover
for each vertex u} € {1,2,...,n,} which is adjacent to wu,_1, the edge {uq, u}} is a
red edge in one 3-path that contains x. On the other hand, for each vertex u; €

{ul u2, ... ul} which is adjacent to u,, the edge {u,,u’} is a red edge in two 3-paths

that contains z. Indeed that paths are (z,u,u,, u’) and (z, v, ug, u}).

9. If there exist interior vertices between v,_; and v, in counterclockwise direction, then
each edge {vf, vF™}, k € [n, — 1] is not contained in 3-path that contains z. Moreover
for each vertex vy € {1,2,...,n,} which is adjacent to v,_1, the edge {v,,v}} is a
red edge in one 3-path that contains x. On the other hand, for each vertex v €
{v},v2,...,v;*} which is adjacent to vy, the edge {uvy, v} is a red edge in two 3-paths
that contains z. Indeed that paths are (z, v, vy, v}) and (z, u, vy, vj).

Notice that the number of edges in an n-vertex maximal outerplanar graph is 2n — 3.
We need the following claims to complete the proof of Theorem



Claim 1. For each i € [a — 2] and j € [b — 2] there is no interior vertices between w; and
U1 1n counterclockwise direction, and no interior vertices between v; and vji; in clockwise
direction. Otherwise, the number of 3-paths containing x is at most 4n — 10.

Proof. Without loss of generality, assume that there exist interior vertices between wu; and
u;+1 in counterclockwise direction, for some ¢ € [a —2]. We separate the proof into two cases.

i. There exist at least two interior vertices between u; and w1 in counterclockwise di-
rection. Then the edge {u},u?} is not contained in any 3-path containing z. Thus, the
number of 3-paths containing x is at most 2((2n — 3) — 8) + 12 = 4n — 10.

ii. There exists one interior vertex between u; and w;,; in counterclockwise direction.
Then the edge {u;,u;} and {u;1,u}} are contained in only one 3-path each. Indeed,
(2, u,u;,u)) and (x,u, u;y 1, u)), respectively. Thus, the number of 3-paths containing
x in this case is at most 2((2n — 3) — 9) + 14 = 4n — 10.

This completes the proof of Claim [I] O]

Claim 2. There is no interior vertex between u,_1 and u,. Moreover, there is no interior
vertex between v,_1 and v,. Otherwise, there exists a degree 2 vertex in G such that the
number of 3-paths containing this vertex is at most 4n — 10.

Proof. Without loss of generality, we assume that there exist interior vertices between u, 1
and u, in counterclockwise direction. We distinguish two cases considering the number of
interior vertices.

i. The number of interior vertices between wu,_; and wu, in counterclockwise direction is
at least 2. In this case the edge {u!l ;,u? ;} is contained in no 3-path containing z.
Thus, the number of 3-paths containing  in G is at most 2((2n—3)—8)+12 = 4n—10.

ii. There exists only one interior vertices between u,_; and u, in clockwise direction.

It can be checked that ul | is a degree 2 vertex such that the number of 3-paths
containing u}_; is at most 4n — 10. Indeed, we interchange the roles of z with u! ;, u
with u, and v with u,_1.

Since n > 8, either there exists one interior vertex between u and u,_; in counterclock-
wise direction and one between v and wu, in clockwise direction or there exist at least
two interior vertices between u and u,_; in counterclockwise direction or between v and
U, in clockwise direction. We separate the rest proof into 2 subcases correspondingly.

(a) There exists one interior vertex u; between u and wu,_; in counterclockwise direc-
tion and v; between v and u, = v, in clockwise direction, see Figure . It can be
checked that in this case, n = 8 and the number of 3-paths in G is 74 which is
equal to 2n% — Tn + 2.



Figure 4: An 8-vertex maximal outerplanar graph.

(b) There exist at least two interior vertices between u and u,_; in counterclockwise
direction or between v and u, in clockwise direction. Without loss of generality, we
assume that there exist at least two interior vertices between v and u,_; in coun-
terclockwise direction. Hence, all the interior vertices between u and u,_5 (coun-
terclockwise direction) are not adjacent to the vertex u,_;. Otherwise, it contracts
to the fact that G is outerplanar. It can be seen that the edges {u,_2,u,—3} and
vr are red edges in only one 3-path containing u! ;. Indeed the 3-paths are
(ul | ue_1,Uq_2,uq_3) and (ul |, uq, v, x) respectively. In fact, the vertex u,_ 3 is
nothing but w; if the number of interior vertices between u and u,_; (counter-
clockwise direction) is two. Notice that the edges {u, uq—2}, {u, ua—1}, {u, u,} and
{u,v} are red edges in three 3-paths containing the vertex ul ;. Therefore the
number of 3-paths containing ul , is at most 2((2n — 3) — 9) + 14 = 4n — 10.

This completes the proof of Claim [2] ]

Claim 3. For each i € [a — 1] and j € [b— 1], if there is no interior vertexr between u; and
Uir1 and no interior vertex between v; and viy1. Then, either N(Py,G) =2n?> —Tn+2 or
there exists a degree 2 vertex, say z, such that the number of 3-paths containing z is at most
4n — 10.

Proof. Notice that both a and b are at least 1. We distinguish two cases to finish the proof
of the claim.

1. Either a = 1 or b = 1. Without loss of generality assume that b = 1. In this case
u, = v; and by Claim [I| u is adjacent to every vertices in G and we exactly get the
maximal outerplanar graph shown in Figure [1|and hence N (Py, G) = 2n* — Tn + 2.

2. a,b > 2. Now consider the degree 2 vertex u; and the two adjacent vertices us and wu.
Next we interchange the roles of x with u;, v with us and v with v and check what
happens to our previous computation with this choice of degree 2 vertex u;. Since v
is adjacent to u,, v can not be adjacent with any interior vertices between v and wu,
in clockwise direction. Clearly the vertex v; is an interior vertex between v and u, in
clockwise direction. Thus, by Claim [l the number of 3-paths containing the vertex u,
is at most 4n — 10.



This completes the proof of Claim [3] []

Considering Claims [1} 2] and [3] the only case that G contains 2n% — 7n + 2 number of
3-paths is when a = 1 and v is adjacent to every vertex of G or b = 1 and u is adjacent to
every vertex of GG. Otherwise, there exists a vertex of degree 2, say v, such that the number
of 3-paths containing v is at most 4n —10. Hence, by deleting v and the induction hypothesis
we get

N(Py,G) < N(Py,G—v) +4n—10<2(n—1)? = 7(n — 1) + 2+ (4n — 10) = 2n* — Tn + 1
<2n%—Tn+2.

Notice that in both cases when G contains 2n? — 7n + 2, the graph we get is isomorphic to
K, + P,_; which is shown in Figure
To complete proof of the theorem we need to start of the induction step when n = 7.

Claim 4. fop(7,P;) =51 =2n? —Tn+ 2.

Proof. Let G be a 7-vertex maximal outerplanar graph. It can be checked that there are

N(P,,G) =51 N(P,,G) =51 N(P,,G) = 48 N(Py,G) = 46

Figure 5: All 7-vertex maximal outerplanar graphs.

only four, 7-vertex maximal outerplanar graphs, see the lists with their number of 3-paths.
There are 2 graphs attaining the upper bound. This completes the proof of Claim [4] O

This completes the proof of Theorem O

3 (Generalized outerplanar Turan number of the F;

proof of Theorem[]). The following construction verifies the lower bound.

Definition 2. Let n be an even positive integer and C,, = (vy,vs,...,v,) be an n-vertex
cycle. An n-vertex mazimal outerplanar graph G, (see Fz'gure@ 1s defined as follows:

1. C,, is the outer cycle of G,
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Un Vo

Uzl

Figure 6: An n-vertex maximal outerplanar graph G,,.

n

EXGn):EXC;MJ{{M,W}:iE{g,g%L.”,n}}LJ{&hﬂ%}:iE{&5w.wzi—2}}
u{{vi,vm}:ze {3,5,...,%-2}}

Lemma 4. N'(P5,G,) ~ in?. In other words,

lim N’(;D?;’fn) =1.
e (n?)

Proof. 1t is easy to check that the number of P5’s of the form (uq,us,us, ug, us), where
u; € V(Gy) (1 € [5]) and u; # vy (for all j € {2,3,4}) is linear.

Now we count the number of P5’s containing v; as an interior vertex. We call such a
Ps as a symmetric Ps if vy is a middle vertex (see Figure [7 left). Otherwise, we call the
P5 as asymmetric Ps (see Figure , right). Denote these two vertices adjacent to vy in the
symmetric P5 as 1 and zo. Moreover, denote the asymmetric Ps as (:131, V1, Lo, T3, :134).

Denote Sy = {vq,vs, ... ,v%_l}, Sy = {vgﬂ,ng, ..oy Up—1}. Next we count the num-
ber of symmetric and asymmetric Ps’s containing v; as an interior vertex considering the
positions of z; and x,.
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U1 (%1

T X2 X1 X2 €3 Xyg

Figure 7: Structure of P5’s containing v; as an interior vertex.

1. Both z; and x5 are in 5].

e Symmetric Ps’s. Since the degree of x; and x5 are 5, the number of such P5’s is

roughly 4 x 4 x (%) = %2

e Asymmetric P5’s. It can be checked that the number of 2-paths of the form
(29,23, 14) is 8. Since we have two options of doing that, the number of such Ps’s
2

is roughly 2 x 8 x (%) = 5.

2. Both z; and x4 are in S,.

e Symmetric P5’s. Since the degree of x; and x5, is 3, the number of such Ps’s is

roughly 2 x 2 x (%) = %2

e Asymmetric Ps’s. Clearly the number of 2-paths of the form (zs,x3,x4) is 2.

Since we have two options of doing that, the number of such P;’s is roughly

2><2><(§):”72.

3. 1 € S; and z9 € Sy or vice versa.

e Symmetric Ps’s. Without loss of generality, we assume that x; € S; and x5 € S5.

Hence, the degree of x; and x5 are respectively 3 and 5. Thus, the number of

symmetric Ps’s is roughly 2 x 4 x 2 x & =n?.

e Asymmetric P5’s. For the case when x5 is in S7, the number of 2-paths of the form

(w2, 73, 24) is 8. Thus the number of such asymmetric P5’s is roughly 8x 4 x4 = n?.

On the other hand for the case that x5 is in S5, the number of such asymmetric

n2

e S n n _ n?
P5SIS2X§><Z— -

Therefor, N (Ps, G,,) ~ %n? This completes proof of Lemma n

The following lemma claims that no mater how these 7 degree 2 vertices are distributed

in the outer cycle C),, the maximal outerplanar graph contains roughly %nQ Ps’s.

Lemma 5. Let n be even and G be an n-vertex maximal outerplanar with outer cycle C,,

and let G' contains % degree 2 vertices and all the remaining vertices are adjacent to a vertez,

say v € V(C,). Then

1
N(P5, G) ~ 17712.
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Proof. Denote vertices which are adjacent to v in counterclockwise direction as vy, vs, ..., v,.
Obviously r = %” + 3. Denote a degree 2 vertex (if exist) between v; and wv;y; in the
counterclockwise direction by v}. Notice that in such case {v;,v;11} € E(G).

Next we count the number of P;’s containing v (but not as a terminal vertex). Precisely
speaking we count the number of symmetric and asymmetric P5’s shown in Figure

(% (Y

Figure 8: P5’s containing v as an interior vertex.

e Asymmetric Ps’s. Here we count in how many ways each edge, which is different from
{v,v;} i € [k], is contained in an asymmetric P5 as terminal edge (the red edge which
is shown in Figure 8] right).

For an edge {v;, v;11}, it can be checked that it is contained in two possibilities for each
other vertex v; ¢ {v;_1, v, Vit1, Vito}. Indeed, (v;, v, v;1,v;, viy1) and (v}, v, Vita, Vis1, ;).
The number of such edges is roughly 2n — ?jT” —2x 3= %T”. This implies, the number

of P5’s containing the edges {v;,v;41} as terminal edge is 2 x 2 x 2 = %.

Let v! be a degree 2 vertex between v; and v;1;. Now we count in how many ways
the edge {v;,v}} is possibly contained in an asymmetric P5 as a terminal edge. In
this case for each v; ¢ {v;_1,v;,v;11}, it can be checked that the edge {v;,v}} is
contained in three such Py’s. Indeed, the paths are (vj, v, v;_1,v;,0}), (v}, v, Vit1, VF, ;)
and (vj,v,vi41,0;,v;}). Notice that the same property hold for the edge {v},v;i1}.
Clearly the number of such edges id 2 x 7. Therefore, the number of P5’s containing

the edge {vj, u}, where u is a degree two vertex, as a terminal edge is ?jT" X3 X5 = %.
e Symmetric Ps’s. Here P is of the form shown in Figure (left). In counting such
Ps5’s we consider three possibilities considering the two terminal red edges. Let the red
edges are of the form {v;, v;41} and {v;,v;41}. In this case we have there are four Ps’s
of such a form. Indeed the paths are (vii1,vi, v, Vi1, v;), (Vit1, Vi, U, V5, V1),
(Vi Vi1, 0, 0541, v5) and (v, vip1,v,v5,v41). Notice that we have roughly (%n) such
pairs of edges. Therefore the number of symmetric Ps’s such that the terminal red

edges are both in {v;, v;11} is roughly 4 x (%n) ~ %.

It is easy to check that number of symmetric Ps such that both terminal red edges are
iI}l {u, vig}, where v is a degree two vertex, is only one. Roughly such pair of edges is
(3) ~ %

Finally we count the the number of symmetric P5’s such that one terminal red edge
is of the form {v;, v;41} and the other terminal red edge is of the form {vj, ’U]l} Here
it can be checked that the number of such Ps’s is two, namely, (v;, vit1,v,v;, vjl) and
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(Vit1,vi,v,0;,0F). Clearly the number of such pair of edges is roughly 3?” X 5 = =g

J
Thus, the number of P5’s of such kind is roughly 2 x % = %.

Therefor, adding all the symmetric and asymmetric Ps’s we have,

9n2+9n2+9n2+n2+6n2_ 17 ,
8 8 8 8 8 4
This completes proof of Lemma [f] O

N(P5>G) R

We need the following lemmas to complete the proof of Theorem

Lemma 6. Let T be an n-vertex tree with A(T) < 3. Then there is an edge e € E(T') such

that both components of T — e have at least ”T’l vertices.

Proof. We may assume that A(T) > 2. Let k be the number of degree 3 vertices in 7.
Clearly the lemma holds when k = 0. Indeed, if £ = 0, then T is a path. We can take an
edge e which is incident to a center vertex of T" so that both components of T — e have at
least "T_l > "T_l vertices.

Next we apply induction on the number of degree 3 vertices in T. Let k£ > 1, v be a
degree 3 vertex in T and N (v) = {vy, vg,v3}. For i € [3], denote the maximal sub-tree of T’
containing the vertex v; but not v by T;. Let v(T;) = n;, i € [3]. Clearly either ny or ny or
ns is at least ”T_l Without loss of generality assume that n; > "T_l If no + n3 > ”T_l, we
are done with the choice of e = {v,v}.

Let ny + ng < "T_l Consider the tree T" which is obtained from T by deleting the
vertices in Ty and T3 and identifying the vertex v and a terminal vertex (say r1) of an
(ny + n3 + 1)-vertex path (r1,79,..., nyingst1). Obviously, v(7") = n and the number of
degree-3 vertices in T” is less than k. So by induction, there is an edge e € E(T") such that
both components 77 — e has at least ”T_l vertices. For clear reason e can not be an edge of
the path (vi,v,7r9, ..., Tnyinst1). In other words, e € E(T;). Therefore with the choice of
edge e, both components of T" — e has at least "T_l vertices.

This completes the proof of Lemma [0] O

Definition 3. Let G be a mazimal outerplanar graph and C' be its outer cycle. An edge
{z,y} € E(G) is called a chord if x and y are two nonconsecutive vertices of C.

Lemma 7. Let G be an n-vertex mazimal outerplanar graph. Then there is a chord {x,y} in
G such that the number of interior vertices between x and y in counterclockwise and clockwise

directions are greater than 3.

Proof. Let the outer cycle of G be C. Each edge in E(G)\E(C) are contained in two
triangular face. Let T' be the dual of G minus the vertex representing the unbounded face.
Clearly T is a tree, with A(T") < 3. Since G contains n — 2 triangles, v(T) = n — 2.

By Lemmal6] there is an edge e € E(T) such that 7' — e results components with at least
”T_?’ vertices. Let the end vertices of e be z and y and ¢’ be an edge in G which is shared by
the triangular faces represented by x and y respectively in the dual of G. Thus the number
of vertices between the end vertices of €’ in counterclockwise and clockwise directions are at
least "T’?’ +2 > 2. This completes the proof of Lemma n

13



Definition 4. Let G be a mazximal outerplanar graph. A chord {x,y} in G is called a “nice
chord” if the number of vertices between x and y (including x and y) in counterclockwise and
clockwise direction are at least 5.

Definition 5. Let G be a mazimal outerplanar graph and {x,y} be a chord in G. Let I
be a set of interior vertices between x and y in counterclockwise direction and Iy be the set
of interior vertices between x and y in clockwise direction. A path P of length four in G is
called a crossing Ps with respect to {x,y} if P contains a vertex in both I; and I.

Notice that every crossing P5 with respect to the chord {x,y} contains either x or y. We
classify the crossing P5’s with respect to {x,y} as follows.

i. A crossing Ps with respect to {x,y} is called Type-I crossing Ps if it contains the
edge {z,y}. Notice that, the edge {x,y} can not be a terminal edge of a crossing Ps.
Moreover, such a crossing Ps contains only one vertex in /; and two vertices in I or
vice-versa. See Figure [9]

Yy

Figure 9: An example of Type-I crossing Ps with respect to {z,y}.

ii. A crossing Ps with respect to {x,y} is called Type-II crossing Ps if it contains both z
and y, but not the edge {z,y}. Notice that x and y can not be both terminal vertices.
In this case we have two possibilities based on the position of x and y.

e If both x and y are not terminal vertex of the P5, then we call the crossing Ps as
Type-1I(A) crossing Ps, see Figure 10| (the first two graphs).

x x x x
Y Y Y Yy
Figure 10: Examples of Type-II crossing Ps with respect to {z,y}.
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e If either x or y is a terminal vertex of the Ps, then we call the P5 as Type-II(B)
crossing Ps, see Figure [10| (last two graphs).

iii. A crossing Ps with respect to {x,y} is called Type-III crossing P; if the crossing Ps
contains either x or y but not both.

e If the crossing P5 contains two vertices in I; and two vertices of I, then we call
the P; as Type-III(A) crossing P;, see Figure [11left).

e If the crossing Ps contains only one vertex in Iy or I, then we call the P5 as
Type-I1II(B) crossing P, see Figure [11|(right).

T T

Y )

Figure 11: Examples of Type-III crossing Ps with respect to {z,y}.

Definition 6. Let G be a mazximal outerplanar graph and e be a chord in GG. Denote the
number of crossing Ps’s with respect to e by Ng(Ps, G).

Lemma 8. Let G be an n-vertex mazximal outerplanar graph and e = {x,y} be a nice chord
in G. Let ny be the number of interior vertices laying between x and y in counterclockwise
direction and ng be the number of interior vertices between x and y in clockwise direction.
Then

17
./\/;(P5, G) = 7n1n2 + O(n)

Proof. Let C be the outer cycle of G and I; and I be the set of interior vertices between
x and gy in counterclockwise and clockwise direction respectively. Let z be adjacent with
s1 vertices in [; and the vertices in counterclockwise direction be Z1,Z,...,%Zs,. Let y
be adjacent with ¢; vertices in I; and the vertices in clockwise direction be 91,92, ..., U -
Obviously 7, and Z,, are identical vertices. Similarly let x and y be adjacent with p; and ¢4
number of vertices in Iy respectively. Let the vertices which are adjacent to z in clockwise
direction and adjacent to y in counterclockwise direction respectively be Z;, 29, ...,2,, and
U1,Y2, - - -, Uq - Obviously, &, and ¢, are identical vertices. The remaining vertices of G are
labeled as follows.

e Label the interior vertices in clockwise direction (if any) between #; and Z;,1 by
#La2, @m0 e [pr— 1.

R
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e Label the interior vertices between ; and ;41 in counterclockwise direction (if any)
by :g]l,g?,”,,ﬁ?’ ] € [Ch - 1]

e Label the interior vertices in counterclockwise direction (if any) between Zj and Ty
by Ty, &3, ..., 4", k € [s1 — 1.

e Label the interior vertices in clockwise direction (if any) between ¢, and 7,41 by
Up 2,0 LE [t — 1]

Since each face (except the unbounded face) of G are triangular, for each i € [p; —1],7 €
[ — 1],k € [s1 — 1] and £ € [t; — 1], the edges {Z;, Zit1}, {05, Jj41} {T, Trr } and {Gr, Joia }
are in GG. The following claim is important to finish proof of the lemma.

Claim 5. If a mazimal outerplanar graph H has the property that either there is no or
only one interior vertex between each pair (Ty,Try1) counterclockwise direction, (Up, Gos1)
clockwise direction, (Z;,%i11) clockwise direction and (9;,9;+1) counterclockwise direction,
where i € [p1 —1],j € [ — 1],k € [s1 — 1] and { € [t; — 1], then

17
./\/;(Pg,, H) == ?nlng + O(n)

Proof. Let the set of interior vertices between x and Z,, in counter clockwise direction be
S. Denote the size of S with s and the number of degree 2 vertices in S by so. Denote
the set of vertices between y and g, in clockwise direction by 7'. Denote the size of T" and
degree 2 vertices in T' by ¢ and ¢, respectively. Denote the set of vertices between x and ),
in clockwise direction by P. Moreover denote the size of P and degree 2 vertices in P by p
and pg respectively. Finally, denote the set of vertices between y and g,, in counterclockwise
direction by ). Moreover denote the size of () and degree 2 vertices in by ¢ and qq
respectively.

Obviously s = sg + s1,t =tg+t1,p = po +p1 and ¢ = qo + q;. Moreover, ny = s+t —1
and ny = p+ q — 1. Next we count the number of crossing Ps’s with respect to the chord e,
and we do this type-wise.

1. Type-I crossing Ps’s with respect to e: First we count the number of crossing Ps’s of
the form (Zy,z,y,9;,v). It can be checked that for a vertex v € @, the number of
cherries with terminal vertices y and v is at most 2. So, the number of Type-I crossing
Py’s of the form (Zy, z,y, y;,v) is at most 2s;q. Considering the other possibilities, the
number of Type-I crossing Ps’s is at most 2(s1q + ¢15 + t1p + pit), which is at most
4sq + 4tp.

2. Type-11(A) crossing Ps’s with respect to e: It can be checked that the number of Type-
IT(A) crossing Ps’s with respect to e is at most sitq + p1q1 + 2(s1q1 + t1p1), which is at
most st + pq + 2(sq + tp).

3. Type-1I(B) crossing P5’s with respect to e: We ignore this kind of crossing Ps’s as the
number is linear.
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4. Type-1II(A) crossing Ps’s with respect to e: First we count number of crossing Ps’s
of the form (vy, Ty, z, &;,v1). Clearly for a vertex v; € S the number of cherries with
terminal vertices v; and z is at most 2. Moreover, for a vertex vy € P, the number of
cherries with terminal vertices  and vy is at most 2. Therefore, number of Type-III(A)
crossing Ps of the form (vy, T, x, Z;, v1) is 4sp. Hence considering the other possibility,
the number of Type-I1I(A) crossing Ps’s in G is 4sp + 4tq.

5. Type-1I1(B) crossing Ps’s with respect to e: First we count the number of Type-111(B)
crossing Ps’s of the form (Zy,x,&;,v1,v2), where k € [s1], i € [p1] and vy, v € P.
Considering the structure of G of the claim, the edge {vy,ve} is either {&;, &;41} or
{v,2;} or {v, &1}, for some ¢ € [p; — 1] and v a degree 2 vertex in P. For each edge
{Zi, &i11}, 1 € [p1—1], the number of 3-paths of the form (z, h, Z;, Z;11) or (x, h, Tiy1, ;)
is 2, namely (x, Z;y0, Ti11, ;) and (x,T;_1,%;, Ti41). Let v € P be a degree 2 vertex
be an interior vertex between z; and Z;,; in clockwise direction. Notice that we have
p1 number of edges of the form {#;, #;11}. Next we count the number of 3-paths
of the form (x,h,Z;,v) and (x,h,v,Z;) and similar argument can be given for the
number of 3-paths of the form (z,h,#;11,v) and (z,h,v,Z;11). There are only three
3-paths of the form (z,h,Z;,v) and (z, h,v,Z;), namely (z,2;_1,Z;,v), (x,Tip1,v,T;)
and (z,%;,1,2;,v). Notice that for each degree 2 vertex v € P, we have 2 edges this
kind, namely {v, Z;} and {v, Z;11}.

Thus, the number of 3-paths of the form (x,Z;,v1,v9) , where i € [p1] and vy, v, € P
is at most 2p; + 6py. Therefore, the number of Type-III(B) crossing Ps’s of the form
(T, x, T, v1,09), where k € [sq], @ € [p1] and vy, v € P is at most s1(2p; + 6po).

With similarly, the number of Type-III(B) crossing Ps’s of the form (Z;, z, T, vi, vs),
where k € [s1], @ € [p1] and vy, vy € S is at most p;(2s1 + 65p).

Thus taking the sum of the two and py = p — p; and sy = s — s; the number of Type-
III(B) crossing Ps’s with respect to e and containing x is at most 4s;p; + 6s1(p — p1) +
6p1(s — s1).

Notice that p; € [1,p] and s; € [1,s]. Now define a function ¢ : [1,s] x [1,p] — R
as g(s1,p1) := 4s1p1 + 6s1(p — p1) + 6p1(s — s1). It can be checked that g attains
maximum value at the critical point (%s, %p). Moreover at this point the value of ¢ is

g(3,22) = 2ps. That means the number of Type-III(B) crossing P5’s containing the

vertex x is at most 9—’2’5.
With similar argument, the number of Type-III(B) crossing Ps’s containing y is at
most %tq. Therefore, the number of Type-II1I(B) crossing Ps’s with respect to e is at

most gps + gtq.

Summing up all the upper bound, the number of crossing P5’s with respect to e is at most
(4sq + 4tp) + (st + pq + 2s5q + 2tp) + (4sp + 4tq) + (3ps + 3tq), which is 8.5ps + 8.5tq + 6sq +
6tp + st + pq. Considering that ¢ = n; — p and t = ny — s, the last expression is equal to
8.5n1n2 + Bsp + nys + naq — s* — p* — 2nas — 2nyp. Notice that s € [1,ny] and p € [1,ny].
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Define a function h(s,p) : [1,n;1] X [1,n2] — R as h(s,p) := 8.5n1ns + 5sp + n1s + nag —
5?2 —p? — gngs — gnlp. We treat h as a continuous real valued function in the rectangular
region to find the maximum value of h.

It can be checked that h possesses a critical point (%nl, %nz) The values of h at the points
(1,1), (1,n2), (n1,1), (1, n2) and (311, 2ns) are respectively, f(1,1) = Trnyny—3ny —3ny+3,
h(1,n3) = 6ning + ny + gng — 1, h(ny,1) = nyng + ne + gnl — 1, h(ny,n2) = ¥nyny and

2
1 1 _ 29 1%9 1, 92 _ 171 1.2 ,1.2 5
h(5n1, 5n2) = Fning + gnf + 05 = Sning + g + N5 — Jnins.

To finish our proof we need to show that h(%nl, %nQ) = %nlng +0O(n). Indeed, remember

that n = ny +ny and 2 < ny < 2n. Define a function f(ny) : [3n, 2n] — Ras f(ny) =
inf + 3(n —n1)* — 2ny(n — ny). Tt is easy to check that f attains maximum value when
ny = 5. Moreover the maximum value of f is f (%n) = —%nz. This completes the proof of

Claim Bl O

From Claim , without loss of generality we may assume that i* € [p; — 1] is the smallest
integer such that there is at least two interior vertices in clockwise direction between z;+ and
Z;+11. Hence, there is no or one interior vertex in clockwise direction between z; and Z;1,
for each i € [i* — 1]. Notice that {Z;, ;+41} is an edge in G.

Let I* be the set of interior vertices between #}. and Z;+,1(clockwise direction) which are
adjacent to ;. Denote I = I* U {&;y1}.

Let G’ be the maximal outerplanar graph obtained from G with three consecutive oper-
ations. Call the operations collectively as a reduction operation.

1. Delete the edges {Z;«, w}, for each w € I.

2. Add the edges {Z},w}, for each w € I. Where 7. is the first interior vertex in
clockwise direction between Z;+ and Z;« 1. Notice that there is exactly one vertex in [
which is adjacent to Z1.. Denote the vertex by w*. Notice that w* can be ;1.

3. Delete the multiple edge which results from procedure (2) and finally add the edge
We complete our proof by showing the following important claim.
Claim 6. N.(P5,G) < N(P5,G').

Proof. 1t is enough to show that for each crossing P5’s with respect to e containing the edges
{Z;,w} in G, where w € I, we correspondingly find a unique crossing Ps’s with respect to
e in G’ but not in G. We distinguish two cases considering the position of i*.

Case 1: i* #p; — 1.

e Type-I crossing Ps’s in G containing the edges {Z;+,w}: Type-I crossing Ps’s in G
containing {Z;«, w} are either (g, y, x, i, w) or (Yo, Y, T, Tix 11, Tix ), L € [t1].

For (e, y, T, 3, w), we take the crossing Ps’s in G’ of the form (g, y, z, 3, w).
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We consider two cases concerning the crossing Ps’s of the form (g, y, z, Ti11, <) in
G. If w* = &4, we take the replacement crossing Ps (p, Y, T, The, T3+ ). If w* # Zyeyq,
we take the replacing crossing Ps (4¢, Y, T, Tix 11, Tox ).

Type-II(A) crossing Ps’s in G containing the edges {Z;«,w}: It can be seen that there
is no Type-II(A) crossing Ps’s in G containing the edges {Z;, w}.

Type-II(B) crossing Ps’s in G containing the edges {Z;,w}: In this case the only
crossing Ps’s are of the form (y, Z,,, z, T;, w) and (y, Ts,, T, Tixp1, Tix)-

For the former crossing Ps’s we can take the replacing crossing Ps’s of the form
(y,Ts,, ®, &, w). For the later case we consider two cases. If w* = Z;-,, then we
take the replacing crossing Ps (y, Ts,, T, Th, i+ ). If w* # #+,1, we take the crossing
Ps of the form (y, Ty, T, T 11, Th).

Type-1II(A) crossing Ps’s in G containing the edges {#;«,w}: The crossing Ps’s are
of the form (z,Z,x, Ty, w) and (2, Tk, T, Tiy11, T4+ ), k € [s1] and z (# y) is a vertex
adjacent to .

For the former case we take the crossing Ps’s in G’ of the form (z,Zy,z, %%, w). For
the latter case we consider two cases. If w* = Z;+,1, we take the replacing crossing
Ps, (2, %, , %%, %), If w* # 2441, we take replacement crossing Ps of the form
(Z, .ffk, xZ, ji*—&-l; .fle*)

Type-II1(B) crossing Ps’s in G containing the edges {Z;«, w}: In this case we distinguish
two cases.

Case 1.1: i* # p; — 2.

The crossing Ps’s in G containing {Z;,w} and their respective replacement crossing
Ps’s in G' are considered below.

1. For crossing Ps’s of the form (g, x, Z4_1, &+, w), where k € [s1] and w # w*, we
take the replacement (Zy,,Z, 25, w). Notice that when w = w*, {ZL,w*} is
already an edge in G. In this case we replace the crossing Ps (T, x, T 1, T4, w™)
with (%, z, 2L, 2%, 22). Recall that there are at least two interior vertices between
Z;+ and Z;+41 in clockwise direction. If there are exactly two interior vertices,

A

3 oA
Ljx = Ljx41.-

2. For crossing Ps’s of the form (Zy, z, T+, w,u), where k € [s;] and u is a vertex
adjacent to w and u # &}, we replace it with by (T, z, 2k, w,u). For the cross-
ing Ps’s of the form (Zy,x, &, w*, 2L), we replace it by (21, 22, Ty, T, T ), where
(21, 22, T1,) is a 2-path with respect to vertex alignment in the outer cycle of G in
clockwise direction.
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3. For the crossing Ps’s of the form (Zy,x, &1, T, u), where k € [s1] and u is a
vertex adjacent to z;«. We may consider two cases.

If w* = &+, 1, the only crossing Ps’s of the stated form are (Zy,x, 441, Tix, T ),
(Th, T, T i1, Tie, T 1) and (Ty, @, e 11, T+, T4 ). The last crossing P; may or
may not exist, it depends with the existence of the vertex z} ;. The respective
replacement crossing Ps’s we take are (29, Ty, T, 2k, 2%), (Tr, T, Th, i,

Zp1) and (Tg, z,TL, T, 5 1), where 2y is the vertex as defined in(2).

On the other hand, for the case that w* # rx;.1, the crossing Ps;’s of the
stated form are (Ty,, Tpy1, Tie, W), (Tky Ty Tivg1, Ties o), (Tie, Ty Bgr 1, Tge, Tix 1)
and (T, 2, Tiy1, Ti<, h_1). The last crossing Ps may or may not exist. In this
case we take the the replacement crossing Ps’s, (T, @, & 11, T, W), (T, T, Tix 11,
T, B ), (g, 0, Th, B, B 1) and (Tg, T, Th, T, T ;) respectively.

4. For the case that w* # #;+41, we have a crossing Ps of the form (Zy, z, Ty, f,
Z;<), where f is the second from the last #;+,; in I such that {Z;, f} is an
edge in G. In this case we take replacement crossing Ps (23, 24, Ty, T, T ). where
(23, 24, Tx) is a 2-path with respect to vertex alignment in the outer cycle of the
G in counterclockwise direction.

5. For the crossing Ps of the form (Zy, z, T o, T+ 11, T+ ). We distinguish two cases.
If wk = &1, then we take the replacement crossing Ps (24, Ty, T, Tk, 2%). If

A

w* # Zp41, we take the replacement crossing Ps (T, T, Tix 12, Ti 11, To )-

Case 1.2: i* =p; — 2.

Apart from the crossing Ps’s considered above, the crossing Ps’s which is not con-
sidered yet are Type-III(B) crossing Ps of the form (9, vy, Zp,, Tp—1, Tp,—2), Where
¢ € [t1]. Here we distinguish two cases. If w* = 2, _;, we take the replacing
crossing P, (gjg,y,x,ﬁj}n_%ipl,g). If w* # %,,_1, we take the replacing crossing F;
(gfayu“%mvi.plflvi}lan)'

Case 2: i* =p; — 1.

For completeness we consider crossing Ps’s of each type containing the edges {Z,,_1,w},
where w € 1.

e Type-I crossing Ps’s in G containing the edges {Z,,_1,w}: Apart from crossing Type-I
crossing Ps’s considered in Case 1, the Type-I crossing P5; which is not considered in
this case is (T, ©,Y, Tp,, Tp,—1). We consider two cases. If w* = &,,, then we take
the replacement crossing Ps’s (24, Zk, ¥, &, 1,25, ), where the z4 is the vertex whose
definition is given in Case 1.1 (4). If w* # z,,, we take the replacement crossing Ps of
the form (Zy, z,y, &p,, Ty, ).

e Type-II(A) crossing Ps’s in G containing the edges {Z,,_1,w}: It can be seen that
there is no Type-II(A) crossing Ps’s in G containing the edges {Z,, —1, w}.
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e Type-II(B) crossing Ps’s in G containing the edges {Z,,—1,w}: The crossing Ps’s of
this kind which are not yet considered are (Zy, x, Tp,—1, Tp,, ¥) and (G, Y, Tp,, Tp—1, ),
where k € [s1] and ¢ € [t;]. In this case we take the replacement crossing Ps’s of the
form (Zy,z, 2y 1, &p,,y) and (G, y, &p, , T, , ) respectively.

e Type-III(A) crossing P5’s in G containing the edges {,,_1, w}: Apart from the crossing
Ps’s of Type ITI(A) stated in Case 1, the following are the new Type-III(A) crossing
P5’s which are not yet considered. These are (v, 9s, Y, p,, Tp,—1), Where £ € [t1]. We
consider two cases. If w* = %, , we take the replacement crossing Ps of the form
(v,g]g,y,x,itzl)l_l). If w* # 2,,, we take the replacement crossing Ps’s of the form

(Ua gﬁa Y, j:pm :i‘glyl—l)-

e Type-III(B) crossing Ps’s in G containing the edges {rz,, _1, w}: In this case we do not
have crossing P5’s which are stated in Case 1.1(5). However we have new Type-111(B)
crossing P5’s. The following are these crossing Ps’s and their respective replacements.

1. Consider the crossing Ps’s of the form (o, y, Zp,, Zp,—1,u). We distinguish two

cases. If w* = Z,,, then there are only three crossing Ps’s of such kind. These are
(:g@’ Y jjpm :%mflv :i}ln—l% (ij, Y, i}n J 'fjpl*b i'p172> and (gb Y, 'i'pl ) j:m*l? iglol—Q)' No-
tice that the existence of the last crossing Ps depends on the existence of the ver-
tex @1) _2- We take the following respective replacement crossing Ps’s, (u1, ¥¢, y, ,
izl)l_l), (UQ,Qg,y,x,a?;l_l) and (gjg,y,m,isél_l,igl_l) respectively. It can be seen
that non of these crossing Ps’s is used in any the previous crossing Ps’s.
If w* = Z,,, then the crossing Ps’s of such kind are (97, y, Zp,, Tp,—1, 0), (e, Y Tpy s
Tpi-1, %0, 1)y (oY Tpy Tpy—1, Tpy—2) and (Je, Y, Tpy, Tp,—1, T, o). In this case we
take the replacement crossing Ps’s of the form (g, y, Z,, i;,l_l, W), (Gos Yy Tpy s Tpy—1,
ipl—l) (u17 Yo, Y, T, ﬁj;l)l—l) and (Ug, Yo, Y, T, iglyl—l)'

2. For the case that w* # 2,,, we have a crossing Ps’s of the form (9, v, Z,,, f.
Tp,—1), where f is second vertex from the last Z,, in I. In this case we take the

replacement crossing Ps of the form (g, y, T, , z, :%;171).

3. Consider the crossing Ps’s of the form (4, ¥, Ug,—1, Tpy» Tp,—1)- In this case we take

the replacement (g, y, Zp,, %, ), ;).

Therefore the number of crossing P5’s with respect to e in G is at most the number of
crossing Ps’s with respect to e in G’. This completes the proof of Claim [6] n

From Claim|[6], we can proceed with the reduction operation procedure for each neighbours
of z and y in I; and I, till we reach on the situation that, for each i € [py—1],7 € [¢1 — 1],k €
[s1 —1] and ¢ € [t; — 1], there is no interior or one interior vertex between the pairs (Zy, T41)
in counterclockwise direction, (g, J¢+1) in clockwise direction, (Z;, Z;+1) in clockwise direction
and (9, 9;j+1) counterclockwise direction.
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Let the resulting graph at the end of a sequence of reduction operations be H. Thus

N (Ps, G) < N.(P5, H). But by Claim |5, N, (Ps, H) = ¥'nyny + O(n). Therefore,

17
./\/;(P5, G) = 7n1n2 + O(n)

This completes the proof of Lemma ]

Next we finish the proof of Theorem[4] Let the graph induced by I U{z,y} and LU{z,y}
be Gy and G5 respectively. Since e is a nice chord, by induction N (P5,Gy) = n? + O(n)
and N (P5, G2) = 1'n3 + O(n). From Lemma , N (Ps, G) = Ynyng + O(n).

4
Therefore,

N (Ps,G) = N(P5,Gy) + N(P5, Go) + N.(Ps, G)
17

17 17
= Zn% +O(n) + an +O(n) + 5 Tne + O(n)

17
= Z(nl + n2)2 + O(n)

= 1Z7n2 + O(n).

This completes the proof of Theorem [4] m

4 Concluding remarks and conjectures

Considering the complexity of the proof we have for a best asymptotic value of fop(n, Ps),
it might be not easy to determine a best asymptotic value of the generalized outerplanar
Turan number of short paths. We pose the following conjecture related to the generalized
outerplanar Turan number of the F.

Conjecture 1. fop(n, Ps) = 11n? + O(n).

The following construction of an n-vertex maximal outerplanar graph G, verifies the
lower bound is attainable. G, contains 7 degree-2 vertices and all the remaining § — 1
vertices are adjacent to a vertex, say v, in G, (see Figure . It can be checked that
N (Ps,G,,) = 11n% + Q(n).
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Figure 12: A maximal outerplanar graph (,, containing roughly 11n? Py’s.
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