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ON THE FUNCTIONAL GRAPH OF THE POWER MAP OVER

FINITE GROUPS

CLAUDIO QURESHI AND LUCAS REIS

Abstract. In this paper we study the description of the functional graphs as-
sociated with the power maps over finite groups. We present a structural result
which describes the isomorphism class of these graphs for abelian groups and
also for flower groups, which is a special class of non abelian groups introduced
in this paper. Unlike the abelian case where all the trees associated with peri-
odic points are isomorphic, in the case of flower groups we prove that several
different classes of trees can occur. The class of central trees (i.e. associated
with periodic points that are in the center of the group) are in general non-
elementary and a recursive description is given in this work. Flower groups
include many non abelian groups such as dihedral and generalized quaternion
groups, and the projective general linear group of order two over a finite field.
In particular, we provide improvements on past works regarding the descrip-
tion of the dynamics of the power map over these groups.

1. Introduction

Given a pair (f, S) of a finite set S and a map f : S → S, we can associate with
it a graph G(f/S), called the functional graph of f over S. This is the directed
graph with vertex set V = {s | s ∈ S} and directed edges {s → f(s) | s ∈ S}.
The functional graph encodes the dynamics of f over S. For instance, the f -
orbit {s, f(s), f (2)(s), . . .} of an element s ∈ S is described by a path in G(f/S).
Moreover, an element s ∈ S is f -periodic if and only if it belongs to a cycle of
G(f/S). One of the motivation of studying finite dynamical systems is due to
their applications such as integer factorization methods in cryptography [13, 23]
and pseudo-random number generators [3]. The description of G(f/S) has been
considered for many algebraic structures S and well behaved maps f . In many
cases, the functional graphs turns out to have many remarkable properties such as
regularity on the indegrees and symmetries on its cycles that allow us to obtain
a partial or complete description of their structure. See [6, 10, 11, 12, 14, 15, 16,
19, 20, 22] for a rich source of results regarding these issues and [9] for a survey
including some applications of dynamical systems over finite fields.

When S = G is a finite group, it is natural to consider the power map ϕt : G→ G
with ϕt(g) = gt (or tg if G is written additively), where t is an integer. When G is
cyclic, the graph G(ϕt/G) is completely described in [14] and the trees attached to
the periodic points are described by a non-increasing sequence of positive integers.
Trees constructed in this way are called elementary and they turn out to be useful to
describe the non-periodic part of the dynamic of many interesting class of maps such
as Chebyshev polynomials over finite fields, Redei functions and some maps related
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2 C. QURESHI AND L. REIS

to certain endomorphism of elliptic curves over finite fields [17]. In [5] the authors
describe the graph G(ϕt/G) for special cases of abelian groups. In section 2.3 we
obtain a complete description of this graph for general abelian groups, mainly using
the explicit description given in [14] for the cyclic case and using some results of [17].
The trees attached to the periodic points in this case (which are all isomorphic) are
expressed as a tensor product of elementary trees. When the group is non abelian
the power map ϕt is no longer an homomorphism and the trees attached to the
periodic points are no longer isomorphic and in general it is a difficult problem to
describe them. The trees attached to periodic points in the center of the group
are isomorphic as we show in Section 2.2, these trees are called central trees and
are, in general, non-elementary. Regarding the problem of describing the graph
G(ϕt/G) for non abelian groups G, only results for special families are known.
More specifically, in [1], [2] and [4] the cases where G is a dihedral, a generalized
quaternion and some semidirect product of cyclic groups are explored, respectively.
However the digraphs are not explicitly determined there. Instead, only partial
descriptions of such graph are given like the distribution of indegrees, cycle lengths
and number of cycles. Further results of this kind are given in [8] for special classes
of finite groups.

In this paper we introduce the class of flower groups, which contains the dihe-
dral and generalized quaternion groups, and also some semidirect product of cyclic
groups. Our main result is the description of the functional graph structure of the
power map over flower groups. Such description is given in two parts: in Theo-
rem 3.9 we provide a complete description of the cyclic structure and also of the
non central trees, and in Theorem 3.12 we provide some properties of central trees
which allow us to obtain a explicit description of such trees for very special cases
of interest.

Our paper is organized as follows. In Section 2 we introduce the basic notation
and operations on graphs and review the structure theorem for the functional graph
of the power map on cyclic groups. Then, using results from [17], we show how
to extend this structure theorem for finite abelian groups. In the last part of this
section we provide some general results on the functional graph of the power map
on arbitrary finite groups that is further used to prove our main results. In Section
3 we introduce the notion of flower groups, obtain some properties about these
groups and also prove our main results. In Section 4 we apply our main results to
the explicit description of functional graphs associated to some non abelian groups.

2. Preliminaries

This section provides some background material and minor results. We start by
fixing some basic notation and reviewing the structural description of the functional
graph of the power map on cyclic groups. Then we show how to extend this
structural description for abelian groups. At the end of this section we provide
some general results on the functional graph of the power map over arbitrary finite
groups.

Along the paper we use the letters G,H to denote finite groups and C to denote
cyclic groups. For a positive integer m, Cm denotes the cyclic group of order m.
We use multiplicative notation for the operation of these groups unless otherwise
specified. The ring of integers modulo d is denoted by Zd and their multiplicative
group of units is denoted by Z∗

d. The Euler totient function is denoted by ϕ(d)
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and the (multiplicative) order of t ∈ Z∗
d is denoted by od(t). For a group G,

the centralizer of S ⊆ G is denoted by CG(S) and the center of G is denoted by
Z(G) = CG(G).

2.1. Basics on functional graphs. We use the same terminology as in [14] and
[17]. It is a well known fact that the connected components of functional graphs are
composed of a cycle and each vertex of this cycle is the root of a tree (the direction
of the edges is from leaves to the root). Several interesting classes of functions over
finite fields or finite structures studied in the literature present certain regularity
that is reflected in some symmetry conditions on their functional graphs. We de-
note by Cyc(m,T ) a directed graph composed by an m-cycle (i.e. a cycle of length
m) where every node in this cycle is the root of a tree isomorphic to T . When every
connected component of a functional graph G(f/S) is of this form we say that this
functional graph is regular, in this case there are integers m1, . . . ,mk and rooted

trees T1, . . . , Tk such that G(f/S) =
⊕k

i=1 Cyc(mi, Ti), where the circled plus sym-
bol denotes a disjoint union of graphs. When the rooted tree T has a unique vertex
we write T = •. The m-cycle Cyc(m, •) is denoted by Cyc(m) and the rooted tree
T with a loop in the root Cyc(1, T ) is denoted by {T }. The notation G = k ×H

means that G =
⊕k

i=1Hi with each Hi isomorphic to the graph H . A forest is

a disjoint union of rooted trees. Given a forest G =
⊕k

i=1 Ti, we denote by 〈G〉
the rooted tree with k children where these children are roots of trees isomorphic
to T1, . . . , Tk. We consider the empty graph ∅ with the property that 〈∅〉 = •.
Given rooted trees T1 = 〈G1〉, · · · , Tk = 〈Gk〉 where each Gi is a forest we define
∑k

i=1 Ti := 〈
⊕k

i=1Gi〉 (i.e. the sum of rooted trees is a new rooted tree which is
obtained by identifying all the roots). For a tree T = 〈G〉 and k ∈ Z+ we denote
k · T = 〈k ×G〉 (note that k · T 6= k × T if k > 1).

The vertices belonging to the cycles of the functional graph G(f/S) correspond to
the periodic points of f . Given a point x0 ∈ S, the least natural number δ = δ(x0)
such that f (δ)(x0) is a periodic point is called the preperiod of x0 (the periodic
points corresponds to points x0 with δ(x0) = 0). Regarding the functional graph
G(f/S), the number δ(x0) equals the depth of x0 in the rooted tree which it belongs
to (i.e. the distance of x0 to the root).

There is a simple way to associate with each non-increasing finite sequence of
positive integers v = (ν1, ν2, . . . , νd) (i.e. ν1 ≥ ν2 ≥ · · · , νd ≥ 1) a rooted tree Tv
defined recursively as follows:

(1)






T 0
v
= •,

Gk
v
= νk × T k−1

v
⊕
⊕k−1

i=1 (νi − νi+1)× T i−1
v

and T k
v
= 〈Gk

v
〉 for 1 ≤ k < d,

Gv = (νd − 1)× T d−1
v

⊕
⊕d−1

i=1 (νi − νi+1)× T i−1
v

and Tv = 〈Gv〉.

Trees associated with non-increasing sequences as above are called elementary
trees, see [17] for more details on elementary trees. Figure 1 shows the inductive
process to contruct Tv for a 4-term sequence.
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T 1
v =

...
︸ ︷︷ ︸

ν1

T 2
v =

T
1
v

...
T

1
v

︸ ︷︷ ︸

ν2

...
︸ ︷︷ ︸

ν1−ν2

T 3
v =

T
2
v

...
T

2
v

︸ ︷︷ ︸

ν3

T
1
v

...
T

1
v

︸ ︷︷ ︸

ν2−ν3

...
︸ ︷︷ ︸

ν1−ν2

Tv =

T
3
v

...
T

3
v

︸ ︷︷ ︸

ν4−1

T
2
v

...
T

2
v

︸ ︷︷ ︸

ν3−ν4

T
1
v

...
T

1
v

︸ ︷︷ ︸

ν2−ν3

...
︸ ︷︷ ︸

ν1−ν2

Figure 1. This figure (taken from [14]) illustrates the inductive
definition of Tv for a 4-term sequence v = (ν1, ν2, ν3, ν4). A node
labelled by a rooted tree T indicates that it is the root of a tree
isomorphic to T .

Elementary trees appear in a wide range of context when we describe the dynam-
ics of different classes of maps, see for example [6, 11, 14, 15, 16, 17, 21]. They will
play a key role also in our description of the functional graph associated with the
power map over flower groups. An important special case of elementary trees Tv is
when the sequence v is a multiplicative chain (i.e. when each term of the sequence
divides the previous term), these are the trees that appear in the functional graph
of power maps on abelian groups.

A rooted tree T is homogeneous if it can be written as T = 〈
⊕d−1

i=0 ni×Ti〉 where
Ti is a rooted tree with depth i for 0 ≤ i < d (i.e. all its subtrees with the same
depth are isomorphic). In particular elementary trees are homogeneous since the
subtrees T i

v of Tv associated with the d-term sequence v has depth i, for 0 ≤ i < d.
The following operation will be usefull to describe trees in the functional graph
associated with the power map on some finite non abelian groups.

Definition 2.1. Let T = 〈
⊕d−1

i=0 ni × Ti〉 be an homogeneous rooted tree where
each Ti has depth i for 0 ≤ i < d and S be a rooted tree. For 0 ≤ j < d, the j-sum
of T and S is given by T +j S = 〈

⊕

i6=j ni × Ti ⊕ (nj − 1)× Tj ⊕ (Tj + S)〉.

We note that T +j S is obtaining by replacing one of the depth-j-subtree Tj of T
with Tj + S. The resulting rooted tree will be not an homogeneous tree in general.

2.2. The power map on finite cyclic groups. Let Cn be the (multiplicative)
cyclic group of order n and ϕt : Cn → Cn be the power map x → xt. The trees
attached to the cyclic points in G(ϕt/Cn) are described by the iterated gcd of
n relative to t (also called ν-series in [14]), denoted by gcdt(n), and defined as
follows1: gcdt(n) = (1) if gcd(t, n) = 1, otherwise gcdt(n) = (ν1, . . . , νD) where

ν1 = gcd(t, n), νi+1 = gcd

(

t,
n

ν1 · · · νi

)

, for i ≥ 1,

and D is the least positive integer such that νD+1 = 1. It is easy to see that if
ν := ν1 · · · νD then ν | n, gcdt(n) = gcdt(ν) and ω := n/ν is the greatest divisor of n
that is relatively prime with t (see [14] for more details). The following proposition
gives an explicit description for the functional graph G(ϕt/Cn).

1In [14] the iterated gcd of n relative to t is called ν-series generated by n and t, denoted by
n(t), and defined only in the case when each prime divisor of n divides t. In order to avoid possible
confusion we decide to use the alternative notation gcdt(n).
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Proposition 2.2 ([16], Proposition 2.1). Let n = νω, where ω is the greatest
divisor of r that is relatively prime with t. Let gcdt(ν) = (ν1, ν2, . . . , νD) be the
iterated gcd of ν relative to t and Tgcdt(ν)

be the elementary tree associated with this
sequence. Then Cn has exactly ω elements that are ϕt-periodic and the following
isomorphism formula holds:

(2) G(ϕt/Cn) =
⊕

d|ω

(
ϕ(d)

od(t)
× Cyc

(
od(t), Tgcdt(ν)

)
)

.

Moreover, the tree Tgcdt(ν)
has ν vertices and depth D.

2.3. The power map on finite abelian groups. Next we show how formula
(2) can be extended to general abelian groups. Note that if u and v are non-
increasing finite sequences which differ only possibly in the last terms that are all
equal to 1, then the corresponding elementary trees are equal (i.e. Tu = Tv). In
these case we say that these sequences are equivalent. The product uv of two
non-increasing sequences is the coordinatewise product (substituting the smallest
sequence by other equivalent in such a wat that both sequences have the same
length). For what follows, ⊗ denotes the tensor product of digraphs.

Lemma 2.3 ([17], Lemma 3.4). For any maps of finite sets f : X → X and
g : Y → Y we have the following graph isomorphism:

G(f × g/X × Y ) ∼= G(f/X)⊗ G(g/Y ),

where f × g : X × Y → X × Y is the map f × g (x, y) = (f(x), g(y)).

Lemma 2.4 ([17], Lemma 3.5). Let r ∈ Z+ and T be a rooted tree. The following
isomorphism holds:

Cyc(r, T ) ∼= Cyc(r) ⊗ {T }.

Lemma 2.5 ([17], Prop. 2.10). For any non-decreasing sequences u, v we have
{Tu} ⊗ {Tv} = {Tuv}.

Lemma 2.6. Let r1, . . . , rk be positive integers. We have

k⊗

i=1

Cyc(ri) =
r1r2 · · · rk

lcm(r1, r2, . . . , rk)
× Cyc (lcm(r1, r2, . . . , rk)) .

Proof. Consider the maps si : Zri → Zri , si(x) = x+ 1. Then Cyc(ri) = G(si/Zri)

and
⊗k

i=1 Cyc(ri) = G(s1×· · ·×sk,Zr1×· · ·×Zrk) which is a union of disjoint cycles.
Each one of this cycles is in correspondence with the cosets of H := 〈(1, 1, . . . , 1)〉 in
Zr1 × · · · ×Zrk and each one of these cosets has |H | = lcm(r1, r2, . . . , rk) elements.

�

Now consider any (multiplicative) abelian group G and the map ϕt : G → G,
ϕt(g) := gt. By the fundamental theorem of finite abelian groups, there is an
isomorphism η : G→ Cr1 × · · · × Crk . Since η ◦ ϕt = ϕt ◦ η we have that η induces
an isomorphism between the functional graph of ϕt over G and over the direct
product of cyclic groups, so we can assume G = Cr1 × · · · × Crk . If d and ω are
k-term sequences, d | ω means di | ωi for every 1 ≤ i ≤ k.

Proposition 2.7. Let G be an abelian group and write G = Cr1 × · · · × Crk , where
Cr denotes a cyclic group of order r. Let ri = νiωi where ωi is the greatest divi-
sor of ri that is relatively prime with t, ν := (ν1, . . . , νk), ω := (ω1, . . . , ωk) and
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gcdt(ν) :=
∏k

i=1 gcdt(νi). For d = (d1, . . . , dk) define ϕ(d) :=
∏k

i=1 ϕ(di) and

od(t) = lcm{odi
(t) : 1 ≤ i ≤ k}. Then G has exactly

∏k
i=1 ωi elements that are

ϕt-periodic and the following isomorphism formula holds:

(3) G(ϕt/G) =
⊕

d|ω

ϕ(d)

od(t)
× Cyc

(
od(t), Tgcdt(ν)

)

Proof. If formula (3) holds, the number of ϕt-periodic points in G is
∑

d|ω ϕ(d) =
∏k

i=1

(
∑

di|ωi
ϕ(di)

)

=
∏k

i=1 ωi. To prove the formula we use Proposition 2.2 and

Lemma 2.3 to obtain:

G(ϕt/G) =

k⊗

i=1

G(ϕt/Cri) =
k⊗

i=1

⊕

di|ωi

(
ϕ(di)

odi
(t)

× Cyc
(
odi

(t), Tgcdt(νi)

)
)

.

By the commutativity of the tensor product and Lemma 2.4 we have:

G(ϕt/G) =
⊕

d|ω

k⊗

i=1

(
ϕ(di)

odi
(t)

× Cyc
(
odi

(t), Tgcdt(νi)

)
)

=
⊕

d|ω

(
k∏

i=1

ϕ(di)

odi
(t)

)

×

(
k⊗

i=1

Cyc (odi
(t))

)

⊗

(
k⊗

i=1

Tgcdt(νi)

)

Finally, using Lemmas 2.5, 2.6 and again Lemma 2.4 we obtain the desired formula.
�

Example 2.8. Consider the power map ϕ14 over the group Z∗
91

∼= C6 × C12 of
invertible elements modulo 91. Figure 2 shows the functional graph of this map.
In this case k = 2, r1 = 6, r2 = 12, ν = (2, 4), ω = (3, 3) and gcd14(ν) =
gcd14(2) · gcd14(4) = (2) · (2, 2) = (4, 2). Then,

G(ϕ14/G) =
⊕

d1|3

d2|3

ϕ(d1)ϕ(d2)

lcm{od1(14), od2(14)}
× Cyc

(
lcm{od1(14), od2(14)}, T(4,2)

)

= {T(4,2)} ⊕ 4× Cyc
(
2, T(4,2)

)
.

Figure 2. The graph {T(4,2)} ⊕ 4× Cyc
(
2, T(4,2)

)
.

2.4. Some results on the power map over finite groups. Let G be a finite
group and let d be a divisor of |G|. We denote by G[d] the group generated by the
elements g ∈ G such that gd = 1. In the next lemma we consider the factorization
|G| = νω where ω is the greatest divisor of |G| that is relatively prime with t.
We note that if g ∈ G verifies gt

n

= 1 then the order of g is a divisor of ν since
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gcd(tn, |G|) divides ν. In particular, the tree attached to 1 in G(ϕt/G), is contained
in G[ν].

Definition 2.9. An element g ∈ G is ϕt-periodic if there exists a positive integer

n such that gt
n

= ϕ
(n)
t (g) = g. Moreover, the preperiod of g ∈ G under ϕt is the

least integer i ≥ 0 such that ϕ
(i)
t (g) is ϕt-periodic.

Definition 2.10. The central tree of G(ϕt/G) is the rooted tree attached to neutral
element 1 ∈ G and it is denoted by Tt(G).

Proposition 2.11. Let G be a finite group with identity 1 and consider the power
map ϕt : G → G with g 7→ gt. Let |G| = νω where ω is the greatest divisor of |G|
that is relatively prime with t. If h ∈ G is ϕt-periodic and h is in the centralizer
of G[ν], then the rooted tree attached to h in G(ϕt/G) is isomorphic to the central
tree Tt(G).

Proof. Suppose that s is the least positive integer such that ϕ
(s)
t (h) = h, i.e.,

ht
s

= h. Let Th be the rooted tree attached to h in G(ϕt/G). Set τ : Tt(G) → Th
with τ(g) = ght

δ(g)(s−1)

, where δ(g) is the preperiod of g under ϕt. As previously
remarked, each element of Tt(G) is in G[ν].

Claim. The map τ is well defined and preserves the preperiod, i.e, τ(g) ∈ Th
and δ(τ(g)) = δ(g) for every g ∈ Tt(G).

We proceed by induction on n = δ(g). If n = 0, then g = 1 and τ(1) = h ∈ Th
with δ(h) = 0. If n = 1, then g 6= 1, gt = 1 and τ(g) = ght

s−1

. In particular, since
h is in the centralizer of G[ν] and g ∈ Tt(G), we have that ϕt(τ(g)) = gtht

s

= h.

Since g 6= 1, it follows that τ(g) = ght
s−1

6= ht
s−1

, the unique ϕt-periodic element
in the set ϕ−1

t (h). The latter implies that τ(g) ∈ Th and δ(τ(g)) = 1. Suppose that
τ(g) ∈ Th and δ(τ(g)) = δ(g) whenever g ∈ Tt(G) and δ(g) = n for some n ≥ 1 and
let g ∈ Tt(G) with δ(g) = n+1. Since n ≥ 1, we necessarily have that ϕt(g) ∈ Tt(G)
and δ(ϕt(g)) = n. By induction hypothesis, τ(ϕt(g)) ∈ Th and δ(τ(ϕt(g))) = n.
Since Tt(G) ⊆ G[ν], h is in the centralizer of G[ν] and n(s− 1) ≡ (n+1)(s− 1)+ 1
(mod s) we have that

(4) τ(ϕt(g)) = gtht
n(s−1)

=
(

ght
(n+1)(s−1)

)t

= ϕt(τ(g)).

In particular, τ(g) is in the set ϕ−1
t (f) for some element f ∈ Th of preperiod n.

Since n ≥ 1, the latter implies that τ(g) is in Th and has preperiod n + 1. The
proof of the claim is complete.

From the claim, τ is well defined and preserves the preperiod under ϕt. By the
same reasoning, the map τ∗ : Th → Tt(G) that sends the element g ∈ Th to the

element gh−tδ(g)(s−1)

is well defined and preserves the preperiod under ϕt. It is
direct to verify that τ and τ∗ are the compositional inverses of each other, hence τ
is a bijection. By Equation (4), we have that τ ◦ ϕt = ϕt ◦ τ and then τ preserves
adjacency.

�

Corollary 2.12. Let h ∈ G be a ϕt-periodic element. If h ∈ Z(G) then the rooted
tree attached to h in G(ϕt/G) is isomorphic to the central tree Tt(G).
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3. On flower groups

Given a group G, a cyclic subgroup H is a µ-subgroup of G if H is not contained
in any cyclic subgroup of G other than H itself. We have the following definition.

Definition 3.1. Let G be a finite noncyclic group and let S = {C1, C2, . . . , Ck}
be the collection of its µ-subgroups. The group G is a flower group if there exists
a subgroup C0 of G such that Ci ∩Cj = C0 for 1 ≤ i < j ≤ k. The subgroup C0 is
the pistil of G and the elements of S are the petals of G. We define the type of G
as (c0; c1, . . . , ck) where ci := |Ci| for 0 ≤ i ≤ k.

In the following proposition we provide equivalent conditions for a group G to
be a flower group.

Proposition 3.2. For a finite noncyclic group G and a cyclic subgroup C0 of G,
the following are equivalent:

(i) G is a flower group with pistil C0;
(ii) for any g ∈ G \ C0, there exists a unique µ-subgroup C such that g ∈ C and

C0 ⊆ C;
(iii) there exist k ≥ 1 and distinct µ-subgroups C1, . . . , Ck of G such that Ci∩Cj =

C0 for any 1 ≤ i < j ≤ k, verifying

k∑

i=1

|Ci| − (k − 1)|C0| = |G|.

Proof. Let S be the collection of the µ-subgroups of G. It is direct to verify that
S covers G, i.e., G =

⋃

C∈S C. For the implication (i)→ (ii), we observe that if
g ∈ G belongs to two distinct µ-subgroups C1, C2 of G, then g ∈ C1 ∩ C2 = C0.
The implication (ii)→(iii) follows by a simple counting argument. It remains to
prove that (iii)→ (i). If (iii) holds, it follows that G is the disjoint union of the sets
Ci \ C0 and C0. In particular, since each Ci is a µ-subgroup of G and S covers G,
we have that S = {C1, . . . , Ck}. Therefore, G is a flower group with pistil C0. �

In the following proposition we provide some basic properties of flower groups.

Proposition 3.3. Let G be a flower group with pistil C0 and center Z(G). Then
the following hold:

(i) If C = 〈g〉 is a µ-subgroup of G then C ⊆ CG(g). In particular, C0 ⊆ Z(G).
(ii) If H is any noncyclic subgroup of G, H is a flower group with pistil H ∩ C0;

Proof. (i) Since g ∈ CG(g) we have C = 〈g〉 ⊆ CG(g). Observe that every
element of G is contained in at least one µ-subgroup of G. Therefore, the
intersection of all the µ-subgroups is contained in the intersection of all the
centralizers, i.e., C0 ⊆ Z(G).

(ii) It suffices to prove that the µ-subgroups of H are of the form H ∩C with C a
µ-subgroup of C. Let C′ be a µ-subgroup of H . Since C′ is a cyclic subgroup
of G, it is contained in a µ-subgroup C of G. We have that C′ ⊆ H ∩ C and
H ∩ C is a cyclic subgroup of H , hence C′ = H ∩ C.

�

The following result provides a special class of flower groups G whose pistil C0

coincides with Z(G).
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Proposition 3.4. Let G be a finite non abelian group such that for every element
g ∈ G\Z(G), there exists a unique µ-subgroup C∗

g of the centralizer CG(g) contain-
ing g and Z(G). Then G is a flower group with pistil Z(G) and the set of petals of
G equals {C∗

g | g ∈ G \ Z(G)}.

Proof. We observe that, for every g ∈ G \ Z(G), the inclusion Z(G) ⊆ C∗
g holds

and, in particular, Z(G) is cyclic. From Proposition 3.2, it suffices to prove that
for every g ∈ G \ Z(G), the group C∗

g is the unique µ-subgroup of G that contains
g. The latter follows from our hypothesis and the fact that any µ-subgroup of G
containing g is necessarily a µ-subgroup of CG(g). �

We observe that the condition of Proposition 3.4 is satisfied if, for instance,
CG(g) is cyclic for every g ∈ G \ Z(G). The groups satisfying the latter are fully
characterized in [7].

3.1. Flower groups under the power map. In this part we prove that the
functional graph induced by the power map on flower groups depends only on the
type of the group and provide a description of the structure of this graph.

Definition 3.5. LetG be a flower group of type (c0; c1, . . . , ck) and petals C1, . . . , Ck.
A compatible system of generators for G is (g1, . . . , gk) where gi is a generator of

Ci for 1 ≤ i ≤ k and g
ci/c0
i = g

cj/c0
j for 1 ≤ i < j ≤ k.

We obtain the following result.

Lemma 3.6. Every flower group has a compatible system of generators.

Proof. LetG be a flower group with pistil C0 and petals C1, . . . , Ck and let ci := |Ci|
for 1 ≤ i ≤ k. Let g1 be a generator of C1 and consider generators hi of Ci

for 2 ≤ i ≤ k. Since h
ci/c0
i and g

c1/c0
1 are both generators of C0 we have that

h
cif/c0
i = g

c1/c0
1 for some integer f with gcd(f, c0) = 1. Consider a positive integer

fi such that fi ≡ f (mod c0) and gcd(fi, |G|) = 1 (for example, using Dirichlet’s
Theorem on arithmetic progressions we can take a prime fi such that fi ≡ f

(mod c0) and fi > |G|). If we set gi = hfii for 2 ≤ i ≤ k, we have that gi is a

generator of Ci satistying g
ci/c0
i = h

cifi/c0
i = g

c1/c0
1 . �

The following proposition entails that the isomorphism class of the functional
graph induced by power maps on flower groups, depend only on their type.

Proposition 3.7. Let G and H be two flower groups of the same type, then there
is a graph isomorfism ψ : G(ϕt/G) → G(ϕt/H) such that ψ(1G) = ψ(1H).

Proof. Let C0 and C′
0 be the pistils of G and H , respectively. Let S = {C1, . . . , Ck}

and S′ = {C′
1, . . . , C

′
k} be the set of petal of G and H , respectively. Since G and

H are flower groups of the same type, with no loss of generality, we may assume
that ci := |Ci| = |C′

i| for 0 ≤ i ≤ k. By Lemma 3.6 we consider a compatible
system of generators (g1, . . . , gk) and (h1, . . . , hk) for G and H , respectively. We

note that g0 := g
c1/c0
1 and h0 := h

c1/c0
1 are generators of C0 and C′

0, respectively.
For each i with 1 ≤ i ≤ k we consider the group isomorphism ψi : Ci → C′

i such that
ψ(gi) = hi and define ψ : G→ H such that ψ|Ci

= ψi. To prove that this map is well
defined it suffices to prove that the maps ψi and ψj coincides in C0 for ≤ i < j ≤ k.

This last assertion follows from the fact that ψi(g0) = ψi(g
ci/c0
i ) = h

ci/c0
i = h0 for

1 ≤ i ≤ k and that g0 is a generator of C0. It is clear that ψ is a bijection and
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since ϕtψ = ψϕt in each petal Ci, this also happens globally and ψ induces an
isomorphism between the functional graphs G(ϕt/G) and G(ϕt/H). �

Next we provide a description of the functional graph induced by the power map
on flower groups. We start with the following important auxiliary result.

Lemma 3.8. Let G be a flower group with petals C1, . . . , Ck and pistil C0. Then
for any 1 ≤ i ≤ k, ϕ−1

t (Ci \C0) ⊆ Ci \C0. In particular, for an element g ∈ Ci \C0

that is ϕt-periodic, we have that the tree attached to g in G(ϕt/G) is isomorphic to
the tree attached to g in G(ϕt/Ci) and the cycle containing g in G(ϕt/G) comprises
vertices from Ci \ C0.

Proof. Suppose that ht ∈ Ci \ C0. Hence h 6∈ C0 and then h ∈ Cj \ C0 for some j
with 1 ≤ j ≤ k. Since Ci ∩ Cj \ C0 6= ∅, we conclude that j = i. The remaining

statement follows directly by the inclusion ϕ−1
t (Ci \ C0) ⊆ Ci \ C0. �

We obtain the following result.

Theorem 3.9. Let t be a positive integer and G be a flower group of type (c0; c1, . . . , ck).
Set ci = νi · ωi in a way that ωi is the greatest divisor of ci that is relatively prime
with t. Then the functional graph G(ϕt/G) of the map ϕt : G → G with g 7→ gt is
isomorphic to






k⊕

i=1

⊕

di|ωi
di∤ω0

ϕ(di)

odi
(t)

× Cyc
(
odi

(t), Tgcdt(νi)

)




⊕




⊕

d0|ω0

ϕ(d0)

od0(t)
× Cyc (od0(t), Tt(G))



 ,

where Tt(G) is the central tree which has
∑k

i=1 νi − (k − 1)ν0 nodes.

Proof. Let C0 be the pistil of G and C1, . . . , Ck be the petals such that |Ci| = ci
for 1 ≤ i ≤ k. Fix 1 ≤ i ≤ k and let Pi be the set of ϕt-periodic elements of
Ci \ C0. From Proposition 2.2, Pi has ωi − ω0 elements, corresponding to the

cycle decomposition
⊕

di|ωi
di∤ω0

ϕ(di)
odi (t)

×Cyc(odi
(t)) in G(ϕt/G). From Proposition 2.2

and Lemma 3.8, to each element of Pi is attached a rooted tree isomorphic to
Tgcdt(νi)

; this yields the first component in our statement. It remains to consider
the set P0 of ϕt-periodic elements of C0. From Lemma 2.2, P0 has ω0 elements,

corresponding to the cycle decomposition
⊕

di|ω0

ϕ(d0)
od0 (t)

× Cyc(od0(t)) in G(ϕt/G).

From Proposition 3.3, C0 is in the center of G and then, by Proposition 2.11, the
trees attached to the elements of P0 are all isomorphic to Tt(G). The statement
about the number of nodes in such tree follows by a counting argument.

�

Remark 3.10. From the above theorem we have that if G is a flower group of type
(c0; c1, . . . , ck) and t is a positive integer then the functional graph G(ϕt/G) has at
most k + 1 non isomorphic trees.

3.2. The rooted tree Tt(G). Theorem 3.9 provided a description of the functional
graph of the power map ϕt on a flower group G. This description is complete except
for the term Tt(G) which is the rooted tree associated with 1 ∈ G. In this part we
describe it and provide some relations which under some mild conditions allows us
to express it in terms of elementary trees.
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By proposition 3.7, the tree Tt(G) only depends on the type of the flower group
G. If G has type (c0; c1, . . . , ck) we denote Tt(c0; c1, . . . , ck) := Tt(G).

It is convenient to extend the definition of Tt(c0; c1, . . . , ck) for positive integers
c0, c1, . . . , ck with c0 | ci, 1 ≤ i ≤ k, even if there is no flower group of type

(c0; c1, . . . , ck). We consider set V =
⋃k

i=0{i} × Zci . Note that if x ∈ Zci for some
i, 1 ≤ i ≤ k, verifies x ≡ 0 (mod ci/c0) then there is a unique x′ ∈ Zc0 such that
x ≡ x′ci/c0 (mod ci) and we define the identification function f : V → V given by

f(i, x) =

{
(i, x) if i = 0 or x 6≡ 0 (mod ci

c0
);

(0, x′) if i 6= 0 and x ≡ x′ · ci
c0

(mod ci).

From the latter, we have the following definition.

Definition 3.11. The pseudo-flower group F = F (c0; c1, . . . , ck) is the quotient

set V/f i.e. its elements are of the form (i, x) := {(j, y) ∈ V : f(j, y) = f(i, x)}.

The set V0 := {(i, x) : x ∈ Zc0} is the pistil of F and the sets Vi := {(i, x) : x ∈ Zci}
with 1 ≤ i ≤ k are the petals of F .

Note that, for each i, 0 ≤ i ≤ k, the sets Vi have a natural structure of cyclic
groups given by (i, x) + (i, y) := (i, x+ y) and that this sum is well defined in
F . Indeed, if f(i, x1) = f(j, x2) = (0, x′) and f(i, y1) = f(j, y2) = (0, y′) with
0 ≤ j < i ≤ k we have that x ≡ x′ · ci

c0
(mod ci), y ≡ y′ · ci

c0
(mod ci) and

x + y ≡ (x′ + y′) · ci
c0

(mod ci), thus f(i, x1 + y1) = (0, x′ + y′). In a similar way

we have that f(j, x2 + y2) = (0, x′ + y′) (if j = 0 it follows directly from the fact
that x2 = x′ and y2 = y′). Then, f(i, x1 + y1) = f(j, x2 + y2) for 0 ≤ j < i ≤ k.
It is clear that each Vi is a cyclic group (isomorphic to Zci) for 0 ≤ i ≤ k and

they satisfy
⋃k

i=1 Vi = F and Vi ∩ Vj = V0 for 1 ≤ i < j ≤ k but F is not a
genuine flower group since the sum is not defined for every pair of elements of F .
Nevertheless, we can define the power map ϕt : F → F given by ϕt(x) = tx. The
group V0 is called the pistil of F and the groups V1, . . . , Vk are called the petals of F .

It is straightforward to prove that if G is a flower group of type (c0; c1, . . . , ck)
and (g1, . . . , gk) is a compatible system of generators for G, the map ψ : G →

F (c0; c1, . . . , ck) given by gji 7→ (i, j) for 1 ≤ i ≤ k and j ≥ 0 is well defined (using

(i, ci/c0) = (0, 1) for 1 ≤ i ≤ k), bijective and satisfies ϕtψ = ψϕt. Thus, the

induced map ψ̃ : G(ϕt/G) → G(ϕt/F (c0; c1, . . . , ck)) is a graph isomorphism. Since

ψ(1) = (0, 0), the tree Tt(c0; c1, . . . , ck) is isomorphic to the tree attached to (0, 0)
in G(ϕt/F (c0; c1, . . . , ck)).

Now we have defined the rooted tree Tt(c0; c1, . . . , ck) for every c0, c1, . . . , ck sat-
isfying c0 | ci even if there is no flower group of type (c0; c1, . . . , ck). In the case
that there is a flower group G of type (c0; c1, . . . , ck), this tree coincides with the
central tree Tt(G) in the functional graph G(ϕt/G).

The following proposition brings us a method which allows to simplify the tree
structure of Tt(c0; c1, . . . , ck).

Theorem 3.12. Let c0, c1, . . . , ck be positive integers with k ≥ 2 and c0 | ci for
1 ≤ i ≤ k. Then, the following holds:
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i) Tt(c0; c1, . . . , ck) = Tt(c0; cθ(1), . . . , cθ(k)) for every permutation θ of the set
{1, 2, . . . , k}.

ii) If gcd(c0, t) = 1, then Tt(c0; c1, . . . , ck) =
∑k

i=1 Tgcdt(νi)
.

iii) If gcd(t, ckc0 ) = 1 then Tt(c0; c1, . . . , ck−1, ck) = Tt(c0; c1, . . . , ck−1).

iv) If ck | t then Tt(c0; c1, . . . , ck−1, ck) = Tt(c0; c1, . . . , ck−1) + 〈(ck − c0)× •〉.
v) Tt(c0; c1) = Tgcdt(c1)

.

Proof. Consider the pseudo-flower group F = F (c0; c1, . . . , ck) with pistil V0 and
petals V1, . . . , Vk and the power map ϕt : F → F . We split the proof into cases:

i) Item i) follows directly from the definition of F .
ii) We observe that, if gcd(c0, t) = 1, then every element of V0 is ϕt-periodic. In

particular, the tree attached to (0, 0) ∈ F contains, in addition to the root

(0, 0), only elements of the set F \ V0 =
⋃k

i=1 Vi \ V0. Such tree is the union

of the rooted trees associated with (0, 0) ∈ F in each of the functional graphs

G(ϕt/Vi), that is,
∑k

i=1 Tgcdt(ci)
.

iii) We first note that gcd(t, ck/c0) = 1 implies ϕt(Vk \ V0) ⊆ Vk \ V0. Indeed, if

(k, x) ∈ Vk \ V0 then ck
c0

∤ x and, since gcd
(

t, ckc0

)

= 1, we also have ck
c0

∤ tx.

Hence, ϕt((k, x)) = (k, tx) ∈ Vk \ V0. The inclusion ϕt(Vk \ V0) ⊆ Vk \ V0
implies that there are no points of the tree attached to (0, 0) in Vi \ V0 and it
is equal to Tt(c0; c1, . . . , ck−1).

iv) We observe that if ck | t then ϕt(Vk) = {(0, 0)}. Set F ∗ = (F \ Vk) ∪ V0.

The tree attached to (0, 0) in G(ϕt/F ) can be obtained as the union of the

tree attached to (0, 0) in G(ϕt/F
∗) (which equals Tt(c0; c1, . . . , ck−1)) and the

tree 〈(ck − c0) × •〉 (corresponding to the ck − c0 points of Vk \ V0 mapping

to (0, 0) by ϕt), both trees with the same root, then Tt(c0; c1, . . . , ck−1, ck) =
Tt(c0; c1, . . . , ck−1) + 〈(ck − c0)× •〉.

v) We note that F (c0; c1) = V1 is a cyclic group of order c1 and then the equality
Tt(c0; c1) = Tgcdt(c1)

follows from Proposition 2.2.

�

4. Applications

In this section we provide some applications of Theorem 3.9 to the explicit de-
scription of the functional graph of the power map on certain classes of finite groups.
For clarity and organization, we consider them separately.

4.1. Generalized quaternions. In [2] the authors obtain an implicit description
of the digraph associated to power maps over generalized quaternion groups, such
as distribution of indegrees and cycle lengths. Here we a provide a more explicit
description of these digraphs. We start by showing that such groups are flower
groups.

Lemma 4.1. For n ≥ 2, the generalized quaternion

Q4n = 〈a, b | a2n = 1, an = b2 , bab−1 = a−1〉,

of order 4n is a flower group with pistil C0 = {1, an}. Moreover, the set of petals
of Q4n comprises n cyclic groups of order 4 and one cyclic group of order 2n.
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Proof. We observe that every element of Q4n is written uniquely as aibj , where
j = 0, 1 and 0 ≤ i ≤ 2n − 1. Therefore, the µ-subgroups of Q4n are the groups
Ci = 〈aib〉 = {1, aib, an, an+ib} with 1 ≤ i ≤ n, each of order 4 and Cn+1 = 〈a〉,
which has order 2n. From this fact the result follows directly. �

We obtain the following corollary.

Corollary 4.2. Fix t an integer, let Q4n be as in Lemma 4.1 and set 2n = ν · ω
in a way that ω is the greatest divisor of 2n that is relatively prime with t. Let α
be the integer such that n/2α is odd. Then the functional graph G(ϕt/Q4n) of the
map ϕt : Q4n → Q4n with g 7→ gt is isomorphic to one of the following graphs:





⊕

d|ω
d>2

ϕ(d)

od(t)
× Cyc(od(t), Tgcdt(ν)

)




 ⊕

(

ktn× Cyc

(
2

kt

))

⊕
(
2× {Tgcdt(ν)

}
)
,

if t is odd, where kt = 2 if t ≡ 1 (mod 4) and kt = 1 if t ≡ 3 (mod 4), or





⊕

d|ω
d>1

ϕ(d)

od(t)
× Cyc(od(t), Tgcdt(ν)

)




⊕ {T0},

if t is even, where T0 =

{
Tgcdt(ν)

+ 〈2n× •〉 if t ≡ 0 (mod 4);
Tgcdt(ν)

+α 〈2n× •〉 if t ≡ 2 (mod 4).

Proof. By Lemma 4.1, the type of Q4n is (c0; c1, . . . , cn+1) with c0 = 2, ci = 4 for
1 ≤ i ≤ n and cn+1 = 2n. Let C0 be the pistil and C1, . . . , Cn+1 be the petals of
Q4n with |Ci| = ci for 1 ≤ i ≤ n + 1. Set ci = νi · ωi such that ωi is the greatest
divisor of ci that is relatively prime with t. In all the cases we apply Theorem 3.9 to
obtain the graph structure of G(ϕt/Q4n) except for the tree Tt(Q4n) which equals
T0 when t ≡ 0 (mod 2). We split the proof into cases.

a) If t ≡ 1 (mod 2) we have gcd(t, ci
c0
) = 1 for 1 ≤ i ≤ n and by Theorem 3.12

(repeated application of i. and iii. and using v. to finish) we obtain Tt(Q4n) =
Tgcdt(ν)

.
b) If t ≡ 0 (mod 4) we have ci | t for 1 ≤ i ≤ n and by Theorem 3.12 (repeated

application of i. and iv. and using v. to finish) we obtain T0 = Tgcdt(ν)
+〈2n×•〉.

c) If t ≡ 2 (mod 4) and 1 ≤ i ≤ n, the power map ϕt maps the two points of Ci\C0

in the unique point of order 2 in C0 and the hanging tree of 1 in G(ϕt/Cn+1) is
Tgcdt(ν)

. Then, the tree T0 can be obtained from Tgcdt(ν)
by replacing the subtree

T whose node corresponds to the point of order 2 in Cn+1 with T+〈2n×•〉, that
is, T0 = Tgcdt(ν)

+α 〈2n×•〉 where α is the depth T . To conclude we observe that

α equals the greatest integer k for which there exists x ∈ Z such that tkx ≡ n
(mod 2n). This last equation has a solution if and only if gcd(tk, 2n) | n. If
e2(m) denotes the exponent of 2 in the prime decomposition of m, the latter
is equivalent to min{k · e2(t), 1 + e2(n)} ≤ e2(n), i.e., k · e2(t) ≤ e2(n). Since
e2(t) = 1 we have α = e2(n) as desired.

�

We provide two numerical examples, showing the applicability of Corollary 4.2.



14 C. QURESHI AND L. REIS

Example 4.3. Consider the group Q24(n = 6) and the map ϕ3 : Q24 → Q24

with ϕ3(g) = g3. From Corollary 4.2, we obtain that G(ϕ3/Q24) is isomorphic to
Cyc(2, T(3))⊕ (2× Cyc(1, T(3)))⊕ (6× Cyc(2)); see Figure 3.

Figure 3. The graph Cyc(2, T(3))⊕ (2× Cyc(1, T(3)))⊕ (6× Cyc(2)).

Example 4.4. Consider the group Q48(n = 12) and the map ϕ10 : Q48 → Q48

with ϕ10(g) = g10. From Corollary 4.2, we obtain that G(ϕ10/Q48) is isomorphic
to 2× {T(2,2,2)} ⊕ {T(2,2,2) +2 〈24× •〉}; see Figure 4.

...
︸ ︷︷ ︸

24

Figure 4. The graph 2× {T(2,2,2)} ⊕ {T(2,2,2) +2 〈24× •〉}.

4.2. Semidirect products of cyclic groups. Let Cn = 〈a〉 and Cm = 〈b〉 be two
cyclic groups. Every homomorphism φ : Cm → Aut(Cn) is defined by φ(b)(a) = as

for some integer s with sn ≡ 1 (mod m) and its associated semidirect product is
denoted by Cn ⋊s Cm.

In [4], the authors explored the digraph associated to the power map on such
groups in the case where n is a prime number. The following lemma provides a
class of such groups that are also flower groups.

Lemma 4.5. Let m,n, s > 1 be positive integers such that sm−1
s−1 ≡ 0 (mod n) and

gcd
(

n, s
j−1
s−1

)

= 1 for 1 ≤ j < m. Then the semi-direct product

Cn ⋊s Cm = 〈a, b | bn = am = 1 , aba−1 = bs〉,

is a flower group of order mn with pistil C0 = {1}. Moreover, the petals of Cn⋊sCm
comprises n cyclic groups of order m and one cyclic group of order n.

Proof. We observe that every element of G := Cn ⋊s Cm is written uniquely as biaj

with 0 ≤ i < n and 0 ≤ j < m. It is direct to verify that, for any 0 ≤ i, i0 < n and

0 ≤ j, j0 < m we have that (biaj) · (bi0aj0) = bi+i0·s
j

aj+j0 . In particular, we obtain
that

(5) (biaj)t = b
i· s

jt−1

sj−1 ajt, t > 0.

We claim that for every element g = biaj ∈ G with 0 ≤ i < n, 1 ≤ j < m there
is an integer i0 such that (bi0a)j = biaj . Indeed, by Equation 5, it suffices to take

i0 such that i0

(
sj−1
s−1

)

≡ i (mod n) and the existence of such i0 is guaranteed by



ON THE FUNCTIONAL GRAPH OF THE POWER MAP OVER FINITE GROUPS 15

the fact that gcd
(

n, s
j−1
s−1

)

= 1 for every 1 ≤ j < m. Thus, the µ-subgroups are

〈b〉 (of order n) and 〈bia〉 with 0 ≤ i < n. The order of bia is m because (bia)t =

bi·
st−1
s−1 at = 1 implies t ≡ 0 (mod m) and for t = m we have (bia)m = bi·

sm−1
s−1 = 1

because sm−1
s−1 ≡ 0 (mod n). Since the union of the µ-subgroups covers G and

(n− 1) + (m− 1)n = mn− 1 = |G| − 1 we conclude that they are the µ-subgrups
with pairwise trivial intersection which implies that G is a flower group. �

Remark 4.6. The conditions on s,m and n in Lemma 4.5 are fulfilled if, for instance,
the order of s modulo p equals m for every prime divisor p of n.

Remark 4.7. For every positive integer n ≥ 2, the pair (s,m) = (n− 1, 2) satisfies
the conditions of Lemma 4.5. In this case, the corresponding group is just the
dihedral group D2n of order 2n.

The following corollary is a direct application of Lemma 4.5 and Theorem 3.9.

Corollary 4.8. Fix t a positive integer and let m,n, s > 1 and Cn ⋊s Cm be as in
Lemma 4.5. Write n = ν1ω1 in a way that ω1 is the greatest divisor of n that is
relatively prime with t and write m = ν2ω2 in the same way. Then, for n1 = 1
and n2 = n, the functional graph G(ϕt/Cn ⋊s Cm) of the map ϕt over Cn ⋊s Cm is
isomorphic to






⊕

i=1,2

⊕

di|ωi
di 6=1

ni · ϕ(di)

odi
(t)

× Cyc(odi
(t), Tgcdt(νi)

)




⊕ {Tgcdt(ν1)

+ n · Tgcdt(ν2)
}.

We provide a numerical example, showing the applicability of Corollary 4.8.

Example 4.9. Consider the groupG = C65⋊8C4 as in Lemma 4.5 and let ϕ10 : G→
G with ϕ10(g) = g10. From Corollary 4.8, we have that G(ϕ10/G) is isomorphic to
2× Cyc(6, T(5))⊕ {T(5) + 65 · T(2,2)}. Figure 5 shows a picture of this graph.

.....

︸ ︷︷ ︸

65

Figure 5. The graph 2× Cyc(6, T(5))⊕ {T(5) + 65 · T(2,2)}.

4.3. The projective general linear group. Fix q = ps a prime power and let
Fq be the finite field with q elements. The Projective General Linear group of order

2 over Fq is the quotient group Gq := PGL(2, q) = GL(2,q)
F∗
q ·I

, where GL(2, q) is the

group of the 2×2 non-singular matrices with entries in Fq and I is the 2×2 identity
matrix. It is well known that Gq has order q3 − q. We shall prove that Gq is, in
fact, a flower group. For this, we need the following machinery.

Definition 4.10. For A ∈ GL(2, q) such that [A] 6= [I], A is of type 1 (resp. 2,
3 or 4) if its eigenvalues are distinct and in Fq (resp. equal and in Fq, symmetric
and in Fq2 \ Fq or not symmetric and in Fq2 \ Fq).
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We observe that elements of type 3 appear only when q is odd. Moreover, the
types of A and λ · A are the same for any λ ∈ F∗

q . For this reason, we say that [A]
is of type t if A is of type t. The number of elements of each type and the structure
of the centralizers is well known and we display them in Table 1.

p type of g order of g CGq
(g) # elements

1 > 2 ∼= Cq−1 q(q + 1)(q − 2)/2
2 2 2 ∼= Cs

2 q2 − 1
4 > 2 ∼= Cq+1 q2(q − 1)/2
1 > 2 ∼= Cq−1 q(q + 1)(q − 3)/2
1 2 ∼= D2(q−1) q(q + 1)/2

> 2 2 p ∼= Cs
p q2 − 1

3 2 ∼= D2(q+1) q(q − 1)/2
4 > 2 ∼= Cq+1 q(q − 1)2/2

Table 1. Element structure in Gq = PGL(2, q), where q = ps.
Here Cn and D2n denote the cyclic group or order n and the dihe-
dral group of order 2n, respectively.

We obtain the following result.

Proposition 4.11. For any prime power q = ps, the projective general linear group
Gq = PGL(2, q) is a flower group with pistil C0 = {[I]}. Moreover, for q ≥ 3, the

set of petals of PGL(2, q) comprises q(q+1)
2 cyclic groups of order q−1, q(q−1)

2 cyclic

groups of order q + 1 and q2−1
p−1 cyclic groups of order p.

Proof. It is well known that the center of Gq equals {[I]}. By Proposition 3.4, it
suffices to prove that every non identity element g ∈ Gq is contained in a unique µ-
subgroup of CG(g). This is trivially verified if CG(g) is cyclic or has prime exponent.
Otherwise, CG(g) is a dihedral group, the order of g is 2 and q is odd (see Table 1).
In this case, we observe that n = q± 1 is even and the center of D2n equals {1, h

n
2 }

where h is an element of order n. Hence g = h
n
2 and it is direct to verify that such

element is contained in a unique µ-subgroup of D2n, namely the group of order n
generated by h. Thus Gq is a flower group with pistil {[I]} whose set of petals
comprises the cyclic subgroups of orders p, q + 1 and q − 1. A detailed account in
Table 1 provides the number of such subgroups, according to their orders. �

The following corollary is an immediate application of Proposition 4.11 and The-
orems 3.9 and 3.12.

Corollary 4.12. Fix t a positive integer, let q = ps ≥ 4 be a prime power and
Gq = PGL(2, q). Write q − 1 = ν1ω1 in a way that ω1 is the greatest divisor
of q − 1 that is relatively prime with t and write q + 1 = ν2ω2 in the same way.

Then, for d1 = q(q+1)
2 and d2 = q(q−1)

2 , the functional graph G(ϕt/Gq) of the map
ϕt : Gq → Gq with g 7→ gt is isomorphic to






⊕

i=1,2

⊕

di|ωi
di 6=1

di · ϕ(di)

odi
(t)

× Cyc(odi
(t), Tgcdt(νi)

)




 ⊕ G,
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.....

︸ ︷︷ ︸

10

...
︸ ︷︷ ︸

10
.....

︸ ︷︷ ︸

15

Figure 6. The graph 10× Cyc(2, T(2))⊕ 6× Cyc(4)⊕ {15 · T(2,2) + 10 · T(2)}.

where G =

{

{ q(q+1)
2 · Tgcdt(ν1)

+ q(q−1)
2 · Tgcdt(ν2)

+ q2−1
p−1 · T(p)} if p | t;

(q2−1)
op(t)

× Cyc(op(t))⊕ { q(q+1)
2 · Tgcdt(ν1)

+ q(q−1)
2 · Tgcdt(ν2)

} if p ∤ t.

We provide a numerical example, showing the applicability of the previous corol-
lary.

Example 4.13. Consider the map ϕ2 : PGL(2, 5) → PGL(2, 5), g 7→ g2. From
Corollary 4.12, we obtain that G(ϕ2/PGL(2, 5)) is isomorphic to

10× Cyc(2, T(2))⊕ 6× Cyc(4)⊕ {15 · T(2,2) + 10 · T(2)}; see Figure 6.

From Remark 3.10 a functional graph G(ϕt/PGL(2, q)) has at most four non iso-
morphic trees. In the example above we have three non isomorphic trees but there
are examples with four (for example the functional graph of ϕ2 over PGL(2, 11)).

5. Closing remarks

In this paper we describe the functional graph G(ϕt/G) when G is an abelian
group or a flower group. In both cases the cyclic part is easier to describe than
the non cyclic part (i.e. the structure of the tree attached to periodic points). In
contrast with the abelian case where all the trees attached to periodic points are
isomorphic, for flower groups we proved that several non-isomorphic classes of trees
can appear (this number depends on the cardinality of the petals and t). However
for the families of groups considered in Section 4 the number of non isomorphic trees
in the functional graph G(ϕt/G) is at most four. We raise the following questions:

• Is this number unbounded for general groups?
• Is this number unbounded if we restrict to flower groups?
• Determine necessary and sufficient conditions for the sequence (c0; c1, . . . , ck)
being the type of some flower group.

These question are stated in increasing order of difficult. Relating to the above
questions it is natural to consider the number τ(n), the maximum number of non
isomorphic trees that can appear in a graph G(ϕt/G) for some group G of order
n (restricted or not to flower groups) and some positive integer t. It could be
interesting to determine the asymptotic behavior of the sequence τ(n).
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