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On the girth cycles of the bipartite graph
D(k,q) *

Ming Xu, Xiaoyan Cheng and Yuansheng Tang'

School of Mathematical Sciences, Yangzhou University, Jiangsu, Chinat

Abstract: For integer £ > 2 and prime power ¢, the algebraic bipartite graph
D(k,q) proposed by Lazebnik and Ustimenko (1995) is meaningful not only in
extremal graph theory but also in coding theory and cryptography. This graph is ¢-
regular, edge-transitive and of girth at least k+4. For its exact girth g = g(D(k, q)),
Fiiredi et al. (1995) conjectured g = k+5 for odd k and ¢ > 4. This conjecture was
shown to be valid in 2016 when (k + 5)/2 is the product of an arbitrary factor of
g—1 and an arbitrary power of the characteristic of F,. In this paper, we determine
all the girth cycles of D(k, q) for 3 <k <5, ¢ > 3, and those for 3 < k <8, ¢ = 3.
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1 Introduction

The graphs considered in this paper are undirected, without loops and mul-
tiple edges. The vertex set and edge set of a graph G are denoted by V(G)
and F(G), respectively. For distinct vertices v,v’ € V(G) we write v ~¢ v/,
or v ~ v’ for brevity, iff they are adjacent in G, that is, {v,v'} € E(G) is
an edge of G. An automorphism of G means a bijection ¢ from V(G) to
itself such that ¢(v) ~ ¢(v') iff v ~ o', If for any two edges {v1,v]}, {ve,v5}
of G there is an automorphism ¢ of G such that {¢(vy), p(v])} = {va, vh},
then G is said to be edge-transitive. A backtrackless (or non-recurrent) walk
of length k is a sequence vy, v9,...,v; in V(G) such that v; ~ v for
t=1,2,...,k—1, and v; # vj4o for j = 1,2,...,k — 2. Furthermore, a
backtrackless walk vi,va, ..., vy is called a backtrackless circuit iff its length
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is greater than 2 and w3, vy4,..., v, v1,v2 is still a backtrackless walk. We
note that a k-cycle is indeed a backtrackless circuit vy, vo, ..., v; consisting
of distinct vertices. Clearly, any backtrackless circuit of length less than
2g(G) must be a cycle, where g(G) is the girth of G, i.e. the length of the
shortest cycles in G.

In literature, graphs with large girth and a high degree of symmetry have
been applied to variant problems in extremal graph theory, finite geometry,
coding theory, cryptography, communication networks and quantum com-
putations (c.f. [I]-[2I]). In particular, bipartite garphs are often used to
represent systems in science and engineering, where the two sides of the bi-
partition represent variables and local constraints involving their adjacent
variables, respectively. The cycle distribution of the corresponding graph
plays an important role in those graphical representations. As an exam-
ple, the Tanner graph of a low-density parity-check (LDPC) code can be
represented by a bipartite graph, where the variable nodes represent code
symbols and the constraint nodes represent the parity-check equations. The
performance of iterative decoding algorithms depends highly on the cycle
distribution and the girth of the Tanner graph. Due to this close relation-
ship, it is of great significance to determine the girth cycles of bipartite
graphs with large girth.

In this paper, we concetrate on the girth cycles of the bipartite graph
D(k,q) which was originally proposed by Lazebnik and Ustimenko in [3],
where k is an integer not less than 2 and ¢ is a prime power. The graph
D(k, q) has been investigated quite well (e.g. [3]-[20]), in particular it has
been proved to be edge-transitive and of girth at least k + 4 for £ > 3. On
the application of D(k,q) to coding theory and cryptography, we note that
there were quite a few works devoted to constructing LDPC codes based
on D(k,q) (e.g. [12, 17, [18]). For the exact girth of D(k,q), the following
conjecture was proposed in [5]:

Conjecture 1. D(k,q) has girth k + 5 for all odd k and all ¢ > 4.

This conjecture was shown to be valid in [5] for the case that (k+5)/2 divides
g — 1 and in [I9] for the case that (k + 5)/2 is a power of the characteristic
of Fy, respectively. The latest result on this conjecture was given in [20],
therein Conjecture [Il was shown to be valid for the case that (k 4+ 5)/2 is
the product of a factor of ¢ — 1 and a power of the characteristic of F,;. To
our knowledge, almost all of the known researches on this conjecture are
constructive, namely the main conclusions were shown by construction of
some girth cycles of the corresponding graphs.



We will determine all the girth cycles of D(k,q) for a few small ks in
this paper. Instead of working with the original graph D(k,q), we consider
the bipartite graph Ay, proposed in [19], which is isomorphic to D(k,q)
and defined as follows. Let Ly be the set of (k + 1)-dimensional vectors
(lo, 11,12, ..., 1) over Fy with Iy = l. Let Ry, be the set of (k+1)-dimensional
vectors (rg,r1,72,...,r,) over Fy with r; = 0. The vectors in Ly and Ry, are
denoted by [l] and (r), respectively. Then Ay 4 is the bipartite graph with
vertex set V(A ,) = Ly U Ry, and edge set E(Ag,) C L x Ry, such that
1] = (lo,l1,...,lg) € Ly, and (r) = (r0,71,...,7) € Ry, are adjacent in Ay 4
if and only if, for 2 <1i <k,

A {roli_g ifi =23 mod 4, Q)
loT‘i_Q if i = 0, 1 mod 4.

Since Ay 4 and D(k, g) are isomorphic graphs [19], Ay 4 is also edge-transitive
and of girth at least k£ 4 4 for £ > 3.

This paper is arranged as follows. In Section 2 we show a closed-form
expression for the backtrackless walks of Ay, which are leading by the all-
zero vectors [I] = (0,0,...) and (r) = (0,0,...). By using this expression,
all the girth cycles in A3 4, and those in Ay, for ¢ > 3 are determined in
Section 3. In Section 4, we present a necessary and sufficient condition for
some backtrackless walks of length 10 to be circuits of As,4, and thus all
the girth cycles of A, are determined. For 4 < k < 8, all the girth cycles
of Ay 3 are determined in Section 5. Some concluding remarks are given in
Section 6.

2 Backtrackless Walks in A;,

Since Ay, 4 is edge-transitive, without loss of generality one can deal with only
the cycles which contains the edge [I] = (0,0,...,0) ~ (r) = (0,0,...,0).
Let I' = [[M](rM)[1A](r@)) ... be a given backtrackless walk of the bipartite
graph Ay, leading by the all-zero vectors [I((V] = (0,0,...,0) and (r(M)) =
(0,0,...,0). Let z; and y; denote the first entries (or colors) of [I)] and
(r®), respectively. For i > 1, let

U = Tip1 — Tj, Vi = Yiy1 — Yi- (2)

Clearly, we have u; # 0 and v; # 0. For ¢ > 1 and j > 0, let l](-i) and rj(-i)
denote the (j 4 1)-th entries of [[] and () respectively.



At first, we introduce the notation ps(w1, . ..,wy,) proposed in [19] which
is useful for expressing the vertices in the walk I' with their colors. For
Wi, ..., wp € 7, let

po(Wiy . o wn) = w1 wy
and, for 1 <s < [5], let

11w
ps(wlv"'7wn): Z =

T Wit Wit
1<y <-cig<n—s L1j=1i+j—1%i;+]

where each term in the summation is a product of the remaining elements
in the sequence wy,...,w, after deleting s disjoint pairs {w;,w;+1} of con-
secutive elements. If n < 2s or s < 0, ps(w,...,wy) is defined as 0. For the
null sequence 7, ps(n) is defined as

1 if s=0,
ps(n):{

0 ifs#0.
From the definition of ps(wi,...,wy), one can show easily
Ps(Wiy -y wn) = ps—1(Wi, - -+, Wn—2) + Wnps(wi, ..., Wn—1), (3)

and, for 0 < j <mn,

J
Pn—j (wb cee 7w2n) = Z H W2sy, +1W2ty 5 (4)

0<s1<t1<s9<ta< <5<t <n k=1

J
Pn—j(wh ey Wongl) = § W2sp+1 H Wat, Wasy+1-
0<sp<t1<81<ta< <55 1<t;<s;<n k=1
(5)

By using of the notation pg(ws,...,wy), a closed-form expression for the
backtrackless walks leading by the all-zero vector [I(V] = (0,0,...,0) was
given in [19]. Since the second vertex in the walk I" is also the all-zero vector
(rMy = (0,0,...,0), we improve the closed-form expression further in the
following theorem.

Theorem 1. For any i > 1 and j > 0, we have

i+1

ny ) — Pimj—1(U1, V1, U1, Vi1, Ug), (6)

l(i+1) _

4541 = pi—j—2('U17u2, ey Vi1, U, (7)
i+1 i+1

11(13-12) = yi+1lyj+ ) — Pi—j—l(ulavla Cey Uiy V), (8)
. -

lﬁjjig’ = yz‘+1l$]:1) — pi—j2(vi,uz. .., Vi1, Ui, V;). 9)



Proof. Since [I?] = (29,0,...) = (u1,0,...), one can check easily that (@)
are valid when ¢ = 1. Assume (@H3]) are valid when ¢ = ¢ for some ¢ > 1.
For j >0, from [I("D] ~ (241D we see

(t+1) _ (t+1),(t+1) (t+1)

Tajpe =70 iy~ —lyhe = Pi—j- 1(u1,v1, 0y U, V),
(t+1)  (t41),(t+1)  (t+1)

Tajrs =70  liji1 — lyjes = Pr—j— o(v1, U2y« vy Vp—1, Ut V).

Furthermore, for j > 1 from [[¢tD] ~ (r(+D) ~ [14+2)] and @) we have

JH2) _+2) (@) (1)

45 0 Taj—2 — Ty

L (t42) D)y (t41) (t+1)

- (lO _lO ) 4] 2 l

= U1 pt—j (U1, 01, . .. ,Utyvt) + pr—j1 (U1, V1, U1, V1, Ug)

= pr—j(u1,v1,. .., UL, Vg, Uy 1), (10)
(t+2)  (t42) (t+1)  (t+1)
lijer =lo T4 0 ~ Tagyn

L t42) (1) (t41) | (1)

- (ZO _lO ) 4] 1 +l4]+1

= Upp1 Pr—j—1(V1, U2, - o Vi1, U, V) + Pr—j—2(V1, U2, - oo Vg1, Up)

= pr—j—1(V1, U2, ..., Vg, Ugp1)- (11)

From l((]t+2) =Ty = U+ F U1 = pe(ug, vy, ..o, U, U, ugg1) and
(t+2) _ ;0+2) _ (
l =1y =Ty

(l(()t+2) B l((]t—i-l)) (t+1)

+1)l(()t+2) B (t+1)

+ l(t—i—l)

= Ug+1Ye+1 T pt—2(U17 uz, .. - ,Ut_l,Ut)

= Uty § vs + § Vg, Usy = Pr—1(V1,U2, ..., V¢, Upy1)
1<s<t 1<s1<so<t

we see (I0) and (II)) are also valid for j = 0. Hence, for j > 0 we have
() (D) (42) (D)

4542 = To 45 4542
= Yt+1Pt— j(Ul, V1ye ooy Uty Uty ut+1) - pt—j—l(u17 V1,..., U, Ut)
l( 2) .
= Yt+2ly Pt—y(uhvh ey U1, Vet ),
) (t+1)l(t+2) (D)
4543 = To 4j+1 — T4j+3

= yt+1pt—j—1(v1, U2, ..., Ut, Ut+1) - Pt—j—2(U17 U, ...,0t—1,Ut, Ut)

_ l(t+2)
= Yeroly;yy — pr—j—1(v1, U2, U1, Vi)

Therefore, according to induction, we see (GH3)) are valid for any ¢ > 1. O



The walk I will be called of type (u1,v1,usg,ve,...). If the first 2i ver-
tices in the walk I' form a circuit in Ay, of length 2i, we also say it is a
backtrackless circuit of type (u1,v1,...,u;,v;). In the next sections, we will
deduce some conditions for the first vertices in I' forming a circuit in Ay,
for some small k’s, and then determine all the girth cycles in these graphs.

3 Girth Cycles of A3, and Ay,

Since the graph Ay , has girth at least £ 4 4, we see that any backtrackless
circuit of length 8 in Ay, is a cycle, namely consisting of distinct vertices.
According to Theorem [0, the first vertices of I' form a cycle of type € =
(u1,v1,...,us,vq) in Az 4 if and only if vy, vo, v3,ug, uz, uy € Fy satisfy vy =
—v1 —v9 —v3#0, u; = —us —uz —ug # 0 and

{1)1UQ + (Ul + ’Ug)u?, + (v1 +v2 + Ug)U4 =0, (12)

v2ug + (v1 + v2)%us + (v1 + va + v3)?uy = 0.

Hence, the cycles of length 8 in A3, can be determined simply by solving
the linear system (I2]).

If v1 + v9 = 0, then one should set v3 = vy, ug = —uo, v4 = —v1, and
u; = —ug. Hence, for any r,s,t € Fy, let
€= (r,s,t,—s,—r,s,—t,—s), (13)

then we get the following backtrackless walk of length 8 in Ay,

[0,0,0,0,0] ~ (0,0,0,0,0) ~ [r,0,0,0,0] ~ (s,0,7s,0,7%5) ~
[r+t,st,st, s, rst] ~ (0,0, —st, —s>t, —st(2r + 1)) ~
[t, st, st, s°t, 2rst] ~ (s,0,0,0, —2rst),
which gives a cycle of length 8 in A3, and a cycle of length 8 in A4, if and
only if the characteristic of F, is 2.

If v1 + v9 # 0, then we should have vo + v3 # 0, v1 + v9 + v3 # 0 and
thus thereis a t € IE‘; such that

w — U1 + U9 V1 + v + v
2 (Ul + 1)2)2 (’U1 + vo + 1)3)2 ’
U1 v1 + v + v
uz = — 2 21
vi  (v1 +v2 + v3)
wy =t V1 U1 + Vg
v (v +v2)?|




Hence, for distinct a, b, c € Fy, let

v =a,v3 =b—a,v3=c—b,vy = —c, (14)
ug = tbe(c — b),uz = tac(a — ¢),uqs = tab(b — a), (15)
up = —(ug +ug +uqg) = t(c—b)(a —c)(b—a), (16)

where ¢t € Fy, then we get a backtrackless walk of length 8 in Ay, as the
following
[0,0,0,0,0] ~ (0,0,0,0,0) ~ [t(c —b)(a —¢)(b—a),0,0,0,0] ~
(a,0,ta(c —b)(a—c)(b—a),0,t*a(c — b)*(a — ¢)*(b— a)®) ~
[ta(c — b)(b+ ¢ — a), tabe(c — b), tabe(c — b), ta®be(c — b), t2abe(c — b)? (a — ¢) (b — a)] ~
(b,0,tab(c — b)(b — a), tabe(c — b) (b — a), t*ab(c — b)* (b — a)(ab — a® + ¢*)) ~
[tab(a — b), tabe(a — b), tabe(a — b), tabe® (a — b), t2abe(c — b) (b — a)(a — ¢)(a — b+ ¢)] ~
(¢,0,0,0,t*abe(c — b) (b — a)(c — a)(a — b+ c¢)),

which gives a cycle of length 8 in A3z 4, and a cycle of length 8 in A4 4 if and
only if a +c=b.

Thus, according to the symmetry of Ay ,, we have determined all of the
girth cycles in Ag 4, and those in Ay, if ¢ > 3.

Theorem 2. Let € = (uy,v1,...,us,v4) be a tuple over Fy.

(a) In Ag 4 there is a cycle of type € with vi + ve = 0 if and only if (13) is
valid for some r,s,t € Fy.

b) In Ay, there is a cycle of type € with v1 + vy = 0 if and only if the
7q
characteristic of Fy is 2 and (13) is valid for some r,s,t € Fy.

(c) In As, there is a cycle of type € with vi + vy # 0 if and only if (IZHI0)
are valid for some t € ¥y and distinct a,b,c € Fy.

(d) In Ayq there is a cycle of type € with vi 4+ vy # 0 if and only if (IZHI06)
are valid for some t € ¥y and distinct a,b,c € Fy with a+c=1b.

(e) Forq>3, g(Asy) =g(Asgq) =8.
(f) g(As3) =8, g(Ay3) > 10.
(g) Forq >3, g(As,) > 10.

Proof. The first six results follow immediately from the argument preceding
this theorem.



For the last result, though it is a corollary of the known bound given in
[3], here we give a simple proof for it by using the results (a) and (d). We
assume there is a cycle of type € in A5 4. If v1 + vy = 0, according to (a) we
see ([L3)) is vaid for some 7,s,t € Fy and then we have

5
lé ) = p1(v1, u2, v2, uz, v3,us) = rts* # 0,

contradicts the assumption. If v; + ve # 0, according to (d) there are
a,b,t € Fy with (a — b)(2a — b) # 0 such that

(U17U27U37U4) ::(a7b‘_'a7__a7a _'b%
(u1,u,us,ug) = (—t(2a — b), —tb, t(2a — b), tb),

and then we have
1) = pi(v1, uz, va,uz,v3,us) = tab(a — b)(2a — b) # 0,

contradicts the assumption. Thus, there is no cycle of length 8 in A5, and
then we have g(As4) > 10. O

4 Girth Cycles of A5,

According to (@), (B) and Theorem [I we see that the first vertices of the

walk I" form a cycle of type (u1,v1,...,us,v5) in As 4 if and only if
Yo = 01+ 405 =0, (17)
Te=1u]+ - +us =0, (18)
and
6 6 6 -
z§ ) — lé ) = yal(() ) _ pa(ur, vy, ..., us,vs) = Z?Jkuk =0, (19)
k=2
5
l§6) = y6l§6) — p3(v1, Uz, ..., V4, U5, V5) = Zyiuk =0, (20)
k=2
. 4
li ) = p3(U1, V1, .-+, Ug, Vg, Us) = — in—l—lwf =0, (21)
k=1
l§6) = p2(v1,ug,. .., Vg, u5) = — Z Yrupvstspr = 0. (22)

2<r<s<4



To determine all of the girth cycles in As,, we assume now that € =
(u1,v1,...,us,v5) is a tuple over I} satisfying (I7H22).

From (I9]), (20) and [22]) we have
4

> ykuk(ys — uk) =0,

k=2
4 4
E YUk E vjzjt1 =0,
k=2 =k

and thus thereis a t € FZ such that

Ys — Y3 Ys — Ya
ug =1 = tU3V4Uy,
yaiz U3T4 + V4TS V4T3 3vdtd
Ys — Y2 Ys — Ya
uz = —t = —tvg(va(us + uyg) + v3u
ysts VX3 + U3T4 + V45 V4T5 4( 2( 3 4) 3 4)7
Ys — Y2 Ys — Y3
ug =1 = tvo(vzug + v4(us + uyg)),
yatla Vo3 + V3T4 + V4xT5  V3T4 + V4T3 2(v3u3 4(us 1))

which can also be rewritten as

ViU = tUgv4uy, (23)
(vi,2 + tvavg)ug = —tvgva 3y, (24)
tvaus auz = —(v4 5 + tvavs)ua, (25)

respectively, where v; ; denotes v; +v; for 1 <@ < j <5.

From (24]) and (25]) we see
(1)1,2 + tU21)4)(U475 + t?}2’04) = t?}21)374t’l)4?]273,

and then, from vovy — v 3034 = —v3(v2 +v3 +v4) = V3015 and V12 + V45 =
—V3 We see

U2U3’U4’Ul75t2 — V2U3V4t + V1 2U4 5 = 0. (26)

4.1 Discussion on the Case (vy + v3)(v; +v5) =0

In this subsection we deal with the case v23v15 = 0.
At first, we assume vy 3 = 0. Clearly, we have vi5 = —v4 # 0. From

24]) we see

tvovg + V12 = 0, (27)
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and v12 # 0.

If v34 = 0, then we have vy = vo. From (28) we see vy 5 + tvgvg = 0 and
thus vs = vy, v3 = —v9 = v1 + v3 + v4 + v5 = 201, 4tv; = 1. Then, we see
ug +uyg = 0 from 23)), us + us = 0 from ([I9)), u; = 0 from (I§]), contradicts
uy € FZ

Hence, we must have vz 4 # 0. Let 3 be the element in F} such that

Uy = V1,203 40105 0. (28)

Then, from ([25]) and (27) we see § = v1 + v1 2 = —(va5 + tvovy) # 0 and

Uz = —v401U50. (29)
From (23]) we see
Uy = Ul_lt’U3U4U4 = v%72v3,4v5ﬁ. (30)
From (I9]) and (28H430]) we have

Us = ’1)5_1('01U2 + vy 2ug + V1Uug)
= (U1U%7QU3,4 — v1,904010 + V1 203 407 B
= v1v1,2(v3.4(v12 + V1) — v49)8
= v1v1,203003. (31)

Then, from (I8) we have

U = —Up — U3 — Uy — Us
= —(U%,203,4U5 — V4U1V50 + 1,203 4V1V5 + V101 2030) 3
= — (V1,203,405 — V4V V5 + V1V1,203)0/3

— (v1,2(v4v5 + v3V1,5) — V4VIV5) O

v1,2(v5 — v3) — V1U5)v40 3

U5 — V3 + 1 )U2040 = U3 402049 3. (32)

—(
—(
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From (28H32]) and vy + v4 + v5 = —v2 3 = 0 we have

4
(vivgv408%) " Z TR 1 Vk
k=1

=(v1v20406%) 7 (viuf + vaud — voug(2uy + 2us + ug))
:U25(U4U§74 + 'Ul'l)iQ) + v5 (203 4V2049 + 221%721)3,41)5 — V1V4050)
:21)%11%21)3,4 + 090403 40(v3 4 + 205) — V18 (vgvi2 +va(vi2 +v34)%)
=v34 (22152,21%72 — v9ug0(d + vg) — vlé(v%Q + v4(0 + v4)))
=v3 4012 (2(v1 + v4)?012 — v46(8 + v4) — V101 2)
=v3.401,2 ((2v1,2 — S + (dvyvy 9 — 6% vy + (201 — §)viv2)
—v3,4v1,202(VF — v2Vs — V1V12)
=v3,401,20205 (V1,2 — V4),

and thus, we have vy = v12 and the following lemma.

Lemma 1. In A5, there is a cycle of type (uy,v1,...,us,vs) with

vo+v3 =0
if and only if there exist c,d,r € F, with ¢ ¢ {—d, —2d} such that
vi=c+d, v9=—c, v3=c, v4=d, v5 = —c— 2d, (33)

up =cr, ug =dr, ug = —(c+2d)r, ug = (c+d)r, us = —cr. (34)

Proof. "=": From vy + v3 =0, v4 = v1 + v9 and vy + v4 + v5 = 0 we have
(B3) for some ¢,d € F; with ¢ ¢ {—d, —2d}. Furthermore, from (28-32) we
see ([34) is valid for r = —d(c + d)(c + 2d)B.

The if-part follows clearly from the argument preceding this lemma. [

Assume now vy 5 = 0. Clearly, we have vg3 = —v4 # 0.
From (26]) we see vaugvst = v19v45 and vy 2, va5 € Fy. Then, from (23)
and (24)) we see vaviug = V1204 5ug and VoV 2U3 = —V4V4 5U4, TESpectively.

Let 8 be the element in Fy such that
ug = v1v201 20 (35)
Then, we have

up = v} 94583, (36)

Uz = —V10404,55. (37)
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From (I9) and B5H37) we have
U5 = —Ul_l(U1U2 + v12u3 — U475U4)
= —(v1,2 — V4 — V2)V1 204508 = 'U1,2'Ui5ﬁ- (38)

Then from (I8) we have
up = —(ug + us + uq + us)
= —(Uigm,s — V1V404,5 + V102012 + 1)1,21)2,5)5
= — (v1,2v4,5(v1,2 + va5) + v1(va(v12 + v3) + v2012)) B
= (v1,2v45 +v1(v1,2 — v4)) v38 = vavgu3f. (39)

From vy 5 = vy + v3 + v4 = 0 and B539) we see f7231_, x7. vk is equal
to

B2 (v1uf + va(ur + u2)? + v (ug + uz)? + vaud)
=019 ((v2v3v4)2 + 221%1)31)42117221475 + ’U2'Ui2vi75
+v3v1 2(v1v2 + vig,)Q + 1)41)1,21)1175)
=v1,2 ((U2U3U4)2 + 211%1)31)4211,2114,5 + v3v12(v1v2 + 02,5)2
+(vanf 5 + va(v12 4 v3)?)v1 207 5)
=01 903 (vgv%vz + 211%1)4211721)4,5 + v1 2(v102 + vi5)2
+(v4v3 + 2v4v1 2 — 0%72)1)1,2@275)
=01 203 ((21}41}1,2 + v4v3 — vi2 + 20109 + vi5)v1,2vi5
+2030401 204 5 + (VIV1,2 — V2,403 )V3)
=01,903v4,5 (204012 — Vav24 — V] — V3 + (va — v1)?)v1 2045
+205v401,2 — (v + v1vs + v]) + v2(v1 + v4))03)
=01,203v4,5V2 (V4 — v2)v1,2(vs — V1) + 20904012 — (V] + V2.4V + V4V2,4)V2)
=01 9U3V4 5V2 (—vw% + va(vg — v2)v1)
=01,20304,5020401 (V4 — V1,2)
and thus, we have vy = v1 2 and the following lemma.
Lemma 2. In As, there is a cycle of type (uy,v1,...,us,vs) with
v +v5 =0
if and only if there exist b,c,r € F; with ¢ ¢ {—b, —2b} such that
vp=—-2b—c, va=0b, v3=c, v4=—-b—c, v5 =2b-+c, (40)
up =cr, ug = —(b+c)r, ug = (2b+c)r, ug = —(2b+ c)r, us = br. (41)
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Proof. ’=": From vy + vs +v4 =0, v4 = v1 + v9 and v + v5 = 0 we have
Q) for some b, c € F; with ¢ ¢ {—b, —2b}. Furthermore, from (35H39) we
see () is valid for r = —b(b + ¢)p.

The if-part follows clearly from the argument preceding this lemma. [

4.2 Discussion on the Case (vy + v3)(v; + v5) # 0

In this subsection we deal with the case v 3v1 5 # 0.
Let 8 be the element in F such that

u3 = —tv4v2, 301015053 (42)
From (24]), we see
ug = (tvavy + v12)v101 5050 (43)
From (23]) and (26]), we have

Uy = tU3U4(t’U2’U4 + 0172)v1,5v5ﬂ
= (7521)21)3214211,5 + tvzvy 2v1 5)V4U5

= (L‘U3(UQU4 + ’U1,2’U1,5) — U172U475)U4U5ﬁ. (44)
Then, from (I9) we see

us =v5 ' (viug + v1,2u3 — V4 5Us)
=v1 (tvg(vovs + v1,201,5) — V1,2V4,5) Vaff — V1 2tV4V2 30101 53
— V4,5 (tvavg + V1 2) V10158
= (tva(v3v2vs + V301 2015 — V1,2V2,3V1 5 — V450201 5)
—v1,204,5(va +v15)) V13
= (tvgva(v3vs — V12015 — Va5V1,5) + V1,2V4,502,3) V13
= (tvgvavz(vs + v15) + v12045V2.3) V1S
= — (tvavzvg — V1 204,5)V1V2,303, (45)
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Furthermore, from (I8]) we have

Ul = — Up — U3 — Ug — U

= — (tuz(vavs + V1201 5) — V1,204,5) 04053 + tvgv 30101 505

— (tvguyg + v1,2)v101 5056 + (tvavavz — V1,204,5) V102,30
=t(—v30405(V2v4 + V1 201,5) + V3V4VIV1 5V5 + V2U3V4V1V2,3)

+ v1,2(Va,5V405 — V101 5U5 — V450102,3) 3
=t(—V2U3V3 U5 — V3VLVsV1 5V2 + V2VU3VAV1V2,3) B

+ v1,2(va,5v405 — v1(v5(v1,5 + v2,3) + V4v23)) B
=t(v2U3V4V5V2 3 + V2U3V4V1V2,3) 0 + V1,204(Va 505 — V1 (V2,3 — v5)) 5
=tvau3042,3V1 50 + 1,204 (V5 (V1 + Va5) — V1V2,3)5
=(tvavg — v1,2)V402,301,50. (46)

Then, from
up +ug = ((75112213 — v1,2)U2301 5 + (tvz(vovs + v1 201 5) — 1)1,21)4,5)115)1145
= (tvg(v2v2,301,5 + V2V4V5 + V1 201,505) — V1,2(V2,3V1,5 + Va5V5))v4f3

tvs(va(v2,301 — v1,505) + V1,201 505) — V1,2(V2,301 — V501))vaf3

tv(vava,3 + v1,505) + v1,2(vs — va3))v1v4f
and

Ul + U + usz = (u1 + UQ) — t’U4U273U1U175U5,3

= (tvz(v3v2,3 — v1,505) + v1,2(vs — v2,3))v1v4f3

we see

4
B2 wp ok = B2 (vaud + viu + vaur + up)® + vs(ur + up + uz)?)
k=1

:U4(t1)21)3?]4 — 1)1721)45)2?]%1)33 + v (t?]g?]g — U172)2U2U%73’U%75+
2
Vg (tvg(vgvg,g + vsv15) + v1,2(v5 — 11273)) U%’Ui-ﬁ-
2
VU3 (tvg(vgvg,;g — ’U5U175) + v1,2 (U5 — U273)) U%’UZ

2 2 2,2
:1)11)2?]3U41)2y3§2t + 21)11)2?]3U4U273§1t + U1U4’U273§0, (47)
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where
& = V1V20304V2 3 + ’U2’U3U273’Ui5 + vlvgvgv%g + vlv?,vig,
= —V1V203V2 3V1 5 + ’02?)3?)2,3?)%75 + vw%vis
= v501,5(V1V5V1,5 + V2U3V23),
§1 = —v1v1 2045 — 01,20%75 + v1v1,2(vs — v2,3)
= V1] 2V15 — ’01,2?)%5 = —U5V1201 5,
f() = U1’U2,3U%72Ui5 + U4’U2,3U%72U%75 + ’U1’U4U%72(U5 — ’U2,3)2
= 0%72 (1111)2,31)275 + 1)41)2,31)%’5 + 1)11)4(’[)4,5 + 1)1,5)2)
= v} yUs,501,5(20104 — V1V45 — VaVL5)
= —} gUs, 51 50501 4.
Hence from vy 3v; 5 # 0, (21)) and (47) we have

2 2
U2U3U4(’U1’U5’U1,5 + U2U3’U2,3)t — 2’[)2’[)3’[)411273’01,225 — ’L)1’2’U4,5U174 =0. (48)

If v1 2 = 0, from (26]) and (@8], we have ¢t = vl_é and v V5V 5 +VaV3V2 3 =
0, the later equality is equivalent to vz = vy 5.

Lemma 3. In As 4 there is a cycle of type (uy,v1,...,us,vs) with
(vg 4+ v3)(v1 +v5) #0, v1 +v2 =0,
if and only if there exist b,c,r € F, with b ¢ {—c, —2c} such that
vp=—b,vg=b,v3=c, vy =—b—2c, vs5 =b+c, (49)
up = cr, ug = —(b+2¢)r, ug = (b+ c)r, ug = —br, us = br. (50)

Proof. ’=": From vy + vo =0, v3 = v1 + v5 and vs + v4 + v5 = 0 we have
A9) for some b,c € Fy with b ¢ {—c, —2c}. Furthermore, from ([@2H4€]) we
see ([B0) is valid for r = —b(b + ¢)(b + 2¢).

The if-part follows clearly from the argument preceding this lemma. [

Now we assume further vy o # 0. From vy 4v1 2% (26)+(#S8]), we get
(1111151)175 + vougvg 3 + 111741)1721)1,5)15 = 11172(21)2,3 + 1)1,4). (51)
If 293 +v14 =0, i.e. v5 = vg3, from (5I) we see
V1U5V1,5 + V203023 + V1,401,201 5
=V1V2,3V1,2,3 T U2U3V2,3 — 2U2,3V1 201 2,3
=g 3(V1V1,2 + V3V 2 — 201201 ,2.3)
= — 1)2,31)1,2(1)1 + vy + 2’02) =0,

and then vy = —v3 — 2vg, v4 = —v] — 22Uy 3 = —V3.
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Lemma 4. In A5, there is a cycle of type (ui,v1,...,us,vs) with
(v1 +vs)(v1 4+ v2) # 0, v5 = v2 + V3, (52)
if and only if there exist b,c,r € F, with ¢ ¢ {—b, —2b} such that

v =—-2b—c,v9=b,v3=c, 14 =—c, v5s =b+c, (53)
up = cr, ug = —cr, ug = (b+ c)r, ug = —(2b + ¢)r, us = br. (54)

Proof. ”=": From vs = vy + v3, v1 = —v3 — 2v9 and v4 = —v3 We see
(B3) for some b, c € Fy with ¢ ¢ {—b, —2b}. From ({3) we see tvgvy +v12 =
—tbc — b — ¢ # 0 and thus from (26]) and

1)21)31)41)175t2 — Ug’Ug’U4t + V1,2V4,5
=b2c*t? + bc*t — (b+ ¢)b = b(ct — 1) (bet + b+ ¢) (55)

we see t = ¢~ L. Then, from [@Z2HAH), we see (54)) is valid for r = b(b+c)(2b+
c)p.

"«<=": For b,e,r € F; with ¢ ¢ {—b,—2b}, let (u1,v1,...,us5,v5) be
the tuple defined by (53] and (54]). Clearly, we have (52). By setting 5 =
r(b(b+c)(2b+¢))~! and t = ¢!, one can check ([@2H40) easily. From (55)),
22}273 = 2(b + C) = —U14 and VU515 + VU323 = (—2b — C)(b + C)(—b) +
be(b + ¢) = 2b(b + ¢)? = —vy 4v1 201 5, we see ([26) and [@R) are valid. Then,

one can conclude that in A5 , there is a cycle of type (uy,v1,...,us, vs) with

2. O
Now we assume vz # vo + v3 further. From (BI)) we see

VU515 + VaU3V2 3 + V1,401 2015 7 O, (56)

t = (vivsv15 + v2Usv2 3 + 1)1,41)1,21)1,5)_11)1,2(2U2,3 + v1,4). (57)

Below we consider to deduce a simple condition for (57)) satisfying both
[26) and (48)). From vy 5x [@A8)—(v1v5v1,5 + v2v3v23) % ([26]) we see
(V1vsV1 5 + VoV 3 — 201 2U2 3V 5)V2U3V4L
P
=V1,4V4,501 2015 + V1,204,5(V1U5V1 5 + V20302 3)
=v1,904,5 (V1,401 201 5 + V1U50V1 5 + VU302 3). (58)
From wvyvsvg X (B1]) — (B8) we see
(2u2,3 + v1,4)v1 201 5V2V3V4L
=012 (V2,3 — V5) V20304 — U4 5(V1 401 201 5 + V1V5V1 5 + VU302 3))
=012 (V203 (V2,304 — VsV4 — Va4 5023) — V4,501 5(V1,401,2 + V10s5))

=V1,2V15 (1)2113215 - 1)4,5(211,41)1,2 + U1U5)) )
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and thus from vy 2v1 5 # 0 we see

(21)273 + 11174)1)21)31)@ = VU3V5 — U475(Ul74?)172 + 1111)5). (59)

Then, from (&I and ([B9) we see

(vausva 3 + (v1,4v1,2 + V1U5)V15) (V2305 — (V14012 + V1V5)V45)

=(2v2,3 + v1 4)%v1 202304, (60)

From v1 4v12 + v1v5 = vavs — v1v3, we see the difference of the two sides of

([©0) is

(vau3va 3 — (Vavg — V10V3)V2,3.4) ((V2V4 — V1V3)V1 2,3 — V2V3V1 2.3.4)

2 3 2
— (22,3 + v1,4) v1,2V2V3V4 = 03V) + 020] + 0104 + 00,

where vg 34 = V23 + V4, V12,3 = V1 + V23, V12,34 = V12,3 + V4 and

03

09 =

01

00

= (—v2)(v2v1,2) — V1,2V2U3 = —V2V1,2V2 3,

(—v2)(—v3v1,2,3v1,2) + (—v2v2,3 + v103)(V2v12) — 2(202,3 + V1)V1,2V203

= v901,2(V3V1,2,3 — V22,3 + V1U3 — 2(2v2 3 + v1)V3)

= —v201,2v2,3(3v3 + v2),

= (—vava.3 + v1v3)(—v3v1 2,301.2) + (V3v2.3v12)(V2v12) — (2023 + v1)?v1 2v0v3
= —V1,2V3 ((—’02’02,3 + v1U3)v1 2,3 — V2,301,202 + (2023 + ’01)2’02)

= —1 20302 3(— V201 2.3 + VT + V1v3 — V1 2v2 + 4vg 3v9 + dv1 V)

= —v1,203V2,3(V1V1,3 — V1,202 + 3v1,2,302),

= —V1,20302

)

(
(U%Q + v3v1,2 + 2v9v3 + v%),
(

3
_ _ 2,2
= (v3v2,301,2)(—V3V1,2 301 2) = —V3V] 9023012 3.

Then, from v; 2v2 3 # 0 and (60]) we see

U2vi’ + U2(3U3 + U2)UE + UB(’U%,Q + v3v12 + 2vvs + 03)7)4 + 1)%1)172?)172,3 =0

ie.

(vgfui2 + v%vlg + vov4(vg + 203 + v4))v3 4 = 0. (61)
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From (46]) and (59) we see

(2023 + v1.4) (V2,301 58) g
=(2v2,3 + v1.4)(tvauz — v12)4
=935 — Va,5(V1,401,2 + V1U5) — V1 204(202,3 + V1 4)
=(vav3 — V4 5V1)Us — (Va5 — Va)V14V12 — 2(V2,3 + U1,4)V1 204
=(v9U3 — V4 5V1 — V1,4V1,2 + 201 204)V5
=(voU3 — V4 5V1 — V1,201 + U1,204)V5
=(

VU3 + VU3 + V1 204) V5 = V] 2U3 4U5,
and thus we have v3 4 # 0. Then, from (6I]) we have
vgv%Q + vngg + vovy(va,3 + v34) = 0. (62)
and thus

UaU3V2 3 + V1 5(V1 401 2 + V1Vs5)
=v9v3v2.3 — (V2,3 + v4)(vav2 — V1V3)
=v3v2,3(v2 + v1) + (V103 — V2,302)04 — VU]
=u3v1 2(V2,3 + V1,2 + v3) + (V1v3 — V2 3V2 + Vo (V2 + 203)) vy
=v3v1,2(v1 + 2v2,3) + (V1v3 + v2v3)Vs
=v301,2(v1 + 2023 + V1)
(

=v3V1,2 21)273 + 1)1,4). (63)
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Then, from (E7) we see t = v ' and then, from (62) and @2EG) we have

u1 = (tvavs — v1,2)v402,301 58 = —v1V4v2,3V1 503,
ug = (tuz(vovy + v1201,5) — V1,204,5) 04053
= (vou4 + v1 2(v1 — V1)) V4053
= —(v1,2 — v4)(v12 + v34)V104
= —(v] 5 + v3V1L,2 — V43,4)V1V4B
= U?)_l(UZ(U2,3 +vs34) + ’U3U374)’U1’Uiﬁ
= vz v 3(v2 + v34)v103
= —v3 'va301 50105,
ug = —tvgvy 30101 505 = —v3 V4V 3011 553,
uyg = (tvavy + vy 2)v101 5050
= —1)3_1(212214 + v3v1,2)(v1,2,3 + va)v1vL 50
= —v3 1 (v3v1,2v1,2,3 + V4 (V201 2.3 + Vovy + V301 2))V101 503
= —v3 " (—v2(va + 203 + vg) + (v2,301,2 + V2v3.4))V4VIV1 53
= —v3 vy gugvivy 58,
us = —(tvav3vy — v1,2V4,5)0102,33
= —(vavs + v1,2(v1,2 + v3)) V102,38
= —v3 (V30204 — vov4 (V23 + v3.4)) V102,38

= —v3 Lvav4v1 5V12 3.
Let r = —v51v1v4v273v1,5ﬁ. From (G64HG68) we see
U] = V3r, Uy = V4T, U3 = UT, U4 = UIT, U5 = VaT,
and thus, we have the following lemma.
Lemma 5. In A5, there is a cycle of type (ui,v1,...,us,vs) with
v2,301,201,5(V2,3 — V5) # 0,
if and only if there are b,c,d,r € Fy with
b+c)c+d)(b+c+d)#0
such that

Frea(x) = cx® + c(2b 4 ¢)z + b(c + d) (b + ¢ + d)

(64)

(65)
(66)

(67)

(71)

(72)
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is reducible in Fy and, for a € Fy\{—b, —2b — 2¢ — d} with fycq(a) =0,

vy =a, va=>b, v3=c, vy=d, v5=—(a+b+c+d), (73)
up =cr, ug =dr, us = —(a+b+c+dr, ug =ar, us = br. (74)

Proof. The proof follows clearly from the argument preceding this lemma.
O

4.3 Girth and Girth Cycles of A;,

Theorem 3. In As 4 there is a cycle of type (ui,vi,...,us,vs) if and only
if (73) and (74) are valid for some a,b,c,d,r € F; with fy.q4(a) = 0 and
a+b+c+d+#0.

Proof. The only-if-part can be checked easily according to Lemmas [TH5l
To show the if-part, we assume that (3] and (7)) are valid for some

a,b,c,d,r € Fy with fy.q4(a) =0and a+b+c+d #0.
Ifb+c=0froma+d=a+b+c+d#0 and

fred(a) = ca® — fa—c(c+d)d=cla+d)(a—c—d) =0

wesee a=c+d#0,c+2d=a+d+#0 and thus according to Lemma [1in
A5 4 there is a cycle of type (ug,v1,...,us,vs).
Ifb+c+d=0, from

focdla) = ca® + c(2b+c)a=cala+2b+¢c)=0

we see a = —2b—c # 0, b+ ¢ = —d # 0 and thus according to Lemma [2] in
As 4 there is a cycle of type (u1,v1,...,us,vs).
Ifa+b=0, from

fred(a) = cb® —c(2b+ )b+ b(c+d)(b+c+d) =bd(b+2c+d) =0

weseed=—-b—2c#0,b+c=—-c—d=—(a+b+c+d) # 0 and thus
according to Lemma [ in Ajs 4 there is a cycle of type (u1,v1,...,us,vs).
If c+d=0, from

Joedla) = ca® 4+ ¢(2b+ ¢)a = cala +2b+¢) = 0

wesee a = —2b—c#0,b+c=—-a—b=—(a+b+c+d) # 0 and thus
according to Lemma [ in Ajs , there is a cycle of type (ui,v1,...,us,vs).
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Assume now (b+c¢)(b+c+d)(a+b)(c+d) #0. If b+2c+d =0, we
have a +2b+2c+d=a+b#0. If b+2c+d #0, from fy.q(a) =0 and

fb,c,d(_Zb —2c— d)
=c(2b +2c+ d)? — c(2b+ ¢)(2b + 2¢ + d) + b(c +d) (b + ¢+ d)
=(c+d)(b+c)b+2c+d)#0

we also have a +2b+2c+d # 0. Hence, according to Lemma[Blin A5 , there
is a cycle of type (uy,v1,...,us,vs). O

Corollary 1. (a) For q > 3, g(As,) = 10.
(b) g(As3) = 12.

Proof. (a) If ¢ is a prime power greater than 3, then for ¢ € F;\{1,2},
according to Lemma [I] the graph As , has a cycle of type

(c,c—1,-1,—¢,2 —c¢,c,c—1,—1,—¢,2 — ¢).

Hence, we have g(As 4) = 10.

(b) For any b, ¢,d € F5, we have {b,2b} = F3 and (b+c)(c+d)(b+c+d) =
0, and thus from Lemmas [IHS] we see As3 has no cycle of length 10, this
means g(As3) > 12. O

5 Girth Cycles of A3, 4 <k <8

We note that F5 = {1,2} and a* = 1 for any a € F}.

At first we conclude that in As 3 there is no cycle of length 10 and thus
g(Ak3) > 12 for k > 4. Assume in contrast that A3 3 has a cycle of type
(u1,v1,...,u5,v5). Then we have (I7H20)). Since yo = v; and y5 = —v5 are
nonzero, from (I8H20]) we see ysys = 0.

If y3 = 0, then y4 = v3 # 0 and thus from (20) we have ug +ug +us = 0,
which implies us = ug = us. Hence, from (9) we see yo = y4 = ys,
contradicts ys — ys = v4 # 0.

If y4 = 0, then y3 = —v3 # 0 and thus from (20) we have us+ug+us = 0,
which implies ug = uz = us. Hence, from ([I9) we see yo = y3 = ys,
contradicts y3 — yo = vo # 0.

Now we consider to determine all the cycles of length 12 in Az 3. Assume
in Az 3 there is a cycle of type € = (uj,v1,...,u6,v6). Then, according to
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Theorem [I] we have

v1 + V2 + v3 + vg + v5 + v = 0, (75)
uy + ug + uz + ug + us +ug = 0, (76)
Youz + ysus + yaus + ysus + yeue = 0, (77)
Yauz + y3us + yiua + yius + ygue = 0. (78)

From yoys = —v1vg # 0, ({Q) and (78), we see y3ysys = 0. We note that
Yi # Yit1, 1 < <5 (79)

If two of y3,y4,ys are zero, then we have y3 = y5 = 0 and y4 # 0. From
([78]) we see ug + ug + ug = 0, i.e. uy = ug = ug. Then, from (7)) we have
Y2+ ys+ys =0, ie. yo =ys = yg. From ug + ug + ug = 0 and ([70) we have
up +ug +us =0, i.e. u1 = uz = us. Hence, there are a,b,r € F3 such that

e = (a,r,b,—r,a,r,b,—r,a,r,b,—r). (80)

If y3 = 0 and y4y5 # 0, then we have us + uyq + us + ug = u; + ug = 0.
Furthermore, from (75]) and (79) we see v1 = —vy, v3 = vy = —v5 = —vg,
y2 = v1 and y4 = —ys5 = y¢ = v3. Then, from (T7) we have viug + v3(uyg —

us + ug) = 0 and thus from ug + ug + us + ug = 0 we see (v; + v3)us =
(v3 — v1)(ua + ug), which implies vy + v3 = us + ug = 0. Hence, there are
a,b,c,r € F3 such that

e = (a,r,b,—r,—a,—r,c,—r,—b,r,—c,1). (81)

If y5 = 0 and y3y4 # 0, then we have us + ug + ug + ug = u1; + us = 0.
Furthermore, from (75]) and (79) we see v1 = vy = —v3 = —vy, V5 = —vg,
Y2 = —ys = ys = v1 and yg = vs. Then, from ([77) we have vy (uz — usz +
ug) + vsug = 0 and thus from ug + us + ug + ug = 0 we see (v1 + vs)ug =
(v — v5)(ug + uy), which implies v1 + v5 = ug + ug = 0. Hence, there are
a,b,c,r € F3 such that

e = (a,r,b,r,c,—r,—b,—r,—a,—r,—c,r). (82)

Assume now y4 = 0 and ysys # 0. Clearly, us + us + us + ug = 0 and
u; +ug = 0. From (78) and ([9) we have v = vy = v3, v4 = v5 = vg,
Y2 = —y3 =1 and y5 = —y = v4.

If v # vy, from (1) we have uy — ug — us + ug = 0 and thus from
uo + ug + us + ug = 0 we see us + ug = ug + us = 0. Hence, there are
a,b,c,r € F3 such that

e = (a,r,b,r,c,r,—a,—r,—c,—r, —b, —1). (83)
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If vy = vy, from (1) we have uy — ug + us — ug = 0 and thus from
uo + ug + us + ug = 0 we see us + us = ug + ug = 0. Hence, there are
a,b,c,r € F3 such that

e = (a,r,b,r,c,r,—a,r,—b,r,—c,r). (84)
By now, we have determined all cycles of length 12 in Aj 3.

Lemma 6. For any tuple € = (u1,v1,...,us, vg) over F5, in Az 3 there is a
cycle of type € if and only if € is of form among (S0H87).

Now we consider to determine all the cycles of length 12 in Ag3. Ac-
cording to Theorem [[] and Lemma [6] we see that, in A4 3 there is a cycle of
type € = (u1,v1,...,ug,vg) if and only if € is of form among (8OHR4) and
satisfies Ay(e) = 0, where Ay(€) = 2301 + 23ve + x3v3 + 2204 + 2305,

If € is of form (RQl), we have

Ay(e) = r(a® — (a +b)? + (2a + b)* — (2a + 2b) + (20)?) = 0.
If € is of form (RI]), from
Ag(e) =r(a® = (a+b)? =% — (b+c)>+ ) =rbla+c)
we see Ay(e) = 0 is valid if and only if a + ¢ = 0. Hence, we have
e=(a,r,b,—r,—a,—r,—a,—r,—b,r,a,r). (85)
If € is of form (82]), from
Agle) =r(@®+ (a+b)? —(a+b+c)* —(a+c)* —c*) =reb—a)
we see Ay(€) = 0 is valid if and only if a = b. Hence, we have
e=(a,r,a,r,c,—r,—a,—r,—a,—r,—c,T). (86)
If € is of form (R3], from
Agle) =r(@+ (@a+b)*+(a+b+c)* = (b+c)* —b*) =ra(d—c)
we see Ay(€) = 0 is valid if and only if b = ¢. Hence, we have
e = (a,r,b,r,b,r,—a,—r,—b,—r,—b, —1). (87)
If € is of form (84]), from

Ag(e) =r(@®+ (a+ b2+ (a+b+c)? + (b+c)+c?) =r(ab+ be — ac)
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we see Ay(€) = 0 is valid if and only if ab+ bc — ac = 0, which is equivalent
to ab = bc = —ac, i.e. a = c= —b. Hence, we have

e=(a,r,—a,r,a,r,—a,r,a,r, —a,r). (88)
Now, we can determine all the girth cycles of Ay 3 for 4 <k < 8.
Theorem 4. Let ¢ = (uy,v1,...,us,vs) be a tuple over Fj.

1. Ay 3 has a cycle of type € if and only if € is of form (80) or among

2. Fork =5,6, Ay 3 has a cycle of type € if and only if there are a,b,c,d €
F% with (a + b)(c+ d) = 0 such that

e = (a,cb,d,a,c,b,d,a,c,b,d). (89)

3. A73 has a cycle of type € if and only if there are a,b,c € F5 such that

e = (a,e,b,—c,a,c,b,—c,a,c,b,—c). (90)

4. Ag3 has a cycle of type € if and only if there are a,c € F3 such that

e = (a,¢c,—a,—c,a,¢c,—a,—c,a,c,—a,—c). (91)

5. For4 <k <8, g(Ar3) =12.
6. g(A9,3) > 14.

Proof. The first result follows from the argument preceding this theorem.
To show the second result, we assume A4 3 has a cycle of type €. By
directly computing, one can get

0, if € is of form (B0) or (88),
r2ab, if € is of form ,

lg?) = - Z YrUrVsTs41 = 2 . . (m)
r“ac,  if e is of form (Ba),

—r2ab, if € is of form (87).

2<r<s<5b

Hence, A5 3 has a cycle of type € if and only if € is of form (80) or (88)), i.e.
([B9) is valid for some a,b, c,d € F} with (a +b)(c+d) = 0. Furthermore, for
such tuple € we have

(7)
lg’ =— Z Ug, Vg Ugy Uty = 0,

1<s1<t1<52<t2<6
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which means Ag 3 also has a cycle of type e.

To show the third result, we assume Ag 3 has a cycle of type e. From
the second result, we see € is of form (89) for some a,b,c,d € Fj with
(a +b)(c+d) =0, then we have

lg) = — Z Vg, Uty Vsl Vs, = —ab(c + d).

1<s1<t1<8<t2<52<6

Hence, A7 3 has a cycle of type € if and only if ¢+ d = 0, i.e. ([@0) is valid
for some a, b, c € 3.

To show the fourth result, we assume A7 3 has a cycle of type e. From
the third result, we see € is of form (Q0) for some a, b, c € F3, then we have

15(57) = Z Uty Vs UtUsy Uty = _(a + b)

1<t1 <51 <t<52<t2<6

Hence, Ag 3 has a cycle of type € if and only if a +b = 0, i.e. (@) is valid
for some a,c € 3.

The fifth result is a direct corollary of the first four results.

The last result is a corollary of the known bound given in [3]. However,
here we give a simple proof for it by using the fourth result. We assume Ag 3
has a cycle of type €, then € is of form (@1]) and then from

)
ly’ = E Vg, Uty VsUtVgyUp, = —ac 7 0
1<51<t1 <s<t<s52<t2<6

we see there is no cycle of length 12 in Ag 3. Hence, we have g(Ag3) > 14. O

We note that g(As3) = 12 has been pointed out in [5] without proof.

6 Concluding Remarks

Note that one can also rewirte (§]) and (@) without use of v;, which is an
information about the vertex (1) next to the present vertex [[(*1)], as
the following

(+1)  (i+1)

lijys = Yily; = pimj—2(u1,v1, ... ui—1,vi1),
(i+1) (i+1)

lijis = Yilyjp1 — pimj—3(V1, U2 .-, Vs, Uim1, V-1 ),

respectively.
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Since Ay, 4 is edge-transitive, the girth cycles in Ay , containing any given
edge are determined indeed by Theorems 2H4] for a few small k’s. However,
it is still not transparent how to count all the girth cycles in these graphs.

For example, let ® denote the set of backtrackless walks [I1](r1)[l2](r2)[l3]
of length 5 in Az3. Since g(Az3) = 8 and in Az 3 there is a 8-cycle of
type € if and only if (I3) is valid for some r,s,t € F%, according to the
symmetry of Az3 we see that any walk I's = [I[1](r1)[l2](r2)[l3] € ® is a
path, namely consisting of distinct vertices, and there is a unique walk I'y =
[ () [5](rh) [I3] € @ such that

(] {ra) 2] (r2) 1] (rg) (1] (r)

is a girth cycle of A3 3. Moreover, such girth cycle is uniquely determined by
the walk I's. Since the total number of walks in the set @ is 33 x3x2x2x2 =
648 and each girth cycle of A3 3 contains exact 8 walks in ®, we see there
are 648/8 = 81 girth cycles in A3 3.

However, this method is not effective even for A3, with ¢ > 3 since
different girth cycles in such graphs may have a common backtrackless walk
of length 5.
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