arXiv:2211.15350v2 [cs.IT] 6 Dec 2022

Three classes of BCH codes and their duals
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Abstract

BCH codes are an important class of cyclic codes, and have wide applicantions in communication and

storage systems. However, it is difficult to determine the parameters of BCH codes and only a few cases

are known. In this paper, we mainly study three classes of BCH codes with n = ¢ — 1, %, %.
On the one hand, we accurately give the parameters of C ,, 5,1) and its dual codes. On the other hand,

we give the sufficient and necessary conditions for C(,  s5,2) being dually-BCH codes.

Keywords: BCH code, Dual code, Coset leader, Dually-BCH

1. Introduction

Let p be a prime and ¢ > 1 be a p-power. An [n,k,d] linear code C over F, is a k-dimensional
subspace of Fy with minimum Hamming distance d. C is said to be cyclic if (co, €1y ey Cn—1) € C implies

(cn—1,c0,C1, s cn—2) € C. Identify any vector (co, c1, ..., ¢n—1) € Fy with
co+ a1z + x4+ ..+ cpog2" Tt € Fylz] /(2™ — 1),

i.e., a code C of length n over F, corresponds to a subset of F,[z]/(z™ — 1). Thus C is a cyclic code if
and only if the corresponding subset is an ideal of Fy[z]/(z™ —1). Note that Fy[x]/(x™ —1) is a principal
ideal domain, this means that there exists a monic polynomial g(x) of the smallest degree such that
C=(g(z)) and g(z)|(z™ —1). g(x) is called the generator polynomial of C, and h(z) = (™ —1)/g(z) is
called the check polynomial of C.

For a code C, its dual code, denoted by C*, is defined by

Ct:={beFy: b-c"=0foralcecC},

where 7' denotes the transport and - denotes the standard inner product.

"1

Let m = ord,(q), Fym = (a) and 8 = a = . Then 3 is a primitive n-th root of unity. Let m;(z)

denote the minimal polynomial of 3% over F,, 0 <i < n — 1. For positive integers b and §, define

G(gn,6,p)(x) = lem (my(x), mpq1(2), ..., Mpys2(x)),
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where 2 < § < n, lem denotes the least common multiple of m;(z), b < i < b+ 6 —2. Then Cy p 5) is
called a BCH code of length n with designed distance 6. For b =1, C(4 n,5) := C(¢,n,s,1) IS narrow-sense
BCH code. Suppose d(C(4,n,s5,»)) denotes the minimum distance of C(g.,5,0), then d(Ciq,pn.5)) > 9.
The importance of the BCH codes in coding theory and communication is apparent, as can be seen
in [5] and [13]. However, there are many interesting problems about BCH codes or coset leaders. In

[12], Gong et al. proposed the following question:

Question. For a BCH code over Fy, when is its dual code BCH with respect to the same primitive

root of unity?

If the dual of BCH code C is still a BCH code with respect to the same primitive root of unity,
then C is called a dually-BCH code. In [12], the authors gave a necessary and sufficient condition
for Cig,qm—1,5) being a dually-BCH code. In [19], Wang et al. presented a necessary and sufficient
condition for C L 6) and C 251 5 being a dually-BCH codes. But for other lengths or b > 1 and

)+1)

n=q"—1 , the condltlon for C(g,n,5,) being a dually-BCH code is still unknown.

’ q+1 ’ q
It is well known that there is a close relationship between cyclotomic coset leaders and BCH codes.
For this reason, many authors determined the cyclotomic cosets for the study of BCH codes, and

obtained some pretty results.

e For n = ¢™ — 1, Ding et al.|€] presented the first three largest g-cyclotomic coset leaders modulo
n = ¢ — 1. Using those coset leaders, the authors constructed several BCH codes and gave their

dimensions and distances (see [6]-[10],[20]).

e For m = 2s and n = q+1 , Wu et al. [18] gave the largest coset leader 6; modulo n for
q = 2,3, and determined the dimension of C(g, 5 for 2 s and 2 < § < ¢*+ 1 or 2 | s and
2 <6 < [4#]¢° ' + 1. Recently, Wang et al. [19] proved that 4, is still the largest g-cyclotomic

coset leaders modulo n for ¢ > 4.

e Forn =14

. |17] gave the first two largest coset leaders §; and d; for ¢ = 3, and
determined the parameters of C(y,, 5) for 6 = 01 and 0. Zhu et al. [21] gave the largest coset
leaders ¢; for ¢ > 3 and m—1=0,1,¢—2mod ¢q — 1, and determined the parameters of C(, », 5,)-
Wang et al. [19] presented the largest g-cyclotomic coset leader for any ¢, and gave the dimension

of C(q,n,él)'

We shall work on the g-cyclotomic coset leaders modulo n = ¢™ — 1, qzrll, q;n:ll, and the corre-

sponding BCH codes. Our main contributions are:

(A) When n = ¢™ — 1. Set (fzv(q’qulygﬁb) = ((z = 1)g(g,n,5.0)(x)). We prove that the i-th largest

P2 for m— ([ =5+ [52)) =i 2 3,

m—1

g-cyclotomic coset leader is §; = (q—1)g™ ' — 1 —¢l™z

and give a sufficient and necessary condition for C(J;I g™ —1,8) being a narrow-sense primitive BCH
25 —1
> g+l q Tq—1

code. Furthermore, when n € {¢™ —1,4 } we give a sufficient and necessary condition

for Cg,n,s,2) being dually-BCH codes.



Hl, we obtain the second largest coset leader d2 modulo n. Moreover,

(B) When n =

(B.1) For 62 < § < 01, we completely give the dimension and minimum distance of C(g,,,5) and

1
Clamn.o)-

(B.2) For 2| s and [4]¢*~ ly1<6< 4l 7 +1 we give the dimension of Clg,n.5)-

+1

(B.3) For ¢ = aqq 711,(1‘1:11 if 2¢sand 6 = aq

and minimum distance of Cg . s)-

(C) Whenn = q;”:11 . We obtain the second largest coset leader §, for some special cases, and present

the dimension of C(qynﬁ(;) for d9 < 6 < 45.

2. Preliminaries

2.1. Basic Notations
For any positive integer 0 < s < ¢™ — 2, its g-adic expansion is s = Z;n:_ol s;q7, write s =
(Sm—1,8m—2, .-, 81, 80). For integer 0 < i < m—1, we denote s¢° (mod n) by [s¢‘],. Thenifn = ¢™—1,

we have
[Sqi]qm—l = (Sm—l—iu <y S0y Sm—15 +e+) Sm—i)'
For any 1 <i¢ <n —1, d;,, denotes the i-th largest g-cyclotomic coset leader modulo n.

Let T={0<i<n—1:ggnsn(B)=0and T-' ={n—i:i€T}. Then T and T+ = Z,\T~*

are called the defining sets of C(, ,, 5,5) and C(lq ) with respect to (8, respectively.

2.2. Cyclotomic Cosets and Coset Leaders

For any ¢ with 0 <t < n — 1, the set
{t¢" (modn): 0<i<m}

is called the g-cyclotomic coset modulo n of representative ¢ and is denoted by C;. The number of
elements in C; is denoted by | C; |. Set CL(t) := min{i : i € C;} and MinRep,, := {CL(t): 0 <t <
n — 1}. Then CL(t) is called the coset leader of Cs.

It is well known that the coset leaders are very important to evaluate the dimension and minimum

-1

1 q
and pEs )

distance of BCH codes. The following four lemmas on coset leaders modulo ¢™ — 1, £

will be useful for demonstrating our results.

Lemma 1. ([2]) Let n be a positive integer such that ged(n,q) =1 and ¢L%) < n < ¢q™ — 1. Then s

is a coset leader and | Cs |[=m for all 1 < s < an , $#0 (mod q).
Lemma 2. ([14,116]) Let n = ¢™ — 1. Then

(a) The first three largest q-cyclotomic coset leaders modulo n are:

m—1

Sin=(q—1)g" " =1, 00 = (g—1)g" " =1 —gl*5

m+1J

Vs =(g—1)gm 1 —1—¢l™




(b) If the Bose distance of C(y,q,5) is di = q™ —q™ ' — ¢ —1, where ™2 < i <m—|

| —1. Then

wl3

the minimum distance of C(y q,5) s d;.
(c) Let m = 2s and a be an integer satisfying ¢° +1 < a < ¢*™ and a Z 0 (mod q).

(c.1) Seta=c(q°+1), 1 <c<q—1, then a is a coset leader and | Cy |= F
(c.2) Seta=asq®+ap, 1 <ap<as <q—1, then a is not a coset leader.

(c.3) Except for (b.1) and (b.2), the remaining of a are coset leaders and | Cy |=m

Lemma 3. ([19]) Let n = q;*:11 and m = 2s, the first largest q-cyclotomic coset leader 61, modulo n

o If2¢ts, then 01, = (g=1)q"™ q_;lq o and | Cs, ,, |= F.

o If2]s, then 61, = @1_1)(;7’:1*%%_1 and | Cs, , |=m.
Furthermore, set (q+1) | h. Then h is a coset leader modulo ¢™ — 1 if and only zf —1- 45 a coset leader
modulo q;”+711'

Lemma 4. ([19],/21]) Let n = 4 Then

-1
qg—1 -~

(a) Let g > 3. For any integer 1 < i <mn—1, take i = (im—1,%m—2,...,%0). If i is a g-cyclotomic

coset leader modulo qq__ll , then ;1 = 0.

Furthermore, suppose m —1 =a(q—1)+b, wherea >1 and 0 < b < q—2. Let ¢ = a+ 1 when
b=q—2ande =a when0 <b<q—3. Ifiy=q—1foralm—-—1—¢e <1< m-—2, then
1<id1 <y foralll <1< m-—2.

(b) Let ¢ >3 and m > 4.

(b.1) Let g —1=mt; + 1tz and Y i_ 1(](_711 —Zmolazq where t1 > 0 and m > to > 0.

x Ifta =0, then a; = 2 for all i € [0,m — 1].
x If ty # 0, then a; = [%=L] when i € T, where T = {15 =1,y = 1,2,...t2}.

m
. —1
Otherwise, a; = | 1—].

—1]

b.2) The first largest g-cyclotomic coset leader modulo n is 61, = 2 Mol g i and
gest q-cy , - )
| 051 n | ged(m,q—1)°

2.3. Known Results on the Dimension and Minimum Distance of BCH Codes
Given designed distance ¢, it is difficult to determine the dimension and minimum distance. But

for some special BCH codes, dim(C(4,n,5)) and d(C(4,n,5)) can be given. We list them as follows.

Lemma 5. ([17]) Let n be a positive integer such that ¢ — 1| n and ged(n,q) = 1, let & be a divisor
of qﬁ—l. Then for 6 = kép, 1 <k < q— 1, the minimum distance of C(y q,5) 15 0-

Lemma 6. ([18]) Let n = L= and m = 2s. Then

mo__
q+1



(a) Suppose 2 < § < ¢*+ 1. For q,s > 3 and s is odd or ¢ = 2 and s > 5, the dimension k of

Clg,n,5,1) 18 given as follows:

S41
(a.1) If2 <6 < qq%, then
k=n—2s(0—1)+2s V_—lJ
q

a.2 ]fﬁ—l—lgég q—lﬂ—i—l, then
q+1 q+1

k=mn—2s(6—1)+2s V;—IJ +s{

6D+l

¢°+1

a.3) If (g —1 CH 4 9<5< q3+171—|—2, then
q+1 q+1

k=n-—2s(6—1)+2s V;—lJ +s(g—1).

(a.4) If (= D" '+ S 41 <5< ¢° + 1, then

b= n—25(6 — 1) + 25 VTlJ +3s(g— 1),

(b) Suppose 2 < § < (%1(]5’1 + 1. For s > 4 and is even, the dimension k of C(qn. ) is given as

follows:

(b.1) If 2| q, then
k=n—2s(0—1)+2s V_—lJ :
q
(b.2) If 2t q, then
n—2s(0-1)+2s &L, if2<s <o

k:

n—28(5—1)+2sL%1J+S, ot 1< <Pt 41

2.4. Known Results on Dually-BCH Codes

For special designed distance of narrow-sense BCH codes, the following two lemmas give the suffi-

cient and necessary conditions on dually-BCH codes.
Lemma 7. ([18]) Let n = ¢™ — 1.

e Ifqg=2 and m > 6, then Ciaom_15) is a dually-BCH code if and only if

m—1

§=2,3, 0or2m 1 —ol" ] <§<n.

e Ifqg>3 and m > 2, then Cyqm_1,5) 15 a dually-BCH code if and only if

m—1

§=2o0r(qg—1)g" ' —ql" 1 < <n.

Lemma 8. ([19]) Let n = q;"+—11 and 61 5, is given in Lemma[3d



(1) If g =2 and m > 4 is even, then Cy sy is a dually-BCH code if and only if

Sin+1<6<n.

(2) If ¢ > 2 and m = 4, then Cy . 5) s a dually-BCH code if and only if

§=261n<5<n.

3) If ¢ > 2 and m # 4 is even, then C(, .6 s a dually-BCH code if and only 1
(a,n,8)
0in+1<6<n.

In addition, let ¢q > 3, m >4, n= q;n:ll and 01,5, is given in Lemmal[fl Then C(q,.5) is a dually-BCH

code if and only if
in+1<6<n.

3. The case of n = q¢™ — 1

In this section, we always assume n = ¢™ — 1.

3.1. The computation of d;

Lemma 9. Let q be a prime power and 3 < i <m — (LTJ + LTJ),

i = (g —1)gm =1 — g7z 172

m.

and | Cs

in |

Proof. Obviously, the case of i = 3 agrees with Lemma[2l By induction, suppose d;,, = (¢ —1)¢™ ! —
m=3

m m—1

1—ql™51+t=2 then we need to prove i1 = (q=1)gm 1 —1—q"=T 1M for m— (| 22 |+ | 253 ]) >

t+1>1t>2. In order to prove this, we divide it into two steps.
Step 1. We claim that d;,, is a coset leader for 3 <7 <m — ({TAJ + LmT*BJ ). Clearly,

61n:(q_27q_177q_1aq_25q_157q_1)
N— —

e 75 252 i
Since ¢ > 3, then m — LmT’lj - < LmT*lJ + ¢ — 2. Note that
[5lq]n:(q_177q_17q_27q_177q_17q_2)7
————
m—| 2rt | —i | 2t | +i—2

[51(12]11:((1_177q_17q_2aq_1a7(]_17(1_27(]_1)7
— —

m—| 25t | —i-1 | 25t | +i—2
| m=1_;
[5qu \‘ 2 J ]n:(q_27q_1vaq 1aq_27q_15"'7q_1)5
Lm;1J+l_2 m LnlflJ_l

g™ Y =(q-1,9—2,g—1,...,¢g—1,g—2,g—1,...,q— 1).
—_—

E L2 Jis




Then [0; nq’]n > 6in for any 1 < j < m — 1, this implies that &, ,, is a coset leader and | Cs, , |=m for

3<ism—([= ]+ [ 252)).

i,mn

Step 2: For m — LmT*lJ —t > LT’BJ, we claim that J; := d;, — 7 is not a coset leader for any
2 1.

Take h = L—J +t —2. Note that 6, — 61410 = "1 — ¢" = (¢ — 1)¢" and

m—1

1<i<(¢g—1)q

(@-1¢"-1=(¢-2)¢"+(@-D¢" " +(@-1)¢" >+ +(g—1)g+qg—1.

Forany 1 <i < (q—1)¢" — 1, let
=ing" +in—1¢""t 4 - +i1q + o,
then 0 <i; < g—1forany 0 < j < h—1and0 <4, < q¢— 2, and there is at least an i; # 0 for
j€{0,1,...,h}. Thus,
Ji=(a—=2)g" (g = Dg" P+ (= D"+ (=2 —in)d" + (g =1 —in-)g"

+--+(g—-1-i1)g+ (g—1—1ip). (1)

For ¢ = 2, we have i, = 0 and
Jy=2m72 4 om=3 4 g oh (1 — g, )2h e (1 —dg)2 4+ 1 — g,

If ig = 1, then Jl and J; are in the same cyclotomic coset and L < J;. Hence, J; cannot be a coset
leader.

If g = 0, suppose [ is the largest integer such that ; =1, 1 <1<t — 1. Then

J;=(0,1,1,...,1,0,1,1,...,1,0,1 —d;_qy,...,1 — i1, 1).
—2—h h—I—1 l

Note that m—2—h = m— L 21 —tand h—I—1= L%J—l—t—i&—l. Sincem—(L%J+LLJ)>t+l
e (2235 (23] 15 (253

Note that
-1 -3 -3
h=l+l+l=m—-3—(m— || -t <m-3— |22 <2222 2)
2 3 3
Thenh—l+1<t Jlfh—l+1<lorl<t 7Jlfh—l+1>l thenm—-2—h>h—-101—1or
m—2—h>I.
Ifm—-2—h>h-—1-1, then

[Jiq" g1 = (0,1,1,...,1,0,1 —dj_y,...,1—iy,1,0,1,1,...,1) < J,. (3)
h—1—1 ! —2—h

If m—2—~h>1I, then

[Jig™ g1 = (0,1 —dj_q,...,1—i1,1,0,1,1,...,1,0,1,1...,1) < J;. (4)
2—h h—1—1
l m—2— —l—

By Egs. (@) and (), we know that .J; cannot be a coset leader.
For ¢ > 2, by Eq. (@),



e Ifi; > 1, we have ¢ — 2 > ¢ — 2 — iy, then J;¢™ '~ " mod ¢™ — 1 < J,.

o If there exists an integer j such that ¢; > 2,0 < j <t —1, we have ¢ —2 > ¢ — 1 — i;, then
Jiqmilij mod ¢™ — 1 < J;.

Thus, J; cannot be a coset leader. Next we consider i, = 0 and ¢; € {0,1} for any 0 < j <t —1.
Note that ¢ > 1, suppose [ is the largest index such that i = 1,1 <! <t — 1. Then

J’L':(q_2aq_15"'7q_17q_27q_17"'5q_15q_27q_1_il717'-'5q_1_i15q_1_7;0)'
| S — | S —
m—2-h h—1—1 1
By Egs. @), @) and (), J; cannot be a coset leader. Thus we complete the proof. O

In particular, for ¢ = 4,5, we have
Corollary 10. (1) Let m > 10. Then 84, = (g —1)g™ 1 —1— g\ "7 12 and | Cs,.,. |=m.
(2) Let m > 14. Then 05, = (g — 1)g™ 1 — 1 — gl "= 13 and | Css., |[=m.

Remark 1. The proof of Lemmald has been given in [14]. For completeness, we provide a proof which

is different from [14], and we give | 0; |.

8.2. BCH Codes and Dually-BCH Codes

The following theorem provides the information on the parameters of the BCH code C(g s

i,n)'

m—1

Theorem 11. Let g be a prime power and 3 < i < m—(LTJ + LmngJ ), then C(q.n.5, .,y has parameters
[¢™ — 1,k,d; ], where

m, if 21 m;
kj =
(i—3)m, if2|m.
Proof. Form Lemmas 2l and [0 we can obtain the results directly. O

For b = 1, the conditions of C(4 4m_1,5) being dually-BCH codes have been given by Lemma[7l For

b =2, we have

Theorem 12. Let ¢ > 3 and m > 2. Then C(y .y 5,2) s a dually-BCH code if and only if

m

(q—1)gmt—qgl™z ] —1<5<gm—2.

Proof. By the definition, the defining set of C(4 qm_1,5,2) With respect to ais T'= Co UC3 U -+ - U C,

2 <6 <n-—1. Notethat 0 ¢ T, ie., 0 € T+, this means Co C T+. Therefore, if Clgn,s,2) 1s a

dually-BCH code, then there must exist an integer > 1 such that 7+ = CoUC; U --- U Cp_1.
Ifg<d<n-1,then C; =C; CT,ie., T=C1UCyU---UCs. Hence, by Lemma[7] we know

m

that C4 qm—1,5,2) is a dually-BCH code if and only if (¢ — g™t — gl =l_1<§5<n—1

If2<6<g—1. Since [1,¢—1] C [1,¢/Z1], then i € MinRep,, and | C; |=m for any 1 <i < ¢—1
by Lemma [l We thus have Co C T and C; ¢ T, ie.,, m < dim(Cgn,5,2)) < n—m < n and
Cerin-1) C T+. Clearly, CL(n — 1) = (¢ — 1)¢™ ' — 1 = §;.,,. Therefore, if C(g.n,s,2) 1s a dually-BCH



code, then T+ = CoUC, U --- U Cs, .. However, dim(C(g,n,5,2)) < n — m, which contradicts the fact

that dim(Cg,n,s,2)) + dim(CGmM)) = n. Thus we complete the proof. O

Theorem 13. Let g =2 and m > 6. Then C(yy.5,2) s a dually-BCH code if and only if

m—1

§=2or2m 1l _ol™ ] _1<§d<n—1.

Proof. The proof is very similar to that of Theorem [I2, hence we omit it. O

For b = 1, we then study the condition of (f,% 1.6) being a narrow-sense BCH code.

Theorem 14. Let g =2 and m > 6. Then (?é .6) s a narrow-sense BCH code if and only if

m—1

§=2,3, or 2m1 —2l™s

l<s<omt 1.

Proof. By definition, the defining set of 5(27"@ with respect to ais T =CoUC, UCyU---UCs5_1 =
T U Cy, where T = C;, UC5 U --- U Cs_1. Hence,

T =Z\T™' = (Z\T) " = (Z\(T) ")\ Co-

For § = 2,3, we know that T = Co U C; and T—' = Cy U Cym-1_;. Note that 2™~ ! — 1 is the
largest coset leader modulo 2™ — 1, then
T+ =Z,\T7'=CiUCU---UCoym-1_s.
Thus, CN(L2 .8) is a BCH code with b = 1 and designed distance § = 2™~ — 1.
For 2m—1 — 2l™57] < § < n, we divide it into two cases:

o If 21 < § <, then T = Z,, which leads to C~(l27n)5) = {0}.

m m

o If2m=1 —2l™') < § < 2m=1 _ 1 note that dy, +1 = 2"~ — 2.2}, Then

T+ = (Zn\T)il = (Zn\(CO UuCiuCeuU---U 052,71))71 = (Clslm)il = CCL("*&,TL) =Ch.

Obviously, Cé .6 is a narrow-sense BCH code.

m—1

For 3 < < 2m~1 — 21"} we claim that (f,% .6 is not a narrow-sense BCH code.

m—1

By Lemma 2l we know that 6;, = 2™t —1 > 2m~1 — 2l%7=) > §, then 01,n ¢ T. Note that

CL(n —61n) = 1,1ie, C; € T+, If CN(JQnJ) is a narrow-sense BCH code, then there must exist an

integer r > 1 such that T+ =CLUCyU---UCr_;.

7n71J
Y

By Lemma [7, we know that C3 5y is not a dually-BCH code for all any 3 < 0 < om—1 _ gl™3
which means there is no » > 1 such that the defining set of Cé .6) is equal to CoUC; U---UC,_1.
Note that T+ = ((Z,\(T"))~1)\Co, then there is no integer > 1 such that 7+ = C;UC, U---UC,_;.

ie., (f,% .6 is not a narrow-sense BCH code. Thus we complete the proof. O

Theorem 15. Let g > 3 and m > 2. Then (?é 1.6) s a narrow-sense BCH code if and only if

m—1

§=2or(g—1)g"t—q¢" 1 << (g-1)gm "t - 1.

Proof. The proof is very similar to that of Theorem [I4] hence we omit it. O



q2s -1
a+

4. The case of n =

mo_
In this section, we always assume m = 2s, n = qul and 5, = a9l

4.1. The computation of 62 p

For s = 2 and 21 ¢, d2,, has been determined in [19]. Next we give d2, for s > 3.

Lemma 16. Let q be a prime power, then

C1)e2 1 gt 1 .
5 (a=1)q qu , if2ts and s > 4;
2,n —

(qfl)qzi;_:;qHz*l, if 2| s and s > 6,
and | Cs, . |= 2s.
Proof. If 21 s, we have (¢ +1) | (¢°*1 — 1) and

(@+1) | (¢* =) =@ " +1) — (¢ =) = (g - Dg* ' —¢*T ~ 1.

Note that by Corollary [0, d4,4m—1 = (¢ — 1)g**~! — ¢°T! — 1, this implies that (q_l)q2sq:1_qs+l_1 €
MinRep,, by Lemma Bl
We claim that 02, = (qil)QQS;;qSHil. Suppose there exists an integer a such that a € MinRep,,

and 02 , < @ < 01p. Soa(g+1) € MinRep,m_1, 64,4m—1 = Jon(g+1) < alg+1) < g gm_1 = 01,n(g+1).
This means

a(g+1) =0d34m_1=(q— 1)(12571 —1-4°. (5)

Note that ged(¢+1,(¢—1)¢** "' —=1—¢°) = ged(¢+1,¢—1) < ¢+1, then (¢+1) t (¢—1)¢*>* " —1—¢°.
L. . _1)g2s—l_gstl_q
By Eq. (@), this is impossible. Thus, d3, = (a=1)q e
Let | Cs,,, |=1, then

q

2s _ 2s—1__ _s+1__ s S— s
CL ) (e S (gl — 1) = (¢ - 1) | ((g— Dg* = ¢t = 1) (¢ - D).

Thus [ = 2s. The case 2 | s is similar.

Thus we complete the proof. O

Lemma 17. Let 21q.

(1) If s = 3, then 2, ((171)35%471 and | Cs, ,, |= 6.

(2) If s =4, then d2,, = (q*l)g% and | Cs,, |=8.

(3) If s =6, then 65, = U201 ang | Gy, |=12.

Proof. We just give the proof for Case (2), since the proofs for the other cases are similar.
Note that [((¢ — 1)¢" — ¢% — 1)¢/]s_1 > (g — 1)¢" — ¢® — 1 for any 1 < j < 7, this implies that
(q—1)¢" —¢® —1 € MinRep,s_; and | C(g_1)g7—gs—1 |= 8. Since (¢ +1) | (¢ —1)¢" — ¢® — 1, this

implies that (q*l)g% € MinRep,, and | C(q,l)qizqs,l |= 8 by Lemmal[3l
q
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We claim that 6, = (‘171)57%671. Suppose there exists an integer a such that a € MinRep,, and
d2.n < a < 01, then a(g+1) € MinRepgs_;.

Note that all coset leaders modulo ¢® — 1 between 61 ,(¢+1) = (¢ —1)¢" —¢* —1 and d3 (¢ + 1) =
(g—1)¢" —¢®—Tlare (¢—1)¢" —¢" —¢*~1,(¢-1)¢" —¢" —¢* —land (¢ —1)¢" —¢* = ¢* — ¢ — 1,

this means
(g+a=(q-1)¢" - -1, g1 -¢-¢*—1lor (qg—1)¢" —¢"—¢*—q—1. (6)

Note that (¢ +1) 1 (¢—1)¢" —¢* —¢* =1, (¢g+ 1) t (g—1)¢" —¢° —¢* =1 and (¢ + 1) {
—1)q" — ¢° — ¢® — ¢ — 1, this is impossible by Eq. . Therefore, 8 , = (a=Da" =a"~1 g we
(¢—1)q¢" —¢ —¢ —q—1, p y Eq , 02, e

complete the proof. O

4.2. BCH Codes and Dually-BCH Codes

Theorem 18. Let q be a prime power and s > 4. For 21 s,

o If o +1 <6 < 01,p, then Cug 5y has parameters [T—= Ui | ,d(Cign,5)) > 9] and its dual

+17

n -1 q2s_1_ B
C(q,n,é) has parameters | T T S 1,2].

o Ifo =0an, thenCiyns,., ) has parameters [ 35+1,d(Cign,55.,)) = 02,n] and its dual C(Jz_z,n,(b 2

) <4l

+1=

25
has parameters [qq-‘,-l , q+1 —-35—-1,3< d(Ct -

For2|s and s # 6,

o If 0o+ 1 <6 < 01, then Cign,s) has parameters | 2+1 ;25 + 1,d(Cg,n,5)) > 9] and its dual

C(Lqm)é) has parameters [qqul, qq+—11 —-25—1,3< d(C(qm)é)) < 4].

o If§ = 6a.n, thenC(yns,.,) has parameters [ L4541, d(Cg,n,55.,,)) = 02,n] and its dual C(Jz_z,n,(b 2

pERR
2s
SES]

has parameters [q2+711, qu —45—-1,3< d(CJ; .

Proof. Form Lemmas [3] and [I6 the parameters of C, 5) can be obtained directly. Next we consider
the parameters of C(Jz_z,n,é)'

Case 1. For 2, +1 < 6 < 61,5, by definition, we know the defining set of C(le,n,é) with respect to
Bris T+ = (Z,\T)™' = CoUCcr(n—s,.,)- Then d(CL 5) = 2.

1.1) If 2t s, then

q25 — 1= ((q _ 1)q2571 _ qsfl _ 1) B q2sfl + qsfl

n—=01, = =
b g+1 g+ 1

Thus CL(n — 01,,) = % and | Cgs11 |= s. This means
4 aF1

dim(C(J;Lnyé)) =n— Tt =n-s-1.

Form the sphere packing bound,

L9z

S
g" =t Z (q—1) (") <¢"= > (¢g-1) (") < gt (7)

=0

11



1.2)

Suppose d = 3, then by Eq. (), we have

1+(¢g—1)
which is impossible due to s > 4. Thus d = 2.

If 2| s and s # 6, then

o § _ q25_1_((q_1)q2sfl_qs_1) _ q2sfl_|_qs
L q+1 g+1

Thus CL(n —61,,) = qs;;rl and | C's-1,, |= 2s. This means
a1

dim(CGn’é)) =n—|T+ =n-2s—-1.

Suppose d(C* ) =5, by Eq. (@), we know that

(g;n,8)
2s 2s 2s
¢ -1 207 —1q” —q—2 5,
1+(g—1 +(¢g—1 > : 8
(q )q+1 (¢—1) PR —— q (8)
Thus 2 < d(cé,n,é)) < 4. Set 51 = qs;f'l, then the parity-check matrix of C(lq,n,é) is
1 1 1 e 1
A A

We claim that any two columns are linear independent over F,. Suppose there exists (¢1,¢2) €
F, xFy\ {(0,0)} such that ¢; +¢2 =0 and clﬁfsl + 02[3{51 =0forany 0 <i < j <n-—1, which

equals to
D= B = oV S e ()¢ 4+ 1) =0 (mod ¢** —1). (9

Since ged(2s,5 — 1) = ged(s,s — 1) = 1, then ged(¢® 1 + 1,¢%° — 1) = 8406129 11 = ¢ 4 1.

Eq. @ holds if and only if i — j = 0 (mod q;j:ll), this means 7 = j. Thus d(C(J;Lnyg)) > 3.

Case 2. For § = 03 ,,, the defining set of C- is T+ = (Z,\T)™' = UCcL(n—6,.,)YCCL(n—52.)

(g,m,02,n)

2.1) If 24 s, then

q25 —_ 1= ((q _ 1>q2sfl _ qs+1 _ 1) _ q2sfl + qs+1
q+1 q+1

n— 52171 -
Clearly, CL(n — d2,,) = ‘IS;T:H and | C -2, |=2s. We have
a1

dim(Cé)n762)) =n—|T+ =n-3s—1.

By Eq. @), we know 2 < d(C(an 5 n)) < 4. Take 51 = £+ and sy = q3q—2+17 then the parity-

q+1 +1
check matrix of C(JZI,n,Jz) is
1 1 1 s 1
H=|1 g3 g ... 5§"*1>51
1 g2 f52 . ﬂ%"—l)”

12



Note that d(C(J;Ln’(;2 n)) = 2 if and only if there exist %, j such that 0 <i # j <n —1 and

151 BJS1 (G=ds1 _ ¢
=7 (10)
152 Bjsz §J*1)52 =1
Eq. (I0) equals to
(i—7)(¢°+1)=0 (mod ¢** —1) and (11)
(i—5) (¢ 2+1)=0 (mod ¢* —1). (12)

By (), we know that i — 5 =0 (mod ¢°* — 1) where 0 <4 <j <n — 1. Thus Eq. (I2) holds if
and only if there exists an integer k such that 0 < k < &= — 1 and

k(g®241)=0 (mod ¢°+1). (13)

Note that 21 (s — 2), then ged(q® +1,¢°"2 +1) = ¢+ 1, i.e., Eq. (I3) holds if and only if k =0
(mod q+1 1) this is impossible. Thus 3 < d(C( .6, )) <4.

2.2) The case 2| s and s # 6 is similar to 2.1).
Thus we complete the proof. O
Theorem 19. Let ¢ be a prime power and 21 q, then we have the following.

o [fs=3, then C(q n,5) With 62, +1 < 0 < 01, has parameters [4
10,d > 02 n]

+1,4 d > 0] and Cign s,,) has

parameters [ +1 ,

o [fs=4, then C(q n,5) With 03 n +1 < 8 < 01, has parameters [% ¢

+1,9 d > 6] and Cign.s,,,) has
17,d > 83.0].

8
parameters [L— +1 ,

o [fs =6, then C (¢,n,6) With 62, +1 <0 < 01, has parameters [ —113,d > 6] and Clg,n.65.,) has

1
parameters [ 25,d > d35].

pEsu
Proof. Form Lemmas Bl and [I7] we can obtain the results directly. O

Theorem 20. Let g be a prime power and s > 4, then we have the following.

e If21s, then the code (?é n.5) with 92, +1 < 6 < 81, has parameters

2s _
[qq+117 qq+11 ~5,2].

e If2]s and s > 6, then the code (?é 1,5 with 92, +1 < 6 < 81, has parameters

2571

[, 2ol 9,3).

13



Proof. By definition, we know that the defining set of 5({_11”76) with respect to By is T+ = (Z,\T) ! =

CcL(n—s,.,), then d((f,’v(q’nyg)) > 2. Note that (f,’v(q’nyg) C C(g,n,5), Which means 5({-17"15) D C(Jf;,n,a)v then
d(C#

1
(am0) < AClgn.5)-

If 2t s, we have 2 < d(C(Lqm)é)

and | C'gs11 |= s. This means
q+1

) < d(cg,

bnsy) =2 = d(C . 5) = 2. Since CL(n —d1,) = 5

dim((?(fm)é)) =n—|CorLm-s)|=n—s.
Then the parameters of code CN(an 5) are determined.

If 2 | s and s > 6, note that CL(n — d1,,) = qs;fl and | Cgs-14, |=2s. This means
a1

dim((/’é)m(s)) =n—| Ceorn-s,) |=n—2s.
Set s1 = ‘157—1"’1, then the parity-check matrix is

q+1
H=(1 g g g,

Since ged(g® ' 41, ¢%* — 1) = ¢&8°d(=129) 1 1 = g+ 1, then ged(s,n) = 1. Therefore, 55 is a primitive
n-th root of unity, then (7({-1 n,6) 1s the Hamming code and d(CN(J;I n,5)) = 3. Then the parameters of code

(:’V(J;I n,6) are determined. Thus we complete the proof. O

Example 21. Let (¢,s) = (2,5), we have n = 341 then 61, = 165 and 2, = 149. The BCH code
C(2,341,5) with 149 < § < 165 has parameters [341,6,d > §], the BCH code C( 341,149) has parameters

[341,16,d > 149, the code C

(2,341,149) has parameters [341,325,4 > d > 3].

Example 22. Let (¢,s) = (3,3), we have n = 182. Then 02, = 101. The BCH code C(3,182,101) has
parameters [182,10, > 101].

For 2 | s and s > 4, we will investigate the dimension of the code C(y,,,. ), where [£]¢*™t < § <

¢+l
g+1

Lemma 23. Let [4]¢° <i< qs;l_i’_l and [i]q # 0, then we have the following.

(1) If 2| q and let i = a‘*g:_"‘iao, where as = q—t andao:t—klforalllﬁtﬁ%, then i is not a

coset leader. Otherwise, i is a coset leader and | C; |= 2s.

(2) If 24 ¢ andleti:asgl%, whereaszq—tandaozt-i-lforalllgtg%, then i is not a

coset leader. Otherwise, i is a coset leader and | C; |= 2s.

Proof. We just give the proof for Case (1), since the proof for Case (2) is similar.

Note that i € MinRep,, if and only if i(q + 1) € MinRep,»_; by Lemma[3] then we need to find a
such that a € MinRep m_, w <a<g¢tand (¢g+1)]a.

Note that [%, ¢ C [¢° +1,¢° ], then we divide @ < a < ¢**! into the following three

cases by Lemma

14



1) a=c(qg°+1)for 1 <ec<qg—1. Since 2 | g and 2 | s, then ged(q® + 1,¢? — 1) = 1, which implies
that ged(¢®* +1,g+1) = 1. Hence, ¢+ 141¢(q®+1) for all 1 < ¢ < g— 1, then we do not consider

these values.
= asq®° +ag for 1 < ap < as < g—1. Since a = as(¢®* — 1) + as + ag, then ¢+ 1 | a if

a
_q—t
forall 1 <t <1 —1. Note that

ao—t—Fl
q q_ ¢(g+1)
s s > (1 1a® 1 LIRS LA
ot +ap > (4 1)+ 4> L
(q+1) 5417 as =q—t q .
then ¢+1 | a and a € [L9= g5+ if forall 1 <¢ < Z—1,but a ¢ MinRep,m_;.
ap=t+1

3) Otherwise, for any a € [@, ¢*t'] and g+1 | a, we know that a € MinRep,» _; and | Cq |= 2s.

For @ <a < ¢t 41, we konw that a ¢ MinRep,m _; and (¢+1) | a if and only if a = asq°+ao

as=q—1
and forall1 <t < % — 1. Combining all the cases above, the desired conclusion then

apg = t —|— 1
follows. O

Theorem 24. Let 2 | s and s > 4. Then the dimension k of Ciy ) 15 given as follows, where
[t +1<6< ‘1 “.

(1) If 2| q, then we have

k:n—25(6+q;2— L(5_1;£q+1)J)+25 V%QIJ

(2) If 24 q, then we have

k:n—25(5—|—q;1— {(5_1;£q+1)J)+25 V;—lJ +s.

Proof. Form Lemmas [6] and 23] we can obtain the results directly. O

Example 25. Let (q,s) = (2,4), we have n = 85. The BCH code C(3 g5,9) has parameters [85,53,> 9].
The code is almost optimal in the sense that the minimum distance of the optimal binary linear code
with length 85 and dimension 53 is 10 according to the tables of best codes known in ([11]) when the

equality holds.

We will give the dimension and the minimum distance for special designed distance in the following

theorem.
Theorem 26. Let a be an integer and 1 < a < q — 1. Then the following holds.

(1) For24ts ands>3 (s>5ifqg=2),

15



(1.1) if 6 = a , then Cy n.5) has parameters [q Lk 5] where

1

n—25(5—1)+25{“—1J+5{%J, ifl1<a<q-—3;
k= n—25((5—1)+25{ J—l—s(q-i—l) ifa=q—2;

n—s((¢g—1)(2¢° 1 =3)—2), ifa=q—1.

(1.2) if 6 = aq_:_ll, then C(q,n,s) has parameters [q +_11,k 5} where

e n—2s(5—1)+25t%J, ifa=1,

n—s(20—a—1)+2s {%J, if2<a<qg-1
(2) For2|s and s>4, if 6 = a%, then C(q,n,5) has parameters [‘i:_—_ll,k,é}, where
— 6—1
k=n —2s(6 — 1) + 2s LTJ .
Proof. We only prove Case (1), since the proof for Case (2) is similar.

Note that g+ 1 | ¢+ 1 and ¢ —1 | ¢° — 1 if 2 1 s, then < S— and 1 are integers. Since

q+1
1] qq:f( 1)and ¢°*+1 | (q +1), then q | q—l and q+1 | 725 Obviously, ¢ 2-1]¢*
then ged(n,g—1) = ¢—1 and gcd(n q) = 1. Hence, 1f5 = a— and aqq:f, then we have d(C(4,n.5)) = ¢

by Lemma [5

For § = a4 =1

i we divide into the following two cases by Lemma

1) Forg=2and s > 5, then a =1 and § = % Note that, (2—1)25_1+%+1§5§25+1,
and dim(C(2,,,5)) = n — 5(2° = 5).

2) For ¢ > 3 and s > 3,

e if 1 <a < q— 3, note that

qs+1 qs 1 S 1 q5+1
P i A i e A
i - §—1)(g+1
and dim(C(gn5) =n —2s(6 — 1) + 2s {%J +s L( qs)iqlJr )J'
e if a = g — 2, note that
¢ +1 ¢ -1 ¢t -1
-1 +2<(¢—-2 < +2,
(q )q+1 < (¢ )q—l_ T
and dim(C(g,n,5)) =n —2s(0 — 1) + 25 V%J +s(g+1).
e if a = ¢ — 1, note that
1, ¢ +1 ¢ -1
— 1t ——+1<(g—-1 <g*+1
(¢—1)q +q+1+_(q )q_l_q+,

and dim(Cgn,qs—1)) =n — s ((¢ — 1)(2¢°~' — 3) — 2).

For 0 = al > :11, we still obtain the dimension by determining the range of 9, i.e., the result corre-

sponds to (1.2). Thus we complete the proof. O
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Example 27. We have the following examples for the code of Theorem [24.

o Let (q,5) = (2,4), we have n = 85. The BCH code C(3 85,69y has parameters [85,69,5]. The code is
almost optimal according to the tables of best codes known in ([11]).

o Let (q,8) = (2,5), we have n = 341. The BCH code C(2 341 206) has parameters [341,206,31]. The
BCH code C(3 341,201y has parameters [341,291,11].

For b = 1, the conditions of C(, . 5) being dually-BCH codes have been given by Lemma For

b = 2, we have
Theorem 28. Let ¢ > 3 and s > 2. Then the following statements hold.

(1) If s =2, then C(q.n5,2) 15 a dually-BCH code if and only if

0in—1<6<n—-1

(2) If s # 2, then C(q.n.5,2) is a dually-BCH code if and only if
O01n <0 <mn-—1.

Proof. We just prove Case (2), as the conclusion for Case (1) can be similarly proved.
By the definition, the defining set of C(4,,62) With respect to 51 is T = Co U C3 U --- U C,
2 < 6§ <n-—1. Notethat 0 ¢ T, ie., 0 € T+, this means Co C T+. Therefore, if Clgn,s,2) 1s a

dually-BCH code, then there exists r > 1 such that 7+ = CoUCL U---UC,_;.
Ifg<d<n-—-1,thenCi =C, CT,ie,T=C1UCyU---UCs. By Lemma [§ we know that
C(qxq?;:lx‘; 2) is a dually-BCH code if and only if §; , <§ <n —1.
If 2 <§ < q— 1, note that ’;‘3,[_%5 = qq%. Since s > 2, then [1,q—1] C {1,’;‘3,[ ” Hence,

i € MinRep,, and | C; |=2s for all 1 <4 < ¢—1 by Lemma [l We have Co C T and Cy ¢ T, i.e.,

2s < dim(C(q7n1572)) < n —2s <n. We consider two cases.

S+1 .
1) If 2 1 s, note that == is a coset leader modulo n and % o Ca—1 =2 J, ie., q+1 ¢ T.
— ‘1_+1 >’ —q°—2y _ (¢=1)¢* '—¢° -1 _ i .
Since CL(n ) CL( pr P 01,n, then Cs, . C T~. Therefore, if

Clgn,s,2) is a dually—BCH code, then T+ = CoUCLU- - -UCs, . However, dim(Cq,5.6,2)) < n—2s,
which contradicts the equation of dim(Cq n,s2)) + d1m(C(q1n7612)) =n.

2) If 2 | s, note that qs;f is a coset leader modulo n and L +f1 >qg—12>9,ie., ‘f;Tll‘H ¢ T.

Since CL(n — qsqjjl) - <q*1>q2;+11*q —L = 61,5, then Cs,,, € T Hence, if Cy 5.9) is a dually-

BCH code, then T+ = CoUC, U---UCs, . However, dim(Cg,n,5.2)) < n— 2s, which contradicts

the equation of dim(C(g,n,s,2)) + dim(Can)m)) =n.
Thus we complete the proof. O
Theorem 29. Let g =2 and s > 2 be even. Then C(y y 5,2) s a dually-CBH code if and only if
O01n <0 <mn-—1.

Proof. The proof is very similar to that of Theorem 28 hence we omit it. O
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g -1
qg—1

5. The case of n =

In this section, we always suppose n = q;n__ll and 2 = a?"!, where ¢ > 3 and m > 4.

5.1. The computation of 2.,

Lemma 30. Let 0 <t < n and t be of the form

t=0,g—1,...,q—1,¢—2,...,¢g—2,...,4,...,%,...,1,...,1).
——

Ng—1 Ng—2 ng ni

o If Zg;ll n; <j< Zg:_ll-i-l n;, where | € {1,2,...,q — 1}, then [t¢’], > t.
o Ifj= lnl, q—1>1>1, then

tg’ln=0,q—1,....q—1,....q—1+1,....,q—1+1,g—1,...,¢q—1,...,1,...,1).
——

np—1 ni+1 Mg—1 n;—1

[tqi]qm—h i'e'7 [tqi]qm—l = [tqj]n

1) I ny > 5> S0 g, where L€ {2,3,...,¢ — 1}, then [t¢’], is congruent to

[t )gm_1=(,....;.l—1,...00—1,...,0,g—1,...,qg—1,...,1,...,1),
—_—— —————— —_——— ——
ny—u np—1 Ng—1 u
where u = j — Y 1_ l+1”1_ ,0 < u < n;— 1. Note that In > [t¢?]gm_1 > n, then [t¢/], =

W ]gm s — (1~ D> g™ > 1
If S 0y > § > 3290 ny, then [tq7],, is congruent to

[tg7]gm—1=(1,...,1,0,g—1,...,q—1,...,2,...,2,1,...,1),
—_—— ——— —— N —

n—u Ng—1 no w
where u = j — Zq ,n; —1,0 <u < ny — 1. Note that [tg?]gm_1 < n, then [t¢7], = [t¢/]gm_1 >
gt >t

2) If j =37 ns, g—1>1>1, then

tq’]n =[tq’Jgm 1 — (I = 1)n

=0,g-1,...,q—1,...,q—14+1,....q—1+1,q—1,....q—1,...,1,...,1). (14)
——

np—1 ni+1 Ng—1 ni—1

Thus we complete the proof. O
Lemma 31. Let ¢ > 3 and m > q. Suppose m —1 =a(q— 1)+ b, wherea>1 and 0 < b < qg— 2.
(1) Ifa>3 and b =0, i.e., m =a(q— 1) + 1, then

m m—1 m—a q—3 al—1
_q"=1—¢ —q -3, 4q
62 n —

s qg—1 ’

and | Cs, , |=m
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(2) Ifb=1, i.e., m=a(qg—1) +2, let A=|%1], then

g —1—gm—l_xA-l az_E?:—flanl

— 1=1 4
52,11 - q_ll )

and | Cs, ,, |=m.

(3) Ifb=2, i.e., m=a(qg—1)+3, let A = {%J, then

_mt_ _
¢" 1= gl qATDatl o g(AtDa i 4 = 0 (mod 3);

q—1
5 e B S Ak 24a+1
= t= a > — .
2= i —q , if ¢ =1 (mod3);
_ [mt 17
i S DF N Mt A P
— — g, if ¢ =2 (mod3),

and | Cs,,, |=m.

Proof. We just provide the proof for Case (1), since the proofs for the other cases are similar.

Note that

qulfqulfq”l*afz‘?;:; al—1 R .
T =1 =0,g—1,....,g—1,9q—2,...,q—2,.. .0y iy..., 1,... 1)
—— ——
a—1 a+2 a a—1

qm717q7n717q7n7a72q:3qa171 .
It then follows that § = s =1 € MinRep,, and | C5 |= m by Lemma 30

m_1_ m—1__m—a_sq—3 al—1
We claim that 62, = M| ;71 i1 4 . Suppose there exists an integer s such that

s € MinRep,, and 02, < s < 61,,. Let the g-adic expansion of s be Zy;_ll siq*. Note that

n=0,0g-1,...,0—1,g—2,...,g—2,...,4,...,0,...,1,...,1).

a a a a

Then we have s;,_1 =0,s;, =gq—1foralm—a<i<m-—2and s;y_1-¢ =q—10r S;p_1-0g =q— 2.

1) Ifsp-1-a=qg—1,theniy=qg—1forallm—1—a <! <m—2. By Lemmal s must be of the
form

0,g—1,...,¢—=1,g—2,...,q—2,..., 0, ... yiy...,1,..., 1).
—— ——

a Ng—2 N4 ni

Since [sq’], > s for j = Zf:—ll n;, then n;y > aforall 2 <! <¢g—2and n; >a—1by Eq. ([I4).

In addition, m = a(q — 1) + 1, then ny = a or n; = a — 1. Hence, if n; = a then s = §; p; if

ny = a — 1 then s > d; ,,, which contradicts the fact that s < 0y 5.

2) If $yp—1-a = q — 2, we divide into two steps to prove.

Step 1. We claim that s is of the form

O,g—1,...,q=1,g—2,...,q—2,... i, iy, 1., 1). (15)

a—1 Ng—2 g ni
If there exists an integer i such that s; # 0 and s; < s;_1, then we have [s¢™ 177, =
[sq™ 17" m_1 — sin < s, which contradicts the fact that s € MinRep,,. Hence we konw that

8; > 8;—1 if 8; #0. Then s = (I, Io—1,..., 1), where

L,=0,g-1,...,9—-1,g—2,...,g—2,...,1,...,1)

Nt,.qg—1 Nt,qg—2 nt,1
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forall 0 <t <eandn;; >0foralll <j<g—1. Clearly, neq—1 =a—1.

Let k=3 5- 1 ng . Since [sq™ k], > s, then ng 41 > ey 1 = a— 1. Similarly, we get

Nig—1 > a—1 for all e > ¢ > 0. Denote the g-adic expansion of [s¢"e<-], by Y i) oy ,q", then

(S 1>5m 9, -+, 5;) must be of the form (I.,I, ,,...,I,) by Eq. (), where
I=0,g—1,...,g—1,...,3,...,3,2,...,2, 1,...,1 ),
———— ——
Ne,q—2 Ne,2 Ne,1+1l Ne—1,g—1—1
I=0,g—1,....,¢—1,...,3,...,3,2,...,2,1,...,1).
| — ———— N N —
10,9—2 no,2 no1+1 neq-1—1

Since [sq™'], > s, then ne g2 > a— 1.
Similarly, we have n; j > a—1foralle>t>0and 2 <j <¢g—2andn;; >a—2 for all

e >t > 0. Therefore,

€

m= Z an—i—l >(e+1)(g—1)(a—1).

Ife > 1, we have m =a(qg—1)+ 1> 2(¢ — 1)(a — 1), which contradicts to a > 3. Hence, s is of
the form Eq. (&), where n; >a—1forall¢g—2>i>2and n; >a—2.

Step 2. Since s > 02 p,, then ng_9 > a + 3, or ng_2 = a + 2 and there exists an integer ¢
such that n; > a+1and n; =a forall¢g—3 > j > i.

(2.1) If ng—2 > a+ 3, since m = a(q—1)+1, then there exists n; =a—1 with¢g—3 > j > 2,
orng=aforallg—3>t>2and ny =a— 2.

If there exists nj =a—1with¢q—3>j>2 Let | {n; >a+1:1<i<qg-2}|=k
then | {n; =a—1:1<14i<q—2}|>k+ 2. Hence, there are two integers u and v such that

Ny, Ny = a — 1 and n; < a for all u > 7 > v. Note that

[qu% ut1 ] =0,9g—-1,....,¢—1,q—2,...,¢—2,...,.qg+v—u—1,....,g+v—u—1,...,1

a—1 Ny —1 a—1 Ny41—1

Clearly, [snggiﬂ "l} < s, which contradicts the fact that s € MinRep,,.
n

If ng=aforall¢g—3>t>2and n; =a— 2, we have {sng;21 "} < s, which contradicts

n

the fact that s € MinRep,,.

(2.2) If ng—o = a+ 2 and there exists an integer ¢ such that n; > a + 1, n; = a for all

g — 3> j > i, the case is similar to (2.1).

Thus we complete the proof. O

Lemma 32. Let ¢ >3 and m > q. Suppose m —1 =a(q— 1)+ b, wherea>1 and 0 < b < qg— 2.

(1) Ifb=q—4,ie,m=alg—1)+q—3, let A= L%J, then

—1
5o — I o ek __A(a+1)-2
2,n— q—1 q 9
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and | Cs,,, |=m.
(2) Ifb=q—3, i.e, m=a(qg—1)+q—2, then

q"—1— quqqlu a
52,77,: q—1 —q,

and | Cs,,, |=m.

(8) Ifb=q—2, i.e., m=(a+1)(g—1), then

— —1— -3 —
5 . q7n717q7n liqm 1 a72§1:1 q(a+1)l 1
2n — q—1 ’

and | Cs, ,, |=m.

Proof. We just give the proof for Case (1), since the proofs for the other cases are similar.
q—1 F —1]

If 24 ¢q, then § = qm_l_zg 11q — ¢A(e+t1)=2 i5 of the form
1 1 g—1 -1
(o,q—1,...,q—1,...,3,_.\./:9...,%2L ,...,q“; ,q2 ,...,q2 SR RST R TS V!
—_———
a a+1 a+1 a

a a+1
It then follows that § € MinRep,, and | 05 |= m by Lemma [301
-1
We claim that 85 ,= il A(

qql
ql

s € MinRep,, and 0z, < s < 1 ,,. Let the g-adic expansion of s be 221711 siq*. Note that

a+1)=2  Suppose there exists an integer s such that

—q

1 1 ¢g—1 -1
Sim = (0= 1,enig— 1oty L gL g g ),
’ N—_— —— —— 2 2 2 2 —— ——
a a+1 e M a+1 a

Since d2,, < 8 < 01,5, we have s; =g—1forallm —1—a <i <m —2. By Lemma[ s must be of
the form

q+1 g+1 g—1 qg—1

(0,g—1,...,¢—1,... 6. .t ...,
— N——

g g g e g b G L 1)
a a+1 ng ni
n_qﬁ n_q;l
2 2
Note that
_ -1 -1
[sqz:??"l} = (0,0 =1, g1, =2 g =2yt 1),
n SN—— 2 2 SN——
ni+1 a a+1 —_— no—1
Ngt1
then nq > a since [qulzn} s. Similarly, we have n; > a for all qul>z>1 Since 62 p, < 8 < 1,

then ng11 = a+1or ngr1 =
2 2

1) When n

ng+1 = a+1. Since 01, > s, then there exists an integer [ such that n; = e and n; = a+1
2
for all Tl > j > 1> 1. Note that

Eq ng —1 -1

|:Sq q+1 :| :(O;q_1;-.-7q_17-.-3t7--'7t7"'7l+q—7"'7l+q—""’
. 2 2 N———

a a+1 o a

> i
Since g —1— %1 >q—1- q%l — 1, we have {sq =72 } < s, which contradicts the fact that
n

s is a coset leader.
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2) When nge+1 = a.

N

If ng—1 > a+ 2, there are two integers v and v such that n,,n, = a and n; < a + 1 for all

2

4=3 >4, >4 > v > 1. Note that

[sng;ﬁﬂni} =0,g-1,....¢—-1,9q—2,....,¢—2,....,q+v—u—1,....q+v—u—1,...,1,...,1).
n ——

a My —1 a Ny41—1

-1
Since ¢ — 1 — % > u — v, then we have [sng:wl "} < s, which contradicts the fact that s is
n

a coset leader.

If ng-1 = a + 1, there must exist an integer [ such that n; > a 4+ 2 and n; = a + 1 for all
2

% >i>1>1. Wehave |{n;=a:1>i>1}|> 2. Hence, there are two integers u and v such

q—

that ny,ny, =aand n; <a+1foralll >u>1i>v>1. We can get that [sqzl’:iﬂ"i} < s,
n

which contradicts the fact that s is coset leader.

In the same way, we can prove ds2, is the second largest coset leader when 2 | g. This completes

the proof. O

5.2. BCH Codes and Dually-BCH Codes

Then we have the following conclusion when the length of the BCH codes C(g,,,s) satisty the cases
of Lemmas Bl and

Theorem 33. Let g > 3 and m be of the form given by Lemmas[31 or[32. Then the BCH code C(q n 5
with d2,, +1 < 6 < 81, has parameters

m_1 m
(4 geaoma +1.d >4,

and the BCH code C(q,n,ész y has parameters
m—1 m
[qu, W +m + 1,d > 52771],

Proof. Form Lemmas [ [3T] and [32] we can obtain the results directly. O

Example 34. Let (q,m) = (4,5), we have n = 341. The BCH code C(4 341,5) with 230 <6 < 233 has
parameters [341,6, > 0], and the code C4 341 229y has parameters [341,11,> 229].

Lemma 35. Let ¢ >3 and m > 4. If2<§ < q—1, then we have 61, € T+,

Proof. Let m = a(q—1)+b,a>0and 0 <b < q—2. Since T+ = Z,\T~?, then Cs, , C T if and
only if C(,,—5, ) € T. By LemmaH] we have (¢ — 1)(n — 61,n) = Zf;ll g1 = Zy:ol a;q', where

a;=[L1] ora; = [Z1]. Let &' € MinRepym_; and a € Cy—1y(n—s, ,.)-
If a =0, then ¢ — 1 > m. Note that a; = {%] >2o0ra; = {%J >1forall0<i<m-—1, then
§ > Z;Z)l ¢" by Lemma @l Then

m—1 4
CL(n—01.,) = d 221'20 T S q+1>0
qg—1 qg—1
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If @ > 1, similarly, we have CL(n — 61,) has the form (...,1,0,...,0), i.e., CL(n — 61,,) >

a
g™ %1 — 1. Tt is easy to check that m —a — 1 > a + 1 when m > 4. We have

5’ quafl anrl _ 1

> >
q—1 g—1 = q-—-1

CL(n—61) = >qg+1>0.

Therefore, C, 5, ) ¢ T, ie., b1, € T+. This completes the proof.

O

For b = 1, the conditions of C(, . 5) being dually-BCH codes have been given by Lemma For

b =2, we have

Theorem 36. Let g > 3 and m > 4, then C(qn,s,2) i a dually-CBH code if and only if

gt -1-i) o751

=4 <6<n-1.

Proof. The proof is very similar to that of Theorem 28, we omit it.

6. Conclusions

The main contributions of this paper are as follows:

e For the codes of length n = ¢™ — 1, we found the i-th largest g-cyclotomic coset leader is

m—1

6= (q—1)g" ' —1—-¢l™
II).

—1
e

e For the codes of length n =

J+=2 The parameters of C(g,n.5:.,) Was investigated (see Theorem

we find the second largest coset leader 65 . The parameters of

C(g,n,5) With 02, < <61, and its dual code was settled (see Theorems [I8{20). The dimension

of C(g,n,s) Were determined, where [2]¢*7! <6 < % and 2 | s(see Theorem 24)). Finally, we

gave the dimension and the minimum distance of three subclasses of C(, ,, 5) for § = aq—ll, aqT*'ll
1f2fsand6—aq 1if2]s,1<a<q—1 (see Theorem 26).
e For the codes of length n = 11 we found the second largest coset leader d2 ,, for some special

cases. The parameters of C(qm)(;) with da,, < & <61, were investigated (see Theorem [B3).

e Sufficient and necessary conditions for C(g ,s2) being dually-BCH codes were given, where n =

qm_17

L and 4

q+1

L (see Theorems 2} I3 B8 29 B6). Moreover, we found the sufficient and

necessary conditions for the dual code of é(q)qm_l)(;) to be a narrow-sence primitive BCH code

(see Theorems [I4] and [IH]).
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