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THE ASSOCIATIVE-COMMUTATIVE SPECTRUM OF A BINARY OPERATION

JIA HUANG AND ERKKO LEHTONEN

ABSTRACT. We initiate the study of a quantitative measure for the failure of a binary operation to be
commutative and associative. We call this measure the associative-commutative spectrum as it extends
the associative spectrum (also known as the subassociativity type), which measures the nonassociativity
of a binary operation. In fact, the associative-commutative spectrum (resp. associative spectrum) is the
cardinality of the operad with (resp. without) permutations obtained naturally from a groupoid (a set with
a binary operation). In this paper we provide some general results on the associative-commutative spectrum,
precisely determine this measure for certain binary operations, and propose some problems for future study.

1. INTRODUCTION

Associativity and commutativity are important properties for binary operations. Although many familiar
operations satisfy both properties, some only satisfy one or neither of them. Moreover, nonassociativity and
noncommutativity arise in many algebraic structures, such as Lie algebras, Poisson algebras, and so on. One
can measure the failure of a binary operation to be associative by its associative spectrum, which we recall
below.

A groupoid is a set G with a single binary operation «0 A bracketing of n variables is a groupoid term
over the set X,, := {x1,...,x,} of variables that is obtained by inserting parentheses in the word z1z2 ...z,
in a valid way. Let P.(n) denote the set of all n-ary term operations on (G, *) induced by the bracketings of
n variables. The cardinality |P.(n)| measures to some extent the failure of * to be associative. In general,
we have 1 < |P.(n)| < C,,—1 where C,, := %H(zs) is the ubiquitous Catalan number.

Csékany and Waldhauser [4] called the sequence (s2 (*))nen, , where s () := |Py(n)| and Ny := {1,2,3,.. .},
the associative spectrum of the binary operation #, while Braitt and Silberger [3] named it the subassocia-
tivity type of the groupoid (G, ). Independently, Hein and the first author [7] also proposed the study of
$2 (%) = |P«(n)| for a binary operation #, and provided an explicit formula when x satisfies k-associativ-
ity (a generalization of associativity). The associative spectra of many other binary operations have been
determined [8] 1T}, [T5] [16] [17].

For each n > 1, let P.(n) be the set of all n-ary term operations induced on (G, *) by full linear terms
of n variables, i.e., groupoid terms over X,, in which each variable x1, ..., x, occurs exactly once (but in an
arbitrary order, as opposed to bracketings). We call the sequence (s°(%))nen, , where s2°(x) := [P, (n)|, the
associative-commutative spectrum (in brief, ac-spectrum) of the binary operation *, which measures both
the nonassociativity and the noncommutativity of *. We will determine the ac-spectra for certain binary
operations and exhibit some connections to other interesting combinatorial objects and results.

It turns out that the associative spectrum and the ac-spectrum have connections with the operad theory,
which models both nonassociativity and noncommutativity by using binary trees. It was developed by
Boardman, May, Vogt, and others, with applications recently found in many branches of mathematics (see,
e.g., Loday and Vallette [18]). We recall some basic definitions below.
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An operad without permutations is an indexed family P = {P(n)},>1 of sets with an identity element

1 € P(1) and, for all positive integers n, mq, ..., my, a composition map
(1.0.1) o: P(n) x P(my) X -+ X P(myp) = P(my+ -+ my)
(1.0.2) (P,P,...,P,)— Po(P,...,P,)

satisfying the following conditions: for any P € P(n), P; € P(n:), P;j € P(ni;) (1 <i<n,1<j<n;), we
have Po(1,...,1)=P =10 P and

PO (P1 o] (P1717 I 7P1,m1)7 I 7ft)n 0] (Pn,l, PP ;Pn,mn))

= (PO (Pl, . ,Pn)) o (P171, - '7P17m17 .. .,Pml, .. '7Pﬂ7mn)'
(An operad without permutations can thus be seen as a many-sorted algebra with a nullary operation 1 and
operations o, i, ...m, for all positive integers n,mq,...,m,, but for notational simplicity, the same symbol
o is used to denote all of the latter.) The elements of P(n) are called n-ary opemtionSE The Hilbert series
of an operad P without permutations is >~ |P(n)[t".

We call P = {P(n)}n,>1 an operad with permutations if P satisfies all of the above and has an action of
the symmetric group &,, on P(n) for each n > 1 satisfying the following equivariance conditions: for any
PeP(n),we6S,, P,eP(m;), and w; € &,y,,

(P?,U)O (owl(l)""va*l(’ﬂ)) = (PO (Plvvp’n«)) s w,
PO(Pl -wl,...,Pn~wn) = (PO(Pl,,Pn)) (wl,...,wn).
Here by abuse of notation, the permutation w on the right side of the first equation is the permutation of the

set {1,...,m1+---4+m,} that breaks the set into n consecutive blocks of sizes my, ..., m, and then permutes
the n blocks by w. The Hilbert series of an operad P = {P(n)},>1 with permutations is > -, %t".
Given a groupoid (G, ), we have an operad P, := {P.(n)},>1 without permutations and an operad

P. := {P.(n)}n>1 with permutations, whose Hilbert series have coefficients given by the associative spectrum
s2 (%) and the ac-spectrum s2°(x), respectively.

It is clear that s2°(x) > 1; the equality holds for all n € N4 if and only if * is both commutative and
associative. On the other hand, we have the following upper bounds for the ac-spectrum.

(i) Since full linear terms over X,, are in bijection with (ordered) binary trees with n labeled leaves, we
have s2°(x) < nlC),_; for an arbitrary binary operation .

(ii) Since the equivalence classes of full linear terms over X,, modulo the equational theory of associative
groupoids (semigroups) are in bijection with permutations of {1,...,n}, we have s2°(x) < n!if x is
an associative binary operation.

(iii) Since the equivalence classes of full linear terms over X, modulo the equational theory of com-
mutative groupoids are in bijection with unordered binary trees with n labeled leaves, we have
§2°(x) < D,,—1 if * is commutative, where D,, := (2n)!/(2"n!) [19, A001147].

The upper bound in the last case is the solution to Schroder’s third problem; see, e.g., Stanley [21] p. 178].

In Section Blwe show that the above upper bounds can be achieved by the free groupoid on one generator,
the free associative groupoid (i.e., the free semigroup) on two generators, and the free commutative groupoid
on one generator, respectively.

In Section M we focus on binary operations that are associative or commutative. For an associative
noncommutative binary operation *, we show that its ac-spectrum s2°(x) attains the upper bound n! if
it has a neutral element (i.e., identity element), and give some other examples for which s2°(x) < n! in
Section A1l In Section and Section 3] we provide some concrete examples of commutative groupoids
whose ac-spectra reach the upper bound D,,_1, but for the arithmetic, geometric, and harmonic means, we
show that their ac-spectra coincide with an interesting sequence that counts ways to express 1 as an ordered
sum of powers of 2 [19, A007178]. The last example shows that the ac-spectrum of a commutative operation
may not achieve the upper bound D, _; even if it is totally nonassociative, i.e., its associative spectrum
equals the upper bound C),_;. However, we show that the converse does hold: a commutative groupoid is
totally nonassociative if its ac-spectrum reaches that upper bound.

20ne can obtain an operad without permutations by taking P(n) to be the set of all n-ary operations on a set, or, as another
example, all n-ary term operations of an algebraic structure. This motivates the terminology “n-ary operation” in the context
of operads.
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In Section Bl we show that the ac-spectrum of the bilinear product of some anticommutative algebras over
a field, including the cross product and certain Lie brackets, is exactly two times the upper bound D,,_; for
the ac-spectrum of a commutative operation.

In Section [6] we determine the ac-spectra of some more examples of totally nonassociative operations,
including the exponentiation, the implication, and the negated disjunction (NOR). The exponentiation and
the converse implication satisfy the identity x(yz) ~ z(zy) and their ac-spectrum reaches the upper bound
n™~! for the ac-spectrum of any binary operation satisfying the above identity. Here n™~! shows up because it
is the number of unordered rooted trees with n labeled vertices. The negated disjunction is commutative and
its ac-spectrum reaches the upper bound D,,_; for commutative operations. Together with Example 1.2
this completely describes the ac-spectra of all two-element groupoids.

In Section [l we see that for some groupoids, two full linear terms induce the same term operation if
and only if the corresponding binary trees are equivalent with respect to certain attributes related to the
depths of the leaves. In Section [(.I] we obtain a formula involving the Stirling numbers of the second kind
for the ac-spectrum of a binary operation * satisfying the property that any two full linear terms agree on
+ if and only if the right depth sequences of their corresponding binary trees are congruent modulo k (this
is also equivalent to the the k-associativity mentioned earlier). An example is given by a* b :=a + e2mi/kp,
which becomes addition and subtraction when £ = 1 and k = 2. Related to this example is the operation
axb:= e*/*(q +b). When k = 2 this becomes the double minus operation a ©b := —a — b whose
associative spectrum is |P.(n)| = [2"/3] [19, A000975], as shown by Csdkdny and Waldhauser [4] § 5.3] and
independently by the first author, Mickey, and Xu [11]. In section[[.2 we show that s2°(&) = (2" —(-1)")/3,
which is the well-known Jacobsthal sequence [19, A001045]. The more general operation a b := e2™*/* (a4 b)
satisfies the k-depth-equivalence studied recently by the second author. Computations show that neither the
associative spectrum nor the ac-spectrum of this operation matches with any existing sequence in OEIS [19]
when k > 2.

In Section [, we make some concluding remarks and indicate possible directions for further research.

For the reader’s convenience, we provide a summary in Table [[LI] in which we indicate for the different
types of groupoids considered in this paper their ac-spectra and, for the sake of comparison, also their
associative spectra.

2. PRELIMINARIES

In this section we briefly recall some fundamental concepts concerning algebras, terms and identities, as
well as trees, that are necessary for our work. We will also introduce the (fine) associative-commutative
spectrum of a groupoid. This is a modification of the (fine) associative spectrum, introduced by Csdkény
and Waldhauser [4] and Liebscher and Waldhauser [17].

Let N denote the set of positive integers and let [n] denote the set {1,...,n}.

2.1. Algebras, terms, and identities. We recall some basic notions from universal algebra (see, e.g.,
Bergman [I]). An algebrd] is a pair A = (A, F), where A is a nonempty set (the universe or the base set)
and F = (f;)icr is a family of operations on A (the fundamental operations). The mapping 7: I — N that
assigns to each ¢ € I the arity of f; is called the algebraic similarity type (or type) of A. We may take as
the index set a set F of operation symbols. Then an algebra of type 7: F — N is a pair A = (A4, F2), where
FA = (fA)ser is a family of operations on A, each f# having arity 7(f). An algebra is trivial if its universe
has just one element.

Let us now fix an algebraic similarity type 7: F — N. Let X be a set of variables that is disjoint from F.
We define terms of type 7 over X by the following recursion: every variable x € X is a term, and if f € F
and ty,...,t () are terms, then f(t1,...,t,(y)) is a term. Let T(X) denote the set of all terms of type 7
over X. We usually take the set X of variables to be one of the standard sets of variables: for n € Ny,
Xp :={z1,...,2,} and X, := {x1,22,...}. Let var(t) denote the set of variables occurring in the term ¢,
and let |t| denote the total number of occurrences of variables in t.

We can define an algebra T,(X) of type 7 with universe T-(X) and, for each f € F, the 7(f)-ary
fundamental operation fT=(X) defined as fT=(X)(t, ... str(py) = f(t1,... tr(p)). The algebra T,(X) is
called the term algebra of type 7 over X. Note that T, (X) is absolutely free over X, meaning that T, (X)
is generated by X and has the universal mapping property, i.e., for any algebra A = (A, FA) of type 7 and

3This is not to be confused with an algebra over a field. See Example ELTI{vii)| and Section
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groupoid (G, x) §2¢(%) 52 (%) reference
free on one generator n!Cy_1 C,_1 Proposition BI1
free associative on two generators n! 1 Proposition
free commutative on one generator D, 4 C,_1 Proposition [3.2.3]
noncommutative associative with identity n! 1 Proposition [£1.1]
G ={0,1}, x xy is defined as 1, min{z, y}, 1 1 Example
or z+y (mod 2)
G={0,1}, z*xy:==x n 1 Example [£.1.2]
implication on {0, 1} n"1 C,_1 Proposition
negated disjunction on {0,1} D, C,_1 Proposition [6.3.3
G={0,1}, z*xy:=x+1 (mod 2) n forn=1,2 2 Example 1.2
2n forn >3
arithmetic/geometric/harmonic mean OEIS A007178 Cn—1 Proposition
rock-paper-scissors operation Dyp_1 Cn_1 Proposition [£.2.3
commutative nonassociative with identity D, _4 Cr-1 Theorem .31
the cross product on R? 2D, Ch_1 Corollary £.2.3]
Lie algebra with an sly-triple over a field of 2D, 1 Chn_1 Corollary
characteristic not 2
exponentiation on R>g n"1 Cn—1 Proposition

axb:=a+e*/kpon C ElS(n, k) +n Ef:_oQ i!S(n—1,i) Cikn Theorem [[.T.0]

2" — (~=1)")/3 127/3]  Theorem X1

a*xb:=—a—bonR

TABLE 1.1. Summary of results

any map h: X — A, there is a unique homomorphism h#: T (X) — A that extends h. In particular, the
term algebra T, (X,,) is called a free algebra of type T on n generators.

Still in regard to the universal mapping property of T, (X), let A = (A, F2) be an arbitrary algebra of
type 7, let h: X — A be an arbitrary map, and let h*: T,(X) — A be the unique homomorphic extension
of h. We call the map h an assignment of values from A for the variables in X. For a term t € T, (X), we
call h¥(t) the value of t in A under h, and we say that ¢ evaluates to hf(t) in A under the assignment h. For
notational simplicity, we will write also h(t) for h¥(t). Of course, it is only the restriction of an assignment
h to var(t) that matters for the value h¥(t), so we may safely consider just partial assignments var(t) — A.

Let A = (A, FA) be an algebra of type 7. For each term ¢ € T,(X,), we define an n-ary operation t4
on A by the following recursion. If ¢ is a variable z; € X,,, then t& = prgn), where prl(-") is the ¢-th n-ary
projection, defined by (a1,...,an) = a;. Ift = f(t1,...,t;(5)), where f € F and t1,...,t (5 € T (Xy), then
tAay,...,a,) == fAtDMar,...,an),. .. ,tf‘(f)(al, ...,ay)). The operation t# is called the term operation
induced by ¢t on A. In other words, the term operation t* provides the evaluations of ¢ in A under all
possible assignments of values for variables: if h: X,, — A is the assignment h(x;) = a; for each x; € X,
then h(t) = tA(a1,...,an,). For aset T C T.(X) of terms, let T4 := {t* |t € T}.

An identity of type 7 is a pair (s,t) of terms s,t € T.(X,), usually written as s ~ ¢. An algebra
A = (A, FA) satisfies the identity s ~ t, denoted A = s =~ t, if s* = t* (here we must assume that
s,t € Tr(X,) for some n € N, but this is not a real restriction because it can always be done). In other
words, A satisfies s & ¢, if, by interpreting the terms s and ¢ in the algebra A, the two terms evaluate to
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the same value for all assignments of values from A for the variables. The set of all identities satisfied by
an algebra A (by every member of a class A of algebras of type 7, resp.) is called the equational theory of
A (of A, resp.). Conversely, the set of all algebras satisfying a set X of identities is called the equational
class axiomatized by X. It is well known that a class of algebras is an equational class if and only if it is a
variety, i.e., a class of algebras that is closed under homomorphic images, subalgebras, and direct products
(Birkhoff [2]).

In practice, we will often use the usual infix notation for binary operations, i.e., we write a * b instead of
*(a,b). For unary operations, it is also common to use special notations such as a~! instead of ~1(a) or @
instead of ~(a). We may also omit some parentheses from terms when there is no risk of misunderstanding.

Example 2.1.1. Examples of familiar algebras include the following.

(i) A groupoid is an algebra (G, *) with a single binary operation #, i.e., an algebra of algebraic similarity
type 7 = (2). A groupoid is commutative if it satisfies the identity x x y & y *x & (commutative law),
and it is associative if it satisfies the identity x * (y * 2) & (z xy) x z (associative law). An associative
groupoid is called a semigroup.

(ii) A monoid is an algebra (M, x,e) of type (2,0) that satisfies the associative law and the identities
rxxe~exx~x. We call e a neutral element (or identity element).

(iii) A group is an algebra (G, *, ~1,e) of type (2,1,0) such that (G, *,e) is a monoid and it satisfies the
identities z x 2 ' ~ 27 xx ~ e.

(iv) A ring is an algebra (R, +.-,—,0) of type (2,2,1,0) such that (R,+,—,0) is a commutative group,
(R, -) is a semigroup, and it satisfies the identities z-(y+z2) = (z-y)+(z-2) and (y+2)-x = (y-x)+(z-x)
(distributive laws). A ring in which the multiplication is commutative is called a commutative ring.

(v) A ring with identity is an algebra (R,+,-,—,0,1) of type (2,2,1,0,0) such that (R,+,-,—,0) is a
ring and (R,-,1) is a monoid. A field is a nontrivial commutative ring with identity in which every
nonzero element has a multiplicative inverse (i.e., for all x € R\ {0}, there is a y € R such that
x-y=y-xz=1).

(vi) Let F = (F,+,-,—,0,1) be a fixed field. A vector space over F is an algebra (V, +, —, 0, (\y)aecr) such
that (V,+, —,0) is a commutative group and, for all a,b € F, the following identities are satisfied:

M(z) =z,
Aa(@ +y) = Xa(®) + Xa(y),
Aatb(T) = Aa(z) + Ap(2),
Aa(Xo(2)) = Aap().

The unary operation A, is called scalar multiplication by a. One often writes ax for A\, (z).

(vii) Let F be a fixed field as above. An algebra over the field F is an algebra (A,+, —, 0, (A\a)acr, *),
where (4, 4+, —,0,(X\a)acr) is a vector space over F and * is a bilinear binary operation, that is, for
all a,b € F, the following identities are satisfied:

(x+y)*xzxz*z+yx*z,
zx(x+y)Rzxx+ 2%y,
Aa(@) * Ap(y) = Aap (T * ).

2.2. Associative-commutative spectrum. In this paper, we discuss almost exclusively groupoids, i.e.,
algebras of type 7 = (2). Therefore, from now on, unless otherwise mentioned, we assume that the algebras
under consideration are groupoids and the algebraic similarity type is not explicitly mentioned and is omitted
from any notation we use. When we speak, for example, of terms, we mean terms in the language of groupoids.
In fact, since we now have only one operation symbol, it does no harm to omit it from terms.

A term is called linear if no variable occurs more than once therein. We call a term ¢t € T'(X,,) full over
X, if var(t) = X, ie., every variable z; € X,, occurs in t. Thus, a full linear term over X,, is a term
that is obtained by inserting n — 1 pairs of parentheses in a valid way into the word T (1)%5(2) -+ - To(n)
for some permutation ¢ € &,. If, in the above, o is the identity permutation, then we get a bracketing
over X,,. In other words, a full linear term ¢ € T(X,) is of the form ¢t = t'[x,(1),...,Zy(y)] for some
bracketing ¢’ (the underlying bracketing of t) and some permutation o € &,,. (For a term t € T(X,,) and
terms uy, ..., u, € T(Xy,), we let tfuy, ..., u,] denote the term in T'(X,,) obtained from ¢ by replacing each
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occurrence of x; by w;, for all ¢ € [n].) Let F, and B,, denote the set of all full linear terms over X,, and
the set of all bracketings over X,,, respectively. It is well known that the number of bracketings over X,
equals the (n — 1)-st Catalan number C,_; = %(27?__12), ie., |Bn| = Cn—1. Consequently, |F,,| = n!Cp,_1. If

s,t € B, (s,t € F,, resp.) for some n € N, then we call s & t a bracketing identity (a full linear identity,
resp.).

Example 2.2.1. There are twelve full linear terms over X3, and they form the set

F3 = {((.’L‘U(l)wg(g))xg(g)) L0 € 63} U {(,Tg(l)(l'g(g)xg(g))) 0 € 63}.

There are two bracketings over X3, and they form the set

By = {((z172)x3), (21(2273)) },

which is a subset of F3.

Let G = (G, ) be a groupoid. The fine associative-commutative spectrum (in brief, fine ac-spectrum)
of G is the sequence (05°(G))nen,, where 05°(G) = {(s,t) € F;, x F,, | G = s = t}. In other words,
02¢(G) is the restriction of the equational theory of G to full linear identities over X,. It is clear that
02°(G) is an equivalence relation on F,. The associative-commutative spectrum (in brief, ac-spectrum) of
G is the sequence (52°(G))nen, where s2°(G) = |F,/02°(G)|, i.e., the number of equivalence classes of
02°(G). Equivalently, s2°(G) is the number of distinct term operations on G induced by the full linear
terms over X, in symbols, s2°(G) = |F&| = [{t® |t € F,}|. The fine associative spectrum (o2(G))nen,
and the associative spectrum (s%(G))nen, of G were defined analogously by Liebscher and Waldhauser [17]
by taking bracketings instead of full linear terms, i.e., by replacing F, with B, in the above definitions.
These numbers satisfy 1 < s2(G) < |B,| = Cr—1 and 1 < $2°(G) < |F,| = nlCp—1. We say G is totally
nonassociative if s2(G) = Cy,_1 for all n > 1. For notational simplicity, we may avoid giving a name to the
groupoid and refer only to its fundamental operation, and hence we may sometimes replace G with * in the
notations introduced above. For example, we may write t* for t& or s2°(x) for s2°(G).

The opposite groupoid (G,*)°PP of a groupoid (G, ) is the groupoid (G,o) with aob := b* a for all
a,b € G. Groupoids A and B are said to be antiisomorphic if A and B°PP are isomorphic. It is easy to see
that isomorphic or antiisomorphic groupoids have the same associative spectrum and the same ac-spectrum.
The following facts follow immediately from the fact that equational classes of groupoids (classes axiomatized
by identities) coincide with varieties of groupoids (classes closed under homomorphic images, subgroupoids,
and direct products).

(i) If A is a homomorphic image of B, then 02°(A) D 02°(B) and s2°(A) < s2°(B).
(ii) If A is a subgroupoid of B, then 02°(A) D ¢2°(B) and s2°(A) < s2°(B).
(iii) If C = A x B, then 02°(C) = ¢2°(A) N 02°(B) and s2°(C) > max{s2°(A), s2*(B)}.

r n

2.3. Trees. Now recall that a (finite, undirected) graph is a pair (V, E) where V is a (finite) set whose
elements are called vertices and E is a set of unordered pairs of vertices (i.e., sets of the form {a,b}, where
a,b € V) called edges. A graph is connected if for any pair of vertices u,v € V, there exists a sequence of
vertices (vo,v1,...,v¢) such that vo = u, v;v;41 € E for i =0,1,...,—1, and vy = v. A cycle is a sequence
of distinct vertices (vg,v1,...,vs) such that v;v;41 € E for alli =0,1,...,£ — 1 and vpvg € E. A tree is a
connected graph without any cycle.

Let T be a rooted tree, i.e., a tree with a distinguished vertex called the root and with edges oriented
away from the root. We usually draw T in such a way that its root appears at the very top and each vertex
v has a nonnegative number of children (i.e., out-neighbors) hanging below v. A vertex in T is a leaf if it
has no children, or an internal vertexr otherwise.

A rooted tree T is ordered if the children of each internal vertex are linearly ordered, or wunordered
otherwise. Given an ordered tree T', the unordered tree obtained from T by simply ignoring the order of
children of each internal vertex is called the underlying unordered tree of T and denoted by T". A rooted
tree is labeled if all of its vertices are labeled. Given a vertex v in a rooted tree T', the subtree of T rooted at
v is the union of the paths from v to the leaves that v connects to, with v itself as the root.

40rdered trees are often called plane trees since a plane embedding of a tree induces a cyclic ordering of the neighbours
of each vertex; moreover, if the root is drawn at the top — following our drawing convention — then the embedding specifies a
linear ordering for the children of each internal vertex.
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A rooted tree T is a binary tree if each internal vertex has exactly two children. A binary tree is leaf-labeled
if its leaves are labeled. The left subtree 11, and right subtree Tr of an ordered binary tree T' are the subtrees
rooted at the left child and at the right child of the root of T', respectively. If S and T are two ordered
binary trees, then S AT is the ordered binary tree whose left and right subtrees are S and T, respectively.
One can naturally extend these definitions to unordered binary trees by not distinguishing left and right.

Let T be a binary tree with n leaves labeled 1,...,n in some order. The left depth 6r(i), right depth
pr(i), and depth dr(i) of a leaf ¢ in an ordered binary tree T is the number of left, right, and all steps in the
path from the root to the leaf labeled . This leads to the left depth sequence dr := (d7(1),...,dr(n)), the
right depth sequence pr := (pr(1),...,pr(n)) and the depth sequence dp := (dr(1),...,dr(n)) of T. If the
leaves of ¢ are labeled 1,...,n from left to right, then each sequence above determines the ordered binary
tree T uniquely [4} [, [T1]. The depth sequence can also be defined for unordered leaf-labeled binary trees.

There is a bijection between the set 7'(X) of all terms over X and the set of ordered binary trees with
leaves labeled by the variables in X (if X = X, then we may identify a label x; with ¢), defined recursively
as follows: each variable x € X corresponds to a tree with just one vertex labeled with x, and if the terms
t; and to correspond to trees Ty and Ts, respectively, then the term (t1¢2) corresponds to the tree Th A Ts.
We write T} for the binary tree corresponding to the term ¢ via this bijection, and we write ¢ for the term
corresponding to the binary tree T via its inverse map.

3. FREE GROUPOIDS

In this section we show that the various upper bounds for the associative-commutative spectra mentioned
in Section [T can be achieved by certain free groupoids with a small number of generatorsé)

3.1. Free groupoid on one generator and free semigroup on two generators. We first show that the
upper bound s2°(G) < n!C,_; for the ac-spectrum s2¢(G) of an arbitrary groupoid G becomes an equality
when G is the free groupoid on one generator.

Proposition 3.1.1. For every n € Ny, the n-th term of the ac-spectrum of the free groupoid T(X1) with
one generator is s2°(T(X1)) = n!Cp_1.

Proof. We need to show that distinct full linear terms over X, induce distinct term operations on T(X7). Let
t,u € F,, with t # w. If the underlying bracketings of ¢t and w are distinct, say ¢’ and «’, then the assignment
that maps every variable to z; yields terms ¢'[x1,...,21] and w'[z1,...,21], which are distinct terms in
T(X1). Assume now that the underlying bracketings of ¢ and u are equal. Then ¢ = b[xg(l), cen :vg(n)] and
U = blxr(1),..., T (n)] for some bracketing b € B,, and permutations o and 7 of [n], with o # 7. There exists
an i € [n] such that 0=1(i) # 771(i). Now the assignment x; — (z121) and z; — =z for all j # i maps ¢
and u to terms of the form b[x1,..., 21, (x121),21,...,21], where the single occurrence of (x121) appears at
distinct positions (namely, o=1(i) and 771(4), respectively); these terms are clearly distinct. This completes
the proof. O

The set X% of all identities over X that are satisfied by all semigroups (the restriction of the equational
theory of semigroups to identities over X) is a congruence of the term algebra T(X), and the quotient
T(X)/3% is referred to as a free semigroup over X. It is isomorphic to the semigroup X* = (X*,.) of
nonempty words over X endowed with the operation - of concatenation.

If G is a semigroup then s2°(G) < n! for all n € N, since all bracketings over X,, induce the same term
operation on G and it is only the order of variables in a full linear term that matters. We show that the
equality in this upper bound holds when G is the free semigroup with two generators.

Proposition 3.1.2. For every n € N, the n-th term of the ac-spectrum of the free semigroup with two
generators is sp°(T(X2)/¥%,) = nl.

Proof. Let t,u € Fy,. Thent = t'[z,(1),...,Tom)] and u = u'[x+(1), ..., 2, ()] for some bracketings t', v’ € B,
and permutations o, 7 € &,,. We need to show that ¢ and u induce distinct term operations on X3 = (X.©, )
if and only if o # 7. By associativity, the valuation of ¢+ and u under an assignment h: X, — X, results
in the words A(t) := h(Ts(1)) - .. M(T(ny) and h(u) := h(2r(1)) . .. (T (n)), respectively. Therefore, it is clear

SWe suspect that the free algebras (in a suitable variety) with countably infinitely many generators always have the largest
spectrum possible (among the algebras in the variety).
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X1 X1
FIGURE 3.1. Binary tree corresponding to the term 51(”).

that the term operations coincide whenever 0 = 7. If o # 7, then it is easy to find an assignment h such
that h(t) # h(u) and hence the term operations are distinct. For example, thinking of the two elements of
X as the binary digits 0 and 1, we define, for each i € [n], h(x;) as the binary representation of the number
i with N := [logy n] bits. Then h(t) (h(u), resp.) is a binary word of length nN, where the i-th block of N
bits is the binary representation of o(i) (7(7), resp.). Since o # 7, there is an i € [n] such that o (i) # 7(i);
therefore h(t) and h(u) differ in the i-th block of N bits. O

Remark 3.1.3. Note that we need (at least) two generators for the above proof to work. In fact, the
ac-spectrum of the free semigroup with one generator is the constant 1 sequence.

3.2. Free commutative groupoid with one generator. The set X5 of all identities over X that hold in
all commutative groupoids (the restriction of the equational theory of commutative groupoids to identities
over X) is a congruence of the term algebra T(X), and the quotient T(X)/XS is referred to as a free
commutative groupoid over X.

It is clear that if G is a commutative groupoid and s,t € F,, are full linear terms such that T and T} have
the same underlying unordered binary tree, then s& = t&. Consequently, s2°(G) is bounded above by the
number D,,_; of unordered binary trees with n labeled leaves [19, A001147], i.e., the solution to Schroder’s
third problem; see, e.g., Stanley [2I] p. 178]. To show that this upper bound can be achieved by taking G
to be a free commutative groupoid, we need a slightly more complex construction (which we could in fact
have used already for the free groupoids, but there a simpler method works).

Definition 3.2.1. For n € Ny and i € [n], let £™ be the term

((C (G- ((ran)zr) - za) (zr@n))@) - - )wa)w),

where the two subterms (z721) appear at depths n and i; see Figure 311

(n

Lemma 3.2.2. The unordered binary trees corresponding to &; ) and §J(n) are isomorphic if and only ifi = j.

Proof. In Tgén) with 1 < ¢ <n — 1, the number of leaves at depth n + 1 is 2, the number of leaves at depth
¢+ 1 is 3, and the number of leaves at depth k with k£ € [n]\ {{} is 1. In T, the number of leaves at
depth n+1 is 4 and the number of leaves at depth k with k € [n] is 1. Consequently, TEE") and Tg;m are not,
isomorphic if ¢ = j. If i = j, then TEE") and Tg;m are equal and hence obviously isomorphic. O
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Proposition 3.2.3. For every n € N4, the n-th term of the ac-spectrum of the free commutative groupoid
T(X1)/X%, with one generator is Dy_1.

Proof. We need to show that for all ¢,u € F, such that t ~ u ¢ X% , the term operations on T(X1)/%%,
induced by ¢ and w are distinct. Let t,u € F, with t = u ¢ %, . Consider the assignment z; — f,(l").
The resulting terms ¢’ := t[§1"), ey 7(1”)] and v’ := u[ﬁin), ce 7(1”)] belong to T'(X7). It is easy to verify
that the labeled unordered binary trees corresponding to ¢ and u’' are isomorphic if and only if those of
t and u are. Since t ~ u ¢ 3%, the binary trees corresponding to ¢ and u are nonisomorphic as labeled

unordered binary trees; hence so are the trees corresponding to ¢ and u’, and we have ¢’ ~ u' ¢ X% , so
T/ 5%, £ W/ T/ E, 0

4. ASSOCIATIVE OR COMMUTATIVE GROUPOIDS

In this section we study the ac-spectra of some groupoids that are either associative or commutative.

4.1. Associative groupoids (semigroups). Assume first that G is an associative groupoid (a semigroup).
We know that the upper bound s2°(G) < n! for semigroups is reached by the free semigroup with two
generators (Proposition B.I1.2). Now we provide another example of a family of groupoids for which this
upper bound is achieved.

Proposition 4.1.1. If G = (G, *) is a noncommutative monoid, then we have s2°(G) =n! for alln > 1.

Proof. Let s,t € F,,. Then s = §'[x;(1),...,Zx(n] and t = t'[x,(1),..., 2, ()] for some bracketings s’,t' € B,
and permutations 7,7 € &,,. We show that s& = t© if and only if 7 = 7, from which the proposition follows.

If 7 = 7, then clearly s¢ = t& because the bracketings s’ and ' are irrelevant by the associativity of *.
Assume now that 7 # 7. Then 7~ !7 is a nonidentity permutation, and therefore it must have an inversion
pair, say (i, ) with i < j and 77 7(i) > 7= (). Since  is not commutative, there exist elements a,b € G
such that a * b # b* a. Let e be the neutral element of *. Assign the value a to zr(;) = Tr(7-17(;)), the
value b to Tr(;) = Tr(r-1x(j)), and the value e to all remaining variables. Under this assignment, the term s
evaluates to e...eae...ebe...e = ab, where on the left side, a and b occur as the i-th and the j-th factors,
respectively. On the other hand, the term ¢ evaluates to e...ebe...eae...e = ba, where on the left side, a
and b occur as the 77!7(i)-th and the 7~ '7(j)-th factors, respectively. This shows that s& # tC. 0

The above proposition would no longer be true if we omitted the assumption that the groupoid has a
neutral element, as shown by the following example.

Example 4.1.2. Csékany and Waldhauser [4, Section 4] determined the associative spectrum of every two-
element groupoid. Such a groupoid is isomorphic or antiisomorphic to G = ({0, 1}, *), where x x y is defined
as one of the following: (1) 1, (2) z, (3) min{z,y}, (4) z+y (mod 2), (5) x +1 (mod 2), (6) x|y (negated
disjunction, NOR) or (7) 2 — y (implication). We now set out to determine their ac-spectra.

We have s2°(G) = 1 for all n € Ny if * defined by (1), (3), or (4), since * is both associative and
commutative in these three cases. The operation * defined by (2) is associative but not commutative, and

we have s5°(G) = n for all n € Ny, since for any t € F,, with t = t'[z,(1),...,2(n)], where t' € B, and
7 € &,, we have t¢ = pri"i). For the operation * defined by (5), we have s°(G) = 1, $5°(G) = 2, and

55¢(G) = 2n for all n > 3, since for any t € F,, with t = '[z,(1),...,2Z;(n)], Wwhere t' € B, and 7 € &,,
we have t%(ay,...,a,) = ar(1) +d (mod 2), where d is the left depth of the leftmost leaf in the binary tree
corresponding to t. The groupoids given by (6) and (7) are totally nonassociative and their ac-spectra will
be determined in Section [Gl

4.2. Commutative groupoids. Now we assume that G = (G, *) is a commutative groupoid. Recall that
we have an upper bound $2°(G) < D,,_; which is attained by the free commutative groupoid with one
generator (Proposition B:23]). As shown by the following lemma, any commutative groupoid G reaching this
upper bound must be totally nonassociative.

Lemma 4.2.1. Let G = (G, %) be a commutative groupoid. If s2°(G) = D,,_1 for n € N, then G is totally

nonassociative, i.e., s>(G) = Cp_1 for all n € N4.
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Proof. The commutativity of * and the hypothesis s2°(G) = D,,_1 imply that terms s,t € F), induce the same
operation on G if and only if s and ¢ are are congruent modulo the equational theory ¥% = of commutative
semigroups, i.e., the unordered binary trees 7' and 73" with labeled leaves corresponding to the terms s
and t are isomorphic. Binary trees corresponding to bracketings of n variables are isomorphic as unordered
leaf-labeled binary trees if and only if the bracketings are equal. Consequently, s2(G) = Cy,—1. O

The converse of Lemma [.2.1] does not hold. If * is the arithmetic, geometric, or harmonic mean, then
§2(x) = Cp_q for all n > 1 (see Csdkany, Waldhauser [4]). However, as we are going to show next, its
ac-spectrum agrees with an interesting sequence in OEIS [I9, A007178], which enumerates different ways to
write 1 as an ordered sum of n powers of 2 (i.e., compositions of 1 into powers of 2) and is also related to the
so-called prefix codes or Huffman codes (see, e.g., Even and Lempel [5], Giorgilli and Molteni [6], Knuth [12],

Krenn and Wagner [I3] and Lehr, Shallit and Tromp [14]).

Proposition 4.2.2. If x is the arithmetic mean on R, the geometric mean on R, or the harmonic mean
on Ry, then s2°(x) equals the number of ways to write 1 as an ordered sum of n powers of 2 for all n > 1.

Proof. As observed by Csdkény and Waldhauser [4], the groupoid R with the arithmetic mean (z + y)/2
is isomorphic to the groupoid R, with the geometric mean /Ty via z — e, and the groupoid R with
arithmetic mean (z +y)/2 is isomorphic to the groupoid R with the harmonic mean ((z=* +y~1)/2)~! via
x — 1. Therefore we may assume G = (R, x) with x xy := (z +y)/2.

A bracketing t € B,, induces the operation tG(al, ceyQp) = Z?:l 2~ %, over the arithmetic mean, where
d; is the depth of the ¢-th leaf in T;. Thus two bracketings over X,, induce the same operation on G if
and only if their corresponding binary trees have the same depth sequence (which means that the trees
coincide). It follows that the operations on G induced by the full linear terms over X,, are in a one-to-one
correspondence with the sequences belonging to the union of the &,,-orbits of all depth sequences of binary

trees with n leaves. It is known and can be shown by induction that any sequence (di,...,d,) in these
orbits must satisfy the condition 1 = 27% + ... 4279 and any sequence of positive integers satisfying this
condition must be a permutation of the depth sequence of a binary tree. The result follows. O

Next, we consider the rock-paper-scissors operation x defined on the set {rock, paper, scissors} by z *y =
y*x :=x if = beats y or z = y. Rock beats scissors, scissors beat paper, and paper beats rock.

Proposition 4.2.3. For the rock-paper-scissors operation *, we have s2°(x) = D1 and s (%) = Cp,_1 for
alln > 1.

Proof. By Lemma [£.271] it suffices to prove s2°(x) = D,,_; for all n > 1. We proceed by induction on n. Let
s,t € F,. Since * is commutative, it suffices to show that if T3 # T3* are distinct then s* # ¢*. The claim
clearly holds for 1 < n < 2. Let now n > 3, and assume that the claim holds for terms with fewer than n
variables. Let z; and x be two leaves with a common parent in 7.

First, suppose that x; and xj, also share a parent in 7. Then deleting x; and xj, from both 7§ and T} and
labeling their parent with a new variable will yield binary trees Us; and Uy with n — 1 labeled leaves. Since
T = T implies U # U}, we have (ty,)* # (ty,)* by the induction hypothesis. It follows that s* # t*.

Next, suppose that x; and z; do not share a parent in 7;. Let a be the first common ancestor of z; and
xp in T}, let S be the subtree of T} rooted at a, and let R and R’ be the subtrees of T; rooted at the two
children of a. We may assume, without loss of generality, that R contains x; and at least one other leaf, and
R’ contains xj. Then using an assignment h with h(z;) = rock, h(xy) = scissors, and h(z;) = paper for all
i € [n]\ {J,k}, we have h(tg) = paper, h(tg) = scissors, and thus h(t) = scissors. On the other hand, we
have h(s) = paper. Therefore s* # t*. O

4.3. Commutative groupoids with a neutral element. For a commutative groupoid G with a neutral
element, we show that there are only two distinct possibilities: G is either associative or totally nonassociative
(see Theorem 3] below). Examples of nonassociative commutative groupoids with a neutral element
include the Jordan algebras of n x n self-adjoint matrices over R, C, or H (the algebra of quaternions) with a
product defined by z oy := (xy + yx)/2. The identity matrix I,, is the neutral element for this commutative
algebra.

Theorem 4.3.1. Let G = (G, *) be a commutative groupoid with neutral element e. Then either
(i) G is associative, in which case s2(G) = s2°(G) =1 for allm € Ny, or
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(i) $2(G)=Ch_1 and $2°(G) = Dy,—1 for alln > 1.

n

Proof. If G is associative and commutative, then all full terms in F}, induce the same term operation on G
and so s2(G) = s2°(G) =1 for all n € Ny.

Assume now that G is not associative. Then there exist elements a,b,c € G such that a(bc) # (ab)c.
By Lemma 2.1 it suffices to prove s2(G) = D,,_; for all n > 1. We are going to show that s& # t¢
whenever s,t € F), are noncongruent terms modulo the equational theory ¥% = of commutative groupoids,
ie., TH # T} The claim holds trivially for n = 1 and n = 2, so we may assume n > 3.

Consider now the case n = 3. Modulo Y%, there are three distinct full linear terms over X3, namely
t1 := x1(x2x3), to := xa(T123), t3 := x3(x122), and the term functions they induce on G are distinct because

tS(a,c,b) = a(ch) = a(be) # (ab)c = c(ab) = t$ (a, ¢, b),
tS(a,b,c) = a(be) # (ab)e = c(ab) = t$(a, b, c),
t$ (b, a,c) = a(be) # (ab)c = c(ba) = t$ (b, a, c).

Assume now that n > 4 and that the claim holds for terms with fewer than n variables. We have
s = (spsgr) and t = (tptgr) for subterms sr, Sg, tr, tg. Note that the term ¢ := (¢trty) is congruent
to t modulo ¥ , so we may consider ¢’ in place of ¢ if necessary. Observe that {var(sr),var(sg)} and
{var(ty),var(tr)} are partitions of [n].

Consider first the case when {var(sy),var(sr)} # {var(tr), var(tg)}. By taking, if necessary, the term ¢’
in place of ¢, and by changing the roles of s and ¢, if necessary, it follows that there exist j, k, ¢ € [n] such
that x; € var(sy) Nvar(ty), zx € var(sg) Nvar(ty), and xp € var(sg) Nvar(tr). Let h be the assignment
xj — a, xp — b, xg — ¢, and x; — e for all i € [n] \ {i,4,k}. Then h(s) = h(sr) * h(sr) = a(bc) and
h(t) = h(ty) * h(tr) = (ab)c, which shows that s& # tC.

Finally, consider the case when {var(sy),var(sg)} = {var(ty), var(tg)}. By taking, if necessary, the term
t' in place of t, we may assume that var(sy) = var(ty) and var(sg) = var(tg). We must have sy, # ¢, or
SR # tr, say the former. Then s # t& by the induction hypothesis. Hence there is an assignment h for the
variables in var(sg) = var(tz) such that h(sz) # h(tr). Extend h into an assignment k' on X,, by defining
x; — e for all z; € var(sg) = var(tr). Then

h'(s) = h'(sp)*h'(sr) = h(sp) xe=h(sp) # h(ty) = h(tr) *e=h'(ty) * h'(tg) = h'(t)
which shows that s& # t&. This concludes the proof. 0

5. ANTICOMMUTATIVE ALGEBRAS

We now turn our attention to ac-spectra of bilinear products in algebras over a field. An algebra over
a field F of characteristic not 2 is said to be anticommutative if it satisfies the identity xy ~ —yzx, which
implies the identity xx = 0 since xx ~ —xx.

5.1. Commutative version of a bilinear product. Given an anticommutative algebra over a field, we
can turn the product * into a commutative bilinear product ® as follows.

Definition 5.1.1. Let A = (A, +,—,0, (As)acr, *) be an algebra over a field F. Let g be any choice function
on the collection C' := {{a,—a} |a € A} and let f: A — C, f(a) := {a,—a}. (Recall that a choice function
on a collection C of subsets of some base set X is a mapping g: C — X such that g(5) € S for every
S € C.) Note that any map f arising in this way is even, i.e., it satisfies f(a) = f(—a) for all a € A. Now
we can fix a basis B of the vector space A, and for all basis vectors a,b € B, we define a ® b := g(f(a x b)).
This partial operation extends to a commutative bilinear product on A. (It is well known that any partial
operation on A with domain B extends in a unique way to a bilinear product on A, and a bilinear product
is commutative if and only if its restriction to the basis is commutative.) Such a product ® will be referred
to as a commutative version of *.

Theorem 5.1.2. Let A = (A, +, —,0, (Aa)acF, *) be an anticommutative algebra over a field F, and assume
that the commutative version ® of * satisfies s® # +t® for any terms s, t € F,, with T # T

(i) We have s2°(®) = Dy—1 and s3(®) = Cp—1 for alln > 1.

(ii) We have s2°(x) = 2s2°(®) = 2Dy, for alln > 2 and s2(x) = Cp_1 for alln > 1.
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Proof. Let A be the universe of the algebra. Since s® # +t® for any terms s,t € F,, with T" # T}, the
ac-spectrum s2°(®) of the commutative operation ® must attain the upper bound D,,_; for commutative
operations. This implies s2(®) = Cy,_1 for all n > 1 by Lemma 211

Assume n > 2 below. For any ¢ € F,,, if (t1t2) is a subterm of ¢ and t is the term obtained from ¢
by replacing (tits) by (tat1), then t® = t® and t* = —t*. Any terms s,t € F, such that T" = T} can
be obtained from each other by a sequence of such swaps of subterms. On the other hand, for any terms
s,t € F,, such that T" # T}, we have s® # +t® by the hypothesis.

It follows that for each f € F® := {t® | t € F,}, the terms in F,, that give rise to f induce two distinct
functions on (A, *), namely, f and —f, and for distinct f,g € F®, any terms in F,, giving rise to f and g
induce distinct functions on (A, *). Therefore the cardinality of F* := {t* | t € F,} is exactly two times that
of F¥ i.e., s2(x) = 2s2(®) for all n > 2.

Finally, let s and ¢ be distinct bracketings. Let Ts and T} be the corresponding ordered binary trees with
leaves labeled by z1,...,x, from left to right. Then the underlying unordered leaf-labeled trees T and T}
must be distinct. Therefore s® # t® by our assumption, and hence s* # t* by what we have shown above.
This shows that s2 (%) = C,,_; for all n > 1. 0

To apply Theorem [B.1.2] to some familiar anticommutative algebras, we need a lemma.

Lemma 5.1.3. Let A = (A, 4+, —,0, (Aa)acF, *) be an anticommutative algebra over a field F, and let ® be
the commutative version of x. Suppose the following conditions hold for some U C A\ {0} and P CU x U.

(i) For any w € U, there exists uw € U such that (u,w) € P,

(ii) There exists (u,v) € P such that (c(u ® v),w) € P for some scalar ¢ # 0 and some w € U.

(i) There exists (u,v) and (u,w) in P such that (c(v®w),z) € P for some scalar ¢ # 0 and some z € U.

(iv) For anyn > 2, t € F,, j € [n], and (u,w) € P, there exist u1,...,u, € U such that u; = u and
t®(u,. .., up) = cw for some scalar ¢ # 0.

Then s® # +t® for any terms s,t € F,, with T® # T2,

Proof. We will prove the slightly stronger statement that for any linear terms s,t € T(X,,) with var(s) =
var(t) and T2 # T}, there is an assignment h’: var(s) = var(f) — U such that one of h'(s) and h'(t) is 0
and the other is nonzero. Consequently, s® # +t® for any terms s,t € F,, with T" # T}.

We proceed by induction on n. We must have n > 3 since T3 # T}. For n = 3, we have, without
loss of generality, s = (z122)x3 and t = x1(x2x3). Let u, v, w, and ¢ be as in ie., (u,v) € P and
(c(u®v), w) € P; note that the latter implies that u®@v € U. By|[(iv)] there exists z € U such that u®z = v.
Then s®(u,u,2) = (u®u)®z=0® 2z =0 and t®(u,u,2) =u@ (u®z) =u®v € U.

Assume now that n > 3 and that the lemma holds for linear terms with fewer than n variables. There
exist two leaves labeled by z; and x, with a common parent in Ts. We distinguish cases according to whether
the leaves with these labels have a common parent also in T;.

Case 1: The leaves labeled by z; and z, also share a parent in 7;. Then deleting x; and xj, from both 7§ and
T; and labeling their parent with a new variable y will result in two binary trees Ry and R; with n—1 labeled
leaves. Since T3 # T} implies RY # R}, the inductive hypothesis provides an assignment h: var(tgr,) — U
such that one of h(tgr,) and h(tg,) is 0 and the other is nonzero. Now let h': var(t) — U be an assignment
that coincides with h on var(tg,) \ {y} and assign values to z; and xj such that h/(z;) ® h'(zx) = ch(y) for
some ¢ # 0; such values exist by [(i)| and with n = 2 and w = h(y). It follows that h'(s) = ch(tg,) and
K (t) = ch(tg,), so one of h'(s) and h'(t) is zero and the other is nonzero.

Case 2: The leaves labeled by x; and x; do not share a parent in T;. Let S be the subtree of T} rooted at
the first common ancestor a of z; and xy, and let R and R’ be the subtrees of T} rooted at the two children
of a. We may assume, without loss of generality, that R contains x; and R’ contains zy.

Case 2.1: Either R or R/, say the former, contains only one leaf. Then the latter must have at least two leaves.
Let u, v, and w be as in[(ii)] By[(iv)] there exists an assignment h: var(tg) — U such that h(z;) = h(z;) = u,
h(tr) = u, h(tg) = cv, and h(ts) = c(u ® v) € U for some nonzero scalar c¢. If S = T, then let b’ := h. If
S # T, then we can use|[(iv)| again to obtain an assignment h’: var(t) — U extending h such that #'(t) = cc'w
for some nonzero scalar ¢’. On the other hand, we have h/(s) =0 since z; ® 21, = u® u = 0.

Case 2.2: Both R and R’ contain at least two leaves. Let u, v, w, and z be as in By there exists an
assignment h: var(tg) — U such that h(z;) = h(zk) = u, h(tr) = cv, h(tp) = dw, and h(ts) = e (v@w) €
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U for some nonzero scalars ¢ and ¢’. If S = T} then let A’ := h. If S # T, then we can use again to
obtain an assignment h’: var(t) — U extending h such that h'(t) = ec’¢”’z # 0 for some nonzero scalar ¢”.

On the other hand, we have h/(s) =0 since z; ® z1, = u®u = 0. O

5.2. The cross product. Since the cross product for a three-dimensional Euclidean vector space is anti-
commutative, we can determine its ac-spectrum by using a commutative operation associated with it.

Definition 5.2.1. Define X on a three-dimensional real vector space V with a basis {u,v,w} by letting
xxx:=0for all z € {u,v,w} and x x y := z for all distinct z,y € {u,v,w}, where z € {u,v,w} \ {z,y},
and extending this bilinearly from {u,v,w} to V| i.e.,

(au+ Bv +yw) x (&'u+ B'v+~'w) = (Y +v8)u + (yva' +ay)v + (af’ + Ba’)w

for any scalars «, 8 and ~y. This operation occurs in recent studies of the Norton algebras of certain distance
regular graphs and it is commutative and totally nonassociative [I0, Example 3.11, Remark 5.10].

For V. = R? with {u,v,w} being the standard basis {i,j,k}, we have a choice function g satisfying
g({£i}) =1, g({£j}) =j, and g({£k}) = k, and this makes x a commutative version of the cross product
x.

To apply Theorem . 1.2] we need to first verify the assumptions in Lemma [5.1.3] for .

Lemma 5.2.2. The assumptions [(1)H(iv)| in Lemma [Z13 hold for w, U := {u,v,w} and P = {(z,y) :
'I?y 6 U?'I # y}'

Proof. 1t is clear that [(i)] holds. For we have (u,v) € P and (u ® v,u) = (w,u) € P. For|(iii), we have
(u,v), (u,w) € P and (v x w,v) = (u,v) € P.

It remains to show that is, for any n > 2, ¢t € F,, j € [n], and (a,b) € P, there is an assignment of
values from {u,v,w} to the variables occurring in ¢ such that x; gets value a and ¢ evaluates to b. We prove
this by induction on n. For n = 2, this follows from the definition of x.

Assume now that n > 3. Then ¢t = (rs) for some subterms r and s. Assume without loss of generality
that z; occurs in r (the case when z; occurs in s is treated similarly). First suppose that r = x;. By the
inductive hypothesis, there is an assignment h: X,, \ {z;} — {u,v,w} such that h(s) = a x b. By further
setting h(z;) = a, we get h(t) = a X (a X b) = b. Now suppose that r contains at least two variables. By
the inductive hypothesis, there is an assignment h: X,, — {u,v,w} such that h(z;) = a, h(r) = a x b, and
h(s) = a. Then h(t) = (a X b) X a = b. O

Now we can determine the ac-spectra of the cross product x and its commutative version x.

Corollary 5.2.3. For the cross product x on R? and its commutative version X, we have

e 52°(x)=D,_q foralln>1,
o $2°(x)=2D,_1 for alln > 2, and
o $2(x)=25%(x)=Ch_y foralln>1.
Proof. The result follows immediately from Theorem [.T.2] Lemma and Lemma O

5.3. Lie algebras. A Lie algebra is an algebra over a field F satisfying the identities
rr ~ 0,
2(yz) +y(zx) + 2(zy) = 0.
The first of the above identities implies that the identity zy ~ —yx is also satisfied, since
0~ (z+y)(r+y)=ax+ 2y +yr +yy = zy + yz.

Hence a Lie algebra over a field of characteristic distinct from 2 must be anticommutative. The second one
is known as the Jacobi identity. The bilinear product of a Lie algebra is often denoted by [—, —] and is called
the Lie bracket. A Lie algebra is abelian if its Lie bracket is constantly zero. Such a Lie algebra is trivially
commutative and associative. In general, a Lie algebra is neither commutative nor associative.

Definition 5.3.1. A triple (e, f, h) of nonzero elements of a Lie algebra is called an sly-triple if [e, f] = h,
[h,e] = 2e, and [h, f] = —2f.
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It is well known that sls-triples exist in every semisimple Lie algebra over a field of characteristic zero.
Consider a Lie algebra over a field of characteristic distinct from 2 with an sly-triple (e, f, h). One can check
that e, f, h must be linearly independent. Thus we can fix a basis containing e, f, h and obtain a commutative
version [[—, —]] of the Lie bracket [—, —] satisfying

(5.3.1) (e, /I = [[f,€ll = b, [[h, €]l = [le, hl] = 2¢, and [[h, f]] = [[f, h]] = 2.

Lemma 5.3.2. Let L be a Lie algebra over a field of characteristic distinct from 2 with an sla-triple (e, f, h).
Then the conditions [(1)H(iv)| in Lemma [E.3 hold for the Lie bracket [—, —] and its commutative version
[, —]] with U :={e, f,h} and P :={(e,e),(f, f),(e,h)}.

Proof. Let [L] = (L,[[—, —]]), where L is the universe of L. It is clear that holds. For |(ii), we have
(e,h) € P and (%[[e,h]],e) = (e,e) € P. For[fiii)} we have (e,e), (e,h) € P and (5[[e, h]],e) = (e,e) € P. It
remains to show [(iv)] i.e., for any n > 2, t € F,, j € [n], and (u,w) € P, there are uq,...,u, € U such that
u; = u and tM (uy, ..., u,) = cw for some scalar ¢ # 0. We proceed by induction on n.

For n = 2, this holds by Equation (5.3.1). Assume now that n > 3 and that holds for bracketings
of fewer than n variables. Then t = (t1¢2) for subterms ¢; and ¢3. Assume z; € var(f1), without loss of
generality. We distinguish some cases below.

First suppose (u,w) = (e, e). By applying the inductive hypothesis to ¢; and to (trivial if |t1] = 1 or |t2] =

1), we get elements u1, ..., u, € {e, f, h} such that u; =e, t[lL] (u1,...,us) = cre, and t[QL} (Ut .-y Up) = c2h
for some nonzero scalars ¢;, ¢o. Then ¢ (u1,...,un) = [[c1e,cah]] = 2c1coe. A similar argument is valid for

the case (u,w) = (f, f).
Now suppose (u,w) = (e, h). By the inductive hypothesis (trivial if |t1| = 1 or [t2| = 1), there exist
U, ..., Uy € {e, f,h} such that u; =e, t[lL} (uo, ..., u¢) = cre, and t[QL} (Wet1, .-, un) = caf for some nonzero

scalars ¢1, ca. Then tM (uy, ..., u,) = [c1e, caf] = cieah. |

Corollary 5.3.3. Let L be a Lie algebra over a field of characteristic distinct from 2 with an sly-triple. For

the Lie bracket [—,—] of L, it holds that s2°([—, —]) = 2Dp—1 for alln > 2 and s2([—,—]) = Cn—1 for all
n > 1.
Proof. The result follows immediately from Theorem 5.1.2] Lemma [5.1.3] and Lemma [5.3.2] a

6. TOTALLY NONASSOCIATIVE OPERATIONS

In this section we focus on the ac-spectra of some totally nonassociative operations that are not commuta-
tive or anticommutative. Recall that a binary operation # is said to be totally nonassociative if s%(x) = Cp,_1
for all n > 1. The arithmetic, geometric, and harmonic means, the cross product on R?, and the Lie brackets
of Lie algebras over fields of characteristic distinct from 2 with an sls-triple are all totally nonassociative and
their ac-spectra have been determined in earlier sections. There are many other examples of totally nonas-
sociative operations [4, [I0]. We will study the exponentiation, the implication, and the negated disjunction
(NOR) in this section.

6.1. Exponentiation. Recall that any binary operation x satisfies s2°(x) < n!C,,_1 for all n > 1, and the
equality is achieved by the free groupoid on one generator (Proposition B.II). We show that if x is the
exponentiation then s2¢(x) is strictly less than this upper bound.

We need the following lemma, which applies to the exponentiation.

Lemma 6.1.1 (Csikdny, Waldhauser [4, statements 4.2.1 and 4.2.2]). Let G = (G, *) be a groupoid, and
assume that the operation x : G X G — G is surjective. Let t € T(X,,) be a linear term. Then the following
statements hold.

(i) The term operation t is surjective.
(il) If = is surjective and its Cayley table has meither two identical columns nor two identical rows,
then t& depends on every variable in var(t), i.e., for every x € var(t), there erist assignments

h,h' :var(t) — G such that h(z) = R/ (z) for all z € var(t) \ {z} and h(t) # h'(t).

Definition 6.1.2. Let ¢ be a term. If ¢ is not a variable, then it is of the form ¢ = (t1,tr) for some subterms
tr, and tg. If the left subterm ¢1, is not a variable, we can further write it in the form ¢;, = (¢{,tg). Continuing
in this way, always further decomposing left subterms until we reach one that is a variable, we can write the
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term ¢ in the form ¢ = ((- - - ((@;t1)t2) - - - )tx), which we will refer to as the leftmost decomposition of t, and
the subterms t1,...,t; are called the factors of the decomposition. The variable x; is called the leftmost
variable of t. Denote the leftmost variable of ¢ by L(t).

Note that the number of factors in a leftmost decomposition of ¢ equals the number of opening parentheses
preceding the leftmost variable in ¢. We can think of this in terms of the binary tree T;. The factors of the
leftmost decomposition correspond to the subtrees T3, ,...,T;, rooted at the right children of the internal
vertices along the unique path from the leftmost leaf to the root of T;.

Definition 6.1.3. Based on leftmost decomposition, we associate with each term ¢ € T'(X) an ordered
labeled tree P; that is defined by the following recursion. If ¢ is a variable xz; € X, then P, is the one-vertex
tree with the single vertex labeled by x;. If ¢ is not a variable and ¢t = ((- - - ((x;t1)t2) - - - )t) is the leftmost
decomposition of ¢, then P; is the ordered tree whose root is labeled by x; and has k children at which the
subtrees P, , P,, ..., P, are rooted.

Proposition 6.1.4. Let G = (G, *) be a groupoid satisfying the identity (xy)z ~ (xz)y. If s,t € T(X,)
are linear terms such that the corresponding ordered labeled trees Ps and P, have equal underlying unordered
trees, i.e., P* = P}, then s = t&. Consequently, s2(G) < n"~'. Moreover, if the equality holds, then

S?L(G) = Cn,1 .
Proof. Since G satisfies the identity (zy)z = (zz)y, it also satisfies the identity

(6.1.1) (- ((ox1)z2) - )an) = ((++ - ((X0T0(1))To(2))  ** )To(n))

for every n € N} and 0 € &,,. In other words, permuting the factors of the leftmost decomposition of a
term does not alter the induced term operation on G.

Suppose s,t € T(X,,) with Pt = PP. We prove s& = t& by induction on n := |s| = |¢t|. This clearly holds
for 1 <n < 2. Assume now that n > 3 and that the claim holds for terms with fewer than n variables. Let
s=((--((zis1)s2)---)sa) and t = ((- - - ((x;t1)t2) - - - )te) be the leftmost decompositions of s and ¢.

Since P} = P}, the roots of P; and P; are labeled with the same variable and have the same number of
children, that is, ; = z; and d = e. The subtrees rooted at the children of the root of Ps are Ps,,..., Ps,,
and, similarly the subtrees rooted at the children of the root of P, are P;,,..., P;,. Since P;' = P}, there is
a permutation m € &4 such that P = Pt‘jr(i) for all i € [d]. By the induction hypothesis, we have s& = tf(i)
for all ¢ € [d]. Consequently,

28 (a) # 58 (a)) * 5§ (a) ) * 55 (a))

((
= (- ((@f () * 50y () * ) (@) * - ) % 54 (2))
(zf (a) x 1T (a)) ¥ t5* () * - +) x t§ (a)) = t%(a)

for all a in the domain of s&, so s& = t&. It follows that s2°(G) is bounded above by the number of
unordered rooted trees with n labeled vertices, which is n" =1 (see, e.g., Takécs [22, §3]).

Now suppose s2°(G) = n"71, ie., P* = P! if and only if s = S for all s,t € T(X,,). If two distinct
binary trees have leaves labeled 1,...,n from left to right, then they correspond to distinct ordered trees
with nodes labeled 1,...,n in the pre-order (first visit the root and then recursively visit the subtrees rooted
at the children of the root from left to right), so the underlying unordered labeled trees are distinct and they

induce distinct term operations on G. This shows that s2(G) = Cp,_1. O

Proposition 6.1.5. For G = (Rxq, %), where * is the exponentiation operation defined by axb := a® for all
a,b € R>g, we have s2°(G) =n""! and s (G) = Cy,—1.

Proof. Proposition [6.1.4] applies to the groupoid G = (R, *) since it satisfies (zy)z ~ (xz)y by the power
rule of exponents: (a®)¢ = a’ = (a®)’. Thus it suffices to show that s& = t& implies P* = P! for any linear
terms s,t € T'(X,,).

Assume s& = t& which implies var(s) = var(t) by Lemma We show P* = P! by induction on
n := |s| = |¢|. This is trivial for 1 < n < 2 and we can assume it holds for linear terms with fewer than
n variables, where n > 3. Let s = ((--- ((z;51)s2) - )sa) and t = ((--- ((zjt1)t2) - - - )te) be the leftmost
decompositions of s and t.
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Let h: X, = R>( be an assignment of distinct prime numbers to the variables, e.g., z; — p;, where p; is
the i-th prime, for each ¢ € N . We have

h(s) = ((--- ((h(x:)
h(t) = ((--- ((h(z;)

Since s¢ = t¢, we must have h(s) = h(t). It follows from the fundamental theorem of arithmetic that
pi = pj and h(s1)h(s2) - h(sa) = h(t1)h(t2) - - - h(te). Therefore x; = x;. Moreover, since s is a linear term,
the sets var(sy), var(ssa), ..., var(sq) are pairwise disjoint and so h(s1), h(s2),...,h(sq) are powers of distinct
primes; similarly var(¢;), var(t2), ..., var(t.) are pairwise disjoint and so h(t1), h(t2),...,h(t.) are powers of
distinct primes. It follows again from the fundamental theorem of arithmetic that d = e and there is a
unique permutation 7 € &4 such that h(sg) = h(ty ) for all £ € [d]. Now, by considering, for each ¢ € [d],
all assignments that fix z; — 2, z, — 1 for all z, € X,, \ (var(s¢) U {z;}) and let the values for the variables
in var(s,) vary, we see that s& = tf(é) for all £ € [d]. By the induction hypothesis, we have Pj, = P 0’ and
it follows that P! = P}

(51)) % h(s2)) %) % h(sq)) = p?(ﬁ)h(sg)wh(sd),

xR
x h(ty)) * h(ta)) *--- ) * h(te)) = p?(tl)h(tz)-..h(te)'

6.2. Implication. Now we study the implication — defined on the set {0,1} by + — y = 0 if x = 1 and
y =0 or z — y = 0 otherwise. It turns out to be more convenient to use the converse implication <—, which
is defined on {0,1} by « + y := y — z. As the groupoids ({0,1},—) and ({0,1},+) are antiisomorphic,
their ac-spectra coincide; therefore it suffices to consider only .

Note that the implication — and the converse implication «— are surjective operations on {0, 1}, and their
Cayley tables have no two identical columns nor two identical rows. Hence Lemma [E.T.T] applies to — and
“—.

Proposition 6.2.1. For G = ({0, 1}, %), where  is the converse implication <+, we have s*(G) = n"~1

and s2(G) = Cp_1.

Proof. Observe first that G satisfies the identity (z1x2)xs = (x123)22. Therefore Proposition [G.1.4] applies
to G. It remains to show that s¢ = t© implies P* = P? for any linear terms s,t € T(X,,).

Assume s¢ = t& which implies var(s) = var(t) by Lemma [T} We show P! = P® by induction on
n := |s| = |¢|. This is trivial for 1 < n < 2 and we can assume it holds for linear terms with fewer than n
variables, where n > 3.

Let h: X, — {0,1} be the assignment with h(z;) = 0 and h(zy) = 1 for k # 4. Then clearly

h(s) = ((--- ((h(x;) * h(s1)) * h(s2)) *--- )% h(sq)) = ((--- (0% 1) x 1) % ---) x 1) = 0,
B(t) = (-~ ((h(ay) A1) * h(t2)) *- ) % h(t.)) = {07 if i = j.

1, ifi#j.
Since s& =t we must have i = j.

We claim that for every k € [d], there exists some ¢ € [e] such that L(sy) = L(t;). Suppose, to the
contrary, that L(s) =: x, is not the leftmost variable of any factor t,. Consider the assignment h that maps
x; and z,, to 0 and all remaining variables to 1. We now have that h(sg) = 0, h(sp,) = 1 for any m # k, and
h(t1) =--- = h(tq) = 1. This leads to a contradiction:

h(s) = ((-- (((C-- (O D) x 1)) 5 1) 5 0) ke 1)k --- ) % 1) = 1,
h(t) = (- (0% 1) % 1) 5 ---) % 1) = 0.

A similar argument shows that for every ¢ € [e], we have L(t;) = L(sy) for some k € [d]. Consequently,
d = e and there exists a bijection 7 € &4 such that L(sy) = L(t ) for all k € [d].
Let ¢ € [d], and suppose h: X, — {0,1} is an assignment satisfying x; — 0 and L(s;) — 1 for all

k € [d]\ {¢}. Tt is easy to see that then h(s) = 0 x h(s;) = h(s¢), where we use the notation 0 := 1 and

T:=0. Similarly, if h satisfies x; + 0 and L(t;,) + 1 for all k € [d] \ {£}, then h(t) = 0 % h(t;) = h(t,).
Considering the kind of assignments described above, we can conclude that var(sy) = var(t ) for all
¢ € [d]. (Suppose, to the contrary, that there is a variable z € var(s;)\var(t.(s)). By LemmaB.I1l sf* depends
on every variable in var(sg), in particular on z; therefore there exist assignments h, h’: var(s;) — {0,1} such
that h(x) = h'(z) whenever x # z and h(sg) # h'(s¢). Extend both h and A’ to X, by mapping x; — 0 and

xp > 1 for all z, € X, \ (var(sg) U{z;}). Now h(s) = h(s¢) # h'(s¢) = h/(s). On the other hand, since h
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and h' only disagree at z and z ¢ var(t.(y), it follows that h(t) = h(tr)) = h/(tx(e)) = '(t). Consequently,
s¢ # t9, a contradiction. Thus var(s¢) C var(t.(,). A similar argument shows that var(t,)) C var(sg).)

Now, for all assignments h with h(z;) = 0 and h(L(sg)) = 1 for all k € [d] \ {¢} we have h(s¢) = h(s) =
h(t) = h(sp@)), so s& = tf(l) for all £ € [d]. By the induction hypothesis, Py, = Py, forall £ e [d], and,
consequently, P} = P". |
6.3. Negated disjunction (NOR). Now we study the ac-spectrum of the groupoid G = ({0, 1},]), where
1 is the negated disjunction (NOR), defined by the rule z | y = 1 if and only if © = y = 0. Note that the
negated disjunction is surjective and its Cayley table has no two identical columns nor two identical rows.
Hence Lemma [6.1.1] applies thereto.

Definition 6.3.1.

(i) If fi: A; = B (i € I) are functions with pairwise disjoint domains A;, then we can define their union
Uier fit Uier Ai — B by the condition that for all i € I, the restriction of ;o fi to A; coincides
with f;. In the case when the index set I is finite, we may use notation such as f Ug or fUgU h.

(ii) Let G = (G, 0) be a groupoid. Let t € T'(X,,) be a linear term. If [¢| > 2, then ¢ = ({1t2). Since ¢ is
linear, the sets var(¢; ) and var(¢z) are disjoint, and therefore we can write any assignment h: var(t) —
G in a unique way as the union of the two assignments hy: var(t;) — G and ho: var(ts) — G that
are the restrictions of h to var(t1) and var(tz), respectively. Then it clearly holds that h = hqy U hg
and h(t) = (hl U hg)(t) = hl (tl) o hQ(tQ).

Let G = ({0,1},]). For a term t € T(X,), let T; and F; be the sets of true and false assignments of ¢,
that is,

Ty :={h: var(t) = {0,1} | h(t) = 1},

Fi:={h: var(t) — {0,1} | h(t) = 0}.
If ¢ is a linear term with |t| > 2, then ¢ = (t1t2), var(t;) Nvar(tz) = 0, and we have

Te={hiUhs | hi € Fy, Aha € Fo, ),

Fo={hi Uhs | h1 €T, Vho €Ty}

Lemma 6.3.2. Let k € {2,3,4}, let S1, ..., Sk be nonempty sets, and let S := S1 X -+ X Sk.
() Ifk=2,let AC Sy, BC Sy, CC Sy, DCSs, andletU:=Ax B,V :=C x D.
(i) If k=3, let AC Sy x Sa, BC 83, C C 81, DC Sy xSy, and let
U :={(a1,a2,a3) € S| (a1,a2) € A, a3 € B},
V:={(a1,a2,a3) € S| a1 € C, (az,a3) € D}.
(iii) Ifk =4, let AC Sy x Ss, BC Sy xSs, CCSixSs, DC Sy xSy, and let
U :={(a1,a2,a3,a4) € S| (a1,a2) € A, (as,as) € B},
V :={(a1,a2,as,a4) € S| (a1,as3) € C, (az,a4) € D}.

Assume that U = V := S\ V. Then there exists a j € [k] such that for all tuples a = (ay,...,a;) and
b = (b1,...,b;) in S satisfying a; = b; for all i # j, we have {a,b} CU or {a,b} C V.

Proof. Suppose, to the contrary, that no such j exists. The argument is slightly different for the different
values of k, and we consider separately the three different cases.

[()] Assume k = 2. There exist p;,¢; € S; (i € [2]) and p} € Si, ¢} € S such that (p1,p2), (q1,¢2) € U,
(p1,p2), (q1,¢5) € V. By the definition of the sets U and V', we have p1,q1 € A, p2,q2 € B, p},q1 € C,
b2, qé €D. _ _

Since (q1,92) € U =V and ¢1 € C, we must have g2 ¢ D. It follows that (z1,¢2) € V =U for all z; € S;.
Since (p},p2) € V =U and ps € B, we must have p] ¢ A. It follows that (p, 22) € U =V for all 29 € Ss.
Therefore (p), q2) € UNV, which is a contradiction to our assumption that U = V.

Assume k = 3. There exist p;, qi,7; € S; (i € [3]) and p} € S, ¢4 € S2, r4 € S3 such that

(p1,p2,p3), (41,42, 43), (11,72, 73) € U,
(P, p2,p3), (1,43, 43), (11,72, 75) € V.
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By the definition of the sets U and V', we have

(plap2)5(q17q2)7(T17T2) GA, P3,43,73 EB,
p/lvqlle S Ca (p27p3)7 (QQ7Q3)5 (T35Té) eD.

Since (p1,p2,p3) € U =V and (p2,p3) € D, we must have p; ¢ C. It follows that (py, 22,23) € V = U for
all zo € So and z3 € S3, and, in particular, z3 € B for all z3 € S3, i.e., B = S3. On the other hand, since
(r1,72,74) € V.=U and (r1,72) € A, we must have r; ¢ B = S3. We have reached a contradiction.

[(iii)] Assume k = 4. There exist p;, g;, i, s; € S; for all i € [4] and p) € S1, g5 € S, v € Sz, s € Sy such
that

(pl7p27p37p4)7 (Q1aQ27 qs, q4)7 (7‘177‘27T37T4)7 (Slu 52,53, 84) S U7

(p/17p27p37p4)7 (Q17ql27 qs, Q4)7 (TluT‘?a T/37 T4)7 (817 52,53, Sil) eV.
By the definition of the sets U and V', we have

(p15p2)5 (qla q2)7 (T17T2)7 (Sla 52) S A7 (p3ap4)a (q3a q4)7 (T37T4)7 (537 54) S Ba
(pllap3)5 (qla q3)7 (Tlvré)v (51; 53) € Ov (p25p4)5 (qIQa Q4)7 (T27T4)7 (527 Si}) eD.

Since (p1,p2,p3,p1) € U =V and (p2,ps) € D, we must have (p1,p3) ¢ C. It follows that (p1, 22, p3, 24) €
=U for all z9 € S5 and z4 € Sy4, and, in particular, (p1, 22) € A for all zo € Ss.
Since (s1, 52, 583,54) € U =V and (s1,s3) € C, we must have (s2,s4) ¢ D. It follows that (21, s, 23, 84) €
=U for all z; € S; and z3 € S3, and, in particular, (z3,s4) € B for all z3 € Ss.
Since (r1,72,7%,74) € V =U and (r1,72) € A, we must have (r4,74) ¢ B. It follows that (21, 22,75,74) €
U =V for all 21 € S1 and 23 € S, and, in particular, (21,74) € C for all 2; € Sy.

Since (q1,q5,q3,q4) € V = U and (g3, q4) € B, we must have (q1,q5) ¢ A. It follows that (q1, ¢}, 23, 24) €
U =V for all z3 € S3 and 24 € S4, and, in particular, (g}, z4) € D for all z4 € S.

Therefore (p1,4¢5) € A, (r5,84) € B, (p1,75) € C, and (¢4, s4) € D, so (p1,d5,7r5,84) € UNV. This is a
contradiction to our assumption that U = V. |

Proposition 6.3.3. For G = ({0,1},]), we have s2°(G) = D,,_1.

<l

<l

Proof. Since | is commutative, we have s2°(G) < D,,_;. In order to prove that the equality holds, we need
to show that for all linear terms s,t € T(X,,), s& =t implies that the leaf-labeled unordered binary trees
T3 and T} are isomorphic.

Assume s¢ = t&, which implies var(s) = var(t) =: Y by Lemma We proceed by induction on
n := |s| = |t|. The claim is obvious for n < 2. Assume now that n > 3 and that the claim holds for linear
terms with fewer than n variables. Then s = (s182) and t = (t1t2).

First consider the case when {var(si),var(s2)} = {var(t1), var(t2)}; by the commutativity of |, we may
assume that var(s;) = var(f1) and var(sz) = var(tz). Suppose, to the contrary, that 7' and T}* are not
isomorphic. Then T, 2 T} or Ty, 2 T} ; without loss of generality, assume that T, 2 T};. By the induction
hypothesis, s& # t&| so there exists an assignment h;: var(s;) — {0,1} such that hy(s1) # hq(t1); without
loss of generality, assume hy(s;) = 0 and hi(t;) = 1. By Lemma G111 s$ is surjective, so there is an
assignment hg: var(sz) — {0,1} such that ha(sz) = 0. Now (hy U hg)(s) = hi(s1) d ha(s2) =010 =1 and
(hl U h2)(t) = h,l (tl) \l/ h,Q(tQ) =1 \l, hQ(tQ) = O, SO SG 7§ tG, a contradiction.

Suppose now that {var(sy), var(ss)} # {var(ty), var(t2) }. There are pairwise disjoint sets Y7,Y2,Y3, Y, C Y
such that var(s1) = Y7 UYs, var(ss) = Y3 U Yy, var(ty) = Y7 UY3, var(ta) = Yo U Yy, and at most one of the
sets Y; is empty; without loss of generality, assume that only Y} is potentially empty. Let

W := {(h1, ha, hs, ha) € {0,137 % {0,1}72 x {0,1}¥2 x {0,1}Y% | hy Uhg Uhg Uhy € Ty = Ty}

Note that for all (hl, hs, hs, h4) € W, we have (hl Uhg)(sl) = (h3Uh4)(82) = (hl Uh3)(f1) = (thh4)(t2) =0.
Claim: There exist A C {0,1}¥1, B C {0,1}¥2, C C {0,1}¥3, D C {0,1}¥* such that W = A x B x C' x D.

Proof of the Claim: Let A, B, C', and D be the projections of W into the first, second, third, and fourth
components, respectively, i.e., A := {h; € {0,1}¥* | (hy, ha, h3,hs) € W} and similarly for B, C, D. We
clearly have W C Ax Bx C x D. In order to prove the reverse inclusion, let (a,b,¢,d) € Ax BxC x D. Then
there exist (a;, b;,ci,d;) € W for all i € [4] such that a = a1, b = by, ¢ = ¢3, d = ds. Now (a1 Uc1)(t1) =0
and (b2 U d2)(t2) = O, SO (CLl U b2 Uecp U d2)(t> = 1, i.e., (al,bQ,Cl,dg) ew. Slmllarly, (CLg U Cg)(tl) =0 and



THE ASSOCIATIVE-COMMUTATIVE SPECTRUM OF A BINARY OPERATION 19

(b4 Udy)(t2) =0, 80 (ag UbsUcgUdy)(t) =1, ie., (as,ba,cs,ds) € W. It follows that (a3 Ubs)(s1) = 0 and
(c3Udy)(s2) = 0,50 (aa Uba UcgUdy)(s) =1, ie., (a,be,d) e W. o

It now follows from the above claim that
FS1 :{hlLJhg | h1 EA, ho EB}, Fs2 :{h3Uh4 | thC, h4ED},
Ftl :{h1Uh3 | h1 EA, h3 EO}, Ft2 :{hQUh4 | hs € B, h4€D}.

Let us focus on s;. Since Y7 and Y> are nonempty, |s1] > 2, so s1 = (s11812). For 4,5 € [2], let Z;; :=
var(si;) NY;. Note that Z11 and Z15 are not both empty, and Z»; and Zss are not both empty; without loss
of generality, assume that Z;; and Zs2 are nonempty. Let

T:={(a,b,c,d) € {0,117 x {0,1}72 x {0,1}72* x {0,1}?2 |aUbUcUd € T, },
F:={(a,b,c,d) € {0,1}7 x {0,1}7*2 x {0,1}%2* x {0,1}?22 |aUbUcUd € F,, }.
We clearly have T = F := ({0,1}%1 x {0,1}%2 x {0,1}%2* x {0,1}%22) \ F. Moreover,
T ={(a,b,c,d) € {0,117 x {0,1}%12 x {0,1}? x {0,1}?22 |aUb € Fy,,, cUd € Fy, },
F={(a,b,c,d) € {0,1}7 x {0,1}%2 x {0,1}72 x {0,1}?22 |aUc € A, bUd € B}.

It now follows from Lemma (statement [(i)| if Z12 = Zo1 = 0; statement if one of Z15 and Zs; is
empty and the other is nonempty; statement if both Z12 and Zs; are nonempty) that there is a variable
x; € var(s1) on which s& does not depend. This is in direct contradiction to Lemma [T} which asserts
that s& depends on every variable in var(s; ). Therefore the case when {var(s;), var(sz)} # {var(t;), var(tz)}
does not occur. 0

7. DEPTH EQUIVALENCE RELATIONS

In this section we study binary operations * satisfying the property that two full linear terms agree on
x if and only if their corresponding binary trees are equivalent with respect to certain attributes related to
the depths of the leaves. More precisely, two binary trees are considered equivalent if their (right) depth
sequences are congruent modulo some positive integer k. Here all binary trees are ordered and their leaves
are unlabeled unless otherwise stated.

7.1. The k-right-depth-equivalence.

Definition 7.1.1. A groupoid G = (G, *) and the corresponding binary operation x are said to be right
k-associative if G satisfies the identity

([IleQ e 'Ik+1]RIk+2) ~ (331[332 co Ik+2]R)7

where [---]g is a shorthand for the rightmost bracketing of the variables occurring between the square
brackets, e.g., [x122- - zrr1lr = (z1(z2(- - (@rzry1)--+))). One can also define the left k-associativity
similarly. The left or right k-associativity becomes the usual associativity when k& = 1.

Example 7.1.2. Typical examples of k-associative operations are the ones defined by a * b := a + wb for all
a,b € C, where w = €2>™/F is a k-th primitive root of unity. This reduces to addition and subtraction when
k = 1,2, respectively.

Previous work [7] showed that the equivalence relation on binary trees induced by the left k-associativity
is the same as the congruence relation on the left depth sequences of binary trees modulo k; this is called
the k-left-depth-equivalence relation by the second author. The number of equivalence classes is called the
k-modular Catalan number, which counts many restricted families of Catalan objects and has interesting
closed formulas [7]. Of course, the right k-associativity corresponds to the k-right-depth-equivalence relation,
whose equivalence classes are also counted by the k-modular Catalan number.

Definition 7.1.3. The k-right-depth-equivalence relation extends immediately from binary trees with un-
labeled leaves to ones with labeled leaves. Let T and T” be binary trees with n leaves labeled by z1,...,z,
(in an arbitrary order). We say that T and T" are k-right-depth-equivalent if pr(x;) = pr(x;) (mod k) for
all i € [n], i.e., the right depth sequences pr and pr (see Subsection 23] for the definition of the right depth
sequence) are componentwise congruent modulo k.
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Now we consider a stronger form of the right k-associativity. Suppose that a binary operation * satisfies
the property that any two full linear terms agree on * if and only if T and T; are k-right-depth-equivalent,
ie.,

(7.1.1) Vs, t € Iy, s =t < pr.(z;) = pr,(z;) (mod k), i=1,2,... n.

It is clear that such a binary operation * must be k-right-associative. The above example a % b := a + e2™"/kp
satisfies property (7)) and another example is given by f * g := 2f + yg for all z,y € C[z,y]/(y* — 1) [§].
The associative spectrum of these examples is given by the k-modular Catalan numbers mentioned above.
Our goal here is to determine the ac-spectrum s2°(x) of a binary operation * satisfying property (ZI.1) and
its exponential generating function. If k¥ = 1 then we clearly have s2°(x) = 1 for all n > 1 with exponential

generating function >, -, t"/n! = e' — 1. Thus we assume k > 2 in the remainder of this section.

Example 7.1.4. Let us consider the subtraction operation — on C. For n > 2, one can check that the term
operations in F, are precisely the operations of the form (a1, ...,a,) — fa; £ as-- -+ a, with at least one
plus sign and at least one minus sign. Hence s2°(—) = 2™ — 2 and

oo

?LC_ n 271_2"
ZST(!)t =t+y ——t

n=1 n>2
=t4+e* —1-2t—2(" —1-1)
=t+e?t -2t 41
=t+ (e = 1)

Definition 7.1.5. Let T be any binary tree with n > 2 leaves. For ¢ € [k], let np (i) be the number of leaves
in T whose right depth is congruent to ¢ modulo k. We say a sequence (ni,...,n) of nonnegative integers
is (right) (n, k)-admissible if it satisfies
i)m>1,nz>1,andny +na+---+np=n>2
(ii) if n; = 0 for some i € {2,3,...,k — 2} then n;41 = 0, and
(iii) if ng—1 = 0 then ng = 1.

Lemma 7.1.6. Let T be any binary tree with n > 2 leaves. Then (np(1),...,ny(k)) is (n, k)-admissible.

Proof. (i) We have ny(1) > 1 and ny(k) > 1 since the two leftmost leaves in T have right depth 0 and 1,
respectively. We have ny(1) + ny(2) + - - + ny(k) = n since T has n leaves.

(ii) Let ¢ € {2,3,...,k — 2}. Suppose there exists a leaf v in T whose right depth is congruent to i + 1
modulo k. If v is a right child then the leftmost leaf of the subtree rooted at the left sibling u of v has right
depth congruent to ¢ modulo k. If v is a left child then it must have an ancestor v whose right depth is one
less than that of v (otherwise the right depth of v would be zero), and the leftmost leaf in the subtree rooted
at u has right depth congruent to ¢ modulo k. Therefore ny(i 4+ 1) > 0 implies nr(i) > 0, or in other words,
nr(i) = 0 implies np(i + 1) = 0.

(iil) Similarly to (2), one can show that if a leaf of T is different from the leftmost leaf but has right depth
congruent to k, then there exists a leaf with right depth congruent to k¥ — 1 modulo k. Hence np(k—1) =0
implies ny(k) = 1. O

Lemma 7.1.7. Let (n1,...,nx) be any (n, k)-admissible sequence. Then there exists a binary tree T with n
leaves such that np(i) = n; for all i € [k].

Proof. We prove this lemma by induction on n. There is no (n, k)-admissible sequence for n = 1, and the
claim is trivial for n = 2. Assume n > 3 and let (nq,...,n) be an (n, k)-admissible sequence.

If n; > 1 then applying the induction hypothesis to the (n — 1, k)-admissible sequence (ny — 1,na, ..., ng)
gives a binary tree T” with n — 1 leaves such that nyp/(1) = ny — 1 and ny/ (i) = n,; for i € {2,3,...,k}, and
the binary tree T := T’ A 1 satisfies np (i) = n; for all 4, where 1 is the one-vertex tree.

Assume now n; = 1. We must have ny > 1, since no = 0 would imply ng = -+ =ng_1 = 0 and ng = 1;
hence n = 2 < 3, a contradiction. Therefore we can apply the induction hypothesis to the (n—1, k)-admissible
sequence (ng,ns,...,ng_1,n; — 1,1) and get a binary tree 77 with np/ (i — 1) =n; for i € {2,3,...,k — 1},

ny(k — 1) = ng — 1, and ny/(k) = 1. Then the binary tree T := 1 A T” satisfies np(1) = np/ (k) = 1,
ny(i) =np (i —1)=n,; fori € {2,3,...,k — 1}, and np(k) =np(k — 1) + 1 = ng. O
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Remark 7.1.8. If i € {1, k} then let my (i) := nr(i)—1; otherwise let mp (i) := ny (7). It follows immediately
from the previous two lemmas that the sequences (mr(1),..., mr(k)) obtained from binary trees T with n
leaves are precisely those sequences (myq, ..., my) of nonnegative integers such that

(i) mi+ma+---+mp=n—2, and

(i) if m; = 0 for some i € {2,3,...,k — 1} then m;y; = 0.
By removing the trailing zeros, one sees that either (mg,...,my) corresponds to a composition (i.e., an
ordered partition) of n — 2 with length at most k if m; > 0, or (ma, ..., my) corresponds to a composition
of n — 2 with length at most k — 1 if m; = 0.

Recall that the number of partitions of the set [n] = {1,2,...,n} into k (unordered) blocks is the Stirling
number of the second kind S(n,k) whose exponential generating function is
t" (e — 1)k
k .
> sty - €
n>1

Theorem 7.1.9. Let x be a binary operation satisfying property (CLI)) with k > 2. Then

$2(6) = kIS, k) +n Y ilS(n—1,d),  ¥n>1,
0<i<k—2

Z N R V0

0<i<k—2

Proof. We prove the desired formula for s2°(x) by induction. It is trivial when n = 1. Assume n > 2 below.

Property (1) asserts that two terms s,t € F,, induce the same term operation on x if and only if the
right-depth sequences pr. := (pr,(21),...,p7, (2,)) and pr, := (pr,(21),...,p1,(Tn)) are componentwise
congruent modulo k. Therefore s2°(x) equals the number of possible right-depth sequences modulo & of
binary trees with n 1eaves labeled with x1, ..., zy,.

By Lemmas [.T.6] and [T.T.0, a sequence (d1,...,d,) with 1 < dj,...,d, < k is congruent modulo % to
the right depth sequence of a binary tree with n leaves labeled by x1,...,x, if and only if the sequence
(n1,...,ng) is (n, k)-admissible, where

n; :=#{j€n|:d; =i} fori=1,...,k.

First, assume that nq,...,n; > 1. Then (ny,...,nk) is (n, k)-admissible if and only if ny + - - - 4+ ng = n.

Thus the sequences (di,...,d,) belonging to this case are in bijection with partitions of [n] into ordered

blocks {j € [n] : dj =i} for i = 1,...,k, and they are counted by k!S(n, k).
Next, assume that there exists ¢ € [k — 2] such that n;11 = 0, where ¢ is as small as possible. We have

nijt1 = -+ =ng—1 = 0 and ng = 1. Thus the number of sequences (d1,ds, ..., d,) belonging to this case is
no Yy ilS(n—1,4)
1<i<k—2

Combining the above two cases we have

$3(x) = kIS(n, k) +n > ilS(n—1,i)

1<i<k—2
=kS(n.k)+n Y ilS(n—1,i).
0<i<k—2
Consequently, we have the exponential generating function

ann(')tn_zkus +Z 3 zlsn—lz)ﬁ

n=1 n>1 ! n>10<i<k—2

:(et—l) Z z'ZSn—lz 1)

0<i<k—2 n>1

=(-DF+ Dt -1) 0

0<i<k—2




22 THE ASSOCIATIVE-COMMUTATIVE SPECTRUM OF A BINARY OPERATION

Remark 7.1.10. When k=3 we haven ), ,.; ,ilS(n—1,i) = nforalln > 2. When k = 4, the sequence
N icick_gitS(n —1,7) is recorded in OEIS [19, A058877] and has the following simple closed formulas:

n2" o= Y (n-24j2i = (T,L)(n—j).

1<55<n 1<j<n—1 N

Recently, Hein and the first author [§] generalized the k-associativity to the (k, £)-associativity, based on
the example f * g := o f + yg for all 2,y € C[z,y]/(x* — 1,5° — 1), which satisfies
(7.1.2)
Vs, t € Fy, s* =t" < r,(z;) = o1, (x;) (mod k), pr,(x;) =pr,(z;) (mod ), i=1,2,...,n.

Computations give the following ac-spectra for any operation x satisfying the above property (ZI.2), which
do not appear in OEIS.

o (k,0)=(2,2): 1,2, 12, 54, 260, 1080, . ..
o (k,0)=(3,2): 1,2, 12, 84, 590, 4110, . ..
o (k,0)=(4,2): 1,2, 12, 84, 770, 7080, . ..
o (k,0)=(3,3): 1,2, 12, 108, 960, 9240, . ..

7.2. The k-depth-equivalence. We now consider the operation on C defined by a * b := e2™/¢q + e27/kp,
which generalizes the example a * b := a + €27/5b mentioned earlier. When k = ¢, one sees that any two full
linear terms agree on * if and only if their corresponding binary trees are k-depth-equivalent, i.e.,

(7.2.1) Vs, t € F,, s =t < dr,(x;) =dr,(x;) (mod k).

Further generalizations of depth equivalence were studied in recent work of the second author.
For k = 2, the resulting operation is the double minus operation a©b := —a —b. The first author, Mickey,
and Xu [II] showed that if s2(6©) =1if n =1 and

2" —1
. 2m 3 7
©=%]=1.",
3 )
if n > 2. This coincides with an interesting sequence in OEIS [I9, A000975] (except for the first term). Now
we show that s2°(©) agrees with the well-known Jacobsthal sequence [19, A001045].

if n is even,

if n is odd

Theorem 7.2.1. Forn > 1 we have s2°(©) = (2" — (—=1)")/3.

Proof. Note first that every term operation in B is of the form (ay,...,a,) — £a; - -+a,. On the other
hand, not every operation of this form is in BY. Consider operations of this form with exactly r plus signs
in the defining expression; there are (:f) such operations. It was shown in [I1, Theorem 8| that

(i) all operations of this form are in B if n+r =2 (mod 3) and n # 2r — 1,
(ii) all but the one with alternating signs are in BS if n+r =2 (mod 3) and n = 2r — 1, and
(iii) none of them is in BY if n+r # 2 (mod 3).
Now, let us consider term operations in F)Y. They are again of the form (a1, ...,a,) — a1 -+ ay,.
We get no new operations in the first and third cases above, but one more in the second case: the operation

with alternating signs is in F?. Taking the sum over all possible values of r, we have s2(©) = s2(©) if n is
even and s2°(6) = s2(6) + 1 if n is odd. This implies that s2°(8) = (2" — (—=1)™)/3. O

One sees that this theorem holds for any binary operation x satisfying property (Z.2.1) with k& = 2. For
k > 3, neither s2 (%) nor s2°(x) occurs in OEIS.

s (%) for k= 3: 1,2, 5, 14, 42, 129, 398, 1223, 3752, 11510, ...
s3 (%) for k= 4: 1,2, 5, 14, 42, 132, 429, 1429, 4849, 16689, ...
s2°(x) for k = 3: 1, 3, 13, 35, 101, 315, ...

s2°(x) for k =4: 1, 3, 13, 75, 285, 1099, ...
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8. REMARKS AND QUESTIONS

Csékdny and Waldhauser [4, Section 4] examined the associative spectrum of every two-element groupoid.
We obtain the ac-spectra of all two-element groupoids in Example and Propositions [6.2.1] and

As possible directions for further research, one could study the associative spectra and the ac-spectra of
groupoids satisfying some properties weaker than associativity. We would like to mention a few examples of
such properties that have emerged in different branches of algebra.

A groupoid (G, *) is left alternative (resp., right alternative) if it satisfies the identity (z*x)*y & x*(x*y)
(resp., yx(zxx) = (y*x)*x). A groupoid is alternative if it is both left and right alternative. An associative
groupoid must be alternative, but not vice versa.

A Lie algebra is neither commutative nor associative, but it is flexible in the sense that it satisfies the
identity x * (y * ) & (x * y) * . Any commutative or associative operation must be flexible. So flexibility
becomes important when a binary operation is neither commutative nor associative, such as the multiplication
of the sedenions, which is not even alternative (the same for all higher Cayley—Dickson algebras). For
example, the multiplication of the octonions is alternative but not associative. In 1954, Richard Schafer [20]
examined the algebras generated by the Cayley—Dickson process over a field and showed that they satisfy
the flexible identity.

A groupoid (G, ) is power associative if the subgroupoid generated by any element is associative. Power
associativity and alternativity are unrelated properties in the sense that neither implies the other, as shown,
e.g., by the examples provided by Holin [9l Appendix A.1.1].

Recall that the Jordan algebra of n x n self-adjoint matrices over R, C, or H with a product defined by
x oy := (xy + yx)/2 is commutative and thus flexible. Although it is not associative, it is power associative
and satisfies the Jordan identity

(zoy)o(zox)~wo(yo(zor)).

We showed in Section that the associative spectrum s2(o) of the Jordan algebra achieves the upper
bound C,,_; for an arbitrary binary operation and its ac-spectrum s2°(o) reaches the upper bound D,,_; for
commutative operations.

Another interesting example is the Okubo algebra, which consists of all 3-by-3 trace zero complex matrices
with product defined as

x oy = axy + byx — tr(xy)l3/3.

Here I3 is the 3-by-3 identity matrix and a,b € C satisfy a +b = 3ab = 1. The Okubo algebra is flexible and
power associative but not associative nor alternative.
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