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JACOBI POLYNOMIALS AND DESIGN THEORY II
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ABSTRACT. In this paper, we introduce some new polynomials as-
sociated to linear codes over IF,. In particular, we introduce the
notion of split complete Jacobi polynomials attached to multiple
sets of coordinate places of a linear code over Iy, and give the
MacWilliams type identity for it. We also give the notion of gen-
eralized g-colored t-designs. As an application of the generalized
g-colored t-designs, we derive a formula that obtains the split com-
plete Jacobi polynomials of a linear code over F,. Moreover, we
define the concept of colored packing (resp. covering) designs. Fi-
nally, we give some coding theoretical applications of the colored
designs for Type IIT and Type IV codes.
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1. INTRODUCTION

In 1997, Ozeki [35] introduced the notion of Jacobi polynomials of
linear codes, an analogue to Jacobi forms [16] of lattices. Many authors
studied the Jacobi polynomials in coding theory; for instance [6), 7], 8,
13, 14, 19]. Among these articles Bonnecaze et al. [0 [T, 8] pointed
out some characterizations of the Jacobi polynomials with the codes
supporting designs. Moreover, Bonnecaze, Rains and Solé [7] intro-
duced the notion of colored t-designs and gave an application of these
designs for Z,-codes in the evaluation of the Jacobi polynomials from
the symmetrized weight enumerator of Z,-codes using the polarization
operator. Later, Bonnecaze, Solé and Udaya [§] studied the 3-colored
3-designs in the case of Type III codes. Furthermore, Cameron [10]
gave a new generalization of the combinatorial t-designs. In this pa-
per, we would like to call these designs as the generalized t-designs. In a
recent study, Chakraborty, Miezaki, Oura and Tanaka [I5] introduced
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the notion of Jacobi polynomials of a linear code with multiple refer-
ence vectors and gave a design theoretical application of these Jacobi
polynomials in the study of generalized t-designs.

In this paper, we introduced the notion of split complete weight
enumerators for the linear codes over IF, which is independent from the
sense of Bonnecaze et al. [§]. We also introduce the notion of split com-
plete Jacobi polynomials of a linear code over F, attached to multiple
sets of coordinate places of the code. We show that both the code poly-
nomials: split complete weight enumerators and split complete Jacobi
polynomials satisfy the MacWilliams type identities. In particular, the
complete Jacobi polynomials of linear codes over I3 in our sense are
equivalent to the split complete weight enumerators of codes over Fg
in the sense of Bonnecaze et al. [8]. Moreover, we define the concept
of the generalized colored t-designs, and as an analogue to Bonnecaze
et al. [§], we present a combinatorial interpretation of the polarization
of the split complete Jacobi polynomials of a linear code over F,. In
addition, we study the complete Jacobi polynomials of some Type III
(resp. Type IV) codes of specific lengths through invariant theory to
construct the colored packing (resp. covering) designs that correspond
to the coefficients in the complete Jacobi polynomials. Bonnecaze et
al. [8] investigated the 3-colored t-designs structure for the extremal
Type III codes. In this paper, we study the Type IV codes of some
specific lengths and obtain the 4-colored t-design structures.

This paper is organized as follows. In Section 2 we discuss the
basic definitions and notations that we use in this paper. We also
prove the MacWilliams type identity (Theorem [2.2) for the spilt com-
plete weight enumerators of codes over F,. In Section [3, we introduced
several colored designs, namely generalized colored t-designs, colored
packing (resp. covering) designs and some of their properties. In Sec-
tion [, we give the MacWilliams type identity (Theorem [1]) for the
spilt complete Jacobi polynomials of linear codes over F,. We also ob-
serve (Theorem 3] Theorem 4] how polarization operator acts to
obtain the split complete Jacobi polynomials attached to multiple sets
of coordinate places of a code. In Section [B we disclose some facts
between a Type III (resp. Type IV) code of specific lengths and col-
ored designs with the help of the complete Jacobi polynomials. We
also show that the codewords of fixed composition in the Hermitian
Type IV codes of length 6 hold 4-colored 2-designs (Theorem [(.12)).
Finally, we conclude the paper with some remarks in Section [l

All computer calculations in this paper were done with the help of
Magma [9].
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2. PRELIMINARIES

Let I, be a finite field of order g, where ¢ is a prime power. Then Fy
denotes the vector space of dimension n over ;. The elements of Iy are
known as vectors. The Hamming weight of a vector u = (uq, ..., u,) €
7 is denoted by wt(u) and defined to be the number of i’s such that
u; # 0. The inner product of two vectors u, v € Fy is given by

U-V:i=uv + - -+ UpUnp,

where u = (uy,...,u,) and v = (v1,...,v,). If ¢ is an even power of
an arbitrary prime p, then it is convenient to consider another inner
product known as the Hermitian inner product which can be defined
as

U-Vi=ulp o UnUy,
where 7; := v;V4. An F-linear code of length n is a vector subspace of

[y The elements of an F -linear code are called codewords. The dual
code of an Fy-linear code C of length n is defined by

Cri={veF!|u-v=0forallue C}.

An F -linear code C' is called self-dual if C' = C*. Let ¢ be an even
power of an arbitrary prime number. Then an F, -linear code C' of
length n is called Hermitian self-dual if C = C+#, where C+# denotes
the Hermitian dual code of C' which is defined as

ctn ={vel |u-v=0foralueC}

Most of the results in this paper are stated for F,-linear codes with
usual inner product but it can be re-phrased with equal validity to the
case of the codes with the Hermitian inner product.

Let X C [n]. The composition of an element u € F} attached to X
is the g-tuple:

compy(u) := (ngx(u):a €F,),

where ng x(u) := #{i € X [ w; = a}. Obviously, 3,y nax(u) = [X].
If X = [n], we prefer to write the composition of u € Fy as

comp(u) := (ny(u) : a € F),

where n,(u) denotes the number of coordinates of u that are equal
toa €I,

It is well known that the length n of a self-dual code over F, is even
and the dimension is n/2. To study self-dual codes in detail, we refer
the readers to [5], 17, 23] B4]. A self-dual code C' over F3 of length
n =0 (mod 4) is called Type III if the weight of each codeword of C
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is multiple of 3. Again a self-dual code C over F, of length n = 0
(mod 2) having even weight is called Type IV.

Definition 2.1. Let C' be and F-linear code of length n. Then the
wetght enumerator of C' is defined as

Wel(z,y) : Zx" wi(u

ueC

Definition 2.2. Let C' be an Fg-linear code of length n. Then the
complete weight enumerator of C' is defined as

cwecr {xa}aqu Z H xna u)

ucCacly
Remark 2.1. We(z,y) = cwec(zg < @, {Zq < Y}oracr,)-

Definition 2.3. Let C' be an F,-linear code of length n. Then the
split complete weight enumerator attached to £ mutually disjoint subset
Xq,..., Xy of coordinate places of the code C such that

XU U Xy =[n]
is defined as follows:
scwec, x,,....x, ({{7x,, a}aEFq}1<z<é Z H na o (u
ueC i=1 a€l,

Note that when ¢ = 1, the split complete weight enumerators of an
[F,-linear code C' coincide with its complete weight enumerators.

Example 2.1. Let C; be an Fs-linear code of length 4 with the gen-

erator matrix:
1 011
01 1 2"

The elements of C, are listed as follows:

(0,0,0,0), (0,1,1,2), (0,2,2,1),
(1,0,1,1), (1,1,2,0), (1,2,0,2),
(2,0,2,2), (2,1,0,1), (2,2,1,0).

Therefore the complete weight enumerator of Cj is

121 1.1.2
cwec, (o, 1, Te) = xo + xoxl + x0x2 + 3xyriTs + 352175,

Let X; = {1,2} and X, = {3,4} be two disjoint sets such that X; LI
Xy = [4]. Then the split complete weight enumerator of Cy attached
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to X; and X5 is

SCWe(, XX, (TX1,0, X115 TX1.,25 TxX,00 TXp,15 TX5,2)

2 2 11 .2 11 .2
=Tx, 0Tx,0 T Tx, 0Tx, 105,10 T T, 07X, 27X, 2
T T 2 1 1 11 11
T T, 0T X, 1T X0,10X0,2 T XX, 10X,5,00X0,2 T Tx, 10X, 2T X500 X0, 1

T B T B 2 1 1
T Tx,.0%x, 205,18 x,,2 T Tx, 10X, 28X, 0T X2 T Tx; 2T X, 0T X0, 1-

A character of F,, where ¢ = p/ for some prime number p, is a
homomorphism from the additive group [F, to the multiplicative group
of non-zero complex numbers. We review [I3] [I5, 24] to introduce
some fixed non-trivial characters over F,. Now let F'(z) be a primitive
irreducible polynomial of degree f over F, and let A be a root of F(z).
Then any element a € F, has a unique representation as:

a=ag+a+a\+ - +ap N

where a; € F,. For b € F,, we define y,(a) := (5" %1 where
¢, is the p-th primitive root e*™/? of unity. When b # 0, then y, is
a non-trivial character of F,. Let x be a non-trivial character of [F,.

Then for any a € [F;, we have the following property:
qg if a=0,
b) =
2 x(ab) {0 it a0

Lemma 2.1 ([24]). Let C be an Fy-linear code of length n. Forv € Fy,
define

0 otherwise.

o (v) 1= {1 ifv e ot

Then we have the following identity:

doi(v) = 6 Zx(u V).

ueC

Now we have the following MacWilliams type identity for the split
complete weight enumerators. The proof of the theorem is straightfor-
ward. So we leave it for the readers.
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Theorem 2.2. Let C' be an F-linear code of length n. Again let x be
a non-trivial character of F,. Then

SCWecL x,,..X, ({{in,a}aEFq }19’3@)

1
= oSeVeC XX > x(ab)zx,,

belF,
aclF, 1<i<t

3. GENERALIZED COLORED DESIGNS

Let v be a positive integer, and let v := (vy,...,v,) such that v =
Zle v;. Let X := (Xy,...,Xy), where X;’s are pairwise disjoint sets
such that | X;| = v; for all . Again let

Bgle---ng,

where B; is the set of blocks corresponding to X; for all 4.
Then the generalized colored incidence structure is a triple D :=
(X, B,C), where C is a set of colors, together with a function

pZXZXBZ%C

for all i. We will say that B has color p;(p, b) at p in the i-th component.
For an element K := (K7, ..., K;) € B, we define a function n; : C — Z
called the palette on K; for 1 < i < ¢ that counts the number of
occurrence of color ¢ € C in K;. The generalized colored incident
structure is said to be uniform if each color ¢ € C occurs Zle n;(c)
times in every element K € B.

Definition 3.1. The uniform colored incidence structure D is called
the generalized colored t-design if t == (t1,...,t;) such thatt = > ¢,
then for each C := (C4, ..., Cy) such that C; is the ¢;-multiset of colors
(repeated choice allowed) for all 7, there is a number A > 0 such that for
any choice T := (T1,...,T;) with T; € (‘fj) for all 7, there are precisely
A members K := (K3, ..., K,) € B for which T; C K for all i that use

the t;-multiset of colors C; for the points in 7.

Let D = (X, B,C) be a generalized colored t-design with the set
of colors C = {1,2,...,r}. It is immediate from the above defi-
nition that the \’s are not independent from the choices of colors.
Therefore by A, (1),...j1 ()., Ge(1),....je(r))» W€ denote the number of K =
(Kiy,...,K;) € B that uses the color ¢ € C j;(c) times in K; with
Yo jile) = t; for all 1 < ¢ < . Obviously, the parameters of a
generalized colored t-design D = (X, B,C) depend only on the num-
ber of points v; in X; for all i, the number of blocks |B| and palette
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((n1(1),n1(2),. .., ), -,y (ne(1),n4(2),...)), therefore it is convenient to
write a generalized colored ¢-design as a

t— (V> ((n1(1)>n1(2)> R )a SRR (nﬂ(l)an€(2)a e ))7 |B|)

design. Note that when k = (k) and v = (v), then the generalized col-
ored t-design coincide with the colored t-design. For detail discussions
on colored t-designs, we refer the readers to [7], §].

To construct the generalized colored t-designs from a linear code C'
of length n over F,. Let v = (vy,...,v,) such that 3¢, v; = n and
X =(Xy,...,X,) of pairwise disjoint sets X; C [n] with | X;| = v;. We
define the split composition s := (sy, ..., s¢) such that s; = (S;1,. .., Sig)
for all i satisfying ) 37_, sij = v;. For any codeword u € C, let K(u) :=
(Kx,(u),...,Kx,(u)) such that Kx,(u) for all i are the characteristic
vectors of the supports of u with the coordinate place X;. Let Cy be
the set of codewords of u € C' such that compy. (u) = s; for all i. We
denote

B(Cy) == {K(u) | u e Gy},

In general, B(Cy) is a multi-set. Let C be a set of colors. Then we call Cy
is a generalized colored t-design if the triple (X, B(Cs), C) together with
the function p;(p, b) of u, is a generalized colored ¢-design. We say the
code C'is generalized colorwise t-homogeneous if the set of codewords
Cs for every given s holds a generalized colored t-design. The code is
called generalized colorwise homogeneous when t = 1. In particular,
for any F,-linear code one can choose the function p;(p,b) = aif u, = a
where a € IF,.

A colored design with parameters t-(v, (n(1),n(2),...), A" (P),..., A\¥ (P)))
is a set of blocks B with palette (n(1),n(2),...) of a set of v points,
called the varieties and a partition of the set of all ¢-tuples into N
groups Gy, ..., Gy satisfying that for each t-multiset of colors P (re-
peated choices allowed), there is a number \; such that for every t¢-set
belonging to G; (say a; such t-set), there are exactly A;-blocks in B
that use the t-multiset of colors P.

When N = 1, it is clearly a colored t-design. A colored packing
(resp. covering) design with parameters t-(v, (n(1),n(2),...), A(P))
is a colored design with max()\;) = A (resp. min(\;) = A). The
minimum (resp. maximum) number of blocks of a covering (resp.
packing) design is denoted by Cy, i (v, (n(1),...,n(r)),t) (resp.
Dy,y,mnit(vy (n(1), ..., n(r)),1)). Note that the 2-colored packing (resp.
covering) designs is the packing (resp. covering) designs in the sense
of Bonnecaze et al. [6].
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4. JACOBI POLYNOMIALS AND POLARIZATION

The MacWilliams type identity for the Jacobi polynomial of an F,-
linear code with one reference vector was given in [35]. In this section,
we give the MacWilliams type identity for the Jacobi polynomial of an
[F,-linear code attached to multiple sets of coordinate positions of the
code. Bonnecaze et al. [7] defined the Aronhold polarization operator,
and as an application of this operator, they obtained a formula to
evaluate the Jacobi polynomial of a Z4-code from the symmetrized
weight enumerator of the code. Later an analogue of the formula was
given in [8] for complete weight enumerators of Fs-linear codes. In this
section, we give the generalizations of the polarization operation, and
using these operators, we evaluate the complete Jacobi polynomial of
an [F -linear code attached to the multiple reference sets.

Definition 4.1. Let C' be an Fg-linear code of length n. Then the
Jacobi polynomial attached to a set T of coordinate places of the code C
is defined as follows:

JCT w, z,x y ZmeT ml,T(u)xmo,[n]\T(u)yml,[n]\T(u)’
ueC
where T' C [n], and for u € C,

mor(u) :=#{i €T |u; =0},
(w) :=##{i € T | u; # 0},
mopr(0) i= i € []\ T | u; = 0},
myppr(w) =i € [\ T | u; # 0}
Remark 4.1. If T' C [n] is empty, then Jor(w, z,z,y) = We(z, y).

Definition 4.2. Let C' be an F,-linear code of length n. Then the
complete Jacobi polynomial attached to a set T of coordinate places of
the code C' is defined as follows:

CJCT({zaaya}aqu Z H xnaT ” [n]\T( )’

ueC acly

myru

where T' C [n], and n, (1) is the composition of u on T" and n, 7 (1)
is the composition of u on [n]\T".

Remark 4.2. Jor(w, z,2,y) = Clor(zo = w,{xq <= 2}osacr,, Yo <
z, {ya <~ y}07ﬁa6ﬂ“q)'

Definition 4.3. Let C' be an F-linear code of length n. Let X;,..., X,
be ¢ mutually disjoint sets such that

n] =X, U X,
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Then the split complete Jacobi polynomial of C' attached to T1,...,Ty
such that T; C X; for all i is defined by

l
_ Nayz; (W) g x 7, (1)
SCIex, (@)oo ({75 0 Usia taer, hi<ice) = D [T T 2% Vux™™ .
ucC i=1 a€l,

Note that if £ = 1, the above definition is completely equivalent to the
complete Jacobi polynomial with one reference vector (Definition FI).

Example 4.1. Let us consider the code Cy from Example 2.1l Then
the complete Jacobi polynomial of Cy attached to a set of coordinate
places T'={1,3} is

Cley (o, T1, T2, Yo, Y1, Y2) = To¥s + T1Y0y1 + T3YoYs + ToT1Y1 Y

1,111 1.1 2 1111 1.1 2 1.1.1.1
T T1TYoY1 + ToTalyi + ToTolYa + Lol Ys + T1T2Y0Yo

We consider the same X; and X5 from Example 211 Let 773 = {1} and
Ty = {3}. Then the split complete Jacobi polynomials of Cy attached
to T} € X; and T, C X5 is as follows:

SCJC’4,X1 (T1),X2(T2) ({{xXi,UJ yXi,a}aE]Fq}i:L2>
= x%ﬁ,oyﬁchoxﬁﬁ,oy}(%o + xh,ﬂ%ﬁ,oxﬁ(g&y}(g,l + xkl,zy}(hoxﬁfﬂyiﬁ,z
+ xkl,oykl,lkaygﬁg + @(1,19}(1,1@(2,29}(2,0 + $}<1,2y}<1,11'}<2,oy}<2,1
+ xkl,oy}(hﬂﬁ(g,zy}(%l + zﬁclgykl,zzﬁczoyi{gp + 5’3;1,2?/;1,21&2,19}(2,0

The complete Jacobi polynomial of an F,-linear code attached to
multiple sets satisfies the following MacWilliams type identity.

Theorem 4.1 (MacWilliams Identity). Let C' be an F,-linear code of
length n. Again let x be a non-trivial character of F,. Then

SCIet xy(11),....xo (1)) AT X100 Y, 0 acF, F1<i<e)

1
= ESCJC,X1(T1)7---,X;3(TZ) Z x(ab)xx, p, Z x(ab)yx. s

beF, beF,
a€lFy 1<i<t

Proof. By Lemma 2., we can write
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SCJCL ){1(’111)7 ,Xe(Tg ({{in,aa yXi,a}aqu}lgiSZ)

o Na,X,\T; (u)
o Xua Xua

ueCt i=1 a€lF,

14
Na,1,(V) Mo x,\1;(V)

1<i<t

velFy 1=1 a€lfy
(v) na,X,L-\ L(V)
|C| Z u V H H X“a X“a :
ucC i=1 a€lF,
velFy
1 ‘
- ol X(urvy + - - -+ upvy) H (H xXi’v]) H Yxi;
ueC =1 jET»L ]GXZ\TZ
veFy
1 ¢
= ﬁ H H Z X(ujvj)xXhUj H Z X(ujvj)yXiwj
ueC i=1 \j€T;v;€F, JEX\T; vl
’ a1, (1) Ng, x;\T; (1)
1
= ﬁ H Z x(ab)zx, p Z x(ab)yx; b
ueC i=1 acFy \belF, belF,
1
= WSCJC,Xl(Tl),...,XZ(TZ) Z x(ab)xx, p, Z x(ab)yx,
beF, beF, weF
Hence the proof is completed. [l

The following result reflects the basic motivation to introduce the
concept of split complete Jacobi polynomials attached to multiple sets.
We omit the proof of the theorem since it follows from the definitions.

Theorem 4.2. Let C' be a linear code of length n over F,. Let v :=
(v1,...,0) such that va, =n. Let X = (Xy,...,Xy) of pairwise
disjoint set X; C [n] with | X;| = v; for all i. Then the set of codewords
of C' for every given split composition forms a generalized q-colored t-
design with t = (t1,...,t;) such that Zle t; =t if and only if the split
complete Jacobi polynomial SClc x,(1y),...x,(1,) with T; € (fz) for all i
1s independent of the choices of the sets Ty, ..., Ty.
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Let C be a linear code of length n over F,. Then the code C'—i (resp.
C'/i) obtained from C' by puncturing (resp. shortening) at coordinate
place i. We denote by C + i, for all a € F, the subcodes of C' where
the i-th entry of each codeword takes the value a punctured at 1.

Let ¢, n be the positive integers. Let v := (vy,...,v,) such that
Zle v; = n. Let P({{Zx,4,Yx,a}acF, }1<i<¢) be a polynomial of de-
gree n in 2¢¢ variables such that in its each term the sum of the powers
of rx, ., and yx, . for all a € F, is v; for all i. Again let P} , denote
the partial derivative with respect to yx, , for any integer 1 < k < /¢
and a € F,. Define the polarization operator A, for any integer
1 <k </ as follows:

For ¢ = 1, it convenient to denote the polarization operator as Aj,
instead of Agyr . The detail of this particular case is as follows:

Let P({%q,Ya}acr,) be a polynomial of degree n in 2¢ variables.
Let P, be the partial derivative with respect to y, for a € F,. Then

1
Ayy - P = - Z %P;a-

aclFy

Now we have the following generalization of the IF,-analogue of [7,
Theorem 1].

Theorem 4.3. Let C be a linear code of length n over F,. Let v :=

(v1,...,v¢) such that Zle v; =n. We also let Xq,..., X, be the mu-
tually disjoint subsets of [n] such that Xy U---UX, = [n] and | X;| = v;
for all i. Then for every coordinate place i € Xy, for 1 < k < {, we
have

SCIe X1.(0),., Xk 1(0), X5 ({i}), X 11 (0),..., X (0)

= TX,08CWeC /i X1, Xjo—1, X5, Xkt 15, Xe

_l— : : xXk7ascwec+i(l7—X17"'7kal7Xk'7Xk+17"'7Xe'
a€lF4,a#0
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If C' contains mo nonzero codewords of Hamming weight less than 1,
we have

Vi(Agqek - SCWeC Xy, X4 1. X0 Xy 10 X0)

= TXy,0 § :SCWGC/i,Xl,...7Xk717Xk7Xk+17...,Xe

1€ Xy
+ : : xkaa : : Scwec"’_i(lXm7"'7Xk717Xk7Xk+17“'7Xe'
a€lFq,a#0 1€ Xk

If C is a generalized colorwise homogeneous code, then
SCI0,X1(0).0 X1 (0). X0 ({)) Xig1 (0),-. X (0) = A2k SCWEC, Xy X1 Xy, X 1,0 X

Proof. The proof follows the similar arguments given in [7, Theorem
1]. So we omit the details. O

The following theorem is an analogue of the above theorem for ¢t > 1.
We leave the proof for the readers.

Theorem 4.4. Let C' be a linear code of length n over F,. Let v :=
(v1,...,v) such that Zle v; =n. We also let X4, ..., X, be the mutu-
ally disjoint subsets of [n] such that X1 U---U X, = [n] and | Xg| = vy
for all k. If C s a generalized colorwise t-homogeneous and contains
no codeword of Hamming weight less than t, then for t := (t1,..., ;)
such that Y'_, t; = t, we have

ty t1
SCJX1(T1),~~7XZ(TZ) = A2q£,£ T A2q£,1 " SCWeC Xy,...,. X

for each (Ty,...,T) € (7) x -+ x (39).

t1 7

5. APPLICATION TO COLORED DESIGN THEORY

Bonnecaze et al. [8] gave colored t-design structures using Type I1I
codes. In this section, using their idea, we construct some (generalized)
colored designs such as colored packing (resp. covering) designs using
Type IIT and Type IV codes.

5.1. Invariant theory. Let G be a finite n x n matrix group that acts
on a polynomial ring Clxy,...,x,_1]; for g € G and f(zo,...,2,-1) €
C[ZL’Q, R ,l’n_l],

af(xoy. .. Tn1) = flg(zo,...,70_1)").

{8 Dlo=e)

Then
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acts on a polynomial ring C|xo, ..., Zn-1,Yo, - - -, Yn—1] in a natural way.
Let MZG] = Clzo,...,Tn-1,%0,- - ,yn_l]fj be the invariants of degree
(4,7):

C[l'm «o 3 Tn-1,Y0, - - - >yn—1]iG7j

= {f € C[$Oa ce s Tp—1,Y0, - - - >yn—1] | (ga h)f = fa degree of f n {xk} 1S i>
degree of f in {yx} is j}.

In [37], Stanley defined the bivariate Molien series
f(u,v) = Z dim(Mg)uivj,

and showed that f(u,v) is written as follows:

1 1
flu,v) =1 gez;; det (1 — ug) det (1 - vg)’

We denote the homogeneous part of degree d of f(u,v) by fld].
To obtain an invariant, the Reynolds operator is useful. For f e
Clxo, -y Tn-1,Y0, - - -, Yn—1), the Reynolds operator of f and G is de-
fined as follows:

R(f,.G)= Y (9.9

(9,9)€G

Then it is easy to show that R(f,G) is an invariant of G.

5.2. Type III codes. The MacWilliams transform and some congru-
ence conditions yield that the complete weight enumerator of a Type I11
code remains invariant under the action of group Gy of order 2592
which is generated by the following four matrices:

. 1 1 1 1 0 0

|1 e2mi/3 pAmi/3 .0 e2mi/3 () ’

\/g _1 e47ri/3 e2m’/3 0 0 1
(1 0 0 em/6 0
01 0 |,] 0 €% 0
0 0 /3 0 0 emff

It is easy to show that a split complete weight enumerator of a Type
III code is an invariant of Gy.
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Now we assume that G is a 2 X 2 matrix group and G acts on
Clxo, 1,90, 11). Let P € Clzg, x1,y0,y1] be a polynomial of total de-
gree n. Now define a polarization operator A4 as follows:

/ /
_ ZL’QPyO + [L’lpyl

n

A4'PI

Definition 5.1. A linear code of length n over F3 is said to be t-
homogeneous if the codewords of every given Hamming weight hold a
t-design.

Definition 5.2. An Fs-linear code of length n is said to be colorwise
t-homogeneous if the codewords of every given composition hold a 3-
colored ¢-design.

Lemma 5.1 ([8]). Let C be a linear code of length n over Fs. If C' is
t-homogeneous with no non-zero words of Hamming weight less than t,
then for all T of size t we get

JQT = AZ . WC.

Let P be a polynomial of total degree n in 6 variables xq, x1, 2, Yo, Y1, Y.
Now define a polarization operator Ag and specialization operator .S as
follows:

QUOP;O + I’lpél + SL’QP;Q

AG'PI: )
n

S« P(x0, 1, T2, Yo, Y1, Y2) = P(xo, T1, 21, Yo, Y1, Y1)-
Lemma 5.2 ([8]). Let C be a linear code of length n over Fs. If C is

colorwise t-homogeneous with no non-zero words of Hamming weight
less than t, then for all T of size t we get

CJQT = Aé - CWe(r.
5.2.1. Length 12.

Example 5.1 (length 12). Let CJ} be the first ternary self-dual code
of length 12 in [18].

fl12] = 2u'? + 2u't + 3u'%? 4+ 4u® + - -
In this case, it holds the following lemmas.

Lemma 5.3 ([§]). A basis of M?%/IT‘ is obtained by applying R(f, é;)
with f running over the monomials

ToYos ToYots ToYoYTYs TaT1YoY: -
Lemma 5.4 ([8]). For{=1,2,3 we have
dim(Ss - Mgy ,) = dim(M,).
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Combining the preceding lemmas and the bivariate Molien series, we
obtain the following Theorem.

Theorem 5.5 ([8]). The codewords of fixed composition in the ternary
Golay hold 3-colored 3-designs.

Since the codewords of fixed composition in C1 holds 3-colored 3-
design, we assume that |T'| = 1,2,3. Then

Clem 1 = wo(yp" + 11ygyy + 110y0y1ys + 11y5ys + 5595415 + 559541Y5)
+ a1 (yi' + Llygy? + 55yautys + 110yayTys + 55u5ytys + 117y5)
+ 2a(yy" + 55y0yiy5 + 11y0ys + 55u0y w5 + 110y5ytys + 11y0y3),
Clem o = 25(y0° + 5%0y1 + 50Y5y1s + 5yovs + 109097y + 1050y7ys)
cil 2 0\Yo YoY1 YoY1Y2 YoY2 YoY1Y2 YoY1Y2

+ zox1 (12y0y7 + 60y5yTys + 60y5yys + 30y3yiys)

+ 202 (60y0y7v3 + 1200Y5 + 30y5915 + 60y5y1ys)
+ 23 (5yeyi + 10y5y1ys + 50yovivs + 10y5y1ys + 5urys + u1°)
+ 2122(30y0yTv3 + 6055y Y3 + 60yayTYs + 1247y5) + 25 (10ygy7 Y
+ Y8yt + 10y3y0ys + 50ySySyt + 5ylyl + ylo),
Clem s = 20(yo + 240vs + 20Uy Y5 + 240y + u5ys + yivs) + 5w (9y5u7
+ 45y5u1y5 + 18yoytys + Iyoyiys) + wawa(45yayiys + Iyoys
+ 9015 + 18Y0y1y3) + 2ol (9yayt + 18yay1ys + 45Y5y1Y5
+ 9y ys) + zox3 (18y3yya + 9yys + YaySye + 45y5ytys)
+ wor1 22 (54YgyT Y5 + 54yayrys + S4yyiys) + 7 (2y0y7 + v
+ 0y + 2000y ys + Yoy + 2u7Y5) + 23w (9yoyiys + A5Y0yiYs
+ 18y5u1ys + 9y1ys) + 1125 (Yo s + 18YayTya + 4540y7Ys
+9y7ys) + 23 (W0Us + 2405 + voys + U5 + 200575 + 20703).

Corollary 5.6 ([8]). There exist simple 3-colored 3-designs with the fol-

lowing parameters: Three designs with parameters 3-(12, (n(0),n(1),n(2)), 220)
where (n(0),n(1),n(2)) is equal to (6,3,3) or any one of its three per-
mutations. Three designs with parameters 3-(12, (n(0),n(1),n(2)), 22)

where (n(0),n(1),n(2)) is equal to (6,6,0) or any one of its three per-
mutations.
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The space of Jacobi polynomials CJc ;- with |T'| = 4 may be gen-
erated by the two polynomials

Clan 4 = 23(yo + yaus + 6ygutys + yius) + wha (dugys + 28y5yTus
+4ytys) + xiwa(28yaytys + dyiys + 4ytys) + ot (12y5y)
+ 18ygy1y5 + 18y0y1¥s + 6Yov1ys) + w52122(60yy1 Y5 + 2440473
+ 24yoy2d) + 2222 (18ytyPys + 12ytyt + 6yoySys + 18yoyiyl)
+ zoxt (dypy + dydys + 28y3yiys) + wortzy(24ygyrys + 60y ys
+ 24y5y1y5) + To1 w5 (24y0yTy2 + 24Y5yTy2 + 60Y5yYs )
+ w03 (4y0us + 4o + 28y5yiys) + 21 (You? + Buayiys + ot
+ytys) + a2 (28yaytys + Ayoys + 4uiys) + 2ty (6ygyys
+ 18y5y1v2 + 18yy1ys + 12y1y5) + 215 (4yey! + 28y5yiys
+4y7y3) 4+ 23(U0Ys + 6oy + rys + u),
Clu 4 = wo(Yp + 8ypyiys) + w01 (Byoyr + 24ypyiys + 4yiys)
+ whwa (24y5ytys + 8yiys + 4ytys) + woat (Byoyi + 24yeu1vs
+ 24yoyiys) + w5122 (60y5yTY3 + 24u057Y5 + 24Y0yiys)
+ 2202 (Gydys + 24ylyys + 24yeydyl) + woad(Syly? + 24y3y3
+ 4y3ys) + zoxiza (24y5y1ys + 60yay Y + 24y3y1y5)
+ mom 22 (245 Y2y + 24y2y s + 60y2y2yd)
+ mox3 (8yoys + duayt + 24ubytys) + =1 (Buayiys + ur)
+ xiwa(Ay0ys + 24yayTy5 + 8ytys) + i3 (24ydytye + 24Y5y1v;

+ 6y1ys) + 2125 (dyoyi + 24y5yiys + 8yiys) + 5 (8yayiys + us).-

Combining these two equations we obtain 4-designs with parameters
4_(12a (67 6a 0)7 ()\i(P)’ )‘%(P))) and 4_(127 (67 37 3)7 ()‘%(P% )\%(P)),

where A\(P)’s are shown in Table 5.1l By the coefficient of the term
Yo ©yMyn3) i1 the complete weight enumerator of the code, we obtain

an upper (resp. lower) bound of Dy (py(12, (n(0),n(1),n(2)),4) (resp.
CAmax(P)(]‘27 (n(0)7 n(l)’ n(2))7 4))
D)\rlna (P)(127 (67 6, 0)7 4) <22< C)\l . (P)(127 (67 6, 0)7 4)7
2
P

Dz (7(12,(6,3,3),4) < 220 < Cy2 (12, (6,3,3),4).

The Apax(P)’s (resp. Amin(P)’s) are shown in Table Bl
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TABLE 5.1. MA’s in 3-colored 4-designs

P [[0000 ] 0001 [ 0002 [ 0011|0012 | 0022 [ 0111 | 0112
NP) T [ 4]0 12]0 ] 0] 4]0
MP) 0 [ 810610101 8]0
NPT [ 810 12]07] 0] 8]0
NP o[ 4016 ] 0] 0] 4]0
N(P) |6 | 28 | 28 | 18 | 60 | 18 | 4 | 24
N(P) 8 |24 | 24 | 24 [ 60 | 0 | 24 | 24
N (PY[ 8 | 28 | 28 | 24 | 60 | 18 | 24 | 24
N (PY[l 6 | 24 | 24 | 18 | 60 | 0 | 4 | 24

P | 0122|0222 | 1111|1112 |1122 1222|2222 -
NP) oo 10/ 0] 0] 0] -
MP) o o]0 0] 0] 0] 0] -
X.Pl ool 1[0/ 0] 0] 0] -
NPT o o]0 0] o] o]0 -
NP) 24 40 0] 6] 0] 0] -
NP) 24 00 4]0 4]0 -
NP 24 410 416 | 4]0 -
NP 2401 0] 0] o] o]0 -

17

Similarly, we can obtain an upper (resp. lower) bound of D (resp.
(') 3-colored 4-designs where (n(0),n(1),n(2)) is equal to anyone of the

four choices: (6,0,6), (0,6,6), (3,3,6), (3,6,3).

5.3. Type IV codes. The MacWilliams transform and some congru-
ence conditions yield that the complete weight enumerator of a Type IV
code remains invariant under the action of group Gy of order 576 which
is generated by the following four matrices:

(1 1 1
11 1 -1
211 =1 1
1 -1 -1
(01 00
1000
0001
0010

SO O

_— o O O
OO = O

It is easy to show that a split complete weight enumerator of a Type

IV code is an invariant of Gyy.
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Let the elements of Fy be 0,1,s,s% If P is a polynomial of total
degree n in 8 variables xo, ¥1, Ts, T2, Yo, Y1, Ys, Ys2. Now define a polar-
ization operator Ag and specialization operator S as follows:

LU()P;O + $1P;1 + .CL’SP;S + LE‘SZP; 2

Ag'PIZ S,
n

Ss - P(xo, T1, Ts, T2, Yo, Y1, Yss Ys2) = P(To, 21, 21, 21, Yo, Y1, Y1, Y1)-
Definition 5.3. An Fy-linear code of length n is said to be colorwise

t-homogeneous if the codewords of every given composition hold a 4-
colored ¢-design.

Now we have the following F4-code analogues of Lemma [T and
Lemma [5.2]

Lemma 5.7. Let C' be a linear code of length n over Fy. If C is t-
homogeneous with no non-zero words of Hamming weight less than t,
then for all T of size t we get

JQT = AZ . Wc.

Lemma 5.8. Let C' be a linear code of length n over Fy. If C is
colorwise t-homogeneous with no non-zero words of Hamming weight
less than t, then for all T of size t we get

Clor = A} - cwec.
5.3.1. Length 4.

Example 5.2. Let C}" be the Hermitian self-dual code over Fy of
length 4 in [I§].

fl4] = u* + v + 2u® + wo® + 0%

Since the codewords of fixed composition in C}¥ holds 4-colored 1-
design, we assume that |T'| = 1. Then,

Claw 1 = oYy + Yoyi + Yoys + Yoyz) + 21 (Yoys +y1 + yiys + h1y2)

+ 25 (Yoys + Yiys + Y2+ Ysy) + 22 (Yoye + yiye + Yiye + y).
There exist simple 4-colored 1-designs with the following parameters:
Six designs with parameters 1-(4, (n(0), n(1), n(s), n(s%)), 2) where (n(0),n(1), n(s), n(s*))
is equal to (2,2,0,0) or any one of its four permutations. The space of
Jacobi polynomials CJ v with |T| = 2 may be generated by the two
polynomials
Clew o = (a5 + 27 +af +22) (g + yi + i +y2),
CIZv 5 = T3y5 + 20021901 + 20025YoYs + 2T0T2Yoys2 + TTYT + 20125417

+ 22121 Y2 + a:iyg + 20T 2YsYs2 + [lfggygg.
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Combining these two equations we obtain 2-designs with parameters
2_(47 (27 27 07 0)7 (Al(P% ()\2(P>))7

where A(P)’s are shown in Table 5.2l By the coefficient of the term
y2y? in the complete weight enumerator of the code, we obtain an upper
(resp. lower) bound of Dy (py(4,(2,2,0,0),2) (resp. Ch,..p)(4,(2,2,0,0),2)).

D>\max(P) (4a (27 2a 07 O)a 2) <2< C)\min(P)(4? (2’ 2> 0? O)> 2)'

The Apax(P)’s (resp. Amin(P)’s) are shown in Table 5.2l Similarly, we
can obtain an upper (resp. lower) bound of D (resp. C) 4-colored
2-designs where (n(0),n(1),n(s),n(s?)) is equal to anyone of the four
choices: (2,0,2,0), (2,0,0,2), (0,2,2,0), (0,0,2,2).

TABLE 5.2. \’s in 4-colored 2-designs

P 0001 |0s[0s%2]11]1s]|1s?|ss]ss?|s%s?
MP) [1]ololof1]olo]o]0] O
NP) [o[2]o[o]o[o]o]0o]0] O

dax(P)[[T]2]0]0[1T]0][O0]J0]0] O
din(P)][OJOJO]O]JO]lO][O]O] O] O

5.3.2. Length 6.

Example 5.3. Let CLV be the second Hermitian self-dual code over [,
of length 6 in [18].

£16] = 2u® + 2u’v + 3uv? + 4uv® 4 3uv* + 2uv® + 20°.
In this case, it holds the following Lemmas and Theorem.

Lemma 5.9. A basis ofMﬁ’ is obtained by applying R(f, 51;) with f
running over the monomials

2 4 2. 2 2 2
ZoYo, ToY1Ys, ToT1YoY1Ys-

Lemma 5.10. A basis of M?)G/g’ is obtained by applying R(f,é;)
with f running over the monomials

3,3 .2 2 2 9
ZolYo, LoT1Y1Ys, LoT1YoYs, Tol1TsYolY1Ys-

We need to observe that that specialization is one-to-one on those
spaces.

Lemma 5.11. For { = 1,2 we have
dim (S - MCLY,) = dim(MEL ).
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Proof. We obtain it by taking the image by Sg of the preceding bases.
O

Theorem 5.12. The codewords of fixed composition in the Hermitian
Type IV code of length 6 hold 4-colored 2-designs.

Proof. We need to show that CJ¢ r does not depend on T for |T'| = 2.

Since it lives in MQG ', we can expand it with indeterminate coeffi-
cients on the basis given in Lemma The Hermitian code is 3-
homogeneous. By specialization and Lemma 5.7 and Lemma (11| we
determine these completely by solving a 3 x 3 linear system. U

Note that we can expand Cler for |T| = 3 with indeterminate

coefficients on the basis given in Lemma [5.I0 since it lives in M3G 3.
But we can’t determine these completely by solving a 3 x 3 linear
system by specialization and Lemma (5.7l and Lemma 5Tl

Since the codewords of fixed composition in C§¥ holds 4-colored 2-
design, we assume that |T'| = 1,2. Then

Clerv .y = mo(Yg + 5yoyiy? + Syoyiyz + 5yoyiyze) + w1 (5y5y1y?

+ 51y + U7 + Syrysyl) + 2 (5Y5yTs + 5Y0ysyle

+ 5ytysy + v2) + 22 (5youtyse + 5Yayiys + SYiyiys + ),
Clerv s = 75(Yo +Yivs + Yivie + yayi) + xor1 (dyoyrys + 4yoyiyse)

+ 2oz (AYoyiYs + 4yoysyz) + ToTs2 (4yoyryZ + Yoy ys)

+ 21 (Y02 + Yoz + ui + yiyl) + i (Ayiyys + 40iysy)

+ 122 (dygnyse + yiysyse) + 22 (Yol + Yayi + yive + )

+ 22 (A2ysyse + AyTysyse) + v (Y3yE + vyl + iyl + yk).

Corollary 5.13. Let Fy = {0,1,s,5%}. There exist simple 4-colored
2-designs with the following parameters: Four designs with parameters
2-(6, (n(0),n(1),n(s),n(s?)), 15) where (n(0),n(1),n(s), n(s?)) is equal
to (2,2,2,0) or any one of its four permutations.
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The space of Jacobi polynomials CJarv  with |T'| = 3 may be gen-
erated by the two polynomials
Cchév:) = mgyg’ + Bxgxlylyg + Bxgmsysygz + 3m8x32yfys2 + onxfyoygz
+ 62021 4Y0y1Ys + BT0T1T2Yoy1Ys2 + 3T0x2Yoyi + 6T0T 2 Y0y sYs?
+ 37072 yoys + TY; + 3T Yy, + 30T LY Y + 311021y
+ 6717, T 2 Y1 YsYs2 + 3T %yoyr + T2Y° + 30 T2 ypy.e
+ 3w, TYs + T2y,
CJ2C(£V73 = :Egyg’ + 3x3x1y1y§2 + 3933:1:53/%?;5 + Bx(z)xszyfysz + 3x0x%y0y§
+ 62021 25Y0y1Ys + 6201 T 2Y0y1Ys2 + BT TYoY’2 + 6T0TST2YoYsYs2
+ 3x0r% Yoyl + 23yP + 302 2,y,y% + 3riTeyiyse + 3viaiydy
+ 6717, T2Y1YsYs2 + 3T1T2y1Y° + 22Y5 + 30 T2 yTyse + 3T Yoys
+ 3722 yi’g.
Combining these two equations we obtain 3-designs with parameters
3-(6,(2,2,2,0), (M(P), (A(P))),

where A(P)’s are shown in Table 5.3l By the coefficient of the term
y2y?y? in the complete weight enumerator of the code, we obtain an up-

per (resp. lower) bound of Dy (r)(6,(2,2,2,0),3) (resp. Cy,...r)(6,(2,2,2,0),3)).
DAmax(P)(67 (2a 27 2, 0)7 3) <15 < C)‘min(P)(67 (2’ 27 2, 0)7 3)

The Apax(P)’s (resp. Amin(P)’s) are shown in Table 5.3l Similarly, we
can obtain an upper (resp. lower) bound of D (resp. C') 4-colored
3-designs where (n(0),n(1),n(s),n(s?)) is equal to anyone of the three
choices: (2,2,0,2), (2,0,2,2), (0,2,2,2).

TABLE 5.3. A’s in 4-colored 3-designs

P 000 [ 001 | 00s | 00s®| 011 | O1ls |[01s%*]| Oss | 0ss? | 0s%s?
MP)Y oo 303 6 0 | 0 0 0
NP o3 0]07]o0 6 0 | 3 0 0

dax(P)[ O [ 3] 3 [ 0 ] 3 6 0 | 3 0 0
Adin(P)J O T O] 0] 0] 0 6 0 | 0 0 0

P 111 | 11s | 11s% | 1ss | 1ss? | 1s%s% | sss | sss? | ss2s? | s%s%s?
MPY ool o370 0 0| 0 0 0
NP) o3 0[07]o0 0 0 [ 0 0 0

Aax(P)[ O [ 3] 0 [ 3] 0 0 0 | 0 0 0
Ain(P)[f O O]T O] 0] 0 0 0] 0 0 0
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5.3.3. Length 8.

Example 5.4. Let C§¥ be the third Hermitian self-dual code over F,
of length 8 in [18].

fI8] = 3u® 4 5u"v + Tubv? + 8uPv® + 10u'v? +

Since the codewords of fixed composition in C§¥ holds 4-colored 3-
design, we assume that |T'| = 1,2,3. Then,
Clow, = = wo(yo + TYoy1 + TYoys + TYoYse + 42Y0y1Y2y2e)
+ 21 (Tyoy? + 42050 y2y% + yi + TYiys + Tyiye:)
+ 25 (TYoys + 4205y Ysy + TY1Ye + vl + Tysyse)
+ 20 (Tyoyse + 4205y1y2ys + TyLye + Tysye + y2),
Clerv 5 = 23 (y0 + 3yoyi + 3Y5vs + 3ypyse + 6yiy2ys)
+ 201 (8yayt + 24yoy1y3yZ) + Toxs(8Y5yE + 24y0yiysyl)
+ 2022 (8Yoyse + 2440yiy3y.2) + 1 (3Yoyt + 6Y5yIy2:
+ YL+ 3Ty + 3yTYe) + m1as (2455 Y1y + SyLyL)
+ z1e (24y5y1ylyse + 8yiyl) + 3 Byay? + 6ygyTyl:
+3Y1Y7 + 3y2ys + yS) + w2 (24557 Yy + 8Ylys)
+ 222 (3ygy + 6Y5YTYE + 3Y1y + 3Ysyn + y),
Clav s = 25 (yg + voys + Yous + voys2) + w521 (BygyT + 6y1y3y%)
+ 22, (6yay, + 6yTysyze) + 15252 (6Y5ys= + 6yTy2ys)
+ 2027 (6y5yT + 6y0y2y%) + 2470717 YY1 YsY
+ 2430312 2Yoy1yYs2 + 0w (BYiy2 + 6Yoyiy2)
+ 24T0T T2 Yoy YsYs2 + Lot (6Y5y + 6YoyiyL)
+ 25 (Yoyr + ¥) + Y1vs + 1) + 212 (6ygysy + 6y7Y3)
+ 2tz (6ygyiyse + 6yiyl) + z122 (6ygyyz + 647y
+ 212% (6ygyys + 6y1y) + 242125225 Y1 YsYse
+ 23 (Yous + Y1Ys + Y3 + YsYsz) + iz (6Ypyryse + 6y2y2)
+ 23252 (6Y5Y1Ys + 65y5) + 252 (Yoyse + Y1y + YsYs + ).

There exist simple 4-colored 3-designs with the following parameters:
Six designs with parameters 3-(8, (n(0), n(1), n(s), n(s%)), 14) where (n(0), n(1), n(s), n(s?))
is equal to (4,4,0,0) or any one of its four permutations. The space of
Jacobi polynomials CJerv p with |T'| = 4 may be generated by the two
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polynomials

Clewva = 2o(yo + Y1 +vs + y) + 2501 (129597 + 1242y%)
+xors (129507 + 1207y%) + agal(12y5y2% + 1247y5)
+ 962071257 2Y0y1YsYse + 1 (Yo + Y1 + Ys + Yie) + iz (12y5y%
+1297y7) + 2wl (1200y7 + 1207y%) + wa(yo + vl + vl + yl)
+a2ah (12057 + 12y2y%) + w2 (Yo + Y1 + Ys + ys),

Cleav 4 = To¥o + 4zgz1yoyi + 4702.y0ys + Ax)T2y0y + 15Ty
+ 12052129195y + 120501 22150y + 652Y5y;
+ 12032,2 2 YTysYse + 6150 0Y5y% + Axox Yy + 122023250y Y3
+ 12z0z T2 yoysyse + 12002122 Yo11 Y + 242021 T 2 YoY1YsYs2
+ 12:E0:17193§2y0y1yf + 4z0z§’yg’ys + 12:on§xszy0yfysz
+ 1220825 Y0y1Ys + ATorLygyse + iyt + dxiTanyl
+daizeyys + 60alyiyl + 120700 y5ysyse + 6170y Y
+ A 2lyiys + 120220 0y yiyse + 1201205 Y501 ys + 401257y,

+ oiyt + 42tz ysyfz + 6x§x§2 ygyfg + 4xsx§’2 Y2y + .]}'32 y;lz.
Combining these two equations we obtain 4-designs with parameters
4-(8, (4,4,0,0), (AN(P), A(P))) and 4-(8, (2,2,2,2), (N (P), (P)),

where A(P)’s are shown in Table 5.4l By the coefficient of the term

2
Yo (O)yn(W)ym (s)y;(s ) in the complete weight enumerator of the code, we
obtain an upper (resp. lower) bound of Dy, (p)(8, (n(0), n(1),n(s), n(s%)),4)

(resp. Chun(p) (8, (n(0),n(1),n(s),n(s?)),4)).

DArlnax(P) <8’ (47 4’ 07 0)7 4) <14 < C)\Enin(P) (87 (47 47 07 0)7 4)7
Dig,.(r)(8,(2,2,2,2),4) <168 < Oz (p)(8,(2,2,2,2),4).

The Apax(P)’s (resp. Amin(P)’s) are shown in Table 5.4l Similarly, we
can obtain an upper (resp. lower) bound of D (resp. C') 4-colored
3-designs where (n(0),n(1),n(s),n(s*)) is equal to anyone of the five
choices: (4,0,4,0), (4,0,0,4), (0,4,4,0), (0,4,0,4), (0,0,4, 4).

In the case the extremal Type III (resp. Type IV) code of length n
containing the all-one vector, it holds 3- (resp. 4-) colored t-design as
in Table 5.5 (resp. Table (.6)).
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6. CONCLUDING REMARKS

Let D, be the support design of a code C' for weight w and
0(C) := max{t € N | Yw, D,, is a t-design},
s(C) := max{t € N| Jw s.t. D,, is a t-design}.

We note that 6(C') < s(C). In our previous papers [3], 20} 29, [30, 31}, 32,
33, we considered the possible occurrence of §(C') < s(C). This was
motivated by Lehmer’s conjecture, which is an analogue of 6(C') < s(C)
in the theory of lattices and vertex operator algebras. For the details,
see [IL 12, [, 22, 26, 27, 29, 138, [39).

Let C'D,, be the support colored design of a code C' for weight w and

0.(C) :== max{t € N | Yw,CD,, is a colored t-design},
s.(C) := max{t € N | Jw s.t. CD,, is a colored t-design}.

It is natural to give upper and lower bounds of §.(C) and s.(C) for all
extremal Type II, III, and IV codes.

We will continue the study of this paper in [I1] to the case of Zj-
codes as a generalization of the works done by Bonnecaze et al. [6].
Moreover, we investigate the colored designs to the case of Kleinian
codes in [12].
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TABLE 5.4. \’s in 4-colored 4-designs

0000 0001 000s | 000s® | 0011 001s 001s®
P) 1 0 0 0 12 0 0
P) 0 4 0 0 6 0 0
(P) 1 4 0 0 12 0 0
(P) 0 0 0 0 6 0 0
P) 0 0 0 0 12 0 0
P) 0 0 0 0 0 12 12
2 (P 0 0 0 0 12 12 12
2 (P 0 0 0 0 0 0 0
00ss | 00ss? | 00s%s®| 0111 | 011s | 011s® 0lss
0 0 0 0 0 0 0
0 0 0 4 0 0 0
0 0 0 4 0 0 0
0 0 0 0 0 0 0
12 0 12 0 0 0 0
0 12 0 0 12 12 12
: ( 12 12 12 0 12 12 12
- 0 0 0 0 0 0 0
01ss? | 01s%s® 0sss | 0sss® | 0ss°s? | 0s%s%s? 1111
0 0 0 0 0 0 1
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0
96 0 0 0 0 0 0
24 12 0 12 12 0 0
96 12 0 12 12 0 0
24 0 0 0 0 0 0
111s 111s? 11ss | 11ss? | 11s%s? 1sss 1sss?
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 12 0 12 0 0
12 0 0 12 0 0 12
12 0 12 12 12 0 12
0 0 0 0 0 0 0
155%s? | 15%5%s% | ssss | ssss® | sss?s? | ss?s%s? | 5255252
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 12 0 0
12 0 0 0 0 0 0
12 0 0 0 12 0 0
0 0 0 0 0 0 0
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TABLE 5.5. 3-colored t-(n, (ng,n1,n2),|B|) design in

Type III code

Blocks in the cwe (ng, ny, ng)

n |t up to permutation Number of blocks
1211 (6,3,3) 220

1 (6,6,0) 22

2 (6,3,3) 220

2 (6,6,0) 22

3 (6,3,3) 220

3 (6,6,0) 22

TABLE 5.6. 4-colored t-
Type IV code

—

n, (no, n1, ns, ng2), |B|) design in

Blocks in the cwe (ng, ny, ng, ng2)
ni|t up to permutation Number of blocks
11 (2,2,0,0) )
61 (2,2,2,0) 15
81 (4,4,0,0) 14
811 (2,2,2,2) 168
G2 (2,2,2,0) 15
82 (4,4,0,0) 14
812 (2,2,2,2) 163
83 (4,4,0,0) 14
83 (2,2,2,2) 163
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