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Construction of strongly regular Cayley graphs based
on three-valued Gauss periods

Koji Momihara

ABSTRACT. In this paper, we give a construction of strongly regular Cayley graphs on
the additive groups of finite fields based on three-valued Gauss periods. As consequences,
we obtain two infinite families and one sporadic example of new strongly regular Cayley
graphs. This construction can be viewed as a generalization of that of strongly regular
Cayley graphs obtained in [3].

1. Introduction

A strongly regular graph with parameters (v, k, A\, pt) is a simple undirected k-regular
graph I' on the set of v vertices satisfying the following conditions: for any two vertices x
and y,

{z e V() : (2,2),(y,2) € BE(I')}| = { M: g gi’zg 25%’

where V(I') is the set of vertices of I' and E(I") is the set of edges of I'. A strongly
regular graph is said to be of Latin square type (resp. negative Latin square type) if it has
parameters (v, k,\, ;) = (n?,r(n —¢€),en +1r* — 3er,r?> — er) with € = 1 (resp. € = —1).
A regular graph, not complete or edgeless, is strongly regular if and only if its adjacency
matrix has exactly two restricted eigenvalues [5, Theorem 9.1.2]. Here, we say that an
eigenvalue of the adjacency matrix is restricted if it has an eigenvector perpendicular to
the all-ones vector.

An effective way for constructing strongly regular graphs is to use Cayley graphs. Let
G be a finite (additively written) abelian group and D be an inverse-closed subset of
G\ {0¢}, where O¢ is the identity of G. We define a graph Cay(G, D) with the elements
of G as its vertices; two vertices x and y are adjacent if and only if z —y € D. The
graph Cay(G, D) is called a Cayley graph on G with connection set D. The eigenvalues

of Cay(G, D) are given by ¥(D), ¢ € G where G is the group consisting of all characters
of G. By the aforementioned characterization of strongly regular graphs, Cay(G, D) with
connection set D(# ), G) is strongly regular if and only if ¢(D), ¢ € G \ {¢o}, take
exactly two values, where 1 is the identity of G. If Cay(G, D) is strongly regular, the
set D is often called a partial difference set on G. For basic results on strongly regular
Cayley graphs and partial difference sets, we refer the reader to the survey [21].
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A classical method for constructing strongly regular Cayley graphs in the additive
groups (i.e., elementary abelian groups) of finite fields is to use cyclotomic classes. Let
g be a prime power and [F, be the finite field of order ¢. Furthermore, let w be a fixed
primitive element of IF, and N be a positive integer dividing ¢ —1. For 0 <¢ < N —1 we

set C’i(N’Q) = w'Cy, where Cj is the subgroup of order (¢ — 1)/N of F};. Here, I} denotes
the multiplicative group of F,. These cosets are called cyclotomic classes of order N of
F,. One may take a union of some cyclotomic classes of order N of F, as the connection
set of a Cayley graph. Many researchers have studies the problem of determining when
a Cayley graph with a union of cyclotomic classes as its connection set forms a strongly
regular graph. However, this method has had only limited success. One of the reason why
not so many strongly regular graphs have been discovered by this method is the difficulty
of evaluating Gauss sums with respect to multiplicative characters of large order. In fact,
by the orthogonality of characters, the character values of a union of cyclotomic classes
of order N can be represented as sums of linear combinations of Gauss sums with respect
to multiplicative characters of exponent .

Typical cases where the Gauss sums of order N of ¥, have been evaluated are listed
below:

(1) (small order case [4]) N < 24 (but some of the evaluations are not explicit),
(2) (semi-primitive case [4]) —1 € (p) (mod N),
(3) (index 2 case [28]) [Z} : (p)] = 2, where Z; is the unit group of Zy,

where p is the characteristic of F,. Corresponding to these cases, some constructions of
strongly regular Cayley graphs have been given. For example, if N = 2 and ¢ = 1 (mod 4),

Cay (F,, CéN’Q)) forms a strongly regular graph, the so-called Paley graph. Brouwer, Wilson
and Xiang [6] constructed strongly regular Cayley graphs based on cyclotomic classes in
semi-primitive case. Recently, Feng and Xiang [12] gave a construction of strongly regular
Cayley graphs based on cyclotomic classes in index 2 case. For related results, we refer
the reader to [8, 14, 16, 18, 22] and references therein.

On the other hand, strongly regular Cayley graphs on finite fields have been studied in
finite geometry. In particular, finite geometric objects, such as m-ovoids and i-tight sets,
can give arise to strongly regular Cayley graphs on the additive group of finite fields [1,
2,7,9,11, 13, 19, 20, 25|. In particular, see [1, Section 6] for the relationship between
these finite geometric objects and strongly regular graphs. In these studies, instead of
evaluating Gauss sums, the character values were directly computed by geometric or
group-theoretic arguments. Recently, Bamberg, Lee, Xiang and the author [3] constructed
strongly regular Cayley graphs corresponding to %—ovoids in the elliptic quadric Q= (5, q),
which are also corresponding to a finite geometric object, so-called hemisystems of the
Hermitian surface. In particular, the authors used cyclotomic classes of order 4(¢* +q+1)
of F s combining with a geometric argument. As a more theoretical understanding, Xiang
and the author [24] realized that two-valued Gauss periods and a partition of the Singer
difference set are behind the construction. Furthermore, the authors showed that the
construction can be done in a more general setting within the framework of two-valued
Gauss periods.

In this paper, we show that the construction given in [3] can also work within the
framework of three-valued Gauss periods. As a consequence, we obtain the following two
infinite families of new strongly regular Cayley graphs.

THEOREM 1.1. There exists a strongly reqular Cayley graph on (Fy,+) with negative
Latin square type parameters (¢°,r(¢®> +1),¢*> +1r* — 3r, 7% — 1), where r = M(¢*> — 1)/2,
i the following cases:
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(i) M =3 and g = 7(mod 24),
(i) M =7 and ¢ = 11,51 (mod 56).

In the case where M =1 and ¢ = 3 (mod 4) in the theorem above, we can also obtain
strongly regular Cayley graphs, which were already found in [3]. Thus, our construction
can be viewed as a generalization of that given in [3].

This paper is organized as follows. In Section 2, we give the background on Gauss
sums, Gauss periods and Cayley graphs on finite fields. In Section 3, we review known
results on three-valued Gauss periods and find two families of three-valued Gauss periods
forming an arithmetic progression. In Section 4, we give a construction of Cayley graphs
based on three-valued Gauss periods. Furthermore, we give a sufficient condition for the
Cayley graph to be strongly regular. In Section 5, we show that some of the three-valued
Gauss periods found in Section 3 satisfy the sufficient condition. Then, we obtain our
main result. In the final section, we give one sporadic example of a strongly regular
Cayley graph on (F74, +) not belonging to the two families of strongly regular graphs in
Theorem 1.1.

2. Preliminaries

2.1. Gauss sums. In this section, we collect basic results on Gauss sums.
For a multiplicative character x and the canonical additive character g, of F,, define
the Gauss sum by
Gy(x) = > x(x)s, ().
z€Fy
If  is of order N, we may say that the Gauss sum is of order N. We will use the following
facts without preamble.

(1) G4(x)Gy(x) = ¢ if x is nontrivial;

(i) Gq(x™") = x(=1)Gq();
(ili) G,(x) = —1if x is trivial.

The Gauss sum with respect to the quadratic character is explicitly computable as follows.

THEOREM 2.1. [17, Theorem 5.15] Let ¢ = p’ be a prime power with p a prime and
n be the quadratic character of F,. Then,

1)/ 12 ifp=1(mod 4),
(2.1) Go(n) = {E_lgf—lglfql/Q zfi =3 Emod 4;

Also, in semi-primitive case, the Gauss sum is computable.

THEOREM 2.2. ([4, Theorem 11.6.3]) Let p be a prime. Suppose that N > 2 and
p is semi-primitive modulo N, i.e., there ewists a positive integer j such that p/ = —1
(mod N). Choose j minimal and write f = 2js for any positive integer r. Let x be a
multiplicative character of order N of F,;. Then,

s—1 ;
—f/2 _ (_1) y pr:27
p pr (X) - { (_1)s—l+(pﬂ+1)s/N’ pr > 2.
The following is often referred to as the Davenport-Hasse lifting formula.

THEOREM 2.3. ([4, Theorem 11.5.2]) Let X' be a nontrivial multiplicative character
of By and let x be the lift of X' to Fgm, i.e., x(a) = x'(Normgm q(a)) for o € Fym, where
m > 2 s an integer. Then

Gon(X) = (=1)"H(Gy(X)™
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Also, we need the following formula on Gauss sums.

THEOREM 2.4. ([3, Corollary 2.8]) Let ¢™ = 3 (mod 4) be an odd prime power and N
be an odd positive integer dividing (¢ —1)/(q—1). Let x'y be a multiplicative character of
order N of Fym and xn be its lift to Fem. Furthermore, let x4 be a multiplicative character
of order 4 of Fam. Then, it holds that Gzm(xaxn) = Gen(XixN). In particular, it holds
that
¢" Gy (1X'y)

Gyn(n)
where pgm = —1 or 1 depending on whether ¢™ = 3 (mod 8) or ¢™ = 7 (mod 8), and n is
the quadratic character of Fym.

G pem (XaXN) = pgm

In [3], the authors treated only the case where m = 3 of Theorem 2.4. The general
case can be proved in a similar way.

2.2. Gauss periods and Cayley graphs on finite fields. The Gauss periods of
order N of F m are defined by

Ve, (CT) = 37 tp(2), 0P <N -1,
e

where ¢, ,, is the canonical additive character of Fym. By the orthogonality of characters,
the Gauss periods of order N of F,m can be expressed as a linear combination of Gauss
sums of Fym:

=

m 1 . i i 3
(2:2) e Gy = 2 D7 Con DX (@), 0SSN — 1,

i
o

where xn is a fixed multiplicative character of order N of Fym» and w is a fixed primitive
element of Fym.

THEOREM 2.5. ([27, Theorem 1]) Let x be a nontrivial multiplicative character of Fym
and X' be its restriction to F,. Take a system L of representatives of Fyu /F; such that
Trgm,q maps L onto {0,1} C F,. Partition L into two parts:

Lo={x € L: Trgm/g(x) =0} and Ly = {x € L : Trgm/q(x) = 1},

where Trym 4 is the trace function from Fym to Fy. Then,

Z (z) = G (X)/Go(X'), if X' is nontrivial,
cL A —Gym(X)/4; otherwise.

Set S = {i (mod q;n_—11) : w' € Ly}, that is, the so-called Singer difference set. Note
that |S| = (g™ ' —1)/(¢g—1). It N|(¢™ —1)/(q — 1), the restriction of a multiplicative
character yy of order N of F,m to F, is trivial. In this case, by (2.2) and Theorem 2.5,

we have

¢qu (Ci(Nﬂm)) = -

(2.3) = - % - % DD (W),

Let Sy be the reduction of S modulo N. We may identify Sy with a group ring element
in Z[ZN} L
SN = C()[O] + 01[1] + -4 CN_l[N — ].] € Z[ZN],
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where ¢; € Z,1=0,1,..., N — 1. Define

as an ordinary set, i.e., the set of multiplicities of € Zy in the multiset Sy. Furthermore,
let

(25) IBI{iGZNICizﬁ},BGFN.

Then,

(2.6) Sy =Y Bls € ZZy].
BEFN

Continuing from (2.3), we have

¢" -1

Ng=1) +qp,

(2.7) (L () = -
where § € Fy is determined by 7 € Iz. Thus, the values of Gauss periods of order N of
Fym are computable from S

REMARK 2.6. In this paper, we will take a union of cyclotomic classes of order 4N of
[F2m as a connection set of our strongly regular Cayley graph, where N | (¢" —1)/(q—1).
Therefore, we need to compute a sum of Gauss periods of order 4V of IF 2m. More precisely,

if the connection set has the form D = | J,; C§4N’q2m)

that >, @Z’qum (Cz'(f]y7q2m)), j=0,1,...,4N — 1, take exactly two values.

for some I C Z,n, we need to show

3. Three-valued Gauss periods

3.1. Brief review of three-valued Gauss periods. Schmidt and White [26] stud-
ied when Gauss periods ¢, (C’i(N’qm)), i=0,1,...,N—1, with N|(¢"™ —1)/(¢ — 1) take
exactly two values in relation to a classification problem of projective two-weight irre-
ducible cyclic code. They found two families and eleven sporadic examples of two-valued
Gauss periods. In [3, 23, 24], we constructed strongly regular Cayley graphs based on
their results.

As a natural continuation of the study in [26], Feng, Xiang and the author [15] con-
sidered Gauss periods which take exactly three rational values, and use them to construct
circulant weighing matrices and association schemes. In particular, the authors treated
three-valued Gauss periods forming an arithmetic progression.

Let ¢ be a prime power and N > 2 be a positive integer dividing (¢™ —1)/(q — 1).
Assume that the Gauss periods ¢, (Ci(N’qm)), 0 <i < N —1, take exactly three values
aq, (g, g, which form an arithmetic progression, say, a; —as = ag —ag =t > 0. By (2.7)
and the definition (2.4) of Fl, we have

Q; gr—1
3.1 FN—{Bi:——+—:z—1,2,3}.
(31) (B =) ¢ qN(g—1)
It is clear that, f;, 52 and B also form an arithmetic progression. Write I; := I, for

simplicity, where I3, is defined in (2.5). Then, the sizes of I;’s are determined as follows.
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LEMMA 3.1. ([15, Lemma 2.5]) With notation as above, it holds that
N(as —agt + k) +209 —k —t+ 1

1| =

2t2 ’
|I2|:N(t2—a%—k:)—1—2oz2+k
t? ’

|I|:N(a§+a2t+k)+2a2—k+t+1

3 2t2 )

where k == (¢™ —1)/N.

We now have a simple representation of Gauss sums. Let w be a primitive element
of F,m and x be a nontrivial multiplicative character of exponent N of Fy». Then, by
Theorem 2.5 and (2.6),

(3.2) Gor(X) =q > x(w)=q > B> x().
ieﬁ 71=1,2.3 ’iEIj

Furthermore, by (3.1), the right-hand side of (3.2) is computed as

(3.3) D a4y xw)=t <2ZXW> + ZXW))-

=123 i€l il i€l
The following two infinite families of three-valued Gauss periods of order N of Fym,
which form an arithmetic progression, were known [15]:
(34) m=6and N =(¢*—1)/(q—1),
(3.5) m=3and N = (¢ —1)/(3(¢ — 1)) with ¢ = 1 (mod 3).

On the other hand, many other examples not belonging to the two families above were
known, see [15, Example 4.4, Table 1].

3.2. Two families of three-valued Gauss periods. In this subsection, we find
two families of three-valued Gauss periods forming an arithmetic progression. Let ¢ be a
prime power and w be a primitive element of Fys. Let M be a positive integer dividing

3 _ _ — g’
(¢°—1)/(q—1), and set N = D

LEMMA 3.2. Assume that w™N w?2N wisN are linearly independent over F, for all dis-
tinct j1, 72,73 € {0,1,..., M —1}. Then, the Gauss periods quS (C’Z-(N’qs)), 1=0,1,...,N—
1, take exactly three values —M + 2q, —M + q,—M.

PROOF. Let w® € Fy,. It is impossible that Trgs Jg(w'wN) = 0 for three or more
j€{0,1,...,M —1}. In fact, if

Trq3/q(wawle> = Trq3/q(wawj2N) = Trq3/q(wawj3N) =0

for some distinct ji, jo, j3 € {0,1,..., M — 1}, since w/ ¥ w2V 3N are linearly indepen-
dent over Fy, Trys/,(w®r) = 0 for all x € Fys, which is impossible. Hence,
, M-1
a N, a, j *
Up s (@O ) =, (Trgs g (w0’ Fy)
=0

—M +2q, if Trqg/q(w“ij) = 0 for exactly two j € {0,1,..., M — 1},
={¢ —M+gq, if Trg/e(w«™) = 0 for exactly one j € {0,1,...,M — 1},
—M, if Trys/q(w@ ™) # 0 for any j € {0,1,..., M — 1}.

This completes the proof of the lemma. 0
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Put a; = =M + 2q, as = —M + q and a3 = —M. Then, by (3.1), we have §; = 2,
By =1 and 3 = 0. Define

(3.6) I o= {i(mod N): 0 <i < N — 1,0, (CV)) = o}, j=1,2,3.
By Lemma 3.1, we have
M—1 Z+q+1 M —3
L= 2 bl =q-M+2, |5 = T4 20

2 M 2

Furthermore, by (2.6), the reduction of the Singer difference set S = {i (mod ¢* + ¢ + 1) :
Tresq(w') = 0} modulo N is

(3.7) Sy=NLULUILCZy.

COROLLARY 3.3. ([15, Section 4.3]) Let ¢ = 1(mod 3) be a prime power, and set
N = (¢*+q+1)/3. Then, the Gauss periods dJFqS(CZ.(N’qS)), i=0,1,...,N — 1, take
exactly three values —3 + 2q, —3 + q, —3.

PROOF. The minimal polynomial of w? is of degree 3, and hence 1,w",w?" are lin-

early independent over F,. Then, by Lemma 3.2, the conclusion of the corollary fol-
lows. U

The result above recovers the family (3.5) of known three-valued Gauss periods.

COROLLARY 3.4. Let q be an odd prime power such that ¢ = 2 or 4 (mod 7), and set
3
N = (¢*+q+1)/7. Then, the Gauss periods @/J]Fqg (C’i(N’q )), i=0,1,...,N—1, take exactly
three values —7 + 2q, =7+ q, —7.

PROOF. The minimal polynomial of each w’?, j = 1,2,...,6, is of degree 3, and
hence 1,w/™, w*N are linearly independent over F,. This also implies that 1,w" L wi'N
are linearly independent over F,, where j/ = 2j (mod 7), since w*NF; = w/'NF:.

We next show that 1,w/™ w3 are linearly independent over F, for every j = 1,2, ...,6.
If this is shown, similarly to the above, 1,w/™,w’ "N are linearly independent over Fy,
where j' = 3j (mod 7). Assume that 1,w/™,w** are linearly dependent over F,, i.e.,
there are a,b € F} such that w¥" + aw’™ +b = 0. Then, f(z) = 2° + ax + b € Fla]
is the minimal polynomial of w/™. Since w®N, w? N are also roots of f(z), we have
23 +ax+ b= (x —wN)(z — w¥N)(z — w’N). Comparing the coefficients of 2 of both
sides, we have w/™ + w9 N + w?iN = Q. Depending on whether ¢ = 2 or 4 (mod 7), we

3 3 3 3
ig°—1 1g°—1 ig°—1 ig°—1 .
have 1 +w/ 7 4+ w¥ 7 =0or 14+w¥ 7 +w* 7 =0, respectively. In the case where

‘q37 . ‘q'37 'q57
¢ = 2(mod 7), g(z) = 23+2+1 is the minimal polynomial of w7 . Since w% 7, w7

L3 e g3
are also roots of g(z), we have 2 +z +1 = (z —quTl)(x - w2jq771)(9c — w4, Com-

3
g —1 . . . .
7i"% = —1, which is a contradiction.

paring the constants of both sides, we have 1 = —w
The proof for the case where ¢ = 4 (mod 7) is similar.

Note that 1,w’™ w/"N are linearly independent over F,, if and only if so are w*V, w0 +ON
wU N for every t € {0,1,...,6}, where the exponents j+t and 5+t are reduced modulo
7. Then, it is straightforward to check that w/*™, w2V 73N are linearly independent over
[F, for all distinct ji,j2, 73 € {0,1,...,6}. Then, by Lemma 3.2, the conclusion of the
corollary follows. O

REMARK 3.5. We give a comment for the case where ¢ is even in Corollary 3.4 although
we need only the case where ¢ is odd in this paper. If ¢ is even, F,s contains the subfield

3_ )
of order 8. Then, w™™ € Fs is a root of flz) =1+ 29 + 2% € Fofz] for j = 1 or 2.
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This implies that 1, w9 wN72 are linearly dependent over F,, where j; and j, are defined
by 71 = j(¢ — 1) (mod 7) and jo = 3(¢ — 1) (mod 7), respectively. Therefore, we can not

apply Lemma 3.2.

4. Construction of Cayley graphs based on three-valued Gauss periods

In this section, we give a construction of Cayley graphs on (F,2m,+) based on three-
valued Gauss periods of F,». With some suitable partition of the set I5, the Cayley graph
will become a strongly regular graph.

We begin with an illustrative example of our construction.

EXAMPLE 4.1. Let ¢ = 7 and M = 3. As shown in Corollary 3.3, the Gauss periods
3

Vr., (01(19’7 )), i =0,1,...,18, take exactly three values a; = 11,9 = 4 and a3 = —3.
With a suitable primitive element of F7s, we have

[1 :{0},

I, ={8,10,12,13, 15, 18},

I3 ={1,2,3,4,5,6,7,9,11,14,16,17}.
Consider the partition S; = {8,12, 18}, S, = {10,13,15} of I, and set S/ = 4715; (mod 19),
i =1,2, that is, S7 = {2,3,14} and Sj = {8,12,18}. Define

Y = {19 + 45 (mod 76) : (i,5) € ({0,3} x S7) U ({1,2} x S}
U{19i +4j (mod 76) : i = 0,1,2,3, j € 4 'I; (mod 19)}
= {8,12, 37,56, 65,69, 10, 15,34, 51,67, 70,0, 19, 38, 57}.

C(76,76)

(2

Then, with a suitable primitive element of Frs, Cay(Fzs,J;cy
regular graph.

) forms a strongly

We now give our construction in a general setting. Let ¢™ = 3 (mod 4) be a prime
power and w be a fixed primitive element of Fym. Furthermore, let N be an odd positive

integer dividing (¢™ —1)/(q — 1), and let CZ-(N’qm) =wiwh),i=0,1,...,N — 1. In this
section, we assume that the Gauss periods ¢, (CZ»(N’qm)), 1=20,1,..., N—1, take exactly

three rational values oy, g, avg forming an arithmetic progression, that is, (¢t :=)a; —ag =
as — ag > 0. Write

I; := {i (mod N) | ¢, (CN)) = o}, j=1,2,3.

Let S, Sy be a partition of Iy, and let S! = 2715, (mod N) and S’ = 2715/ (mod N) for
1 = 1,2. Define

(4.1) X =257 U (25) + N) (mod 2N)
and

Yx :={Ni+4j (mod 4N) : (i,5) € ({0,3} x S}) U ({1,2} x S}
(4.2) U{Ni+4j (mod 4N) :i=0,1,2,3, j € 4 I (mod N)}.

Clearly, X =27 ', (mod N) and Yy =L UL UL, UL UL U (mod N) as multisets.
The set Dy given in the following will become the connection set of a strongly regular
Cayley graph on (FF,2m, +) for some suitable partition Sy, S5 of Is.

PROPOSITION 4.2. With notation as above, define
(43) DX = U C§4N,q2m),

i€Yx
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where C’Z-(4N’q2m) =~(y*™N), i =0,1,...,4N — 1, and v a fized primitive element of Fom
such that v4" ™1 = w. For a € Zyy, define b = 47*a(mod N) and ¢ = 2b(mod 2N).
Then, the nontrivial character values of Dx are given by

. 6a/q 7YL
trn (0D3) =55 2 (0 | €)= | CE)
leX le2-11,
m 1)@ + |1 ~4 Ya€limod N),
N (q )21 + |12]) +{ — ifae I(mod N),

9
2N 0, ifae I(mod N).

(4.4)

where pym =1 or —1 depending on whether ¢™ = 7 (mod 8) or ¢™ = 3 (mod 8), and , is
defined by

1, ifa=0,1(mod4) and N =1 (mod 4)
ora=0,3(mod 4) and N = 3 (mod 4),
—1, ifa=2,3(mod 4) and N =1 (mod 4)

ora=1,2(mod 4) and N = 3 (mod 4).

Furthermore, 1 is the quadratic character of IFym

Y

0 =

We give a proof of Proposition 4.2 below.
Let x4, xn and xsn be multiplicative characters of order 4, N and 4N of [Fm, re-
spectively. By (2.2), we have

a 1 CL Z
(4.5) quZTn (v*Dx) = AN g>m (Xiv) Z Xan (7T

h=0 I€Yx

By the assumption that N is odd, x%y is uniquely expressed as x"*x"2 for some (hy, hy) €

Zy x Zy. Then, the right hand side of (4.5) is rewritten as

4L 2. ZGQm O Do (" ()
6)

h1=0,1,2,3 ha=0 je{0,3) s€81
(4.
+ Z ZX a+N] —h2 a+s Z ZX a+N] —h2(7a+s)).

j€{1,2} s€S> j€0,1,2,3 s€ly

We now compute (4.6) by dividing it into the three partial sums: P;, P, and P3, where Py
is the contribution of the summands with h; = 0, P, is the contribution of the summands
with hA; = 2, and Pj is the contribution of the summands with h; = 1 or 3. Then,

(4.7) Uk o (VD) = PL + P + Ps.
It is clear that P, = 0 since
Z X—2 a+N] Z X a+Nj Z X22(7a+Nj) —0.
j€{0,3} je{1,2} j€{0,1,2,3}
We consider the partial sum P;.
LEMMA 4.3. It holds that

m 1) + |1 —q YachmodN),
P = (q )(2]|V1’+| 2’) + _%’ Z’fae I (mod N),
0, if a € I3 (mod N).
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ProoOF. We compute

N-1
]_ a+s a+s
ho=0 scly sely

Let Xy be the multiplicative character of order N of F m such that xy is the lift of x/y.
By (3.2) and (3.3),

GV =t D> XNWw)=t Y x3*()

sel1Ul1Uly seTUIl1Uly

On the other hand, by Theorem 2.3,

G (Xh2) = —Gyn (X'3).

Continuing from (4.8), we have

2|0 | + | L] 1 — h —ho\ —h3, a
P+ N Q—th :1Gq’"(X,NQ)2qu(X/N X n (W)
g N-1
o thay 1=ha/ @
__TM};Gq’"(XN)XN (w®)
N-1
_q i—hsy —svay 4 CIL]+ (1)
LS Y e+ O
ho=0 sel1UI1Uls
™ ifa € I; (mod N)
21|+ |I 4! ! !
( ’21]’\;_’ ll —4-, ifa € I (mod N),
0, if a € I3 (mod N).
Then, the conclusion of the lemma follows. O

Next, we compute the partial sum P;.

LEMMA 4.4. Let b= 4"'a(mod N) and ¢ = 2b(mod 2N). Then, it holds that

77L6a m
(49) =20 oy, w0 | O e @t | M) |

2Gqn(n) tex te2-11,
where pgm and 6, are defined in Proposition 4.2.

Proor. It is clear that

S oGt =0, h=13.

J€{07172’3}

Hence, we have

N—
Pszﬁhz Z e O () DX (G ()
oy

j€{0,3} s€S1

(4.10) + ) XN ().

j€{1,2} s€S2
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Since Gyam (xax32) = Ggom (Xixfl\?) by Theorem 2.7, we have

a+s —ha (. a+s
(4.11) Py = 2N Z G (xaxi) () xa™ = x*0)
ho=1 sSES] SESH
Oa
(1.12) b2 G () ()] [a]).

Since G 2m (x4) = pgmq™ by Theorem 2.2, the term (4.12) is computed as §,pamq™(|S1]| —
|52)/2N.
We Compute the right hand side of (4.11). Applying Theorem 2.4, we have

Z G o X4XN Z XN a+s Z X_h2 a+s

ho=1 seS] SES?
m N—1
Pqgmq 2h h w® s R W 3
B 3 G ) - T i
qm 77 ho=1 sEST SESy
m N—1
Pqmd 2h 2h 2h 2h
:G‘? ( ) qu(nX/N2>X/ 2(w2b>(z 1= 2 ZX/ 2 w
a7l ha=1 ses| sesh
m N—1
_ Pgmq /2h2 - 2h2 Z+c
o\ o2 EEX

By (2.2), we have

N-1
D G (') D md N (W)

ha=0 lexX

= 2N, (w | J CPY) = Nope, (0 | CEF7).

leX (e2-11,

Hence, the value of (4.13) is computed as

pqmq f+c
qu (77 < Z 77

leX

+2Ns, (w° | CFY) = N, (@8 | 7))

leX 1e2-11,

Finally, the value of Y, n(w®") is computed as |S;| —[S>|. Summing up, the conclusion
of the lemma follows. O

Now, the conclusion of Proposition 4.2 follows from (4.7) and Lemmas 4.3 and 4.4.

REMARK 4.5. If X defined in (4.1) satisfies that

(4.14) e (@ |J CE) v | ™)
leX e2-11,
[ £Gym(n), ifce 27, (mod N),
] 0, otherwise,

substituting (4.14) into (4.4), the set Dx takes exactly two nontrivial character val-
ues (¢™ — 1)(2|L| + |L2|)/2N and —¢™ + (¢™ — 1)(2|11] + |I2|)/2N. This implies that
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Cay(Fj2m, Dx) is strongly regular. In particular, it is straightforward to check that it has
parameters (¢*™, r(¢™ + 1), ¢™ +r* = 3r,r* —r) with r = (| 5| + 2|I1])(¢™ — 1) /2N, which
is of negative Latin square type.

5. Finding X satisfying the condition of Remark 4.5

5.1. A partition of a conic in PG(2,¢). In this subsection, we briefly review a
known “good” partition of a conic in PG(2, ¢) found in [10, 13].

Let g be an odd prime power and w be a primitive element of F,s. Viewing F s as
a 3-dimensional vector space over Fy, we will use F,s as the underlying vector space of
PG(2,q). The points of PG(2, q) are (w') := w'F;, 0 <7 < N —1, and the lines of PG(2, ¢)
are

(5.1) Le = {(z) : Trgs (W) = 0},

where 0 <c< > +q+1.

Define a quadratic form @ : Fps — Fy by Q(x) := Trgs/(2?). It is straightforward to
check that @) is nondegenerate. Therefore, () defines a conic Q in PG(2, ¢), which contains
q + 1 points. Consequently each line L of PG(2,¢) meets Q in 0, 1 or 2 points.

Consider the following subset of Z,2,.1:

(5.2) Wg = {i(mod ¢* + ¢+ 1) : Q") = 0} = {do,dy,...,d,},
where the elements are numbered in any unspecified order. Then,
Q= {(wh):0<i<q}
Furthermore, Wgo = 2715 (mod ¢* + ¢ + 1), where S is the Singer difference set, i.e.,
S = {i(mod ¢* + ¢+ 1) : Tty 4(w’) = 0}.

Define Dy := ey, Ci(q2+q+1’q3), where C’i(q2+q+1’q3) is represented by (w'). Further-
more, define

W, := {i(mod ¢" + ¢+ 1) : Trps /o (w™) € C'((]Q’q)}
and
W, :={i(mod ¢* + g+ 1) : Try/,(w™) € oy

LEMMA 5.1. ([3, Equation (3.5)]) The set Dy takes exactly three nontrivial character
values, that is,

—1, if c(mod ¢* + q + 1) € Wy,
U (WD) = —l+eq, ifc(modq’+q+1)€W,,
—1—e¢q, ifc(mod ¢*+q+1)€W,,
where € = 1 or —1 depending on whether ¢ =1 (mod 4) or 3 (mod 4).

We will consider a partition of D;. For dy € Wg, we define

(5.3) Xo = {whTryp g (w®4) 1 1 <i < g} U{2w™}
and
(5.4) Xg := {log,(x) (mod 2(¢* + ¢+ 1)) : = € Xg}.

It is clear that Xg = Wg (mod ¢? + ¢+ 1). We give an important property of Xo below.
LEMMA 5.2. ([13, Lemma 3.4]) If we use any other d; in place of dy in the def-

ination of Xg, then the resulting set X{ satisfies that X = Xo or Xo + (¢* + ¢ +
1) (mod 2(¢* + ¢+ 1)).
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The set Xg C Zy(g244+1) can be expressed as
(5.5) Xo=2E,UQ2Ey+ (¢*+q+1)) (mod2(¢*+q+1))

for some Ey, By C Zgpige1 with |Ey| 4+ |Es| = ¢ + 1. That is, we are partitioning Xg
into the even and odd parts. Then, 2(E; U Ey) = Wg (mod ¢* + ¢+ 1) and 4(F, U Ey) =
S (mod ¢*> + ¢+ 1), i.e., Xg induces partitions of the conic Q and the Singer difference
set S, respectively. Consider the following partition of Dy:

Dy = U Ci(Q(q2+q+1)7q3) and Dy, = U Ci(g(q2+q+1)’q3).
i€Xo i€Xgo+(¢?+q+1)

THEOREM 5.3. ([13, Theorem 3.7, Remark 3.8|, [3, Theorem 3.4]) With notation as
above, the set Dy takes exactly four nontrivial character values, that is,

( 71+en(§)Gq3(n)7 if c(mod g% + ¢+ 1) € Wo
and c(mod 2(¢* +q+ 1)) € Xo,
b (D) = 4~ if e (mod g2 + g +1) € W
a ’ and c(mod 2(¢> + ¢+ 1)) € Xo+ (¢* +q+ 1),
=lteq if ¢ (mod ¢* + g+ 1) € W,
| =5, if c(mod ¢* +q+1) € W,,

where 1 is the quadratic character of Fs.

5.2. Quotients of a partition of a conic in PG(2, q). Let g be an odd prime power
and M be a positive integer dividing ¢ + ¢+ 1, and set N = qZJ“TqH. We assume that the
Gauss periods w]pqg (C’i(N’qS)), 1=0,1,..., N —1, take exactly three values —M +2q, —M +
q, —M . In Subsection 3.2, we found two examples of such M, that is, M = 3, 7.

Let Xo be the subset of Zy(24411) defined in (5.5), and let Wq be the set defined in
(5.2). Then, Xg = Wg = 2715 (mod ¢* + ¢+ 1), where S is the Singer difference set.
The reduction of Xo modulo N is the multiset Sy = 27(I; U I; U I5) as seen in (3.7).
We are now interested in whether the reduction Xg as a multiset of Xo modulo 2N is
“purely” a subset of Zyxn. Here, we say that a multiset defined in a group G is purely a

subset of GG if each element in G appears in the multiset at most once.
Define

(5.6) X; = {z(mod 2N) : x € Xg,z (mod N) € 27'[;}, i =1,2.

Then, X; = 27Y(I; U ;) (mod N) and Xy = 27!, (mod N) as multisets. Furthermore,
Xo = X, U X,. Note that X, is purely a subset of Zyy, but X; may not be purely a
subset of Zyy. It is clear that Xg is purely a subset of Zyy if and only if so is X;. The
situation is summarized in Figure 1.

LEMMA 5.4. With setting as above, if X1 is purely a subset of Zoy, it holds that
c 2N,q3 c N,g3
20, (w* | O — s, (we | V)

leXo 1e2-1],

=20p, (" | OPY) —us, e | M),

eXg £e2-1([1UIL UI)
ProoF. We compute

A=29p, (w° |J V) = 29, (w0 | CEV).

eXg eXs
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FIGURE 1. Wg, Xg and 27'Sy are obtained as the reductions of Xg mod-
ulo ¢> +q+1,2N and N, respectively. Furthermore, 27*(I; U I;) and 2711,
are obtained as the reductions of X; and X5, respectively, modulo N.

X0 & Zo(g244+1)

27N (un) u2 ', = 2715y Cc Zy
Since X_Q = X; U Xy, we have
3
(5.7) A=2s (w0 | PN
leX;

Since X; = 27'(I; U I;) (mod N), the assumption of the lemma implies that there is a
subset T of X; such that

and
TNn(T+N)=0,
where T'= 27'; (mod N). Then, continuing from (5.7),

A =2y (w | J (PN U BN

eT
c N,
=2, (0 oty
66271[1
_ c (N, q3) (N,g®)
vt UG » U a
56271(11U11U]2) 1e2-11,
This completes the proof of the lemma. U

PROPOSITION 5.5. Under the assumption of Lemma 5.4, it holds that

: 1
2¢Fq3( U C(QNq U C’Nq — { :I:qu(n), if c € 2_ I, (mod N),

0, otherwise.
LeXo (e2-11,

ProoF. By Lemma 5.4, we compute

B =2y ,w | OFY) — e, e ) M)

teXo £e2-1 (11Ul Ul2)

It is clear that

3 2 3
By =2, (w | V) =23 g, (WY | Ty

-~ q
EGXQ

S
L

T

0 KGXQ
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and
3 iy 2 3
c ]\/v7 e 1,
32 — qu?)( U Cé q )) _ E w]FqS( y +hN l I Céq +q+1,q ))
Le2— (UL UIR) h=0 LeWg

Then, by Theorem 5.3, we have
By = (=14 en(2)Ggp(n) - [ Xo N (2NZyg244+1) + ©)|
+ (=1 = en(2)Gp(n) - [(Xo + (¢ + ¢+ 1)) N (2N Zo(ge 1 g41) + )|
+(=1+eq) - WeN(NZpigi1+ )|+ (=1 —€q) - W, N (NZgpygi1 + )|
On the other hand, by Lemma 5.1, we have
By = — [Wo N (NZg2iq11 + )]
+(—14e€q) - W (NZpigi1+ )|+ (=1 —€q) - (W, N (NZpygi1 + )|
Write
71 : = |(Xo+ (¢ +q+1) N (2NZLygzsqrn) + ).
Since zg + x1 = |[Wg N (NZgp24 411 + )|, we have
(5.8) B = By — By = en(2)G g (n)(zo — x1).

By the assumption that X is purely a subset of Zyy, the reduction of Xg modulo 2N,
that is, Xg, is purely a subset of Zsxn. Hence, zg, 1 € {0,1}. In particular,

(zo,71) = (1,1) & c €27 (mod N),
(zo,71) = (0,1),(1,0) < c €27, (mod N),
To,71) = (0,0) & c€ 27 I3 (mod N).

(
Hence, continuing from (5.8), we have

B +Gp(n), ifc€ 27 (mod N),
0, otherwise.

This completes the proof of the lemma. O

REMARK 5.6. Note that X is purely a subset of Z,y and satisfies that Xy = 2711, (mod N).
Then, Proposition 5.5 implies that if X is purely a subset of Zsy, the set X, satisfies the
condition (4.14) of Remark 4.5 with m = 3 and X = X.

5.3. Sufficient conditions for X; to be purely a subset of Zsy. As shown in
Subsection 3.2, if N = (¢*> + q+ 1)/M with M = 3 or 7, the Gauss periods U, (C’i(N’qg)),
1 =0,1,..., N — 1, take exactly three values —M + 2q, —M + q,—M . In order to apply
Remark 5.6, we need to investigate when X; is purely a subset of Zyx. The following is
our main result of this subsection.

RESuLT 5.7.

(i) Let q be a prime power such that ¢ = 1(mod 3), and let M = 3. If ¢ =7 or
13 (mod 24), then X; is purely a subset of Zay-.

(ii) Let g be a prime power such that ¢ = 2 or 4 (mod 7), and let M = 7. If ¢ =
11,37,51 or 53 (mod 56), then X is purely a subset of Zon .
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Assume that u € Wg and u (mod N) € 27, Since Wg = 271(I; UI; U ;) (mod N),
there is exactly one ¢, € {1,2,..., M — 1} such that u + ¢,N is also in Wgy. By the
definition (5.2) of Wg, we have Trys /,(w?") = Trgs /q(w?*™2N) = 0. From these equations,
we have

2uq? _ [ 2u 2ugq

: - y

(5.9) w (W + w9
o 2ula®=1) 2(g+Dlu(d®~1)
(5.10) Wit =— )
— W M
Define
gM(Wu) — Trqs/q(w2u+2uN>wéuN

for u € Wg such that v (mod N) € 27'I;. By the definition (5.3) of Xg and Lemma 5.2,
we can assume that 2w", ga (W*)w® € Xg or 2w HETIHD gy ((u)ut@*+atl) ¢ X, Thus,
X is purely a subset of Zyy if and only if 9(2) # n(gu(w™)) for all u € Wg such that
u(mod N) € 2711, where 7 is the quadratic character of Fs.

LEMMA 5.8. With notation as above, it holds that

Lu(q+1)(¢®~1) 20uq(¢®—1)

(g (W) =n(=1)n(1 —w™ 3 (1 —w™ ).
PROOF. By the definition of gjs(w") and the condition (5.9), we have

tu(a®-1) 2., tulg+1)(g3-1)
gM(wu) — w2€uN(w2u + w2uq+ i + w2uq + i

(5.11) N (] R e S (g el

By substituting (5.10) into (5.11), we have

[u(q3*1)

fu(q+1)(a®~1)
wed-n (1—w™ 7 ) (1—w o
M

(5.12)  (5.11) = —w* N

2Ly q(q3-1)
— M
. tu(g®~1) tug(q?=1)
Since n(1 —w™ ) =n(l —w™ a ), we have
u fu(a+1)(q> 1) 20u4q(q° 1)
(g (@) =n(=1)n(1 —w 2 )n(l —w™ ).

This completes the proof of the lemma. 0

PROPOSITION 5.9. Let ¢ = 1 (mod 6) be a prime power and n be the quadratic char-
acter of Fys. Then, it holds that

e [ 1, ifg=1(mod 12),
n(gs(w")) = { —1, if ¢ =7 (mod 12).

Proor. By Lemma 5.8, we have

200 (a3 —1) 204 (g5 —1)

n(gs(w*)) =n(=n(l —w™ 5 Il —w™ 5 )
1, if g =1 (mod 12),
:”(‘U::{ ~1, ifgz72m0d1$.

This completes the proof of the proposition. O

By the supplementary low of the quadratic reciprocity, 7(2) # n(gs(w")) if and only
if ¢ =7 or 13 (mod 24). Thus, we obtain Result 5.7 (i).

PROPOSITION 5.10. Let g be a prime power such that ¢ =9 or 11 (mod 14) and n be
the quadratic character of Fys. Then, it holds that

n(gr(w*)) = 1.
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ProOOF. By Lemma 5.8, we have

Lu(g+1) (g3 ~1) 20uq(a>—1)

(5.13) (gr(w*) = n(=1nl w7yl —w="777).
We consider the right hand side of (5.13) in two cases: (i) ¢ = 9(mod 14); and (ii)
g =11 (mod 14).

. fulgt1)(g® =) 8tu(q®~1)
(i) In the case where ¢ = 9(mod 14), we have 1 — w7 =1—-w 7  and
26uq(¢®~1) 4ty (g®~1) 8tu(q®~1) o .
l—w™ 7 = —w 7 (1 —w 7 ). Then, continuing from (5.13), we obtain

n(gr(w*)) = 1.

(ii) In the case where ¢ = 11 (mod 14), we have 1 — w
20ua(a®-1) u(a®~1) 60u(q®~1)
7 7

Lu(g+1) (g3 ~1) 500 (a5 1)
7

=1—w 7  and

l—w =—w 7 (l-w ). Since
6¢u(g®~1) 6%t (q®~1) 5tu(q®~1)
nl—w 7T )=nl-w 7 )=l -w 7,
continuing from (5.13), we obtain n(g;(w")) = 1. O

By the supplementary low of the quadratic reciprocity, n(2) = —1 if and only if ¢ =3
or 5 (mod 8). Thus, we obtain Result 5.7 (ii).

Finally, by applying Proposition 5.5, Remarks 4.5 and 5.6 to Result 5.7 (i) and (ii)
with the restriction ¢ = 3 (mod 4), the conclusions of Theorem 1.1 (i) and (ii) follow,
respectively.

6. Discussion

In this paper, we found two infinite families of strongly regular Cayley graphs on
(Fys,+) based on three-valued Gauss periods. In this section, we first explain how our
study is related to a previous one. We observe that Proposition 4.2 and Remark 4.5 still
hold even in the case where I; = ); in this case, the Gauss periods take exactly two values
ay and a. For example, if N = ¢*>+qg+1and m =3, wehave I, =0, [, = S, I3 = Zn \ S,
where S is the Singer difference set. Furthermore, by Lemma 5.1 and Theorem 5.3, Xg
satisfies that

c 2(q*+q+1),¢ c 2+g+1,4°
2¢Fqs (w U Cé (¢®+g+1),q )) i ¢Fq3 (w U C«éq q+1l.q ))
leXo LeWyg

+Gp(n), ifce Wg(mod ¢? +q+1),
0, otherwise,

where Wg = 27'I,. Hence, by Proposition 4.2 and Remark 4.5, we can claim that
Cay(Fy, Dx,,) forms a strongly regular graph having parameters (¢°,r(¢* +1),¢* 4+ r* —
3r,r? —r) with r = (¢* — 1)/2, where Dx is defined in (4.3). This family of strongly
regular graphs was already found in [3]. Thus, our construction is a generalization of that
given in [3]. Furthermore, for X5 defined in (5.6), it is clear that Yy, is obtained as the
reduction of Yx, modulo 4N, where Yx is defined in (4.2). Thus, our strongly regular
Cayley graphs can be viewed as “quotients” of those found in [3].

On the other hand, we found one sporadic example of a strongly regular Cayley graph
based on Proposition 4.2, which is not within the framework above. The Gauss peri-
ods @Z)ﬂzﬂ(CZ@g’??)), 1 =0,1,...,28, take exactly three values a; = 272,00 = —71, a3 =
—414 [15, Tablel]. With a suitable primitive element of F;7, we have

I, ={8,10,12,15,18,26,27},
I, ={1,2,3,4,5,6,7,9,11,13,14,16,17,19, 20, 21, 22, 23, 24, 25, 28},
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Define S; := I, and S, := (), which partition the set I,. We checked by computer that
the set X = 257U (255 +29) (mod 58) satisfies the condition (4.14) of Remark 4.5, where
S? = 471S; (mod 29), i = 1,2. Then, by Proposition 4.2 and Remark 4.5, Cay(Fs, Dx)
is a strongly regular graph having parameters (74, r(77 + 1), 77 + r* — 3r,7%> — r) with
r = 35(7"—1)/58.

We conclude this paper by giving two open problems for future work. Although
many examples of (¢”, N) which lead to three-valued Gauss periods have been found by
computer in [15, Tablel], only a few of them were theoretically explained in Subsection 3.2
of this paper. In particular, only the case where m = 3 and N = (¢*> + ¢ + 1)/M with
M =T was newly characterized. Hence, we give the following problem.

PROBLEM 6.1. Characterize all pairs (q, M) such that the Gauss periods Vs, (O et/

i=0,1,...,(¢* +q+1)/M — 1, take exactly three values —M + 2q, —M + q, —M.

Furthermore, in view of Proposition 5.5 and Remark 4.5, we give the following problem.

PROBLEM 6.2. Under the assumption that the Gauss periods Vg , (C.((q2+q+1)/M’q3)),

i=0,1,...,(¢*+q+1)/M—1, take exactly three values —M +2q, —M +q, — M, determine
when the reduction of Xg modulo 2(¢*> + q + 1)/M is purely a subset of Zo(ziqi1)/m-

References

[1] J. Bamberg, S. Kelly, M. Law, T. Penttila, Tight sets and m-ovoids of finite polar spaces, J. Combin.
Theory Ser. A 114, 1293-1314, (2007).
[2] J. Bamberg, M. Law, T. Penttila, Tight sets and m-ovoids of generalised quadrangles, Combinatorica
29, 1-17, (2009).
[3] J. Bamberg, M. Lee, K. Momihara, Q. Xiang, A new family of hemisystems of the Hermitian surface,
Combinatorica, DOI: 10.1007/s00493-016-3525-4.
[4] B. Berndt, R. Evans, K.S. Williams, Gauss and Jacobi Sums, Wiley, 1997.
[5] A.E. Brouwer, W.H. Haemers, Spectra of Graphs, Springer, Universitext, 2012.
[6] A.E. Brouwer, R.M. Wilson, Q. Xiang, Cyclotomy and strongly regular graphs, J. Algebraic Combin.
10, 25-28, (1999).
[7] A.A. Bruen, K. Drudge, The construction of Cameron-Liebler line classes in PG(3, q), Finite Fields
Appl. 5, 35-45, (1999).
[8] R. Calderbank, W.M. Kantor, The geometry of two-weight codes, Bull. London Math. Soc. 18,
97-122, (1986).
[9] A. Cossidente, T. Penttila, Hemisystems on the Hermitian surface, J. London Math. Soc. 72, 731-
741, (2005).
[10] J. De Beule, J. Demeyer, K. Metsch, M. Rodgers, A new family of tight sets in Q% (5, q), Des. Codes
Cryptogr. 78, 655-678, (2016).
[11] K. Drudge, Extremal sets in projective and polar spaces, PhD thesis, The University of Western
Ontario, 1998.
[12] T. Feng, Q. Xiang, Strongly regular graphs from unions of cyclotomic classes, J. Combin. Theory
Ser. B 102 982-995, (2012).

[13] T. Feng, K. Momihara, Q. Xiang, Cameron-Liebler line classes with parameter z = q2; L J. Combin.
Theory Ser. A 133, 307-338, (2015).

[14] T. Feng, K. Momihara, Q. Xiang, Constructions of strongly regular Cayley graphs and skew
Hadamard difference sets from cyclotomic classes, Combinatorica 35, 413-434, (2015).

[15] T. Feng, K. Momihara, Q. Xiang, Three-valued Gauss periods, circulant weighing matrices and
association schemes, J. Algebraic Combin. 43, 851-875, (2016).

[16] G. Ge, Q. Xiang, T. Yuan, Construction of strongly regular Cayley graphs using index four Gauss
sums, J. Algebraic Combin. 37, 313-329, (2013).

[17] R. Lidl, H. Niederreiter, Finite Fields, Cambridge Univ. Press, 1997.

18] J.H. van Lint, A. Schrijver, Construction of strongly regular graphs, two-weight codes and partial

geometries by finite fields, Combinatorica 1, 63-73, (1981).

[19] D. Luyckx, J.A. Thas, The uniqueness of the 1-system of Q7 (7,q), ¢ odd, J. Combin. Theory Ser.

A 98, 253-267, (2002).




[20]

[23]
[24]
[25]
[26]
[27]

[28]

STRONGLY REGULAR CAYLEY GRAPHS 19

D. Luyckx, J.A. Thas, The uniqueness of the 1-system of Q7 (7,q), ¢ even, Discrete Math. 294,
133-138, (2005).

S.L. Ma, A survey of partial difference sets, Des. Codes Cryptogr. 4, 221-261, (1994).

K. Momihara, Strongly regular Cayley graphs, skew Hadamard difference sets, and rationality of
relative Gauss sums, Europ. J. Combin. 34, 706-723, (2013).

K. Momihara, Q. Xiang, Lifting constructions of strongly regular Cayley graphs, Finite Fields Appl.
26, 86-99, (2014).

K. Momihara, Q. Xiang, Strongly regular Cayley graphs from partitions of subdifference sets of the
Singer difference sets, in preparation.

B. Segre, Forme e geometrie hermitiane, con particolare riguardo al caso finito, Ann. Mat. Pura
Appl. 70, 1-201, (1965).

B. Schmidt, C. White, All two-weight irreducible cyclic codes?, Finite Fields Appl. 8, 321-367,
(2002).

K. Yamamoto, M. Yamada. Williamson Hadamard matrices and Gauss sums, J. Math. Soc. Japan
37, 703-717, (1985).

J. Yang, L. Xia, Complete solving of explicit evaluation of Gauss sums in the index 2 case, Sci.
China Ser. A 53, 2525-2542, (2010).

DEPARTMENT OF MATHEMATICS, FACULTY OF EDUCATION, KUMAMOTO UNIVERSITY, 2-40-1

Kurokami, KuMAMOTO 860-8555, JAPAN

E-mail address: momihara®@educ.kumamoto-u.ac. jp



	1. Introduction
	2. Preliminaries
	3. Three-valued Gauss periods
	4. Construction of Cayley graphs based on three-valued Gauss periods
	5. Finding X satisfying the condition of Remark ??
	6. Discussion
	References

