arXiv:1911.10388v3 [math.AC] 21 Oct 2020

LOVASZ-SAKS-SCHRIJVER IDEALS AND PARITY BINOMIAL EDGE
IDEALS OF GRAPHS

ARVIND KUMAR

Dedicated to Professor Jiirgen Herzog on the occasion of his 80th birthday

ABSTRACT. Let G be a simple graph on n vertices. Let Lg and Zg denote the Lovasz-
Saks-Schrijver(LSS) ideal and parity binomial edge ideal of G in the polynomial ring S =
Klz1,.. s Zn, Y1, ., Yn] respectively. We classify graphs whose LSS ideals and parity bino-
mial edge ideals are complete intersections. We also classify graphs whose LSS ideals and
parity binomial edge ideals are almost complete intersections, and we prove that their Rees
algebra is Cohen-Macaulay. We compute the second graded Betti number and obtain a
minimal presentation of LSS ideals of trees and odd unicyclic graphs. We also obtain an
explicit description of the defining ideal of the symmetric algebra of LSS ideals of trees and
odd unicyclic graphs.

1. INTRODUCTION

Let K be any field. Let G be a simple graph with V(G) = [n] := {1,...,n}. We study
the following four classes of ideals associated with the graph G:

e Binomial Edge Ideals: Herzog et al. in [10] and independently Ohtani in [24]
defined the binomial edge ideal of G as

JG = (xly] — XY 1< j? {7'7.]} S E(G)) - K[xb s Ty Y1y e 7yn]
e Lovasz-Saks-Schrijver ideals: Let d > 1 be an integer. The ideal

d
Lﬂé(d) = (Z T {Z,j} € E(G)) C K[ZL’M 1 <Ek< n,1< [ < d]
=1

is known as Lovdsz-Saks-Schrijver ideal of the graph G with respect to K. The set
of all orthogonal representation of the complementary graph of G is the zero set of
the ideal L§(d) in K™, We refer the reader to [I8, [19] for more on the orthogonal
representation of graphs. In this article, we set Lg := L&(2).

e Permanental Edge Ideals: In [I1], Herzog et al. introduced the notation of per-
manental edge ideals of graphs. The permanental edge ideal of a graph G is denoted
by Ilg and it is defined as

HG = ('rzyj + T;Y; {’l,j} S E(G)) - K[ajh ey Ty Y1y e 7yn]

e Parity Binomial Edge Ideals: Kahle et al. in [I5] introduced the notion of parity
binomial edge ideals of graphs. The parity binomial edge ideal of a graph G is defined
as

IG = (ZL’Z'ZL']‘ —YiY; : {Z,]} € E(G)) C K[ZL’l, ey Ty Y1,y - ,yn].
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In the recent past, researchers have been trying to understand the connection between com-
binatorial invariants of G and algebraic invariants of Jg;. The connection between the com-
binatorial properties of G' and the algebraic properties Jz has been established by many
authors, see [0, 10, 13, 14, 16, 21, 27] for a partial list. For d = 1, the Lovasz-Saks-
Schrijver ideal of a graph G is a monomial ideal known as the edge ideal of graph G.
The algebraic properties of edge ideals of graphs are well understood, see [9, Chapter 9].
For d = 2, the Lovéasz-Saks-Schrijver ideal of a graph G is a binomial ideal defined as
Le = (wix; +yiy; : {i,j} € E(Q)) C Kz, ..., %0, y1,...,Yn]. In [11], Herzog et al. proved
that if char(K) # 2, then L is a radical ideal. Also, they computed the primary decomposi-
tion of Lg when /—1 ¢ K and char(K) # 2. In [3], Conca and Welker studied the algebraic
properties of L&(d). They proved that LE(2) is complete intersection if and only if G' does
not contain claw or even cycle ([3, Theorem 1.4]). Also, they proved that L& (3) is prime if
and only if G does not contain claw or Cy. More precisely, in [3], Conca and Welker analyzed
the question “When is L§(d) radical, complete intersection or prime’? In [I1], Herzog et
al. computed Grobner basis of permanental edge ideals of graphs. Also, they proved that
permanental edge ideal of a graph is a radical ideal, in [I1]. In [15], Kahle et al. studied the
algebraic properties such as primary decomposition, mesoprimary decomposition, Markov
bases and radicality of parity binomial edge ideals. However, nothing is known about the
algebraic properties such as complete intersection, almost complete intersection, Rees alge-
bra, symmetric algebra and Betti numbers of parity binomial edge ideals. In this article, we
focus on the algebraic properties such as almost complete intersection, projective dimension,
Rees algebra, symmetric algebra and Betti numbers of Lg,Ilg and Zg. It was proved by
Bolognini et al [I, Corollary 6.2] that if G is a bipartite graph, then Lg, I1g and Zg are es-
sentially same as Jg. In [28], Schenzel and Zafar studied the algebraic properties of complete
bipartite graphs. In [I], Bolognini et al. studied the Cohen-Macaulayness of binomial edge
ideal of bipartite graphs. The algebraic properties of Cohen-Macaulay bipartite graphs such
as regularity, extremal Betti numbers are studied in [13] 20]. In this article, we characterize
graphs whose parity binomial edge ideals are complete intersections (Theorems B.2] [B.5]).
We also classify graphs whose LSS ideals, permanental edge ideals and parity binomial edge
ideals are almost complete intersections. We prove that these are either a subclass of trees,
a subclass of unicyclic graphs or a subclass of bicyclic graphs(Theorems 3.7, B.8], 3.9, B10,
B171).

A lot of asymptotic invariants of an ideal can be computed using the Rees algebra of that
ideal. We study the Rees algebra of almost complete intersection LSS ideals, permanental
edge ideals and parity binomial edge ideals. Cohen-Macaulayness of the Rees algebra and the
associated graded ring of ideals have been a long-studied problem in commutative algebra.
If an ideal is complete intersection in a Cohen-Macaulay local ring, then the corresponding
associated graded ring and the Rees algebra are known to be Cohen-Macaulay. In general,
computing the depth of these blowup algebras is a non-trivial problem. If an ideal is an
almost complete intersection ideal, then the Cohen-Macaulayness of the Rees algebra and
the associated graded ring are closely related by a result of Herrmann, Ribbe and Zarzuela
(see Theorem [4.T]). To study the Cohen-Macaulayness of the associated graded ring of almost
complete intersection LSS ideals, permanental edge ideals and parity binomial edge ideals, we
compute the projective dimension of almost complete intersection LSS ideals, permanental
edge ideals and parity binomial edge ideals (Theorems [4.4] [£.10] [4.11] [A.12]). We prove that
the associated graded ring and the Rees algebra of almost complete intersection LSS ideals,
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permanental edge ideals and parity binomial edge ideals are Cohen-Macaulay (Theorems 5]
4.13).

An ideal I of a commutative ring A is said to be of linear type if its Rees algebra and
symmetric algebra are isomorphic. In other words, the defining ideal of the Rees algebra is
generated by linear forms. In general, it is quite a hard task to describe the defining ideals of
Rees algebras and symmetric algebras. Huneke proved that if I is generated by d-sequence,
then I is of linear type, [12]. We compute the defining ideal of symmetric algebra of LSS
ideals of trees and odd unicyclic graphs (Theorems (5.2 B.4]). In this process, we obtain
second graded Betti number of LSS ideals of trees and odd unicyclic graphs (Theorems [5.1],
B3). We prove that if L is an almost complete intersection ideal, then Lg is generated by
a d-sequence (Theorem [5.6]). This gives us the defining ideals of the Rees algebras of almost
complete intersection LSS ideals.

The article is organized as follows. We collect the notation and related definitions in the
second section. In Section 3, we characterize complete intersection parity binomial edge
ideals. Also, we classify almost complete intersection LSS ideals, permanental edge ideals
and parity binomial edge ideals. We study the Cohen-Macaulayness of Rees algebra of almost
complete intersection LSS ideals, permanental edge ideals and parity binomial edge ideals
in Section 4. In Section 5, we describe the second graded Betti numbers and syzygies of the
LSS ideals of trees and odd unicyclic graphs. In particular, we describe the defining ideal of
symmetric algebra of LSS ideals of trees and odd unicyclic graphs.

2. PRELIMINARIES

Let G be a simple graph with the vertex set [n] and edge set E(G). A graph on [n] is said
to be a complete graph, if {i,j} € E(G) for all 1 < i < j < n. Complete graph on [n] is
denoted by K,. For A C V(G), G[A] denotes the induced subgraph of G on the vertex set
A, that is, for i,j € A, {i,j} € E(G[A]) if and only if {7, j} € E(G). For a vertex v, G\ v
denotes the induced subgraph of G on the vertex set V(G)\ {v}. A vertex v € V(G) is said to
be a cut vertex if G'\ v has more connected components than G. A subset U of V(G) is said
to be a clique if G[U] is a complete graph. A vertex v of G is said to be a simplicial vertex
if v is contained in only one maximal clique otherwise it is called an internal verter. For a
vertex v, Ng(v) = {u € V(G) : {u,v} € E(G)} denotes the neighborhood of v in G and G,
is the graph on the vertex set V(G) and edge set E(G,) = E(G) U {{u,w} : u,w € Ng(v)}.
The degree of a vertex v, denoted by degy(v), is [Ng(v)|. For an edge e of G, G\ e is
the graph on the vertex set V(G) and edge set E(G) \ {e}. Let u,v € V(G) be such that
e = {u,v} ¢ E(G), then we denote by G, the graph on the vertex set V(G) and edge set
EG.) = E(G)U{{z,y} : x, y € Ng(u) or z, y € Ng(v)}. A cycle is a connected graph
G with degs(v) = 2 for all v € V(G). A cycle on n vertices is denoted by C,,. A tree is a
connected graph which does not contain a cycle. A graph is said to be a unicyclic graph,
if it contains exactly one cycle. The girth of a graph G is the length of a shortest cycle
in G. A unicyclic graph with even girth is called an even unicyclic and with odd girth is
called an odd unicyclic graph. A graph G is said to be bipartite if there is a bipartition
of V(G) = Vi UV, such that for each i = 1,2, no two of the vertices of V; are adjacent,
otherwise it is called non-bipartite graph. A complete bipartite graph on m + n vertices,
denoted by K, ,, is the graph having a vertex set V(K,,,) = {u1,...,upn} U{v1,...,0,}
and E(K,,,) = {{w,v;} + 1 <i<m,1<j<n} A claw is the complete bipartite
graph K 3. A claw {u, v, w, 2z} with center u is the graph with vertices {u, v, w, z} and edges



4 ARVIND KUMAR

{{u,v},{u, w},{u, z}}. For a graph G, let € denote the set of all induced claws in G. A
maximal subgraph of G without a cut vertex is called a block of G. A graph G is said to
be a block graph if each block of G is a clique. If each block of a graph is either a cycle or
an edge, then it is called a cactus graph. A cactus graph such that exactly two blocks are
cycles is called a bicyclic cactus graph. Let u,v € V(G). Then d(u,v) is length of a shortest
path between u and v in G. A (u,v)-walk is a sequence of edges {u, v}, ..., {vg,v} in G.

Now, we recall the necessary notation from commutative algebra. Let A = K|z, ..., 2]
be a polynomial ring over an arbitrary field K and M be a finitely generated graded A-
module. Let

0—>@A )P (M BN o1 @A oo (M) 20 Np ),

JEZL JEZ

be the minimal graded free resolution of M, where A(—j) is the free A-module of rank 1
generated in degree j. The number 3% (M) is called the (i, j)-th graded Betti number of M.
The projective dimension of M, denoted by pd (M), is defined as

pd4(M) := max{i : 5;(M) # 0}.

It follows from the Auslander-Buchsbaum formula that depth 4, (M) = m — pd,(M). We say
that M is a finitely presented A-module if there exists an exact sequence of the form A? —2
A7 Y5 M —5 0. Ifg=> s B, (M) and p = >jez B{,(M), then this presentation is called
a minimal presentation. A homogeneous ideal I C A is said to be complete intersection if
wu(I) = ht(I), where p(I) denotes the cardinality of a minimal homogeneous generating set
of I. It is said to be almost complete intersection if u(I) = ht(I) + 1 and I, is complete
intersection for all minimal primes p of I. Also, we say that A/I is almost Cohen-Macaulay
if depth,(A/I) = dim(A/I) — 1.

Let G be a graph on [n| and S = Klzy,...,2n,y1,...,yn|. For an edge e = {i,j} € E(G)
with ¢ < j, we define f. = f; j := 2y, —2;¥i, ge = Gij = Tixj+y;y; and e = §s j := T;T;—YiYj-
For T C [n], let T = [n]\T and cq(T) denotes the number of connected components of G[T].
Also, let Gy, ..., Geyr) be the connected components of G [T] and for every i, G; denote the
complete graph on V(G;). Let Pr(G) = (iéJT{:Bi,yi}, G JGCG(T))‘ Herzog et al. proved
that Jg is a radical ideal, [10, Corollary 2.2]. Also, they proved that for T' C [n], Pr(G) is
a prime ideal and Jg = TQ[n]PT(G)’ [10, Theorem 3.2]. A set T' C [n] is said to have cut

point property if for every i € T, i is a cut vertex of the graph G[T U {i}]. They showed
that Pp(G) is a minimal prime of Jg if and only if either 77 = () or 7' C [n] has cut point
property, [10, Corollary 3.9].

We now recall some facts about LSS ideals.

2.1. Primary decomposition of Ls; when /—1 ¢ K and char(K) # 2. Herzog et al.
studied several properties of Lg. We recall some of those results which we require from [11]:

e Set I, = (0), Ik, = (122 + y192). For n > 2, define the ideal I, generated by the
following binomials
9ij = i +yy; l<i<j<mn,
fig = myj—xy, 1<i<j<n,
h; = x?%—y?, 1< <n.
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e For 1 < m < n define the ideal I, ,_, generated by the following binomials

gij = @iz +tyy;, 1<i<m, m+1<j<n,
fiij = myj—zjy;, 1<i<ji<m or m+1<i<j<n.

Then Ik, ,_,, and I, are prime ideals, [11, Theorems 2.4, 2.5]. Let G be a connected graph
on the vertex set V(G) = [n]. If G is non-bipartite, then we denote by G the complete
graph on the vertex set V(G). If G is a biBartite graph, then there exists a bipartition of

V(G) = V1 U Vs, in this case, we denote by G the complete bipartite graph on the vertex set
V(G) with respect to the bipartition V(G) = Vi LU V5.

Let G be a graph on the vertex set [n]. For T' C [n], let Gy, ..., Gc,(r) are the connected
components of G[T] and

QT(G) = (l’l,yz . Z € T) + ]él + ...+ [écG(T)'

For T' C [n], Qr(G) is a prime ideal, [11, Proposition 4.2]. Notice that if G is a connected
bipartite graph with bipartition V(G) = Vi U Va, then Qy(G) = Ik, ,,, and if G is a
connected non-bipartite graph, then Qy(G) = Ig,. For T' C [n], be(T') is the number of
bipartite connected components of G[T]. Here we consider an isolated vertex as a bipartite
graph. For T' C [n], ht(Qr(G)) = n + |T| — be(T), [11, Proposition 4.1]. By [1I, Theorem
4.3], we have

Lo = () @r(G).
TC[n]

The vertex i € [n] is said to be a cut vertex of G if cg({i}) > cc(0) and it is said to be a
bipartition vertex of G if bg({i}) > bg(0). Let C(G) be the collection of sets T C [n] such
that each i € T is either a cut vertex or a bipartition vertex of the graph G[T U {i}]. In
particular, ) € C(G). By [11, Theorem 5.2], for T C [n], Q7(G) is a minimal prime of Lg if
and only if ' € C(G). Hence, we have

Le= ()] Qr(G).

TeC(G)

2.2. Primary decomposition of Z; for any field K. In [15], Kahle et al. computed
primary decomposition of parity binomial edge ideals of graphs. Here, we recall their results:

e For a graph G,
We =(gij : there is an odd (7, 7) — walk in G)
+ (fij : there is an even (i,j) — walk in G).
e For a non-bipartite graph G, let
pH(G) = (zi+y; i €V(G)), p(G) = (i —yi 11 € V(G)).

e For T C [n], without loss of generality, we assume that G, ..., Gpg(r) are bipartite
connected components of G[T| and Gy (1)+1, - - -, Geg(r) are non-bipartite connected
components of G[T.
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e For T' C [n] and 0 = (0bg(1)415 - - - Teu(1)) € {+, —1eaM=ba(T) e associate an ideal

bg(T) CG(T)
PHG) = (wyi i €T)+ > Wa,+ Y, p7(G)).
i=1

j=ba(T)+1
Then, p7(G) is a prime ideal [15, Proposition 4.2] and
ht(p7(G)) = n+ [T = ba(T).

e If P is a minimal prime ideal of Zg, then P = pZ(G), for some T € C(G) and
o € {+, —}yeaM=ba(T) 15 Proposition 4.2, Lemma 4.4, Lemma 4.9].
e For T € C(G),set Ap ={t € T : bg(T) = bg(T \ {t})}. Let t € Ar. We denote by

Br(t), the set of connected components of G[T'] which are joined in G[T'U {t}]. Note
that elements of Br(t) are non-bipartite connected components of G[T].
o Let T € C(G) and o € {4, —}°¢M=ta(T) The prime ideal p3(G) is sign-split prime
ideal if for all ¢ € Ag the prime summands of p.(G) corresponding to elements of
Br(t) has not the same sign.
e A prime ideal 8 is a minimal prime of Z if and only if P = p7.(G), for some sign-split
prime ideal pZ.(G), [15, Theorem 4.15].
If characteristic of K is not two, then parity binomial edge ideal of a graph is a radical ideal,
[15, Theorem 5.5]. Hence, in this case, we have

Ig = ﬂ ﬂ p7(G).

TeC(G) ge{+,—}ca (M) ~bg(T)

3. (ALMOST)COMPLETE INTERSECTION IDEALS

In this section, we classify complete intersection LSS ideals and parity binomial edge
ideals. We also classify graphs whose LSS ideals and parity binomial edge ideals are almost
complete intersections. We first recall a fact about bipartite graphs from [1J.

Remark 3.1. [Il Corollary 6.2] Let G be a bipartite graph with bipartition [n] = Vi U V5.
We define @, : S — S as

P1(:) —{ g ifiey, 4 &) _{ i ifieV,
and @5 : 5 — S as

@2(%’)_{% itiev, d @2@@')_{@- if i € Va.

It is clear that @, and @, are isomorphism and @ (Jg) = L and @o(Jg) = L.

We now begin with the classification of bipartite graphs whose LSS ideals, as well as par-
ity binomial edge ideals, are complete intersections. In [3], Conca and Welker characterized
graphs whose LSS ideals are complete intersections. They proved that Lg is complete in-
tersection if and only if G does not contain claw or even cycle ([3, Theorem 1.4]). Here, we
give alternate form of their theorem and prove that Lg is complete intersection if and only
if 7 is complete intersection.

Theorem 3.2. Let G be a bipartite graph on [n]. Then L¢g is complete intersection if and
only if Ly is complete intersection if and only if G is a disjoint union of paths.
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Proof. Since G is a bipartite graph, by Remark B.Il, Lg = @1(Jg) and Zg = ®2(Jg). There-
fore, L¢g is complete intersection if and only if J; is complete intersection if and only if Zg
is complete intersection. Hence, the desired result follows from [26, Theorem 1]. O

Now, we move on to characterize non-bipartite graphs whose LSS ideals, permanental
edge ideals and parity binomial edge ideals are complete intersections. For this, we need the
following lemma.

Lemma 3.3. Let G be a non-bipartite graph on [n]. Assume that there ezists e = {u,v} €
E(G) such that G \ e is a bipartite graph. Then

Leve : ge = Lene + (fij 14,7 € Nene(u) ori,j € Nene(v)) = @1(Jia\e).)
and

Ig\e 10 = Ig\e + (fi,j 11,] € Ng\e(u) ori,j € Ng\e(v)) = @Q(J(G\e)e).

Proof. Since G is a non-bipartite graph and G \ e is a bipartite graph with bipartition
n] = Vi U Vs, we get that either u,v € Vj or u,v € Vi, Therefore, ?1(g9.) = g. and
®5(ge) = ge- By Remark 3], we have

Leve : ge = P1(Ja\e) 1 P1(ge) = P1(Jane © ge) and
IG\e " e = gp2(<]G\e) : ¢2(§e) = gp2(JG\e : ge)~

Now, consider

Jave: 9o = () (Pr(G\e):ge).
TC[n]
Since generating set of Pr(G \ e) is a Grobner basis of Pr(G \ e) with respect to lex order
induced by &1 >+ > x, > y; > -+ > y,, we have g. = z,2, + yuy» € Pr(G\ e) if and only
if either u € T or v € T if and only if g. = 2, — Yuyu € Pr(G \ €). Therefore,

Jove:ge= () (Pr(G\e)ig) =[] Pr(G\e) = Ja.,
TC[n) TC([n)\{u,2})

where the last equality follows from [25, Proposition 2.1]. Hence, La\c : ge = P1(Jc\e).) =
Love + (fij 1 4,7 € Neve(u) or 4,5 € Nene(v)). In a similar manner one can prove that
IG\e D 0e = gp2(<](G\e)e) = IG\e + (fi,j : Z,] € NG\e(u) or Za] € NG\e(U))' O

Due to the following remark, if char(K) = 2, then Il and Jg; are essentially the same and
if char(K) # 2, then Il is essentially same as Zg.

Remark 3.4. Let G be a graph with vertex set [n]. If char(K) = 2, it follows from their
definitions that Zg = Lg and Ilg = Jg. Suppose char(K) # 2. We define  : S — S as

n(zi) = x; +y; and  n(y;) = x; —y; for all 1 € V(G).

It is clear that 7 is an isomorphism and Ilg = n(Zg). If v/—1 € K and char(K) # 2, then we
define ¥ : S — S as

U(z;) =x;+V—1y; and V(y;) = x; — V—1y; for all i € V(G).

It is clear that ¥ is an isomorphism and Lg is the image of permanental ideal Ilg, i.e
U(Ilg) = Lg. Thus, if vV—1 € K and char(K) # 2, then ¥(n(Zg)) = Le-.

Theorem 3.5. Let G be a connected non-bipartite graph on [n|. Then Lg is complete
intersection if and only if G is an odd cycle if and only if Zg is complete intersection.
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Proof. First, assume that Zs is complete intersection. Since G is a non-bipartite graph,
pT(G) is a minimal prime ideal of Zg and ht(p™(G)) = n. Therefore, ht(Zg) = n = u(Zg)
which implies that G is an odd unicyclic graph. Let u be a vertex which is part of the
unique odd cycle. Since w is a bipartition vertex of G, {u} € C(G). If degg(u) > 3, then
bo({u}) = 2. Thus, ht(p7,,(G)) =n+1—be({u}) <n—1 and p{,,(G) is a minimal prime
ideal of Z¢, which conflicts the fact that ht(Zs) = n. Consequently, deg.(u) = 2 and hence,
G is an odd cycle.

Now, we assume that Lg is complete intersection and char(K) # 2. If /=1 € K, then by
Remark 3.4, Zg is complete intersection and hence, G is an odd cycle. Suppose v/—1 ¢ K,
then Qy(G) = Ik, is a minimal prime of Lg as G is a non-bipartite graph. It follows from
[11,, Proposition 2.3] that ht(/g, ) = n. Therefore, ht(Lg) = n = pu(Lg) which implies that
G is an odd unicyclic graph. If u is a vertex of the unique odd cycle, then w is a bipartition
vertex of G. Thus, {u} € C(G). Now, if degs(u) > 3, then bg({u}) > 2 and hence,
ht(Qu1(G)) < n — 1, which is a contradiction. This implies that deg,(u) = 2. Hence, G is
an odd cycle.

Conversely, we have to prove that Lo, and Zg, are complete intersections, for n odd. Let
e = {1,n}, then C,, \ e = P,. By Theorem B2l Lp, and Zp, are complete intersections.
Note that Le, = Lp, + (9.) and Z¢, = Zp, + (ge). Therefore, it is enough to prove that
Lp, : go = Lp, and Zp : §g. = Ip, which immediately follows from Lemma B.3 Hence, L,
and Zg, are complete intersections. O

It follows from [I1], Corollary 4.6] that if G is a graph on n vertices, then ht(Lg) < n—bg(0).
As a consequence we have the following:

Corollary 3.6. Let G be a graph on [n|. Then Lg is complete intersection if and only if Zg
is complete intersection if and only if all the bipartite connected components of G are paths
and non-bipartite connected components are odd cycles.

Now, we move on to find connected graphs whose LSS ideals and parity binomial edge
ideals are almost complete intersections. In [14], Jayanthan et al. characterized connected
graphs whose binomial edge ideals are almost complete intersections.

Theorem 3.7. Let G be a connected bipartite graph on [n] which is not a path. Then L¢g
1s an almost complete intersection ideal if and only if g is almost complete intersection if
and only if G is either obtained by adding an edge between two disjoints paths or by adding
an edge between two vertices of a path such that the girth of G is even.

Proof. Since G is a bipartite graph, by Remark Bl L = @1(J¢) and Zg = @5(J). Hence,
the proof follows from [14] Theorems 4.3, 4.4]. O

For A C [n] and i € A, we define pa(i) = [{j € A | 7 < i}|. We now give complete
classification of odd unicyclic graphs whose LSS ideals and parity binomial edge ideals are
almost complete intersections.

Theorem 3.8. Let G be a connected odd unicyclic graph on [n]. Assume that char(K) #
2. Then Lg is an almost complete intersection ideal if and only if Lo is almost complete
intersection if and only if G is one of the following types:

(1) G is obtained by adding an edge e between an odd cycle and a path,

(2) G is obtained by adding an edge e between two vertices of a path such that girth of G
1s odd and at least one of the vertex is an internal vertex of the path,
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(8) G is obtained by attaching a path of length > 1 to each vertex of a triangle.

Proof. First, assume that Zs is an almost complete intersection ideal. Therefore, ht(Zg) =
wWZs) —1 =n—1. We claim that deg,(u) < 3, for every u € V(G). Let if possible, there
exist a vertex u such that degs(u) > 4. Then {u} € C(G) and bg({u}) > 3. Therefore,
ht(p7,,(G)) = n+1—be({u}) < n — 2, which is a contradiction. Hence, degg(u) < 3
for all w € V(G). Now, let u,v € V(G) be distinct vertices such that deg.(u) = 3 and
degs(v) = 3. If {u,v} ¢ E(G), then for T' = {u,v}, T € C(G) and bg(T') = 4. Consequently,
ht(p7(G)) =n+|T| — ba(T) = n — 2 which conflicts the fact that ht(Zg) = n — 1. Thus, if
two vertices have degree three, then they are adjacent. If the number of vertices of degree
three is at most 2, then G is either of type (1) or type (2). If the number of vertices of degree
three is more than two, then the odd cycle has length 3, each vertex of the cycle has degree
three and these are only vertices with degree three. Hence, G is of type (3).

Now, we assume that Lg is an almost complete intersection ideal. Therefore, ht(Lg) =
u(Lg) —1 = n— 1. Suppose V/—1 € K, then by Remark B4, Zs is almost complete
intersection and hence, we are done. Suppose v/—1 ¢ K, then we claim that degg,(u) < 3,
for every u € V(G). If not, then there is a vertex w such that degq(u) > 4. Clearly,
{u} € C(G) and bg({u}) > 3. Therefore, ht(Quy(G)) = n+ 1 — bg({u}) < n — 2, which
conflicts the fact that ht(Lg) = n — 1. Hence degs(u) < 3. Now, let u,v € V(G) such that
degs(u) = 3, degp(v) = 3 and u # v. If {u,v} ¢ E(G), then for T' = {u,v}, T' € C(G) and
b(T) = 4. Therefore, ht(Q7(G)) = n+|T| — be(T') = n — 2 which is a contradiction. Now,
the proof is in the same lines as the proof for Z.

Conversely, if G is either of type (1) or of type (2), then Lg = Ly + (9e) and Zg =
Tene + (ge). By Corollary B.6L Ley. and Zg\. are complete intersections. Since char(K) # 2,
Lene and Zgy are radical ideal. Therefore, La\e : ge = Lene : 92 and Za\e © Ge = Zane & Ge”-
Hence, by [7, Theorem 4.7(ii)] and Theorem 3.5 the assertion follows.

Now, we assume that G is of type (3). Let u,v,w be the vertices of the cycle and T €
C(G). We claim that {u,v,w} NT = @ if and only if ht(p7(G)) = n. First assume that
ht(p7(G)) = n. Since ht(p7(G)) = n + |T| — ba(T) = n, we have |T'| = bg(T"). If possible,
let {u,v,w}NT # (). Without loss of generality, we may assume that u € T. One can note
that 7'\ {u} € C(G \ u) and b\ (T \ {u}) = bg(T). Since G\ u is disjoint union of two
paths, Ze\, is complete intersection and therefore, ht(Zg\u) = n — 3 = ht(p7, (4, (G \ v)) =
n—1+|T\ {u}| — be\u(T \ {u}). Thus, we have |T| = be\o(T \ {u}) =1 = be(T) — 1,
which is a contradiction. Conversely, if {u,v,w}NT = () and T # (), then every element
of T has degree two in G and for every pair «',v" € T, {u/,v'} ¢ E(G). Thus, by deleting
each of the elements of T' increases the number of bipartite connected components of the
corresponding graph by one and hence, bg(T) = |T|. From the proof of the claim, we
observe that ht(Zg) =n —1 = u(Zg) — 1. Let T' € C(G) such that ht(p7(G)) = n— 1. Then
{u,v,w}NT # 0 and {u,v,w} ¢ T. We may assume that u € T. Let Ng(u) = {v,w, z}.
Since T' € C(G), z ¢ T. Note that A = {u,v,w, z} forms a claw in G with center u and
(—1)“(”)]’“2@@“7” + (—1)”A(z)fv,w§u7z + (—1)1’A(w)fv,z§u,w = 0. The minimal presentation of Zg
is

§P(S/T6) Ly gn s T 0.

Therefore, f, u, fow, for € 11(¢), where I1(¢) is an ideal generated by entries of the matrix ¢.
Since z ¢ T and {u,v,w} ¢ T, we have I,(¢) ¢ p7(G). Consequently, by [2, Lemma 1.4.8],
(Za)ps)) < n—1. As ht((Zg)pg.(c)) = n— 1, by [22, Theorem 13.5], u((Za)ps(c)) = n—1.
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Hence, (Zg)ps (q) is complete intersection. Now, if 7" € C(G) such that ht(p7.(G)) = n, then
it follows from [22, Theorem 13.5], 1u((Za)ps(q)) = n. Since u((Za)pz(a)) < 1(Zg) = n, we
have 1((Zg)ps. (@) = n. Hence, (Zg)ps (g is complete intersection.

Suppose v/—1 € K, then Zy is almost complete intersection and hence, Lg is almost
complete intersection, by Remark B4l It remains to prove that if G is of type (3) and
v—1 ¢ K, then L is an almost complete intersection ideal. The proof is in the same lines
as the proof for Z by replacing p7.(G) by Qr(G). O

One can observe that if G is a connected non-bipartite graph, then p™(G) is a minimal
prime of Zg. Therefore, ht(Zg) < ht(p™(G)) = n. If /=1 ¢ K, char(K) # 2 and G is a non-
bipartite graph, then I, is one of the minimal primes of Lg. Therefore, ht(Lg) < ht(Ig, ) =
n. If G is a connected non-bipartite graph such that Lg or Zg is almost complete intersection,
then n < |E(G)| < n+ 1. We now assume that G is connected non-bipartite graph other
than odd unicyclic graph, i.e. |E(G)| = n+ 1. So, G is obtained by adding an edge in
a unicyclic graph. First, we give classification of a connected non-bipartite bicyclic cactus
graph whose LSS ideals and parity binomial edge ideals are almost complete intersections.

Theorem 3.9. Let G be a connected non-bipartite bicyclic cactus graph on [n]. Assume that
char(K) # 2. Then L¢ is almost complete intersection if and only if I is almost complete
intersection if and only if G is obtained by adding an edge e between two disjoint odd cycles.

Proof. First, assume that Zs is almost complete intersection. Therefore, ht(Zg) = p(Zg) —
1 = n. We claim that the distance between the two cycles is > 1. If both cycles share a
common vertex say v, then {v} € C(G), ba({v}) = 2 and ht(p{,(G)) < n — 1, which is
not possible as ht(Zg) = n. Now, we claim that both cycles of G are odd cycles. Let u
be the vertex of an odd cycle and v be the vertex of another cycle such that d(u,v) is the
distance between the two cycles. Clearly, {u} € C(G). If v is the vertex of an even cycle,
then bg({u}) > 2. So, ht(p{,,(G)) < n — 1 which is not possible. Thus, both cycles of ¢
are odd cycles. If d(u,v) > 2, then T' = {u,v} € C(G) and bg(T") > 3. Consequently, p7.(G)
is a minimal prime of Zs and ht(p7.(G)) < n — 1, which conflicts the fact that ht(Zg) = n.
Hence, {u,v} € E(G). Let w € V(G) \ {u,v}. One can note that either {u,w} ¢ E(G)
or {v,w} ¢ E(G). If degy(w) > 3, then either T' = {u,w} € C(G) or T = {v,w} € C(G).
In either case bg(7') > 3 which implies that ht(p7(G)) < n — 1. Therefore, degq(w) = 2,
for w € V(G) \ {u,v}. Hence, G is obtained by adding an edge e between two disjoint odd
cycles.

Now, assume that L is almost complete intersection. Suppose v/—1 € K, then by Remark
B4, Zg is almost complete intersection and hence, GG satisfies the hypothesis. Suppose
v/—1 ¢ K, then the proof is in the same lines as the proof for Z.

Conversely, if GG is obtained by adding an edge e between two disjoint odd cycles, then
Lg = La\e + (9e) and Zgg = I + (Ge). By virtue of Corollary B.6, both Le\. and Ze.
are complete intersections. As char(K) # 2, Lg\. and Zg\ are radical ideal. Therefore,
Leve : ge = Lene = 92 and e < §e = Zip\e : Ge°- Hence, by [T, Theorem 4.7(ii)] and Theorem
3.5 the assertion follows. d

We now consider the case when G is a connected non-bipartite graph on [n] with |E(G)| =
n-+1 and it is not a bicyclic cactus graph. Therefore, G is obtained from a unicyclic graph H
on m vertices by attaching a path P,_,,.o between two distinct vertices of the unique cycle
of H. More preciesly, let H be a unicyclic graph on m vertices and u, v distinct vertices of
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the unique cycle of H. Let G be the graph obtained from H by attaching one end vertex of
P, 12 at u and another end vertex at v. Note that T = {u,v} € C(G). If n —m > 0, then
b(T) > 3 and therefore, ht(p7.(G)) < n —1 and ht(Qr(G)) < n — 1. Also, if degq(u) > 4,
then u is a cut vertex of G with bg({u}) > 2. So, {u} € C(G) and ht(p{,,(G)) < n -1,
ht(Quy(G)) < n — 1. Similarily, if degg(v) > 4, then {v} € C(G) and ht(p{,,(G)) < n —1,
ht(Qy(G)) < n — 1. Thus, if Zg or Lg is almost complete intersection, then n = m and
deg(u) = degy(v) = 3, i.e. G is obtained by adding a chord e = {u, v} in a unicyclic graph
H on [n] such that deg(u) = degy(v) = 2.

Theorem 3.10. Let G be a connected graph which is obtained by adding a chord e = {u, v}
in an odd unicyclic graph H such that degy(u) = degy(v) = 2. Assume that char(K) # 2.
Then Lg is almost complete intersection if and only if Zg is almost complete intersection if
and only if H is an odd cycle.

Proof. First, we assume that Zg is almost complete intersection. Consequently, ht(Zg) =
w(Zg)—1=mn. lfw ¢ {u,v} is a vertex of an induced odd cycle of G such that degq(w) > 3,
then {w} € C(G), bg({w}) = 2 and hence, ht(Z¢) < ht(pf,,(G)) < n—1. Now, if w ¢ {u, v}
is a vertex of an even induced cycle such that deg.(w) > 3, then either {u,w} ¢ E(G) or
{v,w} ¢ E(G). Assume that {u,w} ¢ E(G). Therefore, T' = {u,w} € C(G), bg(T) > 3
and hence, p7.(G) is a minimal prime of Zg with ht(Zg) < ht(p7(G)) < n — 1. We have a
contradiction in each case. Thus, degs(w) = 2, for w € V(G) \ {u,v}. Hence, H is an odd
cycle.

Now, assume that L is almost complete intersection. Suppose v/—1 € K, then by Remark
3.4, Zg is almost complete intersection and hence, H is an odd cycle. Suppose v/—1 ¢ K,
then the proof is in the same lines as the proof for Z.

Conversely, if G is obtained by adding a chord e in an odd cycle H, then Lg = Ly+(g.) and
T =Ty +(ge). By Theorem 3.5 Ly and Zy are complete intersections. Since char(K) # 2,
Ly and Zy are radical ideal. Therefore, Ly : g. = Ly : g*> and Zy : g. = Iy : g.°. Hence,
the assertion follows from [7, Theorem 4.7(ii)] and Corollary 3.6l O

Theorem 3.11. Let G be a connected non-bipartite graph which is obtained by adding a
chord e = {u,v} in an even unicyclic graph H such that degy(u) = degy(v) = 2. Then Lg
1s almost complete intersection if and only if Zg is almost complete intersection if and only
if H is one of the following:
(1) H is an even cycle,
(2) H is obtained by attaching a path to a vertex i of an even cycle such that {u,i}, {v,i}
are edges of the even cycle.

Proof. First, assume that Z is an almost complete intersection ideal. Therefore, ht(Zg) =
w(Zg) — 1 = n. Note that G has two induced odd cycles. If w is not a vertex of an
induced cycle and degg(w) > 3, then {w} € C(G), be({w}) = 2 and ht(p{,,(G)) < n -1
which is a contradiction to the fact that ht(Zg) = n. Therefore, degq(w) < 2, if w is
not a vertex of an induced cycle. Now, we assume that w is a vertex of an induced odd
cycle. We claim that deg.(w) < 3. Suppose that deg,(w) > 4, then w is a bipartition
vertex of G. Consequently, {w} € C(G), bg({w}) > 2 and ht(p7,,(G)) < n — 1, which is a
contradiction. Hence, degq,(w) < 3, if w is a vertex of an induced cycle. If degq,(w) = 2,
for w € V(G) \ {u,v}, then H is an even cycle. Now, let w be a vertex of the cycle other
than u and v such that deg,(w) = 3. If either {u,w} ¢ E(G) or {v,w} ¢ E(G) then, for
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T = {u,w} or {v,w} respectively, p7(G) is a minimal prime of Z; with ht(p7.(G)) < n—1 as
bo(T) > 3. Thus, if w € V(G) \ {u, v} such that deg,(w) = 3, then {u,w},{v,w} € E(G).
Now, if w,w" € V(G) \ {u,v} such that deg,(w) = degs(w') = 3 and w # w’, then
T = {w,w'} € C(G) and bg(T) > 3, which conflicts the fact that ht(Zg) = n. Therefore,
H is obtained by attaching a path to a vertex i of an even cycle such that {u,i},{v,i} are
edges of the even cycle.

Now, assume that L is almost complete intersection and char(K) # 2. Suppose /-1 € K,
then by Remark [3.4] Z is almost complete intersection and hence, H is of the required type.
Suppose v/—1 ¢ K, then the proof is in the same lines as the proof for Zg.

We now prove the converse. Assume that H is an even cycle. First, we prove that
ht(Zg) = n. Let T € C(G) such that T' # (). We claim that, if w € T or v € T, then
|T| = bg(T). We can assume that u € T. Clearly, T'\ {u} € C(G \ u). One can note that
G \ v is path graph on n — 1 vertices. Therefore, Le\, and Zgy, are complete intersections
and hence ht(Zg\,) = ht(Levw) =n—2=n—1+|T\ {u}| — be\u(T"\ {u}). Consequently,
we have |T| = bg(T). Now, assume that {u,v}NT =0. Let w € T. Then T\ w € C(G\ w).
Observe that G\ w is an odd unicyclic graph such that Z¢\,, is either complete intersection
or almost complete intersection. If Zy,, is complete intersection, then ht(pg, (1 (G \ w)) =
n—1+|T\{w} —bew(T\ {w}) = n—1. Consequently, we have |T'| = bg(T) + 1.
If T\, is almost complete intersection, then G \ w is of type (2) graph in Theorem [3.8
Since each vertex of T\ w has degree two in G \ w, deleting each of the elements of T\ w
increases the number of bipartite connected components of the corresponding graph by one.
Therefore, |T'\ {w}| = bevw(T \ {w}) = be(T) which further implies that |T| = be(T) + 1.
Thus, ht(p7.(G)) = n+ 1 if and only if T # () and TN {u,v} = 0. By [22, Theorem 13.5],
(Zc)ps () 18 complete intersection ideal, if ht(p7(G)) = n + 1. Now, let T' € C(G) such that
ht(p7(G)) = n. The minimal presentation of Z is

§PS/Te) 2y gntl T 0.

Let Y =y;---y,. Define b € S™ as follows:

(D= —— for1<k<n—1 (b), = ——.
YrYk+1 Y1Yn

It follows from [I4, Theorem 3.5] that 371 (b)x frxr1 — (b)nfim = 0. Consequently, we have
P Do((0)1)Te s+ — Po((D)n) G = 0. Therefore, Po((b)i) € Ii(p), for 1 < k < n. If
T = 0, then ®5((b)x) ¢ p§(G) which implies that I;(p) ¢ pF(G). We now consider that
T # . Since ht(p7(G)) = n, we have {u,v} NT # 0. Without loss of generality assume
that w € T. As degg(u) = 3, let Ng(u) = {v,w,z}. Note that T\ {u} € C(G \ u).
Therefore, w,z ¢ T. Notice that A = {u,v,w, z} forms a claw in G with center u and
(_]-)pA(U)fz,wgu,v + (_]-)pA(Z).fv,wgu,z + (_1)pA(w)fv,zgu,w = 0. ConsequentIYa fz,wa fv,un fv,z €
I (). If 2 and w belong to different components of G[T}], then f,,, ¢ p3(G). In the case of
z and w belongs to same component of G[T], then v and z belong to different partition of
bipartite graph G \ u. Therefore, f,. ¢ p7(G). Thus, I;(¢) Z p7(G), if ht(p7.(G)) = n. By
virtue of [2 Lemma 1.4.8], u((Zg)ps(c)) < n, if ht(p7(G)) = n. Hence, it follows from [22,

Theorem 13.5] that Zg is almost complete intersection.
We now assume that H satisfies hypothesis (2). Let T' € C(G) such that T # 0. If u € T
or v € T, then following the proof of type (1), |T'| = ba(T') . So, assume that {u,v} NT = (.
Let w € V(G) \ {u,v} be such that deg,(w) = 3. If w € T, then T'\ {w} € C(G \ w) and
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ba(T) = benw(T \ {w}). Since G \ w is disjoint union of a path and an odd cycle, Z¢\,, is
complete intersection. Therefore, ht(pf, ,,(G\ w)) = n =2+ [T\ {w}| — ba(T) = n — 3
which further implies that bg(T) = |T|. Now, we consider that {u,v,w}NT = (. In
the case that 7' contains a vertex of cycle say z, then T'\ {z} € C(G \ z) and Zg, is
almost complete intersection of type (3) in Theorem 3.8 As we have proved in Theorem B.8],
ht(pF, ) (G\2)) = n—=1+[T'\{z}[ = bc\.(T\{z}) = n—1 which implies that |T| = ba(T)+1.
If none of the vertices of the cycle belongs to T', then removing each of the elements of T’
increases the number of bipartite connected components of the corresponding graph by one.
Consequently, we have |T'| = bg(T). Thus, ht(Zg) = n. Also, ht(p3(G)) = n + 1 if and only
it T #0, TN{u,v,w} =0 and T contains at least one vertex of cycle. Following the proof
for type (1), one can prove that (Zg)pe (c) is complete intersection for all ' € C(G). Hence,
Zq is an almost complete intersection ideal.

Suppose v/—1 € K and char(K) # 2, then L is almost complete intersection, by Remark
3.4 and the above paragraph. Now, it remains to prove that if H is either even cycle or
H satisfies hypothesis (2), /=1 ¢ K and char(K) # 2, then Lg is an almost complete
intersection ideal. The proof of which is in the same lines as the proof for Zs by replacing

p7(G) by Qr(G). O

We conclude this section by characterizing disconnected graphs whose LSS ideals and
parity binomial edge ideals are almost complete intersections.

Corollary 3.12. Let G = Gy U --- UGy, be a disconnected graph on [n]. Then g is almost
complete intersection if and only if Lg is almost complete intersection if and only if for some
i, g, 1s almost complete intersection and for j # i, Ig, are complete intersections.

4. COHEN-MACAULAYNESS OF THE REES ALGEBRA

Let G be a simple graph on [n] and R = S[Ty; ;3 : {i,j} € E(G) withi < j]. Let
9,7 : R — S[t] be given by §(T¢; j3) = git, Y(Ti53) = Gijt- Then Im(6) = R(Lg), Im(y) =
R(Zg) and ker(d), ker(y) are called the defining ideals of R(Lg), R(Zg) respectively. We
now study the Cohen-Macaulayness of the Rees algebra of almost complete intersection LSS
ideals and parity binomial edge ideals. We first recall a result that characterizes the Cohen-
Macaulayness of the Rees algebra and the associated graded ring of an almost complete
intersection ideal.

Theorem 4.1. [§, Corollary 1.8] Let A be a Cohen-Macaulay local (graded) ring and I C A
be an almost complete intersection (homogeneous) ideal in A. Then

(1) gr,(I) is Cohen-Macaulay if and only if depth(A/I) > dim(A/I) — 1.

(2) R(I) is Cohen-Macaulay if and only if ht(I) > 0 and gr,(I) is Cohen-Macaulay.

Thus, to prove that R(Zg) is Cohen-Macaulay, it is enough to prove that depth(S/Zg) >
dim(S/Zs) — 1, which is equivalent to prove that S/Zg is either Cohen-Macaulay or almost
Cohen-Macaulay. Similarly, to prove that R(Lg) is Cohen-Macaulay, it is enough to prove
that S/Lg is either Cohen-Macaulay or almost Cohen-Macaulay.

Lemma 4.2. Let G be a graph on [n]. Then B;;(S/La) = Bi;(S/Zg) for alli,j. In partic-
ular, pd(S/Lg) = pd(S/Zg), dim(S/Lg) = dim(S/Zg) and depth(S/Lg) = depth(S/Zg).

Proof. 1f char(K) = 2, then L = Zg and hence, we are done. Assume now that char(K) # 2.
If V=1 € K, then the assertion follows from Remark 3.4l Suppose that v/—1 ¢ K and set
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L =K(/-1), 8 =L®xS. Let (F,d") and (G.,d%) be minimal free resolution of S/Lg
and S/Zg, respectively. Since K C L is faithfully flat extension, (L ®g F., 1y ®k d7) and
(L ®k G., 11, ®k dY) are free resolutions of S’/Lg and S'/Zg respectively. Since for each 1,
]-IL Rk d'z: = dl]: and ]-IL XK dlg = dlg, (L Rk Jt, ]-IL Rk d]:) and (L XK Q., ]—]L XK dg) are minimal
free resolution of S’/L¢ and S'/Zq respectively. Consequently, 57(S/L¢) = ﬁf;(S’ /Lg) =

BE(S 1) = BE(S/1a). D

Due to Lemma [4.2] it is enough to study the Cohen-Macaulayness of almost complete
intersection parity binomial edge ideals.

The following fundamental property of projective dimension is used repeatedly in this
section.

Lemma 4.3. Let S be a standard graded polynomial ring. Let M, N and P be finitely

generated graded S-modules. If 0 — M Iy NS P =0 is a short exact sequence with f,g
graded homomorphisms of degree zero, then
(i) pdg(M) < max{pdg(N),pdg(P) — 1},
(i1) pdg(P) < max{pdg(N),pdg(M) + 1},
(i1i) pdg(P) = pdg(N) if pdg(N) > pdg(M).

It follows from [I4, Theorems 4.3, 4.7] that if G is a tree, then Zg is almost complete
intersection ideal if and only if S/Zs is almost Cohen-Macaulay. Consequently, R(Zs) and
grg(Zg) are Cohen-Macaulay. Now, we prove the same for odd unicyclic graphs. First, we
compute the projective dimension of parity binomial edge ideal of an odd unicyclic graph.

Theorem 4.4. Let G be a connected odd unicyclic graph on [n]. Then pd(S/Zg) = n.

Proof. Since p*(G) is a minimal prime of Zg, we get that pd(S/Zg) > ht(p™(G)) = n. Let

e = {u,v} be an edge of the cycle. Now, consider the short exact sequence

S g. S S

-2) — — — — 0. 1

IG\@ : ge( ) IG\@ IG ( )

Observe that G \ e is a tree and (G \ e). is a block graph on [n]. It follows from [6], Theorem

1.1] that pd(S/Ja\e) = n—1 and pd(S/Jg\e).) = n — 1. Therefore, by virtue of Lemma [3.3]

pd(S/Za\e : Ge) = PA(S/J(\e).) = n — 1 and by Remark Bl pd(S/Za\e) = pd(S/Ja\e) =

n — 1. Hence, by applying Lemma on the short exact sequence (), pd(S/Zg) <n. O

0—

Theorem 4.5. Let G be a connected odd unicyclic graph on [n]. Assume that char(K) # 2.
Then the following are equivalent:

(1) S/Z¢ is almost Cohen-Macaulay,
(2) Lg is almost complete intersection.

In particular, R(Zg) and grg(Za) are Cohen-Macaulay, if L is almost complete intersection.

Proof. By Auslander-Buchsbaum formula and Theorem .4, depth(S/Zg) = n. Therefore,
S/Z is almost Cohen-Macaulay if and only if dim(S/Zg) = n+1 if and only if ht(Zg) = n—1
if and only if Zg is almost complete intersection, by Theorem [3.8] O

Remark 4.6. Let GG be a connected even unicyclic graph such that Zs is an almost complete
intersection ideal. Then, it follows from [14] Lemma 4.6] and Remark B.Ilthat pd(S/Zs) < n.
By virtue of [I, Theorem 6.1], S/Zs is Cohen-Macaulay if and only if G is obtained by
attaching a path of length > 1 to two adjacent vertices of Cy. Since dim(S/Zg) = n + 1,
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if S/Z¢ is not Cohen-Macaulay, then depth(S/Zg) = n and hence, S/Zs is almost Cohen-
Macaulay. Moreover, grg(Zg) and R(Zs) are Cohen-Macaulay.

Now, we move on to study the Cohen-Macaulayness of R(Zs), where G is obtained by
adding a chord in a unicyclic graph such that Zs is almost complete intersection. To do
that, we need to compute the depth of S/Zg.

A graph G is said to be closed, if generating set of Jg is a Grobner basis with respect to
lexicographic order induced by 1 > --- >z, >y > --- > v,. Let H be a connected closed
graph on [n] such that S/Jg is Cohen-Macaulay. By [6, Theorem 3.1], there exist integers
l=a <ay < -+ <as < asg; = nsuch that for 1 < i < s, F; = [a;,a;41] is a maximal
clique and if F' is a maximal clique, then F' = F; for some 1 < i < s. Set e = {1,n}. The
graph G = H U {e} is called the quasi-cycle graph associated to H. In [23], Mohammadi
and Sharifan have studied the Hilbert series of binomial edge ideal of quasi-cycles.

Remark 4.7. [I7, Remark 3.3] Let G be the quasi-cycle graph associated with a Cohen-
Macaulay closed graph H. Let Fy,...,Fs be a leaf order on A(H). Let iv(G) denote the
number of internal vertices in G. If H # Py, then iv(G) > s and iv(H) = s — 1.

Theorem 4.8. Let H be a connected closed graph on [n| such that S/ Jg is Cohen-Macaulay
and G = HU{e} be a quasi-cycle graph associated to H. Then pd(S/Jg) < n. Moreover, if
H # Py, then pd(S/Jg) = n.

Proof. If H = P, then G = K3 and the result follows from [6, Theorem 1.1]. We now assume
that H # P;. We proceed by induction on iv(G). By virtue of Remark @7 iv(G) > 2. If
iv(G) =2, then H = G \ e is a block graph with exactly one internal vertex. Let v € V(H)
be the internal vertex of H. Therefore, v is also an internal vertex of G. By [24, Lemma
48], Jo = Ja, N (%4, ys) + Jo\w). Note that G, is a complete graph on [n] and G \ v
is a block graph on n — 1 vertices. Therefore, by [6, Theorem 3.1], pd(S/Jg,) = n — 1,
pd(S/((zy,ys) + Ja\w)) = n. Note that Jg, + ((z0, Yo) + Javw) = (Tv, Yo) + Ja,\v- Therefore,
we have the following short exact sequence:

0— & — 5 e & — & —0 (2)
JG JGu (SL’U, yv) + ']G\v (LL’U’ yv) + ']Gv\v .
Observe that G, \ v is a complete graph on n — 1 vertices. Consequently, by [0, Theorem
3.1], pd(S/((@v,ys) + Ja,\v)) = n. Thus, by Lemma A3 and the short exact sequence (Z2),
pd(S/Jg) < n.

Now assume that iv(G) > 2. Let v € V(H) be an internal vertex of H. Therefore, v is
an internal vertex of GG. Notice that G\ v is a connected Cohen-Macaulay closed graph on
n — 1 vertices, therefore by [6, Theorem 3.1, pd(S/((zv, y») + Jo\w)) = n. Also, observe
that G, is a quasi-cycle graph with iv(G,) = iv(G) — 1, hence, by induction pd(S/Jg,) < n.
Since G, \ v is a quasi-cycle on n — 1 vertices with iv(G, \ v) = iv(G) — 1, by induction,
pd(S/((zy,ys) + Ja,\w)) < n+ 1. Hence, using Lemma (.3 in the short exact sequence
@), we conclude that pd(S/Jg) < n. Now, if H # Ps, then either s > 3 or for some
1 <i<s, |F| > 2 Infirst case T = {ay,a3} has the cut point property and in second
case T' = {a;, a;11} has the cut point property. In both the cases c¢q(T) = 2, consequently,
ht(Pr(G)) =n+|T| — cg(T) = n. Hence, pd(S/Jg) > ht(Pr(G)) = n. O

It follows from [23 Corollary 4.2] and Theorem (. that if H # Pj, then S/Jg is almost
Cohen-Macaulay.
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Lemma 4.9. Let H be a connected closed graph on [n —m + 1] such that S/Jy is Cohen-
Macaulay and G' = H U {e'} be a quasi-cycle graph associated to H. Let v be an internal

vertex of H and G be a graph on [n] obtained by attaching a path P, to the vertex v of G'.
Then pd(S/Jg) < n. Moreover, if iv(G') = 2, then pd(S/Jg) =n — 1.

Proof. If H = P3, then G is a closed graph such that S/Jg is Cohen-Macaulay. Thus,
pd(S/Jg) = n — 1. Assume that H # P3. Let e = {u,v} € E(G) such that G\ e is
the disjoint union of a path P,,_; and a quasi-cycle graph G’. Assume that u € V(P,,_1).
It follows from [23| Theorem 3.4] that Ja\. : fe = Jig\e).. Observe that (G \ e). is the
disjoint union of a path P,,_; and G/. Note that G, is either a quasi-cycle or a complete
graph. Therefore, pd(S/Jic\e).) = m — 2+ pd(S/Je,) < n — 1, by Theorem Also,
pd(S/Ja\e) = m — 2+ pd(S/Jer) = n — 1. From the following exact sequence:

S St S S

Jane fe( 2= Jane 7 Ja —0, 3)
we get, pd(S/Jg) < n. Now, if iv(G’) = 2, then (G \ e). is the disjoint union of a path P,
and a complete graph on n —m + 1 vertices. Consequently, pd(S/J\e).) = n — 2. Hence,
by Lemma and the short exact sequence ([3)), pd(S/Jg) =n — 1. O

0—>

We now consider the case that G is obtained by adding a chord in a unicyclic graph and
Z¢ is almost complete intersection. Let G be a graph and H a subgraph of G. Then G is
said to be H-free graph if H is not an induced subgraph of G.

Theorem 4.10. Let G be a graph obtained by adding a chord ¢’ = {u,v} in an odd cycle
Cp. Then pd(S/Zg) =n+1, if G is Cy-free and pd(S/Zg) = n, if Cy is an induced subgraph
of G.

Proof. Let e = {v,w} € E(G) be an edge of the induced odd cycle. Observe that G \ e is
an even unicyclic graph such that Zg\. is almost complete intersection, by Theorem 3.7 and
S/Za\e is not Cohen-Macaulay, by [Il Theorem 6.1]. By Remark &6, pd(S/Za\.) = n. It
follows from Lemma that Ze\e 1 ge = P2(J(a\e).)- Notice that (G'\ e). = (G \ e), is a
graph obtained by attaching a path to an internal vertex of a quasi-cycle graph G'. If Cj is
an induced subgraph of G, then iv(G’) = 2 and hence, pd(S/Jg\e).) = n— 1, by Lemma 4.9
Now, by the short exact sequence (Il) and Lemma [£.3] pd(S/Zg) = n. In the case that G is
a Cy-free graph, the induced even cycle has length > 6. Let i, ¢ {u,v} be vertices of the
induced even cycle such that i is not adjacent to j. Clearly, T' = {i,j} € C(G) and bg(T') = 1.
Consequently, pd(S/Zg) > ht(p7(G)) = n+ 1. By Lemma E.9, pd(S/Jc\e).) < n. Thus,
by applying Lemma on the short exact sequence (II), we get, pd(S/Zg) < n + 1, which
proves the assertion. 0

Theorem 4.11. Let G be a non-bipartite graph obtained by adding a chord e = {u,v} in an
even cycle C,,. Then pd(S/Zg) =n+ 1.

Proof. By virtue of Lemma B3] Ze\¢ : ge = P2(J(c\e). ). Observe that (G'\ e). is a quasi-cycle
graph on n vertices which is not a triangle. Therefore, pd(S/Ze\c : ge) = PA(S/Jc\e).) =
n, by Theorem 8 Also, G \ e is a quasi-cycle graph on [n| so that by Theorem [A.§]
pd(S/Ze\.) = n. Thus, using Lemmal 3 on the short exact sequence (), we have pd(S/Zg) <
n + 1. Observe that G has two induced odd cycles. Let 7,5 ¢ V(G) \ {u,v} such that i and
j are vertices of distinct induced odd cycles in G. Then T = {i,j} € C(G) and bg(T) = 1.
Hence, pd(S/Zg) > ht(p7(G)) = n + 1 which completes the proof. O
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A graph G on [5] with edge set E(G) = {{1,2},{2,3},{3,4},{1,4},{2,4},{3,5}} is called
Kite graph.

Theorem 4.12. Let G be a non-bipartite graph on [n]. Assume that G satifies hypothesis
of Theorem[3.11(2). Then pd(S/Zg) =n+ 1, if G is a Kite-free graph and pd(S/Zg) = n,
if Kite is an induced subgraph of G.

Proof. Note that G\ e is an even unicyclic graph. By Theorem B, Z¢\. is almost complete
intersection and by [I, Theorem 6.1], S/Z¢\. is not Cohen-Macaulay. Therefore, it follows
from Remark that pd(S/Zg\.) = n. By virtue of Lemma B3 Za. : ge = P2(Jic\e).)-
Notice that (G \ e). is a graph obtained by attaching a path to an internal vertex of a quasi-
cycle graph G'. Now, if both the induced odd cycles of G have girth three, then iv(G') = 2.
Thus, by Lemma B9, pd(S/Za\e : ge) = pd(S/Jic\e).) = n — 1. Hence, by the short exact
sequence ([{l), pd(S/Zg) = n. If G has an induced odd cycle of girth > 5, then by the proof of
Theorem B.IT](2), there exists T' € C(G) such that ht(p7(G)) = n+1. Therefore, pd(S/Zg) >
ht(p7(G)) = n + 1. By virtue of Lemmas B3] B9, pd(S/Za\c : ge) = pd(S/Jc\e).) < 1.
Hence, by Lemma and the short exact sequence (I), the desired result follows. 0

The following theorem is an immediate consequence of Theorems [B.10, B.11] EI0, 1T
and Theorem 4.12

Theorem 4.13. Let G be a graph on [n]| obtained by adding a chord in a unicyclic graph.
Assume that char(K) # 2 and Zg is almost complete intersection. Then

(1) S/Zg is Cohen-Macaulay if and only if either Cy is an induced subgraph of G' or Kite
graph is an induced subgraph of G.
(2) S/Zg is almost Cohen-Macaulay if and only if G is Cy-free and Kite-free.

Moreover, R(Zs) and grg(Ze) are Cohen-Macaulay.

5. FIRST SYZYGY OF LSS IDEALS

In this section, we compute the defining ideal of symmetric algebra of LSS ideals of trees

and odd unicyclic graphs. Let A be a Noetherian ring and I C A be an ideal. Let A™ N
A" — I — 0 be a presentation of I and T'= [T} - - - T,,] be a 1 X n matrix of variables over
ring A. Then the defining ideal of symmetric algebra of I, denoted by Sym(I), is generated
by entries of the matrix T'¢. Thus, to compute the defining ideal of symmetric algebra of
LSS ideals of trees and odd unicyclic graphs, we compute the first syzygy of LSS ideals of
trees and odd unicyclic graphs. The second graded Betti numbers of binomial edge ideals of
trees are computed in [14] Theorem 3.1]. The results from [14] and Remark B.1] gives us the
second graded Betti number LSS ideals of trees.

Theorem 5.1. Let G be a tree on [n|. Then
n—1 degq (v
Ba(S/ L) = oS/ L) = ( ) s ( 8o >).
2 3
veV(G)
We now describe the first syzygy of LSS ideals of trees.

Theorem 5.2. Let G be a tree on [n]. Let {e; 5y : {i,j} € E(G)} be the standard basis of
S™=L. Then the first syzygy of L is minimally generated by elements of the form

(a) gijequy — Griegizy, where {i,j} # {k,l} € E(G) and



18 ARVIND KUMAR

(b) (=1)P49) fieqigy + (1P fiueqn + (= DP40 fireq,
where A = {1, j,k,l} € € with center at i.
Proof. The proof follows from [14, Theorem 3.2] and Remark B.11 O
We now compute the second graded Betti number of LSS ideals of odd unicyclic graphs.
Theorem 5.3. Let G be an odd unicyclic graph on [n]. Then
By(S/Le) = Boa(S/ L) = (72’) Y (degg(Z)).
i€[n]

Proof. Let e = {u,v} € E(G) such that e is an edge of the cycle. One can note that G \ e is
a tree. We consider the following short exact sequence:

S o S S

00— —(—-2) — — — — 0. 4
LG\e : ge( ) LG\e LG ( )
The long exact sequence of Tor corresponding to the short exact sequence () is
S S S
o> Tory | —,K) = Tory (| —, K| = Tord, | ———(-2), K| —=--- (5
o2 (Lc\e’ ) o2 (Lc, ) T (LG\e : ge( ) ) (5)
Note that g s
Tor? . (7 -2 ,K) ~ Tory . (7,]1{) .
b LG\e : ge( ) Li=2 LG\e “9e

It follows from Lemma B3 that £y ;j_2(S/Le\e : ge) = 0, if j # 4 and

Br2(S/Lave : ge) =n — 1+ (degc(;) B 1) + (degc(;}) a 1).

Now, by virtue of Theorem [.1],

B2(S/Lere) = B2a(S/Lene) = (n § 1) 5 (degc;\e@'))_

i€[n]

Therefore, 3,;(S/L¢g) = 0, for j # 4. Since B22(S/Leve : ge) = 0 and $14(S/Leve) = 0, by
@), B2,4(S/Lec) = B2,a(S/Le\e) + B1,2(S/Lene : ge)- Hence, the desired result follows. O

We now compute the minimal generators of the first syzygy of LSS ideals of odd unicyclic
graphs.

Mapping Cone Construction: Let (F.,d¥.) and (G.,d%.) be minimal S-free resolutions
of S/Le\. and [S/Leye : ge](—2) respectively. Let ¢. : (G.,d%.) — (F.,d".) be the complex
morphism induced by the multiplication by g.. The mapping cone (M(¢p).,d.) is the S-free
resolution of S/Lg such that (M(yp)); = F; @ G;_; and the differential maps are 6;(z,y) =
(d¥(z)+@i_1(y), —dS(y)) for x € F; and y € G,_;. The mapping cone need not necessarily
be a minimal free resolution. We refer the reader to [5] for more details on the mapping
cone.

Theorem 5.4. Let G be an odd unicyclic graph on [n]. Let {eg ;1 : {i,j} € E(G)} denote
the standard basis of S™. Then the first syzyqy of Lg is minimally generated by elements of
the form

(a) gijeqriy — griegi ), where {i,j} # {k, 1} € E(G)
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(b) (_1)pA(U).fz,w6{u,v} + (_]-)pA(z).fv,we{u,z} + (_1)pA(w)fv,ze{u,w}> where A = {U, v, w, Z}
forms a claw in G with center u.

Proof. From Theorem [£.3], we know that the minimal presentation of L is of the form

SP2ald/Le) G Lo — 0,

gasite) = () + 3 (%) < (5) +leel

veV(Q)

where

Let e = {u,v} € E(G) such that e is an edge of the unique odd cyclic. Since G \ e is a tree,
by Theorem [5.2) we get a minimal generating set of the first syzygy of L\ as

(a) GijC{k1}y — 9k1€{i 5}, where {iv.j} # {kv l} S E(G \ 6)7
(b) (_1)pA(j)fk,l€{i7j} + (—1)”A(k)fj,le{,~7k} + (—1)”A(l)fj,ke{i,l}, where A = {i, 7, k,l} forms
a claw in G \ e with center at 7,

By virtue of Lemma 3.3 we have
Lave : ge = Lane + (fij 11,7 € Neve(u) or 4,7 € Nee(v)).

Now we apply the mapping cone construction to the short exact sequence (). Let (G.,dS.)
and (F.,d¥.) be minimal free resolutions of [S/La\. : g¢](—2) and S/L¢\. respectively. Then
Gy ~ Sh2S/Lavese) Fy ~ §7=1 and F, ~ §72(9/Leve) . Denote the standard basis of Gy by
8 = 81 LI 82 L 83, where 81 = {E{z,y} . {Z,j} € E(G \ 6)}, 82 = {E{k,l} . ]ﬁ?,l c Ng(v) \ {u}}
and S3 = {Egyy : k1 € Ne(u) \ {v}}. Note that |S] = n — 1, |5y = (degcév)_l) and
|S3| = (degcgu)_l). One can note that

dg(E{m}) = 9ig, 1 By €S,

A (Eqigy) = fijr i By € Sa U Ss.
Also, let {eg;jy : {i,j} € E(G \ e)} be the standard basis of F;. By the mapping cone

construction, the map from Gy to Fy is given by the multiplication by ¢g.. Now we define ¢,
from G, to Fi by

O1(Ery) = e - €y if Eeny € S1,
1(Ergy) = (—1)Pattpald g jer 0 4 (=1)pabFpaltl £ yee iy, if By € So,
(pl(E{k l}) = (— )pA(k +pA(U)+1fv,le{u,k} + (_1)pA(l)+PA(U)+1fv7ke{u7l}’ if Eppy € S;.

We need to prove that d¥ (¢1(v)) = g. - d¥(v) for any v € G;. For a claw A = {v,u, k, [}
with center at v, we have the relation

(_1)pA(l'f)+pA(u)Jrlfwgva + (_1)pA(l)+pA(“)+1fu7ng’l = frie-
Similarily, for a claw A = {u, v, k, [} with center at u, we have the relation
(—1)pA(k)+pA(v)+lfv,lgu,k + (—1)pA(l)+pA(v)+lfv,k9u,z = fk.19e-

This yields that df (p1(Egi 1)) = ge - A2 (Eyijy) for Egjy € S. So the mapping cone con-
struction gives us a S-free presentation of Lg as

FQ@G1—>F1@GQ—>FQ—)L(;—>O.
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Since Fy @ Gy ~ S%(5/La) and F}, & Gy ~ S”, this is a minimal free presentation. Hence
the first syzygy of Lg is minimally generated by the images of basis elements under the map

F
b:Fd Gy — Fy & Gy, where & = [dg _<ple] . Hence the assertion follows. 0
1

As a consequence of Theorem and Theorem [5.4] one can compute the defining ideal
of symmetric algebra of LSS ideal of G, when G is either a tree or an odd unicyclic graph.
Similarly, one can compute the first syzygy of parity binomial edge ideals of trees and odd
unicyclic graphs and hence, the defining ideal of symmetric algebra of parity binomial edge
ideals of trees and odd unicyclic graphs.

We now study linear type LSS ideals. An ideal I C A is said to be of linear type if
Sym(I) = R(I). Now, we recall the definition of d-sequence.

Definition 5.5. Let A be a commutative ring. Set dy = 0. A sequence of elements dy, ..., d,
is said to be a d-sequence if (do,dy, ..., d;) : dip1d; = (do,dy, ..., d;) :dj for all0 <i<n-—1
and for all 7 > 1+ 1.

We refer the reader to [12] for more properties of d-sequences.

Theorem 5.6. Let G be a graph on [n]. Assume that K is an infinite field and char(K) # 2.
If Lg is an almost complete intersection ideal, then Lg is generated by a homogeneous d-
sequence. In particular, Lg is of linear type.

Proof. Assume that Lg is an almost complete intersection ideal. It follows from [4, Proposi-
tion 5.1] that there exists a homogeneous set of generators {F, ..., F,)} of Lg such that
Fi, ..., Fure)—1 is a regular sequence in S. Since J = (F,..., Fjyry)-1) is unmixed ideal,
by [7, Theorem 4.7], J : Fypy = J : F/f(Lc)' Hence, Lg is generated by a homogeneous
d-sequence Fi,. .., Fjr.y. The second assertion follows from [12, Theorem 3.1]. O

In Theorem [5.6, we assume that K is an infinite field, which is not a necessary condition.
For, if K is a finite field with char(K) # 2 and G is an odd unicyclic graph such that Lg is
almost complete intersection of type (1) or type (2) in Theorem B.8 then it follows from the
proof of Theorem [3.8 that the generators of Lg form a homogeneous d-sequence. Also, if G
is a bicyclic cactus graph such that Lg is almost complete intersection, then L¢ is generated
by a homogeneous d-sequence (see proof of Theorem [3.9)).

Now, we prove that if G is a bipartite graph such that Jg is of linear type, then G is
K, s-free graph.

Proposition 5.7. (1) Let G be a bipartite graph such that Jg is of linear type, then G
is Ky 3-free graph.
(2) If K4 is an induced subgraph of G, then Jg is not of linear type.
Proof. Let 6 : S[T; 4y : {4,5} € E(G)] — R(Jg) is the map given by 6(T%; j3) = fi;t. Then
J = ker(0) is the defining ideal of R(Jg).

(1) If possible, let K3 3 be an induced subgraph of G. Without loss of generality, we may as-
sume that V(Ky3) = {1,2,3,4,5} and E(K,3) = {{1,3},{1,4},{1,5},{2,3},{2,4},{2,5}.
Then it is easy to verify that

3fiafos — xafi3fos + w3fi5f20 — 5 f13f24 — Tafi5fo3 + x5 f1afo3 = 0.

Thus, ' = w37y Trosy — 24T Thosy + 23150 T 04y — 25T 03y T4y — 24T 50 T3y +
5T Tiesy € J. By [27, Corollary 2.3|, B23(S/Jg) = 0, i.e. there is no linear relation in
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the first syzygy of Jg. Therefore, F' does not belong to the module defined by first syzygy
of Jg, which is a contradiction.

(2) Assume that V(K,) = {1,2,3,4}. Then fiofs4 — fi3foa + fiafos = 0 and hence
F=TunTia —TasTie4 + T4 T3 € J. The assertion follows, since I is a quadratic
homogeneous element. O

We have enough experimental evidence to pose the following conjecture:
Conjecture 5.8. If G is an odd unicyclic graph, then Lg is of linear type.

Let A be a Noetherian local ring with unique maximal ideal m. The fiber cone of an ideal
I is the ring F;(A) = R(I)/mR(I) = ®>ol*/mI*. The analytic spread of I is the Krull
dimension of the fibre cone of I and it is denoted by {(I). Now, we prove that the fiber cone
of LSS ideals of trees and odd unicyclic graphs is a polynomial ring, i.e. u(Lg) = (Lg), if
G is either a tree or an odd unicyclic graph.

Theorem 5.9. Let G be either a tree or an odd unicyclic graph on [n]. Then u(Lg) = 1(Lg).

Proof. First, assume that G is a tree. Then Qy(G) is a minimal prime of L and ht(Qy(G)) =
n —1 = pu(Lg). Now, the assertion follows from [7, Remark 2]. Assume that G is an odd
unicyclic graph. If char(K) = 2, then Lg = Zg. Since G is a non-bipartite graph, p™(G) is a
minimal prime of Lg. Thus, ht(p™(G)) = n = u(Lg). If /=1 € K and char(K) # 2, then by
Remark B4 W(n(p*™(G))) is a minimal prime of Lg such that ht(U(n(p™(G)))) =n = u(Lg).
Suppose that /=1 ¢ K, then If, is a minimal prime of Lg with ht(Ix,) = n = u(Lg).
Hence, by [7, Remark 2], the assertion follows. O
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