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Abstract

The celebrated Erdés-Ko—-Rado theorem [I] states that the maximum in-
tersecting k-uniform family on [n] is a full star if n > 2k + 1. Furthermore,
Hilton-Milner [9] showed that if an intersecting k-uniform family on [n] is not
a subfamily of a full star, then its maximum size achieves only on a family
isomorphic to HM (n, k) := {G € ([Z}) :1eG,GN[2,k+1]# (Z)} U{[Q,k—i—l]}
if n > 2k and k > 4, and there is one more possibility in the case of £ = 3. Han
and Kohayakawa [§] determined the maximum intersecting k-uniform family on
[n] which is neither a subfamily of a full star nor a subfamily of the extremal
family in Hilton-Milner theorm, and they asked what is the next maximum in-
tersecting k-uniform family on [n]. Kostochka and Mubayi [11] gave the answer
for large enough n. In this paper, we are going to get rid of the requirement
that n is large enough in the result by Kostochka and Mubayi [11] and answer
the question of Han and Kohayakawa [g].
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1 Introduction

For a positive interge n, let [n] = {1,2,...,n} and 2" be the family of all subsets of
[n]. An i-element subset A C [n] is called an i-set. For 0 < k < n, let ([Z]) denote
the collection of all k-sets of [n]. A family F C ([Z}) is called k-uniform. For a family
F C 2" we say F is intersecting if for any two distinct sets F' and F” in F we have
|[FFN F'| > 1. In this paper, we always consider a k-uniform intersecting family on
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[n]. The following celebrated theorem of Erdés—Ko-Rado determines the maximum

intersecting family.
For x € [n] denote F, := {F € ([Z}) : x € F'} by the full star centered at . We
say F is FKR if F is contained in a full star.

Theorem 1.1 (Erdés-Ko-Rado [I]). Let n > 2k be integer and F be a k-uniform
intersecting family of subsets of [n]. Then

n—1
< .
Fl < </<: — 1>
Moreover, when n > 2k, equality holds if and only if F is a full star.

The theorem of Hilton-Milner determines the maximum size of non-EKR families.

Theorem 1.2 (Hilton—Milner [9]). Let k > 2 and n > 2k be integers and F C ([z])
be an intersecting family. If F is not EKR, then

=) - () o
Moreover, for n > 2k and k > 4, equality holds if and only if F is isomorphic to
HM(n k) ={Ge () 1ec.aner+120bu{Rr+1}.
For the case k = 3, there is one more possibility, namely
T(n,3) = {F e () |Fn3) > 2} .

We say a family F is HM if it is isomorphic to a subfamily of HM(n, k). We say
that 1 is the center of HM(n, k).
Let E C [n] be an i-set and = € [n]. We define

gizz{Ge([Z]):EgG}u{Ge<[Z]):xecandGmE7é@}.

We call x the center, and E the core of G; for i > 3. With a slight tweaking, we call
{z} U E the core of Gy. Note that G, = HM (n, k).
For a (k—1)-set E, a point « € [n]\ E, and an i-set J C [n]\ (FU{x}), we denote

Ji = {Ge ([Z]) :EgGandGﬂJyé(Z)}U{Ge ([Z]> :JU{x}QG}

U{Ge ([Z]) :xeG,GmEﬂJ}.

We call x the center, E the kernel, and J the set of pages.
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For two k-sets £ and Fy C [n] with |Ey N Ey| =k — 2, and x € [n] \ (Ey U Ey),
we define

]Cg = {G € ([Z]) X E G,GﬂEl # (0 and GﬂEQ # @}U{El,EQ},
and call z the center of ICs.

In [8], Han and Kohayakawa obtained the size of a maximum non-EKR, non-HM
intersecting family.

Theorem 1.3 (Han-Kohayakawa [8]). Suppose k > 3 and n > 2k + 1 and let H be
an intersecting k-uniform family on [n|. Furthermore, assume that H is neither EKR

nor HM, if k =3, H € Go. Then

n—1 n—k—1 n—k—2
< — — .
=)= () - (05 -
For k = 4, equality holds if and only if H = J2, Go or Gs. For every other k, equality
holds if and only if H = Js.

Han and Kohayakawa [8] proposed the following question.

Question 1.4. Let n > 2k + 1. What is the mazimum size of an intersecting family
H that is neither EKR nor HM, and H < Jo (in addition H € Gy and H L Gs if
k=4)¢

Regarding this question, Kostochka and Mubayi [11] showed that the answer is | 73|
for sufficiently large n. In fact they proved that the maximum size of an intersecting
family that is neither EKR, nor HM, nor contained in J; for each i, 2 <i < k—1 (nor
in Gy, Gs for k = 4) is |KCy| for all large enough n. In paper [11], they also established
the structure of almost all intersecting 3-uniform families. Sometimes, it is relatively
easier to get extremal families under the assumption that n is large enough. For
example, Erdds matching conjecture [2] states that for a k-uniform family F on finite
set [n], |F| < max{ (k(”kl)*l), ()= (".°)} if there is no s+1 pairwise disjoint members
of F and n > (s + 1)k, and it was proved to be true for large enough n in [2]. There
has been a lot of recent studies for small n (see [3] [7, 10, 12]). However, the conjecture
is not completely verified for small n. Up to now, the best condition on n was given
by Frankl in [5, [6] that n > k(2s+ 1) — s, for (s+ 1)k <n < k(2s+1) —s— 1.

As mentioned by Han and Kohayakawa in [§], for k& > 4, the bound in Theorem [1.3]
can be deduced from Theorem 3 in [9] which was established by Hilton and Milner in
1967. However, family H in Question does not satisfy the hypothesis of Theorem
3in [9] for k£ > 4. This makes Questionmore interesting. In this paper, we answer
Question [I.4, We are going to get rid of the requirement that n is large enough in the
result by Kostochka and Mubayi [I1]. As in the proofs of Theorem [1.1| Theorem
and Theorem we will apply the shifting method. The main difficulty in our proof
is to guarantee that we can get a stable family which is not EKR, not HM, Z J5 (in
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addition Z Gy, Z Gs if k = 4) after performing a series of shifts to a family which is
not EKR, not HM, Z 7, (in addition € Go, Z G5 if £ = 4). Our main result is as
follows.

Theorem 1.5. Let k > 4 and H C ([Z]) be an intersecting family which is neither
EKR nor HM. Furthermore, H € J> (in addition H € Gy and H L Gs if k = 4).
(i) If 2k + 1 < n < 3k — 3, then

n—1 n—k—1 n—~k—3
< _
s (i00) (") ()

Moreover, the equality holds only for H =Ky if k > 5, and H =Ky or J3 if k = 4.
(i1) If n > 3k — 2, then

n—1 n—k—1 n—=k—2 n—k—3
< — — — .
|H‘_<k¢—1> ( k1 ) ( k-2 > ( k-3 )+3
Moreover, for k = 5, the equality holds only for H = J3 or G4. For every other k,

equality holds only for H = Js.

In Section [2| we will give the proof of Theorem [I.5] The proofs of some crucial
lemmas for the proof of Theorem [I.5] are given in Section

2 Proof of Theorem 1.5

In this section, we always assume that H is a maximum intersecting family which
satisfies the conditions of Theorem , that is, H is not EKR, not HM, H < J, (in
addition H € Gy, H & Gs if k = 4). By direct calculation, we have the following fact.

Fact 2.1. (i) Suppose that there is x € [n| such that there are only 2 sets, say,
Ey and Ey € H missing x. If |E1 N Es| =k —i and i > 2, then

ms (o)) () e
Go) Ul ) e e

The equality in holds if and only if |Ey N Es| = k — 2, that is H = Ks.
(17) By the definiton of J;, we have

n—1 n—k—1 n—k—2 n—k—3
— _ — — : 2
74 (k—l) ( k1 ) ( k-2 ) ( k-3 )+3 2)
(1ii) Comparing the right hand sides of and @, we can see that if 2k +1 < n <

3k — 3, then |[Ky| > |Js|, the equality holds only for k = 4; and if n > 3k — 2, then
K| < | T3



By Fact we may assume that for any x, at least 3 sets in H do not contain z.
To show Theorem [L.5] it is sufficient to show the following result.

Theorem 2.2. Let k> 4,n>2k+1 and H C ([Z]) be an intersecting family which
is not EKR, not HM and H < J5 (in addition H € Go, H L G if k = 4). Moreover,

for any x € [n], there are at least 3 sets in H not containing x. Then

n—1 n—k—1 n—k—2 n—k—3
< - - - .
|H‘—</<:—1> ( k1 ) ( k-2 > ( k-3 )+3
Moreover if k # 5, the equality holds only for H = J3; if k = 5, the equality holds for
H=JJ; or G,.

From now on, we always assume that H is a maximum intersecting family which
satisfies the conditions of Theorem , that is H is not EKR, not HM, H € 7, (in
addition H & Go, H € Gs if k = 4) and for any z € [n], there are at least 3 sets in H
not containing .

We first give some definition related to the shifting method. For z and y € [n], x <
y, and F' € F, we call the following operation a shift:

(F\{yH)u{z}, ifxg Fye Fand(F\{y})U{z} ¢ F;
F, otherwise.

Sxy(F) - {

We say that F' is stable under the shift S, if S,,(F) = F. If z € F and z € S,,(F)
still, we say that F'is stable at z after the shift S,,. For a family F, we define

Suy(F) ={Swy(F) : F € F}.

Clearly, |S.y(F)| = |F|. We say that F is stable if S,,(F) = F for all z,y € [n] with
r<y.

An important property shown in [] is that if F is intersecting, then S,,(F) is
still intersecting. Let us rewrite is as a remark.

Remark 2.3. [J]/ If F is a mazimum intersecting family, then S.,(F) is still a
mazimum intersecting family.

This property guarantees that performing shifts repeatedly to a maximum inter-
secting family will yield a stable maximum intersecting family. The main difficulty
we need to overcome is to guarantee that we can get a stable maximum intersecting
family with further properties: not EKR, not HM, 7, (in addition € Gy, Z G5 if
k = 4). The following facts and lemmas are for this purpose.

Fact 2.4. The following properties hold.

(1) If Suy(H) is EKR (or HM ), then x must be the center.

(11) If Syy(H) C Ga, then the core is {x,x1, 2} for some x1,x9 € [n] \ {z,y}.
(111) If Syy(H) C Ja, then x is the center.

(iv) If Sy (H) C Gs, then x is the center or x is in the core.
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Proof. For (i) and (ii), Han and Kohaykawa proved them in [§]. We prove (iii) and
(iv) only.

For (iii), suppose that S,,(H) C J> at center z € [n] \ {z}. Since H € T, at z,
there are at least three sets Ey, Fy and Es in ‘H missing z, after doing the shift Sy,
these 3 sets still miss z, so S, () is not contained in J> center at z.

For (iv), let S, (H) C G5 at center x¢ and core E = {21,229, 23}, and let B =
{zo, 1,2, 23}. Since H Z G, there is a set G € H that satisfies one of the following
two cases: (a) {y,z0} CG,GNE =0; (b)y € G,xg € G,|GNE| € {1,2}. If (a)
holds, then = # xy and x must be in the core, y € B. If (b) holds, then either x = zg
is the center or x is in the core and y € B. m

Remark 2.5. By Fact if applying Sy (2" < y') repeatedly to H, we may reach
a family which belong to one of the following cases.

Case 1: a family Hy such that Syy(H1) is EKR with center x;

Case 2: a family Hy such that Sy, (Hs2) is HM with center x;

Case 3: a family Hs such that S.,(Hs) C Jo with center x;

Case 4: a family Hy such that Sy, (Ha) C Go with core {x, x1, x5} for some {x1, 22} €
X\A{z,y} (k=4 only);

Case 5: a family Hs such that Syy(Hs) C Gs with center x or x being in the core
(k =4 only);

Case 6: a stable family Hg satisfies the conditions of Theorem[2.3, that is we will not
meet Cases 1-5 after doing all shifts.

By Remark [2.3] we know that for any shift S, on [n] we have |S,,(H)| = |H] and
Szy(H) is also intersecting. We hope to get a stable family satisfying the conditions
of Theorem after some shifts, that is neither EKR, nor HM, nor contained in 7,
(nor in Gy, Gs if k = 4). By Fact 2.1} we can assume that a family G obtained by
performing shifts to H has the property that for any z, at least 3 sets in G do not
contain x. What we are going to do is: If any case of Cases 1-5 happens, we will not
perform S;,. Instead we will adjust the shifts as shown in Lemma to guarantee
that the terminating family is a stable family satisfying the conditions of Theorem
2.2l We will prove the following two crucial lemmas in Section [3

Lemma 2.6. Let i € [5]. If we reach H; in Case i in Remark[2.5, then there is a set
X; C [n] with | X;| <5 (when k > 5, |X;| <3 fori € [3]), such that after a series of
shifts Sy (2 <y and ',y € [n]\ X;) to H;, we can reach a stable family satisfying
the conditions of Theorem[2.3. Moreover, for any set G in the final family G, we have
GNX; #0.

From now on, let X; be the corresponding sets in Lemma for 1 <i <5 and
Xe=10.Fork>5and i€ {1,2,3,6}, let Y; be the set of the first 2k — | X;| elements
of [n] \ X;, and for k =4 and 7 € {1,2,3,4,5,6}, let Y; be the first 9 — | X;| elements
of [n]\ X;. Let Y =Y;UX,, then |Y;| > 2k —4 and |Y| =2k if k > 5. If k =4 then
Y| =9. Let

A ={GNY:GeG,|GNY|=i},
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A ={G:Geg |GnY]| =1}

Lemma 2.7. Let G be the final stable family guaranteed by Lemma|2.4 satisfying the
conditions of Theorem[2.2, and let X; be inherit from Lemmal[2.0. In other words, G
is stable; G is neither EKR, nor HM, nor contained in Jo (nor in Go, Gs if k = 4);
for any x € [n], there are at least 3 sets in G not containing x; and GN X; # O for
any G € G. Then

(i) Ay = 0.

(ii) For all G and G' € G, we have GNG' NY # 0, or equivalently, Ur_,A; UG is
mntersecting.

2.1 Quantitative Part of Theorem

Lemma 2.8. For k = 4, we have |A;] =0, |As| < 3,|A3] < 18 and | A4 < 50. For
k > 5, we have

ok —1\ (k—1\ (k-2\ (k-3 ,
|A”§(i-1)“@-¢)_<i—i>_(p49’1§Z§k—L
1 (2k 2k —1\ (k-1\ (k-2\ (k-3
ai=s(e) = (5 -(0) - (2G5 -

Proof. By Lemma [2.7] (i), we have |A;| = 0.

First consider k = 4. If |Ay| > 4, since A, is intersecting, it must be a star. Let
its center be x. Since Ay U A3 U Ay is intersecting, A3 must be a star with center
x and there is at most one set in A4 missing x, this implies that G is EKR or HM,
which contradicts the fact that G is neither EKR nor HM.

Suppose that |A3] > 19. By Theorem [1.3} A5 must be EKR, HM or Gs.

If A3 is EKR with center z, then since G is not EKR and A; = (), there must exist
G € G, such that either t € G and GNY € Ay, or x ¢ G and GNY € Ay. If the
former holds, by the intersecting property of As U A3, every set in A3 must contain
at least one of the elements in G NY, so |A3] < 13, a contradiction. Otherwise,
the latter holds and A, is a star with center x, and all sets of G missing z lie in Y
completely. Recall that the number of these sets is at leat 3, say x € G1,G2, G5 € G.
Since G is not Gs, it’s impossible that G, G, G3 form a 3-star (each member contains
a fixed 3-set). If any two sets in G1,Ga, G3 intersect at 3 vertices, then Gy, Gy, G3
must be a 2-star. Since A3 U Ay is intersecting, calculating directly the number of
triples of Y containing z and intersecting with G1,Go and G3, we have |A3| < 16,
a contradiction. Otherwise, there are two members, w.l.o.g., say, Gy, G, such that
|G1 N Go| = 2. Since A3 U Ay is intersecting, calculating directly the number of
triples of Y containing = and intersecting with G; and G3, we have |A3| < 17, also a
contradiction.

If A3 is HM with center x, let {zi, 29,23} € As. By Theorem we have
|A3] <19, so we may assume |Az] = 19 and Aj is isomorphic to HM (9, 3). Suppose
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that there is a set G such that ¢ € G,GNY € Ay, w.lo.g., assume 2; € G. Since |Y\
({z, 21, 22, 23 }UG)| > 3, thereisa € Y\ ({x, 21, 22, 23 }UG) such that {z, z1,a}NG = 0.
By the intersecting property of A3 U A4, we have {z,z,a} & As, so |A;3] < 19, a
contradiction. Now we may assume that Aj is a star with center x. Since G is neither
HM nor contained in Gs, there must be a 4-set G in A4 such that either z ¢ G and
1 <|GN{z, 22,23} <2, wlo.g., assume z; € G or x € G and |G N {z1, 22,23} = 0.
But since A3 U Ay is intersecting, the latter case will not happen. Assume the former
holds. Since |Y'\ ({z, 21, 22, 23} UG)| > 2, thereis a € Y\ ({z, 21, 22, 23} UG) such that
{z,21,a} NG = (. By the intersecting property of Az U Ay, we have {z,21,a} & As,
so | Az < 19.

At last, assume that A3 C Gy with core {1, 2, 23}. Since Aj is intersecting, by
calculating the number of triples in Y containing at least 2 vertices in core {z1, x2, x3},
we have |A;z| < 19, so we may assume that |A3] = 19. Since G € Gs, there exists
a set G € G such that |G N {x1, 29,23} < 1. w.lo.g., let GN{xy, 22} = . Since
Y\ ({z1, 22,23} UG)| > 2, we can pick a € Y \ ({z1, 22,23} UG) such that G N
{1, 29,a} = (). By the intersecting property of A3z U G, we have {x1,x9,a} & As,
hence |A;3| < 18, as desired.

So we have proved that |As| < 18 for k = 4.

Next, we prove |A4| < 50. On the contrary, suppose that |A4| > 51. By Theorem
[1.3] A, must be EKR, HM, or contained in J5, G2 or Gs.

Suppose that A, is EKR at z. Since G is not EKR and A; = (), there must exist
G € G such that either ¢ G and GNY € Ayorx ¢ Gand GNY € A;. If
the former holds, since A, U A4 is intersecting, by calculating the number of 4-sets
in Y containing = and intersecting with G N'Y directly, we have |A4] < 36. If the
latter holds, since A3 U A, is intersecting, by calculating the number of 4-sets in Y
containing x and intersecting with G N'Y" directly, we have |A4,| < 46.

Suppose that A, is HM at . Since G is not HM at x, there exists G € G such
that either ¢ G and GNY € Ay or x € G and GNY € Ajs, since Ay is HM at
x and A U Ay (or A3 U Ay) is intersecting, by calculating the number of 4-subsets
containing x and intersecting with GNY, and adding 1 set not containing =, we have
|Aq| < 37 (or |Ay] < 47).

Suppose that Ay C Gy with core {x1, 29, 23} = A. By calculating the number of 4-
subsets in Y containing at least 2 of {x;, z2, x5}, we have | A4| < 51, so we may assume
| A4| = 51. Since G € G, there exists a set G in G such that |[GNA| < 1,GNY € A, or
Asz. wlo.g., let GN{xy, 22} = 0. Since |Y'\ (AUG)| > 2, we can pick a,b € Y\ (AUG)
such that (GNY) N{zy,22,a,b} = (. By the intersecting property of Ay U A3 U Ay,
we have {x1,z5,a,b} & Ay. Hence |Ay| < 50, as desired.

Suppose that Ay C Gs with core {x1, 25, x3} and center z. By direct calculation,
|A4] < 51, so we may assume |Ay| = 51 and Ay = G;. Since G € Gs, there must be
G € Gand GNY € A, or Az, such that either x ¢ G and {z1, 29,23} € GNY or
x € G and {z1, 22,23} N (G NY) = . By the intersecting property of Az U A3 U Ay,
in either case, we have Ay # G3 and | A4| < 51.

At last, suppose that A, C J, with center x, kernel {1, xs, x5} and the set of
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pages {z4,75}. By Theorem 1.4, we may assume |A4] = 51 and A, = J5. Since
Ay U A3 U Ay is intersecting, there is no member in A, or Asz avoiding x. And each
member in Ay must interset with {xy, z9, 23}, each member in 43 must interset with
{1, 9,23} or contain {x4, x5}, to satisfy these conditions, G must be contained in
Jo2, a contradiction.

So we have proved that A, < 50 for k = 4.

Next consider k£ > 5. Suppose on the contrary that there exists i € {2,...,k— 1}

such that 2k — 1 k—1 k—2 k—3
|AZ’|>(¢—1>_(¢—1>_(¢—2>_(z‘—3)' )
Note that for ¢ = 2,
2k — 1 k—1 k—2 k —
. — 1. -1 . — 1. ; =k—1.
1—1 1—1 1—2 1—3
If |A2| > k(k >5), then Ay is EKR, moreover, since A; U G is intersecting, G must

be EKR or HM, a contradiction. Hence |Ay| < k — 1, as desired.
Now consider 7 > 3. Under the assumption , we claim that

Al (21@_—11) - (%:1_ 1) B (%:2— 2) s n

Let us explain inequality . We write

(2]{:;_2’2— 2) _ (2ki—_i2— 3) i <2ki—_i3— 3>' %)

For k> 5 and 3 <1 <k — 1, we have
2k—1—14 k—1 k—1 k 2k —2—14
B _ >4
)G =Cn)r (h) e () 2 0
2k—1—3 k—2 2k —1—3 k-3
— > — >
B (e () ()0

Combining (3), (), (6) and (7), we obtain (4). Since A; is intersecting, we may
assume, by Theorem [I.3] that A; is EKR or HM or for i = 3, A; C Gs.
Case (i): A; is EKR or HM at center z.

In this case A; contains at most 1 i-set missing x. Recall that there are at least
three sets missing x in G. Pick three sets G1, G5, G3 € G missing x. Denote



T=GNG,NGsNY, t=]|T|

T =(GiNY)\ (GoUG3), t; = |T1],
Ty = (GoNY)\ (G UG3), ty = [Ty,
T3 = (GsNY)\ (G UGy), t3 = |Ts|,
T,=(GiNGyNY)\ Gz, ty = |Tyl,
Ts = (GiNG3NY)\ Gy, t5 = |T5|,
Ts = (GaNG3NY)\ Gy, tg = |Tg|.
Clearly, t +t; +ts+ts < k, t+to+ts+ts < k,t+t3+t5+1tc < k. By Lemma

A, U{G1NY,GoNY,G3NY} is intersecting. Applying Inclusion-Exclusion principle,
we have

A, < 2.k:—1 B 2k:—1—t.—tl—t4—t5 B Qk—l—t‘—tg—u—t@
“\1—1 1 —1 7 —1

(Zk—l—t—tg—t5—t6)+(2k—1—t—t1—t2—t4—t5—t6)

1—1 71— 1 (8)
Uk —1—t—t) —t3—ty —ts5 — g Uk — 1 —t —tyg—t3 —ty —t5 — tg
+ | + .
1 —1 1—1
(2k;—1—t—tl—tQ—tg—t4—t5—t6)
_ o + ¢,
’l_

where ¢ = 0 (if A4; is EKR) or 1 (if A; is HM). Denote the right side of equality
by f. We rewrite it as

/- 2k — 1 2%k — 22—t —ty —ty — 15 2k —1—t—1t, —ty —tg — ts — tg
C\i—1 i—2 i—2
(2k—2—t—t2—t4—t6) (2k—1—t—t1—t2—t4—t5—t6>

1 — 2 1 — 2
2k =2 —t—t3 —t5 — g 2k —1—t—ty—t3—ty—t5 —tg
_( ! )_“._( ! >
2k —1—t—t1—ty—tz3—ts—1t5 — tg
—( i1 )—i—c

(9)

We can see that the right side of @D, consequently (8]) does not decrease as t+1t;+14+
t5, t+t2+t4+t6, t+t3+t5+t6 increase. Since t+t1+t4+t5, t+t2+t4+t6, t+t3+t5+t6 S k?,
we can substitute t +t +t4 +t5 = k,to +ty +tg = k —t,t3+t5 +tg = k — t into
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inequality , and this will not decrease f. So we have
2k —1 k—1 t+ty—1 t+t5—1 t+ts—1
| < _
e () (o) () (RE) ()
t —t, —
_(+t§ ta 1)+C
1—1
. 2k —1 k—1 t+1t,—1 t+tg—1 t+ts —2 (10)
_<z’—1) 3(i—1)+( i—1 >+< i—1 )+( i—2
t+ts —ta—1
+~-+< o >+c
1 —2
A

Clearly, g does not decrease as t+ty4, t+ts5, t+tg increase and t+t4 < k—1,t+t5 < k—1
t‘|‘t6 S k—1. Ift-'-tg,—tg—l 2 ]{—3, then

2k —1 k—1 k—2 k—3
| < _ _
’A"—<z‘—1) 3(¢—1>+3(@’—1) <¢—1)+C
2k —1 k—1 k—2 k—3
= . -\ . -\ . -\ . +c.
1—1 1—1 1—2 1—3
The equality holds only if t = k — 1,t; =ty = t3 = 1,ty = t5 = tg = 0. If
t+1ts—ty—1 < k—4 (%), then t < k — 2 since t = k — 1 implies t; = 0 and
combining with (x), we have t5 > 2, so t + 1ty > k + 1, a contradiction. Since
t+ty <k—1,t+t; <k—1landt+ts < k—1, by (9) and (10), taking ¢+t +ts+t5 =

k),t+t2+t4+t6 = k‘,t+t3+t5+t6 =k and 41ty = k—l,t+t5 = k—l,t—i‘t(j =k-—1
(this implies that t = k — 2,ty = t5 = tg = 1 and t; = t5 = t3 = 0) does not decrease

) ()
(0 e
SERERERER

a= () (- () -

To reach ¢ = 1, there is a set A in A; not containing x. Let G; be such that
GiNY =A. So |GiNY|=1<k—1. This implies that ¢t +t; +t,+t5 <k —1. In
view of and @, |A;| strictly decreases as t + t1 + t4 + t5 strictly decreases. So we

have -1\ (E—1\ (k-2\ (k-3
|Ai|§(¢—1>_(¢—1)_<¢—2>_(¢—3)’
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as desired.
Case (ii): For i = 3, A; C Gy with core, say {x1, 22, 23}.
By direct calculation, we have |A3] < 3(2k —3) +1 = 6k —8. When k > 5, we

have 2k — 1 k—1 k—2 k—3
. _ B _ B _ B _
oe-s< (M) - () - () - ()
as desired. O

Lemma 2.9. Let G be the final stable family as in Lemma[2.7. Then

g < n—1\ n—k—1 B n—k—2 B n—k—3 43
—\k-1 kE—1 k—2 k—3 '
Proof. Note that for any A € A;, there are at most ("];D:') k-sets in G containing A.
For k = 4, we have

4
n—9
1G] < Z|Az’<4_z)
i=1
By Lemma [2.8]

G| §3(”;9) +18("19) +50

3 21

()00 ()

For k > 5, we have

<"
Y

Lemma [2.§] k 2% — 1 k1 P 3 "
() - (50 - () - ) 070
o () B P S (P B () RIS

]

By Lemma [2.9] we have obtained the quantitative part of Theorem [2.2]
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2.2 Uniqueness Part of Theorem

Let G be a k-uniform family such that the equality holds in Lemma[2.9].We first show
the structure of G.

Theorem 2.10. Let G be a family as in Lemma such that the equality holds. If
k=5, then G=J3 or Gy; if k # 5, then G = Js.

Proof. To make the equalities and hold, we must get all the equalities in
Lemma . So |A2| = k — 1. By Lemma , As is intersecting, so A, is a star, say
with center x and leaves {x, z3,...,x,_1}, or a triangle on {x,y, z} (only for k = 4).
First consider k = 4. If A, is a triangle, then G = G5, a contradiction. Otherwise, A,
is a star, this implies that all sets in G missing x must contain {x1, s, 3}, and the
number of such sets is at least 3. Then either G = Gz or G = J;,3 <i < k— 1. By
the assumption that G Z Gs, the former is impossible, and the latter implies G = J5.
Hence, the equality in (21) holds only if G = J5. For k > 5, Ay must be a star.
Similarly, in this condition, we have either G = G, i or G = 7;,3 < i< k—1. In
particular, for k = 5, we can see that the extremal value of |G| can be achieved by
|G4| and | T3], and for k > 5, by |J3| only.

O

We will use some results in [§]. We say two families G and F are cross-intersecting
if forany G € G and F € F, GNF # (). We say that a family F is non-separable if F
cannot be partitioned into the union of two cross-intersecting non-empty subfamilies.

Proposition 2.11. ([§]) Let r > 2. Let Z be a set of size m > 2r + 1 and let
A C Z such that |A| € {r — 1,r}. Let B be an r-uniform family on Z such that
B={BCZ:0<|BNA|<|A|}. Then B is non-separable.

Lemma 2.12. ([§]) Let F be a k-uniform intersecting family. If k > 3 and Sy, (F) €
{J2,Gk-1,Ga}, then F is isomorphic to Sy, (F).

Combining with Theorem and Lemma [2.12] the uniqueness part of Theorem
2.2 will be completed by showing the following lemma.

Lemma 2.13. Let F be a k-uniform intersecting family. If k > 4 and Sy, (F) = T,
then F is isomorphic to J3.

Proof. Assume that S,,(F) = J3 with center zp, kernel £ and the set of pages
{1, 29, 23}. That is

Js ={G : {zo, 21,79, 73} C G}U{G : 79 € G,GNE # D}U{EU{x,}, EU{zs}, EU{z3}}.
Define

B, ={GeJ3:0cGygG (G\r)Uy ¢ Tz},
C. ={GeB,:GeF},
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D, ={GeB,:G¢&F},
B :={G\{z}:G € B,},
C'={G\ {z}: G e},
D' :={G\{z}:GeD,}.

Then B, = C, UD, and B = C’' UD'. The definition of D, implies that for any
G € D,, G\ {z} U{y} € F, and the definition of C, implies that for any G € C,,
G\ {z} U{y} € F. Clearly, only the sets in D, are in S, (F) \ F. If D, = (J, then
Sey(F) =F = Js, and if C, = 0, then F is still J3 with center y. On the other hand,
notice that C, and {G \ {z} U{y} : G € D,} are cross intersecting, so C' and D’ are
cross intersecting. We are going to prove that B’ is non-separable, this means that
C'=0or D' =0, and hence C,, = () or D, = ), we can conclude the proof. So what
remains is to show the following claim.

Claim 2.14. B’ is non-separable.

Proof. We say the shift S,, : F — J5 is trivial if B, = 0. Let Z := [n] \ {x,y}. If
r=k—1,then |Z| >2k+1—-2=2r+1.

Let Ty :=A{xo}, Ty := E, Ty := {x1, 29,23}, Ty := [n] \ (T1 UT2 U T3).

Since for x,y € T; or for x € T}, y € Tj,% > j, the shift is trivial, we only need to
consider the following three cases.

Case (i): x =x¢ and y € To U T3 U Ty.

If yeT3,let A= FE, then B ={B C Z:0< |BnA| <|A|}. By Proposition
2.11] B’ is non-separable. If y € T, UTy, let A := E\ {y}, then |A] € {r — 1,r}.
Assume that B’ has a partition B’y U B’5 such that B’; and B’y are cross-intersecting.
We now partition B’ into three parts P; LI Py U P3, where

P:={BCZ:0<|BNA|l<|Al,
Pri={BeB:BNA=0}={TUF: FCT,\{y},|F| =k -4},

and

Py —{BeB:ACB}— {AU{z}:z€ Ty}, yeTy;

{A}, Yy € T4.
Obviously, P; # (). By Proposition P1 is non-separable. For any P € Py, and
any a € A, we have |Z\ {a}| > 2r, then in P; we can always find P’ C Z\ ({a} U P)
such that 0 < |[P'NA| < |A| and PN P’ = (). This implies that P and P’ must be in
the same B’; (i = 1 or 2)(recall that we assumed that B’ has a partition B’y UB’5 such
that B’y and B’y are cross-intersecting), hence P; and P, are in the same B’;. For any
P € P, we have |PNTy| < 1. Since |Ty| > k —2, there is a (k —4)-set F' C Ty \ {y},
such that PN EF = (). Note that P/ := FUT; € Py and PN P = 0, so P, and Ps are
in the same B’;. Hence B’ = B'; or B'5, as desired.

Case (ii): z € Ty and y € T3 U T}.
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Let E; .= (FEU{z;}) \ {z},i=1,2,3.
If y € Ty, then

B’:{El,EQ,Eg}U{GG (["IL\_{;”}) 20 €G,GNE=0,|GNT §2,y€G}.

Since |Ty \ {y}| > k — 3, there is P € B'\ {E1, E»}, such that PN E; = PN Ey = 0.
Hence, E; and E; belong to the same part B’;. Similarly, £ and E3 belong to the same
part. Thus E}, Fs and F3 are in the same 3’;. Moreover, for any P’ € B'\{F1, E, E3},
because |P' N {xy, 29,23} <2, we have PN E; =0, or PN Ey =0 or PN E;3=0.
Hence, B’ is non-separable, as desired.

If y e Ty, wlo.g., let y = x1. Then

B = {E,, E;} U {G c <[”]]€\{f}) 20 € G,GNE=0,|GNTy| < 1,y ng}.
Since |Ty| > k—2, there exists P € B'\{Es, E3} such that PNT3 = (), then PNE, = (),
and PN E3 = (), this implies that Fy and Fj3 are in the same B’;. Because |[GNT3| < 1
and G N E = (), it’s not hard to see that each P € B'\ {Es, E3} is disjoint from one
of Fy and F5. Hence B’ is non-separable.

Case (iii): z € T3 and y € Ty. w.lo.g., let z = z;.

Under this condition,

B ={E}U {G e C”}C\_{f}) Az, 79,73} CG,GNE =0,y §ZG}.

Since E is disjoint from every other set in B\ {E£'}, B’ is non-separable. O
The proof of Lemma is complete. O

3 Proofs of Lemma [2.6 and Lemma 2.7

3.1 Proof of Lemma [2.6]

We first show the following preliminary results. For a family F C 2" and xq, 24, 25 €
(n], let dz, .1 be the number of sets containing {x1, 22} in F, and dys, 2,.4,) be the
number of sets containing {z1, 2, 3} in F.

Claim 3.1. Let F C Gy be a 4-uniform family with core A satisfying diz, 4,y > 2n—1.
Then {x1,x2} C A.

Proof. If {z1, 22} C [n]\ A, then a set in F containing {z1, x2} must have two elements
from A, 50 d(z, 4,y < 3, a contraction. If [{xq, z9} N A| = 1, then a set in F containing
{x1, 22} must have at least one element from A, so d(;, 4,y < 2n — 7, a contraction
again. So {zy1,x2} C A, as desired. O
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Claim 3.2. Let F C G3 be a 4-uniform family with center x and core E and let
B={z}UE.

(1) If diz, 20y > 30 — 12, then x € {x1, z2}.

(ii) If diz, 20y > 3n — 12, then {21, 22} C B and x € {1, x2}.

Proof. For (i), assume that « & {x1,22}. If {z1, 22} N B = (), then the sets containing
{21, 22} must contain the center x and another vertex from core E, 50 dy, 4,y < 3 <
3n — 12, a contradiction. So {z1, 22} C E or [{z1, 22} N E| = 1. If the former holds,
then the sets containing {z,zo} must contain the center x or contain the core F,
SO gy wy) < (M —=3)+(n—4) =2n—7 < 3n — 12, a contradiction. If the latter
holds, w.l.o.g., let {z1, 22} NE = {z}, then the sets containing {x;, 2} must contain
the center x or just the set E U {23}, 50 dg,4,) < (R —3)+1 < 3n — 12, also a
contradiction. Hence, = € {x1, x5}, as desired.

For (ii), we have shown that x € {z1,z2} by (i), w.lo.g, let 21 = = be the center.
If v ¢ E, then the sets containing {x;, x>} must intersect with E, so d, 2,) <
("_2) — ("_5) = 3n — 12, a contradiction to that dg,, ,,3 > 3n — 12, so x5, € E, that

2 2
is {x1, 22} C B, as desired. O

Claim 3.3. Fixn > 6. Let F C Gz be a 4-uniform family with center x and core
E and let B = {x} UE. If dg 2,25y > n — 3, then either {x1, 29,23} C B or
{x1, 20,23} N B| =2 with x € {x1,x9,23}.

Proof. Suppose on the contrary that neither {xy, zo, 23} C B nor [{x, z2, 23}NB| = 2
with z € {x1,z9, 23} Since F C Gy, it’s easy to see that if {x1, z9, 23} C [n]\ B, then
(o) oy} = 0,50 1 < {21, 29,23} N B| < 2. First consider that {1, z2, 23} N B| = 1.
If {z1,29,23} N B = {z}, then the sets containing {x, s, z3} in F must intersect
with E, 80 d{z, gom} < 3 < n — 3, a contradiction. If [{z1, 20,23} N E| = 1, then
the set containing {x, s, 3} in F must contain z, 50 di, z,2,3 < 1 < n — 3, also
a contradiction. Hence |{z1,x2, 23} N B| = 2. By hypothesis, [{z1,zq,23} N E| = 2,
w.lo.g., let {x1, 29,23} N E = {1, 22}, then dfy, 4,4, < 2 since the possible sets in
F containing {xy, xe, x5} are {x1, s, x3} U {z} and E'U {z3}, a contradiction. O

Proof of Lemma[2.60 We first consider that k > 5.

In Case 1, i.e., Syy(H1) is EKR with center z, we take X; = {z,y}. In Case 2,
since Sy, (Ho) is HM at center z, let E' = {21, 2, ..., 2x} be the only member missing
x, and without loss of generality, we assume z; # y, and take Xy = {z,y, 21}. In Case
3, Syy(Hs) C Jo with center x, kernal {21, 2o, ..., 2,_1}. Without loss of generality,
we assume z; # y, and take X3 = {z,y,2}. We can see that for any set G € H;,
GNX; #0, for i =1,2,3. After the shifts S,y for all 2/ < y/,2",y" € [n] \ X; to
H;, the resulting family H’; satisfies that for every set G’ € H';, G' N X; # (. By the
maximality of |H|, we may assume that all k-sets containing X; (i = 1,2,3) are in
H, so is in H;. These sets will keep stable after any shift S,/,/, so there are at least
(723) (or (}=3)) > 2 sets missing @’ in H,. Fact [2.4] (i), (ii) and (iii) implies that #;
is neither EKR nor HM nor contained in J,. We are done for £ > 5.
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We now assume that k£ = 4. We will complete the proof by showing the following
Lemmas corresponding to Cases 1-5 in Remark

Lemma 3.4 (Case 1). If we each a 4-uniform family Hy such that S,,(H,1) is EKR at
x, then there is a set X1 = {x,y,y, z,w} such that after a series of shifts Sy (2" <y
and ',y € [n]\ X1) to Hi, we will reach a stable family G satisfying the conditions of
Theorem[2.2. Moreover, {y,y, z,w} or {z,y/, z,w} is in G. Furthermore, GN{x,y} #
0 for any G € G.

Proof. Since S,,(H,) is EKR, for any F' € H;, we have F N {z,y} # 0. Any set
obtained by performing shifts [n] \ {z,y} to a set in H; still contains z or y. We will

show Claims and [3.8 implying Lemma [3.4

Claim 3.5. Performing shifts in [n|\{z,y} to Hi repeatedly will not reach Cases 1-3
in Remark [2.5.

Proof. Since Sy, (H,) is EKR, for any G € H;, we have G N {z,y} # 0. By the
maximality of |H| (|H;]| as well), we have

{G e (“,?) {z,y) C G} CHi,
Gemswacar=("]7). (13)

All these sets containing {z,y} are stable after performing S, (¢' < ¢, 2",y &
{z,y}). So there are still at least (") > 2 sets missing 2’ after Sy, so we will not
reach Case 1-3. O

Claim 3.6. If performing some shifts in [n] \ {x,y} repeatedly to H, reaches Hy in
Case 4( Syy(Ha) C Go), then there exists X1 = {z,y,y', z,w} such that performing
shifts in [n] \ X1 repeatedly to H,4 will not reach Cases 1-5 as in Remark and
{y, v, z,w} or{z,vy, z,w} is in the final stable family G.

Proof. Assume that after some shifts in [n] \ {z,y} to H;, we get Hy such that
Sey(Ha) € Go with core A. Since there are (",?) sets containing {z,y} in H; and
they are stable (so in Hy), and (",%) > 2n—7 (n > 6), by Fact 2.4 (ii) and Claim ,
A ={a',z,y}. Since Sy, (H4) C Gy with core {2/, x,y}, there exists {y, ', z1, w1 } (or
{2,y 20, wa}) in Hy. Let X1 :={x,y,y,z1,w1} (or X1 :={x,y,9, 20,w5}). Clearly,
any set containing {z,y} and missing z” € [n] \ X; are stable after performing shifts
in [n] \ X repeatedly to H4, so performing shifts Syryr, 2", y" € [n] \ Xi to Hy will
not reach Cases 1-3. If we reach Case 4, that is we get a family H'4, such that
Syryr(H's) € Go with core A’. By Fact and Claim .1 we have A" = {2”, z,y}.
However, {y,y/, z1, w1} (or {x,y, 20, wy}) is stable under all the shifts in [n] \ X, so
it is still in Sy, (H's), contradicting that Sy, (H's) C Gy with core {2”, z,y}. Thus
we can not reach Case 4.
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Now assume that after some shifts in [n] \ X; to Hy, we get Hs such that
Sy (Hs) C Gs with center and core forming a 4-set B for some z” and y” € [n]\ X;.
By Fact (iv), and Claim (ii), we have {z,y,2"} C B. Since there are
("5?) sets which contain {z,y} in H; (so in Sy, (Hs)), we have one of the following
cases:

(*) x is the center, and y is in the core;

(#x) y is the center, and x is in the core.

Recall that there exists {y, v/, z1, w1} or {z, v, 22, ws} in Hy. We will meet one of
the following three cases:

(a) There is no set G € Hy4 such that G N {z,y,2'} = {z}. So there exists
{y, v/, z1,w1} € Hy4, and all sets containing {2/, x} in S, (H4) are originally in H,.
Take X; := {2,y,V’, 21,01 }. By the maximality of |H| (so is |H4|), there are (")
sets containing {2, x} in Hy4 (so in Syryr(Hs) as well). This implies that 2’ € £, and
x is the center. However, {y,y/, z1,w} is contained in S, (#s5), a contraction to
that Sy (Hs) € G with center x and core {y, 2/, 2"},

(b) There is no set G € Hy such that G N {z,y, 2’} = {y}. So there exists
{z,y, 22, wa} € Hy, and all sets containing {z',y} in S, (H4) are originally in H,.
Take X := {x,y,y, 22, ws}. By the maximality of |H| (so is |H4|), there are (”;2)
sets containing {z’,y} in H4, so in Syr(Hs). This implies that 2’ € E and y is the
center for Sy, (Hs). However, {x, v/, z2, ws} is in Syry»(Hs), contradicting to that
Sy (Hs) C Gz at center y and core {z, 2, 2" }.

(c) There are both {y,vy,z1, w1} and {z,y, 20, wo} in Hy. We choose X :=
{z,y,v, z1,w, } first. Assume that (%) happens. Since {y, ¢/, z1, w; } is still in Sy, (Hs),
this contradicts that Sy»,(Hs5) C Gs with center x and {y, 2"} contained in the core.
So we assume that (xx) happens. Let B = {z,y, 2", u} for some u. If u = 2/, then
the existence of {y, v/, 21, w; } makes a contradiction again. Now consider u # z’.

Claim 3.7. If u # 2/, then u =v/.

Proof. Assume on the contrary that u # y’. We have shown that Sy, (Hs5) can not
be contained in J» at center y, then there are at least 3 sets containing {z, u,z"}. Al-
though {x, 2/, 2", u} and {z, v, 2", u} may be two such sets, there must be {z, u, z", v} €
Syt (Hs) for some v € [n] \ {z,y,u,2’,y/,2"}. However, every set in H, contains
{z,y}, or {«', 2z}, or {a,y}, or {z,y'}, or {y,y'} by recalling that S, (Hs) C Gy
with core {z,y, 2}, so is every set in Sy (Hs) since 2”,y" € [n]\ {z,y,¥, z1,w1 }, a
contradiction. O]

By Claim .7, we have that S, (Hs) C Gy at center y and core {z,2”,y'}.
This time, we change X; to X| := {x,y, v/, 22, ws}. Similar to the lines in the first
paragraph of the proof of Claim we will not reach Cases 1-4 after performing
shifts S,y in [n] \ X{. If we reach Case 5, that is, after some shifts in [n] \ X7 to
Hy, we get H's such that Sy (H's) C Gs with center and core forming a 4-set B’
for some 2", y" € [n] \ X}|. By the previous analysis, B’ = {x,y, 2"y}, and we only

need to consider the case that z is the center (If y is the center, since {y, V', z2, wa}
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is still in Sy (H's), this contradicts that Sy, (H's) C Gs with center y and core
{z,y',2"}). We have shown that S,»,(H5) can not be contained in Gy with core
{z,y,y'}, so there is G € Syny(Hs) such that G N {z,y} = 0 or GN{z,y'} =0
or GNA{y,y} = 0. Since Sy (Hs) C Gs with core {z,2”,y'} and center y, G
must contain x or y. If GN{y,y'} = 0, it contradicts that S,»,(Hs) C Gs with
core {z,2",y'} and center y. So there is G € Sy (Hs) such that G N {z,y'} = 0.
After shifts in [n] \ X to G, we get G’ missing = and ¥y’ still. This contradicts that
Sy (H's) C Gs with core {y, 2", y'} and center x. Hence, we will not reach Case 5.

In summary, we have shown that there exists X; in the form of {z,y,v, z, w}
such that performing shifts in [n] \ X; repeatedly to H4 will not reach Cases 1-5 as
in Remark 2.5 Moreover, {y,y/, z,w} or {z,v’,z,w} is in the final stable family G.
This completes the proof of Claim [3.6] O

Claim 3.8. If performing some shifts in [n] \ {z,y} repeatedly to H, does not reach
Cases1-4, but reaches Hs in Case 5 (Syy(Hs) C Gs), then there exists X; in the
form of {x,y, vy, z,w} such that performing shifts in [n]\ X1 repeatedly to H, will not
reach Cases 1-5 as in Remark . Moreover, {y,y',z,w} or {x,y, z,w} is in the
final stable family G.

Proof. Suppose that we get some Hs such that S, (H5) C G3 with center and core
forming a 4-set B. By and Claim [3.2] the center must be z or y, and {z,y} C B.
By Fact[2.4) (iv), X' € Band y' € B. Let B = {x,y,2’,2}. We consider the case that
x is the center, the proof for y being the center is similar.

Since Sy (Hs) C Gs, and recall that we are under Case 1, every set in #H; intersects
{z,y}, there exists {y,v/,z,w} (or {z,y, 21,22}) € Hs. And by the maximality of
|H| (so is |Hs|), we may assume that all the sets containing {x,z} in S,/ (Hs5) are
originally in Hs. Let X1 := {z,y,y/, z,w} (or {z,y,y, 21, 22}). Similar to the analysis
in the first paragraph of the proof of Claim , for any shifts S, to Hs in [n]\ X3, we
won’t reach Cases 1-4. If we reach Case 5 again, then the resulting family Sy, (H's)
(" and y” € [n]\ X;) must be contained in G with core {y,z”, 2z} and center x.
However {y, v, z,w} (or {z, v, 21, 22}) is still in Sy (H'5), and misses z” and x (or
{2",z,y} N {x, v, z1, 20} = 0), contradicting that the family S, (H's) C G5 with
core {y, 2", 2} and center x. So we will not achieve Case 5, as desired. O]

By Claims [3.5] [3.6| and [3.8, we have shown that if we reach a 4-uniform family H;
such that #; is EKR, then there exists a set X; with |X;| <5 and {z,y} C X; such
that performing shifts S, in [n] \ X; repeatedly to H; will result in a stable family
satisfying the conditions of Lemma [3.4] This completes the proof of Lemma[3.4 O

Lemma 3.9 (Case 2). If we each a 4-uniform family Ho such that Sy, (Hs2) is HM at
x, then there is a set Xo = {x,y, 21, 22, 23} such that after a series of shifts Sy, (z' <
y and 2’y € [n]\ Xa) to Ha, we will reach a stable family G satisfying the conditions
of Theorem [2.3. Moreover, {z1,22,23,y} or {z1,20,23,24} € G. Furthermore, if
{21, 22, 23,y} € G, then every member in G contains x or y. If {z1,29,23,24} € G,
then every other member in G contains x or y.
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Proof. Note that S,,(H2) contains exactly one set, say, Gy = {z1, 22, 23, 24}, that
misses . W.lo.g., let 21,29, 23 # y. Let Xy := {z,y, 21, 29, 23}. By the maximality
of [Hs|, we may assume

{Ge (i() Ay} QG,GHGO;&@} C Ho.

If y € Gy, that is, y = z4, then

n—2
(Gew: = ("), (1)
Otherwise, y € Gy. We have
HG € Hy : {z,y}}| = 4n — 18. (15)

In particular, {x,y, z1, 22}, {x,y, 21, 23} and {z,y, 22, 23} are in H,. Assume that
applying shifts in [n] \ Xy to Ha, we get H', such that S, (H') is EKR or HM or
contained in J, at center x’. However, the three sets {z,y, 21, 22}, {z,v, 21, 23} and
{x,y, 22, 23} are still in Sy, (H') and they miss 2’, a contradiction. Thus we will not
reach Cases 1-3.

Assume we reach Case 4 as in Remark 2.5 i.e., Sy (H') C Gy with core A. By
(14), (15), Claim and Fact (ii), we have A = {x,y,2'}. However {z1, 29, 23} N
{z,y,2',y'} =0, after a series of shifts of [n] \ X3 to Gy = {z1, 22, 23, 24}, we get the
resulting set G|, € ‘H’ satisfying that |G, N | < {z,y,2’,y'}1, a contradiction to that
Sery (H') C Go with core {z,y,z'}. Thus we will not reach Case 4.

At last, assume S,/ (H') C G3 as in Remark (Case 5) with center and core
forming a 4-set B. By Fact[2.4](iv), 2’ € B. By Claim[3.2)(ii) and (14)), (17), there are
at least 4n — 18 > 3n — 12 ( n > 6 ) sets containing {x,y}, so {z,y,2'} C B. And if
{z,y} C E, then the number of sets containing {x, y} in H’ is at most 2n— 7, which is
smaller than 4n — 18, this contradicts to . Thus the resulting family can only have
center z or center y. First assume y € Gy, that is y = z4 and Gy = {y, 21, 22, 23}
This implies that {x, 21, 20, 23} € Ha. Both {x, 21, 29, 23} and Go = {21, 29, 23, 24}
are stable under shifts S,y (¢’ < ¢’ and 2,y € [n] \ X2), so both of them are in
Sy (H'). Since x, 2" ¢ Gy and Sy (H') C G with B D {x,y,2'}, x can not be the
center. But if y is the center, since ',y & {z, 21, 22, 23}, also a contradiction. Next
assume y & Gy. Notice that {z1, 29, 23} N {z,y,2/,y'} = 0, after a series of shifts of
[n] \ X2 to Gy, the resulting set G € Sy, (H') satisfies that G, N {z,y} = 0, also
contradicts that Sy, (H') C Gs with B D {x,y,2'}, hence we will not reach Case 5.

Notice that if y € G, we have {x, z1, 20, 23} € Ho and Gy = {y, 21, 22, 23} € Ha.
Note that {z1, 29, 23,3} is stable under shifts S,y (' < " and 2’,y’ € [n] \ X3), so
Go = {21, 29, 23,y} € G. In this case, every member in H, contains x or y, Since every
member in H, is stable at z and y, every member in G contains x or y. If y & Gy,
then G, = {21, 22, 23,24} € G for some zj # y, and this is the only set in G that
disjoint from set {z,y}. O
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Lemma 3.10 (Case 3). If we each a 4-uniform Hg such that Sy,(Hs) C J2 at center
x, kernel E and the set of pages J, then there is a set X3 = {x,y, 21, 22, 23} such that
after a series of shifts Sy (' <y’ and 2',y" € [n]\ X3) to Hs, we will reach a stable
family G satisfying the conditions of Theorem and GN X3 # O for any G € G.
Moreover, either |G N X3| > 2 for any G € G, or |GNG'| > 2 if GN X3 = {z} and
G'N X3 ={y}.

Proof. We will meet one of the following three cases. Case (a): y € E. In this
case, let £ = {y,21,22},J = {z3,24} and X3 := {x,y, 21, 22, 23}. Case (b): y € J.
In this case, let F = {21, 29,23},J = {y, 24} and X3 := {z,y, 21, 22, 23}. Case (c):
y € [n]\ (EUJU{z}). In this case, let £ = {z1,29,23},J = {24,25} and X3 :=
{z,y, 21, 29, 23}

In each of the above three cases, by the maximality of |H| (|H3| as well), {x,y, 21, 22},
{z,y, 21,23}, {,y, 22,23} are in Hz, and they are stable after a series of shifts in
[n] \ X3, so we will not reach Cases 1-3 after performing shifts in [n] \ X3. Assume
that applying shifts in [n] \ X3 to Hs, we get H”, such that H' := S, (H") C Gy
with core A. Similarly, by the maximality of |H3| and direct computation, we have
the following claim:

Claim 3.11. There are at least (”52),471 —18,3n — 11 members that contain {x,y}
in Cases (a), (b), (c) respectively.

Notice that (";2),471 —18,3n — 11 > 2n — 7. By Claim Claim and
Fact (ii), A = {z,y,2'}. In Case (a) or (b), we can see that {y,z1, 20,23} €
H' {y, 21, 22, 23} N A] = 1, a contradiction. In Case (c¢), we have {z1, 22, 23, 24} € Hs,
after some shifts in [n] \ X3, it becomes F' in H', and |F'N A| < 1, a contradiction
to that H' C G, with core {z,y,2'}. Thus we will not reach Case 4 after performing
shifts in [n] \ X3 repeatedly.

At last, we assume that H' := S,/ (H") C Gs with center and core forming a
4-set B. By Claim Claim and Fact (iv), we have {z,y,2'} C B, and the
center of H' must be x or y. In Cases (a) and (b), we have {y, 21, 22, 23} € Hs, so in
H'. Since z, 2" & {y, 21, 22, 23}, H' can not be contained in Gz with B D {z,y, 2’} and
center z. Since {x, 21, 22, 23} € Hg, so in H' as well. Notice that y, 2" & {z, 21, 29, 23},
H’ can not be contained in Gs with B D {z,y,2'} and center y. A contradiction. Now
consider Case (c). In this case, {21, 22, 23, 24} € H3z. Because it is stable at {z1, 29, 23}
under any shift in [n] \ X3, the resulting set {zi, 29, 23, 23} does not contain z or y.
This contradicts that H' C G3 with B D {z,y, 2’} and center z or y.

If Case (a) or (b) happens, then any 4-set G € G satisfies |G N X3| > 2. If
Case (c) happens, since {21, 22, 23, 24} and {21, 22, 23, 25} are the only two sets disjoint
from {z,y} in S,,(Hs3), then every set in Hs (so in G) missing x and y must contain
{z1,29,23}. Ifx € G, y € G' and G N {21, 29,23,y} = G' N {z1,20, 23,2} = 0, let
F,F" € Hs such that G and G’ become their resulting sets in G after a series of
shifts in [n] \ X3. By the reason that S,,(#s3) C J> with center x, kernel {z1, 2o, 23}
and the set of pages {z4, 25}, for any set H € Hj satisfying that |H N {z,y}| = 1
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and H N {z1, 29,23} = 0, we have {24,25} C H. So {z4,25} C F N F’, consequently,
IGNG'| > 2. O

Lemma 3.12 (Case 4). If we reach a 4-uniform H, such that S, (H4) C Gy with core
{z,x1, 29}, then there is a set Xy = {x,y, 1,22, 23} such that after a series of shifts
Sy (2" <y and 2’y € [n] \ X4) to Ha, we will reach a stable family G satisfying
the conditions of Theorem (2.4, Moreover, {z,y,x1, 23} € G and GN Xy # 0 for any
Geg.

Proof. Since S,,(H4) C Gy with core A, by Fact (ii), we have that = € A and
y & A. Let A= {x, 11,72} By the maximality of |H4|, we may assume

(o (%) tmmicabem,

{G € (i() Az, y} CG,GN{xy, a0} # (Z)} C H,.
So

|{G€”H4:{x1,x2}§G}|:(n;Q), (16)
[{G e Hy: {z,y} CG,GN{xy,x2} #0}| =2n—7. (17)

Choose a set G = {x,y,x1,23} € Hq and let Xy := {x,y, 21,29, 23}. Since
Szy(Ha) C Gy with core {z, z1, 22}, every member in H, intersects X4. Every member
in M, is stable at every element in X4 under shifts S,y (2’ < y' and 2,y € [n]\ X4).
So {z,y,x1,z3} is in the final stable family G and G N X4 # ) for any G € G. What
remains is to show that performing shifts S,/ (2’ <y and 2/,y" € [n] \ X4) to Ha
will not reach Cases 1-5 in Remark 2.5l

By , for any 2’ € [n] \ Xy, there are at least (") members in H, missing 2/,
so we can not reach Cases 1-3.

Assume H' := Sy (H") C Gy with core A'. By (16), Fact (ii) and Claim [3.1]
A ={a',x1,22}. Since G € H', and |[HNA'| =1, we get a contradiction, hence we will
not reach Case 4. At last, assume H' := Sy, (H") C G5 with center and core forming
a 4-set B. By Fact[2.4] (iv), 2/ € B. By Claim [3.2] (ii) and (16), {z1, 22} C B and the
center must be z1 or xy. That is {z1,za, 2’} C B. Since |B| =4, [{z,y} N B| =0 or
1. If [{z,y} N B| = 0, then the sets containing {z,y} in H’ must contain center and
one point of core A’, so di,,y < 3. If [{x,y} N B| = 1, then the sets containing {z,y}
in H’ either contain center or contain core A’, so dizyy <n—3+1=mn—2 These
members containing {z,y} in H4 are also in H’, by , there are at least 2n — 7, a
contradiction. Hence we can not reach Case 5. [

Lemma 3.13 (Case 5). If we reach a 4-uniform Hs such that Sy,(Hs) C Gs with
center and core E forming a 4-set B, then there is a set X5 = {x,y, x1, 22, 23} such
that after a series of shifts Syy (¢/ <y and 2',y" € [n]\ X;5) to Hs, we will reach a
stable family G satisfying the conditions of Theorem . Furthermore, |G N X5| > 2
for each G € G.
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Proof. For S,,(Hs), we will meet one of the following three cases. Case (a): x is the
center, y € E, and E = {y, x1,x2}. In this case, we may assume that {y, z1, e, x3} €
Suy(Hs) for some x5 € [n] \ B. Let X5 := {x,y,21,22,23}. Case (b): z is the
center, y € E, and E = {x1,x2,23}. In this case, let X5 := {z,y,x1,x9,23}. Case
(c): xp is the center, x € E, and E = {x,x9,23},y € [n]\ B. In this case, let
Xs5 := {x,y, x1, 29, x3}. We first observe that |G N X5| > 2 for each G € H; in each
case.

First we consider Case (a). In this case, a member in Hs must contain x or y. By
the maximality of |H;|, we may assume

{G € (f) Az} C G} C M.

|{G€H5:{x,y}gG}|:(ngz). (18)

So

Performing Sy, in [n] \ X5 to Hs will not reach Cases 1-3 since there are at least

”;3) members that containing {z,y} and missing =’ in Hs and these sets are stable

after Sy in [n] \ X5 (by (18)).

Assume that H' = S, (H") € Gy with core A. By (18], Fact (ii) and
Claim , A = {2',z,y}. Since Sy(Hs) is not EKR, {y,x1, 29,23} € Syy(Hs),
{z, 21, 29,23} € Hs,s0in H'. However, [{x, x1, x9, x3}NA| = 1, this is a contradiction,
hence we will not reach Case 4. Assume that H' := Sy (H") C G5 with center and
core forming a 4-set B’. By (18], Fact (iv) and Claim (ii), {z,y,2'} C B,
and the center is either x or y. In either case, the existence of {z,x1, 29,23} and
{y, x1, 9, x5} will lead to a contradiction. Hence we will not reach Case 5.

Next we consider Case (b). By the maximality of |H;|, we may assume that

{Ge (j) {z,y} € G and GOE%(Z)} C Hs

and

{G € (i() A{xy, w9, 23} C G} C Hs.

In particular, {x, 1,79, 23} € Hs and {y,x1, 72,23} € Hs. Computing directly, we
have
{GeHs: {r,y} CG,GNE#0}|=3n—12 (19)

and
{G € Hs : {z1,29,23} CG}| =n—3. (20)

Since {x,y,x1, 2}, {x,y, x1, 23}, {x,y, 22, 23} € Hs and these sets miss =’ and are
stable after shifts S, (¢’ <y and 2,y € [n] \ X5), we will not reach Cases 1-3.
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Assume H' := Sy (H") C Gy with core A, where 2/ <y’ and 2,y € [n] \ X5. By
(19), Fact[2.4] (ii) and Claim [3.1} we have A = {2/, z,y}. However {z, x1,zs, 23} € H'
and [{z,z1, 22,23} N A| = 1, a contradiction, so we will not reach Case 4.

Assume that H' := Sy (H”) C G with center and core forming a 4-set B’. By
Fact (iv), ' € B'. Equation and Claim 3.2/ (i) imply that the center must be
x or y.

By Claim and , either {zy, 29,23} C B’ or [{z1,29,23} N B'| = 2 and
one of {x1, x5, x5} is the center. But it’s impossible to satisfy both conditions in the
previous paragraph and this paragraph, hence we will not reach Case 5.

At last we consider Case (c). By the maximality of |H5|, we may assume

{G € Cf) {2} C G} C Hs and {G € Cf) Az, 23} C G} C Hs.

By direct computation,
n—2
(Gt ey = (" %) 1)

|{G€’H5:{x1,x3}gG}|:(n;2). (22)

Since there are (”;3) sets containing {z1, z2} but missing 2', after performing S,/ in

[n] \ X5 to Hs, we will not reach Case 1-3.
If we reach Cases 4, that is, after performing shifts in [n] \ X5 to Hs repeatedly,

Syry (H') € G with core A. By (1)), (22)), Fact (ii) and Claim 3.1} 2/, 21, 2, x5 €
A, but |A| = 3, a contradiction. If we reach Case 5, that is S, (H') C Gs with the
center and the core forming a 4-set B'. By (21), (22), Fact (iv) and Claim [3.1]
B' = {x1,19,23,2'}, and x; is the center. Recall that {x,y,xs,23} € Hs, also in
Sery (H'), but {z,y, x9, x3} N {z1,2’,y'} =0, a contradiction, hence we cannot reach
Case 5.

As remarked earlier, |G N X5| > 2 for each G € Hs. Note that performing shifts
in [n] \ X5 to Hjs keeps this property, so |G N X;5| > 2 for each G € G. O

By Lemmas to [3.13] we have shown that if one of Case I1-5 happens, then
there exists a set X; with |X;| < 5 and {z,y} C X; such that performing shifts in
[n] \ X; to H; will not result in any case of Case 1-5, so the final family is a stable
family satisfying the conditions in Theorem 2.2] Furthermore, GN X; # @ for any set
G in the final family. So we complete the proof of Lemma [2.6]

3.2 Proof of Lemma 2.7

Proof. We first consider k£ > 5. In this case, we have | X;| < 3 and |Y;| > 2k — 3.
We first prove (ii). Assume on the contrary that there are G and G’ € G such
that GNG'NY = 0 and let |G N G’| be the minimum among all pairs of sets in G
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not intersecting in Y. Clearly |G N G' N ([n] \ Y)| > 1. Note that [(GUG') NY;| <
|GNY;|+|G'NY;| < 2k—4 (since |[GN([n]\Y)]| > 1 and |GNX;| > 1,50 |GNY;| < k-2,
same for G'). But |Y;| > 2k — 3, so there exists a point a € Y; \ (G U G’). Pick any
point b € GNG N ([n]\Y), we have a < b. Notice that G is stable on [n] \ Xj,
so " = (G'\{b})U{a} € G. Then GNG"'NY =0 and |GNG"| < |GNG,
contradicting the minimality of |G N G|.

For (i), assume on the contrary, that A4; # 0. Let {z} € A;, then there is a
set G € G such that GNY = {z}. By (ii), for any another set G’ € G we have
GNG' NY #0, sox € G This implies that G is EKR, a contradiction, so A; = ().

Next consider for k = 4. In this case, for 1 <¢ <5, |X;| =5 and |Y;] =9—-5 =4,
and for 1 = 6, | X;] =0 and |Y;| = 9.

Claim 3.14. If G and G’ in G satisfies that |Y; \ (GUG")| > |GNG' N ([n]\Y),
then GNG' NY # .

Proof. T GNG' NY =0, then D :=GNG N([n]\Y) #0D. Since |Y;\ (GUG)| >
|GNG N ([n]\Y)], there is a subset D' C Y; \ (G UG’) with size |D’| = |D|. By the
definition of Y;, all numbers in D’ are smaller than D. Since G is stable on [n] \ X,
F:= (G"\D)UD" € G. However GNF = (), a contradiction to the intersecting
property of G. So GNG'NY # (). O

Claim 3.15. |A;| < 1; Ay and Ay are intersecting.

Proof. Obviously, A, is intersecting. Assume that [A;] > 2 and {z1}, {22} € A;.
Then there are G and G’ in A; such that GNY = {z1} and G'NY = {zy}. Since
any set in G intersects with X; (for i € [5]), z1,22 € X;. So 1 <|GNG'N([n]\Y)] <
3<4=1V\(GNG)|. By Claim[3.14 GNG' NY # 0, a contradiction. Hence,
|A;| < 1. Let G and G’ be in Ay. Then |G NG’ N ([n]\ V)| < 2. Since |G N X;| > 1
and |G'NX;| > 1 (for i € [5]), then |Y;\ (GUG’)| > 2. By Claim[3.14 GNG'NY # 0,
that is A, is intersecting, as desired. O]

Claim 3.16. A; = 0.

Proof. By Claim |A1] < 1. We may assume on the contrary that A; = {{z}}
for some x € X;. For any G € A, and G’ € :45; (for 7 = 2,3,4), G and G’ satisfy the
condiction of Claim so GNG'NY # 0, this implies that x € G’ and hence G is
EKR, a contradiction. O

Claim 3.17. A, and As are cross-intersecting.

Proof. Let G € Ay and G’ € As. Then |[GNG' N ([n]\ V)| < 1. Since any set in G
intersects with X; (for i € [5]), |¥;\ (GUG')| > 1. By Claim[3.14, GNG' NY # 0,

that is A, and A3 are cross-intersecting, as desired. O

Claim 3.18. Aj; is intersecting.

25



Proof. Assume on the contrary, that there exist A, A’ € A3 and G, G' € Aj such
that GNY = A, G NY = A and AN A" = (), in other words, GNG'NY = () and
GNGN(n\Y) =1 I|(GUG)NY; <3, by Claim .14 GNG NY # 0,
a contradiction. Hence we only need to consider the following case : |AN X;| =
L1ANY;| =2,]ANX;|=1and |[A NY;| =2. Now we show the conclusion for each
case of Lemma [2.6] All sets below are inherited from the proof of Lemma [2.6] for each
cooresponding case.

If we meet Cases 1 in Lemma then by Lemma [3.4] we have that X; =
{z,y,9/,z1,u1 } or Xy = {x,y,V, 22, ws}, and we may assume that G N X; = {z} and
G' N X; = {y}. Respectively, {y,v, z1,w1} or {x,y, 20, w2} € G, which is disjoint
from G or G'. A contradiction to the intersecting property of G.

If we meet Cases 2 in Lemma [2.6] then by Lemma [3.9, we have that X, =
{z,y, 21,29, 23}, and either {z, 29, 23,y} € G or {z1, 29, 23, 24} € G for some y # z}.
Furthermore, if {21, 29, z3,y} € G, then every member in G contains x or y. So we
may assume that G N X; = {z} and G'N X; = {y}. Then {21, 22,23, 9} NG =0, a
contradiction. If {z1, 20, 23, 24} € G, then every other member in G contains x or ¥,
we may assume that G N X; = {z} and G' N X; = {y}. Since G is stable, we may
assume that zj € Y;. Recall that |G NY;| = |G’ NY;| = 2, hence {21, 29, 23, 2 } must
be disjoint from G or G’, a contradiction.

If we meet Cases 3 in Lemma then by Lemma [3.10] |G N G'| > 2, a contra-
diction.

If we meet Cases 4 in Lemma then by Lemma [3.12] we have that X, =
{z,y, 21,22, 23}, {x,y,21,23} € G and S, (Ha) € Go with core {z,z1,22}. So for
every set F' in Hy, either |F N {z, x1, 22} > 2, or FN{x, 21,20} = {z1} and y € F,
or FN{x,z,x2} = {x2} and y € F. In all cases, |F'N X,| > 2. Performing
shifts in [n] \ Xy will not change these properties, hence every set in G also has
the same properties, in particular, G and G’ do. This makes a contradiction to
IGN Xy = |G NXyl =1

Assume that we meet Case 5 in Lemma 2.6 then by Lemma [3.13] we have that
|GNX5| > 2 for each G € G. This makes a contradiction to |GNX5| = |G'NX5| = 1.

At last, assume that we will not meet any of Cases 1-5 in Lemma [2.6]if we perform
shifts repeatedly to G. In this case, Y = [2k]. Assume on the contrary, and let G
and G' € G such that GNG'NY = () and |G N G’'| is the minimum among all pairs
of sets in G not intersecting in Y. Then |GNG N (X \Y)| > 1. Consequently,
(GUG)NY| < |GNY|+|G'NY| <2k—2since |GNY| <k—1and |G'NY| < k—1.
So there exists a point a € Y\ (GUG’). Pick any point b€ GNG'N (X \Y). Note
that @ < b, then G” := (G" \ {b}) U {a} € G since G is stable. It is easy to see that
GNG"NY =0 and |[GNG"| < |GNG'|, contradicting the minimality of |GNG'|. O

Since G is intersecting, A, and A, are cross-intersecting, and As and A4 are cross-
intersecting. Combining with Claims[3.15], [3.17]and [3.18] we have completed the proof
of (ii). O

26



4 Concluding remarks

It is natural to ask what is the maximum size of a k-uniform intersecting family F
with 7(F) > 3. About this problem, Frankl [3] gave an upper bound for sufficient
large n. To introduce the result, we need the following construction.

Construction 4.1. Let x € [n], Y C [n] with |Y| =k, and Z C [n] with |Z| =k —1,
x €Y UZ, ZNY =0 and Yo = {y1,y2} C Y. Define

G={ACnl:z € A, ANY 0D and ANZ £ 0yU{Y,ZU{nn}, ZU{y}, {x,y1,92}},
FP(nk) = {F C[n]:|F| = k3G € Gst.,G C F}.

It is easy to see that F'P(n, k) is intersecting and 7(FP(n,k)) = 3.

Theorem 4.2 (Frankl [3]). Let k > 3 and n be sufficiently large integers. Let H be
an n-vertex k-uniform family with T(H) > 3. Then |H| < |F'P(n,k)|. Moreover, for
k > 4, the equality holds only for H = FP(n, k).’

It is interesting to consider what is the maximum k-uniform intersecting families
with covering number s > 4.
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